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Abstract

In recent years, the approximate solution methods for integro-differential equations play a
very important role in many scientific fields such as chemistry, biology and mathematical
physics. With the advantage of digital computing machines, including computers, these
methods have now become an essential tool for investigation in various fundamental prob-
lems of our assimilation of scientific phenomena that are difficult or impossible to solve in
the past . In this sense, our focus will be on the spectral collocation methods for solving
integro-differential equations.

Keywords :Spectral collocation methods, orthogonal polynomials, integro-differential
equations, errors estimation.

Résumé

Durant ces dernieres années, les méthodes de résolution approchée des équations intégro-
diffrentielles jouent un réle tres important dans plusieurs domaines scientifiques tels que
la chimie, la biologie et la physique mathématique. Avec I’avantage des machines de calcul
numérique, notamment les ordinateurs, ces méthodes sont devenues aujourd’hui un outil
essentiel pour I'investigation dans les différents problemes fondamentaux de notre assim-
ilation des phénomenes scientifiques qui sont difficiles, voir impossible résoudre dans le
passé. Dans ce sens, nous allons s’intéresser aux méthodes spectrales de collocation pour
la résolution des équations intégro-différentielles.

Mots clés: Méthodes spectrales de collocation, polyndémes orthogonaux, quations
intégro-différentielles, estimation des erreurs.
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Notations

IDEs: Integro-differential equations

ODE: Ordinary differential equation

PDE: Partial differential equation

R y: Residual functions

(.,.): Scalar product

x = L*(I): Hilbert space provided with a scalar product (.,.)

xn~: Sequence of finite dimensional subspaces of a Hilbert space x
®: Orthogonal polynomials basis vector

Pn: Projection operator

H™(—1,1): Sobolev space

P,(z): Legendre polynomials

T, (z): Tchybechev polynomials of the first kind

w(z): Weight function

Onm: Kronecker function

0(y): Mapping function on the interval from interval [—1, 1] to [a, b]
u(zx): Exact solution of IDEs

uy(z): Approximate solution of u(x)
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Iyn: Legendre—Gauss interpolation operator

0;: Legendre-Gauss points

w;: Christoffel numbers

A : Interval [0, 00)

¢s(y): Mapping from the interval I to A with the scaled s
07 (y) : Inverse Mapping

L, s(z): Legendre functions

ws: Weight Legendre functions

R, (z): Rational Legendre functions

L, (x): Logarithmic Legendre functions

E,(x): Exponential Legendre functions

wr(x), wi(x) and we(z) : Weight functions

f(z): Free term in the IDEs

L2 (A): Hilbert space provided in the interval A

énv,; and wy ;@ Legendre-Gauss nodes and weights on the interval [—1, 1]
Gs,v,; and ps v ; @ Legendre-Gauss nodes and weights on the interval [0, co)
Zs ~ : Mapped Legendre-Gauss interpolation operator
C(I) : Set of continues functions on the interval [

RLC" Rational Legendre collocation

LLC: Logarithmic Legendre collocation

ELC: Exponential Legendre collocation

LI (x): Generalized Laguerre polynomials
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Introduction

This work deals with one of the most applied problems in the engineering sciences.
It is concerned with the integro-differential equations (IDEs) where both differential
and integral operators will appear in the same equation. This type of equations was
introduced by Volterra for the first time in the early 1900. Integro-differential equa-
tions appear in many fields of scientific and engineering, such as in heat and mass
transfer theory, electric circuit problems, electromagnetic theory, radiative transfer,
fluid dynamics, neuron transport theory, neutron diffusion, and biological species
coexisting together with increasing and decreasing rates of generating. Applications
of the integro-differential equations in electromagnetic theory and dispersive waves
and ocean circulations are enormous ([63] [17] [1] [19] [14][64]).

However, in practice, the IDEs are too difficult to solve analytically, so this
is why many numerical methods have been used to solve the IDEs such problems
[[10],]67] and [51]] where these methods play a very important role in various scien-
tific fields. With the advantage of digital computing machines, especially comput-
ers, and these methods have become today an essential tool for the investigation
of the various fundamental problems of our assimilation of scientific phenomena
which are difficult, namely impossible to solve in the past. These methods in-
clude: Adomian decomposition [23], variational iteration method [52], homotopy
analysis method [20], Chebyshev and Taylor collocation [02], Haar wavelet [35],
sinc-collocation method [3], Tau method [(1], Taylor’s series expansion [55],[53],
hybrid Legendre and Block Pulse functions [31], integral mean value [08],Legendre-
Galerkin, Chebyshev-Galerkin method [51] [24], and indirect RBF method [31].

Integro-differential equations have been widely treated in the bounded interval
while in the unbounded interval they have been treated very narrowly that’s why
our main objective of the present work is to extend the Legendre spectral method to
a class of singular Fredholm integro-differential equations on the half-line our thesis
is divided into four chapters .

The first chapter is an introduction to the terminology and classification of
integro-differential equations, which aims to familiarize the reader of this thesis with
the concept of integro-differential equation. Thus, we expose some typical models to
see where such equations come from, and mainly illustrate their link with differential
equations, we also present some spectral methods namely the collocation method,
Galerkin and Tau.

12



The second chapter is devoted to the Fredholm IDEs defined on bounded intr-
erval, where we apply the two spectral collocation methods and Galerkin methods
and the orthogonal polynomial used is Legendre polynomial, so we compare the
results obtained with some famous methods.

in the third chapter we introduce mapped Legendre functions which are orthog-
onal on the positive semi infinite interval, to obtain these last functions we use three
mappings namely algebric, logarithmic and exponenetiel which helps us to pass from
the interval [0, 00) to [—1, 1] and vice versa, so we also study the properties of each

mapping.

In the last chapter matrix method is presented to approximate the solution
of Fredholm integro-differential equation on the semi infinite interval [0, c0) using
Laguerre polynomials, after that all the results obtained in chapter two and three
is used for transform the last equation into a singular equation on the finite interval
[—1, 1], by means of a suitable family of one-to-one mappings, and then apply the
Legendre spectral collocation method to solve the resulting equation, finally some
numerical results are given to clarify and demonstrate the feasibility of the proposed
method .

13



Chapter 1

Integro-differential equations and
spectral methods

1.1 Classification of integro-differential equations

Our goal in this first chapter is to familiarize the concept of integro-differential
equation, we will therefore present the form and classification of integro-differential.
we will also discuss the origin and usefulness of such equations, we will briefly expose
some typical models, representative of a more general variety, and we will focus on
spectral methods such as Galerkin methods, tau and collocation or pseudospectral
methods .

An IDE is an equation composed of two integral and differential operations that
involve the unknown function u, where the unknown is generally a function of one
or more variables.

We are going to be much more interested in the linear IDEs the most famous of the

form
m

S u(x)u®(z) — A /ab k(x, t)yu(t)dt = f(z), (1.1)

k=0

Under mixed conditions:
m—1
Z au® (a) + bpu®P () =, 1=0,1,...,m—1 (1.2)
k=0

In these equations the function w is the unknown, the function k(x,¢) which is called
kernel with the free term f are given.

A is generally complex, it plays a crucial role in practical applications, is usually
composed of physical quantities.

1.1.1 Classification and terminology

Before going into details it is useful to mention the four basic characteristics describe
their overall structure

14



1. Limits of integration
There are three major types of IDEs

e a) If the limits of integration are fixed, then the IDEs is called Fredholm
IDEs as we have in (1.1)

e b) If the limits of integration are undefined, then the IDEs is called
Volterra IDEs

e c) If the two operators of the integration of Fredholm and Volterra consist
then the IDEs is called of Fredholm-Volterra IDEs

2. Order of IDEs
The order of a IDE is the highest derivative order that appears in the differ-
ential operator

3. Linear or nonlinear
The IDEs (1.1) is linear, if the one or both integral or differential operator are
nonlinear the IDEs is to be nonlinear

4. Number of variable of unknown function u
An IDEs is said to be ordinary if the unknown function depends on a unique
independent variable, then if it depends on two or more independent variables
the IDEs is said to be partial

5. Singular
An IDEs is said to be singular if one or both of the following hypotheses consist

e a) One or both of the limits of integration are infinite

e b) The kernel becomes infinite in the neighborhood of one or more points
of the integration interval

The weakly singular kernel of the form

k(x,t) =

, 0<axl1 (1.3)

Where « is given and g(z,t) a bounded function, is an example of an un-
bounded kernel, which requires special treatment. However, an IDEs defined
with a kernel of type (1.3) is called a weakly singular IDEs, due to the place
it occupies in different fields of application. Also, it is imperative to note that
the kernel with logarithmic singularity

k(z,t) = g(z,t)In |z — |
Where ¢ is bounded, can be considered as a weakly singular kernel, since it
can be written in the form

glx,t)|x —t|°In|x — ¢t
|z =t

k(x,t) =

15



Whose numerator is bounded for all € > 0.
As an example of a kernel that has a strong singularity, we consider the Cauchy
kernel, it is characterized by

g(z,t)
x—t

k(xz,t) =

Where g is always bounded

1.2 Genesis and formulation of integro-differential
equations

Many problems in applied science lead to IDEs in a natural way. As a result, these
equations emerge as proficient mathematical tools in modeling phenomena and pro-
cesses arising in these areas of research. We briefly see some real mathematical
models and physical that such equations are essues.

