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Dans ce mémoire, Nous énoncons et prouvons les deux inégalités : moyenne aritmétique-moyenne

géomeétrique et I'inégalité de Cauchy-Schwarz. Plusieurs exemples sont donnés pour illustrer I'importance

de ces inégalités.

Mots-clés: Moyenne arithmétique, moyenne géométrique, Cauchy-Schwarz, IMO.

In this thesis, we state and prove the two inequalities : arithmetic mean-geometric mean in-

equality and Cauchy-Schwarz inequality. To illustrate the importance of these inequalities we give

many examples.

Keywords : Arithmetic mean, Geometric mean, Cauchy-Schwarz, Inequality, IMO.
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General Introduction

In Mathematics, it is not always easy to find exact formulas, therefore, sometimes we take

approximate values for certain terms, that is why we need inequalities.

The inequality is a fundamental relation in mathematics. It is a useful tool for problem solving
and building relationships with other mathematics. The Arithmetic-Geometric mean (AM-GM
for short) and Cauchy-Schwartz inequalities are of particular importance and interest. These

inequalities are easily stated and have many useful and important applications.

The aim of this thesis is to investigate these inequalities. In the first chapter we give the
definition of arithmetic mean and geometric mean, some proofs of the AM-GM inequality as
well as some applications.

In the second chapter we do the same with the other well known inequality, i.e; we state and
prove Cauchy-Schwartz inequality. As for the AM-GM inequality we give some applications
illustrating its importance.

Inequalities is one among the many topics encountered in the International Mathematical

Olympiad. The last chapter, is devoted to some problems taken from some sessions of the

IMO.
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Chapter 1

Arithmetic Mean-Geometric Mean

In this chapter, we state and prove the AM-GM Inequality. Different proofs are supplied. Also,

many examples are treated to illustrate the importance of the AM-GM inequality.

We start by giving some elementary inequalities.

1.1 Elementary inequalities

Let a,b,c € R
o if a>0b and b>c¢ then a>c.
o if a>0b then a+c>b+ec.
e if a>b andx >y then a+x>0b+y for any z,y € R*.

e if a>b and x>y then ax > by for any z,y € RT.

1.2 Arithmetic Mean and Geometric Mean

Let aq,...,a, be n positive real numbers.
Definition 1.1 (Arithmetic Mean) The arithmetic Mean of n real numbers ay, ..., a, is defined
as

AM:—a1+'..+a".

n

Definition 1.2 (Geometric Mean) The geometric Mean of n real numbers ay, ..., a,, is defined

as
GM = ¥ay...a,.

6



1.3 Basic AM-GM Inequality

Theorem 1.3 For all real numbers x,y the inequality

2
2?2 > 2y, (%“’) > 1y, ‘Tzﬂzw/_xy.

With equality, if and only if x = y.

Proof 1.4
The proof of this theorem is direct, because

1-

> 20y = 2? — 2wy +y*>0;

(z—y)*>0.

!

(5) 2 = 5522 v
= Tty =21y
— v-2/zy+y>0;
= (Vz—yy*=0.

8
+
<

[\
vV
g
<
&
v |+
<
N———
V
8
=

Geometric Proof 1.5

Counstruct a semicircle with diameter a+b. The radius will be the arithmetic Mean of a and b.

Construct a perpendicular to the diameter from common endpoint of the segments of length

a and b. This perpendicular will always have a length less than or equal to the radius of the cir-

cle and it will be equal only if @ = b. This may be shown by the application of the Pythagorean

Theorem:



< a > €<—b—pl

The radius has length @t b.

b
The red segment has length vab. So, a;— > Vab.
With equality, if and only if a = b.

Example 1.6
Here is our first significant example, showing the strength of the AM-GM inequality.

Prove the following inequality for every a,b,c € R™

a2+b2+02>b+c+a
2 2 a2 " a b ¢

Solution

Applying AM-GM inequality on the two couples (‘;—j, g—z)7 (

1 /a?2 b2 S a2b2_
s\mTe) s Vea ™

a
c

1/ 2 b2c2 b
e > /22 2
c a

2 a?

<) gives us :

And

Note that equality occurs when a = b = c.
Example 1.7

For positive real numbers a, b and ¢ prove

(a+0)(b+ c)(c+ a) > 8abe.

