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abstract

In this thesis we deal with anisotropic singular perturbations of linear as well as nonlinear

problems, depending on a small parameter ε > 0. First we consider an abstract approach to

some singular perturbations of variational inequalities, involving nonlinear operators defined on

Banach spaces, then we describe the asymptotic behaviour of the solution when ε→ 0. Next, the

obtained abstract results are applied to some boundary value problems. Moreover, we consider a

variational inequality involving the p−Laplacian operator with a perturbation that also includes

the convex set. In the same framework of anisotropic perturbations, we investigate some linear

and semilinear evolution problems of hyperbolic type.
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.  0
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p

p

 ة ذات مـعامـلة الـجــــزئـي  ي   ــل عـظ المعــادلات التـفاض ـقـارب لـحـــلول بــلوك المول الس  ـح  :العنوان

 

 :صـــملخ

  ـضغـ ق بمعامـلعل  ـتتـ ،يةط   ـغـ  خ ـية و ط   ـخ ـ سائللم  ،ةشاذ  ال  ةباين ـت الم طرابات ـضالإ ةـراسناول بال  ت ت  الةـسالر  ذه ى

ة لمـالشـ نة ـباي ـ ـت الم  طراباتـضـلإاظ ـلبعة در  ــاربة مجـتهج مقـنأولا ه   ـعـ   تنطـو ، ةري  ـتغايـحات ـتراجــاذ   ةيط   ـخ ـ  ـغـ ـراتمـؤث

 ـــقــــبعـــلك ذ  ه ـال  قوم بوضفـه م  ـفة ع  فضاءات باناخ، ثر  ـعم جـتائـــ ـالن   طبيق ـوم بتـ  ـ لحـل  لقارب ـالمـلوك س   اـلم

يةـيم الحـذات الق المسائلظ ـع  بعيها ـل علط  ـحالمت دةر  ـالمج  ـ ةـحــهلكرس متراجلاوة ع  ذ ، فإهنا ـع .لك  تنطـو  عـ   ةتغايري

ــــــــ ناول ـهت ـ، ةباين ـت ـالم طرابات ـضـالإ دراسـةدائما في إطـار  .ةبلك  ـمحـالموعة ـمجـالضا مل أيـيشطراب ـمع اض لاسـلاب   ؤررالم

 . لكـائز  ـوع الـن  ال من  منز  ـقة بالـية المتـعل   ـطف الـط  ـهو  ةيط   ـال المسـائل بعظ 

 

 

 :  كلمات مفتاحية

ــــــ الم  تاباطر ـضــــالإ ةة باينت ــــس  ال ، الشــــاذ  ــــالموك ـل ــــنا ،اربـق ــــال  لمســــائل م ــــز  ـوع الن  ـــــ ة،  لكـائ ، المتراجـــــحات التغـايـري

ــص الن  ـالطائـــ .يةش بو الط   لمسائلا ،لابلاس ــالم، ة للحلــــولوعي ـ  ـ  ــر  ـال ـراتؤث ــــــر ؤثـ الم ،يبة ـتـ
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Titre: Sur le Comportement Asymptotique des Solutions de Certaines Équations

aux Dérivées Partielles avec un Paramètre

résumé :

Dans cette thèse on traite des perturbations singulières anisotropes de problèmes linéaires et non

linéaires qui dépendent d’un petit paramètre ε > 0. D’abord nous considérons une approche

abstraite de certaines inégalités variationnelles, faisant intervenir des opérateurs non linéaires

définis sur des espaces de Banach, puis nous décrivons le comportement asymptotique de la

solution lorsque ε→ 0. Ensuite, ces résultats abstraits sont appliqués à quelques problèmes aux

limites. En outre, nous considérons une inégalité variationnelle faisant intervenir l’opérateur

p−Laplacien avec une perturbation qui comprend également l’ensemble convexe. Dans le même

cadre de perturbations anisotropes, on considère quelques problèmes d’évolution, linéaires et

semi-linéaires, de type hyperbolique.

Mots Clés:

Perturbations singulières anisotropes, comportement asymptotique, problèmes hyperboliques,

inégalités variationnelles, propriétés qualitatives des solutions, opérateurs monotones, p−Laplacien,

problèmes quasi linéaires.
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I N T R O D U C T I O N

singular perturbations

The subject of applied mathematics is to study natural processes by constructing mathematical

models that describe all the essential features of these processes. In many cases, the model

involves some parameters that can be considered as ”small” ones. In order to simplify such

models, and their analysis, we may neglect theses small parameters. However, some questions

will come up. For instance, we wonder if neglecting these small parameters, in the model, will

have also a small effect on its accuracy, or may causes total modifications in the characters of

the model and its behaviour. Answering to this question is one of the main issues in asymptotic

analysis.

The theory of singular perturbations is an important and active topic in asymptotic analysis

and applied mathematics, it has its beginnings in the treatment of fluid dynamics problems

towards the end of 19th century (see for instance Van Dyke [67]), then its use spread to other

areas of mathematical physics, engineering and natural sciences. A wealth of techniques and

results of this theory can be found described in the books of Lions [48], Nayfeh [58], O’Malley

[59], Vasil’eva, Butuzov, and Kalachev [68]. Surveys on singularly perturbed problems and there

numerical solutions are given in Kadalbajoo and Gupta [40], Kadalbajoo and Patidar [41], Mo

and Ni [53]. See also the references cited therein.

This thesis deals with mathematical models that are formulated as partial differential equations,

depending on one small parameter ε > 0. Let us consider a model formally described by the

equation Lε (uε) = 0,

+ some conditions,
(1)

1
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where Lε is a partial differential operator that involves ε, and uε is a solution to this problem,

which is called the perturbed problem. Omitting the small parameter, i.e. setting ε = 0 in (1),

we obtain L0 (u0) = 0,

+ some conditions.
(2)

which is called the unperturbed (or the limit) problem. In general, solutions of Problem (2) will

not be as smooth as the solutions of the perturbed Problem (1), and do not satisfy the same

conditions, i.e. some conditions in Problem (1) will be lost in the passage to the limit. So it is not

a priori sure whether the solution u0 can be a good approximation of uε when ε→ 0.

anisotropic singular perturbation

There are many different types of perturbations treated in the literature. Considering a PDE

defined on a bounded domain Ω ⊂ Rn (n is an integer), the perturbations can occur in the

coefficients of the differential operator, in the source term, in some parts of the domain or

its boundary,... In this thesis we have more particularly in mind anisotropic cases of singular

perturbations of PDE, where the parameter of perturbation ε only acts on some of the directions

of the domain variables. To be more specific we can take, as a model, the diffusion problem

defined on the unit square Ω := (0, 1)× (0, 1)−ε ∂2
x1

uε − ∂2
x2

uε = f in Ω,

uε = 0 on ∂Ω,
(3)

where ε > 0 and f represents the source term. We assume that the diffusion in the x1-direction is

negligible with respect to the other direction when ε → 0. This is what we call an anisotropic

singular perturbation. Formally the natural limit of uε is a function u0 defined on the sections

{x1} × (0, 1) for a.e. x1 ∈ (0, 1) as a solution of−∂2
x2

u0 (x1, ·) = f (x1, ·) in (0, 1) ,

u0 (x1, ·) = 0 on {0, 1} .
(4)

Note that the variable x1 plays a role of a parameter. In this case it is clear that if f (not

identically equal to 0) is independent of x1, i.e. f = f (x2), then u0 /∈ H1
0 (Ω) which prevents

the convergence uε → u0 to occur in Sobolev space H1 (Ω) , and a boundary layer occurs at

the lateral boundary of cylindrical domains. So, from this remark we may discuss many issues

concerning this convergence.
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Unlike the isotropic case, the image is far to be complete for the anisotropic singular perturba-

tions theory. Linear elliptic, parabolic and hyperbolic problems defined on arbitrary domains are

analyzed in different contexts and the convergence uε → u0 is obtained in different norms. Even

we do not have in general the convergence on H1 (Ω) , the convergence in Sobolev spaces may

be shown in regions far from this lateral boundary. We can see this clearly when our perturbed

problem satisfies some cylindrical symmetries. This means that f = f (x2) in the above example.

In this case uε converges towards u0 at an exponential rate. For more details we refer to the

works Brighi and Guesmia [7], Chipot [11, 13], Chipot and Guesmia [15, 16, 17, 18], Guesmia

[31, 33]. See also Laevsky [44] where the author investigated, in a simple two-dimensional elliptic

problem, the influence of the shape of the domain on the rate of convergence.

A number of papers concerning numerical methods for anisotropic singularly perturbed

problems, defined on cylindrical domains in 2 and 3 dimensions, has been published in recent

years. For instance, Apel, Nicaise, and Sirch [1], Li [45], Li and Wheeler [46], Zhu and Chen [70]

used finite elements and achieve convergence, of the numeric approximation, uniformly in the

perturbation parameter ε. See also Braianov and Vulkov [4], Degond, Deluzet, and Negulescu

[24] and related works.

singular perturbations of variational inequalities

In order to give a general abstract approach to singular perturbation problems some authors, see

for instance Sanchez-Palencia [61], Zhang [69], considered the following operator equation

εAuε + Buε = f , (5)

where A and B are linear operators defined on Hilbert spaces. This approach covers diagonal

structure problems as problem (3). As in the case of partial differential equations, it is shown

that uε converges towards u0 solution to

Bu0 = f ,

when ε → 0. There are also some previous works on singular perturbations of variational

inequalities, i.e. when (5) is replaced by

(εAuε, v− uε) + (Buε, v− uε) ≥ ( f , v− uε) , ∀v ∈ K, (6)

where K is some nonempty closed convex set and (·, ·) is the scalar product. The study

of (isotropic) singular perturbations of variational inequalities, was initiated in Lions and
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Stampacchia [50], for A and B linear then in Browder [8] for some nonlinear operators, see also

Lions [48], Rodrigues [60], Stampacchia [63] and related works.

contributions of the present thesis

This thesis offers an asymptotic analysis of some important classes of problems with anisotropic

singular perturbations. In particular, we are interested in nonlinear problems since most phe-

nomena are originally described by nonlinear models. Their anisotropic singular perturbations

is very interesting and requires some special tools of functional analysis.

We start by dealing with the variational inequality (6) when A and B are both nonlinear

operators defined on different Banach spaces V and W respectively. As far as we know, the

abstract approach presented in this thesis is different from all the previous works. It covers

both isotropic and anisotropic cases. This is emphasized by many applications and examples

introduced in order to illustrate some points of the theory as, for instance, the lack of compactness

which prevents dealing with nonlinear terms directly.

In the same framework of anisotropic singular perturbations, asymptotic behaviour of the

solutions of linear as well as semilinear evolution problems, of hyperbolic type, is investigated in

the second part of this thesis. To be more clear, let us consider the hyperbolic evolution version

of problem (3), i.e. a wave problem where the propagation speed of the wave is very small in the

x1 direction, defined as
u′′ε − ε ∂2

x1
uε − ∂2

x2
uε = f in (0, T)× (0, 1)2 ,

uε = 0 on (0, T)× ∂ (0, 1)2 ,

uε (0) = u0, u′ε (0) = u1 in (0, 1)2 .

(7)

The primes stand for derivatives in time, T > 0, u0 and u1 are initial conditions and f represents

the source term (for instance f represents the force driving a wave on a membrane, the charge

and the current density in the Lorenz gauge of electromagnetism). As in the above stationary

problem, we are interested in the limit behaviour of uε, when ε→ 0. The natural candidate is u0

defined on the sections (0, T)× {x1} × (0, 1) , for a.e. x1 ∈ (0, 1) , as a solution of
u′′0 (·; x1, ·)− ∂2

x2
u0 (·; x1, ·) = f (·; x1, ·) in (0, T)× (0, 1) ,

u0 (·; x1, ·) = 0 on (0, T)× {0, 1} ,

u0 (0; x1, ·) = u0 (x1) , u′0 (0; x1, ·) = u1 (x1) in (0, 1) .
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In Brighi and Guesmia [7], Guesmia [33] a polynomial rate of the convergence uε → u0 is shown

but for a quite restricted class of problems. The argument is more detailed in Guesmia [32]. More

general results for elliptic and parabolic problems, defined on arbitrary domains, have been

shown in Chipot and Guesmia [15, 16, 17, 18]. In these latter papers, as well as here, when the

domain and the data have some cylindrical symmetries the rate of convergence can be improved,

whereas the dependence of the limit solution on all directions negatively effects the rate of

convergence. Furthermore, some difficulties arise, especially here for the hyperbolic problems.

Using some weak convergence methods, combined with a monotonicity argument, we can

investigate the same issues for some semilinear hyperbolic problems, for instance the following

semilinear version of problem (7) defined as
u′′ε − ε ∂2

x1
uε − ∂2

x2
uε + β (u′ε) = f in (0, T)× (0, 1)2 ,

uε = 0 on (0, T)× ∂ (0, 1)2 ,

uε (0) = u0, u′ε (0) = u1 in (0, 1)2 ,

where β is a nonlinear operator. For regions located far from the lateral boundary of cylindrical

domains, a convergence in a Sobolev space and some improvements of the rate of convergence

are shown. Moreover, using an iterative technique, introduced in Chipot and Rougirel [19] and

improved in Chipot and Yeressian [20], an exponential rate of convergence is carried out instead

of the polynomial one in Brighi and Guesmia [7], Guesmia [33].

structure of thesis

After the present introduction, the rest of the material of this thesis is divided into two parts.

The first part includes three chapters and the second one two chapters. The main definitions,

lemmas, theorems, corollaries, propositions, remarks and equations are labelled by two digits

where the first one indicates the chapter.

The first part is titled Perturbations of Abstract and Stationary Problems. In Chapter 1, we introduce

the classes of perturbed abstract problems we intend to study, i.e. variational inequalities

involving nonlinear operators defined on different abstract Banach spaces. General convergence

results are established in an abstract setting, then improved in some cases. In Chapter 2, we give

some direct applications of the abstract results obtained in the precedent chapter. To emphasize

the power of our analysis, the considered cases involve an obstacle problem and quasilinear

elliptic problems. Some interesting linear elliptic cases with mixed boundary conditions are

brought to attention. In Chapter 3, we consider a variational inequality, that involves a perturbed
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p−Laplacian, which can not be treated in the abstract setting of Chapter 1 since it is not possible

to write the operator as the sum of two operators, i.e. on the form εA + B, and of course since ε

appears also in the convex set.

The second part, titled Perturbations of Evolution Problems of Hyperbolic Type, is concerned with

perturbed problems depending on time. In Chapter 4, which is the first chapter of this part,

we discuss in details the asymptotic behaviour of the solution of linear hyperbolic problems,

with an anisotropic singular perturbation, and obtain some convergence results in arbitrary

domains. Also, when the domain is cylindrical, we establish a regularity result for the solutions

and improve the rate of convergence far from the lateral boundaries of the domain. In chapter 5,

we study the case of semilinear hyperbolic problems and obtain the convergences, and improve

them under some considerations.

The notations and definitions used in this thesis are standard and commonly used. The reader

can find them, for instance, in the textbooks Chipot [13], Dautray and Lions [22]. However, to

make this thesis consistent and to avoid ambiguity, a list of notations and definitions is included

in the appendix, as well as some elementary inequalities frequently used in through this work.

We assume that the reader is familiar with partial differential equations theory and basic

functional analysis (Sobolev spaces, weak topologies, reflexive spaces, differential operators,...).

Some of the relevant definitions and concepts will be recalled in the sequel, but the reader who

wants a more thorough information may consult Brezis [6], Chipot [13], Dautray and Lions

[22], Evans [26].



Part I

Perturbations of Abstract and

Stationary Problems

7



1
A N A B S T R A C T A P P R O A C H T O A N I S O T R O P I C S I N G U L A R

P E RT U R B AT I O N S

1.1 Problem Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2 Convergence Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3 More Convergences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

In this chapter we deal with some perturbations of nonlinear operators, defined on different

abstract Banach spaces, which in particular will be applied to anisotropic singular perturbations

problems. In order to make our approach as general as possible, we investigate the asymp-

totic behaviour of perturbed variational inequalities for nonlinear operators. We shall give

some general convergence theorems, then we improve these results when some assumptions

are satisfied.

1.1 problem setting

Let V and W be two reflexive separable Banach spaces equipped with the norms | · |V and

| · |W respectively. We suppose that the space V ∩W is dense with continuous inclusion in V

andW , and is equipped with the norm

| · |V∩W := | · |V + | · |W .

It is clear that

V ∩W ⊂ V ,W and V ′,W ′ ⊂ (V ∩W)′ .

Moreover one can check that (see [3, 66])

(V ∩W)′ = V ′ +W ′.

8



1.1 problem setting 9

We consider two nonlinear operators A and B such that

A : V → V ′, B :W →W ′.

We suppose that A, B are monotone, that is to say

〈Au− Av, u− v〉V ≥ 0, ∀u, v ∈ V , (1.1)

〈Bu− Bv, u− v〉W ≥ 0, ∀u, v ∈ W , (1.2)

where 〈·, ·〉V and 〈·, ·〉W stands for the dual products of V and W respectively. We denote by

K 6= ∅ a closed convex set of V ∩W and for A, B we make the following coerciveness assumption.

We suppose that for some v0 ∈ K one has

〈Au− Av0, u− v0〉V
|u− v0|V

→ +∞ when |u|V → +∞, u ∈ K, (1.3)

〈Bu− Bv0, u− v0〉W
|u− v0|W

→ +∞ when |u|W → +∞, u ∈ K. (1.4)

Remark 1.1 If K is bounded in V (resp. in W) we will not need the assumption (1.3) (resp. (1.4)).

Note also that for some v0 ∈ K, (1.3) and (1.4) are equivalent to

〈Au, u− v0〉V
|u− v0|V

→ +∞ when |u|V → +∞, u ∈ K, (1.5)

〈Bu, u− v0〉W
|u− v0|W

→ +∞ when |u|W → +∞, u ∈ K. (1.6)

In addition we assume that A and B are bounded, i.e.

A sends bounded sets of V in bounded sets of V ′,

B sends bounded sets ofW in bounded sets ofW ′,

and A, B are hemicontinuous on V andW respectively, i.e.

t 7→ 〈A(u + tv), w〉V is continuous on R, ∀u, v, w ∈ V .

t 7→ 〈B(u + tv), w〉W is continuous on R, ∀u, v, w ∈ W .

Under the assumptions above, we have the following assertion.

Theorem 1.1 For f ∈ (V ∩W)′ and ε > 0 there exists uε solution to ε 〈Auε, v− uε〉V + 〈Buε, v− uε〉W ≥ 〈 f , v− uε〉V∩W , ∀v ∈ K,

uε ∈ K.
(1.7)

Moreover if A or B is strictly monotone (i.e. if one of the inequalities (1.1), (1.2) is strict for u 6= v)

the solution is unique.
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Proof. One consider the operator Aε defined by

Aε : V ∩W → (V ∩W)′ = V ′ +W ′,

v 7→ εAv + Bv,

then the existence of uε will follows from the classical theory of variational inequalities (cf. [42,

47]), since this operator is monotone, hemicontinuous and coercive. To clarify this last point1

one notice that

〈εAu + Bu, u− v0〉V∩W
|u− v0|V∩W

=
|u− v0|V

|u− v0|V + |u− v0|W
· 〈εAu, u− v0〉V
|u− v0|V

+
|u− v0|W

|u− v0|V + |u− v0|W
· 〈Bu, u− v0〉W
|u− v0|W

. (1.8)

Let (un)n be a sequence such that

lim
|un|V∩W→+∞

〈εAun + Bun, un − v0〉V∩W
|un − v0|V∩W

= lim inf
|u|V∩W→+∞

〈εAu + Bu, u− v0〉V∩W
|u− v0|V∩W

,

then, having |un|V + |un|W → +∞, at least one of the sequences |un|V , |un|W is unbounded.

For instance if |un|V → +∞, or eventually for a subsequence. If |un|W is also unbounded then

-up to a subsequence- |un|W → +∞ and, for an arbitrary M, one has

〈εAun, un − v0〉V
|un − v0|V

,
〈Bun, un − v0〉W
|un − v0|W

≥ M

for n large enough. Thus it follows from (1.8) that

〈εAun + Bun, un − v0〉V∩W
|un − v0|V∩W

≥ M,

which means that the limit is +∞. Else, i.e. if |un|W is bounded, so 〈Bun, un − v0〉W is also

bounded, then for large n the second term in the right hand side of (1.8), written for un, goes

to 0 when n→ +∞ whereas the first term goes to +∞.

In all cases we have

lim
|un|V∩W→+∞

〈εAun + Bu, un − v0〉V∩W
|un − v0|V∩W

= +∞.

The same argument can be applied when |un|V is bounded and |un|W is unbounded, and the

coercivity of Aε on V ∩W follows.

To check the uniqueness when A or B is strictly monotone, let u1 and u2 be two possible

solutions, then it comes

ε 〈Au1, u1 − u2〉V + 〈Bu1, u1 − u2〉W ≤ 〈 f , u1 − u2〉W ,

−ε 〈Au2, u1 − u2〉V − 〈Bu2, u1 − u2〉W ≤ − 〈 f , u1 − u2〉W

1 See [21] for another elementary proof.
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then adding we get

ε 〈Au1 − Au2, u1 − u2〉V + 〈Bu1 − Bu2, u1 − u2〉W ≤ 0.

By the strict monotonicity of A or B we must have u1 = u2. This end the proof of the theorem.

Remark 1.2 When K = V ∩W one can see by taking v = uε ± w, w ∈ K, that uε is solution to the

abstract equation εAuε + Buε = f ,

uε ∈ V ∩W .
(1.9)

1.2 convergence theorems

We are now interested in studying the behaviour of uε when ε→ 0. Note that uε may have no

limit. Indeed, taking for instance V a Hilbert space, A = the identity, B = 0, f ∈ V ′ = V we can

see that the solution of (1.9) is given by uε =
1
ε

f which has no limit.

In what follows we will assume that

f ∈ W ′.

The essential convergences are given as follows.

Theorem 1.2 Let uε be solution to (1.7). Then we have, when ε→ 0,

(i) uε is bounded inW independently of ε, (1.10)

(ii) εuε → 0 in V , (1.11)

(iii) εAuε → 0 in V ′, (1.12)

(iv) 〈εAuε, uε〉V → 0. (1.13)

Proof. Proof of (i). Choose v0 ∈ K, such that (1.5) and (1.6) hold. Suppose that |uε|W is unbounded.

For some sequence εk → 0 one then has |uεk − v0|W → +∞. Taking v = v0 in (1.7) we derive

εk 〈Auεk , uεk − v0〉V + 〈Buεk , uεk − v0〉W ≤ 〈 f , uεk − v0〉W
≤ | f |W ′ |uεk − v0|W .

It follows that

〈Buεk , uεk − v0〉W
|uεk − v0|W

≤ | f |W ′ −
εk 〈Auεk , uεk − v0〉V
|uεk − v0|W

. (1.14)
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Due to the coerciveness of B, we obtain a contradiction by showing that the right hand side is

bounded from above. Indeed, if |uεk |V is bounded, then so is |Auεk |V ′ , we have∣∣εk 〈Auεk , uεk − v0〉V
∣∣

|uεk − v0|W
≤ |Auεk |V ′

(
|uεk |V + |v0|V

) εk

|uεk − v0|W
−→ 0,

else, i.e. if |uεk − v0|V → +∞, by the coerciveness of A one has

εk 〈Auεk , uεk − v0〉V ≥ 0,

for some k large enough. In both cases the contradiction holds in (1.14), which proves (1.10).

Proof of (ii). We derive from (1.7), written for v = v0, that

ε 〈Auε, uε − v0〉V ≤ (|Buε|W ′ + | f |W ′) |uεk − v0|W .

Since uε is bounded inW , and so is |Buε|W ′ , we get

ε 〈Auε, uε − v0〉V ≤ C, (1.15)

where here and in the following C is a positive constant independent of ε that can take different

values. If uε is bounded in V then (1.11) is obvious. Else we have from (1.5), (1.15) -up to a

subsequence-

ε |uε|V ≤ ε |uε − v0|V + ε |v0|V ≤
C |uε − v0|V
〈Auε, uε − v0〉V

+ ε |v0|V −→ 0

and the result follows.

Proof of the weak convergence εAuε ⇀ 0 in V ′. Let v ∈ V , then by the monotonicity of A we have

ε 〈Auε, v− v0〉V = ε 〈Auε, uε − v0〉V + ε 〈Auε, v− uε〉V

≤ ε 〈Auε, uε − v0〉V + ε 〈Av, v− uε〉V

then using (1.15), we get

ε 〈Auε, v− v0〉V ≤ C + 〈Av, ε (v− uε)〉V ,

≤ C + ε 〈Av, v〉V − 〈Av, εuε〉V . (1.16)

Choosing v ∈ v0 + B1, where B1 is the unit ball in V , we arrive to

ε 〈Auε, v1〉V ≤ C′, ∀v1 ∈ B1,

where C′ is independent of ε. Thus εAuε is bounded in the reflexive Banach space V ′ and one

can suppose that, for some subsequence εk, we have εk Auεk ⇀ ψ in V ′. Passing to the limit

in (1.16) we derive

〈ψ, v− v0〉V ≤ C, ∀v ∈ V .
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Changing v by v0 ± v it comes that ψ = 0. By the uniqueness of the possible limits we showed

that for the whole sequence we have

εAuε ⇀ 0 in V ′.

Proof of (iv). For any v ∈ K we have by (1.7) and the monotonicity of B

ε 〈Auε, uε〉V ≤ 〈εAuε, v〉V + 〈 f , uε − v〉W + 〈Buε, v− uε〉W

≤ 〈εAuε, v〉V + 〈 f , uε − v〉W + 〈Bv, v− uε〉W . (1.17)

Let (εk)k be a sequence such that

εk 〈Auεk , uεk〉V → lim
ε→0

sup ε 〈Auε, uε〉V .

Since uεk is bounded inW one can suppose that - extracting if necessary a new subsequence -

uεk ⇀ ũ inW .