IDEs can be clearly seen when we convert the differential equation to an integral
equation by using Leibnitz rule. The IDEs can be viewed in this case as an inter-
mediate stage when finding an equivalent Volterra integral equation to the given
differential equation.

1.2.1 Hear and mass transfer theory

The generalized linear integro-differential heat equation

0T (x,t)

0T (x,t) ‘oo o OT(z,t — s)
CT g + B + /0 B () = ds
— KO).AT( 1) - | K (AT (@t — 8)ds = O, 1) (1.4)

Equation 1.4 is referred to as the Gurtin—Pipkin equation Where:

Z: Vector of space variable, and ¢: time

Q(x,t): External heat source

T(x,t): Temperature

B(s): Internal energy relaxation function

k(s): Heat flux relaxation function If 8'(s) = 0, k'(s) = 0, and Q(z,t) = 0 in
equation 1.4 then we obtain the hyperbolic Cattaneo—Maxwell equation

OT (x,t) 0T (x,t)
T

= a(0).AT(x,t)

which characterizes a wave process of heat propagation. Here 7. = C'//3(0) is the
Cattaneo-Maxwell relaxation time, and a(0) = k(0)/3(0).

If B(s) =0, then the equation 1.4 becomes

0*T(z,1) +oo

T — k(0)-AT (1) - /0 K (s).AT(x,t — 8)ds = O(x, ) (1.5)

C

16



The resulting Eq. 1.5 also describes one-dimensional longitudinal vibrations of a
viscoelastic rod .
By integrating Eq. 1.5 with respect to t, we obtain the first-order integro-differential

equation
OT (x,t) oo —C
T — /0 k(s).AT(l’,t — S)dS = Q($,t)

which is also called the Gurtin—Pipkin equation

C

1.2.2 Models for spreading and infectious disease

Invasion of disease into new territory is a worldwide problem, Traditionally, contact
and dispersal have been modeled with local operators, resulting in reaction—diffusion
equations. In ecology, reaction—diffusion models may underestimate speeds of inva-
sion. One solution to underestimating speeds of invasion has been the use of integral
operators instead of diffusion operators, resulting in integro-differential or integro-
difference equations. These models incorporate detailed information about small-
scale contact or the dispersal process to predict large-scale effects more accurately.

1.2.2.1 Distributed-contacts model
The governing equations (Kendall, 1957, 1965; Mollison, 1972):

a1
ot

and S(z,t) + I(z,t) = N.

x: location in some domain €, ¢: time

S(z,t): densities of susceptible individuals

I(x,t): densities of infectious individuals

B: infection rate

k(x,y): density function for the proportion of infective at y that contact susceptible
at x with k(z,y) >0, [qk(z,y)de =1

N: supposed constant because there is no birth on death

= ([ Kz — ). )dy) (N ~ 1)

1.2.2.2 Distributed-infective model

@ — BI(N /D V(1) dy+/ D(y)k(x,y)I(y,t)dy (1.6)

k(x, y): density function that prescribes the proportion of infective leaving y that
go to x

D(z): rate at which infective individuals move from z to some new location in €.
For convenience, we take D > 0 to be constant, integro-differential equation 1.6 now
simplifies to

o1 _BI( 1) - D[_|_D/Qk(l‘,y)[(?/at)dy

17



1.2.3 Radiative transfer problems

Radiative transfer problems typically involve scattering, which implies a source func-
tion that itself depends on the radiation field. This leads mathematically to an
integro-differential equation of transfer. For these cases of scattering, the formal so-
lution does not provide an explicit solution, although it may be used to re-formulate
the problem as an integral equation .

Much of the character of general radiative transfer problems already appears in what
is perhaps the simplest example, the case of unpolarized radiation with isotropic
scattering in plane-parallel geometry with axial symmetry. In this case the radia-
tive transfer equation is

oI(t,p) wp (! /

I(rp) = 5 | I(rp))dy

a or 2 Ja

I: the specific intensity

7: optical depth

(= cos@: 6 is the angle of ray with respect to the outward normal

wy: is called the single scattering albedo

For the more general case of anisotropic scattering, the transfer equation takes the
form

ol (T,
" (7, 1, )

27
.y / / I
9 (7, 1, ) — o [JOREETINCEVIC TN T

©: azimuthal angle.
p(p, 0311, )): the phase function describes the scattering from direction (4, ¢') into
direction (u, ).

1.2.4 The LRC series circuit

Inductance, L, resistance, R, and capacitance, C', are the building blocks of basic
electrical systems studied in first-year undergraduate engineering. A voltage (the
input) applied to such a circuit containing these elements will result in a current
flow (the output, or response) and a change in the charge on the capacitor.

A current i(t) will flow in the circuit when a voltage e(t) is applied, Using i(¢) and
e(t) indicates that current and voltage vary with time (i.e. they are timedependent
variables). Of course this doesn’t preclude the possibility that the voltage, for
example, could be constant (e.g. the voltage source is a battery).

The drop in voltage (i.e. potential drop) across the resistance is ¢R (from Ohm’s
Law), across L it is L% and across C' it is %fé udt .

Kirchhoff’s 2nd Law says that the sum (i.e. addition) of potential drops across all
of the non-supply elements in the circuit equals the applied voltage of the supply.
So,

L —i—R—i—C/zdt—e

and this an integro—differentlal equation.
it is possible to relate ¢ and ¢ using ¢ = % where ¢ is the charge on the capacitor

18



Upon integration, this gives ¢ = fg tdt and upon differentiation, % = %. So

rewriting the above integro-differential equation in terms of ¢ rather than ¢ gives
d*q dg 1
L—+R—+ =q=ce€(t
R TRNGTI

This is now a linear second-order differential equation with constant coefficients,
which can be solved by a variety of methods to find the charge ¢, in terms of time ¢

1.2.5 Initial value problem of the third order

Suppose u satisfied

u(2) = W(z,u(r), 0<z<1
! " (1-7)
u(0) = ug,u (0) = up,u (0) = uy
a first integration gives
u (z) = / (t,u(t))dt +uy, 0<z<1
0
a second integration gives
W' (z) = / ds/ U(t,u(t))dt + e+, 0<z<1 (1.8)
0 0

The simplification of the double integral in (1.8) follows from the relation if F' is a
continuous function for the two variables

[ s [ Fes.ae= [ar [* P, 0ds (1.9)

If we assume that 1 is a continuous function with respect to the two variables, then
(1.9) gives

[ [ ) = [~ ot uar

and the integro-differential equation corresponding to (1.7) in its simple form is
given by

o (z) = /Oz(:r; Bt ut))dt + a4

it is a first order volterra integro-differential equation

1.2.6 Boundary Value Problems

We consider the boundary Value Problems of second order

u'(z) = ¥(z,u(z), 0<z<l
{0 <y (10
We proceed in the same way as (1.7), we obtain
o (z) = /“w(t,ua))dt +C 0<z<1 (1.11)
0

19



The difference between this and the previous calculation, being that the value
u'(0) = C is not given and C' must be determined by imposing the condition’
u(1) = 1, which implies

C = —up— /01(1 —)(t, u(t))dt

And therefore (1.11) can be written in the form

) 1
o' () + [ (1= Dultu®)dt = f(z)
Witch is Fredholm integro-differential equation of first order with

f(x) = ur —uo + /Omzb(t,u(t))dt

1.3 Spectral methods

Spectral methods are recent techniques to discretize EDP and EDO. Unlike tradi-
tional methods such as finite element and finite difference methods, spectral methods
use a complete family (base) of global smooth functions and called trial functions
are often orthogonal polynomials. The idea is to approximate the solution u(z) by
un(r) = SN, ck¢r With ¢y a basis of orthogonal polynomials, and then choose the
coefficients of the sum in order to satisfy the deviation equation as well as possible.
Depending on the boundary condition satisfied by the trial function and its rela-
tionship with the test function, we can distinguish three spectral methods: Galerkin
method, Tau method and collocation method.