8



Solution

The AM-GM gives us:

2V ab;

2V/be;

2y/ca
8(Vab)(Vbe)(v/ca)
8V a2b2c? = Sab.

a+b

v

b+c

Y]

v

and ¢+ a

so (a+b)(b+c)(c+a)

v

v

Example 1.8

For real positive numbers a, b, ¢, prove that
a’ +b* + ¢ > ab+ be + ca.

Solution

By the AM-GM inequality we have

a2+ b*>>2ab
b2+ >2bc

A +a?>2ca.

Adding the three inequalities and then dividing by 2, we get the desired result. It is easily seen
that equality holds if and only if a = b = c.

1.4 General AM-GM Inequality

Theorem 1.9 (AM > GM) For non negative real numbers ay, ..., a,, we have

a+...+a,
n

Z Vay ... Q.

Equality holds, if and only if a1 = ay = ... = a,.

There are many different proofs. Here, we give just 3 of them.



1.4.1 First proof : Cauchy Proof

Here we present the well known proof due to Cauchy. It is based on a strong variant of the
proof by induction. This special kind of induction is done by performing the following three

steps:
e Basic case
o O, =0y,
e O,=0,

Where (2,, denote the proposition that if a1, as, ..., a, are non negative numbers, not all equal,

then
ay+ag+---+a,
- .

Yajasg . ..a, <

Step 1 :

For n = 2, the inequality
ay + as

Vaa; < 22 (1.1)

Is equivalent to

ap + as

Varaz < 5 < 2y/aiaz < ap + az;
— 0< a1 — 2+v/a1a9 + as;
= 0< (Va — Vap)

Let us prove it for n = 4. Put a; = a,as = b,a3 = ¢,a4 = d, then

b d
Vabed < #. (1.2)

Now, use the AM-GM in case n = 2

a+b c+d
atbtctd = To T3 13)
4 B 2 ’ '
vab++Ved
> u, by the case n = 2;

2
(Vab)(Ved), by the case n = 2;

= Vabed.

A%

10



Now let us prove it for n = 3

a1 + as + as
aj + as + as a1+a2~|—a3—|——3

3 4

ai+as+a
Z V(al&gag%).

a1 + as + asg

Jaiasas <
’ 3

By (1.4), the case n =4 is just

Step 2 :
Qn = QQn

Assuming that €2, is true , we have

ar+ag+ ...+ ay
n

> Yajas ... ay.

Now it’s not difficult to notice that

ap +az+ ...+ azy, > nfa1az. .. Ay +NYApg1Gpga .. G2, = 20 X/A102 ... A2y

Implying s, is true.

Step 3 :

Q, = Q,_1

First we assume that €2, is true i.e.

a+as+ ...+ a,
n

> Majas . .. Gy.

As this is true for all positive a; , we let a,, = »~ajas ... a,—1. So now we have

ar+as+ ...+ ay
n

T\L/anLQ e Qp—1 "N/Q1Q9 . . . Apy1

n

n —_—
= \/(a1a2 R an_l)”*l
= rYaas...0,_1

= Q.

Which in turn is equivalent to

a;+ag+ ...+ a1
n—1

> an, = "Vaias...ap_1.

The proof is complete.

11



1.4.2 Second proof : Induction Proof

Lemma Let aq,as,...,a, be positive real numbers.

If ayay...a, =1, then ay+as+---+a, >n.

Proof
By induction on n. The case n = 1 is trivial. So, suppose that n > 2. Let ay,as,...,a, be
positive numbers with ajas...a, = 1. Without loss of generality, we can assume that

a; = max{ay,as,...,a,} > 1 and ay = min{ay,as, ...,a,} < 1. Thus we have
a; +as —ajas — 1= (a; — 1)(1 — ay) > 0,
ie.,
a; + ay — ajay > 1. (1.4)

Since ajag, ..., a, are (n — 1) positive numbers with product equal to 1, by the induction hy-

pothesis we have

aras +az+---+a, >n—1. (1.5)
Adding the inequalities (1.4) (1.5), we get
a+as+--+a,>1+n—-1=n. (1.6)

If equality holds in (1.7) then we must have equality in (1.5), that is, a; = 1 or ay = 1, hence

CL1:CL2:"':CI,nIl.

