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ABSTRACT

In this thesis we deal with anisotropic singular perturbations of linear as well as nonlinear
problems, depending on a small parameter ¢ > 0. First we consider an abstract approach to
some singular perturbations of variational inequalities, involving nonlinear operators defined on
Banach spaces, then we describe the asymptotic behaviour of the solution when ¢ — 0. Next, the
obtained abstract results are applied to some boundary value problems. Moreover, we consider a
variational inequality involving the p—Laplacian operator with a perturbation that also includes
the convex set. In the same framework of anisotropic perturbations, we investigate some linear

and semilinear evolution problems of hyperbolic type.
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Titre: Sur le Comportement Asymptotique des Solutions de Certaines Equations

aux Dérivées Partielles avec un Parameétre

Dans cette these on traite des perturbations singuliéres anisotropes de problémes linéaires et non
linéaires qui dépendent d’un petit parametre ¢ > 0. D’abord nous considérons une approche
abstraite de certaines inégalités variationnelles, faisant intervenir des opérateurs non linéaires
définis sur des espaces de Banach, puis nous décrivons le comportement asymptotique de la
solution lorsque ¢ — 0. Ensuite, ces résultats abstraits sont appliqués a quelques problemes aux
limites. En outre, nous considérons une inégalité variationnelle faisant intervenir 1’opérateur
p—Laplacien avec une perturbation qui comprend également 1’ensemble convexe. Dans le méme
cadre de perturbations anisotropes, on considére quelques problemes d’évolution, linéaires et

semi-linéaires, de type hyperbolique.

Mots Clés:

Perturbations singuliéres anisotropes, comportement asymptotique, problemes hyperboliques,
inégalités variationnelles, propriétés qualitatives des solutions, opérateurs monotones, p—Laplacien,

problémes quasi linéaires.
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INTRODUCTION

SINGULAR PERTURBATIONS

The subject of applied mathematics is to study natural processes by constructing mathematical
models that describe all the essential features of these processes. In many cases, the model
involves some parameters that can be considered as “small” ones. In order to simplify such
models, and their analysis, we may neglect theses small parameters. However, some questions
will come up. For instance, we wonder if neglecting these small parameters, in the model, will
have also a small effect on its accuracy, or may causes total modifications in the characters of
the model and its behaviour. Answering to this question is one of the main issues in asymptotic
analysis.

The theory of singular perturbations is an important and active topic in asymptotic analysis
and applied mathematics, it has its beginnings in the treatment of fluid dynamics problems
towards the end of 19th century (see for instance Van Dyke [67]), then its use spread to other
areas of mathematical physics, engineering and natural sciences. A wealth of techniques and
results of this theory can be found described in the books of Lions [48], Nayfeh [58], O’Malley
[59], Vasil’eva, Butuzov, and Kalachev [68]. Surveys on singularly perturbed problems and there
numerical solutions are given in Kadalbajoo and Gupta [40], Kadalbajoo and Patidar [41], Mo
and Ni [53]. See also the references cited therein.

This thesis deals with mathematical models that are formulated as partial differential equations,
depending on one small parameter ¢ > 0. Let us consider a model formally described by the

equation

Ls e) = 0/
(ute) @

+ some conditions,



where L, is a partial differential operator that involves ¢, and u, is a solution to this problem,
which is called the perturbed problem. Omitting the small parameter, i.e. setting ¢ = 0 in (1),

we obtain

Lo (I/lo) = 0, (2)

+ some conditions.

which is called the unperturbed (or the limit) problem. In general, solutions of Problem (2) will
not be as smooth as the solutions of the perturbed Problem (1), and do not satisfy the same
conditions, i.e. some conditions in Problem (1) will be lost in the passage to the limit. So it is not

a priori sure whether the solution uy can be a good approximation of u, when & — 0.

ANISOTROPIC SINGULAR PERTURBATION

There are many different types of perturbations treated in the literature. Considering a PDE
defined on a bounded domain (2 C R" (n is an integer), the perturbations can occur in the
coefficients of the differential operator, in the source term, in some parts of the domain or
its boundary,... In this thesis we have more particularly in mind anisotropic cases of singular
perturbations of PDE, where the parameter of perturbation € only acts on some of the directions
of the domain variables. To be more specific we can take, as a model, the diffusion problem
defined on the unit square Q) := (0,1) x (0,1)
—€ 07 U — 0%, U = f inQ),

(3)
us =20 on 0(),

where ¢ > 0 and f represents the source term. We assume that the diffusion in the x;-direction is
negligible with respect to the other direction when ¢ — 0. This is what we call an anisotropic
singular perturbation. Formally the natural limit of u, is a function 1o defined on the sections

{x1} x (0,1) for a.e. x; € (0,1) as a solution of

—03,ug (x1,-) = f (x1,-) in (0,1),

up (x1,-) =0 on {0,1}.

(4)

Note that the variable x; plays a role of a parameter. In this case it is clear that if f (not
identically equal to 0) is independent of x1, i.e. f = f (x2), then ug ¢ H} (Q0) which prevents
the convergence 1, — 1 to occur in Sobolev space H! (), and a boundary layer occurs at
the lateral boundary of cylindrical domains. So, from this remark we may discuss many issues

concerning this convergence.



Unlike the isotropic case, the image is far to be complete for the anisotropic singular perturba-
tions theory. Linear elliptic, parabolic and hyperbolic problems defined on arbitrary domains are
analyzed in different contexts and the convergence 1, — uy is obtained in different norms. Even
we do not have in general the convergence on H! (QQ), the convergence in Sobolev spaces may
be shown in regions far from this lateral boundary. We can see this clearly when our perturbed
problem satisfies some cylindrical symmetries. This means that f = f (x2) in the above example.
In this case u, converges towards u( at an exponential rate. For more details we refer to the
works Brighi and Guesmia [7], Chipot [11, 13], Chipot and Guesmia [15, 16, 17, 18], Guesmia
[31, 33]. See also Laevsky [44] where the author investigated, in a simple two-dimensional elliptic
problem, the influence of the shape of the domain on the rate of convergence.

A number of papers concerning numerical methods for anisotropic singularly perturbed
problems, defined on cylindrical domains in 2 and 3 dimensions, has been published in recent
years. For instance, Apel, Nicaise, and Sirch [1], Li [45], Li and Wheeler [46], Zhu and Chen [70]
used finite elements and achieve convergence, of the numeric approximation, uniformly in the
perturbation parameter ¢. See also Braianov and Vulkov [4], Degond, Deluzet, and Negulescu

[24] and related works.

SINGULAR PERTURBATIONS OF VARIATIONAL INEQUALITIES

In order to give a general abstract approach to singular perturbation problems some authors, see

for instance Sanchez-Palencia [61], Zhang [69], considered the following operator equation

eAue + Bue = f, (5)

where A and B are linear operators defined on Hilbert spaces. This approach covers diagonal
structure problems as problem (3). As in the case of partial differential equations, it is shown

that 1, converges towards 1 solution to

Buy = f,

when ¢ — 0. There are also some previous works on singular perturbations of variational

inequalities, i.e. when (5) is replaced by
(eAue, v — utg) + (Bug, v —ug) > (f,v—u,), YveK, (6)

where K is some nonempty closed convex set and (-,-) is the scalar product. The study

of (isotropic) singular perturbations of variational inequalities, was initiated in Lions and



Stampacchia [50], for A and B linear then in Browder [8] for some nonlinear operators, see also

Lions [48], Rodrigues [60], Stampacchia [63] and related works.

CONTRIBUTIONS OF THE PRESENT THESIS

This thesis offers an asymptotic analysis of some important classes of problems with anisotropic
singular perturbations. In particular, we are interested in nonlinear problems since most phe-
nomena are originally described by nonlinear models. Their anisotropic singular perturbations
is very interesting and requires some special tools of functional analysis.

We start by dealing with the variational inequality (6) when A and B are both nonlinear
operators defined on different Banach spaces V and WV respectively. As far as we know, the
abstract approach presented in this thesis is different from all the previous works. It covers
both isotropic and anisotropic cases. This is emphasized by many applications and examples
introduced in order to illustrate some points of the theory as, for instance, the lack of compactness
which prevents dealing with nonlinear terms directly.

In the same framework of anisotropic singular perturbations, asymptotic behaviour of the
solutions of linear as well as semilinear evolution problems, of hyperbolic type, is investigated in
the second part of this thesis. To be more clear, let us consider the hyperbolic evolution version
of problem (3), i.e. a wave problem where the propagation speed of the wave is very small in the

x1 direction, defined as

u! —eddu.—R2u.=f in (0,T)x(0,1)%,

e =0 on (0,T) x3(0,1)?, (7)

e (0) = u®ul (0) =u' in (0,1).
The primes stand for derivatives in time, T > 0, 1% and u! are initial conditions and f represents
the source term (for instance f represents the force driving a wave on a membrane, the charge
and the current density in the Lorenz gauge of electromagnetism). As in the above stationary

problem, we are interested in the limit behaviour of u,, when ¢ — 0. The natural candidate is ug

defined on the sections (0, T) x {x1} x (0,1), for a.e. x; € (0,1), as a solution of
ug (5x1,-) = 0%,uo (5x1,-) = f (5 x1,-) in (0,T) x (0,1),
ug (;x1,-) =0 on (0,T) x {0,1},

ug (0;x1,+) = u® (x1),uf (0;x1,-) = ul (x1) in (0,1).



In Brighi and Guesmia [7], Guesmia [33] a polynomial rate of the convergence u, — 1 is shown
but for a quite restricted class of problems. The argument is more detailed in Guesmia [32]. More
general results for elliptic and parabolic problems, defined on arbitrary domains, have been
shown in Chipot and Guesmia [15, 16, 17, 18]. In these latter papers, as well as here, when the
domain and the data have some cylindrical symmetries the rate of convergence can be improved,
whereas the dependence of the limit solution on all directions negatively effects the rate of
convergence. Furthermore, some difficulties arise, especially here for the hyperbolic problems.
Using some weak convergence methods, combined with a monotonicity argument, we can
investigate the same issues for some semilinear hyperbolic problems, for instance the following

semilinear version of problem (7) defined as

ul —e 02 ue — 9, u.+ P (uy) =f in (0,T) x (0,1)%,

e =0 on (0,T) xd(0,1)?,

ue (0) = u,ul (0) = u! in (0,1)%,
where f is a nonlinear operator. For regions located far from the lateral boundary of cylindrical
domains, a convergence in a Sobolev space and some improvements of the rate of convergence
are shown. Moreover, using an iterative technique, introduced in Chipot and Rougirel [19] and

improved in Chipot and Yeressian [20], an exponential rate of convergence is carried out instead

of the polynomial one in Brighi and Guesmia [7], Guesmia [33].

STRUCTURE OF THESIS

After the present introduction, the rest of the material of this thesis is divided into two parts.
The first part includes three chapters and the second one two chapters. The main definitions,
lemmas, theorems, corollaries, propositions, remarks and equations are labelled by two digits
where the first one indicates the chapter.

The first part is titled Perturbations of Abstract and Stationary Problems. In Chapter 1, we introduce
the classes of perturbed abstract problems we intend to study, i.e. variational inequalities
involving nonlinear operators defined on different abstract Banach spaces. General convergence
results are established in an abstract setting, then improved in some cases. In Chapter 2, we give
some direct applications of the abstract results obtained in the precedent chapter. To emphasize
the power of our analysis, the considered cases involve an obstacle problem and quasilinear
elliptic problems. Some interesting linear elliptic cases with mixed boundary conditions are

brought to attention. In Chapter 3, we consider a variational inequality, that involves a perturbed



p—Laplacian, which can not be treated in the abstract setting of Chapter 1 since it is not possible
to write the operator as the sum of two operators, i.e. on the form ¢A + B, and of course since &
appears also in the convex set.

The second part, titled Perturbations of Evolution Problems of Hyperbolic Type, is concerned with
perturbed problems depending on time. In Chapter 4, which is the first chapter of this part,
we discuss in details the asymptotic behaviour of the solution of linear hyperbolic problems,
with an anisotropic singular perturbation, and obtain some convergence results in arbitrary
domains. Also, when the domain is cylindrical, we establish a regularity result for the solutions
and improve the rate of convergence far from the lateral boundaries of the domain. In chapter 5,
we study the case of semilinear hyperbolic problems and obtain the convergences, and improve
them under some considerations.

The notations and definitions used in this thesis are standard and commonly used. The reader
can find them, for instance, in the textbooks Chipot [13], Dautray and Lions [22]. However, to
make this thesis consistent and to avoid ambiguity, a list of notations and definitions is included
in the appendix, as well as some elementary inequalities frequently used in through this work.

We assume that the reader is familiar with partial differential equations theory and basic
functional analysis (Sobolev spaces, weak topologies, reflexive spaces, differential operators,...).
Some of the relevant definitions and concepts will be recalled in the sequel, but the reader who
wants a more thorough information may consult Brezis [6], Chipot [13], Dautray and Lions

[22], Evans [26].
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AN ABSTRACT APPROACH TO ANISOTROPIC SINGULAR
PERTURBATIONS

1.1 Problem Setting . . . ... .. ... 8
1.2 Convergence Theorems . . . ... .. ... ... .. ... .............. 11
1.3 More CONVErgences . . . . . ... ... vv it 16

In this chapter we deal with some perturbations of nonlinear operators, defined on different
abstract Banach spaces, which in particular will be applied to anisotropic singular perturbations
problems. In order to make our approach as general as possible, we investigate the asymp-
totic behaviour of perturbed variational inequalities for nonlinear operators. We shall give
some general convergence theorems, then we improve these results when some assumptions

are satisfied.

1.1 PROBLEM SETTING

Let V and W be two reflexive separable Banach spaces equipped with the norms | - |,, and
| - |,y respectively. We suppose that the space V N W is dense with continuous inclusion in V

and W, and is equipped with the norm

e =1+ e
It is clear that

VAW CV,W and V, W Cc (VW) .
Moreover one can check that (see [3, 66])

Vow) =v'+w.



1.1 PROBLEM SETTING

We consider two nonlinear operators A and B such that
A: V=V, B:W-—=W.
We suppose that A, B are monotone, that is to say

(Au— Av,u —v),, > 0, Yu,v €V, (1.1)

(Bu—Bv,u—v),, > 0, Yu,v e W, (1.2)

where (-,-),, and (-, -),,, stands for the dual products of V and W respectively. We denote by
K # @ a closed convex set of V NV and for A, B we make the following coerciveness assumption.
We suppose that for some vy € K one has

(Au — Avy, u — vp)

|u —voly
(Bu — Bug, u — vy)

Y — 4o when |u|), > +oo, u€K, (1.3)

W — 4o  when |uly,, — +oo, ueKk. (1.4)
| —olyy

Remark 1.1 If K is bounded in V (resp. in W) we will not need the assumption (1.3) (resp. (1.4)).

Note also that for some vy € K, (1.3) and (1.4) are equivalent to

Au,u—

(Au, 1 = vo)y — oo when |u|, = +oo, u €Kk, (1.5)
| —woly

Bu,u —

(Bue,u = o)y — 400 when |uly,, — +oo, ucK. (1.6)
|t =0l

In addition we assume that A and B are bounded, i.e.

A sends bounded sets of V in bounded sets of V/,

B sends bounded sets of WV in bounded sets of W',
and A, B are hemicontinuous on V and WV respectively, i.e.

t — (A(u+tv),w), iscontinuousonR, Vu,v,weV.

t +— (B(u+tv),w),, 1iscontinuousonR, Vu,v,wecW.

Under the assumptions above, we have the following assertion.

Theorem 1.1 For f € (VNW)' and e > 0 there exists u, solution to

€ (Aue, v — te)y, + (Bue, v — te)yy > (f, 0 — Ue)pryy, Vo €K, @)
1.7
u. € K.

Moreover if A or B is strictly monotone (i.e. if one of the inequalities (1.1), (1.2) is strict for u # v)

the solution is unique.



1.1 PROBLEM SETTING

Proof. One consider the operator A, defined by
A VW — Vaw) =V + W,
v — ¢eAv+ By,

then the existence of u, will follows from the classical theory of variational inequalities (cf. [42,
47]), since this operator is monotone, hemicontinuous and coercive. To clarify this last point’

one notice that

(eAu+ Bu,u—vo)yny _ lu —voly, (eAu,u —vo)y,
|t —=volyrw [u—wvoly +|u—wolyy  |u—wvoly
|u — ol _ <Bu,u—vo)w‘ (1.8)
[u—voly +Ju—wolyy,  Ju—wvolyy

Let (u,), be a sequence such that

lim (eAuy + Buy, uy — v0) papy ~ liminf (eAu + Bu, u —v0)yaw
[t | yryy =00 |1n — Vol yry [1elyrpy—>o00 [ — 0|y

4

then, having |u,|), + |us]y, — +oo, at least one of the sequences |u,|,,, |u],), is unbounded.

For instance if |u,|,, — +oo, or eventually for a subsequence. If |u,|,, is also unbounded then
-up to a subsequence- |u,|,,, — +oo and, for an arbitrary M, one has

(eAuy, uy —vo)y,  (Buy, un —v0)yy > M

un —voly |1n — Vol
for n large enough. Thus it follows from (1.8) that

(eAuy + Buy, u, — vg)

yow > M
— 4
|1n — volyry

which means that the limit is +co. Else, i.e. if |uy),, is bounded, so (Buy,u, — vp),, is also
bounded, then for large n the second term in the right hand side of (1.8), written for u,, goes
to 0 when n — +oo0 whereas the first term goes to +-co.

In all cases we have

lim (Auy + Bu,uy — v0)pryy oo
[un|prpy—>+00 |uﬂ - UO|V0W

The same argument can be applied when |u,|,, is bounded and |u;|,, is unbounded, and the
coercivity of A, on VN W follows.
To check the uniqueness when A or B is strictly monotone, let u; and u, be two possible

solutions, then it comes

IN

€ (Auy, uy — uz)y, + (Buy, uy — u2)y, (f,ur —u2)yy,

IN

—e (Aup, uy — u2)y, — (Bup, uq — uz)y, —(f,u1 —uz)yy

See [21] for another elementary proof.

10



1.2 CONVERGENCE THEOREMS

then adding we get
e (Auy — Aup, uy — uz)y, + (Buy — Bup, uy — uz),,, < 0.
By the strict monotonicity of A or B we must have 17 = uy. This end the proof of the theorem. m

Remark 1.2 When K =V N W one can see by taking v = ue = w,w € K, that u, is solution to the

abstract equation

eAue + Bu, = f,
u. € VNW.

(1.9)

1.2 CONVERGENCE THEOREMS

We are now interested in studying the behaviour of 1, when ¢ — 0. Note that 1, may have no

limit. Indeed, taking for instance V a Hilbert space, A = the identity, B=10, f € V' =) we can
1

see that the solution of (1.9) is given by u, = ’ f which has no limit.

In what follows we will assume that
few.
The essential convergences are given as follows.

Theorem 1.2 Let u, be solution to (1.7). Then we have, when € — 0,

(i) ue is bounded in WV independently of e, (1.10)
(ii) eu — 0 in 'V, (1.11)
(iii) eAue — 0 in ), (1.12)
(iv) (eAug, ue)y, — 0. (1.13)

Proof. Proof of (i). Choose vy € K, such that (1.5) and (1.6) hold. Suppose that |u|,,, is unbounded.