Then passing to the limit in (1.17), written for εk, we get

lim
ε→0

sup ε 〈Auε, uε〉V ≤ 〈 f , ũ− v〉W + 〈Bv, v− ũ〉W , ∀v ∈ K. (1.18)

It is clear that ũ belongs to K̄W , the weak closure of K in W which coincides with its strong

closure since K is convex (see [6]). Thus, there exists a sequence vn ∈ K such that vn → ũ inW .

Taking v = vn in (1.18) and passing to the limit we derive

lim
ε→0

sup ε 〈Auε, uε〉V ≤ 0. (1.19)

By the monotonicity of A one has

ε 〈Auε, v〉V ≤ ε 〈Auε, uε〉V + 〈Av, ε (v− uε)〉V , (1.20)

then passing to the limit, we obtain

lim
ε→0

inf ε 〈Auε, uε〉V ≥ 0.

This, with (1.19), prove (iv).

Proof of (iii). It remains to show the strong convergence εAuε → 0. To this end we set v = v1 ∈ B1

in (1.20), it comes

ε 〈Auε, v1〉V ≤ ε 〈Auε, uε〉V + |Av1|V ′ (ε + |εuε|V )

≤ ε 〈Auε, uε〉V + C (ε + |εuε|V )→ 0
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where C is independent of v1 and ε. Thus

|εAuε|V ′ = sup
v1∈B1

〈εAuε, v1〉V −→ 0,

which completes the proof of the theorem.

A careful reading, of the above proof, enable us to give another variant of assumptions. In one

hand we assume that

Aε = εA + B is coercive on V ∩W , (1.21)

which ensure the existence of a solution uε to the perturbed problem (1.7). On the other hand we

drop the coerciveness assumption on A, i.e. (1.5), and we only assume that

lim inf
〈Au, u− v0〉V
|u− v0|V

> 0 when |u|V → +∞, u ∈ K. (1.22)

for some v0 ∈ K. Without changing the other assumptions of Theorem 1.2, we still have some

convergence results in this case.

Theorem 1.3 Under the assumption (1.21), and changing (1.5) by (1.22), in the assumptions of

Theorem 1.2, we have when ε→ 0

|uε|W and ε |uε|V are bounded independently of ε. (1.23)

Moreover, if there exists some subsequence uεk such that

εkuεk ⇀ 0 in V , (1.24)

then it holds

(i) εk Auεk ⇀ 0 in V ′, (1.25)

(ii) 〈εk Auεk , uεk〉V → 0. (1.26)

Proof. The assumption (1.22) is sufficient to establish the boundness of |uε|W as in the proof of

Theorem 1.2. Taking this into account, (1.15) still holds and due to (1.22) we have

ε |uε|V ≤ ε |uε − v0|V + ε |v0|V ≤
C |uε − v0|V
〈Auε, uε − v0〉V

+ ε |v0|V < +∞

when |uε|V → +∞. If the convergence (1.24) holds, then (i) and (ii) follows again as in the proof

precedent theorem.



1.2 convergence theorems 15

Remark 1.3 i) In fact, |uε|W is bounded if we assume only that A is positive for large |u|V , i.e.

lim inf 〈Au, u− v0〉V ≥ 0 when |u|V → +∞, u ∈ K. (1.27)

ii) When A is a partial differential operator, the assumption (1.24) is, in many cases, a consequence of

the continuity of derivation operator on the distributions space, see for instance Section 2.4.

Remark 1.4 In the case K = V ∩W , it follows from the abstract equation (1.9) that

Buε − f → 0, (resp. ⇀ 0, up to a subsequence) inW ′,

under the assumptions of Theorem 1.2 (resp. Theorem 1.3).

In both cases, of the above convergence theorems, we have in addition

Theorem 1.4 Suppose that for some sequence εk → 0 one has

uεk ⇀ ũ inW . (1.28)

Then ũ is a solution to the variational inequality 〈Bũ, v− ũ〉W ≥ 〈 f , v− ũ〉W , ∀v ∈ K̄W ,

ũ ∈ K̄W .
(1.29)

Moreover one has

Buεk ⇀ Bũ inW ′, 〈Buεk , uεk〉W → 〈Bũ, ũ〉W . (1.30)

Proof. Up to a subsequence - still labelled εk - one can assume that Buεk ⇀ χ inW ′. Passing to

the limit in (1.7) written for εk we obtain (see Theorem 1.2)

lim
εk→0

sup 〈Buεk , uεk〉W ≤ 〈χ, v〉W + 〈 f , ũ− v〉W , ∀v ∈ K. (1.31)

Considering a sequence v = vn → ũ inW as above, we obtain

lim
εk→0

sup 〈Buεk , uεk〉W ≤ 〈χ, ũ〉W .

From the monotonicity of B we have

〈Buεk , uεk〉W ≥ 〈Buεk , v〉W + 〈Bv, uεk − v〉W , ∀v ∈ W .

Then

lim
εk→0

inf 〈Buεk , uεk〉W ≥ 〈χ, v〉W + 〈Bv, ũ− v〉W , ∀v ∈ W . (1.32)
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It follows - taking v = ũ - that

lim
εk→0
〈Buεk , uεk〉W = 〈χ, ũ〉W .

From this and (1.32) we derive

〈χ− Bv, ũ− v〉W ≥ 0, ∀v ∈ W .

Replacing v by ũ + tw and, due to the hemicontinuity of B, letting t→ 0 we obtain

〈χ− Bũ, w〉W ≥ 0, ∀w ∈ W ,

i.e. χ = Bũ. It follows that the whole sequence Buεk converges toward Bũ. Moreover (1.31)

becomes

〈Bũ, v− ũ〉W ≥ 〈 f , v− ũ〉W , ∀v ∈ K.

Since K̄W is closed - weakly closed - one has ũ ∈ K̄W and the above inequality holds also for

every v ∈ K̄W . This completes the proof of the theorem.

Remark 1.5 i) We proved that the only possible limits for the subsequences of (uε)ε inW are solutions

of the variational inequality (1.29). In particular if the solution is unique, for instance when B is strictly

monotone one has, for the whole sequence,

uε ⇀ ũ inW , Buε ⇀ Bũ inW ′.

ii) If K = V ∩W then K̄W =W and ũ is a solution to the equation Bũ = f .

1.3 more convergences

The precedent convergences can be improved if the operators A or B satisfy some new

assumptions.

Corollary 1.1 (i) Suppose that A is strongly coercive in the sense that

〈Av, v〉V ≥ λ |v|αV + g (v) , ∀v ∈ V , (1.33)

for some constants λ > 0, α > 1 and a bounded function g : V → R, then one has

ε1/αuε → 0 in V . (1.34)
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(ii) If B is strongly monotone in the sense that for some δ > 0 and β > 1

〈Bu− Bv, u− v〉W ≥ δ |u− v|βW , ∀v, u ∈ W ′ (1.35)

then the solution ũ of (1.29) is unique and one has

uε → ũ inW .

Proof. (i) follows directly from

λ
∣∣∣ε1/αuε

∣∣∣α
V
= λε |uε|αV ≤ ε 〈Auε, uε〉V − εg (uε) −→ 0

by Theorem 1.2-(iv). For (ii) one has

δ |ũ− uε|βW ≤ 〈Bũ− Buε, ũ− uε〉W = 〈Bũ, ũ− uε〉W + 〈Buε, uε〉W − 〈Buε, ũ〉W −→ 0

by the convergences (1.30).

Remark 1.6 Assuming only the basic coerciveness (1.3) of A, the convergence result (1.11), in Theorem

1.2, is sharp since the exponent of ε tends to 1 when α→ 1 in (1.34).

In the following corollary some monotonicity property of (uε)ε is shown.

Corollary 1.2 Let ε > ε′ > 0, then

〈Auε, uε〉V ≤ 〈Auε, uε′〉V . (1.36)

Proof. Set v = uε (resp. v = uε′) in (1.7), written for ε (resp. ε′), we get

ε 〈Auε, uε − uε′〉V − ε′ 〈Auε′ , uε − uε′〉V + 〈Buε − Buε′ , uε − uε′〉W ≤ 0.

The third term is positive due to the monotonicity of B, hence

ε 〈Auε, uε − uε′〉V ≤ ε′ 〈Auε′ , uε − uε′〉V ≤ ε′ 〈Auε, uε − uε′〉V ,

by the monotonicity of A. It follows that(
ε− ε′

)
〈Auε, uε − uε′〉V ≤ 0

and (1.36) follows, since ε > ε′.

Remark 1.7 The above characterization is more clear if A is linear. For instance if V is a Hilbert space

and A = Id then (1.36) yields

|uε|V ≤ |uε′ |V , for ε′ < ε.
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Next we pay attention to more regular problems, i.e. when one of the solutions of the limit

problem (1.29) is in V .

Corollary 1.3 (i) If the variational inequality (1.29) has a solution û ∈ K such that

lim inf 〈Au, u− û〉V > 0 when |u|V → +∞, u ∈ K, (1.37)

then there exists always a sequence uεk such that

uεk ⇀ ũ in V andW , (1.38)

where ũ ∈ K is solution to (1.29), and the accumulation points of (uε)ε are all in K.

(ii) If B satisfies (1.35), one has

|uε − ũ|W = o(ε1/β). (1.39)

Proof. Taking v = û in (1.7) we derive

ε 〈Auε, uε − û〉V ≤ 〈 f , uε − û〉W − 〈Buε, uε − û〉W ≤ − 〈Buε − Bû, uε − û〉W ≤ 0. (1.40)

Thus 〈Auε, uε − û〉V ≤ 0 for all ε > 0, and

lim
ε→0

sup 〈Auε, uε − û〉V ≤ 0.

By (1.37), uε must be bounded in V and one can find a sequence εk such that

uεk ⇀ ũ inW ,V and V ∩W ,

i.e., we have the same limit in the three spaces. Indeed, since uεk is bounded in V ,W andW ∩V

one can assume that -up to a subsequence-

uεk ⇀ ṽ in V , uεk ⇀ w̃ inW , uεk ⇀ ũ in V ∩W .

We have to check that these limits are the same. If h ∈ V ′ ⊂ (V ∩W)′ one has

〈h, uεk〉V∩W → 〈h, ṽ〉V∩W , 〈h, uεk〉V∩W → 〈h, ũ〉V∩W

whence

〈h, ṽ〉V∩W = 〈h, ũ〉V∩W , ∀h ∈ V ′.

Similarly one can show that

〈h, w̃〉V∩W = 〈h, ũ〉V∩W , ∀h ∈ W ′.
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It follows that ṽ = w̃ = ũ, and ũ is necessarily a solution to Problem (1.29).

For (ii), since by the uniqueness of the solution of (1.29) û = ũ, then from (1.40) one has

δ |ũ− uε|βW ≤ 〈Bũ− Buε, ũ− uε〉W ≤ ε 〈Auε, ũ− uε〉V ≤ ε 〈Aũ, ũ− uε〉V = o (ε)

and the result follows.

Remark 1.8 We can obtain a strong convergence of uε inW for the Saint-Venant problem. Assume that

f = 0, B (0) = 0, 0 ∈ K and B satisfies a hypothesis as (1.35) then

uε → 0 inW .

Indeed, taking v = 0 in (1.7) we obtain ε 〈Auε, uε〉V + 〈Buε, uε〉W ≤ 0, and by the monotonicity of A

we have

δ |uε|βW ≤ ε 〈Auε − A (0) , uε〉V + 〈Buε, uε〉W ≤ −ε 〈A (0) , uε〉V .

The convergence follows by Theorem 1.2.

comments

Variational inequalities was introduced to study elliptic problems with unilateral conditions

at the boundary, the obstacle problem, the elastic plastic problem, and other similar problems

of mathematical physics. The pioneer works in this field are due to Lions and Stampacchia

[50], Stampacchia [63]. The interested reader can see, for instance, [5, 9, 14, 42, 47, 60] and the

literature cited therein.

The study of (isotropic) perturbations of variational inequalities, was initiated in the 60’s by

Lions and Stampacchia [50], for linear operators, and Browder [8] for some nonlinear operators.

see also [48, 60, 61, 63, 69]. In these works, the asymptotic behaviour of solutions was investigated

when there is no perturbation of the convex set. Other types of perturbations were considered,

see the literature cited in Chapter 3 of this thesis.

The results of this chapter (except for theorem 1.3) has appeared in [21].
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This chapter is devoted to some applications of the abstract theory considered in the precedent

chapter. First, to see the power of our abstract analysis in general, we consider a very simple

(isotropic) case of nonlinear obstacle problems. Then we apply the theory to some anisotropic

singular perturbations problems in the next examples. In the last section we consider a situation

that does not fits with our abstract theory.

In all sections, Ω is a bounded domain in Rn with sufficiently smooth boundary. We denote by

uε the solutions of the perturbed problems and by ũ the solutions of the limit problems.

2.1 nonlinear obstacle problems

We denote by a ∈ C1 (Rn, Rn) a continuous vector field on Rn. We suppose that a is such that for

some λ, Λ > 0 and c ∈ R

a (ξ) · ξ ≥ λ |ξ|2 + c, |a (ξ)| ≤ Λ |ξ| , ∀ξ ∈ Rn, (2.1)

in addition it satisfies the monotonicity condition

(a (ξ)− a (ζ)) · (ξ − ζ) ≥ 0, ∀ξ, ζ ∈ Rn.

20
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Then, for f ∈ L2 (Ω) there exists a unique uε solution to (see [14, 60])
ε
∫

Ω
a (∇uε) · ∇ (v− uε) dx +

∫
Ω

uε (v− uε) dx ≥
∫

Ω
f (v− uε) dx, ∀v ∈ K0,

uε ∈ K0 :=
{

v ∈ H1
0 (Ω) |v (x) ≥ 0 a.e. x ∈ Ω

}
.

(2.2)

This problem is a mathematical formulation of a membrane occupying a domain Ω of the plane,

loaded by normal force f . The membrane is attached to Γ = ∂Ω and the obstacle here is ”0”, i.e.

the deformation of the membrane can not go in the negative direction as it is considered in the

definition of the convex set K0. The variational inequality gives the equilibrium position and it is

obtained as a consequence of the principle of energy minimization (see [60]).

We are interested in the asymptotic behaviour of the solution uε when ε→ 0. Setting

V = H1
0 (Ω) , W = L2 (Ω) , Au = −div (a (∇u)) , B = Id,

our abstract results can be applied and we get

uε → f+ in L2 (Ω)

where f+ := max {0, f } denotes the positive part of f . Indeed, thanks to Theorems 1.2, 1.4 and

Corollary 1.1, we see that uε → ũ in L2 (Ω) where ũ satisfies
∫

Ω
ũ (v− ũ) dx ≥

∫
Ω

f (v− ũ) dx, ∀v ∈ K̄0,

ũ ∈ K̄0 =
{

v ∈ L2 (Ω) |v (x) ≥ 0, a.e. x ∈ Ω
}

.
(2.3)

Denoting the negative part of f by f− := max {0,− f }, we have clearly∫
Ω

f+
(
v− f+

)
dx =

∫
Ω

(
f + f−

) (
v− f+

)
dx

=
∫

Ω
f
(
v− f+

)
dx +

∫
Ω

f−vdx ≥
∫

Ω
f
(
v− f+

)
dx, ∀v ∈ K̄0

since f−v ≥ 0. Thus f+ is a solution to (2.3) and by uniqueness we deduce ũ = f+.

Now we can state the following result.

Theorem 2.1 When ε→ 0, we have

uε → f+ in L2 (Ω) ,

−ε∂xi (a (∇uε))→ 0 in H−1 (Ω) , i = 1, · · · , n,

ε
∫

Ω
a (∇uε) · ∇uεdx → 0,

√
ε∇uε → 0 in L2 (Ω) .

In the above convergences the vectorial convergence means the convergence component by

component.

Remark 2.1 See Eckhaus and Moet [25] for other results on this obstacle problem.
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2.2 semilinear elliptic problems

Most of the notations of this section will be used in the rest of this thesis.

Some notations and assumptions

Let Ω be a bounded open subset of Rn with sufficiently smooth boundary. We split the

components of a point x ∈ Rn into the q first components and the n− q last ones, i.e.

X1 :=
(

x1, . . . , xq
)

and X2 :=
(
xq+1, . . . , xn

)
,

where q is a positive integer such that q < n. With this notation we set

∇u := (∂x1 u, . . . , ∂xn u)T =

 (∂x1 u, . . . , ∂xq u)T

(∂xq+1 u, . . . , ∂xn u)T

 =

∇X1 u

∇X2 u

 .

We denote by ΠX1 (resp. ΠX2) the orthogonal projection from Rn onto the space X2 = 0 (resp.

X1 = 0) and we set

Π1 := ΠX1(Ω) = {X1 | ∃X2 such that (X1, X2) ∈ Ω },

Π2 := ΠX2(Ω) = {X2 | ∃X1 such that (X1, X2) ∈ Ω }.

For any X1 ∈ Π1 and X2 ∈ Π2, we denote by ΩX1 (resp. ΩX2) the section1 of Ω corresponding

to X1. (resp. X2). 

X1

X2

X1

X2

ΩX1 := {X2 | (X1, X2) ∈ Ω } and ΩX2 := {X1 | (X1, X2) ∈ Ω }.

For a real valued function u defined on Rn, we set

u (X1, ·) : Rn−q → R, X2 7→ u (X1, X2) , ∀X1 ∈ Π1,

u (·, X2) : Rq → R, X1 7→ u (X1, X2) , ∀X2 ∈ Π2.

1 Some authors use the term ”slice of Ω ”.
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We consider the following semilinear elliptic problem −ε∆X1 uε − ∆X2 uε + g (x, uε) = f in Ω,

uε ∈ H1
0 (Ω) ∩ Lp (Ω) ,

(2.4)

where ε > 0, p > 1,

∆X1 :=
i=q

∑
i=1

∂2

∂2xi
, ∆X2 :=

i=n

∑
i=q+1

∂2

∂2xi
, f ∈ L2 (Ω) + Lp′ (Ω)

and p′ := p/ (p− 1) is the conjugate number of p. In contrast with the precedent example,

the perturbation in this case is anisotropic in the sense that the parameter ε effects only the

X1−directions of the domain variables.

In order to apply the abstract approach, we assume that g : Ω×R → R is a Carathéodory

function and is nondecreasing in the second variable, i.e.

x 7→ g(x, s) is measurable on Ω, ∀s ∈ R, (2.5)

s 7→ g(x, s) is continuous and nondecreasing on R, for a.e. x ∈ Ω (2.6)

and there exist c, c′ ≥ 0, such that

|g (x, s)| ≤ c |s|p−1 + c′, ∀s ∈ R, a.e. x ∈ Ω,

g (x, s) s ≥ |s|p , ∀s ∈ R, a.e. x ∈ Ω.

For u ∈ Lp (Ω) we have

|g (·, u (·))|Lp′ (Ω) ≤
(∫

Ω

(
c |u|(p−1)′ + c′

)p
dx
)1/p′

≤ C |u|p/p′

Lp(Ω)
+ C′,

where C and C′ are positive constants. Thus g defines a bounded operator -still labelled by g-

from Lp (Ω) into Lp′ (Ω) by

u 7→ g (·, u (·)) (2.7)

which is hemicontinuous, and monotone since g is nondecreasing in the second variable.

Choosing spaces and operators

The choice of suitable spaces and operators that fit with our approach is more delicate in this

case. We consider the space2

V1 (Ω) =
{

u ∈ L2 (Ω) |∇X1 u ∈
[
L2 (Ω)

]q
, u(·, X2) ∈ H1

0 (ΩX2) , a.e. X2 ∈ Π2

}
, (2.8)

2 The spaces Vi (Ω) andWi (Ω) may be changed from a section to another.
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equipped with the norm

|v|2V1(Ω) = |v|
2
L2(Ω) + |∇X1 v|2L2(Ω) . (2.9)

It is clear that V1 (Ω) is a Hilbert space and the mapping

v 7→ |∇X1 v|L2(Ω) (2.10)

is a norm equivalent to (2.9). In fact, since Ω is bounded we can choose a Poincaré constant in

|v(·, X2)|L2(ΩX2)
≤ C |∇X1 v(·, X2)|L2(ΩX2)

, ∀v ∈ V1 (Ω) , a.e. X2

independent of X1 (see (A.10)). Then extending the elements of V1 (Ω) by zero outside of Ω and

integrating on Π1, then it comes

|v|V1(Ω) ≤ (1 + C) |∇X1 v|2L2(Ω) ≤ (1 + C) |v|V1(Ω) . (2.11)

Remark 2.2 We can easily check that D (Ω) is dense in V1 (Ω), hence it holds that

H1
0(Ω) ⊂ V1 (Ω) ⊂ L2 (Ω) ⊂ V ′1 (Ω) ⊂ H−1(Ω)

with continuous injections. Note that in general the embedding V1 (Ω) ⊂ L2 (Ω) is not compact as it is

shown in the following example: Let Ω = (0, 1)2 and consider

vn (x1, x2) :=
√

2 sin πx1 sin nπx2,

then it holds that

|∂x1 vn|L2(Ω) =
1√
2π

and |vn − vm|L2(Ω) = 1 (for m 6= n).

Thus vn is bounded in V1

(
(0, 1)2

)
but there is no Cauchy - converging - subsequences. This lack of

compactness is the source of many difficulties when nonlinear problems are considered.

On the other hand we choose

W2 (Ω) =

u ∈ L2 (Ω) ∩ Lp (Ω)

∣∣∣∣∣∣ ∇X2 u ∈
[
L2 (Ω)

]n−q ,

u (X1, ·) ∈ H1
0 (ΩX1) , a.e. X1 ∈ Π1

 . (2.12)

equipped with the norm

|v|W2(Ω) = |∇X2 v|L2(Ω) + |v|Lp(Ω) .
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We can easily check that V1 (Ω) and W2 (Ω) are separable Banach spaces. The reflexivity

of V1 (Ω) is obvious (it is a Hilbert space). ConcerningW2 (Ω) , one notes thatW2 (Ω) itself is

the intersection of two reflexive spaces, Lp (Ω) and the Hilbert space

V2 (Ω) =
{

u ∈ L2 (Ω) |∇X2 u ∈
[
L2 (Ω)

]n−q
, u(X1, ·) ∈ H1

0 (ΩX1) , a.e. X1 ∈ Π1

}
.

Thus the reflexivity ofW2 (Ω) follows since we can write (see [3, 66])

W ′′2 (Ω) = (V2 (Ω) ∩ Lp (Ω))′′ =
(
V ′2 (Ω) + Lp′ (Ω)

)′
= V2 (Ω) ∩ Lp (Ω) =W2 (Ω) .

Next we set

A = −∆X1 and B = −∆X2 + g (x, ·) .

Then the operator A : V1 (Ω) → V ′1 (Ω) is linear, bounded and coercive. Since the operator

B :W2 (Ω)→W ′2 (Ω) is a sum of a linear operator, satisfying the same properties as A, and the

operator defined in (2.7), then it is bounded, monotone and coercive.

The intersection space V1 (Ω) ∩W2 (Ω)

The following proposition precise the intersection space V1 (Ω) ∩W2 (Ω).

Proposition 2.2 Let V1 (Ω) andW2 (Ω) be the spaces defined in (2.8) and (2.12) respectively, then if

the boundary of Ω is smooth we have

V1 (Ω) ∩W2 (Ω) = H1
0 (Ω) ∩ Lp (Ω) .

Proof. The first inclusion H1
0 (Ω) ∩ Lp (Ω) ⊂ V1 (Ω) ∩W2 (Ω) is easy. For u ∈ H1

0 (Ω) ∩ Lp (Ω)

there exists a sequence (un)n ⊂ D (Ω) such that un → u in H1
0 (Ω) ∩ Lp (Ω) . In particular

we have

|un − u|L2(Ω) → 0, |∇X1 (un − u)|L2(Ω) → 0, |∇X2 (un − u)|L2(Ω) → 0.

As a standard result of integration theory (see [6]), we get -up to a subsequence-

|∇X2 (un (X1, ·)− u (X1, ·))|L2(ΩX1)
→ 0, for a.e. X1 ∈ Π1,

|∇X1 (un (·, X2)− u (·, X2))|L2(ΩX2)
→ 0, for a.e. X2 ∈ Π2.

This means that u ∈ V1 (Ω) and u ∈ W2 (Ω) since these spaces are complete.
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For the converse inclusion we use a singular perturbation argument. Let u ∈ V1 (Ω) ∩W2 (Ω),

for ε > 0 consider the following elliptic problem −ε∆vε + vε = u in Ω,

vε = 0 on ∂Ω.
(2.13)

Since Ω is sufficiently regular and of course u ∈ V1 (Ω) ∩W2 (Ω) ⊂ H1 (Ω) , we have vε ∈

H2 (Ω) ∩ H1
0 (Ω) , (see Evans [26]). According to Corollary 1.1-(ii), we derive

vε → u in L2 (Ω) , as ε→ 0. (2.14)

Next we show that vε is also bounded in H1
0 (Ω) . To this end, we apply the Laplace operator to

the first equation in (2.13) and taking −vε as a test function, we obtain

ε
〈
∆2vε, vε

〉
H1

0 (Ω)
−
∫

Ω
∆vεvεdx = − 〈∆u, vε〉H1

0 (Ω) .

Note that ∆u ∈ H−1 (Ω) and ∆2vε ∈ H−1 (Ω) since

−∆vε =
u− vε

ε
∈ H1 (Ω) . (2.15)

It follows that

−ε
∫

Ω
∇ (∆vε) · ∇vεdx + |∇vε|2L2(Ω) =

∫
Ω
∇u · ∇vεdx

and extending vε by 0 outside of Ω, we can write

−ε
∫

Π1

∫
ΩX2

∇X1 (∆vε) · ∇X1 vεdX1dX2 − ε
∫

Π2

∫
ΩX1

∇X2 (∆vε) · ∇X2 vεdX2dX1

+ |∇vε|2L2(Ω) ≤
1
2
|∇u|2L2(Ω) +

1
2
|∇vε|2L2(Ω) . (2.16)

Since vε ∈ H1
0 (Ω) ⊂ V1 (Ω) ∩ W2 (Ω) and u ∈ V1 (Ω) ∩ W2 (Ω) in (2.15), we deduce that

∆vε ∈ V1 (Ω) ∩W2 (Ω). In particular we have (see [16])

∆vε (·, X2) ∈ H1
0 (ΩX2) , for a.e. X2 ∈ Π2,

∆vε (X1, ·) ∈ H1
0 (ΩX1) , for a.e. X1 ∈ Π1.