Proof 1.10

For positive real numbers a4, as, ..., a, , we set:
aq Qp

T = —— .. Ty =

oal ay ... a, valas . .. a,

The numbers x1, xs, ..., x,, satisfy the condition zizs...x, = 1. So we have

ay Qp
/a1 ag...0a, a1 ag...0a,

hence we obtain

a1+ +an

with the equality holding only for a1 = --- = a,,.

12



1.4.3 Third proof : Convex Function

Definition 1.11(Convex and concave functions) Let X be a subset of R
Let ®: X — R, be a function

1-We say that & is convex on X if

for all 1,29 € X and X € [0, 1].
2-We say that ® is concave on X if

O((1 =Nz + Aza) > (1 = N)P(21) + AP (),

for all z1, 79 in X and A € [0, 1].

Proposition 1.12

Let & : X — R, twice differentiable function. Then ® is convex (or concave up)if " (x) > 0
forall x € X.

Proof (by convex function)

We take f(z) = e”. First, we claim that f(x) is a convex function that is strictly increasing on
its domain of definition, which is [0, co[. We have that

() =e* > 0 for all x € [0,00[. Hence, €” is strictly increasing. Differentiate another time to

get

(€)' = (") =€ >0 forall x €0,00]

By the previous proposition, we see that e” is a convex function.

Let (xi)lgign and ()\i>1gi§nbe real number satisfying

5> 0,M €[0,1],) N=1

i=1
Taking A\ = --- =\, = % and y; = In(x;), and using the convexity of e, we get
ehyrtleatothngn <\ eV 4 N\pe¥? 4+ et
ettt < Lomey o L)
n n
1
e ME1ezen) < E(m + a0+ +xy)
1
(x129 .. .xn)% < ﬁ(xl +xo+ -+ 1y).

Which is the desired result.



1.5 Applications

1.5.1 Applications of AM-GM

Example 1.14

Let ay, a9, ..., a, be a positive real numbers. Prove that

Solution

By the AM-GM inequality we have

a1 az an
aw a T e foa

=1.

n “Vayas o

Example 1.15

Show that for positive real numbers a, b and c
(@®b+bc+ca)(ab®+bc® +ca®) > 9a®b* .

Solution

Just expand the right hand side to get

(@®b+b*c+ca)ab’+bP+ca®) =a* B +a* P +atbe+ab c+ 3+ a? b A +a* b P+
abc®+ac?

Then apply the AM-GM inequality , we obtain

2 2 2 2 2 2
(@*b+b"c+c a)g(ab +bc +Ca)2W:a2b262

and from then, (a?b+b*c+c?a)(ab®+bc® + ca?) > 9a®b* 2.

Example 1.16

Let aq, ..., a, be positive real numbers such that aqas...a, = 1. Prove that
(I+a)(1+asg)...(1+a,) >2"

Solution

By AM-GM

14



1+a122\/a_17

I +as > 24/as,

1+a, >2+a,.
Multiplying the above inequalities and using the fact ajas...a, = 1 we get the desired result.

Equality holds for a; = 1,2 =1,2,...,n.

Example 1.17
Let a,b,c > 0. Prove that
PR X 3

—+—+C—Za+b+c.
bc ca ab

Solution

By AM-GM we easily deduce that

3 3

L bt e>3{—be=3a;
be be

b3 /b3
——l—c—l—aZSS —aa=3b;
ca ca

3 3
C—+a+b23\3/c—ab:3c.
ab ab

Adding the three inequalities to get

a b A
—+ —+ —+2 b >3 b .
ettt (a+b+c)=3(a+b+c)

Which is the desired result.

Example 1.18

Let a,b,c,d be positive real numbers. Prove that
16(abc+bed+cda+dab) < (a+b+c+d)>.

Solution
Applying AM-GM for two numbers, we obtain
16 (abc+becd+cda+dab) = 16ab(c+d)+16cd(a+Db)
< 4d(a+b*(c+d) +4(c+d)*(a+b)
= 4(a+b+c+d)(a+b)(c+d)

< (a+b+c+d)?

15



The equality holds for a = b= c =d.

Example 1.19

Let a, b, ¢ be the side-lengths of a triangle. Prove that
(a+b—0c)*(b+c—a)l(c+a—Db)F°<abc

Solution

Applying the weighted AM-GM inequality, we conclude that

wipic| @+ b—=C\ [(b+c—a c+a—> 1 a+b—c b+c—a c+a—>
< ——a-————+b- +c-
a b c a+b+c a b c

= 1.