For some sequence & — 0 one then has |u,, — 9|, — +00. Taking v = v in (1.7) we derive

€k <A”£k' Ug, — z)0>V + <B”€k/ Ug, — Z)0>W < <f/ Ug, — UO>W

IN

|f|W/ |”€k - Z)0|V\/-
It follows that

<Buek1 Ug — UO> € <Au€k’ Ug — UO>V

|u£k _UO|W

W< flw — (1.14)

|u€k _UO|W

11



1.2 CONVERGENCE THEOREMS

Due to the coerciveness of B, we obtain a contradiction by showing that the right hand side is

bounded from above. Indeed, if |u,|,, is bounded, then so is |Au,|,, , we have

e (Aug,, e, — Vo)

|u8k _UO‘W

&

— — 0,
’uﬁk _UO|W

< ’Au£k|v/ (‘uﬁk‘v + ‘UO|V)
else, i.e. if |ue, —vg|,, — +00, by the coerciveness of A one has
€k <Au€k1 Ug — UO>V > 0/

for some k large enough. In both cases the contradiction holds in (1.14), which proves (1.10).

Proof of (ii). We derive from (1.7), written for v = vy, that
e (Aug, ue — v0)y < (|Butelyyr + [ flyy) [ue — volyy, -
Since u, is bounded in W, and so is |Bug|,,,, we get
e (Aug, ue —vg)y, < C, (1.15)

where here and in the following C is a positive constant independent of ¢ that can take different
values. If u, is bounded in V then (1.11) is obvious. Else we have from (1.5), (1.15) -up to a

subsequence-

€|u£|v < €|u£ _UO|V+S|Z)0’V < <Au8,u£ _UO>V

and the result follows.

Proof of the weak convergence eAu, — 0in V'. Let v € V, then by the monotonicity of A we have

e (Aug,v—1090)y, = ¢&(Aug, Uz —00)y + € (AU, v — Ug)y,

< e(Aug,ue —vg)y + € (Av, 0 — Ug)y,

then using (1.15), we get

IN

€ (Aug, v — 1)y C+ (Av,e(v—ue))y,

< CHe(Av,v)y, — (Av, eutg)y, . (1.16)
Choosing v € vy 4 By, where B; is the unit ball in V, we arrive to
e (Aug,v1), <C', Vo € By,

where C’ is independent of e. Thus ¢Au, is bounded in the reflexive Banach space V' and one
can suppose that, for some subsequence ¢, we have g Au, — ¢ in V'. Passing to the limit

in (1.16) we derive

(p,v—19), <C, Vvel.

12



1.2 CONVERGENCE THEOREMS

Changing v by vy & v it comes that i = 0. By the uniqueness of the possible limits we showed

that for the whole sequence we have
eAu, — 0 in V.
Proof of (iv). For any v € K we have by (1.7) and the monotonicity of B

e (Aulg, Ue)y, (eAuge,v)y, + (f, e — V)yy) + (Bite, v — Ue)yy

<
< (eAug,v)y, + (f,ue —0)yy + (B, v — ute)yy, . (1.17)

Let (&), be a sequence such that
& (Aug,, U — limsup e (Aug, Ue )y, .
k< £k €k>v e50 p < € €>V
Since u, is bounded in WV one can suppose that - extracting if necessary a new subsequence -
Ug, — 1 in W,
Then passing to the limit in (1.17), written for g, we get

lin%supe (Aug,ue)y, < (f, 4 —v), + (Bv,v —1),,, YveKk (1.18)
e—

It is clear that i belongs to K"V, the weak closure of K in W which coincides with its strong
closure since K is convex (see [6]). Thus, there exists a sequence v,, € K such that v, — i in W.

Taking v = v, in (1.18) and passing to the limit we derive

limsup e (Aue, ue)y, < 0. (1.19)

e—0

By the monotonicity of A one has
e (Aug,v)y, < e (Aug, ue)y + (Av,e (0 — Ue))y,, (1.20)
then passing to the limit, we obtain

liminfe (Aue, ue)y, > 0.

e—0
This, with (1.19), prove (iv).
Proof of (iii). It remains to show the strong convergence e Au, — 0. To this end we set v = v; € B;

in (1.20), it comes

IN

€ (Aug, v1)y, € (Aug, )y + |Avy |y (e + |ette]y)

< e(Aug,ue)y, + C (e + |euely,) — 0



1.2 CONVERGENCE THEOREMS

where C is independent of v; and e. Thus

leAue|y, = sup (eAug,v1), — 0,
ZJ1€Bl

which completes the proof of the theorem. m

A careful reading, of the above proof, enable us to give another variant of assumptions. In one

hand we assume that
Ae = ¢A + B is coercive on VN W, (1.21)

which ensure the existence of a solution u, to the perturbed problem (1.7). On the other hand we

drop the coerciveness assumption on A, i.e. (1.5), and we only assume that

(Au, u —vo)

lim inf Y >0 when |ul, = +oo, u€K. (1.22)
| —woly

for some vy € K. Without changing the other assumptions of Theorem 1.2, we still have some

convergence results in this case.

Theorem 1.3 Under the assumption (1.21), and changing (1.5) by (1.22), in the assumptions of

Theorem 1.2, we have when ¢ — 0

\uclyy, and € |ug|y, are bounded independently of e. (1.23)
Moreover, if there exists some subsequence ue, such that

ey, = 0in ), (1.24)
then it holds

(i) exAug, — 0 in), (1.25)

(ii) (exAug, ug),, — 0. (1.26)
Proof. The assumption (1.22) is sufficient to establish the boundness of |u|,, as in the proof of
Theorem 1.2. Taking this into account, (1.15) still holds and due to (1.22) we have

C|ue — voly e
<A”s/ Ug — UO>V

e |uely, < elue —voly, +elvoly < |vo]y < 400

when |u;|,, — 4c0. If the convergence (1.24) holds, then (i) and (ii) follows again as in the proof

precedent theorem. m

14



1.2 CONVERGENCE THEOREMS

Remark 1.3 i) In fact,

Uelyy is bounded if we assume only that A is positive for large |ul,,, i.e.
liminf (Au, u —vg)y, > 0 when |u|,, = 4o, u € K. (1.27)

i) When A is a partial differential operator, the assumption (1.24) is, in many cases, a consequernce of

the continuity of derivation operator on the distributions space, see for instance Section 2.4.
Remark 1.4 In the case K =V NW, it follows from the abstract equation (1.9) that
Bu.— f — 0, (resp. — 0, up to a subsequence) in W',
under the assumptions of Theorem 1.2 (resp. Theorem 1.3).
In both cases, of the above convergence theorems, we have in addition
Theorem 1.4 Suppose that for some sequence g, — 0 one has
Ug, — in W. (1.28)
Then 1 is a solution to the variational inequality

(Bil,v — i), > (f,v—1),,, YoeKk?,

_ (1.29)
i e K.
Moreover one has
Bug, — Bii in W', (Bug, ug )y, — (Bil, )y, . (1.30)

Proof. Up to a subsequence - still labelled ¢ - one can assume that Bu,, — x in W'. Passing to

the limit in (1.7) written for ¢, we obtain (see Theorem 1.2)

lim sup (Bug,, e, )1y, < (X, 0)yy + (f, 1 —0)yy,, VoeEK. (1.31)

Ek%O

Considering a sequence v = v, — i in W as above, we obtain

Jim sup (B, tte )y < (X, )y -
From the monotonicity of B we have
(Bugk,ugk>w > <Bugk,v>w + (Bu, ug, — v}w, Yo e W.

Then

lim inf (Bue,, tte, )1y, > (X, 0)yy + (Bv, il —0)y,,, Vo€ W. (1.32)

g—0

15
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It follows - taking v = # - that

Slkiinm <Bu€k1 u€k>W = <Xr u>W .
From this and (1.32) we derive
(x —Bv,i—v),, >0, YoeW.
Replacing v by i + tw and, due to the hemicontinuity of B, letting t — 0 we obtain

(x —Bi,w),, >0, YweW,

i.e. x = Bil. It follows that the whole sequence Bu,, converges toward Bil. Moreover (1.31)

becomes
(Bil,v — 1),y > (f,v—1il),,, VYveKk

Since K" is closed - weakly closed - one has ii € K" and the above inequality holds also for

every v € K. This completes the proof of the theorem. m

Remark 1.5 i) We proved that the only possible limits for the subsequences of (u¢), in VW are solutions
of the variational inequality (1.29). In particular if the solution is unique, for instance when B is strictly

monotone one has, for the whole sequence,
Uy — iiin W, Bu, — Biiin W'.

i) F K =V NW then K" = W and i is a solution to the equation Bil = f.

1.3 MORE CONVERGENCES

The precedent convergences can be improved if the operators A or B satisfy some new

assumptions.
Corollary 1.1 (i) Suppose that A is strongly coercive in the sense that
(Av,v)), > Ao}, +g(v), Yoe, (1.33)
for some constants A > 0,a > 1 and a bounded function g : V — R, then one has

e/%u, — 0 in V. (1.34)

16



1.3 MORE CONVERGENCES

(i) If B is strongly monotone in the sense that for some 6 > 0 and p > 1
(Bu — Bo,u —v)y,, zé\u—vlﬁ , YoueWw (1.35)
then the solution i of (1.29) is unique and one has
ue — il in W.
Proof. (i) follows directly from

o
A ‘81/%8 = |ue|$) < e (Aug, ue)y, —eg (1e) — 0

by Theorem 1.2-(iv). For (ii) one has
by the convergences (1.30). =

Remark 1.6 Assuming only the basic coerciveness (1.3) of A, the convergence result (1.11), in Theorem

1.2, is sharp since the exponent of € tends to 1 when o — 1 in (1.34).
In the following corollary some monotonicity property of (u,), is shown.

Corollary 1.2 Let € > ¢ > 0, then

(Aug,ue)y < (Aug, uy)y, . (1.36)
Proof. Set v = u, (resp. v = uy) in (1.7), written for ¢ (resp. €'), we get

€ (Autg, g — U )y, — € (Aug, ue — g )y, + (Bue — Bug, ue — g )y, < 0.
The third term is positive due to the monotonicity of B, hence

e (Aug,ue — g )y, < € (Aug,ue —ug)y, < € (Aug,ue — )y,
by the monotonicity of A. It follows that

(e =€) (Aug,ue —ug), <0
and (1.36) follows, since e > ¢'. m

Remark 1.7 The above characterization is more clear if A is linear. For instance if V is a Hilbert space

and A = 1; then (1.36) yields

uely, < |ugly,, fore <e.

17
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Next we pay attention to more regular problems, i.e. when one of the solutions of the limit

problem (1.29) is in V.

Corollary 1.3 (i) If the variational inequality (1.29) has a solution i € K such that
liminf (Au,u — 1)), > 0 when |u|,, = +o0, u € K,

then there exists always a sequence u, such that
Ug, — i inVand W,

where ii € K is solution to (1.29), and the accumulation points of (i), are all in K.

(ii) If B satisfies (1.35), one has
e — ity = (/).

Proof. Taking v = 7 in (1.7) we derive

e (Aug, ue — )y, < (f, ue — 1)y, — (Bug, ue — i)y, < — (Bue — B, u. — 1), <0.

Thus (Aue, ue —i1),, <0 for all e > 0, and

li A —10),, <O0.
8gr&sup( Ug, e — 1)y, <0

By (1.37), u¢ must be bounded in V and one can find a sequence ¢ such that

Uy, =@ InW,Vand VNW,

k

i.e., we have the same limit in the three spaces. Indeed, since u,, is bounded in V, W and W NV

one can assume that -up to a subsequence-
Ug, —01in Y, Ug, — win W, Ug, —Ain VNW.

We have to check that these limits are the same. If 1 € V' € (VN W)’ one has
(vt )y = (1 0y, (Bt )y = (B )y

whence
(B O) vy = (B il)yyy, Yh eV,

Similarly one can show that

(h, @)y = (h@)yryy, YhEW.

(1.37)

(1.38)

(1.39)

(1.40)

18



1.3 MORE CONVERGENCES

It follows that & = @ = i, and i is necessarily a solution to Problem (1.29).

For (ii), since by the uniqueness of the solution of (1.29) i = i, then from (1.40) one has
ol — ug\ﬁv < (Bil — Bug, 1l — ug)yy < € (Aug, il — )y, < & (Afl, 1 — ug)y, = o0 (€)
and the result follows. m

Remark 1.8 We can obtain a strong convergence of u. in WV for the Saint-Venant problem. Assume that

f=0,B(0) =0,0 € Kand B satisfies a hypothesis as (1.35) then
ug — 0 inWW.

Indeed, taking v = 0 in (1.7) we obtain & (Au,, )y, + (B, Ue)y,, < 0, and by the monotonicity of A

we have
8 luelb, < & (Aug — A(0), ue)y, + (Buue, ute)yy < —€ (A (0), tte)y,

The convergence follows by Theorem 1.2.

COMMENTS

Variational inequalities was introduced to study elliptic problems with unilateral conditions
at the boundary, the obstacle problem, the elastic plastic problem, and other similar problems
of mathematical physics. The pioneer works in this field are due to Lions and Stampacchia
[50], Stampacchia [63]. The interested reader can see, for instance, [5, 9, 14, 42, 47, 60] and the
literature cited therein.

The study of (isotropic) perturbations of variational inequalities, was initiated in the 60’s by
Lions and Stampacchia [50], for linear operators, and Browder [8] for some nonlinear operators.
see also [48, 60, 61, 63, 69]. In these works, the asymptotic behaviour of solutions was investigated
when there is no perturbation of the convex set. Other types of perturbations were considered,
see the literature cited in Chapter 3 of this thesis.

The results of this chapter (except for theorem 1.3) has appeared in [21].
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SOME APPLICATIONS AND EXAMPLES

2.1 Nonlinear Obstacle Problems . . . . . .. ... .. ... .. ... ......... 20
2.2 Semilinear Elliptic Problems . . . . ... ... ... . ... ... .. ... ... 22
2.3 p—Laplacian Type Problem . . . . . .. ... ... .. .. .. .. .. .. .. 28
2.4 An Applicationof Theorem 1.3 . . . ... ... ... .. ... ........... 30
2.5 Another Type of Problems . . . ... ... ... ... ... .. .. ... .. ... 33

This chapter is devoted to some applications of the abstract theory considered in the precedent
chapter. First, to see the power of our abstract analysis in general, we consider a very simple
(isotropic) case of nonlinear obstacle problems. Then we apply the theory to some anisotropic
singular perturbations problems in the next examples. In the last section we consider a situation
that does not fits with our abstract theory.

In all sections, () is a bounded domain in R" with sufficiently smooth boundary. We denote by

ue the solutions of the perturbed problems and by i the solutions of the limit problems.

2.1 NONLINEAR OBSTACLE PROBLEMS

We denote by a € C! (IR”,IR") a continuous vector field on R”. We suppose that a is such that for
some A, A >0andc € R

a(E) E=AEP+e  |a@)<AlE, YEERY (2.1)

in addition it satisfies the monotonicity condition

(a(@)—a(l)- (-0 =0, VEIeR"

20



2.1 NONLINEAR OBSTACLE PROBLEMS

Then, for f € L? (Q) there exists a unique u, solution to (see [14, 60])

S/Qa(vug)-V(v—ug)dx—k/nug(v—ug)dx2/Qf(v—ug)dx, Yo € Ko, o)
ue € Ko:={v € H} (Q) |v(x) >0ae x €Q}.

This problem is a mathematical formulation of a membrane occupying a domain () of the plane,
loaded by normal force f. The membrane is attached to I' = d() and the obstacle here is 707, i.e.
the deformation of the membrane can not go in the negative direction as it is considered in the
definition of the convex set Ky. The variational inequality gives the equilibrium position and it is
obtained as a consequence of the principle of energy minimization (see [60]).

We are interested in the asymptotic behaviour of the solution u, when ¢ — 0. Setting
V=H (Q), W=I1*(Q), Au=—div(a(Vu)), B=I,
our abstract results can be applied and we get
ue — f in L2 (Q)

where f* := max {0, f} denotes the positive part of f. Indeed, thanks to Theorems 1.2, 1.4 and

Corollary 1.1, we see that u, — i in L? (QQ) where i satisfies
ii(v—i dx>/ v—ii)dx, Vo ¢EK,,
fa@-max= [ fo-n :

deKo={vel?(Q)[v(x) >0, aexecQ}.

(2.3)

Denoting the negative part of f by f~ := max {0, —f}, we have clearly
L w-rax = [ (Ff7) (0 fr)ax
_ /()f(v—f+)dx+/()f’vdx > /Qf(v—ﬁ)dx, Vo € Ko

since f~v > 0. Thus f7 is a solution to (2.3) and by uniqueness we deduce 7 = f.

Now we can state the following result.

Theorem 2.1 When ¢ — 0, we have
ue — fT in L2 (Q),
—edy, (a(Vue)) =0 in H'(Q), i=1,--,n,
S/Q a(Vug) - Vuedx — 0,

VeVu, — 0 in L2 (Q).

In the above convergences the vectorial convergence means the convergence component by

component.

Remark 2.1 See Eckhaus and Moet [25] for other results on this obstacle problem.
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2.2 SEMILINEAR ELLIPTIC PROBLEMS

2.2 SEMILINEAR ELLIPTIC PROBLEMS

Most of the notations of this section will be used in the rest of this thesis.

Some notations and assumptions

Let (2 be a bounded open subset of R"” with sufficiently smooth boundary. We split the
components of a point x € R” into the g first components and the n — g last ones, i.e.

Xi:= (x1,...,%) and  Xp:= (Xg41,..., %),

where g is a positive integer such that g < n. With this notation we set

(axlu,...,axqu)T [ Vxu

(Ox,. Uy ..., Op, )T Vx,u

Xg+1757 -

Vu:= (axlu,...,axnu)T =

We denote by Ilx, (resp. IIx,) the orthogonal projection from IR" onto the space X, = 0 (resp.

X1 = 0) and we set
IT; :=1IIx, (Q) = { X1 | 3X5 such that (X3, X») € O},

Il :=1Ix,(Q) = { X» | 3X; such that (X3, X3) € O }.

For any X; € I and X; € I, we denote by Qx, (resp. (2x,) the section’ of () corresponding
to Xj. (resp. Xp).

X2

A
o, @)

~
Qx

2

X1

Qxl = {Xz ‘ (Xl,Xz) € Q} and QXZ = {Xl | (Xl,Xz) S Q}

For a real valued function u defined on R”, we set

u (X1,~) RYT — R, Xz — U (Xl,Xz), VXl € H1,
M(-,Xz) 'R7T — R, X1P—>M(X1,X2), VX, € Is.

1 Some authors use the term ”slice of Q) ”.

22



2.2 SEMILINEAR ELLIPTIC PROBLEMS 23

We consider the following semilinear elliptic problem

—eAxue — Ax,ue + g (v, ue) = f in Q)
(2.4)
u, € HE (Q) NLF (Q),
wheree >0,p > 1,

i=gq 82 i=n aZ ) P’
Axl = Z Y AXZ = Z VI f €L (Q) + L (Q)
i 0%xi i1 9°%i

and p’ := p/ (p—1) is the conjugate number of p. In contrast with the precedent example,
the perturbation in this case is anisotropic in the sense that the parameter ¢ effects only the
X1 —directions of the domain variables.

In order to apply the abstract approach, we assume that ¢ : (2 x R — R is a Carathéodory

function and is nondecreasing in the second variable, i.e.

x +— g(x,s)is measurable on (), Vs € R, (2.5)

s — g(x,s) is continuous and nondecreasing on R, for a.e. x € Q (2.6)
and there exist ¢, ¢’ > 0, such that

Ig(x,5)] <cls|]P '+, VseER, ae xe€Q,
g (x,8)s > s]?, Vs € R, ae. x€ Q.

For u € L? (Q)) we have

1/
—1) p /v
(o Ol < (f, (el +¢)"ax) < cluliffy v,

where C and C’ are positive constants. Thus g defines a bounded operator -still labelled by g-

from L (Q) into L¥' (Q) by
w—g(,u()) (2.7)

which is hemicontinuous, and monotone since g is nondecreasing in the second variable.