1.3.1 Collocation method

We consider the linear problem (1.1) and we assume that operator integral K where
(Ku)(z) = [? k(x,t)u(t)dt is compact on a Banach space y into it self, To solve ap-
proximately the latter problem we choose a sequence of finite-dimensional subspaces
xn C X, with

xn = span{oq, o, ...,on} => dimxny = N + 1

We expand the approximate solution as
N
un(z) =Y cidi(z) € xn (1.12)
7=0

The collocation method forces the residual to vanish point wisely at a set of pre-
assigned points. More precisely, let {z¢,x1,...,zx} be a set of distinct node points
in the interval I = [a,b]. The collocation method for Eq (1.1) amounts to finding
uy € xn such that the residual

Ry(r) = Yo m(euld (@)~ [ Ko, Oux()de — f(a)

=0

x>

= Yol Su@el@) - A [ hens, i) - @), e r113)

j k=0

[e=]

<
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equal to zero at the collocation points, namely,
Ry(z;) =0, 0<i<N (1.14)
This leads to determining {c;}; as the solution of the linear system

m

i:: {ZVk ;) ¢( (5) )\/ (x;,t d)J()dt} flz), 0<i<N  (1.15)

With the mixed conditions

N m—1

ch{ S an(x:)el (a) + blk(xi)¢§k)<b)} =, 0<i<N (1.16)

§=0 k=0

by adding the m equations of mixed conditions to the (N + 1) equations of the I-DE
equation we get a system of (N +m+1) linear equations which can be readily solved
by using least square method.

1.3.2 Galerkin’s method

Let x = L*(I) be a Hilbert space provided with a scalar product (., .), we consider a
sequence of subsequence yy C x of finite dimension, let {¢y, ..., ¢ } an orthonormal
basis of yu, we search for a function uy € yn of the form (2.15) close to the exact
solution of the original problem.

The idea is to minimize the error Ry to satisfy

This yields the linear system

> c { i e, di) — A</C<bj,<bi>} =(f,¢:), 0<i<N (1.18)

7=0 k=0

1.3.3 Tau method
Matrix of differential part
Let ® = (¢o(z), p1(x),...,on(x)) be an orthogonal polynomials basis vector given
by
d=01"X
With X = (1,z,2?%,...,2") and II is a non singular upper triangular matrix, from

(2.15) we can write

un(z) = CP

C' = (co, 1, ...cy) the coefficients vector to be founded, the matrix of the differential
part will be
D=CSd (1.19)
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With

k=0
010 0 0 0
001 0 O 0
000 1 0 0
p= RS ;
000 0 O 1 0
000 0 O 1
000 0 0 0
010 0 O 0
002 0 0 0
000 3 0 0
B=|: 1 & o (1.20)
000 0 0 N—10
000 0 O N
000 0 O 0

Matrix of integral part

Consider the expansion of the kernel k(x,t)

N N
k(z,t) =Y kagi(z)di(t)
=0 1=0
b N N N b
| kG udt = S35 kiCinla) [ ait)s s
a j=0 =0 1=0 “
— CK® (1.21)
Where N N
Zl:o koz%o cee e Zz:o kNl%o
K p—
SV okain oo o Sio ki

b
fy,j:/ s (t)dt, 1,j=0,1,. N

Matrix of second member

Let the function of second member f(z)
N
fl@) = > fid;(x)
=0
= f® (1.22)
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The coefficient vector f = (fo, f1, .-, [N)-

Matrix of mixed conditions

Replacing (2.15) in the left hand side of (1.2) it can be written as

m—1 N m—1
[GZkU )+ byt (b)} =a = Z Cj Z [alk¢(k)(a) + blk¢(k)(b)}
k=0 j=0 k=0
= CB, 1=01,..m—1 (1.23)

apgo(a) + biogo(b)
Yoo [azkcbﬁ’“)(a) + blk(bgk)(b)}

210 [@11@925 1(a )+51k¢£:)—1(b)}

We refer to n as the matrix representation of mixed conditions and B; its [th column.
The following relations for computing the elements of the matrix n can be deduced
from

B, =

Z {alkgb +blk¢z 1( ):| Zal - Oa ]-7"'am —1

k=0

We introduce d = (ag,aq, ..., am_1), the vector that contains right hand sides of
conditions

Cn=d (1.24)
It follow from (1.19), (1.21) and (1.22)

C(S—\K) = f

We put
W=58-\K

The coefficient of exact solution uy(z) = C® of the problem (1.1), (1.2) satisfies
the following algebraic system

CWZ:fi, ZIO,l, ,N
{ CBl:al, ZZO,l, ,m—l (1.25)
Setting -
W — (60,61, ...,Bm_l,K(),Kl, ...,KN)
And

f: (Odo,Oéh "'aam—17f07 f17 sy fN)
We can write instead of (1.25)

CW = f

C' can be founded and uy(x) as well .
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1.4 Orthogonal projection and discussion of con-
vergence

Let xn be a sequence of finite dimensional subspaces of a Hilbert space y, and let
u be an element of x, of the form

o0

u=> ¢ (1.26)

J=0

Where, ¢; are the coefficients of this expansion, and ¢, are the elements of an
orthogonal system. Our goal is to find an approximate solution in yy using a
sequence of projectors Py : x —> X, in the form of the truncated series

PN(icj%‘) = %Cﬂﬁj (1.27)

J=0

By the weight function w = w(z) on G (measurable set in Jordan’s sense), the
orthogonality is defined by

| é@)s; @)z =

Then, the coefficients ¢; in (1.26) are given by

¢ = H<Z511H2 /Gw(x)u(x)gbj(x)dx (1.28)

With A
93l = ([ s@)ss(awi))’ (129

Let I be a bounded interval of R, x = L2(I) and yy = Py, the subspace of
polynomials of degree at most N.

Theorem 1.1 Let uw € L2(I) and N € N. Then Pyu is the best approzimation
within the meaning of (1.29), in another way

lu = Pyullez, = inf flu—4leg (1.30)

Proof — Ast € Py, there are coefficients ¢;, 0 < j7 < N such that ¢ = Z;V:() cj.
To minimize ||u — 1|12 is equivalent to minimize ||u — v||7., we have

9 2 d 2 al al 2 2
gorlli =¥l = otz — 23 cotus i + Lo luly)

= —20u—Pe), + 2cklnll7z, 0<k<N

The minimum is reached at the point where the derivative vanishes, so

<U, ¢k>L?H

[l

which completes the proof [ ]

C 0<j<N
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Theorem 1.2 For allu € L2(I),

Jimlu = Pyul| = 0 (1.31)

Proof — See [10] n

The development (1.26) is the basis of all projection methods. So in practice,
note that several orthogonal polynomials can be used in an analogous way such as
polynomials of Legendre and chebyshev, or others .