In other words, we have
(a+b—0c)(b+c—a)lc+a—Db)°<a"b’c

Equality holds if and only if a =b=c .

Example 1.20

Let a, b, ¢ be positive real numbers. Prove that

(1) (e 2) ) ot

Solution

The problem may be transformed to be equivalent to

x 200 +y+
v oy 2 2ty
Yy oz Jryz

This is true by AM-GM, indeed
2 2 2 3 3 3
3<f+§+f)_<—$+Q)+(—y+f>+(—z+f)z r_ 3y | 82
Yy oz X Y z z T T Y Vryz o Jryzo Yryz

Example 1.21

Suppose that a, b, ¢, d are four positive real numbers and a + b+ ¢+ d = 4. Show that

a n b n c n d S
1+b62c 1+c2d 1+d?a 14+a?b—

2.

16



Solution

By the AM-GM, we deduce that

a ab’c ab’c ab/c
Oa————— 20— —FF==0a—
1+ b%c 1+0%c 2by/c 2

And so,

1 1
DD e TR DML PRI DML

cyc cyc cyc

By AM-GM once again, we have

Sab< (Za>2:4 Sabes (Za>3:4

cyc cyc cyc cyc
Therefore

« b L >a+btet+d—2=2
a C = 4.
1+b20 1+C2d 1—|—d2a 1—|—CL2b

Example 1.22
Let a,b,c > 0, such that ab+bc+ca+2abc =1, show that

3
Vab—i-\/%—{— cagﬁ.

Solution

Let v =vab,y =+Vbc,z =+/ca,s = x + y+ z. The given relation becomes
Py 20y =2
and, by the AM-GM inequality, we have

2 —2s+1 = (v+y+2?—2@+y+2)+1
= 1-2zyz+2xy+axz+yz)—2@+y+z2)+1
= 2ry+zrz+yz—zyz—zr—y—z+1)

= 21 -2)1-y)(1-2)
l—z+1-y+1—-=2
2 .

(5

)3 (AM-GM)

17



Therefore

3
2534952 —27T<0<= (25s—3)(s+3)’ <0< s < 2 the wanted inequality.

Example 1.23
Let a,b,c > 0, prove that

<1+%) <1+§> (1+§>22(1+%).

Solution

We have

(1+7) (1+g) (1+5) = gy Gy bypoyay by

a b ¢ a ¢ a b

= (9+%+g>+(g+§+g)+(§+g+g)—1
a b

b
c
3(\?/abc+ \‘VabC+ \S/abc) !
_ 2(a+b+c) (a+b+c) 4
Vabe Vabe

_ a—l—b—i—c) 31

o
a+b+c>
Jabe '

= 2(1+

As wanted.

1.5.2 Applications for extrema

Example 1.24
Find the Maximum of

fl@)=(1-2)1+2)1+2) ,z€01].

Solution
We have three factors in the function and we want to know when the function reaches a

maximum in the interval [0, 1].

flz)=0=2)(1+2)(1+x).

18



In order to apply the AM-GM inequality, we need the sum of these factors to be equal a

constant. For this, we need —2x instead of —x. We can get that by the following

flx) =

—
—_

—z)(1+2)(1 + z);

21 —2)(1 4+ z)(1 + x);

(2—22)(1+2z)(1+ 3:))

(2—2$+1+x+1—|—x
3

1y’ _ %2 1.185185185
5) =37 =1L

)3 (by AM-GM)

VAN
7 N N 7 N N
N = NI= N = N =
S~

The function attains this maximum value for z in [0, 1] if and only if

21 —2) = 1+4u,
2—2z = 1+u=,
1 = 3z
That is
32
f(z) < — =1.185185185...
27
With equality if and only if
1
Example 1.25
Find the minimum of
T
hz) —
Solution
Let us write
T 1
1
1+ ra =
€T

By the AM-GM inequality,

1 /1
—d+x>20—x=2.
T T

Equality holds if and only if x = % of, That is x = 1.

Therefore the value of the function is always < 0.5 and it is equal to 0.5 only when x = 1.