Choosing spaces and operators

The choice of suitable spaces and operators that fit with our approach is more delicate in this

case. We consider the space”

Vi (Q) = {u € L2(0)|Vxu € [[2(0)]7, u(-, X)) € HY (Qx,), ae. Xp € nz}, (2.8)

2 The spaces V; () and W; (Q)) may be changed from a section to another.
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equipped with the norm
2 2 2
9 ) = [ol2) + ’VXW‘LZ(Q) : (2.9)
It is clear that V; (Q) is a Hilbert space and the mapping
v ]VX10|L2(Q) (2.10)
is a norm equivalent to (2.9). In fact, since (2 is bounded we can choose a Poincaré constant in
"U(-, X2)|L2(Qx2) <C ‘VXIU("XZ)’LZ(QXZ) , YoveV (Q) , a.e. Xo

independent of X; (see (A.10)). Then extending the elements of V; (Q)) by zero outside of () and

integrating on I1;, then it comes

[0y < (14C) [Vx,0l 720y < (14 C) o]y - (2.11)
Remark 2.2 We can easily check that D (Q)) is dense in V; (QQ), hence it holds that

Hy(Q) c V1 (Q) C L*(Q) C V() c H(Q)

with continuous injections. Note that in general the embedding Vy (Q)) C L? (Q)) is not compact as it is

shown in the following example: Let Q) = (0, 1)2 and consider
vy (X1, X2) = V/2sin 7txy sinnmx,,

then it holds that

1
|8xlvn|L2(Q) =—— and |v, — vm]Lz(Q) =1 (form # n).

V2m

Thus v, is bounded in V; ((O, 1)2> but there is no Cauchy - converging - subsequences. This lack of

compactness is the source of many difficulties when nonlinear problems are considered.

On the other hand we choose

(2.12)

Wh (Q) = {u c L2 (Q)NLF(Q)

Vxu € [L2(Q)]"7,
u(Xy,) € Hi (Qyx,), ae. X, €1 |

equipped with the norm

I, ) = V%0l 120) + 2] 0(q) -
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2.2 SEMILINEAR ELLIPTIC PROBLEMS

We can easily check that V; () and W, (Q)) are separable Banach spaces. The reflexivity
of V1 (Q)) is obvious (it is a Hilbert space). Concerning W, (Q}), one notes that W, (Q)) itself is

the intersection of two reflexive spaces, L¥ ()) and the Hilbert space

W, (Q) = {u € 12(Q) |Vxu € [L2()]"7, u(Xy,-) € HY(Qx,), ae X; € nl}.
Thus the reflexivity of W, (Q)) follows since we can write (see [3, 66])

WY (@) = (B (@) N1 Q) = (V@) + 17 (@) = V2 (Q) NLP (Q) = Ws Q).
Next we set

A=—-Ax, and B=—-Ax,+g(x,).

Then the operator A : V; (Q)) — Vj (Q) is linear, bounded and coercive. Since the operator
B: W, (Q)) — W} (Q) is a sum of a linear operator, satisfying the same properties as A, and the

operator defined in (2.7), then it is bounded, monotone and coercive.

The intersection space V; ((0) N W, (QQ)

The following proposition precise the intersection space V; (QQ) N W, (Q)).

Proposition 2.2 Let V; (Q)) and W, (Q) be the spaces defined in (2.8) and (2.12) respectively, then if

the boundary of () is smooth we have
V1 (Q)NW2(Q) = Hy (Q)NLF (Q).

Proof. The first inclusion H} (Q)) N L? (Q) C V1 () N W, (Q) is easy. For u € H} (Q) N LP (Q)
there exists a sequence (u,), C D (Q) such that u, — u in H} (Q) N L7 (Q). In particular

we have
n —ul 2y = 0, [Vx, (n — )| 120y = 0, [Vix, (un — 1) 12 = 0
As a standard result of integration theory (see [6]), we get -up to a subsequence-

|VX2 (un (Xl,-)—u(Xl,-)”Lz(QXl) — 0, for a.e. Xl GHl,

(Vx, (tn (-, X2) —u ('fXZ))|L2(QX2) — 0, forae. X, clIl.

This means that u € V; () and u € W, (Q) since these spaces are complete.
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For the converse inclusion we use a singular perturbation argument. Let u € V; () N W, (Q)),

for € > 0 consider the following elliptic problem

—€eAve +ve =u 1In(),
(2.13)

ve =0 on dQ).
Since Q) is sufficiently regular and of course u € V; (Q) N W, (Q) C H! (Q)), we have v, €
H?(Q) N H} (Q), (see Evans [26]). According to Corollary 1.1-(ii), we derive

ve »u inL*(Q), ase—0. (2.14)

Next we show that ve is also bounded in H} (Q) . To this end, we apply the Laplace operator to

the first equation in (2.13) and taking —v, as a test function, we obtain
2
e (A%, U€>H3(Q) — /Q Nvevedx = — (Au, Z)€>H8(Q) )
Note that Au € H~! (Q)) and A%v. € H! (Q) since

—Ave = " _eve c H' (Q). (2.15)

It follows that
—e/Q V (Ave) - Voedx + |VU€|%2(Q) = /Q Vu-Vouedx
and extending v, by 0 outside of (), we can write

—6/ VXl (AUG) . VleedxldXZ — 6/ VXZ (AUG) . szvedXdel
I /Qx, 11

2 JQxy

1 1
+|Voe|f2q) < 5 Vit o) + 5 Vel (216)

Since ve € H} (Q) C V1 (Q)NW,L(Q) and u € V1 (Q) N W, (Q) in (2.15), we deduce that
Ave € V1 (Q) N W, (Q)). In particular we have (see [16])

Ave (-, X2) € Hé (Qx,), forae. Xp eIly,
Ave (X3,) € Hé (Qx,), forae. Xj; eIl
Thus we can rewrite (2.16) as

1 5 1 )
¢ /H oy, BoebvedXadXa + /H BB 0edXod X + 3 [Voel Py < 5 [Vitlfaay

2 JQx
whence

2e ‘Avgﬁz(g) + ’vvein(Q) < |VM|%2(Q) :

It follows that v, is bounded in H& (Q)), then -up to a subsequence- its weak limit, which is

necessarily u due to (2.14), is in H} (Q). This ends the proof of the proposition. m
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2.2 SEMILINEAR ELLIPTIC PROBLEMS

Remark 2.3 To obtain ve € H? (Q), in Problem (2.13), it is sufficient to have 9Q) of class C'!, i.e.
continuously differentiable and its derivatives are Lipschitz continuous. No reqularity is imposed if () is

convex (see Grisvard [30]).

Convergences
In order to obtain some convergences for 1, when ¢ — 0, we can establish some a priori estimates,
by testing the first equation in (2.4) by u,, and obtain

|vX2M£|L2(Q) ’ |ug|Lp(Q) are bounded.

Then - up to a subsequence — we have only weak convergences, particularly in W, (Q2). Since the
embedding W, (Q) C L? (Q) is not compact (see Remark 2.2), these estimates are not sufficient
to pass to the limit in the nonlinear term g (-, #¢). In this case, the monotonicity assumption is
very important to overcome this difficulty.

As an obvious consequence of Theorems 1.2, 1.4 and Corollary 1.1, the limit problem in this

case is defined as

—Ax,i+g(x,0)=f inQ, (217)
i e W, (Q),

and we have the following convergence results.
Theorem 2.3 When ¢ — 0, we have
ue — i, Vxue = Vx,ii and /eVxue—0 inL*(Q).
Moreover if g is strongly monotone, in the sense of (1.35), then we have
ue — it in L (Q).

Remark 2.4 Although the operator B in this case is not strongly monotone, the first two convergences

hold strongly. This is due to the following monotone type inequality

— (8,0 = At 0 — )y + [ (8(%,0) =g (x,1)) (0 = ) dx

> |Vx, (v— ”)’iz(n) , Yu,v € Wh (Q).
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2.3 p—LAPLACIAN TYPE PROBLEM

Working on the sections (x,

The limit i, solution to (2.17), can be defined on the sections Qx, for a.e. X; € Il;. In fact, since
Ay, is missed in the limit problem (2.17), it will be natural to work on the sections Qx,, X; € Iy,

by considering, for a.e. X; € I1;, the problem

—Dx,u (X1, -) + g ((Xa,),u(Xy,0)) = f(Xy,)  in Qx,,
(2.18)
u(Xy,)=0 on 0Qx,,
which is from the same type of problem (2.4), but defined in a lower dimensional space, and X;
plays the role of a parameter. Due to Fubini theorem it holds that for a.e. X; € I;

f(X1,-) € L2 (Qx,) + L7 (Qx,),

and g ((X1,-),-) : Qx, x R = R is still a Carathéodory function, defining a bounded monotone
hemicontinuous operator from L? (Qy, ) into L? (Qx, ) . Then the Problem (2.18) has a unique
solution for a.e. X; € Ilj. This solution is identical to i and to check this one can use the

argument introduced by Chipot and Guesmia [16], see also the proof of Theorem 4.2.

2.3 Pp—LAPLACIAN TYPE PROBLEM

The second example of the abstract theory, in the anisotropic case, is the following quasilinear

elliptic equation

—eApue — Apyute = f inQ),
(2.19)
u, =20 on dQ)

where py, p» > 1 are real constants, and
Am L= VXl . (lvxl . ’Pl*z VXl‘) , Apz L= VXZ . (‘VXZ . ’PZ*Z VXz') .
Assuming that f € L2 (Q)), the above problem has a unique solution that belongs to the space’

Vxlu € [LP] (Q)]q,

WP P2 (Q) == { u € L™ (Q)
Vi € [LP2 ()], ulagn =0

where m = max (p1, p2) .

3 We follow the notations of Fuc¢ik and Kufner [27, page 147].
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2.3 p—LAPLACIAN TYPE PROBLEM

Remark 2.5 The space Wé;p VP2 (Q)) is nothing but the closure of D (Q) with respect to the norm

MLW(Q) + ‘Vxlv‘U’l(Q) + ’vXZU|LP2(Q) :

Clearly Wé;pl’pz (Q)) is included in the usual Sobolev space W&” (Q), with r :== min (p1, p2), which

gives a sense to the boundary conditions in (2.19).

In order to apply our abstract approach we argue as in the precedent section. First we set

(2.20)

Vl(Q): uelLhn (Q) 1
u(',Xz) € Wo'pl (sz) , ae X, ellp

Vy,u e [LP (Q)]f, }

Thanks to Poincaré’s inequality (see (A.10) and Section 2.2), this space is equipped with the norm
|U|V1(Q) = |VX10|LP1(Q)-

For the other space we set

(2.21)

W (Q) = {u e L (Q)

Vx,u € [LP2 ()" 7,
u(Xy,-) € W&’pz (Qx,), ae. X; €Iy '

equipped with the norm

2l 0) = VX220l 12 (q) -

We can easily show that V; (Q0) and W, (Q)) are separable reflexive Banach spaces. Then we

define the operators A : V1 (Q) — V| () and B : W, () — W (Q) as

A = —A B - —Apz.

p1s

One can check that A and B are coercive, bounded and hemicontinuous. Thanks to the inequali-
ties (A.7)—(A.9), the operator A (resp. B) is strictly monotone for all p; > 1 (resp. p» > 1) and
strongly monotone, in the sense of (1.35), if p1 > 2 (resp. p2 > 2).
The limit problem in this case is defined as
—Apu=f inQ),

(2.22)
uewm, (Q) .

Then by Theorems 1.2, 1.4, Corollary 1.1 and when
V1 (Q) N, (Q) = WP (),

we have the following convergences.
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2.4 AN APPLICATION OF THEOREM 1.3

Theorem 2.4 For all p1, p2 > 1, we have

ue— i in Wr(Q), eVxue =0 in L1 (Q),
eNpus =0 in V] (Q), Apue = fin W, (Q),

where u, and il are the solutions of (2.19) and (2.22) respectively. Moreover, if py > 2 then
sl/plvxlug —0 mnLh(Q),

and if po > 2 then
ue —il, Vxue — Vx,il inLP*(Q).

Remark 2.6 As above, the limit problem can be defined, for a.e. X; € I, as

—Apu(Xy,-) = f(Xy,-)  inQx,

ﬁ(Xl,') =0 on aﬂXl.

2.4 AN APPLICATION OF THEOREM 1.3

In this section we give a simple case where the assumption of Theorem 1.3 are satisfied, i.e. the

perturbed operator eA + B is coercive whereas the operator A is not coercive. We set
O :=wi Xwy

where w; and w; are two bounded smooth domains of R"~7 and IR7 respectively. In this

cylindrical case, the boundary is given by
0Q) = (dwy X wy) U (w1 X owy) .

For ¢ > 0 and f € L?(Q)), we consider the following elliptic problem, with mixed

X2

OUg Oug
Ms w1 X @ s _
v, 0 1 2 vy 0

u. =0 X1
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2.4 AN APPLICATION OF THEOREM 1.3

Neumann-Dirichlet boundary conditions,

—eAx,u; — Ax,ue = f in (),

0
a—zi =0 on Jdwi X wy, (2.23)
ue =0 on wi X dwsy,

where v is the outward unit normal vector to dw; X wy. This problem has a unique solution
ue € HY (O, wy x 9wy) := {v € H' (Q) |u = 0on wp x 8(02}.
In order to treat this problem, as an example of Theorem 1.3, we consider the space
Vi (Q) = {u € L2(Q) [Vxu € [I2 (Q)]"},
equipped with the norm
013, ) = 101720 + |VX10|%2(Q) /
then it holds that
H}(Q) cVi (Q) CcL2(Q) c V) (Q) c HY(O)
with continuous injections. For the second space we set
Wh (Q) = {u € L2(Q)|Vxue [L2( )], u=0 onw; x 8w2} ,
equipped with the norm, (see Section 2.2),

|U|w2(n) = |VXzU|L2(Q)-

We can easily check that V; () and W, (Q)) are separable Hilbert spaces. Next we consider
AV (Q) = V] (Q) as the linear operator —Ax, associated to a zero Neumann condition on
dw X wy. This operator is linear, bounded but not coercive, since |V, 7| 12(0) is not a norm for

V1 (Q)) . However it is positive since

Jdv
/Q (Ax,v) vdx = |VX]U‘%2(Q) ~Joan vdx = |Vxlv]%2(0) > 0. (2.24)

For the second operator we set B = —Ax, : W, (QQ) — W} (Q) which is linear, bounded and

coercive on W, (Q)). In this cylindrical case we have clearly

H} (Q, w1 x 0wy) = Vi (Q) N WL (Q).
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2.4 AN APPLICATION OF THEOREM 1.3

On one hand, the positivity of A implies that, (see Remark 1.3-i),

|VX2u£|L2(Q) is bounded (2.25)
and, by Poincaré’s inequality in the X, —direction, it follows that

|u8|i2(0) < Cy, (2.26)

for some positive constant Cy independent of e. On the other hand, if |Vx, u|,» () is bounded
then obviously v/eVx,ue — 0 in L2 (Q)). Else, i.e. if |VX1uS|L2(Q) — 400 (eventually up to a

subsequence), then the assumption (1.22) holds since

fQ (—Ax,ue) uedx ’leusEZ(Q)

1/2
|tely, () (co + |leu£|i2(Q))

~ ’VXlug|L2(Q) — +OO,
when [ue[y;, () — oo (i.e. when |VX1uS|L2(Q) — 00). Whence by Theorems 1.3 we get, in addition
to (2.25) and (2.26),

€|V, 12 () is bounded.

The convergence (1.24) also holds in this case. In fact, for some {,,{; € L? (Q), we have -up to a

subsequence-
ue — gy and eVyxue — {; in L*(Q)

and, by the continuous injection L? () C D’ (Q)) and the continuity of the derivative operator

on D’ (Q), it comes that Vx,u, — Vx,,, i.e.
eVxue =0 in D' (Q)
and (1.24) follows by the uniqueness of the limit in D’ (Q0).

The limit problem is given by, when ¢ — 0,

—Ax,il = in (),
{ Ri=fn (2.27)

ue € W (Q))

and, as a consequence of Theorems 1.3, 1.4 and Corollary 1.1, we have
Theorem 2.5 When ¢ — 0, we have
ue — i, Ve — Vx,ii and /eVxue—0 inL*(Q)

where il is the unique solution of (2.27).
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2.5 ANOTHER TYPE OF PROBLEMS

Remark 2.7 i) As above, the limit problem can also be defined, for a.e. X; € w1, as

—Axu (X1,-) = f(Xq,:) inwsy,
(2.28)

i(X1,-)=0 on dws.
i) Arguing as in Chipot and Guesmia [16] we can show that, under the assumption
Vx.f € [L2 ()], we have
|“e_ﬁ|L2(Q)f !szue—szﬁlem) < CE’vX1f|L2(Q)’

| Vx, e — VX1ﬁ|L2(Q) < Cve |VX1f‘L2(Q) :

Obviously ue and il are identical when f depend only on Xy, ie. Vx, f = 0.

2.5 ANOTHER TYPE OF PROBLEMS

Switching the vertical and the horizontal boundary conditions, in the precedent perturbed
problem, an interesting situation arises. For instance, when we pass formally to the limit
problem, we loose the uniqueness of solution. In this example we can see how the process of

perturbation choose the limit solution among an infinity of possible solutions.

Using the notations of the precedent section, let (3 = w; X wy be a bounded domain in R".

For ¢ > 0 and f € L? (Q)), we consider the following elliptic problem

—eAx,ue — Ax,ue = f in (),

u, =0 on dwj X wa (2.29)
0

& =0 on w1 X awz.

81/2

where 15 is the outward unit normal vector to wq X dws.

X2
OUg
w; =0
u. =0 W1 X ®2 u, =0
g
av—z—O Xl

This problem has a unique solution

ue € H} (O, 0w x wy) := {u € H' (Q) |u = 0 on dw; x wz}.
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2.5 ANOTHER TYPE OF PROBLEMS

Since we can not apply the abstract theory of the precedent chapter, a direct approach is
necessary. Passing formally to the limit in (2.29), one expects that the limit of u, is a solution to
the problem

—Ax,u=f in Q,
aa:z =0 on wi X dws. (2.30)
The solutions of problem (2.30) are only determined up to a function depending only on Xj,
since u + 1 is another solution for any # € H! (w).

In order to characterize the solutions of (2.30) which are limits of the perturbation process,
among the other solutions, we go back to problem (2.29) and, assuming that u, is sufficiently

regular, we perform an integration of the first equation over w,, we get

due

ungz)— Ole 1%, — / fdXo.  (231)
wy

—& AXlungz — AqungZ = —EAX] </ 5 81/2
w (%]

w3 w2 2

Let us set
U, = / udX,, Fi= / FdXo
wy w2

0
and, of course, both U, and F depend only on X;. Then, since a—:je = 0 on w; X dwy, it follows
2

from (2.31) that U, is the unique solution of the elliptic problem
—Ax,Ue = %F in wq,
U. =0 on Jdwj.
In particular, |U,| 12(w;) 18 bounded independently of ¢ if and only if F = 0, i.e. when
/w f(Xy,-)dXy =0 forae. Xj€ ws. (2.32)
2
In this case it holds that U, = 0, i.e.
/w ug (X1,-)dX, =0 forae. Xj € wy.
2
Having this in mind, one expects that any u, limit to u,, is characterized by the condition
/w u(Xy,-)dX, =0 forae. X € ws.
2

More precisely, we claim that the limit problem in this case is the following elliptic problem,

with mixed Neumann and integral conditions,

_AXZu = f in Q,
ou
871/2 =0 on wjp X 0wy, (233)

/ u (Xl,')dXQ =0 for ae. X; € ws.
wy
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2.5 ANOTHER TYPE OF PROBLEMS 35

Remark 2.8 Of course, for a function v € L* (Q) , we have
(/;zv(Xl,-)dXz =0 forae X € w1> = /Qv(x) dx = 0.
and the converse implication does not hold in general.
We assume that wj is sufficiently regular to ensure that the injection
H' (wy) C L* (w) is compact, (2.34)
then the last integral condition in (2.33) guarantee the coerciveness of —Ax, on the space

W, (Q) = {ZJ € L*(Q)|Vxo e [L2(Q)]" " and [ u(X;,-)dX, =0forae. X; € wl} .

ws
In fact, by Poincaré’s inequality for H 1 (w2), (see (A.12)), we have

0(X1, ) [12(n) S €IV0 (X1,7) [12(), V0 € W2 (Q).
for some constant c independent of X;. Then integrating on w;, it comes

0l12(0) < ClIVx,0[120), Vo € Wa(Q). (235)
Thus the mapping v +— |V, 0|2y define a norm on W» (Q2), equivalent to the norm

920) + V3,0l 1200

and by consequence Problem (2.33) has a unique solution 7# € W, (Q).