1.4.1 Legendre polynomials

we can use Legendre polynomials defined by the recurrence relation

P()(I‘) = 1
Pi(z) = (1.32)
(n+1)Pyi1(x) = (2n+ 1)Py(x) —nP,_1(x), n>1

/ " Py () Py (2)w(2)dz = b (1.33)

-1
Which are orthogonal on [—1, 1], with w(z) = 1, and

2

— 1.34
2n—+1 ( 3)

Yo = |1Pallsy =

Let

k

0"u
m _ 2 . 2
H™(~1,1) = {u € L*(=1,1) : for 0<k<m, oo € L1, 1} (1.35)

H™(—1,1) provided with the scalar product
1 ak ak
-3/ ! (@)da
1 8;1:’C 831:’C
is a Hilbert, called Sobolev space. The norm associated is

1

ol = (315 O aa)

Theorem 1.3 Letu € H™(—1,1). Then, the truncated Legendre series, Py (u(x)) =
>N ¢ Pi(x) is the best polynomial approzimation of u(x) within the meaning of the
L? norm. In addition, 3C > 0, such as

||U — PNUJ”LQ(—I,I) S CN_mHuHHm(fl,l) (136)
Proof — See[l2] n
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1.4.2 Chebyshev polynomials

In a similar way to Legendre polynomials, we will use in this section the Chebyshev
polynomials Ty (z) of the first kind, defined by the recurrence relation

To(z) =1
T1( ) =2 (1.37)
n+1(x = ( ) - Tnfl(x)’ n=1

Which are orthogonal on [—1, 1], with w(z) = (1 — 22)~2. Likewise, Let

ak
m _ 2 . 2
Hy(-1,1) = {ue L(-1,1): for 0<k<m, oo € Lu(= 1,1)}
It is recalled that the derivative % is always taken within the meaning of the
distributions.
The space H™(—1,1) provided with the scalar product

m

1 gk 0k d
(s V) = Z /4 axz(x) Oxk (z) Jlfix?

k=0

is in turn a Hilbert. The associated norm is given by

1

mo Ok 3
g1 = (30 155 a1

Theorem 1.4 Let u € HJ'(—1,1) and Py(u(z)) = g Ti(x) the truncated
Chebyshev series of u. So we have the estimate

1=

m 2
|u — PNUHL%U(—LI) < CN_m( Z ||u(k)‘|%$v(—1,1)> (1.38)

k=min(m,N+1)

Proof — See[l2] n
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Chapter 2

Fredholm IDEs on bounded
interval

2.1 Legendre spectral collocation method

In this chapter we apply the two spectral collocation methods and Galerkin methods
where the orthogonal polynomial used is Legendre polynomial, and we compare the
results obtained with some famous methods.

Let us consider a family of one-to-one mappings betweeny € [ = [—-1,1] and z €
[a, b] of the form
b— b
p=0ly) ="y L yel (2.1)
Such that P
dﬁ =0 (y) >0, with ,0(a)=—1, 6(0b)=1, (2.2)
Y
And we have
=0""(x), € ]la,b (2.3)

For a given mapping y = 0! (x), we define the so-called mapped Legendre functions
by
L.(z) = P,(07'(z)), n=0,1,2,.. (2.4)

They are orthogonal in the interval [a, b] with respect to the weight function

_dy 2
drx b—a

Wap(T)

With the orthogonality property

2

/ab L(x) Ly (x)wgp(z)dr = 1

Onm (2.5)

Let us defined

Lia,b(a, b) = {u ta,b] — R/u is measurable and ||ully,, < oo}
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Where

b
lull?,, = [ [u@)Pwopda

is the norm induced by the inner product of the space L%Ua ,

T / (@) o(@)wes(z)da (2.6)

Thus, {L;}32, denotes a system which is mutually orthogonal under the inner prod-
uct given by (2.6), i.e.,
2
Lna Lin)w,, = 7571 me
< > a,b 2” + 1 )
It is not hard to show that {L;}32, forms a complete basis in L, ([a,b]). Thus, for
any function u € L, ([a,b]), the following expansion holds

> 27+1
u(x) =Y u;Lij(x) with ;= I+
=0

/a (@)L (2)wa (2.7)

If u(z) is truncated up to the N + 1 terms, then it can be written as

N
u(z) ~un(z) =Y u;Li(z) (2.8)
§=0
Let the linear Fredholm IDE of second order on the bounded interval
2 b
S v(@)u® (z) — A / Kz, Hu(t)dt = f(z) (2.9)
k=0 a

Under the boundary conditions

Applying the transformation
r="0(y), and t=0(2)

We get
S HUP ) - [ K UE0 (= Fly), —1<y<1 (21
k=0 -

With

U-1)=a, UQ1)=p (2.12)
Where K(y,z) = k(0(y),0(2)), F(y) = f(0(y)) and H(y) are functions de-
fined in the interval —1 <y, z < 1, with

v1(0 0




Let Zy : C(I) — Pn be the Legendre-Gauss interpolation operator. The Legendre
spectral method consists in finding Uy € Py

> HUP ) = A [ K@ U0 () = InF(p), —1<y<1 (214)

If Un(y) = 3o ¢;P(y) is an approximate solution of Eq.(2.11) using Legendre
spectral method, then uy(x) = Uy(#~'(x)) an approximate solution of Eq.(2.9)
using mapped Legendre spectral method. Indeed, it holds that

241 b 27+ 1 1
u; = j2 /(lu(x)Lj(:c)wa,b(x)dx: ]j [IU(y)E(y)dyZCj

Hence using (2.4), we obtain
N N
un(z) = _U;Li(x) =Y ;P07 (2)) = Un(y) (2.15)
=0 =0

2.1.1 Fundamental matrix relations

Let write the Eq. (2.14) in the form

Dn(y) — My (y) = Fn(y) (2.16)

Dy(y) = 3 B ), Iv(w) = [ K(p. U0 )z Fy(y) = InF(y)
- (2.17)

Un(y) = esbily) = Py)C, —1<y<1 (2.18)

With
C= [00701’ "'>CN]T’ P(y) = [Po(y)apl(y)’ >PN(y)]

The derivative of the solution expressed by (2.18) can be written in the matrix form

as follows
[Ux ()] = PP (y)C. (2.19)

We can write P(y) in the matrix form as follows

Where

And for odd values of N,
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_1
200!0!

o O O O

2!

2101

o O O o O

—2!
22111!

w O

N

0 (—1)"Z (N-1)!

2N72(H)|(¥)[

2

4!
22012!

0

For even value of N

_1
200!0!

0
0
0

o O O O

0

2!

210!

0
0

o O O o O

0
_(2N—4)!
SN=T1I(N—2)!
0
(2N—2)!
0 2N-TOI(N—1)!
0 0
o (—1) >~ L(N—2)!
m o .. DY 0 2N—2(%_1)!(%_1)! O
0 0 (0% 1avy:
N1 E_n1(d)
224(1)!!2! O
0
0
—(2N—4)!
IN-III(N—2)!
0
(2N-2)!
0 2N-TOI(N—1)!
0 0

On the other hand, we can write

And

PW(y) =Y® (y)I,

The matrix B is given in (1.20)

30

—(2N-2)!
2N ()I(N-1)!
0
(2N)!
2NQIN!

(2.20)

N
(=1)2 N!
oN NN

272"

o

(1) ~L(N+2)!
2N (E -5 +1)!

0

—(2N-2)!
N (D)I(N-1)!

(2N)!
2N0OIN!
(2.21)

(2.22)

(2.23)




Also, from (2.23), we obtain

YW(y) = Y(y)B
YOy = YW (y)B=Y(y)B’

Y(k)(yj = Y*D(y)B=Y(y)B"

Then

PW(y) =Y (y)B'T (2.24)
Consequently, by substituting the matrix relation (2.24) into (2.19), we obtain the
matrix relation for U{" (y) as follows

UV ()] =Y (y) B'TIC (2.25)
Next, let {o;}¥,,be the Legendre-Gauss points, which are zeros of Legendre poly-
nomial Pyyi(y). By [18], there exists a unique set of Christoffel numbers {w;}¥,
such that
1 N
/1 P(y)dy = Z o(0i)wi, Vo € Panyq (2.26)
- i=0
In fact, we have
2 .
Wi = 0<i<N (2.27)

(1= o) [Pyya(o0)]
The fundamental matrix relation for differential part Dy(y) based on collocation
points is given by

2
D => H,YB'IIC (2.28)
k=0
Where
| 0 Hyo) ... 0 0
Hy, = diag(Hk(0;))o<jcn = : S :
0 0 0 Hi(on)
Y (00) 1 o9 o} oy
Y (0y) 1 oo o2 ... oV
v=| Y |=| 1 o0 o} ... o} (2.29)
Y(on) 1 oy 0% ... of

For the Fredholm integral part, we have



By setting
v; = Ql(ai)wi,
The fundamental matrix relation for the integral part In(y) based on collocation

points is given by

Iy = MOYTIC (2.31)

With
M = (K(0j,0:))o<ji<n, ® = diag((vi)o<i<n)