Thus we can rewrite (2.16) as

ε
∫

Π1

∫
ΩX2

∆vε∆X1 vεdX1dX2 + ε
∫

Π2

∫
ΩX1

∆vε∆X2 vεdX2dX1 +
1
2
|∇vε|2L2(Ω) ≤

1
2
|∇u|2L2(Ω) ,

whence

2ε |∆vε|2L2(Ω) + |∇vε|2L2(Ω) ≤ |∇u|2L2(Ω) .

It follows that vε is bounded in H1
0 (Ω), then -up to a subsequence- its weak limit, which is

necessarily u due to (2.14), is in H1
0 (Ω) . This ends the proof of the proposition.
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Remark 2.3 To obtain vε ∈ H2 (Ω) , in Problem (2.13), it is sufficient to have ∂Ω of class C1,1, i.e.

continuously differentiable and its derivatives are Lipschitz continuous. No regularity is imposed if Ω is

convex (see Grisvard [30]).

Convergences

In order to obtain some convergences for uε when ε→ 0, we can establish some a priori estimates,

by testing the first equation in (2.4) by uε, and obtain

|∇X2 uε|L2(Ω) , |uε|Lp(Ω) are bounded.

Then – up to a subsequence – we have only weak convergences, particularly inW2 (Ω). Since the

embeddingW2 (Ω) ⊂ L2 (Ω) is not compact (see Remark 2.2), these estimates are not sufficient

to pass to the limit in the nonlinear term g (·, uε). In this case, the monotonicity assumption is

very important to overcome this difficulty.

As an obvious consequence of Theorems 1.2, 1.4 and Corollary 1.1, the limit problem in this

case is defined as −∆X2 ũ + g (x, ũ) = f in Ω,

ũ ∈ W2 (Ω) ,
(2.17)

and we have the following convergence results.

Theorem 2.3 When ε→ 0, we have

uε → ũ, ∇X2 uε → ∇X2 ũ and
√

ε∇X1 uε → 0 in L2 (Ω) .

Moreover if g is strongly monotone, in the sense of (1.35), then we have

uε → ũ in Lp (Ω) .

Remark 2.4 Although the operator B in this case is not strongly monotone, the first two convergences

hold strongly. This is due to the following monotone type inequality

− 〈∆X2 v− ∆X2 u, v− u〉W2(Ω) +
∫

Ω
(g (x, v)−g (x, u)) (v− u) dx

≥ |∇X2 (v− u)|2L2(Ω) , ∀u, v ∈ W2 (Ω) .
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Working on the sections ΩX1

The limit ũ, solution to (2.17), can be defined on the sections ΩX1 for a.e. X1 ∈ Π1. In fact, since

∆X1 is missed in the limit problem (2.17), it will be natural to work on the sections ΩX1 , X1 ∈ Π1,

by considering, for a.e. X1 ∈ Π1, the problem
−∆X2 u (X1, ·) + g ((X1, ·) , u (X1, ·)) = f (X1, ·) in ΩX1 ,

u (X1, ·) = 0 on ∂ΩX1 ,
(2.18)

which is from the same type of problem (2.4), but defined in a lower dimensional space, and X1

plays the role of a parameter. Due to Fubini theorem it holds that for a.e. X1 ∈ Π1

f (X1, ·) ∈ L2 (ΩX1) + Lp′ (ΩX1) ,

and g ((X1, ·) , ·) : ΩX1 ×R→ R is still a Carathéodory function, defining a bounded monotone

hemicontinuous operator from Lp (ΩX1) into Lp′ (ΩX1) . Then the Problem (2.18) has a unique

solution for a.e. X1 ∈ Π1. This solution is identical to ũ and to check this one can use the

argument introduced by Chipot and Guesmia [16], see also the proof of Theorem 4.2.

2.3 p−laplacian type problem

The second example of the abstract theory, in the anisotropic case, is the following quasilinear

elliptic equation −ε∆p1 uε − ∆p2 uε = f in Ω,

uε = 0 on ∂Ω
(2.19)

where p1, p2 > 1 are real constants, and

∆p1 · := ∇X1 ·
(
|∇X1 · |

p1−2∇X1 ·
)

, ∆p2 · := ∇X2 ·
(
|∇X2 · |

p2−2∇X2 ·
)

.

Assuming that f ∈ Lp′2 (Ω) , the above problem has a unique solution that belongs to the space3

W1;p1,p2
0 (Ω) :=

u ∈ Lm (Ω)

∣∣∣∣∣∣ ∇X1 u ∈ [Lp1 (Ω)]q ,

∇X2 u ∈ [Lp2 (Ω)]n−q , u|∂Ω = 0

 ,

where m = max (p1, p2) .

3 We follow the notations of Fučik and Kufner [27, page 147].
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Remark 2.5 The space W1;p1,p2
0 (Ω) is nothing but the closure of D (Ω) with respect to the norm

|v|Lm(Ω) + |∇X1 v|Lp1 (Ω) + |∇X2 v|Lp2 (Ω) .

Clearly W1;p1,p2
0 (Ω) is included in the usual Sobolev space W1,r

0 (Ω) , with r := min (p1, p2) , which

gives a sense to the boundary conditions in (2.19).

In order to apply our abstract approach we argue as in the precedent section. First we set

V1 (Ω) =

u ∈ Lp1 (Ω)

∣∣∣∣∣∣ ∇X1 u ∈ [Lp1 (Ω)]q ,

u(·, X2) ∈W1,p1
0 (ΩX2) , a.e. X2 ∈ Π2

 , (2.20)

Thanks to Poincaré’s inequality (see (A.10) and Section 2.2), this space is equipped with the norm

|v|V1(Ω) = |∇X1 v|Lp1 (Ω) .

For the other space we set

W2 (Ω) =

u ∈ Lp2 (Ω)

∣∣∣∣∣∣ ∇X2 u ∈ [Lp2 (Ω)]n−q ,

u(X1, ·) ∈W1,p2
0 (ΩX1) , a.e. X1 ∈ Π1

 , (2.21)

equipped with the norm

|v|W2(Ω) = |∇X2 v|Lp2 (Ω) .

We can easily show that V1 (Ω) and W2 (Ω) are separable reflexive Banach spaces. Then we

define the operators A : V1 (Ω)→ V ′1 (Ω) and B :W2 (Ω)→W ′2 (Ω) as

A = −∆p1 , B = −∆p2 .

One can check that A and B are coercive, bounded and hemicontinuous. Thanks to the inequali-

ties (A.7)–(A.9), the operator A (resp. B) is strictly monotone for all p1 > 1 (resp. p2 > 1) and

strongly monotone, in the sense of (1.35), if p1 ≥ 2 (resp. p2 ≥ 2).

The limit problem in this case is defined as
−∆p2 u = f in Ω,

u ∈ W2 (Ω) .
(2.22)

Then by Theorems 1.2, 1.4, Corollary 1.1 and when

V1 (Ω) ∩W2 (Ω) = W1;p1,p2
0 (Ω) ,

we have the following convergences.
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Theorem 2.4 For all p1, p2 > 1, we have

uε ⇀ ũ in W2 (Ω) ,

ε∆p1 uε → 0 in V ′1 (Ω) ,

ε∇X1 uε → 0 in Lp1 (Ω) ,

∆p2 uε ⇀ f in W ′2 (Ω) ,

where uε and ũ are the solutions of (2.19) and (2.22) respectively. Moreover, if p1 ≥ 2 then

ε1/p1∇X1 uε → 0 in Lp1 (Ω) ,

and if p2 ≥ 2 then

uε → ũ, ∇X2 uε → ∇X2 ũ in Lp2 (Ω) .

Remark 2.6 As above, the limit problem can be defined, for a.e. X1 ∈ Π1, as
−∆p2 u (X1, ·) = f (X1, ·) in ΩX1 ,

ũ (X1, ·) = 0 on ∂ΩX1 .

2.4 an application of theorem 1.3

In this section we give a simple case where the assumption of Theorem 1.3 are satisfied, i.e. the

perturbed operator εA + B is coercive whereas the operator A is not coercive. We set

Ω := ω1 ×ω2

where ω2 and ω1 are two bounded smooth domains of Rn−q and Rq respectively. In this

cylindrical case, the boundary is given by

∂Ω = (∂ω1 ×ω2) ∪ (ω1 × ∂ω2) .

For ε > 0 and f ∈ L2 (Ω) , we consider the following elliptic problem, with mixed 

u  0

u  0

X1

X2

u

1
 0u

1
 0 1  2
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Neumann-Dirichlet boundary conditions,
−ε∆X1 uε − ∆X2 uε = f in Ω,

∂uε

∂ν1
= 0 on ∂ω1 ×ω2,

uε = 0 on ω1 × ∂ω2,

(2.23)

where ν1 is the outward unit normal vector to ∂ω1 ×ω2. This problem has a unique solution

uε ∈ H1
0 (Ω, ω1 × ∂ω2) :=

{
v ∈ H1 (Ω) |u = 0 on ω1 × ∂ω2

}
.

In order to treat this problem, as an example of Theorem 1.3, we consider the space

V1 (Ω) =
{

u ∈ L2 (Ω) |∇X1 u ∈
[
L2 (Ω)

]q
}

,

equipped with the norm

|v|2V1(Ω) = |v|
2
L2(Ω) + |∇X1 v|2L2(Ω) ,

then it holds that

H1
0(Ω) ⊂ V1 (Ω) ⊂ L2 (Ω) ⊂ V ′1 (Ω) ⊂ H−1(Ω)

with continuous injections. For the second space we set

W2 (Ω) =
{

u ∈ L2 (Ω) |∇X2 u ∈
[
L2 (Ω)

]n−q
, u = 0 on ω1 × ∂ω2

}
,

equipped with the norm, (see Section 2.2),

|v|W2(Ω) = |∇X2 v|L2(Ω) .

We can easily check that V1 (Ω) and W2 (Ω) are separable Hilbert spaces. Next we consider

A : V1 (Ω) → V ′1 (Ω) as the linear operator −∆X1 associated to a zero Neumann condition on

∂ω1 ×ω2. This operator is linear, bounded but not coercive, since |∇X1 v|L2(Ω) is not a norm for

V1 (Ω) . However it is positive since∫
Ω
(∆X1 v) v dx = |∇X1 v|2L2(Ω) −

∫
Ω

∂v
∂ν1

v dx = |∇X1 v|2L2(Ω) ≥ 0. (2.24)

For the second operator we set B = −∆X2 : W2 (Ω) → W ′2 (Ω) which is linear, bounded and

coercive onW2 (Ω). In this cylindrical case we have clearly

H1
0 (Ω, ω1 × ∂ω2) = V1 (Ω) ∩W2 (Ω) .
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On one hand, the positivity of A implies that, (see Remark 1.3-i),

|∇X2 uε|L2(Ω) is bounded (2.25)

and, by Poincaré’s inequality in the X2−direction, it follows that

|uε|2L2(Ω) < C0, (2.26)

for some positive constant C0 independent of ε. On the other hand, if |∇X1 uε|L2(Ω) is bounded

then obviously
√

ε∇X1 uε → 0 in L2 (Ω) . Else, i.e. if |∇X1 uε|L2(Ω) → +∞ (eventually up to a

subsequence), then the assumption (1.22) holds since∫
Ω (−∆X1 uε) uεdx
|uε|V1(Ω)

>
|∇X1 uε|2L2(Ω)(

C0 + |∇X1 uε|2L2(Ω)

)1/2 ' |∇X1 uε|L2(Ω) → +∞.

when |uε|V1(Ω) → ∞ (i.e. when |∇X1 uε|L2(Ω) → ∞). Whence by Theorems 1.3 we get, in addition

to (2.25) and (2.26),

ε |∇X1 uε|L2(Ω) is bounded.

The convergence (1.24) also holds in this case. In fact, for some ζ0, ζ1 ∈ L2 (Ω) , we have -up to a

subsequence-

uε ⇀ ζ0 and ε∇X1 uε ⇀ ζ1 in L2 (Ω)

and, by the continuous injection L2 (Ω) ⊂ D′ (Ω) and the continuity of the derivative operator

on D′ (Ω) , it comes that ∇X1 uε ⇀ ∇X1 ζ0, i.e.

ε∇X1 uε ⇀ 0 in D′ (Ω)

and (1.24) follows by the uniqueness of the limit in D′ (Ω) .

The limit problem is given by, when ε→ 0, −∆X2 ũ = f in Ω,

uε ∈ W2 (Ω)
(2.27)

and, as a consequence of Theorems 1.3, 1.4 and Corollary 1.1, we have

Theorem 2.5 When ε→ 0, we have

uε → ũ, ∇X2 uε → ∇X2 ũ and
√

ε∇X1 uε → 0 in L2 (Ω)

where ũ is the unique solution of (2.27).
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Remark 2.7 i) As above, the limit problem can also be defined, for a.e. X1 ∈ ω1, as
−∆X2 u (X1, ·) = f (X1, ·) in ω2,

ũ (X1, ·) = 0 on ∂ω2.
(2.28)

ii) Arguing as in Chipot and Guesmia [16] we can show that, under the assumption

∇X1 f ∈
[
L2 (Ω)

]q , we have

|uε − ũ|L2(Ω) , |∇X2 uε −∇X2 ũ|L2(Ω) ≤ Cε |∇X1 f |L2(Ω) ,

|∇X1 uε −∇X1 ũ|L2(Ω) ≤ C
√

ε |∇X1 f |L2(Ω) .

Obviously uε and ũ are identical when f depend only on X2, i.e. ∇X1 f = 0.

2.5 another type of problems

Switching the vertical and the horizontal boundary conditions, in the precedent perturbed

problem, an interesting situation arises. For instance, when we pass formally to the limit

problem, we loose the uniqueness of solution. In this example we can see how the process of

perturbation choose the limit solution among an infinity of possible solutions.

Using the notations of the precedent section, let Ω = ω1 × ω2 be a bounded domain in Rn.

For ε > 0 and f ∈ L2 (Ω), we consider the following elliptic problem
−ε∆X1 uε − ∆X2 uε = f in Ω,

uε = 0 on ∂ω1 ×ω2

∂uε

∂ν2
= 0 on ω1 × ∂ω2.

(2.29)

where ν2 is the outward unit normal vector to ω1 × ∂ω2. 

u  0 u  0

X1

X2

u

2
 0

u

2
 0

1  2

This problem has a unique solution

uε ∈ H1
0 (Ω, ∂ω1 ×ω2) :=

{
u ∈ H1 (Ω) |u = 0 on ∂ω1 ×ω2

}
.
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Since we can not apply the abstract theory of the precedent chapter, a direct approach is

necessary. Passing formally to the limit in (2.29), one expects that the limit of uε is a solution to

the problem
−∆X2 u = f in Ω,

∂u
∂ν2

= 0 on ω1 × ∂ω2.
(2.30)

The solutions of problem (2.30) are only determined up to a function depending only on X1,

since u + ū is another solution for any ū ∈ H1 (ω).

In order to characterize the solutions of (2.30) which are limits of the perturbation process,

among the other solutions, we go back to problem (2.29) and, assuming that uε is sufficiently

regular, we perform an integration of the first equation over ω2, we get

−ε
∫

ω2

∆X1 uεdX2−
∫

ω2

∆X2 uεdX2 = −ε∆X1

(∫
ω2

uεdX2

)
−
∫

∂ω2

∂uε

∂ν2
dX2 =

∫
ω2

f dX2. (2.31)

Let us set

Uε :=
∫

ω2

uεdX2, F :=
∫

ω2

f dX2

and, of course, both Uε and F depend only on X1. Then, since
∂uε

∂ν2
= 0 on ω1 × ∂ω2, it follows

from (2.31) that Uε is the unique solution of the elliptic problem
−∆X1Uε =

1
ε

F in ω1,

Uε = 0 on ∂ω1.

In particular, |Uε|L2(ω1)
is bounded independently of ε if and only if F = 0, i.e. when∫

ω2

f (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1. (2.32)

In this case it holds that Uε = 0, i.e.∫
ω2

uε (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1.

Having this in mind, one expects that any u, limit to uε, is characterized by the condition∫
ω2

u (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1.

More precisely, we claim that the limit problem in this case is the following elliptic problem,

with mixed Neumann and integral conditions,

−∆X2 u = f in Ω,

∂u
∂ν2

= 0 on ω1 × ∂ω2,∫
ω2

u (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1.

(2.33)
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Remark 2.8 Of course, for a function v ∈ L2 (Ω) , we have(∫
ω2

v (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1

)
⇒
∫

Ω
v (x) dx = 0.

and the converse implication does not hold in general.

We assume that ω1 is sufficiently regular to ensure that the injection

H1 (ω1) ⊂ L2 (ω1) is compact, (2.34)

then the last integral condition in (2.33) guarantee the coerciveness of −∆X2 on the space

W2 (Ω) =

{
v ∈ L2 (Ω) |∇X2 v ∈

[
L2 (Ω)

]n−q
and

∫
ω2

u (X1, ·) dX2 = 0 for a.e. X1 ∈ ω1

}
.

In fact, by Poincaré’s inequality for H1 (ω2), (see (A.12)), we have

|v (X1, ·) |L2(ω2) ≤ c|∇X2 v (X1, ·) |L2(ω2), ∀ v ∈W2 (Ω) .

for some constant c independent of X1. Then integrating on ω1, it comes

|v|L2(Ω) ≤ C|∇X2 v|L2(Ω), ∀ v ∈W2(Ω). (2.35)

Thus the mapping v 7→ |∇X2 v|L2(Ω) define a norm on W2 (Ω) , equivalent to the norm

|v|L2(Ω) + |∇X2 v|L2(Ω),

and by consequence Problem (2.33) has a unique solution ũ ∈W2 (Ω).

In the following we give some convergence results.

Theorem 2.6 Under the assumptions (2.34) and (2.32) we have, when ε→ 0,

uε → ũ, ∇X2 uε → ∇X2 ũ and
√

ε∇X1 uε → 0 in L2 (Ω) ,

where ũ is the unique solution of (2.33).

Proof. Testing the first equation in (2.29) by v ∈W2(Ω), yields∫
Ω

ε∇X1 uε · ∇X1 vdx +
∫

Ω
∇X2 uε · ∇X2 v dx−

∫
∂Ω

∂uε

∂ν
uεdΓ =

∫
Ω

f vdx ∀v ∈W2(Ω)

and, taking into account the boundary conditions in (2.29), we derive∫
Ω

ε∇X1 uε · ∇X1 vdx +
∫

Ω
∇X2 uε · ∇X2 v dx =

∫
Ω

f vdx ∀v ∈W2(Ω). (2.36)
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Let us take v = uε, it comes∫
Ω

ε|∇X1 uε|2 + |∇X2 uε|2 dx ≤ | f |L2(Ω)|uε|L2(Ω) ≤ C| f |L2(Ω)|∇X2 uε|L2(Ω),

thanks to Poincaré’s inequality (2.35). Then using Young’s inequality ab ≤ 1
2 a2 + 1

2 b2 yields∫
Ω

ε|∇X1 uε|2 +
1
2
|∇X2 uε|2 dx ≤ C| f |2L2(Ω).

We deduce that

uε,
√

ε∇X1 uε, ∇X2 uε are bounded in L2(Ω)

where the first estimate also follows by Poincaré’s inequality (2.35). Thus there exists u0, u1, u2

such that – up to a subsequence –

uε ⇀ u0,
√

ε∇X1 uε ⇀ u1, ∇X2 uε ⇀ u2 in L2(Ω)

and, by the continuity of the derivative operator on D′(Ω), one can check that

uε ⇀ u0,
√

ε∇X1 uε ⇀ 0, ∇X2 uε ⇀ ∇X2 u0 in L2(Ω). (2.37)

Passing to the limit in (2.36) we get∫
Ω
∇X2 u0 · ∇X2 v dx =

∫
Ω

f v dx ∀ v ∈W2(Ω). (2.38)

Taking v = uε, in the last equation, and passing to the limit we get

|∇X2 u0|2L2(Ω) =
∫

Ω
f u0 dx. (2.39)

Next, one compute

Iε := ε |∇X1 uε|2L2(Ω) + |∇X2(uε − u0)|2L2(Ω)

= ε |∇X1 uε|2L2(Ω) + |∇X2 uε|2L2(Ω) − 2
∫

Ω
∇X2 uε · ∇X2 u0dx + |∇X2 u0|2L2(Ω) .

Using (2.29), (2.37) and (2.39) we get

Iε =
∫

Ω
f uε dx− 2

∫
Ω
∇X2 uε · ∇X2 u0dx + |∇X2 u0|2L2(Ω) −→

∫
Ω

f u0 dx− |∇X2 u0|2L2(Ω) = 0.

It follows that

√
ε∇X1 uε → 0, ∇X2 uε → ∇X2 u0 in L2(Ω)

and by the Poincaré inequality, in the X2−direction, it follows

uε → u0 in L2(Ω).

By completeness of W2(Ω) for the norm v 7→ |∇X2 v|L2(Ω), it follows that u0 ∈W2(Ω) and taking

into account (2.38) we deduce that u0 = ũ, i.e. u0 is the unique solution of (2.33). This ends the

proof of the theorem.
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Remark 2.9 i) As above, the limit problem can also be defined, for a.e. X1 ∈ ω1, as

−∆X2 u (X1, ·) = f (X1, ·) in ω2,

∂u
∂ν2

(X1, ·) = 0 on ∂ω2,∫
ω2

u (X1, ·) dX2 = 0.

(2.40)

ii) In the framework of ` goes to infinity, an analogous condition to (2.32) was considered in

Chipot [12]. See also [24] and related works.

comments

The anisotropic perturbations of linear elliptic equations is investigated in Chipot [11], Chipot

and Guesmia [16, 17], Guesmia [31, 33] and related works. See also Laevsky [44]. Other type of

equations are considered in Chipot and Guesmia [15, 18], Guesmia and Sengouga [34, 35].

The first three sections of this chapter has appeared in [21].
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In this chapter we deal with a variational inequality, that involves the p−Laplacian operator,

perturbed in some directions. In contrast with the p−Laplacian type problem considered in

Section 2.3, the problem treated here is not covered by the abstract approach given in the first

chapter. Moreover the convex set, considered in the variational inequality, may depends on ε and

converges (in some suitable sense) when ε→ 0.

3.1 problem setting

Let Ω be a bounded open subset of Rn and for ε > 0, we consider the following perturbed

variational inequality
∫

Ω

∣∣∣∣∣ ε∇X1 uε

∇X2 uε

∣∣∣∣∣
p−2(

ε∇X1 uε

∇X2 uε

)
·
(

ε∇X1 (vε − uε)

∇X2 (vε − uε)

)
dx ≥ 〈 f , vε − uε〉W1,p

0 (Ω)
, ∀vε ∈ Kε,

uε ∈ Kε

where Kε 6= ∅, ∀ε > 0, is a closed convex subset of W1,p
0 (Ω). To simplify the notations we denote

∇εv :=

(
ε∇X1 v
∇X2 v

)
and we rewrite the above problem as follows

∫
Ω
|∇εuε|p−2∇εuε · ∇ε (vε − uε) dx ≥ 〈 f , vε − uε〉W1,p

0 (Ω)
, ∀vε ∈ Kε,

uε ∈ Kε.
(3.1)

38
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Assuming f ∈W−1,p′ (Ω), the above problem has a unique solution uε ∈ Kε (see [9, 13]).

In this chapter we shall investigate the behaviour of uε when ε→ 0. To this end we need the

following lemma (see [42]).

Lemma 3.1 (Minty’s Lemma) Let T be a monotone hemicontinuous operator from a closed convex K

to X′ and f ∈ X′, then u0 ∈ K satisfies

〈Tu0, v− u0〉X ≥ 〈 f , v− u0〉X , ∀v ∈ K,

if and only if

〈Tv, v− u0〉X ≥ 〈 f , v− u0〉X , ∀v ∈ K.

3.2 a priori estimates

In what follows we assume that

f ∈ W ′2 (Ω) (3.2)

whereW2 (Ω) is the Banach space defined as

W2 (Ω) :=
{

u ∈ Lp (Ω)
∣∣∣∇X2 u ∈ [Lp (Ω)]n−q , u (X1, ·) ∈W1,p

0 (ΩX1) , a.e. X1 ∈ Π1

}
.

This is a reflexive Banach space equipped, due to Poincaré’s inequality in the X2 − direction,

with the norm |v|W2(Ω) := |∇X2 v|Lp(Ω) .

Remark 3.1 We can check that

W1,p
0 (Ω) ⊂ W2 (Ω) ⊂ Lp (Ω) ,

Lp′ (Ω) ⊂ W ′2 (Ω) ⊂W−1,p′ (Ω) .

The following theorem gives some a priori estimates of uε.

Theorem 3.1 Let uε be a solution to (3.1), for p > 1. Under the assumption (3.2), in addition we assume

that there exists a sequence (wε)ε ⊂W1,p
0 (Ω) , wε ∈ Kε for all ε > 0, s.t.