In the following we give some convergence results.
Theorem 2.6 Under the assumptions (2.34) and (2.32) we have, when ¢ — 0,
ue — i, Ve = Vi and eVyxu. —0 inL*(Q),
where il is the unique solution of (2.33).
Proof. Testing the first equation in (2.29) by v € W,(Q)), yields
oule

/Q eVx,Ue - Vx,vdx + /Q Vx,ue - Vx,vdx — /an gugdf = /vadx Yo € W, (Q)

and, taking into account the boundary conditions in (2.29), we derive

/svxlug-vxlvdx~l—/ szug-vxzvdx:/fvdx Vo € WL (Q)). (2.36)
Q Q Q



2.5 ANOTHER TYPE OF PROBLEMS

Let us take v = u, it comes
/Q€|VX1”8|2 + [ Vxyue | dx < |flr2aylttelrzia) < Clfliz) Vi tel iz,
thanks to Poincaré’s inequality (2.35). Then using Young’s inequality ab < %az + %bz yields
1
[ eVl + 5| Vgue P dx < ClffEa(qy.
We deduce that
ue, +/eVxue, Vxue arebounded in L*(Q)

where the first estimate also follows by Poincaré’s inequality (2.35). Thus there exists ug, 11, us

such that — up to a subsequence —

ue —ug, VeVxue —u, Vit —uy in L*(Q)
and, by the continuity of the derivative operator on D’((2), one can check that

ue —uy, VeVxue =0, Vxue — Vxug in L*(Q). (2.37)
Passing to the limit in (2.36) we get

/Q Vx,uo - Vx,vdx = /vadx Vo e Wy(Q). (2.38)
Taking v = u,, in the last equation, and passing to the limit we get

|Vx,tio[f2(q) = /quo dx. (2:39)
Next, one compute

I.:=¢ |Vxlu€|i2(0) + | Vx, (e — ”O)Iiz(o)

=¢ |Vxlug|i2(0) + |szug|i2(0) - 2/Q Vx,ue - Vx,updx + ]Vquoﬁz(Q) :

Using (2.29), (2.37) and (2.39) we get

I, = /qug dx — 2/Q Vx,ue - Vx,updx + ]Vquoﬁz(Q) — /quo dx — |VX2u0]i2(Q) = 0.
It follows that

VeVxue =0, Vxue — Vxug in L2(Q)
and by the Poincaré inequality, in the X, —direction, it follows

ue — up in L2(Q).

By completeness of W»(Q}) for the norm v — [Vx,0[;2(qy), it follows that uy € W>(Q)) and taking
into account (2.38) we deduce that ug = 1, i.e. ug is the unique solution of (2.33). This ends the

proof of the theorem. m
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2.5 ANOTHER TYPE OF PROBLEMS

Remark 2.9 i) As above, the limit problem can also be defined, for a.e. X; € w1, as

p
_AXZM (Xlr ) = f (Xll ) in wy,

a—u (X1,)=0 on dwy,

vy (2.40)

/M(Xl,')dXZZO.
\ J w2

ii) In the framework of ¢ goes to infinity, an analogous condition to (2.32) was considered in

Chipot [12]. See also [24] and related works.

COMMENTS

The anisotropic perturbations of linear elliptic equations is investigated in Chipot [11], Chipot
and Guesmia [16, 17], Guesmia [31, 33] and related works. See also Laevsky [44]. Other type of
equations are considered in Chipot and Guesmia [15, 18], Guesmia and Sengouga [34, 35].

The first three sections of this chapter has appeared in [21].
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In this chapter we deal with a variational inequality, that involves the p—Laplacian operator,
perturbed in some directions. In contrast with the p—Laplacian type problem considered in
Section 2.3, the problem treated here is not covered by the abstract approach given in the first
chapter. Moreover the convex set, considered in the variational inequality, may depends on ¢ and

converges (in some suitable sense) when ¢ — 0.

3.1 PROBLEM SETTING

Let ) be a bounded open subset of R"” and for ¢ > 0, we consider the following perturbed

variational inequality

p—2
€VX1MS SVXlug val (US — uS) d
’ x> ;0 — U , , \V/'U € K ,
/Q szug ( VXZMS sz (Us _ us) = <f € E>W3P(Q) € €
ue. € Ke

where K, # &, Ve > 0, is a closed convex subset of Wg 7 (Q). To simplify the notations we denote

Vév := eVx,0
\V4 X, 0
and we rewrite the above problem as follows

/ |V€u£|’972 Veue - V& (ve — ue) dx > (f,0e — 1) Yo, € K,
Q

1p 7
M) (3.1)

ue € Ke.
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3.2 A PRIORI ESTIMATES

Assuming f € W—1#' (Q), the above problem has a unique solution u, € K; (see [9, 13]).
In this chapter we shall investigate the behaviour of 1, when ¢ — 0. To this end we need the

following lemma (see [42]).

Lemma 3.1 (Minty’s Lemma) Let T be a monotone hemicontinuous operator from a closed convex K

to X" and f € X', then ugy € K satisfies
(Tug,v —ug)x > (f,v—ug)y, VveKk,
if and only if

(Tv,v —up)x > (f,v—uo)y, VveK.

3.2 A PRIORI ESTIMATES

In what follows we assume that

feW; (Q) (3-2)
where W, (Q) is the Banach space defined as

W (Q) = {u c LV (Q) )szu e [LP ()", u(Xy,) e Wt (Qx,), ae Xy €11 }

This is a reflexive Banach space equipped, due to Poincaré’s inequality in the X, — direction,

with the norm [0}, () := [Vx,2]1p () -
Remark 3.1 We can check that
W, (Q) © WL (Q) C LP(Q),
LV (Q) ¢ WhQ)cw " (Q).
The following theorem gives some a priori estimates of 1.

Theorem 3.1 Let u, be a solution to (3.1), for p > 1. Under the assumption (3.2), in addition we assume

that there exists a sequence (wg), C Wg’p (Q)), we €K foralle>0,s.t.

eVx,we. and Vx,we areboundedin LP (Q)), (3-3)
then we have

us, eVxue and Vx,ue arebounded in LP (Q))
and

|Veue|P 2 Veu, s bounded in LV (QY).
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3.2 A PRIORI ESTIMATES

Proof. Taking v, = w, in (3.1), it follows that

/() |V€u€|l’*2 veug . Vg (uS — wg) dx S <f, Ue — w8>W2(Q)
< Afhwyay IV, (e = we) |1 ()
<

|f|w5(n) [V (ue — ws)\m(o) ’
then

Vel fey < 1f by <|V£ue|LP(Q) + !ngelmm)) + /Q Veue |72 Veue - Viwedx.  (3.4)
Using Holder’s inequality, the last integral term can be majorated as follows

p/y'

/Q ’V£”8|p_2 Ve - Viwedx < Mvgue,(p_l)‘ / fvgwshv(n) = |VSM€‘LP(Q) |V£we‘m(0) ’

L7 ()
since (p — 1) p’ = p. Then by Young’s inequality ab < aa? 4+ C,b” (with & = 1/4, see (A.2)), it

comes
_ 1

/Q Vet Vo Veoedx < 1 [Vl g + C Vol
The same inequality yields

Flwgien (IV el + Vel ) < 5 Vel + € (g + IVl )

W3 (Q) elLr(Q) eiLrQ) ) = 4 £ILr(Q) 5(Q) fiLrQ) )

Going back to (3.4), we get

L \Veuel?, o < C (110 Veaw|!

3 IVl = C (If By + IVeelia)-
It follows that [Vue|;, () is bounded since |V w[;, ) is bounded, i.e.

eVx,Ue, Vx,ue and u, arebounded in LF (Q)). (3-5)

The boundness of (i), follows from Poincaré’s inequality in the X, — direction. For the last

estimate in the theorem, one has

/

|v£u€|P—2vsus v :/Q‘vsusl(P—l)p' dy — |V£Ue|€p(0),

p

L

which ends the proof of the theorem. m

Remark 3.2 i) We may also check that (see the proof of the next theorem)
eVxu. =0 inLP(Q).

i1) In particular (3.3) holds if Ne<e, Ke # &, for some ey > 0. For instance, this is the case for monotone
sequence (in the inclusion sense) of sets K¢, with a nonempty intersection if the sequence is decreasing. In

this case it suffices to fix we = wy, for some Wy € Mgy Ke.

40



3.3 A CONVERGENCE THEOREM

3.3 A CONVERGENCE THEOREM

With an anisotropic perturbation in the variational inequality (3.1), we are led to introduce a
definition of convergence, for convex sets, that fit with this problem. More precisely, we claim
that the candidate limit of 1., when ¢ — 0, is the solution of the following problem
/ \Vx,u|P > Vx,u -V, (v—u)dx > / f(v—u)dx, VoveK™,
° o (3-6)
ie KW
where K2 ¢ W, (Q) is the closure (weak closure) in W, (Q), of the non-empty set K defined

as a limit of the sequence (K;), in the following sense:

i) For any w € IC, there exist a sequence
(we), C Wé’p (Q), w. €K, foralle >0, s.t.

eVx,we >0 and Vx,w, — Vx,w inLP(Q).
(3.7)
ii) For any (w;), C W&’p (), we € K for all e > 0, s.t. -up to a subsequence-

eVx,we =0 and Vxw, — Vx,@ inLP(Q)

then the limit @ € K2,

Remark 3.3 The convergences considered in (3.7), replace the s — liminf K, and w — lim sup K, in the
definition of the so-called Mosco convergence, introduced in Mosco [54, 55] to study (isotropic) singular

perturbations of variational inequalities.

Remark 3.4 For p > 1, it follows from (3.7—1) that

Ve P2 vew, — (Vw2 Y ), m (). (3.8)
VXZZU
In fact, if p > 2 then using inequality (A.6) and Holder’s inequality for the couple (ﬁ + Z—j = 1),

yields

‘]ngg|P2VEwg—WX2w]P2< 0 )

VXZZU
0 p
Q VXZZU
p'(p—1) (p-2)
<C(/
Q

p'(p-1)
o dx) " < [ AIVawe] + [Ty} Y dx) -
(@)

()

/

1/p
| Vate] + [V x|} 72 dx)

Vx, (we —w)
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Since p' (p — 1) = p and |V ewe|;, ) is bounded, it comes that

eV, we
VXz (wS - w)

<C

||ngg\p_zvgwg—|vxzw|p_z( 0 )

szw

/

L7 (Q)

(b ()
¥ (Q) o VW

/

LP(Q)

If1 < p < 2, then by inequality (A.8) we obtain

‘|V8w6\”2vgw8—yvxzw|f’2< 0 )
szw

p/p
_ C' eV x, We

Vx, (we —w)

Lr(Q)

Thus (3.8) holds for all p > 1.

The operator Vi, - <|V xu|” Y Xz’) , appearing in the variational inequality (3.6) and already
considered in Section 2.3, is coercive on W, (€)), bounded, hemicontinuous and strictly monotone
for all p > 1. Thus the above problem has a unique solution for all p > 1.

Now we can show the following convergence results.

Theorem 3.2 Under the assumptions of Theorem 3.1, assume in addition that K, converges to the

nonempty subset KC in the sense of (3.7), then we have

ug — 1, eVxu.—0 and Vxu.— Vxii inLP(Q), (3-9)
where il is the solution to the variational inequality (3.6).
Proof. Thanks to Theorem 3.1, there exists a subsequence of u, -still labelled u,- such that

ug — 1, Vxu.— Vx,il, eVxu—0 in LV (Q). (3.10)

Such i is necessarily in K2 by (3.7—ii). Next we choose an arbitrary w € K, and let (w,), be a

sequence satisfying (3.7—1). By the monotonicity of the p—Laplacian operator we rewrite (3.1) as
/Q |Vewe [P 2 VEw, - VE (we — 1) dx > /Qf (we —ue)dx, Vw. € K. (3.11)
Then using assumption (3.7—1), (3.8) and (3.10) and passing to the limit, it comes
/Q ‘szw‘p_zvxzw-vxz (w— i) > /Qf(w— i)dx, Ywek
and by density this inequality holds also for w € K"2. Thanks to Minty’s lemma, it follows that

p—2 ~
/Q’VXZL?’ szﬁ-vxz(w—ﬁ)dxz/Qf(w—ﬁ)dx, vw € K2,



3.3 A CONVERGENCE THEOREM

i.e. 1 is the solution to (3.6). In order to show the strong convergence, we note that
/Q {]Vsug]p_z Véue — |Vewe |2 ngg} -V (e — we) dx
= |vgu€|rL)P(Q) + ’vgws‘iﬂ(ﬂ) B /Q ’vgus’p_z Véue - Viwedx — /Q ’vgws‘p_z Viw, - Viuedx
-1 -1
> |Voue|pp 0y + IV Wl ) = Vel ) X IV el () = [Vl ) % [VEtel o) -

Holder’s inequality is used to obtain the two last terms. Since #i € K"V2 we can take w = #

in (3.7—1), i.e.
EVXlwg — 0 and szwg — szfl in LP (Q) ,
and it follows that
~1 ~1
0< {|V8”8|€p(g) - |V8w8|€p(0)}m(m X {’vgusm(o) - |V€w€|m(0)}
< / {|V€ug|’”72 Ve, — |Vew, [P ngg} - V& (U — we) dx
0
= / f(ue — we) dx — / ]V8w£|pf2 Véwe - V& (e — we) dx — 0.
0 0
Whence
[Veue| ) = IV (), as € — 0.
Thanks to (3.10) we have simultaneously
EVxite | 0 | inL?(Q)) and
VquE VXZM

Then the strong convergence follows since L? (Q) is uniformly convex (cf. [6]), for all p > 1.

0
Vx, i

eVx, U
szug

‘

LP(Q) LP(Q)
The strong convergence 1, — i in L” (Q)) follows by Poincaré’s inequality in the X, —direction.
Of course the convergence holds for the whole sequence since the limit is always the unique

solution of (3.6). This ends the proof. m

COMMENTS

The study of (isotropic) perturbations of nonlinear variational inequalities, when the perturbation
involves the convex set, was first considered by Mosco [54, 55], where the so-called Mosco
convergence was introduced. Numerous papers have appeared since then, for instance, see

Nashed and Liu [56, 57] and the further references therein.
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In this chapter, we consider the general linear hyperbolic problems, with coefficients depending
in time, defined on an arbitrary domain (). We give a convergence theorem in general domains.
In the case of cylindrical domains we show a regularity result, then we improve the rate of

convergence far from the lateral boundaries.

4.1 NOTATIONS AND PROBLEM SETTING

Let (2 be a bounded open subset of IR”. For a positive constant T, we set

Q:=(0,T)x Q.
Let us denote by A = (a;;(t,x)) a n x n matrix such that

aj € cl(Q), aj; = aj, Vij=1,---,n (4.1)
and for some A > 0 we have the hyperbolicity hypothesis

AE-E>ME)> VEER", aexcQ, Vte (0,T). (4.2)
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4.1 NOTATIONS AND PROBLEM SETTING

We decompose A into four blocks by writing

Al Anp ) Al A
A= , A= A= /“ /12 , (4.3)
Az Ax Ay Ay

where Aj; and Aj; are respectively g x g and (n —¢) x (n —g) matrices. We then set for

every 0 <e <1

A1 €A
Ag = Ag(t,x) = 11 2 (4-4)
€Ay Ap

Using (4.1) we can see that 3C > 0,
AZ-n<Clyllgl,  A'¢-n <Clnllgl. (4-5)
We also have from (4.2), for a.e. x € Q) and Vt € [0, T|
AL EZ A (@GP +1E1), Y eR”, (46)
Any -8 > ME[, VE e R, (4.7)

where ¢ := (El,EZ)T with &; := (gl,...,gq)T and &, := (§q+1,...,§n)T. This means that A, and

Ay are positive definite.

Existence and uniqueness

In this section we would like to consider the following problem
u' —vV-(AVu)=f in Q,
u=0 on (0,T) x 30, (4.8)
u(0)=ud, v (0)=u! in Q
where 1/, u” stands for the derivatives in time of u and the superscript, in the initial conditions,
should not be confused with the power notation.
We make the following assumptions on the initial data and the source term
Wl € HY(Q), ul e L3(Q), fe L%(0,T;12(Q) = LX(Q). 49)
Under the assumptions (4.1), (4.2) and (4.9) there exists a weak solution u, satisfying

ue € C([0,T); HY (Q)), u! € C([0, T; L2 (Q)), u!’ € L2(0, T;H- (),

<ug(t/x>'v>Hé(Q) + /Q Ae(t,x)Vue(t, x) - Vodx
(4.10)

— /Qf(t,x)vdx, vte (0,T), Yo € H} (Q),
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4.1 NOTATIONS AND PROBLEM SETTING

We recall, for the sequel of this chapter, that problem (4.10) is a particular case of the general
abstract setting of existence and uniqueness of a weak solution of hyperbolic problems, see
[22, 49]. Let H be a Hilbert space with scalar product (-, ). The dual space H is identified
with H. Let V be another Hilbert space. We assume that V' C H with dense and continuous

injection’, so that
VCHCcCV. (4.11)

For each t € [0, T| we are given a symmetric continuous bilinear form a(t;u,v) : VxV — R

such that
(i) the function t — a (t;u,v) is of class C! Vu,v €V,
(i) a (t;0,0) > a o}, — Clof3, Vte[0,T],Yoe V,a>0.
Theorem 4.1 ([49]) Given f € L*(0,T; H), u® € V, and u' € H, there exists a unique function u
satisfying
ueC(0,T];V),u' €C([0,T];H),u" € L2(0,T; V'),
(w", vy, +a(t;u(t),v) = (f(t),v),, foraete(0,T) YveV,
u(0) = u® and u'(0) = u'.

and the following energy equality holds

2

1 .0 .0
H+a(0,u,u)

|l (F) |7, +a (u(t), u(t) =

—I—/Ota'(t;u(t),u(t))ds—i—Z/ot (f,u')ds, Vte|0,T].

The limit problem
We assume that there exists u° € H}(Q) and u! € L2 (Q) s.t.

u? = u® in Hj(Q), ul —=u! inI?2(Q), (4.12)
as ¢ — 0. Then, due to the structure of the matrix A, the limit problem does not contain

derivatives in the X; — direction and it will be natural to consider as candidate limit of u, a

function i, defined for a.e. X; € I1;, as a solution to
i"(-;X1,-) = Vx, - (An(-; X1, ) Vx,ii(-; X1,-)) = f(+5 X1,-) inQx, = (0,T) x Qx,,
i(-;Xy,-) =0 on (0,T) x 0Qx,, (4.13)

i (0;Xy,) =u’(Xy,) and @' (0;Xy,-) = ul (Xy,-) in Qy,.