19



Example 1.26

Find the minimum

8
fxay =T+ )
(@) y(x —y)
such that x > y > 0. Solution
8
e, y) =+ :
(@) y(x —y)
We write == (x—y)+vy,
fley) = (@—y) +y+——-
(z,y) (z —y) =)

8
> 3¢/ (x —y)y——, By AM-GM Inequality
yx—y)

= 3V8=6.
The minimum value of f(z,y) is 6. The minimum occurs when
8 6
ylx—y) 3

So xr=4andy=2.

Example 1.27

Find the minimum

By AM-GM inequality

=[5
+

| 5
+

8

<

V

w
Q
VR
5[
N——
VR
<[5
N—————
=

s

> 3v/216 = 18.
The minimum value of f(z,y) is 18 and occurs when
12 _ 18 _ .. _ 18
Ty YT s
Sox =2 y=3.

Example 1.28

Find the maximum ¢
9(x,y) = xy(72 =3z —4y),

20



where z > 0 and y > 0. Solution

g(z,y) = zy(72—-31—4y)

= Lanym -3z —1y)

12
1 4 231 —4y\°
= ﬁ<3x+ y+73 2 y) , (By AM-GM Inequality).
1 3
< - [ = 1152.
12 \ 3

Hence the maximum limit value of the function is 1152 with equality, if and only if
3x:4y:72—3x—4y:L352,
so, x = 128 and y = 96.

21



Chapter 2

Cauchy-Schwarz inequality

In this chapter, we state and prove Cauchy-Shwartz inequality , some proofs for C-S, are given.

We also mention Cauchy-Schwarz inequality for integrals.

2.1 Cauchy-Schwarz inequality

Theorem 2.1.1

For any real numbers ay, as, ..., a, and by, by, ..., b, the following inequality holds.

(a2 +a3+---+a2) (b + b5+ +b2) > (arhy + agby + - - + axb,)*.

n

n n 2
=1

i=1 i=1

Equality holds the two sequences are proportional, that is, if a; = \b;.

2.2 Some different proofs of the Cauchy-Schwarz inequal-
ity

Proof 2.2.1

This is the classical proof of Cauchy-Schwartz inequality. Consider the quadratic

n

f(x) = Z(aix_bi>2 = $22n:a? —wzn:Qaimezn:b? =Az?+ Bz +C.
i=1 i=1 i=1

i=1

Clearly f(z) > 0 for all real . Hence if D is the discriminant of f, we must have D < 0. This

22



implies

i=1

n 2 n n
B2<4AC = (Zmbi) <4 (Zaf) (be) .
=1 =1

With is equivalent to

(£4) (&)= ()

b b
Equality holds when f(z) = 0 for some x, which happens if = = 2=
aq (05}
Proof 2.2.2
Consider the arithmetic-geometric means inequality
;Y < :
Let A= /a2 +ai+ --+a2, B=+/b2+b3+---+12.
By the AM-GM inequality, we have
u aibi u 1 CL2 b2
< Y+ 1) =1
=2 ()
so that
> aib; <AB= \/a%+a%+---+a§\/b%+b§+ B2,
i=1
Thus
" 2
(San) = (3] (30).
=1 =1
Proof 2.2.3

Consider the AM-GM inequality (2.1).

Let A=/ llalandB Voo b

2
z

By choosing z; = in inequality (2.1) we get

A

n

;|aibi| < _Z(Ba AbQ)
(25 20)

1 (B, A
§(AA+B )

= AB.

IN
N | —

IN

23
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From which we get the C-S inequality.

Proof 2.2.4

Expanding out the brackets and collecting together identical terms we have

n

D) DO SED SRS DI E) o) SIS
j=1 i=1 =1 i1 =

i=1 j=1 i=1
n n n 2
- 2<zag> (2@2)_2(2%@) |

i=1 i=1 i=1

Because the left hand side of the equation is a sum of the squares of real numbers it is greater

() (5)= ()

than or equal to zero, thus

2.3 Cauchy-Schwarz inequality for integrals

There is a generalisation of this inequality to integrals

Theorem 2.3.1
Let (f,g) € (C([a,b],R))?, then

[ r0a E \/ [ sy dt\/ [ stpa

2.4 Examples

Example 2.4.1
Let a,b,c > 0, prove that

1 1 1
> - -
a

b+c c+a a—+bd
+ + )
b ¢

a? b2 c?