ε∇X1 wε and ∇X2 wε are bounded in Lp (Ω) , (3.3)

then we have

uε, ε∇X1 uε and ∇X2 uε are bounded in Lp (Ω)

and

|∇εuε|p−2∇εuε is bounded in Lp′ (Ω) .
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Proof. Taking vε = wε in (3.1), it follows that∫
Ω
|∇εuε|p−2∇εuε · ∇ε (uε − wε) dx ≤ 〈 f , uε − wε〉W2(Ω)

≤ | f |W ′2(Ω) |∇X2 (uε − wε)|Lp(Ω)

≤ | f |W ′2(Ω) |∇
ε (uε − wε)|Lp(Ω) ,

then

|∇εuε|pLp(Ω)
≤ | f |W ′2(Ω)

(
|∇εuε|Lp(Ω) + |∇

εwε|Lp(Ω)

)
+
∫

Ω
|∇εuε|p−2∇εuε · ∇εwεdx. (3.4)

Using Hölder’s inequality, the last integral term can be majorated as follows∫
Ω
|∇εuε|p−2∇εuε · ∇εwεdx ≤

∣∣∣|∇εuε|(p−1)
∣∣∣

Lp′ (Ω)
|∇εwε|Lp(Ω) = |∇

εuε|p/p′

Lp(Ω) |∇
εwε|Lp(Ω) ,

since (p− 1) p′ = p. Then by Young’s inequality ab ≤ αap + Cαbp′ (with α = 1/4, see (A.2)), it

comes∫
Ω
|∇εuε|p−2∇εuε · ∇εwεdx ≤ 1

4
|∇εuε|pLp(Ω)

+ C |∇εwε|pLp(Ω)
.

The same inequality yields

| f |W ′2(Ω)

(
|∇εuε|Lp(Ω) + |∇

εwε|Lp(Ω)

)
≤ 1

4
|∇εuε|pLp(Ω)

+ C
(
| f |p

′

W ′2(Ω)
+ |∇εwε|pLp(Ω)

)
.

Going back to (3.4), we get

1
2
|∇εuε|pLp(Ω)

≤ C
(
| f |p

′

W ′2(Ω)
+ |∇εwε|pLp(Ω)

)
.

It follows that |∇εuε|Lp(Ω) is bounded since |∇εwε|Lp(Ω) is bounded, i.e.

ε∇X1 uε, ∇X2 uε and uε are bounded in Lp (Ω) . (3.5)

The boundness of (uε)ε follows from Poincaré’s inequality in the X2 − direction. For the last

estimate in the theorem, one has∣∣∣|∇εuε|p−2∇εuε

∣∣∣p′
Lp′ (Ω)

=
∫

Ω
|∇εuε|(p−1)p′ dx = |∇εuε|pLp(Ω)

,

which ends the proof of the theorem.

Remark 3.2 i) We may also check that (see the proof of the next theorem)

ε∇X1 uε → 0 in Lp (Ω) .

ii) In particular (3.3) holds if ∩ε<ε0 Kε 6= ∅, for some ε0 > 0. For instance, this is the case for monotone

sequence (in the inclusion sense) of sets Kε, with a nonempty intersection if the sequence is decreasing. In

this case it suffices to fix wε = w0, for some w0 ∈ ∩ε<ε0 Kε.
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3.3 a convergence theorem

With an anisotropic perturbation in the variational inequality (3.1), we are led to introduce a

definition of convergence, for convex sets, that fit with this problem. More precisely, we claim

that the candidate limit of uε, when ε→ 0, is the solution of the following problem
∫

Ω
|∇X2 u|p−2∇X2 u · ∇X2 (v− u) dx ≥

∫
Ω

f (v− u) dx, ∀v ∈ K̄W2 ,

ũ ∈ K̄W2

(3.6)

where K̄W2 ⊂ W2 (Ω) is the closure (weak closure) inW2 (Ω) , of the non-empty set K defined

as a limit of the sequence (Kε)ε in the following sense:

i) For any w ∈ K, there exist a sequence

(wε)ε ⊂W1,p
0 (Ω) , wε ∈ Kε for all ε > 0, s.t.

ε∇X1 wε → 0 and ∇X2 wε → ∇X2 w in Lp (Ω) .

ii) For any (wε)ε ⊂W1,p
0 (Ω) , wε ∈ Kε for all ε > 0, s.t. -up to a subsequence-

ε∇X1 wε ⇀ 0 and ∇X2 wε ⇀ ∇X2 w̃ in Lp (Ω)

then the limit w̃ ∈ K̄W2 .


(3.7)

Remark 3.3 The convergences considered in (3.7), replace the s− lim inf Kε and w− lim sup Kε in the

definition of the so-called Mosco convergence, introduced in Mosco [54, 55] to study (isotropic) singular

perturbations of variational inequalities.

Remark 3.4 For p > 1, it follows from (3.7−i) that

|∇εwε|p−2∇εwε → |∇X2 w|p−2

(
0
∇X2 w

)
, in Lp′ (Ω) . (3.8)

In fact, if p ≥ 2 then using inequality (A.6) and Hölder’s inequality for the couple
(

1
p−1 +

p−2
p−1 = 1

)
,

yields ∣∣∣∣∣|∇εwε|p−2∇εwε − |∇X2 w|p−2

(
0
∇X2 w

)∣∣∣∣∣
Lp′ (Ω)

≤ C

∫
Ω

∣∣∣∣∣∇εwε −
(

0
∇X2 w

)∣∣∣∣∣
p′

{|∇εwε|+ |∇X2 w|}(p−2)p′ dx

1/p′

≤ C

∫
Ω

∣∣∣∣∣ ε∇X1 wε

∇X2 (wε − w)

∣∣∣∣∣
p′(p−1)

dx


1

p′(p−1)

×
(∫

Ω
{|∇εwε|+ |∇X2 w|}p′(p−1) dx

) (p−2)
p′(p−1)

.
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Since p′ (p− 1) = p and |∇εwε|Lp(Ω) is bounded, it comes that∣∣∣∣∣|∇εwε|p−2∇εwε − |∇X2 w|p−2

(
0
∇X2 w

)∣∣∣∣∣
Lp′ (Ω)

≤ C

∣∣∣∣∣ ε∇X1 wε

∇X2 (wε − w)

∣∣∣∣∣
Lp(Ω)

.

If 1 < p < 2, then by inequality (A.8) we obtain

∣∣∣∣∣|∇εwε|p−2∇εwε − |∇X2 w|p−2

(
0
∇X2 w

)∣∣∣∣∣
Lp′ (Ω)

≤ C

∫
Ω

∣∣∣∣∣∇εwε −
(

0
∇X2 w

)∣∣∣∣∣
(p−1)p′

dx

1/p′

= C

∣∣∣∣∣ ε∇X1 wε

∇X2 (wε − w)

∣∣∣∣∣
p/p′

Lp(Ω)

.

Thus (3.8) holds for all p > 1.

The operator ∇X2 ·
(
|∇X2 u|p−2∇X2 ·

)
, appearing in the variational inequality (3.6) and already

considered in Section 2.3, is coercive onW2 (Ω), bounded, hemicontinuous and strictly monotone

for all p > 1. Thus the above problem has a unique solution for all p > 1.

Now we can show the following convergence results.

Theorem 3.2 Under the assumptions of Theorem 3.1, assume in addition that Kε converges to the

nonempty subset K in the sense of (3.7), then we have

uε → ũ, ε∇X1 uε → 0 and ∇X2 uε → ∇X2 ũ in Lp (Ω) , (3.9)

where ũ is the solution to the variational inequality (3.6).

Proof. Thanks to Theorem 3.1, there exists a subsequence of uε -still labelled uε- such that

uε ⇀ ũ, ∇X2 uε ⇀ ∇X2 ũ, ε∇X1 uε ⇀ 0 in Lp (Ω) . (3.10)

Such ũ is necessarily in K̄W2 by (3.7−ii). Next we choose an arbitrary w ∈ K, and let (wε)ε be a

sequence satisfying (3.7−i). By the monotonicity of the p−Laplacian operator we rewrite (3.1) as∫
Ω
|∇εwε|p−2∇εwε · ∇ε (wε − uε) dx ≥

∫
Ω

f (wε − uε) dx, ∀wε ∈ Kε. (3.11)

Then using assumption (3.7−i), (3.8) and (3.10) and passing to the limit, it comes∫
Ω

∣∣∣∇X2
w
∣∣∣p−2
∇X2 w · ∇X2 (w− ũ) ≥

∫
Ω

f (w− ũ) dx, ∀w ∈ K

and by density this inequality holds also for w ∈ K̄W2 . Thanks to Minty’s lemma, it follows that∫
Ω

∣∣∣∇X2
ũ
∣∣∣p−2
∇X2 ũ · ∇X2 (w− ũ) dx ≥

∫
Ω

f (w− ũ) dx, ∀w ∈ K̄W2 ,
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i.e. ũ is the solution to (3.6). In order to show the strong convergence, we note that∫
Ω

{
|∇εuε|p−2∇εuε − |∇εwε|p−2∇εwε

}
· ∇ε (uε − wε) dx

= |∇εuε|pLp(Ω)
+ |∇εwε|pLp(Ω)

−
∫

Ω
|∇εuε|p−2∇εuε · ∇εwεdx−

∫
Ω
|∇εwε|p−2∇εwε · ∇εuεdx

≥ |∇εuε|pLp(Ω)
+ |∇εwε|pLp(Ω)

− |∇εuε|p−1
Lp(Ω)

× |∇εwε|Lp(Ω) − |∇
εwε|p−1

Lp(Ω)
× |∇εuε|Lp(Ω) .

Hölder’s inequality is used to obtain the two last terms. Since ũ ∈ K̄W2 we can take w = ũ

in (3.7−i), i.e.

ε∇X1 wε → 0 and ∇X2 wε → ∇X2 ũ in Lp (Ω) ,

and it follows that

0 ≤
{
|∇εuε|p−1

Lp(Ω)
− |∇εwε|p−1

Lp(Ω)

}
Lp(Ω)

×
{
|∇εuε|Lp(Ω) − |∇

εwε|Lp(Ω)

}
≤
∫

Ω

{
|∇εuε|p−2∇εuε − |∇εwε|p−2∇εwε

}
· ∇ε (uε − wε) dx

≤
∫

Ω
f (uε − wε) dx−

∫
Ω
|∇εwε|p−2∇εwε · ∇ε (uε − wε) dx −→ 0.

Whence

|∇εuε|Lp(Ω) → |∇X2 ũ|Lp(Ω) , as ε→ 0.

Thanks to (3.10) we have simultaneously(
ε∇X1 uε

∇X2 uε

)
⇀

(
0
∇X2 ũ

)
in Lp (Ω) and

∣∣∣∣∣ ε∇X1 uε

∇X2 uε

∣∣∣∣∣
Lp(Ω)

−→
∣∣∣∣∣ 0
∇X2 ũ

∣∣∣∣∣
Lp(Ω)

.

Then the strong convergence follows since Lp (Ω) is uniformly convex (cf. [6]), for all p > 1.

The strong convergence uε → ũ in Lp (Ω) follows by Poincaré’s inequality in the X2−direction.

Of course the convergence holds for the whole sequence since the limit is always the unique

solution of (3.6). This ends the proof.

comments

The study of (isotropic) perturbations of nonlinear variational inequalities, when the perturbation

involves the convex set, was first considered by Mosco [54, 55], where the so-called Mosco

convergence was introduced. Numerous papers have appeared since then, for instance, see

Nashed and Liu [56, 57] and the further references therein.
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In this chapter, we consider the general linear hyperbolic problems, with coefficients depending

in time, defined on an arbitrary domain Ω. We give a convergence theorem in general domains.

In the case of cylindrical domains we show a regularity result, then we improve the rate of

convergence far from the lateral boundaries.

4.1 notations and problem setting

Let Ω be a bounded open subset of Rn. For a positive constant T, we set

Q := (0, T)×Ω.

Let us denote by A = (aij(t, x)) a n× n matrix such that

aij ∈ C1(Q̄), aij = aji, ∀ i, j = 1, · · · , n (4.1)

and for some λ > 0 we have the hyperbolicity hypothesis

Aξ · ξ ≥ λ|ξ|2 ∀ ξ ∈ Rn, a.e. x ∈ Ω, ∀t ∈ (0, T) . (4.2)

45
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We decompose A into four blocks by writing

A :=

A11 A12

A21 A22

 , A′ :=
∂

∂t
A =

A′11 A′12

A′21 A′22

 , (4.3)

where A11 and A22 are respectively q × q and (n− q) × (n− q) matrices. We then set for

every 0 < ε < 1

Aε := Aε(t, x) =

ε2A11 εA12

εA21 A22

 . (4.4)

Using (4.1) we can see that ∃C > 0,

Aξ · η ≤ C |η| |ξ| , A′ξ · η ≤ C |η| |ξ| . (4.5)

We also have from (4.2), for a.e. x ∈ Ω and ∀t ∈ [0, T]

Aεξ · ξ ≥ λ
(
ε2|ξ̄1|2 + |ξ̄2|2

)
, ∀ξ ∈ Rn, (4.6)

A22ξ̄2 · ξ̄2 ≥ λ|ξ̄2|2, ∀ξ̄2 ∈ Rn−q, (4.7)

where ξ :=
(
ξ̄1, ξ̄2

)T with ξ̄1 := (ξ1, . . . , ξq)
T and ξ̄2 := (ξq+1, . . . , ξn)

T. This means that Aε and

A22 are positive definite.

Existence and uniqueness

In this section we would like to consider the following problem
u′′ −∇ · (Aε∇u) = f in Q,

u = 0 on (0, T)× ∂Ω,

u (0) = u0
ε , u′ (0) = u1

ε in Ω

(4.8)

where u′, u′′ stands for the derivatives in time of u and the superscript, in the initial conditions,

should not be confused with the power notation.

We make the following assumptions on the initial data and the source term

u0
ε ∈ H1

0(Ω), u1
ε ∈ L2(Ω), f ∈ L2(0, T; L2 (Ω)) = L2(Q). (4.9)

Under the assumptions (4.1), (4.2) and (4.9) there exists a weak solution uε satisfying

uε ∈ C([0, T]; H1
0 (Ω)), u′ε ∈ C([0, T]; L2 (Ω)), u′′ε ∈ L2(0, T; H−1 (Ω)),〈

u′′ε (t, x), v
〉

H1
0 (Ω)

+
∫

Ω
Aε(t, x)∇uε(t, x) · ∇vdx

=
∫

Ω
f (t, x)vdx, ∀t ∈ (0, T) , ∀v ∈ H1

0 (Ω) ,

uε (0) = u0
ε , u′ε (0) = u1

ε in Ω.

(4.10)
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We recall, for the sequel of this chapter, that problem (4.10) is a particular case of the general

abstract setting of existence and uniqueness of a weak solution of hyperbolic problems, see

[22, 49]. Let H be a Hilbert space with scalar product (·, ·)H. The dual space H is identified

with H. Let V be another Hilbert space. We assume that V ⊂ H with dense and continuous

injection1, so that

V ⊂ H ⊂ V ′. (4.11)

For each t ∈ [0, T] we are given a symmetric continuous bilinear form a(t; u, v) : V × V → R

such that

(i) the function t→ a (t; u, v) is of class C1 ∀u, v ∈ V,

(ii) a (t; v, v) ≥ α |v|2V − C|v|2H, ∀t ∈ [0, T], ∀v ∈ V, α > 0.

Theorem 4.1 ([49]) Given f ∈ L2(0, T; H), u0 ∈ V, and u1 ∈ H, there exists a unique function u

satisfying
u ∈ C ([0, T] ; V) , u′ ∈ C ([0, T] ; H) , u′′ ∈ L2 (0, T; V ′) ,

〈u′′, v〉V + a (t; u(t), v) = 〈 f (t), v〉V , for a.e. t ∈ (0, T), ∀v ∈ V,

u(0) = u0 and u′(0) = u1.

and the following energy equality holds∣∣u′ε(t)∣∣2H + a (t; u(t), u(t)) =
∣∣∣u1

ε

∣∣∣2
H
+ a

(
0; u0, u0)

+
∫ t

0
a′ (t; u(t), u(t)) ds + 2

∫ t

0

(
f , u′

)
ds, ∀t ∈ [0, T] .

The limit problem

We assume that there exists u0 ∈ H1
0(Ω) and u1 ∈ L2 (Ω) s.t.

u0
ε → u0 in H1

0(Ω), u1
ε → u1 in L2(Ω), (4.12)

as ε → 0. Then, due to the structure of the matrix Aε, the limit problem does not contain

derivatives in the X1 − direction and it will be natural to consider as candidate limit of uε a

function ũ, defined for a.e. X1 ∈ Π1, as a solution to
ũ′′(· ; X1, ·)−∇X2 · (A22(· ; X1, ·)∇X2 ũ(· ; X1, ·)) = f (· ; X1, ·) in QX1 = (0, T)×ΩX1 ,

ũ(· ; X1, ·) = 0 on (0, T)× ∂ΩX1 ,

ũ (0; X1, ·) = u0 (X1, ·) and ũ′ (0; X1, ·) = u1 (X1, ·) in ΩX1 .

(4.13)

1 The injection V ⊂ H is not assumed compact.
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In fact it holds that (see Chipot and Guesmia [16])

u0 (X1, ·) ∈ H1
0(ΩX1), u1 (X1, ·) ∈ L2(ΩX1) and f (· ; X1, ·) ∈ L2(0, T; L2 (ΩX1))

for a.e. X1 ∈ Π1. Then problem (4.13) has a unique solution in the sense that

ũ (· ; X1, ·) ∈ C([0, T] ; H1
0 (ΩX1)), ũ′ (· ; X1, ·) ∈ C([0, T] ; L2 (ΩX1)),

ũ′′ (· ; X1, ·) ∈ L2(0, T; H−1 (ΩX1)),〈
ũ′′ (t; X1, X2) , v

〉
H1

0(ΩX1)
+
∫

ΩX1

A22(t; X1, X2)∇X2 ũ(t; X1, X2) · ∇X2 vdX2

=
∫

ΩX1

f (t; X1, X2)vdX2, ∀t ∈ (0, T) , ∀v ∈ H1
0 (ΩX1) ,

ũ (0, X1, ·) = u0 (X1, ·) , ũ′ (0, X1, ·) = u1 (X1, ·) in ΩX1 ,

(4.14)

for a.e. X1 ∈ Π1. Moreover, as in Section 2.2, if we consider the space

V2 (Ω) :=
{

v ∈ L2 (Ω) |∇X2 v ∈ L2 (Ω) , v (X1, ·) ∈ H1
0(ΩX1) a.e. X1 ∈ Π1

}
(4.15)

equipped with the norm |∇X2 v|L2(Ω) , then we show, in the next theorem, that ũ is also solution

to the following problem

u ∈ C([0, T];V2 (Ω)), u′ ∈ C
(
[0, T] ; L2 (Ω)

)
, u′′ ∈ L2 (0, T;V ′2 (Ω)) ,〈

u′′ (t, x) , v
〉
V2(Ω)

+
∫

Ω
A22 (t, x)∇X2 u (t, x) · ∇X2 vdx

=
∫

Ω
f (t, x) vdx, ∀t ∈ (0, T) , ∀v ∈ V2 (Ω) ,

u (0) = u0, u′ (0) = u1 in Ω.

(4.16)

which has a unique solution. To see that problem (4.16) has a unique solution, it suffices to take

the triple V2 (Ω) ⊂ L2 (Ω) ⊂ V ′2 (Ω) in (4.11) and apply Theorem 4.1. The solution also satisfies,

for every t ∈ [0, T] , the energy equality

∣∣u′(t)∣∣2L2(Ω)
+
∫

Ω
A22 (t)∇X2 u (t) · ∇X2 u (t) dx

=
∣∣∣u1
∣∣∣2

L2(Ω)
+
∫

Ω
A22 (0)∇X2 u0 · ∇X2 u0dx

+ 2
∫ t

0

∫
Ω

f u′dxds +
∫ t

0

∫
Ω

A′22∇X2 u · ∇X2 udxds. (4.17)

4.2 convergences in arbitrary domains

We are now ready to state the main result in this section.
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Theorem 4.2 Under the assumptions above, we have for every t ∈ [0, T]

uε (t)→ ũ (t) in V2 (Ω) ,

ε∇X1 uε (t)→ 0, u′ε (t)→ ũ′ (t) in L2 (Ω) ,
(4.18)

where ũ (resp. uε) is the solution of (4.14) (resp. (4.10)). Moreover, ũ is also the solution of

problem (4.16).

Proof. We first show that uε converges to the solution of (4.16), then we check that the solution

of problems (4.14) and (4.16) is the same. The proof is given in several steps.

I) A priori estimates. The energy equality for problem (4.10) is given by∣∣u′ε(t)∣∣2L2(Ω)
+
∫

Ω
Aε∇uε(t) · ∇uε(t)dx =

∣∣∣u1
ε

∣∣∣2
L2(Ω)

+
∫

Ω
Aε (0)∇u0

ε · ∇u0
ε dx

+
∫ t

0

∫
Ω

A′ε∇uε · ∇uεdxds + 2
∫ t

0

∫
Ω

f u′εdxds, (4.19)

for every t ∈ [0, T]. Using (4.1), (4.5) and (4.6), we get∣∣u′ε(t)∣∣2L2(Ω)
+λ

(
ε2 |∇X1 uε (t)|2L2(Ω) + |∇X2 uε (t)|2L2(Ω)

)
≤
∣∣∣u1

ε

∣∣∣2
L2(Ω)

+ Cε2 ∣∣∇X1 u0
ε

∣∣2
L2(Ω)

+ C
∣∣∇X2 u0

ε

∣∣2
L2(Ω)

+ 2
∫ t

0

∫
Ω

∣∣ f u′ε
∣∣ dxds + C

∫ t

0
ε2 |∇X1 uε|2L2(Ω) + |∇X2 uε|2L2(Ω) ds,

where C is a positive constant independent of ε. For ε small enough, and thanks to (4.12), we

derive∣∣∣u1
ε

∣∣∣2
L2(Ω)

≤ 2
∣∣∣u1
∣∣∣2

L2(Ω)
and ε2 ∣∣∇X1 u0

ε

∣∣2
L2(Ω)

+
∣∣∇X2 u0

ε

∣∣2
L2(Ω)

≤ 2
∣∣∇X2 u0∣∣2

L2(Ω)
. (4.20)

Of course if u1 = 0 or u0 = 0 the right hand side in the above inequalities can be replaced by any

positive constant. This implies∣∣u′ε (t)∣∣2L2(Ω)
+λ

(
ε2 |∇X1 uε (t)|2L2(Ω) + |∇X2 uε (t)|2L2(Ω)

)
≤ 2

∣∣∣u1
∣∣∣2

L2(Ω)
+ C

∣∣∇X2 u0∣∣2
L2(Ω)

+ C | f |2L2(Q)

+ C
∫ t

0

∣∣u′ε∣∣2L2(Ω)
+ λ

(
ε2 |∇X1 uε|2L2(Ω) + |∇X2 uε|2L2(Ω)

)
ds.

Using Gronwall’s inequality (see A.13) we get for every t ∈ [0, T]∣∣u′ε (t)∣∣2L2(Ω)
+ λ

(
ε2 |∇X1 uε (t)|2L2(Ω) + |∇X2 uε (t)|2L2(Ω)

)
≤ C. (4.21)

Thus

(uε)ε is bounded in L∞(0, T;V2 (Ω)),

(u′ε)ε and (ε∇X1 uε)ε are bounded in L∞(0, T; L2 (Ω)).
(4.22)
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Going back to (4.10) and expanding Aε to its different blocks we get∣∣∣〈u′′ε (t) , v
〉

H1
0 (Ω)

∣∣∣ ≤ ∣∣∣∣∫Ω
f (t) vdx

∣∣∣∣+ ∣∣∣∣∫Ω
Aε (t)∇uε (t) · ∇vdx

∣∣∣∣
≤ | f (t)|L2(Ω) |v|L2(Ω) + Cε |∇X1 uε (t)|L2(Ω)

(
ε |∇X1 v|L2(Ω) + |∇X2 v|L2(Ω)

)
+ C |∇X2 uε (t)|L2(Ω)

(
ε |∇X1 v|L2(Ω) + |∇X2 v|L2(Ω)

)
.

Then we apply Poincaré’s inequality and regroup similar terms, it comes∣∣∣〈u′′ε (t) , v
〉

H1
0 (Ω)

∣∣∣ ≤ C
{
| f (t)|L2(Ω) + ε |∇X1 uε (t)|L2(Ω) + |∇X2 uε (t)|L2(Ω)

}
|∇v|L2(Ω) ,

for every v ∈ H1
0 (Ω) and a.e. t ∈ [0, T] , hence∣∣u′′ε ∣∣H−1(Ω)
≤ C

(
| f |L2(Ω) + ε |∇X1 uε|L2(Ω) + |∇X2 uε|L2(Ω)

)
. (4.23)

Then taking the square in both sides and integrating over (0, T) , we obtain∣∣u′′ε ∣∣2L2(0,T;H−1(Ω))
≤ C

(
| f |2L2(Q) + ε2 |∇X1 uε|2L2(Q) + |∇X2 uε|2L2(Q)

)
.

By (4.22) the second member is bounded, then(
u′′ε
)

ε
is bounded in L2(0, T; H−1 (Ω)). (4.24)

II) Weak convergences. In this step we study the weak convergence of uε in Q. Thanks to (4.22)

and (4.24), we can extract from (uε)ε a weak star converging subsequence -still labeled uε- such

that

uε
∗
⇀ z in L∞(0, T;V2 (Ω)),

ε∇X1 uε
∗
⇀ 0, u′ε

∗
⇀ z′ in L∞(0, T; L2 (Ω)),

u′′ε ⇀ z′′ in L2(0, T; H−1 (Ω)).