1 The injection V' C H is not assumed compact.
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4.2 CONVERGENCES IN ARBITRARY DOMAINS

In fact it holds that (see Chipot and Guesmia [16])
u’ (X1,-) € Hy(Qx,), u'(Xy1,) € L*(Qx,) and f(-;Xy,-) € L*(0,T;L* (Qx,))
for a.e. X; € Il;. Then problem (4.13) has a unique solution in the sense that
i(-;X1,-) € C([0,T]; Hy (Qx,)), @ (+5X1,-) € C([0, T]; L2 (Qx,)),
" (-;X1,+) € L2(0, T, H™' (Qx,)),
(" (11, %2),0) iy (o ) + /QX1 A (t; X1, X2) Vi, ii(; X1, X2) - Vx,0dXa (4.14)
= | f(tEXy, Xp)vdXs,  Vte(0,T), Vo€ Hy(Qx,),

QXI
i (0,X1,-) = uO (Xl,-) , 11/ (O,Xl, ) = ul (Xl, ) in QXl,

for a.e. X; € Il;. Moreover, as in Section 2.2, if we consider the space
V) (Q) = {v € [2(Q) |Vx,o € L2(Q), v(Xy,-) € HY(Qx,) ace. X; € Hl} (4.15)

equipped with the norm |V, 7| 12(q) » then we show, in the next theorem, that i is also solution
to the following problem
ueC(0, TV, (Q)), u' €C([0,T];L*(Q)), u” € L*(0,T;V}(Q)),
(u" (t,x) ,v>V2(Q) + /Q A (t,x) Vxu (t,x) - Vx,vdx
(4.16)

in Q.

:/Qf(t,x)vdx, vt e (0,T), YoV, (Q),
u(0)=u’ ' (0)=u!

which has a unique solution. To see that problem (4.16) has a unique solution, it suffices to take
the triple V> (QO) C L?(Q) C V5 (Q) in (4.11) and apply Theorem 4.1. The solution also satisfies,
for every t € [0, T], the energy equality

(0 a0y + [ A (8) Vit (1) - Vg ()

:‘ul

2
0 0
e+ /Q Az (0) Vi, 1 - Vi, uldx

t t
42 /0 /Q Fuldxds + /0 /Q AbyVxy it - Vg, udxds. (4.17)

4.2 CONVERGENCES IN ARBITRARY DOMAINS

We are now ready to state the main result in this section.
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4.2 CONVERGENCES IN ARBITRARY DOMAINS

Theorem 4.2 Under the assumptions above, we have for every t € [0, T

ue (£) — i (t) in V2 (Q),
‘ (4.18)
eVxue () =0, ul(t)—=a' (t) in L*(Q),
where 1 (resp. ug) is the solution of (4.14) (resp. (4.10)). Moreover, #i is also the solution of

problem (4.16).

Proof. We first show that u. converges to the solution of (4.16), then we check that the solution
of problems (4.14) and (4.16) is the same. The proof is given in several steps.

I) A priori estimates. The energy equality for problem (4.10) is given by

1

2 2
(1) oy + /Q AV ue(t)- Vue()dx = [ul| |, + /Q A (0) Viul - Vildx

u

t t
+/ / AéVug-VugdxdstZ/ / fuldxds, (4.19)
0 Jo 0 Jo
for every t € [0, T|. Using (4.1), (4.5) and (4.6), we get

(1) 2 ) A (€ [V (D 2y + [Vt ()2 )

12
£L2(>

2 2

+C82|VX1M ‘LZ +C‘VX2M ‘L2

where C is a positive constant independent of ¢. For € small enough, and thanks to (4.12), we

derive

2 2

1

2 02 02 02
) S and e ‘Vxlughz(m + }VXZM.S’LZ(Q) <2|Vx,u ‘Lz(ﬂ)' (4.20)

3

12(Q)
Of course if u! = 0 or u° = 0 the right hand side in the above inequalities can be replaced by any

positive constant. This implies
2 2 2
4 (B)[F2(0) +2 (2 V50106 (D2(0) + [Vatte (D 2(00))
Sz‘ul‘ +C‘VX2 O‘LZ +C’f’L2
+ C/o ‘ug‘Lz(Q) + A (s ]VXlugﬁz(Q) + ]VXZueﬁz(Q)) ds.
Using Gronwall’s inequality (see A.13) we get for every t € [0, T|
[l (8)F2() + A (2 1V xe (D720 + | Viatte () 2()) < C. (4.21)

Thus

(1), isboundedin L%(0,T; V> (Q)),

(4.22)
(u), and (eVx,u.), areboundedin L%(0,T;L?(Q)).
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4.2 CONVERGENCES IN ARBITRARY DOMAINS

Going back to (4.10) and expanding A, to its different blocks we get

‘<“Q(t)/v>H3(Q)‘ < '/Qf(t) vdx| + '/Q Ag (1) Vug (1) - Vodx
<1f D2 [2]20) T Ce [Vxytte ()| 121 (5 VX, 0lp2(0) + WXMU(Q))

+C|Vxstte (1)l 20y (V302 g2(0) + [ Vxe2liagey ) -

Then we apply Poincaré’s inequality and regroup similar terms, it comes

(! (1), 9 o] < CUF D2y + €[ Vxtte ()] 2(0) + [ Vaatte (D] 12(0) 1 [VOli2(q)
HQ) (©) (©

for every v € H} (Q) and a.e. t € [0, T], hence

’ué"H,l(Q) < C (‘f’LZ(Q) +¢€ |VX1uS|L2(Q) + |VX2uS|L2(Q)) . (423)

Then taking the square in both sides and integrating over (0, T), we obtain

2
! 320110y < € (1l + € 1 Vxittelizg) + [Vt ) -
By (4.22) the second member is bounded, then
(uf), isbounded in L*(0, T; H™' (Q)). (4.24)

II) Weak convergences. In this step we study the weak convergence of u, in Q. Thanks to (4.22)
and (4.24), we can extract from (i), a weak star converging subsequence -still labeled u,- such

that
ue =z in L®(0,T; V2 (Q)),
eVxue =0, ul >z in L®(0,T;L*(Q)), (4.25)
ul’ =~z in L2(0,T;H ' (Q)).

To verify that the limits are as stated, we use the continuous injections L? (Q) C D’ (Q) and
L? (0, T; H 1 (Q))) C D’ (Q) with the continuity of the derivative operator in D’ (Q) . In order to
show that z satisfies the equation in (4.16), we multiply (4.10) by ¢ € C* ([0, T]) and integrate

over [0,t], we get
/Ot (ul, v (s)>H3(Q) ds + /Ot /Q AeViug - Vo (s) dxds = /Ot /va(,b (s) dxds
for every t € [0, T| . Expanding this identity, using the different blocks of A, we derive
t t t
/0 (uy, v<p>H3(Q) ds + /0 /Q e2 A1 Vi, ue - Vy, opdxds + /0 /Q €A1V x,le - Vx, opdxds

t t t
-I—/ / sAzlvxlug-szv(pdxds—k/ / AnVx,ue - Vx,vpdxds :/ /fv(pdxds.
0 Ja 0 JO 0 JO
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4.2 CONVERGENCES IN ARBITRARY DOMAINS 51

Then passing to the limit using (4.25), it follows that

t t t
/0 <ZN'U>H5(Q) Pds + /0 /Q ApVx,z - Vx,opdxds = /0 /va(pdxds,
for every v € D (Q) and ¢ € C* ([0, T]) . Thus
2" = (f = Vx, - AnVx,z) € L*(0, T; L* (Q)) + L*(0, T; V5 (Q)) C L*(0, T; V5 (Q2)),
and by consequence z satisfies the equation in (4.16), since, for a.e. t € (0,T),

(2" (t)'U>H5(Q) = (2" (t),v>vz(0), VeD(Q).

Now, in order to check the initial conditions, we first derive from (4.25) that* z € C([0, T]; L*> (Q)) and
z' € C([0,T];V} (Q)) since we have (see [22, 26])

{olv € L*(0,T; V2 (Q)),v € L*(0,T; L*(Q))} < C([0,T];L*(QY)),
{olv € L*(0,T; L*(Q)),v € L*(0, T; V5 (Q))} < C([0,T]; V}(Q)).

So z(0) and z’ (0) make sense, at least in L?(Q) and V) (Q)) respectively. To show that

z(0) = u® and 2z’ (0) = u!, we use the identities

/O e, 09)y 0 @5 = (2 (1), 09(1) )y, ) — (2 (0),29(0)),
—/Qz(t) U(])I(t)dx—F/QZ(O) v(p’(O)dx—{—/Ot/szq)”dxds (4.26)

and

! " / 1
/0 <u€,vcp>Hé(Q) ds:/ﬂu£ (1) vcp(t)dx—/ougv(p(O)dx
t
—/ng (1) vcp’(t)dx%—/ﬂugz)(])’(O)dx—k/o /ngwp”dxds. (4.27)

(We integrated by parts twice with respect to t in (4.26) and (4.27)). Then, passing to the limit in
(4.27), using (4.12), (4.25) and taking ¢ (t) = ¢’ (t) = 0, we get

f 1! f 1
/0 (z ’U¢>H5(Q) ds = /0 (z ,vcp>v2(m ds
= —/Qulvqb(o)dx—k/Quovq)’(o)dx—k/Ot/ozv(p”dxds. (4.28)

By comparing (4.26) and (4.28), we deduce that for every v € D (Q))

~(2(0),0p(0),  + /Q 2 (0) v (0)dx = — /Q 1§ (0)odx + /Q o¢! (0)dx.

2 after possibly being redefined on a set of measure zero.
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Then we conclude that z (0) = u® by choosing ¢(0) = 0, ¢'(0) = 1 and that z’ (0) = u! by
choosing ¢(0) =1, ¢’(0) = 0. Thus we have shown that the unique limit of u, is the solution of
(4.16) and the convergences (4.25) hold for the whole sequence.

Let us fix some ¢ € [0, T], since the estimate (4.21) holds for every t € [0, T], there exist Z?, ¢}

and ¢? such that -up to a subsequence-
eVxue () = 2, ul(t) = ¢ inL2(Q) and u.(t) =) in )y (Q).

Passing to the limit in (4.27) for ¢ (0) = ¢’ (0) = 0, comparing with (4.26) and arguing as above,
in the initial conditions, for different choices of ¢ (t) and ¢’ (¢) yield

g=z(t), &=2()

and by consequence 7 = 0. Then, by the uniqueness of the limit, the following convergences

hold for the whole sequence and for every t € [0, T]
eVx e () =0, ul(t) =2 (t) inL?(Q) and u,(t) =z (t) in )V, (Q). (4-29)
IIT) Strong convergences. Now we show the strong convergence of u,. We set for every t € [0, T|

Jo(t) = J(ue—2) ())]r2(q
. [aw ( Ve (£) ) | ( Ve (1) ) o
0 Vx, (ue —z) (t) Vx, (e —z) (1) (4.30)

SR Vit )Vt ) g
00 VXz (uE - Z) vX2 (”E - Z)
Developing J¢, by using the different blocks of A, we get
2 2
Jo ) = [ Oy + 2 (P 2 [ 1 (0 ()
t
+ / Ae (1) Vuge (t) - Ve (1) dx — / / ALV, - Vudxds
o) 0 Jo
- /Q eAn (1) Vigtte (1) - Vi, z (1) dx — /Q eAn (1) Vi, tte (1) - V2 (1) dx
— /Q An (1) Vyite (1) - V2 (1) dx + /Q An (1) V2 (1) - Vix, (2 — te) (£) dx
t t
- /O /Q ALV, it - Vi, zdxds — /O /Q eAL Vi, e - Vi, zdxds

t t
—/ /()A/szxzz-vxzugdxds—k/ /QAlzzvsz'VXZ (z — ug) dxds.
0 0
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Using the energy equality (4.19) we derive

ul

t
g = [ul], +/ Ae (0) Vi Vuodx—2/ 2 () dx+2/ /qu;dxds
0
- /Q eAp (1) Vigtte (1) - Vi, z (1) dx — /Q eAn (1) Vx,tte (1) - V2 (1) dx
- /Q An () V2 (1) - Vigte (1) dx + /Q Az (1) Vioz (£) - Vix, (z — 1) (1) dx
t t
—/ / sA’lQVXZug-VXIdeds—/ / €Ay Vx e - Vx,zdxds
0 JO 0 JO
t t
—/ / A’ZZVX22~VX2u£dxds+/ / AV x,z - Vx, (z — u;) dxds.
0 JO 0 JO

Then, by the weak limits in (4.25) and (4.29), it follows that

. _ / 2 12
iy Je (1) = = 12 () iz + 1]

- /Q ApVx,z(t) - Vxz () dx
+ /QAzz (0) Vx,u® - Vx,uldx + /Ot /Q A5V x,2 - Vx,zdxds —|—2/0t/sz’dxds =0,

since we already have the equality (4.17). Then using (4.1) and (4.6), we get from (4.30)

(e = 2)' ()] Fagy + A (1 Vxstte ()2 + |V (e = 2) (D)2 )

<L ()] +C /0 2| Vxyte () gy + |V (= 2) (5) By 45, (430)

for every t € [0, T]. We set

D (t) == |(ue — 2) ‘Lz + & |V e (t )|22(Q) + |V, (1 — 2) (t)’%Z(Q) :
Then we can rewrite (4.31) as

D, (1) < ClJe ()] + C/Ot D, (s)ds, where |J:(t)] — 0.

Since @, is bounded in C ([0, T]), independently of ¢, there exists ® € L!(0,T) such that
@ (t) := lim,_,o sup P, (t) . This implies

t J—
()<O+Chmsup/ D, ( ds<C/ 11msup<I> )ds:C/ D (s)ds. (4-32)
0 &0 0
By the Gronwall’s inequality, we derive
P(t)=0 ae. te[0,T].

On the other hand lim,_,¢ inf @, (t) > 0 since ®, (t) > 0,Vt € [0, T], hence

lim®, (t) =0, Vtel[0,T].

e—0
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4.2 CONVERGENCES IN ARBITRARY DOMAINS 54

This means that

ue (t) = z(t) in Vo (Q),

vie [0,T].
eVxue (1) =0, ul(t) =2 (t) in L2(Q),

IV) The limit z (- ; X3, -) is the solution of (4.14) for a.e. Xy € I1;. To check that
z(-;Xy,-) =14 (-;X1,-) onQx, = (0,T) x Qx,, forae. X; €I,

we use the argument introduced in Chipot and Guesmia [16] for elliptic problems. For conve-
nience, and since we have an evolution case, we write it here.

First we cover () by a countable family of open sets of the form U; x V; C ), i € IN where U;,
V; are open hypercubes of R7, R"~1 respectively. Choosing ¢ € D(V;),n € D(U;) and taking into

account that
Vo (U; x Vi) = L* (U;) x Hy (V;),
it comes that

(Z"(t),n(X1) @ (X2)>Vz(ui><vi) - /

o (X2) (2"(8), ¢ (X2)) 1 vy %1

Since ¢ € D(Q) C WV, (Q)), we derive from (4.16) that for every t € (0,T),

/u‘ 1 (X1) {<Z”(f)/ ¢ (X2)) 1 vy + /V AnVx,z(t) - Vx, ¢ (X2) dXz} dX,
= [ 1Ga) [ fe(x)dxadxs, vy D(U).

Then, there exists a set of measure zero N(¢), such that

(1), 9 (X2)) iy + [, A2V Voo () dXe = [ F(t)g (X2) X (+33)

for all X; € U;\N(g¢). Denote by (¢,), a Hilbert basis of H}(V;), then (4.33) holds for all X;
such that

Xl - Ui\ Uy, Ni((l)n)/

where U,Nj(¢,) is of course a set of zero measure (a countable union of zero measure sets).
Thus (4.33) holds for any ¢ € H}(V;) and for all X; € U;\ U, Ni(¢,). This easily follows from
the density in Hj(V;) of the linear combinations of the basis (¢,),, -

Let us fix some X; € I1n\N where N is the set (of measure zero)

N = HQ\ U; UnNi(¢n),
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and let ¢ € D (Qy,), if Kx, denotes the support of ¢ we have clearly
KX1 - (QXl N (Usz)) C QX1/

and thus Kx, can be covered by a finite number of V; that, for simplicity, will be denoted by

Vi, - -+, Vk. Using a partition of unity, there exist ¢, € D(V;) such that

k
Zi:l Y, =1, onKy,.

By (4.33) we derive

Ep(X), [ AnViz(t) Ve (X2 dX,

H%(QXl

S(FOEL e ) o+ [ AnVra(t) T (T g () d,

Hy (QXl)

= Zz 1{ ) ¥, (P(X2)> ) +/V‘ AnVx,z(t) - Vx, <lpi(P(X2))dX2}

=X [, SO e
—/ f(t)e (X2)dXs.

and it follows that for a.e. X; € Iy,
(2"(t; X1, Xa), ¢>H3(Qx1) + /Q A (t; X1, X2)Vixpz(t X1, X2) - Vx, ¢ (X2) dX2
X1

0 f(t,' Xy, Xz)go (Xz) dXo, VQD S D(QX]), Vt € [0, T] .
X

Taking into account the fact that problems (4.14) and (4.16) have the same initial conditions, we
derive that z (+; X3, -) is the unique solution of (4.14), for a.e. X; € Il;. This completes the proof

of the theorem. m

Remark 4.1 We can replace the condition (4.12) by the following weaker one

0

u = u® inV,(Q) and eVxul =0, ul —ul in2(Q).

In this case we only have to suppose that u® € V, (Q)) .
As a consequence of Theorem 4.2 and (4.22) we have

Corollary 4.1 For every 1 < g < oo we have
ue—u in  L1(0,T;V2(Q)),
eVxue —0, ub— ' in L7(0,T;L*(Q)), (4.34)
(! —a"y =0 in LI0,T;H1(Q)).
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Proof. The first two lines of (4.34) follow from Lebesgue’s theorem, (4.22) and the pointwise
convergences in t given by Theorem 4.2. For the last limit, we subtract (4.16) from (4.10) and

estimate the second time derivative of u, — i by
(e — )" (£),0) g1 () = — /Q €Ay (1) Ve (1) - V0 — eAps (£) Vigtte (1) - Vi, vdx
- /Q eAn (1) Vx,tte (1) - Vg0 — Ama () Vx, (1te — 1) (£) - V,0dx
<C <5 |Vx, e (t)‘LZ(Q) +€|Vix,ue (t)|L2(Q) + [V, (ue — 1) (t)‘L2(0)> ‘VU|L2(Q) ’
for every v € H} (Q) and every t € (0, T). Then deduce that
| (e — )" (t)|H*1(Q) <C <€ |V x, e (t)’LZ(Q) +€|Vx,ue <t>‘L2(Q) + |V, (ue — 1) (ﬂ’p(ﬂ)) :

Taking both sides to power g, applying the inequality (a4 b)7 < 2971(a% + b7) and integrating
on (0,T), yield

t
e = "1 11 < C/o e Vx| o) + €1 [Vaattel o) + 1V, (e = )2y 5.

Using the first convergences in this corollary the right hand side of the inequality above tends to

zero. This completes the proof. m

Remark 4.2 In particular, since ul!, i" € L2 (0, T; H™' (Q)) , we have u! — 7" in L*(0, T, H ' (Q))).

4.3 CONVERGENCES IN CYLINDRICAL DOMAINS

One notes that the missing of the convergence of the gradient Vx, u,, in Theorem 4.2, prevents
the convergence to be in Sobolev space H! (Q)). This was expected since u, and its limit # do not
necessarily belong to the same space H} (QQ) . In particular, on cylinders a boundary layer may
appears near to the lateral boundary. In this section, we show that the above convergences can
be improved far from this lateral boundary.