24



Solution

Using the Cauchy-Schwartz inequality we have

2
1 1 1)\? NG 1
<—+—+—) = (> e )
a b ¢ a b+ec

cyc

IA VAN
NN
SH S§
Qw + Qw +
o o
N— N

1 1 1
hy-Sch
(b+c+a+c+a+b> (Cauchy-Schwarz)

Therefore

Example 2.4.2
Suppose that a,b,c > 1 and i + % + % = 2. Prove that

Va+b+e>vVa—14+vVb—1++Ve—1.

Solution

By Cauchy-Schwartz, we have

Va—T+vVb—1++vVe—-1 = (%;”%Wa)
| 1/2
a— 1/2
< hy-Sch
< (czy; , ) (a+b+c) (by Cauchy-Schwarz)
11 1\'?
= (3———3——) va+b+c
a c
= Va+b+ec

Which implies

Va+b+e>Va—14+vVb—14++vz—1.

Example 2.4.3 (Nesbitt’s inequality)

For positive real numbers a,b,c prove that

a n b n c >3
b+c c+a a+b 2

25



First Solution

Our equality is equivalent to

LS P AR 1> 2
b+c c+a a+b - 2

1 1 1 9

b > —.

or (a+ +C)(b+c+c+a+a+b) -2

This can be written as

1

1 1
(x2+y2+22)(;+ﬁ+§)Z(1+1+1)2.

Where x = b+ ¢,y = v/c+ a,z =+va+b. Then this is true by Cauchy-Schwartz.

Second Solution

After the substitution x = b+ ¢,y = ¢+ a,z = a + b, the inequality becomes

Zy—i_;—x_ng or Zy—;zzﬁ,

cyc cyc

and this is deduced from the AM-GM inequality as follows:

+ z z zZ T Z Z T T
Sy :y+_+_+_+_+y>6(y ..........
x r x Yy Yy z Zz

&

&
<
<

N

NI
N——

o=
I
[@p)

cyc

Example 2.4.4

Prove that for all non negative real numbers a,b and c

6(a+b—c)(a® +b* + ) + 27abe < 10(a* + b* + 02)%

Solution
By Cauchy-Schwartz inequality, we deduce:
10(a® + b2 + )2 — 6(a + b — ¢)(a® + b + 2)

10va® + 0%+ 2 —6(a+ b —c))

= (a® + b* + )

~—~

10
= (a® + b* + ?) (3\/(a2 +b02+c?)(224+22+1%2) —6(a+b— c))
10(2a + 2b
> (a2+bz+02)< ( a—; +¢) —6(a—|—b—c)>
_10(a® + b* + ¢*)(2a + 2b + 28¢)
= 3 _
Then, by the the AM-GM inequality, we have
2 2 818 8
—4— 44 >
a®+b°+¢ 44+44+c_9 G
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2a 4 2b + 28¢ = 2a + 2b + T.4c > 9f/(za)(2b)(2c)7 > ovAabe.

Thus,

3
2

10(a® +b* +c*)2 —6(a+b—c)(a® +b* + %) > 27abe.

6(a+b—c)(a® +b*+ ) + 27abe < 10(a* + b* + 02)%

Example 2.4.5
Let a,b and ¢ be positive real numbers such that, abc = 1.
Prove that

a+b+c<a®+b+¢
using the C-S inequality.
Solution

The C-S inequlity can be written as

a-1+b-1+c-1<Va2+b2+ V12412 +12

Or
a+b+c<Va2 40+ V3. (2.2)
Since the AM-GM inequality can be written as
Va2b2c2 < M.
Using the given fact that abc = 1 yields

V3 < Va2 4+ + 2. (2.3)

From inequalities (2.2) and (2.3) we deduce that
a+b+c< Va2 +P+AV3< VAP + Va2 + 0+ =a? + b+ A

Example 2.4.6
Let a;,b; € R, b; > 0 for i =1,--- ,n. Prove that

Solution

By the C-S inequality we have

(&) - () < (5) (£+)




Example 2.4.7 (Problem 3, IMC 2016).
Let n be a positive integer and aq,...,a,,by,...,b, be real number such that a; + b; > 0 for