(4.25)

To verify that the limits are as stated, we use the continuous injections L2 (Q) ⊂ D′ (Q) and

L2 (0, T; H−1 (Ω)
)
⊂ D′ (Q) with the continuity of the derivative operator in D′ (Q) . In order to

show that z satisfies the equation in (4.16), we multiply (4.10) by φ ∈ C∞ ([0, T]) and integrate

over [0, t] , we get∫ t

0

〈
u′′ε , vφ (s)

〉
H1

0 (Ω)
ds +

∫ t

0

∫
Ω

Aε∇uε · ∇vφ (s) dxds =
∫ t

0

∫
Ω

f vφ (s) dxds

for every t ∈ [0, T] . Expanding this identity, using the different blocks of A, we derive

∫ t

0

〈
u′′ε , vφ

〉
H1

0 (Ω)
ds +

∫ t

0

∫
Ω

ε2A11∇X1 uε · ∇X1 vφdxds +
∫ t

0

∫
Ω

εA12∇X2 uε · ∇X1 vφdxds

+
∫ t

0

∫
Ω

εA21∇X1 uε · ∇X2 vφdxds +
∫ t

0

∫
Ω

A22∇X2 uε · ∇X2 vφdxds =
∫ t

0

∫
Ω

f vφdxds.
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Then passing to the limit using (4.25), it follows that∫ t

0

〈
z′′, v

〉
H1

0 (Ω)
φds +

∫ t

0

∫
Ω

A22∇X2 z · ∇X2 vφdxds =
∫ t

0

∫
Ω

f vφdxds,

for every v ∈ D (Ω) and φ ∈ C∞ ([0, T]) . Thus

z′′ = ( f −∇X2 · A22∇X2 z) ∈ L2(0, T; L2 (Ω)) + L2(0, T;V ′2 (Ω)) ⊂ L2(0, T;V ′2 (Ω)),

and by consequence z satisfies the equation in (4.16), since, for a.e. t ∈ (0, T) ,

〈
z′′ (t) , v

〉
H1

0 (Ω)
=
〈
z′′ (t) , v

〉
V2(Ω)

, ∀ ∈ D (Ω) .

Now, in order to check the initial conditions, we first derive from (4.25) that2 z ∈ C([0, T] ; L2 (Ω)) and

z′ ∈ C([0, T] ;V ′2 (Ω)) since we have (see [22, 26]){
v|v ∈ L2(0, T;V2 (Ω)), v ∈ L2(0, T; L2 (Ω))

}
⊂ C([0, T] ; L2 (Ω)),{

v|v ∈ L2(0, T; L2 (Ω)), v ∈ L2(0, T;V ′2 (Ω))
}
⊂ C([0, T] ;V ′2 (Ω)).

So z (0) and z′ (0) make sense, at least in L2 (Ω) and V ′2 (Ω) respectively. To show that

z (0) = u0 and z′ (0) = u1, we use the identities∫ t

0

〈
z′′, vφ

〉
V2(Ω)

ds =
〈
z′ (t) , vφ(t)

〉
V2(Ω)

−
〈
z′ (0) , vφ(0)

〉
V2(Ω)

−
∫

Ω
z (t) vφ′(t)dx +

∫
Ω

z (0) vφ′(0)dx +
∫ t

0

∫
Ω

zvφ′′dxds (4.26)

and ∫ t

0

〈
u′′ε , vφ

〉
H1

0 (Ω)
ds =

∫
Ω

u′ε (t) vφ(t)dx−
∫

Ω
u1

ε vφ(0)dx

−
∫

Ω
uε (t) vφ′(t)dx +

∫
Ω

u0
ε vφ′(0)dx +

∫ t

0

∫
Ω

uεvφ′′dxds. (4.27)

(We integrated by parts twice with respect to t in (4.26) and (4.27)). Then, passing to the limit in

(4.27), using (4.12), (4.25) and taking φ (t) = φ′ (t) = 0, we get∫ t

0

〈
z′′, vφ

〉
H1

0 (Ω)
ds =

∫ t

0

〈
z′′, vφ

〉
V2(Ω)

ds

= −
∫

Ω
u1vφ(0)dx +

∫
Ω

u0vφ′(0)dx +
∫ t

0

∫
Ω

zvφ′′dxds. (4.28)

By comparing (4.26) and (4.28), we deduce that for every v ∈ D (Ω)

−
〈
z′ (0) , vφ(0)

〉
V2(Ω)

+
∫

Ω
z (0) vφ′(0)dx = −

∫
Ω

u1φ(0)vdx +
∫

Ω
u0vφ′(0)dx.

2 after possibly being redefined on a set of measure zero.
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Then we conclude that z (0) = u0 by choosing φ(0) = 0, φ′(0) = 1 and that z′ (0) = u1 by

choosing φ(0) = 1, φ′(0) = 0. Thus we have shown that the unique limit of uε is the solution of

(4.16) and the convergences (4.25) hold for the whole sequence.

Let us fix some t ∈ [0, T] , since the estimate (4.21) holds for every t ∈ [0, T], there exist ζ0
t , ζ1

t

and ζ2
t such that -up to a subsequence-

ε∇X1 uε (t) ⇀ ζ2
t , u′ε (t) ⇀ ζ1

t in L2 (Ω) and uε (t) ⇀ ζ0
t in V2 (Ω) .

Passing to the limit in (4.27) for φ (0) = φ′ (0) = 0, comparing with (4.26) and arguing as above,

in the initial conditions, for different choices of φ (t) and φ′ (t) yield

ζ0
t = z (t) , ζ1

t = z′ (t)

and by consequence ζ2
t = 0. Then, by the uniqueness of the limit, the following convergences

hold for the whole sequence and for every t ∈ [0, T]

ε∇X1 uε (t) ⇀ 0, u′ε (t) ⇀ z′ (t) in L2 (Ω) and uε (t) ⇀ z (t) in V2 (Ω) . (4.29)

III) Strong convergences. Now we show the strong convergence of uε. We set for every t ∈ [0, T]

Jε (t) :=
∣∣(uε − z)′ (t)

∣∣2
L2(Ω)

+
∫

Ω
Aε (t)

 ∇X1 uε (t)

∇X2 (uε − z) (t)

 ·
 ∇X1 uε (t)

∇X2 (uε − z) (t)

 dx

−
∫ t

0

∫
Ω

A′ε

 ∇X1 uε

∇X2 (uε − z)

 ·
 ∇X1 uε

∇X2 (uε − z)

 dxds.

(4.30)

Developing Jε, by using the different blocks of A, we get

Jε (t) =
∣∣u′ε (t)∣∣2L2(Ω)

+
∣∣z′ (t)∣∣2L2(Ω)

− 2
∫

Ω
u′ε (t) z′ (t) dx

+
∫

Ω
Aε (t)∇uε (t) · ∇uε (t) dx−

∫ t

0

∫
Ω

A′ε∇uε · ∇uεdxds

−
∫

Ω
εA12 (t)∇X2 uε (t) · ∇X1 z (t) dx−

∫
Ω

εA21 (t)∇X1 uε (t) · ∇X2 z (t) dx

−
∫

Ω
A22 (t)∇X2 uε (t) · ∇X2 z (t) dx +

∫
Ω

A22 (t)∇X2 z (t) · ∇X2 (z− uε) (t) dx

−
∫ t

0

∫
Ω

εA′12∇X2 uε · ∇X1 zdxds−
∫ t

0

∫
Ω

εA′21∇X1 uε · ∇X2 zdxds

−
∫ t

0

∫
Ω

A′22∇X2 z · ∇X2 uεdxds +
∫ t

0

∫
Ω

A′22∇X2 z · ∇X2 (z− uε) dxds.
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Using the energy equality (4.19) we derive

Jε (t) =
∣∣∣u1

ε

∣∣∣2
L2(Ω)

+
∫

Ω
Aε (0)∇u0

ε · ∇u0
ε dx− 2

∫
Ω

u′ε (t) z′ (t) dx + 2
∫ t

0

∫
Ω

f u′εdxds

−
∫

Ω
εA12 (t)∇X2 uε (t) · ∇X1 z (t) dx−

∫
Ω

εA21 (t)∇X1 uε (t) · ∇X2 z (t) dx

−
∫

Ω
A22 (t)∇X2 z (t) · ∇X2 uε (t) dx +

∫
Ω

A22 (t)∇X2 z (t) · ∇X2 (z− uε) (t) dx

−
∫ t

0

∫
Ω

εA′12∇X2 uε · ∇X1 zdxds−
∫ t

0

∫
Ω

εA′21∇X1 uε · ∇X2 zdxds

−
∫ t

0

∫
Ω

A′22∇X2 z · ∇X2 uεdxds +
∫ t

0

∫
Ω

A′22∇X2 z · ∇X2 (z− uε) dxds.

Then, by the weak limits in (4.25) and (4.29), it follows that

lim
ε→0

Jε (t) = −
∣∣z′ (t)∣∣2L2(Ω)

+
∣∣∣u1
∣∣∣2

L2(Ω)
−
∫

Ω
A22∇X2 z (t) · ∇X2 z (t) dx

+
∫

Ω
A22 (0)∇X2 u0 · ∇X2 u0dx +

∫ t

0

∫
Ω

A′22∇X2 z · ∇X2 zdxds + 2
∫ t

0

∫
Ω

f z′dxds = 0,

since we already have the equality (4.17). Then using (4.1) and (4.6), we get from (4.30)

∣∣(uε − z)′ (t)
∣∣2

L2(Ω)
+ λ

(
ε2 |∇X1 uε (t)|2L2(Ω) + |∇X2 (uε − z) (t)|2L2(Ω)

)
≤ |Jε (t)|+ C

∫ t

0
ε2 |∇X1 uε (s)|2L2(Ω) + |∇X2 (uε − z) (s)|2L2(Ω) ds, (4.31)

for every t ∈ [0, T]. We set

Φε (t) :=
∣∣(uε − z)′ (t)

∣∣2
L2(Ω)

+ ε2 |∇X1 uε (t)|2L2(Ω) + |∇X2 (uε − z) (t)|2L2(Ω) .

Then we can rewrite (4.31) as

Φε (t) ≤ C |Jε (t)|+ C
∫ t

0
Φε (s) ds, where |Jε (t)| → 0.

Since Φε is bounded in C ([0, T]) , independently of ε, there exists Φ ∈ L1 (0, T) such that

Φ (t) := limε→0 sup Φε (t) . This implies

Φ (t) ≤ 0 + C lim
ε→0

sup
∫ t

0
Φε (s) ds ≤ C

∫ t

0
lim
ε→0

sup Φε (s) ds = C
∫ t

0
Φ (s) ds. (4.32)

By the Gronwall’s inequality, we derive

Φ (t) = 0 a.e. t ∈ [0, T] .

On the other hand limε→0 inf Φε (t) ≥ 0 since Φε (t) ≥ 0, ∀t ∈ [0, T] , hence

lim
ε→0

Φε (t) = 0, ∀t ∈ [0, T] .
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This means that

uε (t)→ z (t) in V2 (Ω) ,

ε∇X1 uε (t)→ 0, u′ε (t)→ z′ (t) in L2 (Ω) ,
∀t ∈ [0, T] .

IV) The limit z (· ; X1, ·) is the solution of (4.14) for a.e. X1 ∈ Π1. To check that

z (· ; X1, ·) = ũ (· ; X1, ·) on QX1 = (0, T)×ΩX1 , for a.e. X1 ∈ Π1,

we use the argument introduced in Chipot and Guesmia [16] for elliptic problems. For conve-

nience, and since we have an evolution case, we write it here.

First we cover Ω by a countable family of open sets of the form Ui ×Vi ⊂ Ω, i ∈N where Ui,

Vi are open hypercubes of Rq, Rn−q respectively. Choosing ϕ ∈ D(Vi), η ∈ D(Ui) and taking into

account that

V2 (Ui ×Vi) = L2 (Ui)× H1
0 (Vi) ,

it comes that

〈
z′′(t), η (X1) ϕ (X2)

〉
V2(Ui×Vi)

=
∫

Ui

η (X1)
〈
z′′(t), ϕ (X2)

〉
H1

0 (Vi)
dX1.

Since ηϕ ∈ D(Ω) ⊂ V2 (Ω) , we derive from (4.16) that for every t ∈ (0, T) ,

∫
Ui

η (X1)

{〈
z′′(t), ϕ (X2)

〉
H1

0 (Vi)
+
∫

Vi

A22∇X2 z(t) · ∇X2 ϕ (X2) dX2

}
dX1

=
∫

Ui

η (X1)
∫

Vi

f (t)ϕ (X2) dX2 dX1, ∀η ∈ D(Ui).

Then, there exists a set of measure zero N(ϕ), such that

〈
z′′(t), ϕ (X2)

〉
H1

0 (Vi)
+
∫

Vi

A22∇X2 z(t) · ∇X2 ϕ (X2) dX2 =
∫

Vi

f (t)ϕ (X2) dX2, (4.33)

for all X1 ∈ Ui\N(ϕ). Denote by (ϕn)n a Hilbert basis of H1
0(Vi), then (4.33) holds for all X1

such that

X1 ∈ Ui\ ∪n Ni(ϕn),

where ∪nNi(ϕn) is of course a set of zero measure (a countable union of zero measure sets).

Thus (4.33) holds for any ϕ ∈ H1
0(Vi) and for all X1 ∈ Ui\ ∪n Ni(ϕn). This easily follows from

the density in H1
0(Vi) of the linear combinations of the basis (ϕn)n .

Let us fix some X1 ∈ ΠΩ\N where N is the set (of measure zero)

N := ΠΩ\ ∪i ∪nNi(ϕn),
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and let ϕ ∈ D (ΩX1), if KX1 denotes the support of ϕ we have clearly

KX1 ⊂ (ΩX1 ∩ (∪iVi)) ⊂ ΩX1 ,

and thus KX1 can be covered by a finite number of Vi that, for simplicity, will be denoted by

V1, · · · , Vk. Using a partition of unity, there exist ψi ∈ D(Vi) such that

∑k
i=1 ψi = 1, on KX1 .

By (4.33) we derive

〈z′′ (t) , ϕ (X2)〉
H1

0(ΩX1)
+
∫

ΩX1

A22∇X2 z (t) · ∇X2 ϕ (X2) dX2

=
〈

z′′(t), ∑k
i=1 ψi ϕ (X2)

〉
H1

0(ΩX1)

+
∫

ΩX1

A22∇X2 z(t) · ∇X2

(
∑k

i=1 ψi ϕ (X2)
)

dX2

= ∑k
i=1

{〈
z′′(t), ψi ϕ (X2)

〉
H1

0(Vi)
+
∫

Vi

A22∇X2 z(t) · ∇X2 (ψi ϕ (X2)) dX2

}
= ∑k

i=1

∫
Vi

f (t)ψi ϕ (X2) dX2

=
∫

ΩX1

f (t)ϕ (X2) dX2.

and it follows that for a.e. X1 ∈ Π1,〈
z′′(t; X1, X2), ϕ

〉
H1

0 (ΩX1 )
+
∫

ΩX1

A22(t; X1, X2)∇X2 z(t; X1, X2) · ∇X2 ϕ (X2) dX2

=
∫

ΩX1

f (t; X1, X2)ϕ (X2) dX2, ∀ϕ ∈ D(ΩX1), ∀t ∈ [0, T] .

Taking into account the fact that problems (4.14) and (4.16) have the same initial conditions, we

derive that z (·; X1, ·) is the unique solution of (4.14), for a.e. X1 ∈ Π1. This completes the proof

of the theorem.

Remark 4.1 We can replace the condition (4.12) by the following weaker one

u0
ε → u0 in V2 (Ω) and ε∇X1 u0

ε → 0, u1
ε → u1 in L2(Ω).

In this case we only have to suppose that u0 ∈ V2 (Ω) .

As a consequence of Theorem 4.2 and (4.22) we have

Corollary 4.1 For every 1 ≤ q < ∞ we have

uε → ũ in Lq (0, T;V2 (Ω)) ,

ε∇X1 uε → 0, u′ε → ũ′ in Lq (0, T; L2 (Ω)
)

,

(u′′ε − ũ′′)→ 0 in Lq(0, T; H−1(Ω)).

(4.34)
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Proof. The first two lines of (4.34) follow from Lebesgue’s theorem, (4.22) and the pointwise

convergences in t given by Theorem 4.2. For the last limit, we subtract (4.16) from (4.10) and

estimate the second time derivative of uε − ũ by

〈(uε − ũ)′′ (t) , v〉H−1(Ω) = −
∫

Ω
ε2A11 (t)∇X1 uε (t) · ∇X1 v− εA12 (t)∇X2 uε (t) · ∇X1 vdx

−
∫

Ω
εA21 (t)∇X1 uε (t) · ∇X2 v− A22 (t)∇X2 (uε − ũ) (t) · ∇X2 vdx

≤C
(

ε |∇X1 uε (t)|L2(Ω) + ε |∇X2 uε (t)|L2(Ω) + |∇X2 (uε − ũ) (t)|L2(Ω)

)
|∇v|L2(Ω) ,

for every v ∈ H1
0 (Ω) and every t ∈ (0, T). Then deduce that∣∣(uε − ũ)′′ (t)
∣∣

H−1(Ω)
≤ C

(
ε |∇X1 uε (t)|L2(Ω) + ε |∇X2 uε (t)|L2(Ω) + |∇X2 (uε − ũ) (t)|L2(Ω)

)
.

Taking both sides to power q, applying the inequality (a + b)q ≤ 2q−1(aq + bq) and integrating

on (0, T), yield∣∣u′′ε − ũ′′
∣∣q

Lq(0,T;H−1(Ω))
≤ C

∫ t

0
εq |∇X1 uε|qL2(Ω)

+ εq |∇X2 uε|qL2(Ω)
+ |∇X2 (uε − ũ)|qL2(Ω)

ds.

Using the first convergences in this corollary the right hand side of the inequality above tends to

zero. This completes the proof.

Remark 4.2 In particular, since u′′ε , ũ′′ ∈ L2 (0, T; H−1 (Ω)
)

, we have u′′ε → ũ′′ in L2(0, T; H−1(Ω)).

4.3 convergences in cylindrical domains

One notes that the missing of the convergence of the gradient ∇X1 uε, in Theorem 4.2, prevents

the convergence to be in Sobolev space H1 (Ω). This was expected since uε and its limit ũ do not

necessarily belong to the same space H1
0 (Ω) . In particular, on cylinders a boundary layer may

appears near to the lateral boundary. In this section, we show that the above convergences can

be improved far from this lateral boundary.

In this section we assume that the domain is cylindrical, i.e.

Ω := ∆×ω, (4.35)

where ∆ (resp. ω) is an open bounded subset of Rq (resp. Rn−q). Then it holds that

V2 (Ω) = L2
(

∆, H1
0 (ω)

)
and V ′2 (Ω) = L2

(
∆, H−1 (ω)

)
.

In addition we assume that the matrix A is independent of time, i.e.

A (t, x) = A (x) . (4.36)
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For a.e. X1 ∈ ∆, Problem (4.14) can be stated as

ũ (· ; X1, ·) ∈ C([0, T] ; H1
0 (ω)), ũ′ (· ; X1, ·) ∈ C([0, T] ; L2 (ω)),

ũ′′ (· ; X1, ·) ∈ L2(0, T; H−1 (ω)),〈
ũ′′(t; X1, X2), v

〉
H1

0 (ω)
+
∫

ω
A22(X1, X2)∇X2 ũ(t; X1, X2) · ∇X2 vdX2

=
∫

ω
f (t; X1, X2)vdX2, ∀t ∈ (0, T) , ∀v ∈ H1

0 (ω) ,

ũ (0, X1, ·) = u0 (X1, ·) , ũ′ (0, X1, ·) = u1 (X1, ·) in ω.

(4.37)

Our aim in this section is to improve the convergence uε → ũ, in particular the convergence of

∇X1 uε. For this reason, as a necessary condition, we need to assume more regularity hypothesis

on the solution of the limit problem, i.e. ũ (t) ∈ H1 (Ω) for a.e. t ∈ (0, T) . Thus we start by

studying the regularity of ũ.

4.3.1 Regularity Results

The following proposition shows that the regularity of ũ in the X1 − direction depends on the

regularity of the data in the same direction.

Proposition 4.3 Under the assumptions of Theorem 4.2, the additional assumptions (4.35), (4.36) and

∂xi u
1 ∈ L2

(
∆; H−1 (ω)

)
, ∂xi f ∈ L2

(
(0, T)× ∆; H−1 (ω)

)
, i = 1, · · · , q, (4.38)

we have

ũ ∈ L∞
(

0, T; H1 (Ω)
)

, ∂xi ũ
′ ∈ L∞

(
0, T; L2

(
∆; H−1 (ω)

))
, i = 1, · · · , q. (4.39)

Proof. Let ∆′ be an open subset such that ∆′ ⊂⊂ ∆ (i.e. the closure of ∆′ is a subset of ∆). We set

h0 := dist (∆′, ∂∆) and for 0 < h < h0 we denote

τi
hv (X1, X2) := v (X1 + hei, X2) , for X1 ∈ ∆′, i = 1, · · · , q,

where ei is the unit vector in the ith − direction. Subtracting the identity in (4.37) from itself

written for X1 + hei, we derive

〈τi
hũ′′ − ũ′′, v〉H1

0 (ω) +
∫

ω
τi

h A22∇X2

(
τi

hũ− ũ
)
· ∇X2 vdX2

=
∫

ω

(
τi

h f − f
)

vdX2 −
∫

ω

(
τi

h A22 − A22

)
∇X2 ũ · ∇X2 vdX2, ∀v ∈ H1

0 (ω) . (4.40)
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For s ∈ ]0, T] , we set

Ũ (t) :=
∫ t

0
ũ (σ) dσ, ψ (t) :=

 −
∫ s

t
ũ (σ) dσ t ≤ s,

0 t > s,

then it holds that

ψ (σ) = Ũ (σ)− Ũ (s) if σ ≤ s. (4.41)

Taking v =
(
τi

hψ− ψ
)
(σ) ∈ H1

0 (ω) in (4.40) and integrating over (0, s) , we get∫ s

0
〈τi

hũ′′ − ũ′′,τi
hψ− ψ〉H1

0 (ω)dσ +
∫ s

0

∫
ω

τi
h A22∇X2

(
τi

hũ− ũ
)
· ∇X2

(
τi

hψ− ψ
)

dX2dσ

=
∫ s

0

∫
ω

(
τi

h f − f
) (

τi
hψ− ψ

)
dX2dσ

−
∫ s

0

∫
ω

(
τi

h A22 − A22

)
∇X2 ũ · ∇X2

(
τi

hψ− ψ
)

dX2dσ. (4.42)

Next, integrating by parts in the first integral, we obtain∫ s

0

〈
τi

hũ′′ − ũ′′, τi
hψ− ψ

〉
H1

0 (ω)
dσ =

∫
ω

(
τi

hũ′ (s)− ũ′ (s)
) (

τi
hψ (s)− ψ (s)

)
dX2

−
∫

ω

(
τi

hu1 − u1
) (

τi
hψ (0)− ψ (0)

)
dX2

−
∫ s

0

∫
ω

(
τi

hũ′ − ũ′
) (

τi
hψ′ − ψ′

)
dX2dσ,

=
∫

ω

(
τi

hu1 − u1
) (

τi
hŨ (s)− Ũ (s)

)
dX2

+
∫ s

0

∫
ω

(
τi

hũ′ − ũ′
) (

τi
hũ− ũ

)
dX2dσ

since ψ (s) = 0, ψ (0) = −U (s) and ψ′ = ũ. Integrating the last term yields∫ s

0

〈
τi

hũ′′ − ũ′′, τi
hψ− ψ

〉
H1

0 (ω)
dσ =

∫
ω

(
τi

hu1 − u1
) (

τi
hŨ (s)− Ũ (s)

)
dX2

− 1
2

∣∣∣(τi
hũ− ũ

)
(s)
∣∣∣2

L2(ω)
+

1
2

∣∣∣τi
hu0 − u0

∣∣∣2
L2(ω)

. (4.43)

The second integral in (4.42) can be written as∫ s

0

∫
ω

τi
h A22∇X2

(
τi

hũ− ũ
)
· ∇X2

(
τi

hψ− ψ
)

dX2dσ

=
∫ s

0

∫
ω

τi
h A22∇X2

(
τi

hψ′ − ψ′
)
· ∇X2

(
τi

hψ− ψ
)

dX2dσ

=
∫

ω
τi

h A22∇X2

(
τi

hψ− ψ
)
(s) · ∇X2

(
τi

hψ− ψ
)
(s) dX2

−
∫

ω
τi

h A22∇X2

(
τi

hψ− ψ
)
(0) · ∇X2

(
τi

hψ− ψ
)
(0) dX2

=− 1
2

∫
ω

τi
h A22∇X2

(
τi

hŨ − Ũ
)
(s) · ∇X2

(
τi

hŨ − Ũ
)
(s) dX2. (4.44)
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We then use (4.43) and (4.44) in (4.42), it comes

1
2

∣∣∣(τi
hũ− ũ

)
(s)
∣∣∣2

L2(ω)
+

1
2

∫
ω

τi
h A22∇X2

(
τi

hŨ − Ũ
)
(s) · ∇X2

(
τi

hŨ − Ũ
)
(s) dX2

=
1
2

∣∣∣τi
hu0 − u0

∣∣∣2
L2(ω)

+
∫

ω

(
τi

hu1 − u1
) (

τi
hŨ − Ũ

)
(s) dX2

−
∫ s

0

∫
ω

(
τi

h f − f
) (

τi
hψ− ψ

)
dX2dσ

+
∫ s

0

∫
ω

(
τi

h A22 − A22

)
∇X2 ũ · ∇X2

(
τi

hψ− ψ
)

dX2dσ.

Applying (4.7), the Cauchy-Schwarz and Poincaré’s inequalities, we obtain

1
2

∣∣∣(τi
hũ− ũ

)
(s)
∣∣∣2L2(ω) +

λ

2

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣2

L2(ω)

≤ 1
2

∣∣∣τi
hu0 − u0

∣∣∣2
L2(ω)

+ C
∣∣∣τi

hu1 − u1
∣∣∣

H−1(ω)

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣

L2(ω)

+ C
∣∣∣τi

h f − f
∣∣∣

L2(0,T;H−1(ω))

∣∣∣∇X2

(
τi

hψ− ψ
)∣∣∣

L2((0,s)×ω)

+
∣∣∣(τi

h A22 − A22

)
∇X2 ũ

∣∣∣
L2((0,T)×ω)

∣∣∣∇X2

(
τi

hψ− ψ
)∣∣∣

L2((0,s)×ω)
.