In this section we assume that the domain is cylindrical, i.e.
O:=AXw, (4.35)
where A (resp. w) is an open bounded subset of R? (resp. R"~7). Then it holds that
W (Q) = L2 (A, H} (w)) and Vj (Q) = L2 (A, H! (w)) .
In addition we assume that the matrix A is independent of time, i.e.

A(t,x) = A(x). (4.36)
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For a.e. X; € A, Problem (4.14) can be stated as

;

i(-;X,-) € C([0,T]; Hy (w)), &' (-;X1,-) € C([0,T]; L* (w)),
" (-;Xy1,+) € L2(0, T; H ! (w)),
(" (t; X1/X2)/U>H6(w) + /wAzz(Xl,Xz)VXZﬁ(t; X1, X3) - Vx,vdX; (4.37)

:/f(t;Xl,Xz)vdXZ, Ve (0,T), Yoe H}(w),
w

i(0,Xy,-) =u’(Xy,:), @(0,Xy,)=ul(Xy, ) inw.

Our aim in this section is to improve the convergence u, — i, in particular the convergence of
V x, ue. For this reason, as a necessary condition, we need to assume more regularity hypothesis
on the solution of the limit problem, i.e. i (t) € H! (Q) for a.e. t € (0,T). Thus we start by

studying the regularity of i.

4.3.1  Regularity Results

The following proposition shows that the regularity of i in the X; — direction depends on the

regularity of the data in the same direction.

Proposition 4.3 Under the assumptions of Theorem 4.2, the additional assumptions (4.35), (4.36) and

ot € L (A HT (), duf € L2 ((0,T) x 5 HT (@), i=1,++ 4, (4.38)
we have
el (0, T; H! (Q)), il € L (o, T; L2 (A;H—l (w))), i=1,-,q. (4.39)

Proof. Let A’ be an open subset such that A’ CC A (i.e. the closure of A’ is a subset of A). We set
ho := dist (A’,0A) and for 0 < h < hy we denote

Tv (X1, Xa) =0 (X1 +he;, Xp), for Xy €A, i=1,---,3,

where ¢; is the unit vector in the i — direction. Subtracting the identity in (4.37) from itself

written for X; + he;, we derive

<T;Zﬁ// — 17[//, U>Hé(w) + /w T;IA22VX2 (TZﬁ — ii) : VXZUdXZ

= / (T;qf — f) UdXz — / (T;;Azz — Azz) szﬁ . VXZZ)dXZ, Vo € H& (w) . (440)
w w
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For s € |0, T], we set

then it holds that

p(o)=U(c)-U(s) if o<s. (4.41)

Taking v = (T}¢ — ¢) (0) € H} (w) in (4.40) and integrating over (0,s), we get

[ @ =y~ hgode + [ [ tanT (v - 1) Ty, (i - ) dXedo
= /0 | (wif =) (zip = ) dxado
_ /os /w (TZAzz - Azz) Vi Vx, (T;NP - 1[]) dXodo. (4.42)

Next, integrating by parts in the first integral, we obtain

/()S<Tﬁﬁ/’—ﬁ’/ T — 1P> ()dU:/w(T,;u s) — ()) (Tth() ())dXz
_/(Thu —u)( 0)dX2
[ [z =) (w9’ — o) dxade,
:/ (TZul—u)< fI(s)—CI(s))dXz
+// T — it (T;lﬁ—ﬁ)dxzda

2 1
_|_7

v T2 (4-43)

5 |(da-1) )

The second integral in (4.42) can be written as
/05 /w TZAzzsz (T;ﬂ] — ﬁ) . VXZ (TlhllJ _ w) AXodo
= /05 /w TZAZZVXZ (T;lll)/ . l/)l> . sz (T;ll/J o w) dXodo
= [, ThAuY (do =) 6)- V. (dh - ) () axe
~ [ tiAnVx, (e~ ) (0)- Vo (thy — ) (0) X2

- ; T AV, (rhu u)() vxz(' - )()dXz. (4.44)
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We then use (4.43) and (4.44) in (4.42), it comes
% ‘(Tﬁlﬁ - ﬁ) (s) iZ(w) +% /w T Ay Vx, (TZCI - Cl) (s) - Vx, (TZCI - l:l) (s)dXa
S’ —ul iz(w) + /w (T;;ul - ul) (TZLNI - CI) (s)dXz
~ [ [ (5 = 1) (xi - ) dXedo
+ /O s /w (th A = An) Vst Vi, (hp — ) dXado.

Applying (4.7), the Cauchy-Schwarz and Poincaré’s inequalities, we obtain

3|(fa =) ©

A C
iz(w) —+ E VXZ (T;lu — U) (S)

= % Tl - ”O‘;(w) + Cmiw’ - ul’ 1(w) ’VXZ <T§la - a> (s) L2(w)
T ] ot v Vx (i —v)| (05 xc)
+|(than = An) Ve, AV (T 9) L

(In the second and the third terms of the right hand side, we considered the duality product).

Then by Young’s inequality 2ab < aa® + (b*/«) with convenient values’ of a, we derive

’(T;Zﬁ - ﬁ) (s) %2 2 ’vXZ (Thu U> (5) iz(w)
. 2 : 2
<|7ju’ — MO’Lz(w) e ul‘Hfl(w Clnif - f L2(0,T;H 1 (w))

1. 2
+C ’ ’ThAzz - Azz’* Lo((0.T) %)

\VXzﬁ|L2((o,T) xw)

A
+ —

i 2 d
8T (Thlp B 1/1> 2w (4-45)
where | - |, denotes a matrix norm. We estimate the last term above, using (4.41), as follows
S . 2 S .o - i T - 2
/O (v =) @], 4 = /0 (vt =) (o) =V, (et = ) ), dor
S 0-0) ()|, do+2T |V, (da—-0) )|
(Thu B u) (U)‘Lz(w) ot ) % (Thu B ) (s) 12(w)
Using this in (4.45), we get
. 2 2
’(Thu B u) (s) 2w ’sz (Thu U) (5) 12(w)
2 2
< i 0 _ 0 i1 1
<|tu —u ‘ Tu —u ’Hil( Thf fLZOTH )
. 2
T, A2 — Azz’*‘Lm(w) ’vxzu’B((O,T)xw)
Nda—a) @], +|ve (di-0) @), 4
(Thu B u) (7) L2(w) + ‘ X2 (Th B ) (9) 2w

3 for instance, & = % in the second term of the right hand side
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For s € ]0, T], we apply Gronwall’s inequality, integrate on A’ and divide on h?, we obtain

. 2 .~ ~ 2
(ti,d — 1) (s) N Vx, (U = 1) (s)
h h
L2(A'xw) L2(A xw)
. 2 , 2

i u® —ul hul —ul
O L B

L2(A xw) L2(NH Y (w))

. 2 . 2
i f i Ay — A
L Thfh f LC T 22h 22
L2((0,T) x AH () *L (A xw)

According to (4.38) and using the standard method as in Gilbarg and Trudinger [29, Lemma
7.23], all the terms in the right hand side are bounded independently of £, i.e.

S 2 it 2
(T, —h”) (s) + Vx, (Thbll1 a) (s) <C, Vsel0,T],
L2(A'xw) L2(A' xw)
for every h > 0 and A’ CC A. We deduce that
Ol (s), Ox, (Vx,U) (s) € L*(Q), i=1,---,q, Vs€]0,T]. (4.46)

Since we already have 9., (s) € L* (Q) fori =q+1,--- ,nand # (0) = u® € H! (Q), it follows
that

i(s)e H'(Q), VYs€0,T]. (4-47)
Now we look to the regularity of ii’. Recall that, for every v € D (w),

(" (0’),0>H6(w) + /wAzzvxzﬁ (o) - Vx,0dX = /wf(a) vdX,, Vo €[0,T].
Integrating on [0,s] C [0, T] and taking into account the fact that (I’ = i and U (0) = 0 yield

S

/ i’ (s)vdX, = / ulvdX, +/ / fodXodo — / AnVx,U(s) - Vx,vdXs, Vo€ D(w).

w w 0 Jw w
Applying the derivative operator dy,, (i =1, - - - ,q), on both sides of the identity above, we obtain

~ o 1 s
(O (5),2) ) = (Bt '”>Hg<w> +/0 (95 (7)1 0) () 40
— / (axiAQQ) VXZCI(S) . VXZZ)EZXZ —/ A228xi (VXZC[(S)) . VXZ’()dXQ, Yo eD ((,LJ) .
w w

Next, we apply the Cauchy-Schwarz inequality in each term to get

(O (), 9) gy < C{ a"*’“l‘H—ww) 19520 m-1(w)) T IV ()] 120

+ V0 (5)] 2y + 106 V.0 (s)|L2(w)} V.0l V0 €D (W),
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hence

0,87 ()] 100y < C{

91|,y Pl Lo s 100 ()
+ 1Vl 5) 120y + [PVl 5 1z -
Taking both sides to power 2 and integrating on A, we derive
- 2
/A 95, (5) 310y X1 < c{

~ 2 2
+ ‘axiszu (S)‘LZ(Q) + ’axif|L2((O,T)><A,H_1((U))} :

2
Oy, ul
L2(AH

~ 2
wy T VRl ®)q)

Due to (4.38) and (4.46), we deduce that
Ay i1’ () € L2 (A; H! (w)), i=1,-,q, ¥s€[0,T]. (4.48)
This ends the proof of the proposition. m
Remark 4.3 i) The proof also shows that
o, €L (O,T;Lz (A,Hg (w))), i=1--,q.
ii) Note that although we ignore if i € C (0, T; H' (Q)) or not, we have
a(t),U(t) € H (Q, A x 0w) := {v cH (Q)|u=00nA x aw}, vVt € [0,T]. (4-49)

Indeed, having ii (t; X1,-) , U (t) € H} (w) for a.e. X1 € Aand i1 (t), U (t) € H' (Q), Vt € [0,T],
then according to Chipot and Guesmia [16] it follows that ii (t) and U (t) vanish, in the trace sense, on

A x dw, ie. i (t),U(t) € H} (Q, A x dw) . It follows by the above proposition that

1,0 (t) € L (o, T; HY (Q, A x aw)) NC(0,T; V> (Q)). (4.50)
By the density of H} (Q, A x 9w) in V5 (Q), and arguing as in Strauss [64, Theorem 2.1], we derive
that i (t) € H} (Q, A x dw), ¥Vt € [0, T]. By consequence we also have

UecC (0, T; H} (Q, A x aw)> . (4.51)

Remark 4.4 If the coefficients of Ay are time dependent, i.e. Ay = A (t,x), Proposition 4.3 still

holds under the assumption
Ona; € L¥(Q), 1<k<gqand q+1<i,j<n

In this case, some estimates of the above proof holds only in a subinterval |0, T], for some T sufficiently
small (0 < T < T). Thus we establish the regularity on [0, T| as above and taking into account that
0x,u (T) and ox,u’ (T) are as reqular as dy,u (0) and dy.u’ (0) respectively, for i = 1,--- ,q, then we
repeat the same arguments in next interval [T,27], and so on. We obtain the reqularity on [0, T| after a

finite number of steps.
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4.3.2 Convergence Results

Let Ap and A; be two open subsets of RY satisfying Ag CC A; CC A. With this notation we set
O :=Axwand Q;:=(0,T) xQy;, i=0,1.

Consider a smooth cut-off function ¢ = ¢ (X7) satisfying
supp (0) C A, 0=1ondy, 0<90<1 and |Vx,o| <C.

For every s € ]0, T|, we define the functions

P, (1) = { _./ts“’f (o)do t<s,
0 t>s,
J

We(t) = [ we(c)do and U, (t) = /Otug (o) do,

where w, := u, — 7i. Then we have

Theorem 4.4 Under the assumptions of Proposition 4.3, we assume in addition that

0

|ug — uO’LZ(Ql) =0(e) and |ul —u'

U, —u

) O (e), (4.52)

then we have

sup |(u; — ') (t)|H*1(QO) ,sup [(ue =) (£)| 20,y = Ofe),
te[0,T] te[0,T]

sup |Vx, (Us — U) (t)‘LZ(QO) = Ofe),
t€[0,T]
and the weak convergence
Vi Ue (1) = Vx U (t) inL*(Qp), Vtelo,T],
where ii (resp. ug) is the solution of problem (4.37) (resp. (4.10)).

Proof. By comparing (4.10) and (4.16), we deduce that

(wy,v) + /QA,ngE -Vodx = — /QszAnvxlﬁ - Vx,vdx

— /Q eAuVXzﬁ : Vxlvdx — /QEAmVXlI/Nl . VXZde, Yo € H& (Q) . (453)
According to (4.49), we have

. (0)¢* =0 ondQ), Vo € [0,s]
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which allows us to test (4.53) with ¢, (0') 0> € Hj (Q) . Then integrating over [0, s] we get

/Q e(s) e (s ) 0*dx — / wﬂk de—/ / w8¢292+A Vw, - (wegz) dxdo
__/O /Qe A1Vl Vy, (.07 )dxda—/o /QgAlzvXZﬁ_VXI (,0%) dxdo

S
- /O /Q eAn Vi, ii -V, (1,0%) dxdo, (4.54)

0 __ 1

where w? := u? — u° and w! := u! — u'. The A, integral term can be written as

//Asz (y.0 )dxd(f—/ /AVwe V0> +2¢,0A.Vw, - Vodxdor
5 [ AT (5) - Vy.(5) x5 [ Ay, (0)- Vy, (0)
+2/0 /QqJSQAngg-VdedU,

and, since ¥, (s) = 0, ¥, (0) = —W, (s) and w, € H' (Q2), we have

/ / ANVw, -V (0 )dxd(f——f/ A VW (s) - VIV, (s) 0*dx

S
+2/ / P.0A:Vw, - Vodxdo.
0 /O

Considering this in (4.54) and noting that ¢ is independent of X,, we obtain

1 1
3 [ () elfo) +5 [ ATWe(s) - VW (5) g

1 2 s _
=5 ]ng]LZ(Q)—i—/ngWg (s) dex—i—ez/o /(}Allvxlu-vxltpsgzdxda
te / / ApVi,ii -V, (,0%) dxdo + / / AnVx, i - Vi, 0*dxde
0 Jo 0o Jo
—|-282/0 /QQ1/J€A11VX1€[-Vxlgdxda—l—Zsz/o /Ql/JSQAanlwg'VXlexd(T

—|—2£/0 /lesgAuVXZwe - Vx,0dxdo. (4-55)

Using the Cauchy-Schwarz, Poincaré’s inequalities and Young's inequality 2ab < xa® + (b*/«)

with convenient choices of «, it follows that

[we (5) /720y + A€ [V, We (5) @72 +MVX2Ws( 5) oli2(q)

2
< ol +C fele L(AH (@)

+Z’vX2W€( )Q|L2 +C€ |leM|L2
/\
+ Ce* |vX1w€‘L2 + Ce? |vxzw€‘L2 8T 0 82 ’vxllPsQEZ(Q) + ’vle/]sgﬁz(ﬂ) do

+ 2¢ ; do, (4.56)

/Q ApVx,ii -V, (.0%) dx
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Then using the density of D (A1 X w) in H} (A1 X w) and the fact that A1; = AT}, we can rewrite

the last integral as

>

+1

Il
™=

I

—_
-ﬂ._
-

/QAQVXZQ -V, (¢, (o) 0*)dx ;0 10y, (p, (0) QZ) dx

5

I
M:
5

Ay, (Q*aijp, (0)) x;11 — 0,005,107, (0) dlx

N
Il
—_
<
I
-
+
—

Qzaijanlpg <‘7) ax,-ﬁ + Q2axjai]'¢s <‘7) ax’.ﬁdx

Il
—

Il
MQ
m:

5

Jr

i 1

]
q n

_Z Z ‘/aniaijaxjﬁgzlpg (0') dx,

i=1j=g+1

q

hence
[ AnVi - Vx (9, (0) e)dx = [ AV, (0) - Vxie%dx
[ (Vo Aw) - Vit (0) dx = [ (V- An) - Vi, (0) 0%
The same techniques above yield

S
28/
0

do < Ce? (|VX1L~£|%2(Q1) + |vX2ﬁ|i2(Q1)>

/Q AVt - Vx, (,0%) dx

A8 )
+ 87T/0 WXZIPSQ|L2(Q) do.

Going back to (4.56) we derive

3A
[we (5) @720 + A€ [V, We (5) @l 20y + 5 VW (8) 0l2(0y

1 2
Sl (aH (W)

2
< ‘WS‘LZ(Ql) +Cw
+Ce {|Vitlhg,) + & Vel gy + 1 Vieweligy b
A S
+ o [ € 1V, () iy + 19560 (0) ol o (57

Using the inequality (a £ b)? < 242 + 12, the last integral term of the right hand side can be

estimated as
o [ 2195 (0) o + V5, (0) ol do
4T Jo 17e L2(Q) 2 Ve 12(Q)
A [ ) )
< T /0 e |Vx,We (0) Q|L2(Q) + |Vx, W, (0) Q|L2(Q) do

A 2 2
+5 (ez [V, We (3) €l12(q) T [V We (5) Q‘LZ(Q)> :
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Considering this in (4.57) we get

A A
|we (s) Q‘%Z + *52 |VX1W£ (s) Q’%Z(Q) + 1 [V, We (s) Q|i2(0

S ‘wO‘LZ yHCw

2 ~12
nay €8 (IVtlizigy + Vel +€ [Vxweliig,)

A 2
+ o> ; T2 |Vx, We (0) QILZ(Q) + [V We (0) 0l12() do

For s € [0, T], using the Gronwall inequality we obtain

[we () @lF2(cy) + € |V, We (5) @20y + [V We (5) @72
< 0
_COwE‘LZ +‘ RO ()))
+ €& |Vl g, + [ Vxawilizg,) + € [Vxiwelixg,) (4:58)

where all the terms in the right hand side are independent of s. Applying (4.21) and (4.52), we

derive

sup [twe (s)|r2(cy) » SUP |V We (8)[ 120y = O (), (4-59)
s€[0,T] s€[0,T]

and by consequence we have
|w5|L2(QO) ’ |VX2W€’L2(Q0) =0 (E) . (460)
We also derive from (4.58) that

Vx,We (s) is bounded in L? (Q)), (4.61)

independently of s € [0, T]. So for a fixed s € [0, T], there exist x such that -up to a subsequence-
Vx,We (s) — x(s),in L? (Qp), and we may verify as above (see (4.25)) that x (s) =0, i.e.

Vi, We (s) =0 in L?(Q).

The convergence holds for the whole sequence, since the limit is unique, and for every s € [0, T].

By Lebesgue’s theorem and the pointwise convergence in s, we also obtain
Vx,We =0, inL?(Qo). (4.62)
Integrating (4.53) over (0,s), it comes

/ wl. (s) vdx :/ wgvdx—/ AV W (s) - Vodx
o o o

s
— / /(282A11VX111 -Vx, 0+ eAVx,i - Vxv+eAnVxi-Vx,v dxds, Vv € Hé (Qo) .
0
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Applying the Cauchy-Schwarz inequality to each term, we find

/Qow;(s)vdxgc{

1
We

LZ(AO;H—] (w)) te ‘vxl Wg (S) ’Lz(ﬂo)

+ [V We (5)]12(0) T € |Vﬁ|L2(QO)} V|20, Vo € Hy (Qo)-

Then we conclude, after dividing by ¢, that

1 1
2 19 @)y < C{g !

1 ~
+ |VX1 We (S)‘LZ(QO) + E |szW£ (S)|L2(Qo) + |Vu’L2(Q0)} . (4.63)

L2(Ag;H 1 (w))

Due to (4.52) and (4.59)—(4.61), the right hand side terms of the above inequality are bounded
independently of s € [0, T]. Thus we get

sup |w; (5)‘1{*1(00) =0 (e).
s€[0,T]

This ends the proof of the theorem. m

Matrix with diagonal structure

When the matrix A has a diagonal structure we can improve the above convergences.