Using relation (2.28) and (2.30), Eq. (2.14) is reduced to the following system

WC =F (2.32)

Where

2
W = |wy] =Y H,YB'Il - MoYTI
k=0

F = [F(oy), F(oy),....,F(on)]|"

(2.33)

On the other hand, the fundamental matrix for the boundary conditions can be
written as

Vol = « (2.34)
ViC =3 (2.35)
With
Vo = [voo, Yot - von] = [1, =1, ..., (=1)] (2.36)
Vi = [v0, 11, - v = [1, 1, 0, 1] (2.37)

In order to satisfy the boundary conditions in the collocation method we add
the above equations to the final system given in (2.32), then we obtain

WC=F (2.38)
So that the new augmented matrix is of the form
[ woo Wo1 Wo2 won | F(oo)
W10 w11 W12 wiN | F(Ul)
Wa0 W21 Wa2 WaN | F (U 2)
(WIF] = | : (2.39)
WN-1,0 WN-1,1 WN-12 WN-1,N \ F(UN—1)
Voo Vo1 Vo2 VoN ‘ o
L V10 V11 V12 UIN ‘ p

Finally, we have an over-determined system with (/N +3) linear equations which can
be readily solved by using least square method.
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2.2 Legendre-Galerkin method

We assume the solution of (2.11) is approximated by the finite expansion of Legendre
basis (2.18)

The unknown coefficients ¢; in (2.18) are determined by orthogonalizing the residual
with respect to the basis functions P;(x). This yields the discrete system

(Ha(y)U (), P(y)) + (Hi(y)U (), Pi(y)) + (Ho(y)U (y), P:(y))

M K28 UG, P) = (F), P) (2.40)

The weighted inner product (,) is taken to be

(u,v) = /1 u(z)v(z)dx

-1

We need now to present some useful relations

1. [ yPu(y)Pu(y)dy =0

2, if n=m+I

2. f_lan(y)Pm(y)dyZ{O’ if n#tm+l or m>n

2n if n=m

, 2n—+17

JLyP(y)Pu(y)dy =14 0, if n=m+1 or m>n
I, if n#m+l

@

. nn+1)—m(m+1), if n#m-+I

T I nn+1)—m(m+1)—-2, if n=m+I
flyPn(y)Pm(y)dy—{O’ if nAmtl or m>n

1

1

7. SN P @) Pa(y)dy =4 n(n+1)—m(m+1)—4, if n=m-+I1+1

2n(n—1) . _
i1 W om=m
0, ¢of n#m+Il+1 or m>n
Where [ =1,3,5,...,2k+1 < N —m.
The method of approximating the integrals in (2.40) begins by integrating by parts
to transfer all derivatives from U to P;. Therefore, the following relations is needed.

(Hi(y)U (), Pi(y)) = — /1 (H\(y)P;(y)) U(y)dy (2.41)

1 "

WH:W)PW)] | + [ (H)Pw) Uly)dy  (2.42)

-1 _1

(F(y), Pi(y)) = >_ wiF(on) Ps(0%) (2.43)



(/1 k(y, 2)U(2)0 (2)dz, Pi(y)) =~ 3 3" wpwik(og, ) U(a)0 (01) Pj (o) (2.44)

-1 k=0 1=0

Where

~

4
(1= o)(1 = 0?) (Py(ow) Py (o) )?]

Replacing each term of (2.40) with the approximation defined in (2.41)—(2.44) re-
spectively, then the discrete Galerkin—Legendre system for the determination of the
unknown coefficients {c¢;} is given by

W) =

N
!

Sai[ [ How) PPy ~ [ ()P0 R+ (o) RV ()] 1

[ ) Pi(0) Pily)dy—2 3 S k(s ) Eilo) Poow)é (00)] = 3 cnFlon) Pi(o)

k=0 1=0 k=0
(2.45)
The system (2.45) takes the matrix form
Ac=h (2.46)
Where
Ao Ao Aon
A A 0 A
N (2.47)
Ano Anga AN
With
A j=di;—Mh

1,J 1, ML

’

dij = /1 Ho(y)Pi(y) P;(y)dy — /_1 (Hy(y)P;(y) Pi(y)dy + [Ha(y) Py (y)U ()], —

11

[ ()P Py

N

= > > wpwik(ow, 00) Pi(07) Pi(04)8 (00)

k=0 1=0

2.2.1 Treatment of boundary condition
If the boundary conditions are nonhomogeneous
U-1l)=a, U(l)=24. (2.48)

Then these conditions need be converted to homogeneous conditions via an inter-
polation by a known function. Applying the transformation

N 1—y 1+y
a_
2 2

g



to the problem (2.11),(2.12) yields

o~

S Hilp)00) = [ ko 2)0 ()= = 7

With boundary conditions
U(-1)=0, U1)=0

flo) = 1)~ pn ) [P EE gy [ gy (EEIE 2,

The resulting discrete system for the coefficients N + 1 in the approximate Legen-
dre—Galerkin solution

N 1—vy 1+y
Uly) =Y ¢Pi(y) + ot — 0
1=0

2.3 Numerical examples

Example 1

{ u' () — u(z) — [y sin(dmrx + 2rt)u(t)dt = — cos(2rz) — 2w sin(27rz) — 4 sin(4rz)
u(0) =1

Whose exact solution is u(z) = cos(27z)

N Legendre collocation method Legendre-Galerkin method
5 1.584e-01 5.165e-02
10 1.023e-06 2.371e-04
15 1.648e-10 1.697e-10
20 3.483e-15 1.278e-13
25 6.607e-16 1.165e-14

Table 2.1: Maximum absolute errors for Example 1 at different N

Method Error

Legendre collocation 3.483e-15
Legendre-Galerkin 1.278e-13
Sinc basis functions [27] 5.275e-05
Homotopy analysis [20] 2.231e-06
CAS wavelet [21] 1.746e-02

Table 2.2: Comparison of maximum absolute errors for Example 1 for N = 20
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Example 2

u'(z) — u(x) — W I Tou(t)dt = =32+ 7 — In(1 + )
u(0) =0
Whose exact solution is u(z) = In(1 + z)
N Legendre collocation  Legendre-Galerkin ~ Homotopy Analysis Sinc basis functions
[20] [25]
10 1.033e-09 1.301e-05 7.816e-04 1.740e-04
20 4.175e-16 7.108e-13 6.240e-07 3.185e-06

Table 2.3: Comparison of maximum absolute errors for Example 2 at different N

10 r
+ N

=5 [ N=10

O N=15

N=20

Maximum absolute error

Figure 2.1: Comparison of error with N = 5,10,15,20 by Legendre collocation

method for example 2
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+# N=5 0O N=10 O N=15 © N=20

Maximum absolute error

Figure 2.2: Comparison of error with N = 5, 10, 15, 20 by Galerkin-Legendre method
for example 2

0.7 ®
— Exact solution ® @

0.6 O Legendre collocation @
*  Galerkin-Legendre @

Figure 2.3: Legendre collocation, Galerkin-Legendre and exact solutions for example
2, N =10
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Example 3

{ u'(z) + zu' (2) — zu(z) — 1 sin(z)e tu(t)dt = e* — 2sin(z)

u(—=1)=ct, wu(l)=e

Whose exact solution is u(z) = e”

Method Error for: N =3 N=T7 N =9

Legendre collocation 6.977e-02 1.230e-06 2.032e-09
Legendre-Galerkin 3.460e-02 7.555e-07 1.967e-09
Legendre-collocation matrix [59] 1.832e-01  5.751e-05  3.288e-05

Table 2.4: Comparison of maximum absolute errors for Example 3

10° -

¥ N=5 0 N=10

N=15

Maximum absolute error

Figure 2.4: Comparison of error with N = 5,10, 15 by Legendre collocation method

for example 3
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10 r

* N=5 [ N=10 O N=15

Maximlute errorum abso

Figure 2.5: Comparison of error with N = 5,10, 15 by Galerkin-Legendre method
for example 3

3 -
~—— Exact solution ®
&
2.5 O Legendre collocation . @
*  Galerkin-Legendre @”@
2 @
@
@
@
— @
¥ 15 o
5 @ @
o
® @
® ®
1r ®
©@©@®
eee®®”
@
0.5 ©e® I%C ©®
0 r r r r r r r r r [

-1 08 -06 -04 02 0 0.2 0.4 0.6 0.8 1

Figure 2.6: Legendre collocation, Galerkin-Legendre and exact solutions for example
3, N =10
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Chapter 3

Mapping Legendre functions on
the semi-infinite interval

Thanks to three mappings namely algebric, Logarithmic and exponenetiel for pass-
ing from the interval [0,00) to [—1,1] and vice versa, where help us to define a
new mapped Legendre functions which are orthogonal on the positive semi infinite
interval, we will also study the properties of each mapping.