1 =1,...,n. Prove that

" ab — b2 "oa S b — (0 b)?
azbz bz S Zz:l a; erzl bZ (ZZ:l bZ) ) (24)
a; + b; > e (@i + b;)

i=1

Proof
The side of (2.4) are similar. For A, B € R,we have

AB — B? 2 B2
——— = B- 2.
A+ B A+ B (25)

Applying (2.5) for A = a;, B = b;, we get

AB - B aibi — b2 207 Y
At B :; a; + b _Zl(bi_ ) Z ;

i=

CLi—Fbi

Similarly, apply (2.5) for A=3Y"" a;,B=>_" b;, we get

2B2 i 2 (Xn b))’
Zz 1a2+b

then (2.4) is equivalent to

By Cauchy-Schwarz inequality we deduce

2
<zzlbz) _Z-Zlbi—vai"r‘bi\/m = <Z Cli—f—b) <Zai+bi> )

which implies (2.6).

Example 2.4.8
Let a,b,c > 0, such that a + b+ ¢ = 1. Prove that

avb+by/c+ eva <

%I
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Solution

By Cauchy-Schwarz inequqlity

(a\/5+b\/5+c\/5)2 = (Z \/E\/Ey

cyc

< (20 (2)

= (ab+bc+ca)

1 1
§<a+b+0)2:§

IN

Just extract the square root to obtain the desired inequality.
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Chapter 3

Some IMO problems

We give some problems from the International Mathematical olympiad.

The solutions use AM-GM and Cauchy-Schwarz inequalities.

Example 3.1

Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

1 1 1
a3(b+c) N b3 (c+ a) N (a+ )

3
> —.
-2

Solution

Let x = i, Yy = %, z= % Then x,y, z are positive real numbers and xy z = 1. We have

1 - 1 a2
adb+c) 1 (1 1\ y+z
»\y =z
Similarly
1 1 o 1 1 2
le+a) 1 (1 1\ z4+z'Ala+b) 1 (1 1\ x4y
v \z B \r vy

By Cauchy-Shwarz inequality we have

.I'Q y2 2,2

+ +
y+z z+zx x4y

((y+z)+(z+x)+(x+y))( )Z(x+y+z)2

So that, by AM-GM inequality we have

22 N y? N 22 >(x+y+z)2_x+y+z>3,3/xyz_§
y+z z+x wt+y 2xtytz) 2 - 2 2

Example 3.2
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Let a,b and ¢ positive real numbers such that a? + b? + ¢* = 3. Prove that

1 n 1 n 1
14+ab 1+bc 1+ac

3
> —.
-2

Solution

By choosing the vectors
r=(1+abV1+be,v/1+ca) and y = <
C-S inequality we get

1 1 1
Vi+ab V1i+be V1+ca

) and by using the

1 1
1 b 1+b 1 > 9
(1+ab)+ (1+be)+( +c@x1+ab+1+bc+1+ca)_
Whence
1 1 1 3 9
+ + > 2> .
1+ab 1+bc 1+ac 2 34+ab+bdbc+ca
We know that
9 9

>
3+ab+bc+ca — 3+a?+0b2+c?
And since a? + b* + ¢ = 3, we obtain

1 N 1 N 1
1+ab 1+bc 1+ac

>3
2

Example 3.3
Let a, b, c and d be positive real numbers such that a +b+ ¢+ d = 1. Prove that
a? b? c? d?

aib breterd dra

1
- <
5 =

Solution

By choosing the vectors

b d
v=(Va+bVb+eVetdVd+a)andy= <¢aa+b’¢b+c’¢cc+d’¢d+a>'

And by using the C-S inequality we get

(a+btetdf < <<a+b)+<b+c>+<c+d>+<d+a>>( it et Ay )

atb bt crd dta
(a+b+c+d)? a? b? ? d?

< + + +
2(a+b+c+d) a+b b4+c c+d d+a

Since a + b+ ¢+ d = 1 we get the desired result.
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Example 3.4

Prove that
a b c
> 1,

+ + >
vaz+8be Vb2 +8ca Vc2+8ab

for all positive real numbers a, b and c.