Corollary 4.2 (Diagonal matrix) Under the assumptions of Theorem 4.4, in addition we suppose that

A12, A21 = 0and

1_ 1
U, —u

]ug - uO]LZ(Q) =o(e) and =o(e), (4.64)

then

sup [(u, =) (8)] g1y SUP |(te = 10) ()] 120y = 0 (€),
te[0,T] t€[0,T]

sup |V, (U —U) (t)|L2(QO) — 0,
te[0,T]

sup |Vx, (U: —U) (t){LQ(QO) =o(e).
te[0,T]

In particular we have the strong convergence

sup |(Ue —U) ()| ) 0
te[0,T)
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Proof. Taking into account the fact that Ay, Ay; = 0 in the proof of Theorem 4.4, then (4.55)
becomes

1 1
2 e (5) 0 + 5 [ EANTX () Vi, We(5) 0+ AV We (5) - Vi We ) P

1 2 . )
- E ‘ng‘LZ(Q) + /ngwg (S) dex + 82/0 /Q Allvxlu . Vxl%gzdxda
s S
+252/O /QQ%AMVXlﬁ-Vxlgdxda+252/() /QEL’SQAHV&WS‘VXleXdU,
hence

e () 0lF2(cy) + €2 |V, We (5) 02y + [V We () @72 )
2
1

0
<C (‘ws ‘LZ(Q) We LZ(A;Hl(aJ))>
—|—C€2/ )/ AV, i -V, p.odx
0 Q

2

+ Ce* (’vxlﬁﬁz(Qﬂ + |VX1w€|i2(Q1))

1 s )
do+ /0 IV s,p,01%2 ) ddo

Estimating as above and dividing on &°, we end up with

1 1
2 |we (s) Q\%z a) T 1Vx We (s) Q|i2(n) Ta [V, We (s) Q|%2(Q)
C
< 5 (10800

C / / AnVy, i -V, p0tdxde]|,
0 JO

12

“l2(aH 1 (w))

> +Ce (|VX111|%2(Q1) + |lewg|i2(Q1))

forevery s € [0, T]. We can always change ()9 by (2; in Theorem 4.4 and use the weak convergence

of Vx, W, (see (4.62)), in the remaining A;; integral above, it comes

S S
/O/QAHVXlﬁ'VXﬂPg (0) 0*dx = {/o /QAHVXlﬁ'VXle (o) 0*dxds

—/ / A1 Vx, it - Vx, We (s)gzdxds} — 0.
0o Ja

Thus by (4.64) we obtain

sup [we (5)| 2y, SUp |V, We (SMLZ(QU) =o0(g), sup |[Vx,We (S)’LZ(QO) — 0. (4.65)
s€[0,T] s€[0,T] s€[0,T]

Next, the equivalent of (4.63), in this case (A1, Ale = 0), is given by

1

L2(Ao;H— Y (w)) IV We (S)|L2(Qo)

1 -
< Ve ()2 + €1Vl |
It follows, by (4.64) and (4.65), that

sup |w, (S)‘Hfl(oo) =o(e).
s€[0,T]

This completes the proof of the corollary. m
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COMMENTS

Existence, uniqueness and regularity results for solutions of linear hyperbolic problems can be
found in the classic books Evans [26], Dautray and Lions [22], Ladyzhenskaya [43], Lions and
Magenes [49]. There exist many works on the (isotropic) singular perturbations of hyperbolic
problems, see for instance Lions [48, Chapter 4] and de Jager and Furu [23].

The results of this chapter has appeared in Guesmia and Sengouga [34, 35], Sengouga and

Guesmia [62].
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In this chapter we deal with anisotropic singular perturbations of some semilinear hyperbolic
problems. Beyond the nonlinearity of the problem, the improvements obtained here include
some results of the precedent chapter. Moreover an exponential rate of convergence is obtained,

far from the lateral boundaries, when the problem satisfies some cylindrical symmetries.

5.1 PROBLEM SETTING
We keep the same notations as in the precedent chapter and we assume that the matrix A is
independent of time, i.e. A = (a;;(x)) and

a;; = ajj(x) € clQy), Vij=1,---,n, (5.1)

In addition we make the following hypotheses (see [51]). Let W be a reflexive separable Banach

space satisfying W C L? (Q)) (continuous inclusion) such that
H} (Q)NW is dense in H} (Q) and in W. (5-2)
Thus we have

H(Q)NWCH (Q), WcCIL*(Q) cH'(Q),
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5.1 PROBLEM SETTING

W' e (Hy ()N w)/ —H Q)+ W,
We consider a family of (nonlinear) operators B (t) : W — W’ satisfying
Bve LV (0,T;W'), VYouelLP(0,T;W) (5.3)
where 1 < p < co. Moreover we assume that

i) Forae. te€[0,T], B(f) is continuous from finite dimensional

subspaces of W to the weak topology of W/,

ii) 3b > 0suchthat (B(t)v,0), >blolly,, Yo €W, ae. t€[0,T],

(5-4)
iiit) (B(t)vr —PB(t)va,v1 —v2)yy =0, Vo, 00 €W, ae. t €[0,T],
iv) P is hemicontinuous and send bounded sets of L? (0, T; W)
to bounded sets in L¥' (0, T;W').
We also make the following assumptions on the source term and the initial data
f € L0, T;L* () = L*(Q), (5:5)
ul € Hj(Q), u} € L*(Q). (5.6)
Then we consider the semilinear problem defined by
u' —vV.-(AVu)+pu' =f in Q,
u=0 on (0,T) x 3Q), (5.7)

u(0)=u?, u'(0)=ul in Q.

This problem represents a vibrating membrane with resistance proportional to the velocity. The

hypotheses above ensure the existence of a unique weak solution u, satisfying (see [51, 64])
ue € C([0,T); HY (Q0)), ul € C([0,T]; L2 (Q)) N LP (0, T; W),
<u;’(t),v>Hé(Q) + /Q AeVug(t) - Vodx + (B (t) ug (£) ,0>W

- /Qf(t)vdx, Yo € HL (O),

ue (0) =u?, ul(0)=ul, in Q.

(5-8)

In this chapter we investigate the asymptotic behaviour of u,, when the propagation speed of the

wave is very small in the X; direction, i.e. when ¢ — 0. We assume that there exist

e, (), uel?(Q), (5.9)
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where V; (Q) is defined as in (4.15), such that
eVxul =0, Vxul— Vyxu’ and u! —u' in L2(Q). (5.10)
Following the precedent chapter, the expected limit of u, is 7, defined as a solution to
i€ C([0,T;V2(Q)), & € C([0,T); L2 (QY)) NLP (0, T; W),
(@ (1), 0)y, ) + /Q AV, () - Viyodx + (B (8 ' (£),0),,

:/Qf(t)vdx, Yo e V2 (Q)),

a(0)=u% @' (0)=u! in Q.

(5.11)

\
Even if this problem is not classic, the abstract approach established in Lions and Struass [51]

can be applied. Indeed:

Theorem 5.1 Under the assumptions (4.7), (5.1)—(5.5) and (5.9), the problem (5.11) has a unique solution
it and the following energy equality holds

t
\ﬁ/(t)\é+/QA22VX2ﬁ(t)-szﬁ(t) dx+2/0 (Bit', i1 ), ds
2 t
= [u!|_+ / AnVix,u - V,uldx +2 / / Fildxds, Wt e [0,T]. (5.12)
o Ja Jo Jo
Proof. Since V, (QQ) N W is dense in L2 (Q) and that from (5.2) one has
WV (Q)NW C L2(Q) € (V2 (Q)nW),

the existence and the uniqueness of the solution of (5.11) follow by choosing V, (Q) as a basic
space in [51, Theorem 2.1]. The energy equality and the continuity in time follow from [64,

Theorems 4.1, 4.2]. m

5.2 CONVERGENCES IN ARBITRARY DOMAINS

In this section, we study the convergence of 1, towards 1 in V, () using some weak convergence

methods combined with a monotonicity argument.

Theorem 5.2 Under the assumptions (4.2), (5.1)—(5.6) and (5.10) we have, when ¢ — 0,

ue (£) — i (t) inV,(Q)),
(5.13)
ul (t) = ' (t), eVxue(t) =0 inL2(Q),
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5.2 CONVERGENCES IN ARBITRARY DOMAINS

for every t € [0, T|, and
u, — @ in LP(0,T; W),
Bul — B’ in LP'(0, T, W'), (5.14)
(Bu, — pit',ul, — '),y — 0 in L1 (0, T)
where i (resp. ug) is the solution of problem (5.11) (resp. (5.8)).

We shall prove this theorem in the following lemmas.

Lemma 5.1 Under the assumptions of Theorem 5.2 we have

—~
=
™
™
5
oy
S
=
S
I W
)
QU
S.
I~
3
—

0,T;V2(Q))),
0,T; L2 (Q))),

) (5.15)
0,T;L%(Q)) NLP(0, T; W),
0, T; W').

[ee]

is bounded in L

[ee]

is bounded in L

(Buy), is bounded in LP

/

m
o e R

Proof. The energy equality for the problem (5.8) is given by (see [64])

t
() [, AT ) Tt (1) dx+.2 () s

1
€

2 t
= ||+ [ Aval - Vuldx+2 [ [ puldvis,  vie o). (516)

Using (4.2), (5.1), (5.4-ii) and (5.10), it follows that
|, (t)’?) +A (gz |V x e (£)[5 + |V x, te (t)|?)> +2b /Ot |u |l ds
< c+c/0t |ul|2 ds, Vte[o,T]
where C is a positive constant, independent of ¢ and t. Applying Gronwall’s inequality we get
lup ()|q €lVxue (H)|g, [Vxpue (£)]q, /Ot lug|bh ds <C,  Vtel[0,T]. (5.17)
The last estimate of the lemma follows by (5.4 —iv). m

Lemma 5.2 If there exist z € D' (Q) and a subsequence of (u), -still labelled (u;),- such that u; — z
in D' (Q) then

z€ C([0,T; V2 (), 2 € C([0,T];L>(Q)) N LP(0, T; W) (5.18)
and z satisfies the initial conditions

z(0) =u’, 2 (0)=ul. (5.19)
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Moreover, for every t € [0, T| we have

us (1) =z (t) in Vo (Q),
(5-20)
ul (t) = z'(t), eVxue(t) =0 in L2(Q).

Proof. Due to Lemma 5.1, we can extract a weak converging subsequence -still labeled (), - and

there exists x € LPI(O, T; W') such that

*

ue —z in L*(0,T;V2(Q))),
eV x, Ug 20, ul A7 in L=(0,T; L% (Q)),
u, —z in LP(0,T; W),
Bul. — x in L¥Y(0,T;W').

(5.21)

To verify that the limits are as stated we argue as in Remark 1.3. Then multiplying the equation

in (5.8) by ¢ € D (]0, T[) and integrating over (0, T), we get

T T T T
/0 (1 0) gy oy 95 + /O /Q AeVite - Vogdxds + /O (Bl 0), pds = /0 /Q Fogdxds,
where the first integral term is obtained after integrating by parts on (0, T). Expending A, to

different blocks and passing to the limit using (5.21), it follows that
/OT (2, 0) myeyw ¢ ds + /OT /Q AnVx,z-Vx,opdxds
+ /OT (X, 0)w Pds = /OT/vaqbdxds, (5.22)
for every v € D (Q)) and every ¢ € D (]0, T[) . Note that we have, from (5.21),
z€ L®(0,T;V,(Q)), 2 €L®(0,T;L?(Q))NLP(0, T, W)
and we have, from (5.22),
2" —Vx, - (AnVx,z) = (f — x) € L*(0, T; L2 (Q)) + LV (0, T; W) . (5.23)

Then, according to Strauss [64, Theorems 4.1, 4.2], z satisfies the continuity in time (5.18) and the

following energy equality
t
12/ (t) |3 + /QAZZVXZZ (t) - Vx,z (t) dx —1—2/0 (x,2")y ds
t
= |7 (0)\?2 —I—/QAZZVXZZ(O) - Vx,z (0) dx+2/0 /sz’dxds, vVt e [0,T]. (5.24)

To show that the initial conditions are satisfied, we use on the one hand the following identities,

established using an integration by parts twice on [0, #],
t
/0 <Z//'U>H3(Q)mw‘l’d5:/oz/(t) vgb(t)dx—/Qz’ (0) vp(0)dx
t
~ [ z()yopO)dx+ [ z(0)op'(O)dx+ [ [ zogdxd .
Lz®optax+ [ z©op©ax+ [ [ zop'axas (.25
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and
t
/o <u§’,v>Hé(Q)mw<pds:/Qué (1) vqb(t)dx—/gugvcp(O)dx
t
—/ng (t)v¢’(t)dx+/ngv(p'(O)dij/O /ngvgb”dxds (5.26)

for every ¢ € C* ([0, T]) and every v € D (Q)) . On the other hand using (5.8), (5.21) and (5.23),

we get

t t t t
/o <ué’,v>Hé(Q)qu>ds:/0 /vaqxlxds—/o <,8uf€,v>wq>ds—/0 /QASVMS-prdxds
t t t
— dxds — [ (ool gds— [ [ AnVxz- Vigogdxd
/O/va(pxs O<XU>W(PS | J, A2Vx? x,0pdxds
t
:/0 <z”,v>H5(mchpds.
Then passing to the limit in (5.26) for ¢ (t) = ¢’ (t) = 0 using (5.10) and (5.21), it comes
t t
/0 <Z,/'U>H(}(Q)mw4’d5: —/Qulvcp(O)dx—i—/Quowp/(O)dx—i—/o /szgb”dxds. (5.27)
Comparing (5.25) and (5.27), we derive
— (7 (0)'U>H3(Q)mw4’(0)+/02(0) v’ (0)dx = —/Qulgb(O)vdx—k/QuOv(p’(O)dx, Vo € D(Q).

This shows the first identity in (5.19) by choosing ¢(0) = 1 and ¢’'(0) = 0. The second identity is
shown by choosing ¢(0) = 0 and ¢'(0) = 1.
Next, since (5.17) holds for every t € [0,T], there exist g?, @} and Cf such that -up to a

subsequence-
eVx e () = 22, ul(t) = inL*(Q) and u (t) = in WV, (Q).

Passing to the limit in (5.26) for ¢ (0) = ¢’ (0) = 0, comparing with (5.25) and arguing as above
for different choices of ¢ (t) and ¢’ (¢) yields

N=z(t), {=72(t) and {7 =0.

This completes the proof of the lemma. =
Note that we did not use the monotonicity of B yet. This assumption plays an important role
to overcome the lack of compactness and to determine clearly the limit of the nonlinear term, as

we will see in the following lemma.
Lemma 5.3 Under the assumptions of Lemma 5.2 we have
pul — Bz in LY (0, T; W) (5.28)

and z is the solution of (5.11).
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Proof. For v € L® (0, T; L* ((0)) N L7 (0, T; W), let us set

M (t,0) := %\( z)/(t‘)|?2 +/Ot (Bug — o, ug — v),, ds

+;/ A ( Ve (1) ) . ( Ve (1) )dx
o Vx, (ue —2) (£) Vx, (ue — 2) (£)

for every t € [0, T]. Thanks to the monotonicity of B and (4.2), it is clear that M, (f,v) > 0.

Developing M, we obtain
M (t,0) = % ul (1) |2, + % EXGIA —/ up ()2 (t) dx + ;/ AeViug (t) - Vg (t) dx
Q QO
b [ )y — [ (o) s+ [ (Bo,o )y ds
— % QeAlzvxzz (t) - Vxyue () dx — % /QEA21VX1ug (t) - Vx,z (t)dx
-2 [ An Vi (1) Vi (we—2) (D dx — / AnVie (1) - V2 (£) dx.

Taking into account (5.16), we get

t 1
_ / 14
M (t,0) _/0 /qugdxds—f—z u
1 t t
+§\z’ (t)\é—/ﬂu; (t) 2 (t)dx—/ (Buy,v) ds+/ (Bv,v—u),, ds

1
— E 08A12VXZZ (t) . leug ( dx — */ €A21VX1M5 ( ) . VXZZ (t) dx

1
= /Q ApVxz (t) -V, (e —2) () dx — = / AnVx,ie () - V2 (1) dx.

1
s /Q AV - Vildx

Passing to the limit yields
11mMg t,v) / / fZ'dxds + = > ‘ / AnVixu® - Vx,u de— — }z ‘Q
_ /0 (x,0)y ds +/0 (Bv,v—2"), ds — > /Q ApVx,z (t) - Vx,z () dx.
Then, by (5.19) and (5.24), it comes

t t t
g%Mg(t,v) = /0<X,z'>wds—/0 <X,U>st+/0 (Bv,v—2"),, ds

= /Ot<,30—)(,v—z’>wd520, vVte [0, T]. (5-29)

Choosing v =z’ — 8¢, ¢ € L® (0, T; L? (QO)) N L? (0, T; W) and 6 > 0 we get

(8= —60) x0)yds 20

Letting 8 — 0 and using (5.4—iv) we derive

T
/ (Bz' — x,¢)yds >0, Vo€ L®(0,T;L>(Q))NLF (0, T;W).
0
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This implies that x = Bz’ a.e. in Q. Considering this in (5.22) with (5.19) we conclude that z is

the unique solution of (5.11),i.e. z=1. m

Proof of Theorem 5.2. Thanks to Lemmas 5.2 the existence of the subsequence of Lemma 5.3 is
ensured. Thus, since the limit of each subsequence of 1, is unique, the convergences (5.20), (5.21)
and (5.28) hold for the whole sequence .

Finally, taking v = @’ in (5.29), we get

e—0

t
limM, (¢, i) = /O (B’ — pi',i" —i'),, ds = 0.
Since, by (4.2) and (5.4—iii), we have

1 _ 2 A _
Sl =) (O + 5 (2195 (O + 195 (e — 1) (1)3)
t

+/ (Bug — pit’,uy —a'),, ds < M (t,@") — 0,
0
the strong convergences in (5.13) and (5.14) follow. This ends the proof of the theorem. m

Remark 5.1 If B is uniformly monotone, i.e. for some constant 6 > 0 we have
B u—Bt)v,u—0v)y >6lu—ol),, YuveV, ae tel0,T],
then we obtain the strong convergence
u. —a inLP(0,T;W). (5.30)

Remark 5.2 If A depends on t, ie. A = A(t,x), with coefficients in C! (Q), we can show that the

convergences of Theorem 5.2 hold, at least, when
/QAQ (t)Vo-Vodx <0, VYoe H)(Q), Vtelo,T].

Example As a usual example, we take fo := |v|f ~2v, for p > 2. Then B satisfies the required

conditions in (5.4) with W = L? (Q}), and f is uniformly monotone since we have

/Q (|u’P*2u - \U‘P*20> (u—v)dx > |u —v\i,,(m.

Thus the convergences (5.13), (5.14) and (5.30) hold in this case. Moreover, taking into account

(5.3), (5.5) and (5.9) we can easily see that

u (X1,-) € Hy(Qxy),  u! (Xy,-) € L3(Qx,)

Bil'(-;X,) € LV (0, T, LV (QXl)), F(;Xy,) € 20, T; L2 (Qx,)),
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for a.e. X; € I;. Then by the same technique used in proof of Theorem 4.2, which is independent
of the linearity of the problem, it is easy to show that, for a.e. X; € Iy, i (Xj, -) is the unique

solution to the problem
i(-;X,-) € C([0,T]; Hy (Ox,)), @ (-5 X,-) € C([0, T]; 12 (Qx, ) N LF (0, T; LF (Qx,)),

(7" (X1, X2) ,v) + A Ax(t; X1, X2)Vx,i(t; X1, X2) - Vx,0d X5
X1

+ | (X0, Xo)|P 72 0 (£ X1, X2) 0d X, :/ f(t; X1, Xo)vdXa, Vo € H) (Qx,),
Qx, Qx,

i (O/Xl/ ) = uO (Xl/') ’ I’Nl/ (O/X1/ ) = ul (Xl/ ) in QX1/

which is from the same type of (5.8), defined in a lower dimension.