(In the second and the third terms of the right hand side, we considered the duality product).

Then by Young’s inequality 2ab ≤ αa2 +
(
b2/α

)
with convenient values3 of α, we derive∣∣∣(τi

hũ− ũ
)
(s)
∣∣∣2L2(ω) +

λ

2

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣2

L2(ω)

≤
∣∣∣τi

hu0 − u0
∣∣∣2

L2(ω)
+ C

∣∣∣τi
hu1 − u1

∣∣∣2
H−1(ω)

+ C
∣∣∣τi

h f − f
∣∣∣2

L2(0,T;H−1(ω))

+ C
∣∣∣∣∣∣τi

h A22 − A22

∣∣∣
∗

∣∣∣2
L∞((0,T)×ω)

|∇X2 ũ|2L2((0,T)×ω)

+
λ

8T

∫ s

0

∣∣∣∇X2

(
τi

hψ− ψ
)∣∣∣2

L2(ω)
dσ (4.45)

where | · |∗ denotes a matrix norm. We estimate the last term above, using (4.41), as follows∫ s

0

∣∣∣∇X2

(
τi

hψ− ψ
)
(σ)
∣∣∣2

L2(ω)
dσ =

∫ s

0

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(σ)−∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣2

L2(ω)
dσ

≤ 2
∫ s

0

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(σ)
∣∣∣2

L2(ω)
dσ + 2T

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣2

L2(ω)
.

Using this in (4.45), we get∣∣∣(τi
hũ− ũ

)
(s)
∣∣∣2

L2(ω)
+

λ

4

∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)
∣∣∣2

L2(ω)

≤
∣∣∣τi

hu0 − u0
∣∣∣2

L2(ω)
+ C

∣∣∣τi
hu1 − u1

∣∣∣2
H−1(ω)

+ C
∣∣∣τi

h f − f
∣∣∣2

L2(0,T;H−1(ω))

+ C
∣∣∣∣∣∣τi

h A22 − A22

∣∣∣
∗

∣∣∣2
L∞(ω)

|∇X2 ũ|2L2((0,T)×ω)

+ C
∫ s

0

∣∣∣(τi
hũ− ũ

)
(σ)
∣∣∣2

L2(ω)
+
∣∣∣∇X2

(
τi

hŨ − Ũ
)
(σ)
∣∣∣2

L2(ω)
dσ.

3 for instance, α = 2C
λ in the second term of the right hand side
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For s ∈ ]0, T] , we apply Gronwall’s inequality, integrate on ∆′ and divide on h2, we obtain∣∣∣∣∣
(
τi

hũ− ũ
)
(s)

h

∣∣∣∣∣
2

L2(∆′×ω)

+

∣∣∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)

h

∣∣∣∣∣
2

L2(∆′×ω)

≤C

∣∣∣∣∣τi
hu0 − u0

h

∣∣∣∣∣
2

L2(∆′×ω)

+ C

∣∣∣∣∣τi
hu1 − u1

h

∣∣∣∣∣
2

L2(∆′;H−1(ω))

+ C

∣∣∣∣∣τi
h f − f

h

∣∣∣∣∣
2

L2((0,T)×∆′;H−1(ω))

+ C

∣∣∣∣∣
∣∣∣∣∣τi

h A22 − A22

h

∣∣∣∣∣
∗

∣∣∣∣∣
2

L∞(∆′×ω)

.

According to (4.38) and using the standard method as in Gilbarg and Trudinger [29, Lemma

7.23], all the terms in the right hand side are bounded independently of h, i.e.∣∣∣∣∣
(
τi

hũ− ũ
)
(s)

h

∣∣∣∣∣
2

L2(∆′×ω)

+

∣∣∣∣∣∇X2

(
τi

hŨ − Ũ
)
(s)

h

∣∣∣∣∣
2

L2(∆′×ω)

≤ C, ∀s ∈ [0, T] ,

for every h > 0 and ∆′ ⊂⊂ ∆. We deduce that

∂xi ũ (s) , ∂xi

(
∇X2Ũ

)
(s) ∈ L2 (Ω) , i = 1, · · · , q, ∀s ∈ ]0, T] . (4.46)

Since we already have ∂xi ũ (s) ∈ L2 (Ω) for i = q + 1, · · · , n and ũ (0) = u0 ∈ H1 (Ω) , it follows

that

ũ (s) ∈ H1 (Ω) , ∀s ∈ [0, T] . (4.47)

Now we look to the regularity of ũ′. Recall that, for every v ∈ D (ω) ,

〈
ũ′′ (σ) , v

〉
H1

0 (ω)
+
∫

ω
A22∇X2 ũ (σ) · ∇X2 vdX2 =

∫
ω

f (σ) vdX2, ∀σ ∈ [0, T] .

Integrating on [0, s] ⊂ [0, T] and taking into account the fact that Ũ′ = ũ and Ũ (0) = 0 yield∫
ω

ũ′ (s) vdX2 =
∫

ω
u1vdX2 +

∫ s

0

∫
ω

f vdX2dσ−
∫

ω
A22∇X2Ũ(s) · ∇X2 vdX2, ∀v ∈ D (ω) .

Applying the derivative operator ∂xi , (i = 1, · · · , q), on both sides of the identity above, we obtain

〈
∂xi ũ

′ (s) , v
〉

H1
0 (ω)

=
〈

∂xi u
1, v
〉

H1
0 (ω)

+
∫ s

0
〈∂xi f (σ) , v〉H1

0 (ω) dσ

−
∫

ω
(∂xi A22)∇X2Ũ(s) · ∇X2 vdX2 −

∫
ω

A22∂xi

(
∇X2Ũ(s)

)
· ∇X2 vdX2, ∀v ∈ D (ω) .

Next, we apply the Cauchy-Schwarz inequality in each term to get

〈
∂xi ũ

′ (s) , v
〉

H1
0 (ω)
≤ C

{∣∣∣∂xi u
1
∣∣∣

H−1(ω)
+ |∂xi f |L2(0,T;H−1(ω)) +

∣∣∇X2Ũ (s)
∣∣

L2(ω)

+
∣∣∇X2Ũ (s)

∣∣
L2(ω)

+
∣∣∂xi∇X2Ũ (s)

∣∣
L2(ω)

}
|∇X2 v|L2(ω) , ∀v ∈ D (ω) ,
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hence∣∣∂xi ũ
′ (s)

∣∣
H−1(ω)

≤ C
{∣∣∣∂xi u

1
∣∣∣

H−1(ω)
+ |∂xi f |L2(0,T;H−1(ω)) +

∣∣∇X2Ũ (s)
∣∣

L2(ω)

+
∣∣∇X2Ũ (s)

∣∣
L2(ω)

+
∣∣∂xi∇X2Ũ (s)

∣∣
L2(ω)

}
.

Taking both sides to power 2 and integrating on ∆, we derive∫
∆

∣∣∂xi ũ
′ (s)

∣∣2
H−1(ω)

dX1 ≤ C
{∣∣∣∂xi u

1
∣∣∣2

L2(∆,H−1(ω))
+
∣∣∇X2Ũ (s)

∣∣2
L2(Ω)

+
∣∣∂xi∇X2Ũ (s)

∣∣2
L2(Ω)

+ |∂xi f |2L2((0,T)×∆,H−1(ω))

}
.

Due to (4.38) and (4.46), we deduce that

∂xi ũ
′ (s) ∈ L2

(
∆; H−1 (ω)

)
, i = 1, · · · , q, ∀s ∈ [0, T] . (4.48)

This ends the proof of the proposition.

Remark 4.3 i) The proof also shows that

∂xi Ũ ∈ L∞
(

0, T; L2
(

∆, H1
0 (ω)

))
, i = 1, · · · , q.

ii) Note that although we ignore if ũ ∈ C
(
0, T; H1 (Ω)

)
or not, we have

ũ (t) , Ũ (t) ∈ H1
0 (Ω, ∆× ∂ω) :=

{
v ∈ H1 (Ω) |u = 0 on ∆× ∂ω

}
, ∀t ∈ [0, T] . (4.49)

Indeed, having ũ (t; X1, ·) , Ũ (t) ∈ H1
0 (ω) for a.e. X1 ∈ ∆ and ũ (t) , Ũ (t) ∈ H1 (Ω) , ∀t ∈ [0, T],

then according to Chipot and Guesmia [16] it follows that ũ (t) and Ũ (t) vanish, in the trace sense, on

∆× ∂ω, i.e. ũ (t) , Ũ (t) ∈ H1
0 (Ω, ∆× ∂ω) . It follows by the above proposition that

ũ, Ũ (t) ∈ L∞
(

0, T; H1
0 (Ω, ∆× ∂ω)

)
∩ C (0, T;V2 (Ω)) . (4.50)

By the density of H1
0 (Ω, ∆× ∂ω) in V2 (Ω), and arguing as in Strauss [64, Theorem 2.1], we derive

that ũ (t) ∈ H1
0 (Ω, ∆× ∂ω) , ∀t ∈ [0, T]. By consequence we also have

Ũ ∈ C
(

0, T; H1
0 (Ω, ∆× ∂ω)

)
. (4.51)

Remark 4.4 If the coefficients of A22 are time dependent, i.e. A22 = A22 (t, x) , Proposition 4.3 still

holds under the assumption

∂xk a′ij ∈ L∞(Q), 1 ≤ k ≤ q and q + 1 ≤ i, j ≤ n.

In this case, some estimates of the above proof holds only in a subinterval [0, τ] , for some τ sufficiently

small (0 < τ ≤ T). Thus we establish the regularity on [0, τ] as above and taking into account that

∂xi u (τ) and ∂xi u
′ (τ) are as regular as ∂xi u (0) and ∂xi u

′ (0) respectively, for i = 1, · · · , q, then we

repeat the same arguments in next interval [τ, 2τ] , and so on. We obtain the regularity on [0, T] after a

finite number of steps.
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4.3.2 Convergence Results

Let ∆0 and ∆1 be two open subsets of Rq satisfying ∆0 ⊂⊂ ∆1 ⊂⊂ ∆. With this notation we set

Ωi := ∆i ×ω and Qi := (0, T)×Ωi, i = 0, 1.

Consider a smooth cut-off function $ = $ (X1) satisfying

supp ($) ⊂ ∆1, $ = 1 on ∆0, 0 ≤ $ ≤ 1 and |∇X1 $| ≤ C.

For every s ∈ ]0, T] , we define the functions

ψε (t) :=

 −
∫ s

t
wε (σ) dσ t ≤ s,

0 t > s,

Wε (t) :=
∫ t

0
wε (σ) dσ and Uε (t) :=

∫ t

0
uε (σ) dσ,

where wε := uε − ũ. Then we have

Theorem 4.4 Under the assumptions of Proposition 4.3, we assume in addition that

∣∣u0
ε − u0∣∣

L2(Ω1)
= O (ε) and

∣∣∣u1
ε − u1

∣∣∣
L2(∆1;H−1(ω))

= O (ε) , (4.52)

then we have

sup
t∈[0,T]

∣∣(u′ε − ũ′
)
(t)
∣∣

H−1(Ω0)
, sup

t∈[0,T]
|(uε − ũ) (t)|L2(Ω0)

, = O (ε) ,

sup
t∈[0,T]

∣∣∇X2

(
Uε − Ũ

)
(t)
∣∣

L2(Ω0)
= O (ε) ,

and the weak convergence

∇X1Uε (t) ⇀ ∇X1Ũ (t) in L2 (Ω0) , ∀t ∈ [0, T] ,

where ũ (resp. uε) is the solution of problem (4.37) (resp. (4.10)).

Proof. By comparing (4.10) and (4.16), we deduce that

〈
w′′ε , v

〉
+
∫

Ω
Aε∇wε · ∇vdx = −

∫
Ω

ε2A11∇X1 ũ · ∇X1 vdx

−
∫

Ω
εA12∇X2 ũ · ∇X1 vdx−

∫
Ω

εA21∇X1 ũ · ∇X2 vdx, ∀v ∈ H1
0 (Ω) . (4.53)

According to (4.49), we have

ψε (σ) $2 = 0 on ∂Ω, ∀σ ∈ [0, s]
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which allows us to test (4.53) with ψε (σ) $2 ∈ H1
0 (Ω) . Then integrating over [0, s] we get∫

Ω
w′ε (s)ψε (s) $2dx−

∫
Ω

w1
ε ψε (0) $2dx−

∫ s

0

∫
Ω

w′εψ
′
ε$

2 + Aε∇wε · ∇
(
ψε$

2) dxdσ

=−
∫ s

0

∫
Ω

ε2A11∇X1 ũ · ∇X1

(
ψε$

2) dxdσ−
∫ s

0

∫
Ω

εA12∇X2 ũ · ∇X1

(
ψε$

2) dxdσ

−
∫ s

0

∫
Ω

εA21∇X1 ũ · ∇X2

(
ψε$

2) dxdσ, (4.54)

where w0
ε := u0

ε − u0 and w1
ε := u1

ε − u1. The Aε integral term can be written as∫ s

0

∫
Ω

Aε∇wε · ∇
(
ψε$

2)dxdσ =
∫ s

0

∫
Ω

Aε∇wε · ∇ψε$
2 + 2ψε$Aε∇wε · ∇$dxdσ

=
1
2

∫
Ω

Aε∇ψε (s) · ∇ψε (s) $2dx− 1
2

∫
Ω

Aε∇ψε (0) · ∇ψε (0) $2dx

+ 2
∫ s

0

∫
Ω

ψε$Aε∇wε · ∇$dxdσ,

and, since ψε (s) = 0, ψε (0) = −Wε (s) and wε ∈ H1 (Ω) , we have

∫ s

0

∫
Ω

Aε∇wε · ∇
(
ψε$

2) dxdσ = −1
2

∫
Ω

Aε∇Wε (s) · ∇Wε (s) $2dx

+ 2
∫ s

0

∫
Ω

ψε$Aε∇wε · ∇$dxdσ.

Considering this in (4.54) and noting that $ is independent of X2, we obtain

1
2
|wε (s) $|2L2(Ω) +

1
2

∫
Ω

Aε∇Wε (s) · ∇Wε (s) $2dx

=
1
2

∣∣w0
ε $
∣∣2

L2(Ω)
+
∫

Ω
w1

ε Wε (s) $2dx + ε2
∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1 ψε$
2dxdσ

+ ε
∫ s

0

∫
Ω

A12∇X2 ũ · ∇X1

(
ψε$

2) dxdσ + ε
∫ s

0

∫
Ω

A21∇X1 ũ · ∇X2 ψε$
2dxdσ

+ 2ε2
∫ s

0

∫
Ω

$ψε A11∇X1 ũ · ∇X1 $dxdσ + 2ε2
∫ s

0

∫
Ω

ψε$A11∇X1 wε · ∇X1 $dxdσ

+ 2ε
∫ s

0

∫
Ω

ψε$A12∇X2 wε · ∇X1 $dxdσ. (4.55)

Using the Cauchy-Schwarz, Poincaré’s inequalities and Young’s inequality 2ab ≤ αa2 +
(
b2/α

)
with convenient choices of α, it follows that

|wε (s) $|2L2(Ω) + λε2 |∇X1Wε (s) $|2L2(Ω) + λ |∇X2Wε (s) $|2L2(Ω)

≤
∣∣w0

ε $
∣∣2

L2(Ω)
+ C

∣∣∣w1
ε $
∣∣∣2

L2(∆;H−1(ω))
+

λ

4
|∇X2Wε (s) $|2L2(Ω) + Cε2 |∇X1 ũ|2L2(Q)

+ Cε4 |∇X1 wε|2L2(Q) + Cε2 |∇X2 wε|2L2(Q) +
λ

8T

∫ s

0
ε2 |∇X1 ψε$|

2
L2(Ω) + |∇X2 ψε$|

2
L2(Ω) dσ

+ 2ε
∫ s

0

∣∣∣∣∫Ω
A12∇X2 ũ · ∇X1

(
ψε$

2) dx
∣∣∣∣ dσ, (4.56)
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Then using the density of D (∆1 ×ω) in H1
0 (∆1 ×ω) and the fact that A12 = AT

21, we can rewrite

the last integral as

∫
Ω

A12∇X2 ũ · ∇X1(ψε (σ) $2)dx =
q

∑
i=1

n

∑
j=q+1

∫
Ω

aij∂xj ũ∂xi

(
ψε (σ) $2) dx

=
q

∑
i=1

n

∑
j=q+1

∫
Ω

∂xi

(
$2aijψε (σ)

)
∂xj ũ− ∂xi aij∂xj ũ$2ψε (σ) dx

=
q

∑
i=1

n

∑
j=q+1

∫
Ω

$2aij∂xj ψε (σ) ∂xi ũ + $2∂xj aijψε (σ) ∂xi ũdx

−
q

∑
i=1

n

∑
j=q+1

∫
Ω

∂xi aij∂xj ũ$2ψε (σ) dx,

hence

∫
Ω

A12∇X2 ũ · ∇X1(ψε (σ) $2)dx =
∫

Ω
A12∇X2 ψε (σ) · ∇X1 ũ$2dx

+
∫

Ω
(∇X2 · A21) · ∇X1 ũψε (σ) $2dx−

∫
Ω
(∇X1 · A12) · ∇X2 ũψε (σ) $2dx.

The same techniques above yield

2ε
∫ s

0

∣∣∣∣∫Ω
A12∇X2 ũ · ∇X1

(
ψε$

2) dx
∣∣∣∣ dσ ≤ Cε2

(
|∇X1 ũ|2L2(Q1)

+ |∇X2 ũ|2L2(Q1)

)
+

λ

8T

∫ s

0
|∇X2 ψε$|

2
L2(Ω) dσ.

Going back to (4.56) we derive

|wε (s) $|2L2(Ω) + λε2 |∇X1Wε (s) $|2L2(Ω) +
3λ

4
|∇X2W (s) $|2L2(Ω)

≤
∣∣w0

ε

∣∣2
L2(Ω1)

+ C
∣∣∣w1

ε

∣∣∣2
L2(∆1;H−1(ω))

+ Cε2
{
|∇ũ|2L2(Q1)

+ ε2 |∇X1 wε|2L2(Q1)
+ |∇X2 wε|2L2(Q1)

}
+

λ

4T

∫ s

0
ε2 |∇X1 ψε (σ) $|2L2(Ω) + |∇X2 ψε (σ) $|2L2(Ω) dσ. (4.57)

Using the inequality (a± b)2 ≤ 2a2 + b2, the last integral term of the right hand side can be

estimated as

λ

4T

∫ s

0
ε2 |∇X1 ψε (σ) $|2L2(Ω) + |∇X2 ψε (σ) $|2L2(Ω) dσ

≤ λ

2T

∫ s

0
ε2 |∇X1Wε (σ) $|2L2(Ω) + |∇X2Wε (σ) $|2L2(Ω) dσ

+
λ

2

(
ε2 |∇X1Wε (s) $|2L2(Ω) + |∇X2Wε (s) $|2L2(Ω)

)
.
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Considering this in (4.57) we get

|wε (s) $|2L2(Ω) +
λ

2
ε2 |∇X1Wε (s) $|2L2(Ω) +

λ

4
|∇X2Wε (s) $|2L2(Ω)

≤
∣∣w0

ε

∣∣2
L2(Ω1)

+ C
∣∣∣w1

ε

∣∣∣2
L2(∆1;H−1(ω))

+ Cε2
(
|∇ũ|2L2(Q1)

+ |∇X2 wε|2L2(Q1)
+ ε2 |∇X1 wε|2L2(Q1)

)
+

λ

2T

∫ s

0
ε2 |∇X1Wε (σ) $|2L2(Ω) + |∇X2Wε (σ) $|2L2(Ω) dσ.

For s ∈ [0, T] , using the Gronwall inequality we obtain

|wε (s) $|2L2(Ω) + ε2 |∇X1Wε (s) $|2L2(Ω) + |∇X2Wε (s) $|2L2(Ω)

≤ C
(∣∣w0

ε

∣∣2
L2(Ω1)

+
∣∣∣w1

ε

∣∣∣2
L2(∆1;H−1(ω))

)
+ Cε2

(
|∇ũ|2L2(Q1)

+ |∇X2 wε|2L2(Q1)
+ ε2 |∇X1 wε|2L2(Q1)

)
, (4.58)

where all the terms in the right hand side are independent of s. Applying (4.21) and (4.52), we

derive

sup
s∈[0,T]

|wε (s)|L2(Ω0)
, sup

s∈[0,T]
|∇X2Wε (s)|L2(Ω0)

= O (ε) , (4.59)

and by consequence we have

|wε|L2(Q0)
, |∇X2Wε|L2(Q0)

= O (ε) . (4.60)

We also derive from (4.58) that

∇X1Wε (s) is bounded in L2 (Ω0) , (4.61)

independently of s ∈ [0, T]. So for a fixed s ∈ [0, T] , there exist χ such that -up to a subsequence-

∇X1Wε (s) ⇀ χ (s) , in L2 (Ω0) , and we may verify as above (see (4.25)) that χ (s) = 0, i.e.

∇X1Wε (s) ⇀ 0 in L2 (Ω0) .

The convergence holds for the whole sequence, since the limit is unique, and for every s ∈ [0, T] .

By Lebesgue’s theorem and the pointwise convergence in s, we also obtain

∇X1Wε ⇀ 0, in L2 (Q0) . (4.62)

Integrating (4.53) over (0, s) , it comes

∫
Ω

w′ε (s) vdx =
∫

Ω
w1

ε vdx−
∫

Ω
Aε∇Wε (s) · ∇vdx

−
∫ s

0

∫
Ω

ε2A11∇X1 ũ · ∇X1 v + εA12∇X2 ũ · ∇X1 v + εA21∇X1 ũ · ∇X2 v dxds, ∀v ∈ H1
0 (Ω0) .
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Applying the Cauchy-Schwarz inequality to each term, we find

∫
Ω0

w′ε (s) vdx ≤ C
{∣∣∣w1

ε

∣∣∣
L2(∆0;H−1(ω))

+ ε |∇X1Wε (s)|L2(Ω0)

+ |∇X2Wε (s)|L2(Ω0)
+ ε |∇ũ|L2(Q0)

}
|∇v|L2(Ω0)

, ∀v ∈ H1
0 (Ω0) .

Then we conclude, after dividing by ε, that

1
ε

∣∣w′ε (s)∣∣H−1(Ω0)
≤ C

{
1
ε

∣∣∣w1
ε

∣∣∣
L2(∆0;H−1(ω))

+ |∇X1Wε (s)|L2(Ω0)
+

1
ε
|∇X2Wε (s)|L2(Ω0)

+ |∇ũ|L2(Q0)

}
. (4.63)

Due to (4.52) and (4.59)–(4.61), the right hand side terms of the above inequality are bounded

independently of s ∈ [0, T]. Thus we get

sup
s∈[0,T]

∣∣w′ε (s)∣∣H−1(Ω0)
= O (ε) .

This ends the proof of the theorem.

Matrix with diagonal structure

When the matrix A has a diagonal structure we can improve the above convergences.

Corollary 4.2 (Diagonal matrix) Under the assumptions of Theorem 4.4, in addition we suppose that

A12, A21 = 0 and

∣∣u0
ε − u0∣∣

L2(Ω)
= o (ε) and

∣∣∣u1
ε − u1

∣∣∣
L2(∆;H−1(ω))

= o (ε) , (4.64)

then

sup
t∈[0,T]

∣∣(u′ε − ũ′
)
(t)
∣∣

H−1(Ω0)
, sup

t∈[0,T]
|(uε − ũ) (t)|L2(Ω0)

= o (ε) ,

sup
t∈[0,T]

∣∣∇X1

(
Uε − Ũ

)
(t)
∣∣

L2(Ω0)
→ 0,

sup
t∈[0,T]

∣∣∇X2

(
Uε − Ũ

)
(t)
∣∣

L2(Ω0)
= o (ε) .

In particular we have the strong convergence

sup
t∈[0,T]

∣∣(Uε − Ũ
)
(t)
∣∣

H1(Ω0)
→ 0.
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Proof. Taking into account the fact that A12, A21 = 0 in the proof of Theorem 4.4, then (4.55)

becomes

1
2
|wε (s) $|2L2(Ω) +

1
2

∫
Ω

ε2A11∇X1Wε (s) · ∇X1Wε (s) $2 + A22∇X2Wε (s) · ∇X2Wε (s) $2dx

=
1
2

∣∣w0
ε $
∣∣2

L2(Ω)
+
∫

Ω
w1

ε Wε (s) $2dx + ε2
∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1 ψε$
2dxdσ

+ 2ε2
∫ s

0

∫
Ω

$ψε A11∇X1 ũ · ∇X1 $dxdσ + 2ε2
∫ s

0

∫
Ω

ψε$A11∇X1 wε · ∇X1 $dxdσ,

hence

|wε (s) $|2L2(Ω) + ε2 |∇X1Wε (s) $|2L2(Ω) + |∇X2Wε (s) $|2L2(Ω)

≤ C
(∣∣w0

ε

∣∣2
L2(Ω)

+
∣∣∣w1

ε

∣∣∣2
L2(∆;H−1(ω))

)
+ Cε4

(
|∇X1 ũ|2L2(Q1)

+ |∇X1 wε|2L2(Q1)

)
+ Cε2

∫ s

0

∣∣∣∣∫Ω
A11∇X1 ũ · ∇X1 ψε$

2dx
∣∣∣∣ dσ +

1
4

∫ s

0
|∇X2 ψε$|

2
L2(Ω) dxdσ

Estimating as above and dividing on ε2, we end up with

1
ε2 |wε (s) $|2L2(Ω) + |∇X1Wε (s) $|2L2(Ω) +

1
ε2 |∇X2Wε (s) $|2L2(Ω)

≤ C
ε2

(∣∣w0
ε

∣∣2
L2(Ω)

+
∣∣∣w1

ε

∣∣∣2
L2(∆;H−1(ω))

)
+ Cε2

(
|∇X1 ũ|2L2(Q1)

+ |∇X1 wε|2L2(Q1)

)
+ C

∣∣∣∣∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1 ψε$
2dxdσ

∣∣∣∣ ,

for every s ∈ [0, T] . We can always change Ω0 by Ω1 in Theorem 4.4 and use the weak convergence

of ∇X1Wε, (see (4.62)), in the remaining A11 integral above, it comes∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1 ψε (σ) $2dx =

{∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1Wε (σ) $2dxds

−
∫ s

0

∫
Ω

A11∇X1 ũ · ∇X1Wε (s) $2dxds
}
−→ 0.