Solution

First we shall prove that

or equivalently, that

The AM-GM inequality yields

(a5 +b5 +¢5)2 = (a5)2 = (b5 +c3)(as +as + b5 +c3)
> 2b5 ¢5 - 4adbs ch
= Saibc
Thus
(a%—|—b%—|—c%>2 > (a%)2—|—8a§bc
= a%(a2 +8bec),
SO
4
a a3
Z 4 4 4
va?+8bc a3 +bs + ¢
Similarly, we have
b S bs d c S ci
,an el )
VP2 +8ca — as +bs + ¢’ VA +8ab ~ as +bs +cs
Adding these three inequalities yields
a b c

+ + > 1
Va2 +8be Vb2+8ca VcE+8ab

Example 3.5
Prove that

b d 2
S I > -
b+2c+3d c¢c+2d+3a d+2a+3b a+2b+3c 3
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For all positive real numbers a, b, ¢, d.
Solution

By the Cauchy-Schwarz inequality, if zq,x9, -+ ,x, and y1,ys, - ,y, are positive numbers,

(£5) ()= (5-)

Applying this to the numbers a,b,c,d and b+ 2c+ 3d,c+2d+ 3a,d+2a+3b,a+2b+ 3¢

then

(here n = 4), we obtain

a b c d (a+b+c+d)?

+ + + >
b+2c+3d c¢+2d+3a d+2a+3b a+2b+3c 4(ab+ac+ad+bc+bd+ cd)
s> 2
- 3
The last inequality follows, for example, from (a —b)? + (a — ¢)* + ... + (c — d)? > 0. Equality

holds if and only if a = b= c=d.

Example 3.6

Denote by a, b, ¢ the lengths of the sides of a triangle. Prove that
a’(b+c—a)+b*(cta—0b)+c(a+b—c)<3abc

Solution

By substituting a =z +y,b =y + z, and ¢ = z + z(z,y, z > 0) the given inequality becomes

6xyz§x2y+xy2—|—y22+y22+22x+zm2.

Which follows immediately by the AM-GM inequality applied to 2%y, z 9%, 2% 2, x 22, y* 2, y 2°.

Example 3.7
Prove that for arbitrary positive numbers the following inequality holds:

1+1+1 <a8—|—b8-‘r68
a b ¢~ adbhdcd

Solution

Using the A-G mean inequality we obtain
8a23® < 2a®+ 308 —1—308,
8adb’c® < 3a®+2b°+365,
8a’b’® < 3a®+3b° +2¢5
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By adding these inequalities and dividing by 3 a®b®c® we obtain the desired inequality.

Example 3.8
Let a, b, ¢ be the sides of a triangle. Prove that

vb+c—a . ve+a—b n va+b—c <3
Vb+ve—va Vet Va-vVbo Vatvb—yeT o

Solution

Due to the symmetry of variables, it can be assumed that a > b > ¢. We claim that

va+b—c <1 and Vb+c—a n ve+a—b <9
va+vbh—ye Vhbe—va Vet Va-vh T

The frst inequality follows from

_ (a+b—c)—a b—c -
\/a+b—c—\/5—\/m+\/a§\/g+\/6—\/5 Ve.

For proving the second inequality, let p = y/a + Vb and ¢ = Vva — Vb. Then a — b = pq and

the inequality becomes

vVe—pq  \Jc+pg

< 2.
Ve—q o \etgq
From a > b > ¢ we have p > 2+/c. By Cauchy-Schwarz inequality,
Ve=pd  VeERe (c—pq+c+pq)( Lol )
Ve—gq o Vetq T O \WVe—q Vetq) \Ve—q o Vetg
 2ei-pd) /e
o c— > c—q?
2 _ 2 2 _ 2
_ 4. C = Verg c4.872c@
(c—¢*)? (c—¢*)?
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Conclusion

In this thesis, we have stated and proved two important inequalities. The Arithmetic-Geometric
inequality (AM-GM) and Cauchy-Schwarz inequality.

Their importance and use to prove other inequalities, as well as to find extrema of functions of
several variables is illustrated by many examples.

Last not least, we can not talk about AM-GM and Cauchy-Schwarz without mentioning the
International Mathematical Olympiad, where these inequalities are among the basic tools to
be mastered by any good contestant. For this, we gave some problems with their solutions as
examples from some IMO sessions.

Finally, we must say that our investigation of these inequalities is not exhaustive. For in-
stance, the AM-GM could be applied to deduce many interesting geometric inequalities, and
the Cauchy-Schwartz inequality has a continuous analogous leading to many interesting in-

equalities. We did not see almost any application of this this kind.
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