5.3 CONVERGENCES IN CYLINDRICAL DOMAINS

Note that, in general the convergence of 1, does not hold in H' (Q). For regions located far
from the lateral boundary of the cylindrical domains, a convergence in Sobolev space and some
improvements of the rate of convergence are shown at the end of this section.

We consider a cylindrical domain
Q:=AXuw,

where A (resp. w) is an open bounded subset of R7 (resp. R"~ 7). Let Ag and A’ be two open
subsets of RY satisfying

Ag CC AN CCA,
and set
Qo:=A7M xw, Qu:=(0,T)xQy,
Q' =ANxw, Q:=(0,T)xQ.
Consider a smooth cut-off function ¢ = ¢ (Xj), satisfying
supp(¢) C A, 9=1ond;, 0<o0<1 and |Vxo| <C.

We slightly modify the assumption (5.4-iii) by assuming that the monotonicity of g holds when

we multiply by a cut-off function, i.e.

(B(t)vr =B (t)vo, (vi —v2) )y =0, Vo, 00€ W, ae. t€0,T], (5.31)

where 17 = 17 (X7) is any positive function with supp(7) C A. In fact, we only need to take 7 of

the type 0% (X1) in the proofs of the next theorems, see also Remark 5.4 bellow.
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5.3.1 Convergences in Sobolev Space H'

When the limit solution i satisfies some regularity assumptions, we will improve the rate of

convergence in regions far from the lateral boundary.

Theorem 5.3 Under the assumptions of Theorem 5.2, in addition we assume that (5.31) holds and

Oy, 0yl € 2(Q) fori=1,---,n, j=1,---,4, (5.32)
g —ut| |V, (0 = %) | = 0 (e), [Vxug| =0 (1), (5:33)
then
sup |(ue — 1) (t)lg,, sup [(ue—1") (t)|q, =O(e),
te[0,T) te[0,T)
sup |[Vx, (e — 1) (t)|q, = O (¢) (5.34)
t€[0,T]

[ (et B, - ) )= 0 (),
and we have the weak convergence
Vxte (1) = Vi (t) in L*(Qo), Vte|[0,T]. (5.35)
Proof. Setting w, := u, — il then comparing (5.8) and (5.11) yields
(wy,v) + /Q AVw, - Vodx + /Ot (Bug — pit’, v),, ds
= [ {2V (AnVx,i) + V5, - (An Vi) + eV, - (AnVigi) } odx

for every v € H} (Q)) . Testing formally this identity with v = w}0? and performing the integration
n (0,f), we obtain

2 Q{Q /Ang Vwe(t) 2dx+/<[%u — Bt wlg?), ds

2 T0 02
+2/QAngg Vwg o dx

t
+ /0 /Q e{eVx, - (AnVx,il) + Vx, - (An Vi) + Vx, - (AnVx, i)} wloldxds
t t
—282/ / A1 Vx,we - Vx, owiodxds —28/ / ApVx,we - Vx, owsodxds. (5.36)
0 Jo 0 Ja

We can easily see this identity when the regularity of the solution allows to do the multiplications

(see [32]). For the general case, and since (5.1) and (5.32) implies that

{eVx, - (AnVxil) + Vx, - (AnVxil) + Vx, - (AVx, i)} € L2(Q),
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one can proceed by regularization as in [51, 65], see also [7, 32]. Then using (4.1), (4.2), Cauchy-

Schwarz and Young's inequalities, we get
t
[wi(t)olf, + Aet [V (1) offy + A [V (1) effy + [ (Bt — i wie?) s

<C <‘wgg

2 2 2
|+ Vel + Vaatel) )
t
+C¥A!ﬂ&y(AnV&WQ+V&f(AmV&®Q+V%M(Auv&mgéds
t t
+c82/0 Iwévxle\édﬁc/o [whol¢, + A |V, weoly + AV xyw0e0lf ds.

Thanks to Lemma 5.1, |w,Vx, 0| 12(q) is bounded, then using (5.33) it comes

t
2 -
[wl(t)offy + A [V, (1) ol + A [ Vg (1) ol + [ (B — Bt wle?) ds
t
<O (&) + C/o |wgg\é + A% |V, we0|5 + A |V, w05 ds.
Applying the Gronwall’s inequality we obtain
t
2 - .
[wl(t)elf, + Ve (1) ol + [ (il —pit wiet)ds = O(), 637
Vxwe (el < C. (5:38)

Thus we derive (5.34) since ¢ = 1 on ). Finally, thanks to (5.38), for any ¢ € [0, T] we can extract
a weakly converging subsequence of (Vx, i (t)), to the only possible limit Vi (¢) in L? (Qp) .

This implies the convergence of the whole sequence since the limit is unique. =

Remark 5.3 Of course the second assumption in (5.33) means that V x,u? is bounded in L2 (Q)), then
by the first assumption in the same line we may see that ¥V x,ul converges weakly to ¥V x,u® in L? (Qy),
as what we exactly got in the theorem for Vx, u. (t), for every t € [0, T]. Note that, as it is shown in

Guesmia [32], this type of conditions is necessary and sufficient to deduce the convergence of u.

Matrix with diagonal structure

As in the linear case, when the matrix A has a diagonal structure, we can improve the above

convergences.

Corollary 5.1 (Diagonal matrix) Under the assumptions of Theorem 5.3, in addition we suppose that

A12, A21 = 0and

VXz (ug - uO)

=

o =0(e) and |Vx, (ul —u°)

o 0, (5.39)

7
!/

79



5.3 CONVERGENCES IN CYLINDRICAL DOMAINS

then

sup |(ue — 1) (t)|q,, sup |(ue—1') (t)|q, =0 (e),
te[0,T) t€[0,T)

sup |V, (e — 1) ()|g, = 0,
t€[0,T]

sup |V, (e =) (1|, = 0 (¢)
t€[0,T]

T
/0 (Buy — pit’, (u, — it") Q2>st =0 (82) )

In particular, we have the strong convergence

sup |(ue — 1) ()| () — O-
te[0,T]

Proof. Taking into account the fact that A1y, Ay = 0in (5.36), we obtain
1., ¢ 2 \VA £) o2 1 \VA £ ol? Lot "B wo?). d
= lwl(offy + 1V xwe (6 0ff + 5 [V () elfy + 5 [ (Bl — i wle?) ds
C
<5

t t
/ / Vx, - (A1 Vx, i) wlo*dxds +/ / A Vx,we - Vx, owlodxds|,
0 Jo 0 Jo

1
WeQ

2
o+ 1V () el + |V () ol |

+C

for every t € [0, T]. We can always change )y by () in Theorem 5.3, then use the convergences
(5.34) and (5.35) in the Aj; integrals of the above inequality, we deduce that the last two integrals
tend to zero. Thus by (5.39), the corollary follows. m

Remark 5.4 The assumption (5.31) is frequent, and sometimes it is a simple consequence of the mono-

tonicity as in the example above. Moreover in the context of this example, we use the inequality

/Q(|u|p_2u—|v\p_zv) (u—0)o*dx > /Q (|u|p—2u_’0|p—20) (u—v)dx
0

p

> |u— U|U’(Qo)

to deduce that

|u

. — ﬁ"LP(QO) = 0(e?'P), (: 0(e*'?) in the diagonal structure case) :
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5.3.2  Exponential Convergences

As for the elliptic problems (see [11, 20]), an exponential rate of the convergence 1, — i can be
shown if the hyperbolic boundary value problems are approximately invariant under arbitrary
translations in the X; —directions, i.e. we assume that

A (X1, X3) = A (X2), Axn (X1,X2) = An (X2),

(5.40)
MO (Xl, Xz) = MO (Xz) P I/ll (Xl, Xz) = ul (Xz) P f (t,‘ Xl, Xz) = f (t; Xz) .

Of course 7 is independent of X; in this case. Then we have the following theorem.

Theorem 5.4 Under the assumptions of Theorem 5.2, in addition assume that (5.31), (5.40) hold and

u}j—u1 0

_n
o |ud — uO\Hl(Q,) < Kpe™ 2 (5.41)

Q/

for some constants Ko, yy > 0, then

sup | (. — ') ()|, sup |(ue — @) (t) 1) < Ke ™
te[0,T] te[0,T]

for some constants K,y > 0.

Proof. The proof is based on the iteration technique introduced in Chipot and Yeressian [20].
Without loss of generality, we assume that dist (Ag, A\A’) > 1 and set m = [1] for a fixed ¢ > 0
([] denotes the integer part). For ¢ small enough we can always construct a sequence (A;)y<;<,+1

of strictly increasing sets such that

Ao CC A CC-+-CC Ay CCApypr =4,
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Let (0;);<j< 41 be a family of smooth functions depending only on X; such that

supp (0;,) C A;, 0; =1on A,

C i:‘—ll"'/m—'l_].. (5.42)
0<0,<1 and |Vx,0,] < =

where C is a constant independent of €. Next, using (5.40), we rewrite (5.36) as

1 1 t
5 [wi(t)o; a+ 5 /Q AV w, - Vweordx + /0 (Buy — B, wész>wd5

1
+5 /Q AV - Valodx

1
=5 )ngi o
¢ t
- 252/0 /QAan]wg - Vx,0,wp0,dxds — 25/0 /QAnvxzws - Vx, 0;wi0;dxds

since i and Ay = Ale are independent of X;. Estimating as above it comes that
t
2 2 2 _
‘wé(t)Q‘Q + A% [ Vx,we (t) ola + A |Vxwe (1) ofq + /0 (Bu, — pir’, wéQ2> ds

<C (‘w}g

2 2 2
R +& | Vxuwloly + \szwgg\0>
t t
+ Cez/o |wévxlg\éds + C/o Ae? |Vx,we0l?, + A |V, we0|g, ds.
For simplicity let us denote

Qi::Aixw, i:0,---,m

2
0. |1 2 012 0(2
E; = ‘we o +¢€ ‘Vxlwg ot |VX2w£|Q,.

Then, applying Gronwall’s inequality we get
/ 2 2 2 2
Wl + Vi (D + Vo (O, |
t t
- 2
—|—/0 (Bu, — pit',wi.q?),, ds < CE? + CEZ/O (Wi Vx,0;|, ds. (5.43)
Taking into account the fact that supp(Vx,0;) C A}\A;_1 and |Vx,0;| < €, we have in particular
(W <cEac [ [l d
‘we(t)}ﬂpl - e T 0 ‘welﬂi\QFl S
Integrating both sides on [0, T| we obtain

T /12 0 T /12
/0 Wi}, dt < CTEY4cCT /0 w2, At

LI LI
CTE +CT [ [wif, dt —CT [ Juwillp,
0 1 0 1—

Thus

T2 0 T
/ \ws\ﬂ,ldtngﬁk/o w2, dt,
0 1— 1
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where 0 < k = % < 1. Starting by i = 2 we have
"W oar < ke k[ WP odt
0 ‘we‘nl > et ) ‘we‘nz
T T
< kES+k<kES+k/ \wg}f)sdt):Eg(kJrkz)Jrkz/ w2, dt.
0 0

For i = m + 1, we obtain

T2 0\ 4l m [T 2 0 k Lo1y,.r2
/O\ws\nldthsl;k e [ llff, de< B () Rl

since 1 —1 < [1].
Thanks to Lemma 5.1, ]wg|é is bounded, then using (5.41) and taking i = 1 in (5.43) yields, for
every t € [0,T],

5 T N T >
[l + [ Vsstoe (DB, + [ (Bt~ T wled)yds < CED+C [ [wlff, ds

k 0 C 2\ 1
< <C+1_k> E£+<k}wg\Q>ks
< Ce ¥ 4 Cemi(-Ink)

71
< Kje e,

where ¢, := min {—Ink, 7,} > 0and K; is a positive constant independent of ¢ and f. In addition

we have

|V x,we (t)|?)O < ¢ T < Kje 7,

for any 1, satisfying 0 < v, < ;. Taking the sup on [0, T] in the right hand side of the above
inequalities, it comes

2 2 2 _n
sup [w](t)]q, . sup [Vxwe (B[, sup [Vxwe (D, < Kie %,
te[0,T) te[0,T) te[0,T)

To end the proof, we take K = /K;j and ¢y < % |
Remark 5.5 The above proof also gives
T ! ~/ ! ~n 2 7 2
/0 (Bug — B, (uy — ') 07 ),y ds < K%e™ <.

Note that ¢, depends on ¢. In the case pv = |v|” 2y, p > 2, as in the precedent example (page 76),
it follows that
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COMMENTS

The existence, uniqueness and regularity of solution of semilinear hyperbolic problems are teated
in Lions [47], Lions and Struass [51], Strauss [64, 65]. More results on semilinear hyperbolic
problems can be found in Brezis [5], Cazenave and Haraux [10], Haraux [38, 39]. There is an
extensive literature on (isotropic) singular perturbation of nonlinear hyperbolic problems, for
instance, see Genet and Madaune [28], Hajouj [37], Madaune [52] and related works.

The iteration technique, used in the last section, introduced in Chipot and Rougirel [19] and
improved in Chipot and Yeressian [20]. A polynomial rate of convergence, in the framework of
cylindrical domains becoming large, was obtained in Brighi and Guesmia [7], Guesmia [33] for
quasilinear problems.

The results of this chapter has appeared in Guesmia and Sengouga [36].
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APPENDICES

This appendix comprehends notations, some inequalities and definitions of spaces used in the
thesis. Proofs and more advanced results can be found in the standard books of functional
analysis and partial differential equations, see for instance Brezis [6], Chipot [13], Dautray and

Lions [22], Evans [26].

A.1 NOTATIONS

General Notations

= equal by definition

E' = dual of space E
p’ = conjugate exponent of p,i.e. p' = pil' for1 <p<oo
| - | = mnorm of space E
(-,-)g = duality product of a space E, E
| - | = mnormof L?*(Q),
x = (X1,Xz) € R" where X; = (x1,...,%) € RTand X = (xg41,..., %) € R"1
x-y = i xiy;, for x,y € R" (Euclidean scalar product)

i=1

. 1/2
x| = (lez) , forx,y € R"

i=1

O open domain in R"
Q = closure of O
O'ccO Q) strongly included in (), i.e., O’ C Q
0} = T boundary of O
II; = orthogonal projection of () onto the space X; =0, i =1,2
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QOx
Qx,

A.1 NOTATIONS

{Xz ’ (X1,X2) € Q}, for any X; elly
{Xl ’ (Xl,Xz) € Q}, for any X, €Il

Functions and Differential Operators

For a function u : O C R" — R, we note

u(x)

u (t;x)

Aplxlu

Ap,qu

Function Spaces

ct(Q)
D(Q)

D'(Q)
Lr(Q)
Q)

L* (O

u(x1,...,xp), x €Q
u(t;x1,...,x,),t€[0,T],for T > 0and x € Q)
max {u,0}

max {—u,0}

The closure of {x € QJu (x) # 0}

Transposed matrix

(0x,14, ..., 0, u)T gradient of u

(axlu,...,axqu)T, g and n are integers, 0 < g < n
(

U, .., Opu)’

-, Laplacian of u

{u: QO — RJu is k times continuously differentiable}, k € IN
{u : O — R]u is infinitely differentiable with compact support in )}
space of distributions on ()

{u : QO — R]u is measurable and / lulPdx < o0}, 1< p <o
0

{u : O — RJu is measurable and |u (x) | < C a.e. in Q) for some constant C}
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HYQ) = {uel*(Q)|D*ueL*(Q)Va e N", |a| <k}, keN
HE(Q) = the closure of D(Q) in H(Q)
Wkr(Q) = {ueLlP(Q)|D*uc LP(Q),Va € N, |ja| <k}, keN,1<p< oo
Wg’p(Q) = the closure of D(Q) in WF(Q)
CF(I;E) = space of k times continuously differentiable functions
from an interval [ to the Banach space E
LP (I;E) = space of measurable functions u on I with values in E
and such that |u|}. is integrable, 1 < p < o0
L*(IE) = space of measurable functions u on I such that there exists a constant C

such that |u|} < C for almost every x € [

Notations for Estimates

In the process of estimates, we use C to denote various constants that can be explicitly computed

in terms of known quantities. The value of C may change from line to line in a given computation.

— weak convergence
*
— weak star convergence

— strong convergence

In particular Vu, — Vu (resp. Vu, — Vu) denotes the strong (resp. weak) vectorial conver-

gences, i.e. component by component convergence.

(Jue —u| =0(e) ase = 0) < 3IC > 0, |ue — u| < Ce for ¢ sufficiently close to 0

U, —ul =o(e)ase -0 @M%Oass%o.
(e =] = o(e) -

A.2 SOME USEFUL INEQUALITIES

The following inequalities are often used to derive estimates in Analysis.

A polynomial inequality
Letl < p < +coanda,b >0, then

a? + b7 < (a+b)P < 2P 1(aP +bF) (A.1)
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Young's inequality
Assume 1 < p,p’ < oo, % + % = 1. Then for any a,b > 0, it holds

ab b

ab < o

It is sometimes convenient to use the form

ab < aa? + Cyb¥', Cp=a V1, (A.2)

The Cauchy-Schwarz inequality

[(x-Y)rel < Ix[ [y, Y2,y € R (A3)

Holder’s inequality

Let Q) be a domain in R”. Assume that u € L7 (Q) and v € L¥' (Q) with 1 < p < co. Then

[ Imoldx < fulgs 0 fol - (A4)
Minkowski’s inequality
Assume 1 < p < oo. Then for any u,v € L? (QQ)

[+ 0]y < ulpq) + Ul @) - (A.5)

Some inequalities for the p—Laplacian

For all p > 1, it holds that for some constants C,c > 0, depending on p, (see Barrett and Liu [2])

g2 = InP 2y < Cle—nl{Igl + ", (A6)
(el 2= mlP2n) - @ —m = c (gl + Iy le -l (A7)

for all {,7 € R". In particular, if 1 < p < 2 then

e e— Py <cle—nl', Ve eRY, (A.8)
and if p > 2 then

(el 2e=1mlr2y) - @=m = cle—nl" (A9)

Here || is the usual euclidean norm and ” - ” is the scalar product in R".
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Poincaré’s inequality

Let v be a unit vector in R",a > 0 and 1 < p < co. Suppose that () is bounded in one direction

more precisely
QcCc{xeR"|x-v| <a},
then we have

2a du
[ulprq) < T’aj\LP(Q)/ vu € Wy (Q) (A.10)

pl’

where g—;‘ is the derivative in the v—direction. In particular if p = 2, then
ou 1
|| 2(qy) < \@ﬂ|$|L2(Q), Yu € H}(Q). (A.11)
Poincaré’s inequality for H (Q)
Let (2 be a bounded connected open set in IR" sufficiently smooth to insure that the injection
H' (Q) C L*(Q) is compact.

Then we have, for some constant C depending on (),

|u|? <Ci:|a—u2 (A.12)
LZ(Q) = = ax,‘ LZ(Q)’ .

for any u € H' (Q) such that [ u(x)dx = 0.
Gronwall’s inequality
Let ¢ be a function in L* (0,T), ¢ (t) > 0, a.e. t € [0, T]. Assume that
$(t) <a+ b/otcp (s)ds, ae.te[0,T], a,bconstants, (A.13)
then
¢ (t) <ae', ae tel0,T].

In particular if a = 0, then ¢ (t) =0, a.e. t € [0, T].
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