Thus by (4.64) we obtain

sup
s∈[0,T]

|wε (s)|L2(Ω0)
, sup

s∈[0,T]
|∇X2Wε (s)|L2(Ω0)

= o (ε) , sup
s∈[0,T]

|∇X1Wε (s)|L2(Ω0)
→ 0. (4.65)

Next, the equivalent of (4.63), in this case (A12, AT
21 = 0), is given by

1
ε

∣∣w′ε (s)∣∣H−1(Ω0)
≤ C

{
1
ε

∣∣∣w1
ε

∣∣∣
L2(∆0;H−1(ω))

+ |∇X1Wε (s)|L2(Ω0)

+
1
ε
|∇X2Wε (s)|L2(Ω0)

+ ε |∇X1 ũ|L2(Q0)

}
.

It follows, by (4.64) and (4.65), that

sup
s∈[0,T]

∣∣w′ε (s)∣∣H−1(Ω0)
= o (ε) .

This completes the proof of the corollary.
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comments

Existence, uniqueness and regularity results for solutions of linear hyperbolic problems can be

found in the classic books Evans [26], Dautray and Lions [22], Ladyzhenskaya [43], Lions and

Magenes [49]. There exist many works on the (isotropic) singular perturbations of hyperbolic

problems, see for instance Lions [48, Chapter 4] and de Jager and Furu [23].

The results of this chapter has appeared in Guesmia and Sengouga [34, 35], Sengouga and

Guesmia [62].
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In this chapter we deal with anisotropic singular perturbations of some semilinear hyperbolic

problems. Beyond the nonlinearity of the problem, the improvements obtained here include

some results of the precedent chapter. Moreover an exponential rate of convergence is obtained,

far from the lateral boundaries, when the problem satisfies some cylindrical symmetries.

5.1 problem setting

We keep the same notations as in the precedent chapter and we assume that the matrix A is

independent of time, i.e. A = (aij(x)) and

aij = aij(x) ∈ C1(Ω̄), ∀ i, j = 1, · · · , n, (5.1)

In addition we make the following hypotheses (see [51]). Let W be a reflexive separable Banach

space satisfying W ⊂ L2 (Ω) (continuous inclusion) such that

H1
0 (Ω) ∩W is dense in H1

0 (Ω) and in W. (5.2)

Thus we have

H1
0 (Ω) ∩W ⊂ H1

0 (Ω) , W ⊂ L2 (Ω) ⊂ H−1 (Ω) ,

69
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W ′ ⊂
(

H1
0 (Ω) ∩W

)′
= H−1 (Ω) + W ′.

We consider a family of (nonlinear) operators β (t) : W →W ′ satisfying

βv ∈ Lp′ (0, T; W ′
)

, ∀v ∈ Lp (0, T; W) (5.3)

where 1 ≤ p < ∞. Moreover we assume that

i) For a.e. t ∈ [0, T] , β (t) is continuous from finite dimensional

subspaces of W to the weak topology of W ′,

ii) ∃b > 0 such that 〈β (t) v, v〉W ≥ b |v|pW , ∀v ∈W, a.e. t ∈ [0, T] ,

iii) 〈β (t) v1 − β (t) v2, v1 − v2〉W ≥ 0, ∀v1, v2 ∈W, a.e. t ∈ [0, T] ,

iv) β is hemicontinuous and send bounded sets of Lp (0, T; W)

to bounded sets in Lp′ (0, T; W ′) .



(5.4)

We also make the following assumptions on the source term and the initial data

f ∈ L2(0, T; L2 (Ω)) = L2(Q), (5.5)

u0
ε ∈ H1

0(Ω), u1
ε ∈ L2(Ω). (5.6)

Then we consider the semilinear problem defined by
u′′ −∇ · (Aε∇u) + βu′ = f in Q,

u = 0 on (0, T)× ∂Ω,

u (0) = u0
ε , u′ (0) = u1

ε in Ω.

(5.7)

This problem represents a vibrating membrane with resistance proportional to the velocity. The

hypotheses above ensure the existence of a unique weak solution uε satisfying (see [51, 64])

uε ∈ C([0, T]; H1
0 (Ω)), u′ε ∈ C([0, T]; L2 (Ω)) ∩ Lp (0, T; W) ,〈

u′′ε (t), v
〉

H1
0 (Ω)

+
∫

Ω
Aε∇uε(t) · ∇vdx +

〈
β (t) u′ε (t) , v

〉
W

=
∫

Ω
f (t)vdx, ∀v ∈ H1

0 (Ω) ,

uε (0) = u0
ε , u′ε (0) = u1

ε , in Ω.

(5.8)

In this chapter we investigate the asymptotic behaviour of uε, when the propagation speed of the

wave is very small in the X1 direction, i.e. when ε→ 0. We assume that there exist

u0 ∈ V2 (Ω) , u1 ∈ L2 (Ω) , (5.9)
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where V2 (Ω) is defined as in (4.15), such that

ε∇X1 u0
ε → 0, ∇X2 u0

ε → ∇X2 u0 and u1
ε → u1 in L2(Ω). (5.10)

Following the precedent chapter, the expected limit of uε is ũ, defined as a solution to

ũ ∈ C([0, T];V2 (Ω)), ũ′ ∈ C([0, T]; L2 (Ω)) ∩ Lp (0, T; W) ,〈
ũ′′ (t) , v

〉
V2(Ω)

+
∫

Ω
A22∇X2 ũ (t) · ∇X2 vdx +

〈
β (t) ũ′ (t) , v

〉
W

=
∫

Ω
f (t) vdx, ∀v ∈ V2 (Ω) ,

ũ (0) = u0, ũ′ (0) = u1 in Ω.

(5.11)

Even if this problem is not classic, the abstract approach established in Lions and Struass [51]

can be applied. Indeed:

Theorem 5.1 Under the assumptions (4.7), (5.1)–(5.5) and (5.9), the problem (5.11) has a unique solution

ũ and the following energy equality holds

∣∣ũ′(t)∣∣2Ω +
∫

Ω
A22∇X2 ũ (t) · ∇X2 ũ (t) dx + 2

∫ t

0

〈
βũ′, ũ′

〉
W ds

=
∣∣∣u1
∣∣∣2
Ω
+
∫

Ω
A22∇X2 u0 · ∇X2 u0dx + 2

∫ t

0

∫
Ω

f ũ′dxds, ∀t ∈ [0, T] . (5.12)

Proof. Since V2 (Ω) ∩W is dense in L2 (Ω) and that from (5.2) one has

V2 (Ω) ∩W ⊂ L2 (Ω) ⊂ (V2 (Ω) ∩W)′ ,

the existence and the uniqueness of the solution of (5.11) follow by choosing V2 (Ω) as a basic

space in [51, Theorem 2.1]. The energy equality and the continuity in time follow from [64,

Theorems 4.1, 4.2 ].

5.2 convergences in arbitrary domains

In this section, we study the convergence of uε towards u0 in V2 (Ω) using some weak convergence

methods combined with a monotonicity argument.

Theorem 5.2 Under the assumptions (4.2), (5.1)–(5.6) and (5.10) we have, when ε→ 0,

uε (t)→ ũ (t) in V2 (Ω) ,

u′ε (t)→ ũ′ (t) , ε∇X1 uε (t)→ 0 in L2 (Ω) ,
(5.13)
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for every t ∈ [0, T], and

u′ε ⇀ ũ′ in Lp(0, T; W),

βu′ε ⇀ βũ′ in Lp′(0, T; W ′),

〈βu′ε − βũ′, u′ε − ũ′〉W → 0 in L1 (0, T)

(5.14)

where ũ (resp. uε) is the solution of problem (5.11) (resp. (5.8)).

We shall prove this theorem in the following lemmas.

Lemma 5.1 Under the assumptions of Theorem 5.2 we have

(uε)ε is bounded in L∞ (0, T;V2 (Ω)) ,

(ε∇X1 uε)ε is bounded in L∞(0, T; L2 (Ω)),

(u′ε)ε is bounded in L∞(0, T; L2 (Ω)) ∩ Lp(0, T; W),

(βu′ε)ε is bounded in Lp′(0, T; W ′).

(5.15)

Proof. The energy equality for the problem (5.8) is given by (see [64])

∣∣u′ε (t)∣∣2Ω +
∫

Ω
Aε∇uε (t) · ∇uε (t) dx + 2

∫ t

0

〈
βu′ε, u′ε

〉
W ds

=
∣∣∣u1

ε

∣∣∣2
Ω
+
∫

Ω
Aε∇u0

ε · ∇u0
ε dx + 2

∫ t

0

∫
Ω

f u′εdxds, ∀t ∈ [0, T] . (5.16)

Using (4.2), (5.1), (5.4-ii) and (5.10), it follows that

∣∣u′ε (t)∣∣2Ω + λ
(

ε2 |∇X1 uε (t)|2Ω + |∇X2 uε (t)|2Ω
)
+ 2b

∫ t

0

∣∣u′ε∣∣pW ds

≤ C + C
∫ t

0

∣∣u′ε∣∣2Ω ds, ∀t ∈ [0, T]

where C is a positive constant, independent of ε and t. Applying Gronwall’s inequality we get

∣∣u′ε (t)∣∣Ω , ε |∇X1 uε (t)|Ω , |∇X2 uε (t)|Ω ,
∫ t

0

∣∣u′ε∣∣pW ds ≤ C, ∀t ∈ [0, T] . (5.17)

The last estimate of the lemma follows by (5.4− iv).

Lemma 5.2 If there exist z ∈ D′ (Q) and a subsequence of (uε)ε -still labelled (uε)ε- such that uε → z

in D′ (Q) then

z ∈ C([0, T];V2 (Ω)), z′ ∈ C([0, T]; L2 (Ω)) ∩ Lp(0, T; W) (5.18)

and z satisfies the initial conditions

z (0) = u0, z′ (0) = u1. (5.19)
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Moreover, for every t ∈ [0, T] we have

uε (t) ⇀ z (t) in V2 (Ω) ,

u′ε (t) ⇀ z′ (t) , ε∇X1 uε (t) ⇀ 0 in L2 (Ω) .
(5.20)

Proof. Due to Lemma 5.1, we can extract a weak converging subsequence -still labeled (uε)ε- and

there exists χ ∈ Lp′(0, T; W ′) such that

uε
∗
⇀ z in L∞(0, T;V2 (Ω)),

ε∇X1 uε
∗
⇀ 0, u′ε

∗
⇀ z′ in L∞(0, T; L2 (Ω)),

u′ε ⇀ z′ in Lp(0, T; W),

βu′ε ⇀ χ in Lp′(0, T; W ′).

(5.21)

To verify that the limits are as stated we argue as in Remark 1.3. Then multiplying the equation

in (5.8) by φ ∈ D (]0, T[) and integrating over (0, T) , we get∫ T

0
〈uε, v〉H1

0 (Ω)∩W φ′′ds +
∫ T

0

∫
Ω

Aε∇uε · ∇vφdxds +
∫ T

0

〈
βu′ε, v

〉
W φds =

∫ T

0

∫
Ω

f vφdxds,

where the first integral term is obtained after integrating by parts on (0, T). Expending Aε to

different blocks and passing to the limit using (5.21), it follows that∫ T

0
〈z, v〉H1

0 (Ω)∩W φ′′ds +
∫ T

0

∫
Ω

A22∇X2 z·∇X2 vφdxds

+
∫ T

0
〈χ, v〉W φds =

∫ T

0

∫
Ω

f vφdxds, (5.22)

for every v ∈ D (Ω) and every φ ∈ D (]0, T[) . Note that we have, from (5.21),

z ∈ L∞(0, T;V2 (Ω)), z′ ∈ L∞(0, T; L2 (Ω)) ∩ Lp(0, T; W)

and we have, from (5.22),

z′′ −∇X2 · (A22∇X2 z) = ( f − χ) ∈ L2(0, T; L2 (Ω)) + Lp′ (0, T; W ′
)

. (5.23)

Then, according to Strauss [64, Theorems 4.1, 4.2], z satisfies the continuity in time (5.18) and the

following energy equality

|z′ (t) |2Ω +
∫

Ω
A22∇X2 z (t) · ∇X2 z (t) dx + 2

∫ t

0

〈
χ, z′

〉
W ds

=
∣∣z′ (0)∣∣2Ω +

∫
Ω

A22∇X2 z (0) · ∇X2 z (0) dx + 2
∫ t

0

∫
Ω

f z′dxds, ∀t ∈ [0, T] . (5.24)

To show that the initial conditions are satisfied, we use on the one hand the following identities,

established using an integration by parts twice on [0, t],∫ t

0

〈
z′′, v

〉
H1

0 (Ω)∩W φds =
∫

Ω
z′ (t) vφ(t)dx−

∫
Ω

z′ (0) vφ(0)dx

−
∫

Ω
z (t) vφ′(t)dx +

∫
Ω

z (0) vφ′(0)dx +
∫ t

0

∫
Ω

zvφ′′dxds (5.25)
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and ∫ t

0

〈
u′′ε , v

〉
H1

0 (Ω)∩W φds =
∫

Ω
u′ε (t) vφ(t)dx−

∫
Ω

u1
ε vφ(0)dx

−
∫

Ω
uε (t) vφ′(t)dx +

∫
Ω

u0
ε vφ′(0)dx +

∫ t

0

∫
Ω

uεvφ′′dxds (5.26)

for every φ ∈ C∞ ([0, T]) and every v ∈ D (Ω) . On the other hand using (5.8), (5.21) and (5.23),

we get∫ t

0

〈
u′′ε , v

〉
H1

0 (Ω)∩W φds =
∫ t

0

∫
Ω

f vφdxds−
∫ t

0

〈
βu′ε, v

〉
W φds−

∫ t

0

∫
Ω

Aε∇uε · ∇vφdxds

−→
∫ t

0

∫
Ω

f vφdxds−
∫ t

0
〈χ, v〉W φds−

∫ t

0

∫
Ω

A22∇X2 z · ∇X2 vφdxds

=
∫ t

0

〈
z′′, v

〉
H1

0 (Ω)∩W φds.

Then passing to the limit in (5.26) for φ (t) = φ′ (t) = 0 using (5.10) and (5.21), it comes∫ t

0

〈
z′′, v

〉
H1

0 (Ω)∩W φds = −
∫

Ω
u1vφ(0)dx +

∫
Ω

u0vφ′(0)dx +
∫ t

0

∫
Ω

zvφ′′dxds. (5.27)

Comparing (5.25) and (5.27), we derive

−
〈
z′ (0) , v

〉
H1

0 (Ω)∩W φ(0)+
∫

Ω
z (0) vφ′(0)dx = −

∫
Ω

u1φ(0)vdx+
∫

Ω
u0vφ′(0)dx, ∀v ∈ D (Ω) .

This shows the first identity in (5.19) by choosing φ(0) = 1 and φ′(0) = 0. The second identity is

shown by choosing φ(0) = 0 and φ′(0) = 1.

Next, since (5.17) holds for every t ∈ [0, T], there exist ζ0
t , ζ1

t and ζ2
t such that -up to a

subsequence-

ε∇X1 uε (t) ⇀ ζ2
t , u′ε (t) ⇀ ζ1

t in L2 (Ω) and uε (t) ⇀ ζ0
t in V2 (Ω) .

Passing to the limit in (5.26) for φ (0) = φ′ (0) = 0, comparing with (5.25) and arguing as above

for different choices of φ (t) and φ′ (t) yields

ζ0
t = z (t) , ζ1

t = z′ (t) and ζ2
t = 0.

This completes the proof of the lemma.

Note that we did not use the monotonicity of β yet. This assumption plays an important role

to overcome the lack of compactness and to determine clearly the limit of the nonlinear term, as

we will see in the following lemma.

Lemma 5.3 Under the assumptions of Lemma 5.2 we have

βu′ε ⇀ βz′ in Lp′(0, T; W ′) (5.28)

and z is the solution of (5.11).
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Proof. For v ∈ L∞ (0, T; L2 (Ω)
)
∩ Lp (0, T; W) , let us set

Mε (t, v) :=
1
2

∣∣(uε − z)′ (t)
∣∣2
Ω +

∫ t

0

〈
βu′ε − βv, u′ε − v

〉
W ds

+
1
2

∫
Ω

Aε

 ∇X1 uε (t)

∇X2 (uε − z) (t)

 ·
 ∇X1 uε (t)

∇X2 (uε − z) (t)

 dx

for every t ∈ [0, T] . Thanks to the monotonicity of β and (4.2), it is clear that Mε (t, v) ≥ 0.

Developing Mε, we obtain

Mε (t, v) =
1
2

∣∣u′ε (t)∣∣2Ω +
1
2

∣∣z′ (t)∣∣2Ω − ∫Ω
u′ε (t) z′ (t) dx +

1
2

∫
Ω

Aε∇uε (t) · ∇uε (t) dx

+
∫ t

0

〈
βu′ε, u′ε

〉
W ds−

∫ t

0

〈
βu′ε, v

〉
W ds +

∫ t

0

〈
βv, v− u′ε

〉
W ds

− 1
2

∫
Ω

εA12∇X2 z (t) · ∇X1 uε (t) dx− 1
2

∫
Ω

εA21∇X1 uε (t) · ∇X2 z (t) dx

− 1
2

∫
Ω

A22∇X2 z (t) · ∇X2 (uε − z) (t) dx− 1
2

∫
Ω

A22∇X2 uε (t) · ∇X2 z (t) dx.

Taking into account (5.16), we get

Mε (t, v) =
∫ t

0

∫
Ω

f u′εdxds +
1
2

∣∣∣u1
ε

∣∣∣2
Ω
+

1
2

∫
Ω

Aε∇u0
ε · ∇u0

ε dx

+
1
2

∣∣z′ (t)∣∣2Ω − ∫Ω
u′ε (t) z′ (t) dx−

∫ t

0

〈
βu′ε, v

〉
W ds +

∫ t

0

〈
βv, v− u′ε

〉
W ds

− 1
2

∫
Ω

εA12∇X2 z (t) · ∇X1 uε (t) dx− 1
2

∫
Ω

εA21∇X1 uε (t) · ∇X2 z (t) dx

− 1
2

∫
Ω

A22∇X2 z (t) · ∇X2 (uε − z) (t) dx− 1
2

∫
Ω

A22∇X2 uε (t) · ∇X2 z (t) dx.

Passing to the limit yields

lim
ε→0

Mε (t, v) =
∫ t

0

∫
Ω

f z′dxds +
1
2

∣∣∣u1
∣∣∣2
Ω
+

1
2

∫
Ω

A22∇X2 u0 · ∇X2 u0dx− 1
2

∣∣z′ (t)∣∣2Ω
−
∫ t

0
〈χ, v〉W ds +

∫ t

0

〈
βv, v− z′

〉
W ds− 1

2

∫
Ω

A22∇X2 z (t) · ∇X2 z (t) dx.

Then, by (5.19) and (5.24), it comes

lim
ε→0

Mε (t, v) =
∫ t

0

〈
χ, z′

〉
W ds−

∫ t

0
〈χ, v〉W ds +

∫ t

0

〈
βv, v− z′

〉
W ds

=
∫ t

0

〈
βv− χ, v− z′

〉
W ds ≥ 0, ∀t ∈ [0, T] . (5.29)

Choosing v = z′ − θϕ, ϕ ∈ L∞ (0, T; L2 (Ω)
)
∩ Lp (0, T; W) and θ > 0 we get∫ T

0

〈
β
(
z′ − θϕ

)
− χ, ϕ

〉
W ds ≥ 0.

Letting θ → 0 and using (5.4−iv) we derive∫ T

0

〈
βz′ − χ, ϕ

〉
W ds ≥ 0, ∀ϕ ∈ L∞ (0, T; L2 (Ω)

)
∩ Lp (0, T; W) .
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This implies that χ = βz′ a.e. in Q. Considering this in (5.22) with (5.19) we conclude that z is

the unique solution of (5.11), i.e. z = ũ.

Proof of Theorem 5.2. Thanks to Lemmas 5.2 the existence of the subsequence of Lemma 5.3 is

ensured. Thus, since the limit of each subsequence of uε is unique, the convergences (5.20), (5.21)

and (5.28) hold for the whole sequence .

Finally, taking v = ũ′ in (5.29), we get

lim
ε→0

Mε

(
t, ũ′

)
=
∫ t

0

〈
βũ′ − βũ′, ũ′ − ũ′

〉
W ds = 0.

Since, by (4.2) and (5.4−iii), we have

1
2

∣∣(uε − ũ)′ (t)
∣∣2
Ω +

λ

2

(
ε2 |∇X1 uε (t)|2Ω + |∇X2 (uε − ũ) (t)|2Ω

)
+
∫ t

0

〈
βu′ε − βũ′, u′ε − ũ′

〉
W ds ≤ Mε

(
t, ũ′

)
→ 0,

the strong convergences in (5.13) and (5.14) follow. This ends the proof of the theorem.

Remark 5.1 If β is uniformly monotone, i.e. for some constant δ > 0 we have

〈β (t) u− β (t) v, u− v〉W ≥ δ |u− v|pW , ∀u, v ∈ V, a.e. t ∈ [0, T] ,

then we obtain the strong convergence

u′ε → ũ′ in Lp (0, T; W) . (5.30)

Remark 5.2 If A depends on t, i.e. A = A (t, x), with coefficients in C1 (Q̄) , we can show that the

convergences of Theorem 5.2 hold, at least, when∫
Ω

A′ε (t)∇v · ∇vdx ≤ 0, ∀v ∈ H1
0 (Ω) , ∀t ∈ [0, T] .

Example As a usual example, we take βv := |v|p−2 v, for p ≥ 2. Then β satisfies the required

conditions in (5.4) with W = Lp (Ω) , and β is uniformly monotone since we have∫
Ω

(
|u|p−2 u− |v|p−2 v

)
(u− v) dx ≥ |u− v|pLp(Ω)

.

Thus the convergences (5.13), (5.14) and (5.30) hold in this case. Moreover, taking into account

(5.3), (5.5) and (5.9) we can easily see that

u0 (X1, ·) ∈ H1
0(ΩX1), u1 (X1, ·) ∈ L2(ΩX1)

βũ′(· ; X1, ·) ∈ Lp′
(

0, T; Lp′ (ΩX1)
)

, f (· ; X1, ·) ∈ L2(0, T; L2 (ΩX1)),
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for a.e. X1 ∈ Π1. Then by the same technique used in proof of Theorem 4.2, which is independent

of the linearity of the problem, it is easy to show that, for a.e. X1 ∈ Π1, ũ (X1, ·) is the unique

solution to the problem

ũ (· ; X1, ·) ∈ C([0, T] ; H1
0 (ΩX1)), ũ′ (· ; X1, ·) ∈ C([0, T] ; L2 (ΩX1)) ∩ Lp (0, T; Lp (ΩX1)) ,〈

ũ′′ (t; X1, X2) , v
〉
+
∫

ΩX1

A22(t; X1, X2)∇X2 ũ(t; X1, X2) · ∇X2 vdX2

+
∫

ΩX1

∣∣ũ′ (t; X1, X2)
∣∣p−2 ũ′ (t; X1, X2) vdX2 =

∫
ΩX1

f (t; X1, X2)vdX2, ∀v ∈ H1
0 (ΩX1) ,

ũ (0, X1, ·) = u0 (X1, ·) , ũ′ (0, X1, ·) = u1 (X1, ·) in ΩX1 ,

which is from the same type of (5.8), defined in a lower dimension.

5.3 convergences in cylindrical domains

Note that, in general the convergence of uε does not hold in H1 (Ω) . For regions located far

from the lateral boundary of the cylindrical domains, a convergence in Sobolev space and some

improvements of the rate of convergence are shown at the end of this section.

We consider a cylindrical domain

Ω := ∆×ω,

where ∆ (resp. ω) is an open bounded subset of Rq (resp. Rn−q). Let ∆0 and ∆′ be two open

subsets of Rq satisfying

∆0 ⊂⊂ ∆′ ⊂⊂ ∆,

and set

Ω0 := ∆0 ×ω, Q0 := (0, T)×Ω0,

Ω′ := ∆′ ×ω, Q′ := (0, T)×Ω′.

Consider a smooth cut-off function $ = $ (X1) , satisfying

supp ($) ⊂ ∆′, $ = 1 on ∆0, 0 ≤ $ ≤ 1 and |∇X1 $| ≤ C.

We slightly modify the assumption (5.4-iii) by assuming that the monotonicity of β holds when

we multiply by a cut-off function, i.e.

〈β (t) v1 − β (t) v2, (v1 − v2) η〉W ≥ 0, ∀v1, v2 ∈W, a.e. t ∈ [0, T] , (5.31)

where η = η (X1) is any positive function with supp(η) ⊂ ∆. In fact, we only need to take η of

the type $2 (X1) in the proofs of the next theorems, see also Remark 5.4 bellow.
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5.3.1 Convergences in Sobolev Space H1

When the limit solution ũ satisfies some regularity assumptions, we will improve the rate of

convergence in regions far from the lateral boundary.