Let us consider a family of mapping of the form

r=p(y,s), s>0, yel[-1,1], z€]|0,+0c0) (3.1)
Such that p
d;j:gol(y,s), s>0, yel
(,0(-]_,8) = 07 SO(L S) = +00 (32)

In this one-to-one transform, the parameter s is a positive scaling factor, without
loss of generality, we further assume that the mapping is explicitly invertible and
denotes its inverse mapping by

y=p (x,s) =h(zx,s), €A, yeclI, s>0 (3.3)
Several typical mappings that have been proposed between x € [0, 00| and y € [—1, 1]

1. Algebraic mapping

~s(14y) _r—s
Co1l-y T +s
2. Logarithmic mapping
y+1 s 3+y x
= tan(=——) = = In(——= =1—2tanh(—
x = sarctan( 5 ) n(l_y) 'Y an (s)
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3. Exponential mapping

S

2
T = sinh(2(1 +y), y=-ln(z+va2+1)—1
s

Given mapping = = ¢(y, s) satisfying (3.1), (3.2) and a family of orthogonal
polynomials {Py(y)} with y € I = (—=1,1) {P(p(z;s))} forms a new family of
orthogonal functions in A = (0, +00).

For the sake of generality, we consider the mapping Legendre approximation. Let
Pr(y) be the k — th degree classical Legendre polynomials .
We define the mapped Legendre functions as

Lon(z) = Po(¢ Y(z;8)), v €Ayl (3.4)

We infer from (1.33) that (3.4) defines a new family of orthogonal functions {Ls,}
in L2 (A)

/ALs,n(x)Ls,m(x)ws = 'Yn(snm (3'5)

Where the constant 7, is given in (1.34), and the weight function

wy=w() ] = (7 5:9))

/

(3.6)

With y = ¢ (z, s) and w(y) = 1.

3.1 Properties of Rational, Logarithmic and Ex-
ponnetial Legendre functions

In this section we will introduce Rational, Logarithmic and Exponnetial Legendre
functions that all of them are defined on the semi-infinite interval .

3.1.1 Rational Legendre functions

The Legendre polynomials are orthogonal in the interval [—1,1], with respect to
the weight function p(y) = 1. They can be determined by the following recurrence
formula :

Ry) =1, Pi(y)=y

Panly) = oS0 P) = () Paale), 2

Legendre polynomials can also acheive the following relation :

1 0, n#m
/_ Y Paly)dy = { 27+ (1) (3.7)

Cnt1) n=m

The Rational Legendre functions is denoted by R,(x) = P,(i73), where s is a
constant parameter and sets the lenght scale of the mapping

2n+1. x—s n

) ) Ba() — (

n+1 " x+s n+1

Rpa(2) = ( JBypa(z),  n>1
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By using above recursive formula the first four rational Legendre function are ob-
tained as below :

PLQ(J?) =1

Ri() = =5

Rofa) = (50— )
Ry(r) = 3(52)° - 3(32)

The behavior of these four functions for s = 1 are plotted in Figure.1

Rational Legendre function (RL) are orthogonal with respect to the weight function

wy(x) = (xiss 7 in the interval [0, +oco[, with the orthogonality property .

2
51177’1,
2n+1

/ " R (@) Ron () ()t =

Where 6, is the Kronecker function

Figure 3.1: Graph of four rational Legendre functions for s=1

3.1.2 Logarithmic Legendre functions
The Logarithmic Legendre functions is denoted by £, (z) = P,(2tanh(z/s) — 1)

2n+1 n
1 )(2tanh(z/s) — 1)L, (z) — (m

Lna(z) = ( onalx),  n=1
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By using above recursive formula the first four logarithmic Legendre function are
obtained as below :

Lo(x) =1
£1(:U) = 2tanh(z/s) — 1
Ly(x) = %(2 tanh(z/s) — 1)% — %
Ls(x) = 3(2tanh(z/s) — 1)° — 5(2tanh(z/s) — 1)

The behavior of these four functions for s = 1 are plotted in Figure.2
Logarithmic Legendre function (LL) are orthogonal with respect to the weight func-
tion wy(z) = 2(1 —tanh®(z/s)) in the interval [0, +oo], with the orthogonality prop-

erty .
2

+oo
| L@@ @)de = =

Figure 3.2: Graph of four logarithmic Legendre functions for s=1

3.1.3 Exponential Legendre functions
The Exponnential Legendre functions is denoted by E,(z) = P,(1 — 2exp(x/s))

2:_:'11)(1 — 2exp(z/s)) En(x) — (n Z— 1

Enga(z) = ( VEna(z),  n>1
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By using above recursive formula the first four exponnential Legendre function are
obtained as below :

o(x)

1(z) =1 —2exp(—x/s)

2(7) = (1 —2exp(—z/s)) — 3

3(2) = 5(1 — 2exp(—x/s)) — 5(1 — 2exp(—az/s))
The behavior of these four functions for s = 1 are plotted in Figure.3

Exponnential Legendre function (EL) are orthogonal with respect to the weight func-
tion we(x) = Zexp(—x/s) in the interval [0, 400, with the orthogonality property

SHGHGEGS

/OJFOO E,(x)E,(z)w.(z)dx = Lénm

2n+1

Figure 3.3: Graph of four exponential Legendre functions for s=1

3.2 Function approximation

Let ps(x) is w,(z),w;(z) or w.(z) denotes a non-negative, integrable real valued
function over the interval A = [0, oo, we define.

LN ={v:A—R and |v|, < o}
Where e
W = [ v e)u(e)de
0
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is the norm induced by the inner product of the space L% (A)

(b= [ w@(e)p(e)ds (3.8)

The {¢;(x)};>0, are considered {R;(x)};>0, {L;(z)};>0 or {E;(x)};>0, denotes a
system which is mutually orthogonal under (3.8)

2

(fn(z), Qbm(x»ps = ménm

The classical Weierstrass theorem implies that such a system is complete in the
space L2 (A) .
Thus, for any function f(z) € L2 (A) the following expansion holds

)= a0y (39)
Where 911 oo
0y = 5= [T 0i(@)f(@)py(e)da (3.10)

If f(z) in (3.9) is truncated up to the Nth terms, then it can be written as

flx) ~ fn(z) = Z% a;0;(z) = AT ¢() (3.11)
With
A= [ag, a1, ...,any_1]"
¢(x) = R(z) = [Ro, Ry, ..., Ry—1]" (3.12)
¢(x) = L(x) = [Lo, L1, .., Ln-a]" (3.13)
¢(x) = E(x) = [Eo, Ev, ..., En1]" (3.14)

Proposition 3.2.1 The orthogonal mapped Legendre functions {Ls;} form a com-
plete orthogonal basis in L2 (A)

Proof — Let u € Lis(A), we have from the orthogonality and the completeness
of Legendre polynomials that U(y) = 375 C; P;(y), for all U € LZ,(I).

¢ =202 [ vy = 0= [T u(e) L)

We can write

umzi@um>

This shows that {L,;} forms a complete basis in L2 (A) n
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Now, we can estimate an upper bound for function approximation in a spectral
case. In first, the error may be defined in the following form .

en = |[f(2) = fu(2)

The completeness of the system {¢;};>0 is equivalent to the following property

2 (3.15)

Ps

folz) — f(z), e —0 an n— +o00

Lemma 3.2.1 The error which is defined in (5.15) can be rewritten as

20+ 1

en =2 —5—(f(z), gula));, (3.16)
Proof — The completeness of the system {Cbi}izo helped us to consider the error

as e, = || 222, a;0:(2)||2..

Using the definition of ||.||,,, one has

en = 30 D wiay{oi(a). dy(0)w = 30N may g 50y = 3 5
1=nj=n e o

and using Eq.(3.10) the lemma can be proved .