Theorem 5.3 Under the assumptions of Theorem 5.2, in addition we assume that (5.31) holds and

∂xi ∂xj ũ ∈ L2 (Q) for i = 1, · · · , n, j = 1, · · · , q, (5.32)∣∣∣u1
ε − u1

∣∣∣
Ω′

,
∣∣∇X2

(
u0

ε − u0)∣∣
Ω′ = O (ε) ,

∣∣∇X1 u0
ε

∣∣
Ω′ = O (1) , (5.33)

then

sup
t∈[0,T]

|(uε − ũ) (t)|Ω0
, sup

t∈[0,T]

∣∣(u′ε − ũ′
)
(t)
∣∣
Ω0

= O (ε) ,

sup
t∈[0,T]

|∇X2 (uε − ũ) (t)|Ω0
= O (ε) (5.34)

∫ T

0

〈
βu′ε − βũ′,

(
u′ε − ũ′

)
$2〉

W ds = O
(
ε2) ,

and we have the weak convergence

∇X1 uε (t) ⇀ ∇X1 ũ (t) in L2 (Ω0) , ∀t ∈ [0, T] . (5.35)

Proof. Setting wε := uε − ũ then comparing (5.8) and (5.11) yields

〈
w′′ε , v

〉
+
∫

Ω
Aε∇wε · ∇vdx +

∫ t

0

〈
βu′ε − βũ′, v

〉
W ds

=
∫

Ω

{
ε2∇X1 · (A11∇X1 ũ) + ε∇X2 · (A21∇X1 ũ) + ε∇X1 · (A12∇X2 ũ)

}
vdx

for every v ∈ H1
0 (Ω) . Testing formally this identity with v = w′ε$2 and performing the integration

on (0, t), we obtain

1
2

∣∣w′ε(t)$∣∣2Ω +
1
2

∫
Ω

Aε∇wε(t) · ∇wε(t)$2dx +
∫ t

0

〈
βu′ε − βũ′, w′ε$

2〉
W ds

=
1
2

∣∣∣w1
ε $
∣∣∣2
Ω
+

1
2

∫
Ω

Aε∇w0
ε · ∇w0

ε $2dx

+
∫ t

0

∫
Ω

ε {ε∇X1 · (A11∇X1 ũ) +∇X2 · (A21∇X1 ũ) +∇X1 · (A12∇X2 ũ)}w′ε$
2dxds

− 2ε2
∫ t

0

∫
Ω

A11∇X1 wε · ∇X1 $w′ε$dxds− 2ε
∫ t

0

∫
Ω

A12∇X2 wε · ∇X1 $w′ε$dxds. (5.36)

We can easily see this identity when the regularity of the solution allows to do the multiplications

(see [32]). For the general case, and since (5.1) and (5.32) implies that

{ε∇X1 · (A11∇X1 ũ) +∇X2 · (A21∇X1 ũ) +∇X1 · (A12∇X2 ũ)} ∈ L2 (Q) ,
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one can proceed by regularization as in [51, 65], see also [7, 32]. Then using (4.1), (4.2), Cauchy-

Schwarz and Young’s inequalities, we get

∣∣w′ε(t)$∣∣2Ω + λε2 |∇X1 wε (t) $|2Ω + λ |∇X2 wε (t) $|2Ω +
∫ t

0

〈
βu′ε − βũ′, w′ε$

2〉 ds

≤ C
(∣∣∣w1

ε $
∣∣∣2
Ω
+ ε2 ∣∣∇X1 w0

ε $
∣∣2
Ω +

∣∣∇X2 w0
ε $
∣∣2
Ω

)
+ Cε2

∫ t

0
|ε∇X1 · (A11∇X1 ũ) $ +∇X2 · (A21∇X1 ũ) $ +∇X1 · (A12∇X2 ũ) $|2Ω ds

+ Cε2
∫ t

0

∣∣w′ε∇X1 $
∣∣2
Ω ds + C

∫ t

0

∣∣w′ε$∣∣2Ω + λε2 |∇X1 wε$|2Ω + λ |∇X2 wε$|2Ω ds.

Thanks to Lemma 5.1, |w′ε∇X1 $|L2(Q) is bounded, then using (5.33) it comes

∣∣w′ε(t)$∣∣2Ω + λε2 |∇X1 wε (t) $|2Ω + λ |∇X2 wε (t) $|2Ω +
∫ t

0

〈
βu′ε − βũ′, w′ε$

2〉 ds

≤ O
(
ε2)+ C

∫ t

0

∣∣w′ε$∣∣2Ω + λε2 |∇X1 wε$|2Ω + λ |∇X2 wε$|2Ω ds.

Applying the Gronwall’s inequality we obtain∣∣w′ε(t)$∣∣2Ω + |∇X2 wε (t) $|2Ω +
∫ t

0

〈
βũ′ε − βũ′, w′ε$

2〉 ds = O
(
ε2) , (5.37)

|∇X1 wε (t) $|2Ω ≤ C. (5.38)

Thus we derive (5.34) since $ = 1 on Ω0. Finally, thanks to (5.38), for any t ∈ [0, T] we can extract

a weakly converging subsequence of (∇X1 uε (t))ε to the only possible limit ∇X1 ũ (t) in L2 (Ω0) .

This implies the convergence of the whole sequence since the limit is unique.

Remark 5.3 Of course the second assumption in (5.33) means that ∇X1 u0
ε is bounded in L2 (Ω0), then

by the first assumption in the same line we may see that ∇X1 u0
ε converges weakly to ∇X1 u0 in L2 (Ω0),

as what we exactly got in the theorem for ∇X1 uε (t) , for every t ∈ [0, T]. Note that, as it is shown in

Guesmia [32], this type of conditions is necessary and sufficient to deduce the convergence of uε.

Matrix with diagonal structure

As in the linear case, when the matrix A has a diagonal structure, we can improve the above

convergences.

Corollary 5.1 (Diagonal matrix) Under the assumptions of Theorem 5.3, in addition we suppose that

A12, A21 = 0 and∣∣∣u1
ε − u1

∣∣∣
Ω′

,
∣∣∇X2

(
u0

ε − u0)∣∣
Ω′ = o (ε) and

∣∣∇X1

(
u0

ε − u0)∣∣
Ω′ → 0, (5.39)
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then

sup
t∈[0,T]

|(uε − ũ) (t)|Ω0
, sup

t∈[0,T]

∣∣(u′ε − ũ′
)
(t)
∣∣
Ω0

= o (ε) ,

sup
t∈[0,T]

|∇X1 (uε − ũ) (t)|Ω0
→ 0,

sup
t∈[0,T]

|∇X2 (uε − ũ) (t)|Ω0
= o (ε)

∫ T

0

〈
βu′ε − βũ′,

(
u′ε − ũ′

)
$2〉

W ds = o
(
ε2) .

In particular, we have the strong convergence

sup
t∈[0,T]

|(uε − ũ) (t)|H1(Ω0)
→ 0.

Proof. Taking into account the fact that A12, A21 = 0 in (5.36), we obtain

1
ε2

∣∣w′ε(t)$∣∣2Ω + |∇X1 wε (t) $|2Ω +
1
ε2 |∇X2 wε (t) $|2Ω +

1
ε2

∫ t

0

〈
βu′ε − βũ′, w′ε$

2〉
W ds

≤ C
ε2

{∣∣∣w1
ε $
∣∣∣2
Ω
+ ε2 ∣∣∇X1

(
w0

ε

)
$
∣∣2
Ω +

∣∣∇X2

(
w0

ε

)
$
∣∣2
Ω

}
+ C

∣∣∣∣∫ t

0

∫
Ω
∇X1 · (A11∇X1 ũ)w′ε$

2dxds +
∫ t

0

∫
Ω

A11∇X1 wε · ∇X1 $w′ε$dxds
∣∣∣∣ ,

for every t ∈ [0, T] . We can always change Ω0 by Ω′ in Theorem 5.3, then use the convergences

(5.34) and (5.35) in the A11 integrals of the above inequality, we deduce that the last two integrals

tend to zero. Thus by (5.39), the corollary follows.

Remark 5.4 The assumption (5.31) is frequent, and sometimes it is a simple consequence of the mono-

tonicity as in the example above. Moreover in the context of this example, we use the inequality∫
Ω

(
|u|p−2 u− |v|p−2 v

)
(u− v) $2dx ≥

∫
Ω0

(
|u|p−2 u− |v|p−2 v

)
(u− v) dx

≥ |u− v|pLp(Ω0)

to deduce that

∣∣u′ε − ũ′
∣∣

Lp(Q0)
= O(ε2/p),

(
= o(ε2/p) in the diagonal structure case

)
.
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5.3.2 Exponential Convergences

As for the elliptic problems (see [11, 20]), an exponential rate of the convergence uε → ũ can be

shown if the hyperbolic boundary value problems are approximately invariant under arbitrary

translations in the X1−directions, i.e. we assume that

A12 (X1, X2) = A12 (X2) , A22 (X1, X2) = A22 (X2) ,

u0 (X1, X2) = u0 (X2) , u1 (X1, X2) = u1 (X2) , f (t; X1, X2) = f (t; X2) .
(5.40)

Of course ũ is independent of X1 in this case. Then we have the following theorem.

Theorem 5.4 Under the assumptions of Theorem 5.2, in addition assume that (5.31), (5.40) hold and∣∣∣u1
ε − u1

∣∣∣
Ω′

,
∣∣u0

ε − u0∣∣
H1(Ω′) ≤ K0e−

γ0
2ε (5.41)

for some constants K0, γ0 > 0, then

sup
t∈[0,T]

∣∣(u′ε − ũ′
)
(t)
∣∣
Ω0

, sup
t∈[0,T]

|(uε − ũ) (t)|H1(Ω0)
≤ Ke−

γ
ε .

for some constants K, γ > 0.

Proof. The proof is based on the iteration technique introduced in Chipot and Yeressian [20].

Without loss of generality, we assume that dist (∆0, ∆\∆′) > 1 and set m =
[ 1

ε

]
for a fixed ε > 0

([·] denotes the integer part). For ε small enough we can always construct a sequence (∆i)0≤i≤m+1

of strictly increasing sets such that

∆0 ⊂⊂ ∆1 ⊂⊂ · · · ⊂⊂ ∆m ⊂⊂ ∆m+1 := ∆′,

dist (∆i, ∆\∆i+1) ≥ ε, i = 0, · · · , m.
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Let ($i)1≤i≤m+1 be a family of smooth functions depending only on X1 such that

supp ($i) ⊂ ∆i, $i = 1 on ∆i−1,

0 ≤ $i ≤ 1 and |∇X1 $i| ≤
C
ε

,
i = 1, · · · , m + 1. (5.42)

where C is a constant independent of ε. Next, using (5.40), we rewrite (5.36) as

1
2

∣∣w′ε(t)$i

∣∣2
Ω +

1
2

∫
Ω

Aε∇wε · ∇wε$
2
i dx +

∫ t

0

〈
βu′ε − βũ′, w′ε$

2
i
〉

W ds

=
1
2

∣∣∣w1
ε $i

∣∣∣
Ω′

+
1
2

∫
Ω

Aε∇w0
ε · ∇w0

ε $2
i dx

− 2ε2
∫ t

0

∫
Ω

A11∇X1 wε · ∇X1 $iw
′
ε$idxds− 2ε

∫ t

0

∫
Ω

A12∇X2 wε · ∇X1 $iw
′
ε$idxds

since ũ and A12 = AT
21 are independent of X1. Estimating as above it comes that∣∣w′ε(t)$∣∣2Ω + λε2 |∇X1 wε (t) $|2Ω + λ |∇X2 wε (t) $|2Ω +

∫ t

0

〈
βu′ε − βũ′, w′ε$

2〉 ds

≤ C
(∣∣∣w1

ε $
∣∣∣2
Ω
+ ε2 ∣∣∇X1 w0

ε $
∣∣2
Ω +

∣∣∇X2 w0
ε $
∣∣2
Ω

)
+ Cε2

∫ t

0

∣∣w′ε∇X1 $
∣∣2
Ω ds + C

∫ t

0
λε2 |∇X1 wε$|2Ω + λ |∇X2 wε$|2Ω ds.

For simplicity let us denote

Ωi := ∆i ×ω, i = 0, · · · , m

E0
ε :=

∣∣∣w1
ε

∣∣∣2
Ω′

+ ε2 ∣∣∇X1 w0
ε

∣∣2
Ω′ +

∣∣∇X2 w0
ε

∣∣2
Ω′ .

Then, applying Gronwall’s inequality we get∣∣w′ε(t)∣∣2Ωi−1
+ ε2 |∇X1 wε (t)|2Ωi−1

+ |∇X2 wε (t)|2Ωi−1

+
∫ t

0

〈
βu′ε − βũ′, w′ε$

2
i
〉

W ds ≤ CE0
ε + Cε2

∫ t

0

∣∣w′ε∇X1 $i

∣∣2
Ω ds. (5.43)

Taking into account the fact that supp(∇X1 $i) ⊂ ∆i\∆i−1 and |∇X1 $i| ≤ C
ε , we have in particular∣∣w′ε(t)∣∣2Ωi−1

≤ CE0
ε + C

∫ T

0

∣∣w′ε∣∣2Ωi\Ωi−1
ds.

Integrating both sides on [0, T] we obtain∫ T

0

∣∣w′ε∣∣2Ωi−1
dt ≤ CTE0

ε + CT
∫ T

0

∣∣w′ε∣∣2Ωi\Ωi−1
dt

= CTE0
ε + CT

∫ T

0

∣∣w′ε∣∣2Ωi
dt− CT

∫ T

0

∣∣w′ε∣∣2Ωi−1
dt.

Thus ∫ T

0

∣∣w′ε∣∣2Ωi−1
dt ≤ kE0

ε + k
∫ T

0

∣∣w′ε∣∣2Ωi
dt,
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where 0 < k = CT
1+CT < 1. Starting by i = 2 we have∫ T

0

∣∣w′ε∣∣2Ω1
dt ≤ kE0

ε + k
∫ T

0

∣∣w′ε∣∣2Ω2
dt

≤ kE0
ε + k

(
kE0

ε + k
∫ T

0

∣∣w′ε∣∣2Ω3
dt
)
= E0

ε

(
k + k2)+ k2

∫ T

0

∣∣w′ε∣∣2Ω3
dt.

For i = m + 1, we obtain∫ T

0

∣∣w′ε∣∣2Ω1
dt ≤ E0

ε

m

∑
l=1

kl + km
∫ T

0

∣∣w′ε∣∣2Ωm+1
dt ≤ E0

ε

(
k

1− k

)
+ k

1
ε−1 ∣∣w′ε∣∣2Q ,

since 1
ε − 1 ≤

[ 1
ε

]
.

Thanks to Lemma 5.1, |w′ε|
2
Q is bounded, then using (5.41) and taking i = 1 in (5.43) yields, for

every t ∈ [0, T] ,∣∣w′ε(t)∣∣2Ω0
+ |∇X2 wε (t)|2Ω0

+
∫ T

0

〈
βu′ε − βũ′, w′ε$

2
1

〉
W ds ≤ CE0

ε + C
∫ T

0

∣∣w′ε∣∣2Ω1
ds

≤
(

C +
k

1− k

)
E0

ε +

(
C
k
∣∣w′ε∣∣2Q) k

1
ε

≤ Ce−
γ0
ε + Ce−

1
ε (− ln k)

≤ K1e−
γ1
ε ,

where γ1 := min {− ln k, γ0} > 0 and K1 is a positive constant independent of ε and t. In addition

we have

|∇X1 wε (t)|2Ω0
≤ K1

ε2 e−
γ1
ε ≤ K1e−

γ2
ε ,

for any γ2 satisfying 0 < γ2 < γ1. Taking the sup on [0, T] in the right hand side of the above

inequalities, it comes

sup
t∈[0,T]

∣∣w′ε(t)∣∣2Ω0
, sup

t∈[0,T]
|∇X2 wε (t)|2Ω0

, sup
t∈[0,T]

|∇X1 wε (t)|2Ω0
≤ K1e−

γ2
ε .

To end the proof, we take K =
√

K1 and γ ≤ γ2
2 .

Remark 5.5 The above proof also gives∫ T

0

〈
βu′ε − βũ′,

(
u′ε − ũ′

)
$2

1

〉
W ds ≤ K2e−

2γ
ε .

Note that $1 depends on ε. In the case βv = |v|p−2 v, p ≥ 2, as in the precedent example (page 76),

it follows that

∣∣u′ε − ũ′
∣∣

Lp(Q0)
≤ K

2
p e−

(
2
p

)
γ
ε .
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comments

The existence, uniqueness and regularity of solution of semilinear hyperbolic problems are teated

in Lions [47], Lions and Struass [51], Strauss [64, 65]. More results on semilinear hyperbolic

problems can be found in Brezis [5], Cazenave and Haraux [10], Haraux [38, 39]. There is an

extensive literature on (isotropic) singular perturbation of nonlinear hyperbolic problems, for

instance, see Genet and Madaune [28], Hajouj [37], Madaune [52] and related works.

The iteration technique, used in the last section, introduced in Chipot and Rougirel [19] and

improved in Chipot and Yeressian [20]. A polynomial rate of convergence, in the framework of

cylindrical domains becoming large, was obtained in Brighi and Guesmia [7], Guesmia [33] for

quasilinear problems.

The results of this chapter has appeared in Guesmia and Sengouga [36].



A
A P P E N D I C E S

This appendix comprehends notations, some inequalities and definitions of spaces used in the

thesis. Proofs and more advanced results can be found in the standard books of functional

analysis and partial differential equations, see for instance Brezis [6], Chipot [13], Dautray and

Lions [22], Evans [26].

a.1 notations

General Notations

:= equal by definition

E′ = dual of space E

p′ = conjugate exponent of p, i.e. p′ =
p

p− 1
, for 1 ≤ p ≤ ∞

| · |E = norm of space E

〈·, ·〉E = duality product of a space E′, E

| · |Ω = norm of L2 (Ω) ,

x = (X1, X2) ∈ Rn where X1 =
(
x1, . . . , xq

)
∈ Rq and X2 =

(
xq+1, . . . , xn

)
∈ Rn−q

x · y =
n

∑
i=1

xiyi, for x, y ∈ Rn (Euclidean scalar product)

|x| =

(
n

∑
i=1

x2
i

)1/2

, for x, y ∈ Rn

Ω open domain in Rn

Ω̄ = closure of Ω

Ω′ ⊂⊂ Ω Ω′ strongly included in Ω, i.e., Ω̄′ ⊂ Ω

∂Ω = Γ boundary of Ω

Πi = orthogonal projection of Ω onto the space Xi = 0, i = 1, 2
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ΩX1 = {X2 | (X1, X2) ∈ Ω }, for any X1 ∈ Π1

ΩX2 = {X1 | (X1, X2) ∈ Ω }, for any X2 ∈ Π2

Functions and Differential Operators

For a function u : Ω ⊂ Rn → R , we note

u (x) = u (x1, . . . , xn) , x ∈ Ω

u (t; x) = u (t; x1, . . . , xn) , t ∈ [0, T] , for T > 0 and x ∈ Ω

u+ = max {u, 0}

u− = max {−u, 0}

supp (u) = The closure of {x ∈ Ω|u (x) 6= 0}

AT = Transposed matrix

∇u = (∂x1 u, . . . , ∂xn u)T gradient of u

∇X1 u = (∂x1 u, . . . , ∂xq u)T, q and n are integers, 0 < q < n

∇X2 u = (∂xq+1 u, . . . , ∂xn u)T

∆u =
i=n

∑
i=1

∂2u
∂2xi

, Laplacian of u

∆X1 u =
i=q

∑
i=1

∂2u
∂2xi

∆X2 u =
i=n

∑
i=q+1

∂2u
∂2xi

∆pu =
i=n

∑
i=1

∂

∂xi

(
|∇u|p−2 ∂

∂xi
u
)

, p− Laplacian of u, 1 < p < ∞

∆p,X1 u =
i=q

∑
i=1

∂

∂xi

(
|∇X1 u|p−2 ∂

∂xi
u
)

∆p,X2 u =
i=n

∑
i=q+1

∂

∂xi

(
|∇X2 u|p−2 ∂

∂xi
u
)

Function Spaces

Ck (Ω) = {u : Ω→ R|u is k times continuously differentiable}, k ∈N

D(Ω) = {u : Ω→ R|u is infinitely differentiable with compact support in Ω}

D′ (Ω) = space of distributions on Ω

Lp(Ω) = {u : Ω→ R|u is measurable and
∫

Ω
|u|pdx < ∞}, 1 ≤ p < ∞

L∞ (Ω) = {u : Ω→ R|u is measurable and |u (x) | ≤ C a.e. in Ω for some constant C}
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Hk(Ω) =
{

u ∈ L2(Ω)|Dαu ∈ L2(Ω), ∀α ∈Nn, |α| ≤ k
}

, k ∈N

Hk
0(Ω) = the closure of D(Ω) in Hk(Ω)

Wk,p(Ω) = {u ∈ Lp(Ω)|Dαu ∈ Lp(Ω), ∀α ∈Nn, |α| ≤ k} , k ∈N, 1 ≤ p ≤ ∞

Wk,p
0 (Ω) = the closure of D(Ω) in Wk,p(Ω)

Ck (I; E) = space of k times continuously differentiable functions

from an interval I to the Banach space E

Lp (I; E) = space of measurable functions u on I with values in E

and such that |u|pE is integrable, 1 ≤ p < ∞

L∞ (I; E) = space of measurable functions u on I such that there exists a constant C

such that |u|pE < C for almost every x ∈ I

Notations for Estimates

In the process of estimates, we use C to denote various constants that can be explicitly computed

in terms of known quantities. The value of C may change from line to line in a given computation.

⇀ weak convergence

∗
⇀ weak star convergence

→ strong convergence

In particular ∇uε → ∇u (resp. ∇uε ⇀ ∇u) denotes the strong (resp. weak) vectorial conver-

gences, i.e. component by component convergence.

(|uε − u| = O(ε) as ε→ 0)⇔ ∃C ≥ 0, |uε − u| ≤ Cε for ε sufficiently close to 0

(|uε − u| = o(ε) as ε→ 0)⇔ |uε − u|
ε

→ 0 as ε→ 0.

a.2 some useful inequalities

The following inequalities are often used to derive estimates in Analysis.

A polynomial inequality

Let 1 < p < +∞ and a, b > 0 , then

ap + bp ≤ (a + b)p ≤ 2p−1(ap + bp) (A.1)
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Young’s inequality

Assume 1 < p, p′ < ∞, 1
p +

1
p′ = 1. Then for any a, b > 0, it holds

ab ≤ ap

p
+

bp′

p′
.

It is sometimes convenient to use the form

ab ≤ αap + Cαbp′ , Cα = α−1/(p−1). (A.2)

The Cauchy-Schwarz inequality

|〈x · y〉Rn | ≤ |x| |y| , ∀x, y ∈ Rn (A.3)

Hölder’s inequality

Let Ω be a domain in Rn. Assume that u ∈ Lp (Ω) and v ∈ Lp′ (Ω) with 1 ≤ p ≤ ∞. Then∫
Ω
|uv| dx ≤ |u|Lp(Ω) |v|Lp′ (Ω) . (A.4)

Minkowski’s inequality

Assume 1 ≤ p ≤ ∞. Then for any u, v ∈ Lp (Ω)

|u + v|Lp(Ω) ≤ |u|Lp(Ω) + |u|Lp(Ω) . (A.5)

Some inequalities for the p−Laplacian

For all p > 1, it holds that for some constants C, c > 0, depending on p, (see Barrett and Liu [2])∣∣∣|ξ|p−2 ξ − |η|p−2 η
∣∣∣ ≤ C |ξ − η| {|ξ|+ |η|}p−2 , (A.6)(

|ξ|p−2 ξ − |η|p−2 η
)
· (ξ − η) ≥ c {|ξ|+ |η|}p−2 |ξ − η|2 . (A.7)

for all ξ, η ∈ Rn. In particular, if 1 < p < 2 then∣∣∣|ξ|p−2 ξ − |η|p−2 η
∣∣∣ ≤ C |ξ − η|p−1 , ∀ξ, η ∈ Rn, (A.8)

and if p ≥ 2 then(
|ξ|p−2 ξ − |η|p−2 η

)
· (ξ − η) ≥ c |ξ − η|p . (A.9)

Here |·| is the usual euclidean norm and ” · ” is the scalar product in Rn.
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Poincaré’s inequality

Let ν be a unit vector in Rn, a > 0 and 1 < p < ∞. Suppose that Ω is bounded in one direction

more precisely

Ω ⊂ {x ∈ Rn||x · ν| ≤ a},

then we have

|u|Lp(Ω) ≤
2a

p
1
p
|∂u
∂ν
|Lp(Ω), ∀u ∈W1,p

0 (Ω) (A.10)

where ∂u
∂ν is the derivative in the ν−direction. In particular if p = 2, then

|u|L2(Ω) ≤
√

2a|∂u
∂ν
|L2(Ω), ∀u ∈ H1

0(Ω). (A.11)

Poincaré’s inequality for H1 (Ω)

Let Ω be a bounded connected open set in Rn sufficiently smooth to insure that the injection

H1 (Ω) ⊂ L2 (Ω) is compact.

Then we have, for some constant C depending on Ω,

|u|2L2(Ω) ≤ C
n

∑
i=1
| ∂u
∂xi
|2L2(Ω), (A.12)

for any u ∈ H1 (Ω) such that
∫

Ω u(x)dx = 0.

Gronwall’s inequality

Let φ be a function in L∞ (0, T) , φ (t) ≥ 0, a.e. t ∈ [0, T] . Assume that

φ (t) ≤ a + b
∫ t

0
φ (s) ds, a.e. t ∈ [0, T] , a, b constants, (A.13)

then

φ (t) ≤ aet, a.e. t ∈ [0, T] .

In particular if a = 0, then φ (t) = 0, a.e. t ∈ [0, T] .



B I B L I O G R A P H Y

[1] T. Apel, S. Nicaise, and D. Sirch. A posteriori error estimation of residual type for anisotropic

diffusion–convection–reaction problems. J. Comput. Appl. Math., 235(8):2805–2820, 2011.

[2] J. W. Barrett and W. B. Liu. Finite element approximation of the p-laplacian. Math. Comput.,

61(204):523–537, 1993.
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dans des domaines cylindriques. PhD thesis, Université de Haute Alsace, 2006.
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