This lemma shows that the convergence rate is involved with function f(x). Now,
by knowing that the function f(z) € L? (A) have some good properties, we could
present an upper bound for estimating the error of function approximation by this
basis function ]

Theorem 3.1 Let f,(x) is function approzimation of f(x) € L2 (A) obtained by
(3.11) and F(y) = f(¢¥(y)) is analytic on [—1,1], then an error bound of this ap-
proximation can be presented as follows :
0o it 2512
e, < Z %
2(24)!(20 + 1)!

=n

Where :

And : M; = max |F'(y)|, ye(-1,1)

Proof — We have the following properties for each case of ¥ (z).

e Casel:




o Case2:

v = F (D, La6) = Palo)
(1-—y)3+vy) 25
wi(Y(y)) 95 dx 1-9)B+y) Y
e Case3: 5
Y(y) = sln(3— y), En(¥(y)) = Paly)
_(1—y _ s
we(¢(y)) - s ) dCL’ - (1 . y)dy

By substituting each case in (f(z), ¢;(x)),. = [, F(y)Pi(y)dy. Also knowing that
F(y) is analytic, we have

=1 @) 1 gy 1
)0 = T [P+ T [ vy Ge -1

Using the Legendre polynomials property mentioned in equation (3.7), the above
equation can be rewritten in the following form .

‘/—_'z(fz) 2i+12'!2 2i+1i!Mi
(f(x), gi(x))p, = i (2i+ 1) < (20 + 1)!

The theorem can be proved by substituting above inequality in equation (3.16). m
The next theorem would show that the error defined in Eq.(3.15) have superlinear
convergence. Firstly , we define the order of convergence is superlinear

Definition 3.2.1 x,, — T with superlinear convergence if there is a positive se-
quence N\, — 0 and an integer number N such that

|Tpi1 — T < M|z —Z|, n>N

Theorem 3.2 Let M > M; in the theorem (3.1) then the error is superlinear con-
vergence to zero

Proof — Using theorem (3.1) we have
00 41512 4i+1412
n <MY e = M?
= Z ~2(26)!(2i + 1)! Z 2(2i)11(2¢ — D20 + 1)1(2i)!!

Where (2i—1)!! = (2i—1)(2i—3) X...x3x 1 and (2i)!! = (2i)(2i—2) x ... x4x 2 = 2%!.
Then one has

e 1 <1
n < 202 <2MPEST —
n = ; (2i— DN2i+ 1) = ; (2i)!
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We define z,, = >>72 ﬁ, and then, there is a positive sequence

1

Ap=1-— =
(2n)! 3232, (211-)!

— 0

That |z,11| < Au|zn|. Therefore, z,, and subsequently e, are superlinear conver-
gence to zero .
According to theorem (3.2), any function defined in L2 ([0, +oc[), which their map-

ping under transformation s1=%, £In(3*%) or sln(;% ) are analytic a series solu-
-y’ 2 1-y 1~y

tion in the form (3.11) with the superlinear convergence |

exact R2.5 * R2.10
0.9 % o

0.8~ 1

0.6 - Ny i
0.5~ LY 1

0.4 '\x i

0.3 T J

Figure 3.4: Convergence of the Algebraic mapping of Legendre series of function
_1
14x
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0.3 T

0.25~ 1

o2t % .

.0.05 r r r r r
o 1 2 3 4 5 6 7 8 9 10

Figure 3.5: Convergence of the Algebraic mapping of Legendre series of function
sin(2x)
(1+2)7/2

0.6 T T T n n n T T T
—— exact Es,s = E8,10
L 7= -
0.5 LT
MY
0.4 -
X
Rl
ko=
o3f L7 .
-«
| - X
| N
| N
0.2 ; §. -
| E
-
0.1 L J
e
x .' I.w“..“-‘l
ol- e T -
0.1~ ¥ & B
0.2 r r r r r r r r r
(0] 1 2 3 4 5 6 7 8 9 10

Figure 3.6: Convergence of the exponential mapping of Legendre series of function
sin(2z)e™"
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0.6 T T T T T T T T T

0.5~ %L E

0.3+ -

0.2 L -

.
o
N

Figure 3.7: Convergence of the Logarithmic mapping of Legendre series of function
sin(2zx)e*

5 : . : - - : : :
[ RLC LLC ELC
ol \ -
—
_ sk ‘\ i
S
o
=
=3
o
< 1ok _
15 1 4
L
20 : : : : : : : :
4 6 8 10 12 14 16 18 20

Figure 3.8: Spectral convergence: projection error in L,%QD norm between the function
e~ and their truncated algebraic, Logarithmic and Exponential mapping Legendre
series of order n
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5 -

Figure 3.9: Spectral convergence: projection error in Lzs norm between the function

14%1 and their truncated algebraic mapping Legendre series of order n

4
©

. . . . . . 2
Figure 3.10: Spectral convergence: projection error in Ly ~norm between the func-

tion 2 — e~ and their truncated exponential mapping Legendre series of order n
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Figure 3.11: Spectral convergence: projection error in LIZ,20 norm between the func-
tion e~2* and their truncated exponential mapping Legendre series of order n

3.2.1 Mapped Legendre interpolation approximations

We now consider the Gauss quadrature formulas on unbounded domains based on
mapped Legendre polynomials. To fix the idea, we only consider the Gauss quadra-
ture.

Let {§N7j,wN7j}§V:0 be the Legendre-Gauss nodes and weights, and there holds

N

/1 o(y)w(y)dy = Z P(Enj)wng, ¥V ¢ E Pania (3.17)

Applying a mapping (3.1) to the above leads to the mapped Legendre-Gauss quadra-

ture
N

/Au(x)ps(x)dx = ZU(CS,NJ)PS,N,]‘, Vo ue Viann (3.18)

7=0
Where
Cng=p(Enyss), psnj=wng; 0<j<N
Are the mapped Legendre-Gauss nodes and weights .
Accordingly, we can define the discrete inner product and discrete norm

N

<u7 U>P3,N = Z u(Cs,N,j)U(CS,N,j)pS,NJ

Jj=0

1

pon = (W, W) 5, Yu,v € C(A)

[
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The mapped Legendre-Gauss interpolation operator Z, 5 : C(A) — V v, is defined
by Zs n € Vi, n such that

(IS,NU)(CS,N,j) = U’(CS,N,j)7 ] = O, ]_, ceny N (319)

Let Zy be the Legendre-gauss interpolation operator, by definition, we have

Twu(z) = (InUs)(y) = (InUs) (9~ (25 5))
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Chapter 4

Fredholm IDEs on semi infinite
interval

4.1 Matrix method using Laguerre polynomials

The purpose of this section is to present a matrix method for solving linear Fredholm
integro-differential equations (FIDEs) on semi finite domain

2

S v (x)u® (z) — / T k(e ul)dt = f(z), @ € [0,00] (4.1)

k=0 0

Under the boundary conditions
u(0) =a, wu() =4 (4.2)

The method is based on the approximation of the truncated generalized Laguerre
series. Then the system of (FIDEs) are transformed into the matrix equations, which
corresponds to a system of linear algebraic equations with the unknown generalized
Laguerre coefficients. Combining these matrix equations and then solving the system
yields the generalized Laguerre coefficients of the solution function. our goal is to
approximate the exact solution u(x) as

u(r) ~uy(z) = z_‘;ang’“)(a:) (4.3)

Such that : ¢,,n = 0,1,2,..., N are the coefficients to be determined et L{® ()
are Laguerre polynomials

4.1.1 fundamentals matrix
We write L{®)(z) under matrix form as :
Lo(z) = I X7 (2) <= L9 (2) = X (2)IIL. (4.4)
Where :
LO@) =L@ L) .. LW@)] and X@)=[1 z' 2> .. V]
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2
o 0 0

(112 (112 0
(on21! T (anh2o!
(21?2 (21)? (22
I, = (on322! T anz (2hz2o!
(N-D1*  _ [(N-1)1? [(N-D)1? (_1)N—1 [(N-1)1?
(ONZ(N—1)! ANZ(N—-2)] (@NZ(N-3) *°° [(N—1)20!
N1)? (N2 (Vh)? (—1)N-1 ()
(02 N1 ANZ(N—1)! (@NZ(N-2)! - [(N—1)21!
We put (4.1) under form :
D(z) — I(z) = f(z)
With: )
D(z) =Y w(x)u(z), I(z) = /0 k(x, t)u(t)dt
k=0

From (4.64) we have :
[u(z)] = X (2)IT]C.

(=1)

We have also the relation between X () and its derivatives X (z) as :

XW(z)=X(2)B
X®(z) = XW(2)BT = X (z)B*

Using (4.7) and (4.55) we obtain

u () = X®O ()T C = X(z)B*OTC, k=0,1,2.

Replacing (4.10) into (4.53) we get :
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The kernel K(xz,t) can be approximated by Maclaurin truncated series and La-
guerre truncated series respectively

N N N N
Kz, t)= Y Y K 2™ and Kz, t)=> > Kk, LY@)LY@1), (4.12)
m=0n=0 m=0n=0

1 9™"k(0,0)
mln!  Jdx™motn

We can put (4.12) in the matrix form :

t
kmn_

;o m,n=20,1,2,..., N.

K(x,t) = X (@)K, X"(t), K= [kh,], mn=01,.,N (4.13)

And
K(x,t) = L) K L9 (), Ky =[kh,], mn=01,.,N. (4.14)
We write from (4.13) and (4.14)
X (2) K, XT(t) = L) K LT (t) = X(2) K, XT(t) = X (2)IE K I, X7 (1),

Where
K, =10 K I, or Kp=(II7) 'K, (4.15)

Replacing 4.6 and 4.14 in the integral part :

@) = " L) () Ky LT (1) L (1) Ot

= L9x)K.QC (4.16)
Such that
Q = / " LT () L) (1)t
_ /bHLXT(t)X(t)Hfdt
= l'fLHHf;
With

H= / "XT@)X (#)dt = [hy]
piti+l _aai+j+1
i+j+1
Replacing (4.64) in (4.16) we get

hij -

i,7=0,1,2,..., N.

()] = X (@)} K,.QC (4.17)
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Boundary conditions matrix

From (4.61) and (4.62) we can write the matrix of boundary conditions as

Va = [1/00, o1y «ees VON] = [1, a, ..., (ZN]
‘/E) = [V10> Vi1, -4y VlN] == [17 b7 ceey bN]
Replacing (4.11) et (4.17) in (4.53) we get
2
> vp(2) X (2)BMILC — X ()T} K QC = f(z).
k=0
Using the collocation points:
h—
x; :a+Tal, 1=20,1,...,N.
We get the matrix system for (4.20)
2
> v(@) X () BILC = f(x) + X (z) I K,QC,  i=0,1,2, ...
k=0
Abbreviated )
{ >y X B — XHfKLQ}C =F,
k=0
0 Vk(xl) ... 0 0 f(l'1>
vV = . . . . . 5 F == . 5
0 0 0 vp(oy) f(zn)
And
X (z0) 1 zy zl
v X (z1) _ 1z 22 zyy
X(zy) 1 oy 2% oy
The fundamental matrix can be written
2
WC=F and [W;F]; W=> yXB'II] - XII|K;Q

k=0

2
_ ( S XBF - XK,J{) 7

k=0

o7

N,

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)



The augmented matrix is of the form

[ woo  wWo1  Wo2 ... won | F(xo) ]
Wi W11 W2 ... WIN | F(fl)
Wy W21 W22 ... W2N | F(ﬂiz)
WIF]=1| = & 1 (4.23)
wWNno WN1 WN2 ... WNN \ F(JUN)
Voo Vo1 Vo2 --- UonN | o
L V10 U1 vi2 ... UiN | &) J

Finally, we have an over-determined system with (N +3) linear equations which can
be readily solved by using least square method.

4.1.2 Numerical illustrations

In this section we present some results of maximum absolute error at 1000 equidistant
points on the interval [0, L] for two examples (4.2) and (4.3) at different value N.

Example 4.2
u () — / wte”* sin(t)u(t)dt = ——x — e, 2 €[0,00) (4.24)
0

With u(0) = 1, whose exact solution is u(x) = e~ *.

N Maximum absolute error

b} 9.55e-02
10 2.4210e-004
15 2.3489e-004

Table 4.1: The maximum absolute errors for the Example (4.2) with L=10.

Example 4.3 [55] Consider the problem

(@) = 20 (@) = Su(w) = [ (2 + () = —ix, re000)  (4.25)

With u(0) = 1, u(o0) = 0, whose exact solution is u(z) = e=.

N Maximum absolute error

) 2.927e-01
10 1.4923e-004
15 4.5407e-005

Table 4.2: The maximum absolute errors for the Example (4.3) with L=5.
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Conclusion

As we have seen in the previous examples, the matrix method using Laguerre does
not give good results, because the Laguerre polynomials increase when the value of
N increases, and they are unstable while the approximate solution in the examples
decreases. This is why we used another basis more stable at infinity which is mapped
Legendre functions.

4.4 Numerical methods using mapped Legendre
functions

The main objective in this section is to extend the Legendre spectral method to
a class of Fredholm integro-differential equations on the half-line (4.1), (4.2). The
key idea is to transform integro-differential equation on the half-line into a singular
equation on the finite interval [—1, 1], by means of a suitable family of one-to-one
mappings, and then apply the Legendre spectral collocation method to solve the
resulting equation. We introduce some properties of mapped Legendre functions,
the Legendre collocation method is presented for the resulting equation in which the
differential and integral parts are replaced by their operational matrix representa-
tions with collocation points, finally some numerical results are given to clarify and
demonstrate the feasibility of the proposed method. The following abbreviations
are used throughout the present work, whenever convenient: ELC-Exponential Leg-
endre collocation. RLC-Rational Legendre collocation. LLC-Logarithmic Legendre
collocation.

In Eq.(4.1), k(z,t), f(x) and vg(z),k = 0,1,2 are given continuous functions

and u(x) is unknown function. Furthermore, the integral part is assumed to be an
improper Riemann integral and its value is to exist.
Various spectral methods are available in the literature to solve problems in semi-
infinite domains, = € [0,00).They can be essentially classified in four approaches.
The classical approach is to expand the underling solution of the problem in Laguerre
polynomials or functions [12]. The second approach consists to solve the problem
on a large but finite

4.4.1 Mapped Legendre functions for the semi-infinite in-
terval

In this section, we introduce mapped Legendre functions and express some of their
basic properties. Moreover, we present function approximations using orthogonal
mapped Legendre functions basis in some weighted Lzs [0, 00) space
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Mapped Legendre functions

let us consider a family of one-to-one mappings as we said before (3.4),(3.5) and

(3.6) between y € [—1,1] and z € [0, 00) of the form
r=ps(y),y€el,s>0 (4.26)

Such that q
X /
i pa(y) >0, ©(=1) =0,¢(1) = o0 (4.27)
And s is a positive scaling factor. In an adaptive procedure, s would be chosen to
minimize some measure of the error.
Without loss of generality, we assume that the mapping (4.26) is explicitly invertible
and denote

y=o¢. (), v€A 5>0 (4.28)

Several interesting mappings have been proposed and implemented in practice. How-
ever, the most frequently used are exponential, rational and logarithmic functions
as we had shown in chapter 3.
For a given mapping y = ¢, !(x),we define the so-called mapped Legendre functions
by

Lon(z) = Po(o; (), n=0,1,2,.. (4.29)

They are orthogonal in the interval [0, 00) with respect to the weight function

pula) = (4.30)

With the orthogonality property:

2

———0nm 4.31
2n+1 7 ( )

/oOO Lin(@) Lsm () ps(x)de =

For any function u € L2 (A), the following expansion holds

2j +1
2

+00 400
u(x) =Y U ;L (x) with Us; = / w(x)Ls ;(x)ps(z)dx (4.32)
i=0 0

If u(x) is truncated up to the N + 1 terms, then it can be written as

u(x) ~uy(z) = iﬂ&j[/w(:p) (4.33)

4.4.2 The solution method
By applying a mapping (4.26), Eq. (4.1) can be reformed as

2 1 ,
> Ho UM (y) —/ K(y, 2)Us(y)py(2)dz = Fi(y) >0, —1<y<1 (4.34)
1

k=0 -
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Under the boundary conditions

Where Ki(y,2) = k(es(y), ps(2)), Fs(y) = f(ps(y)) and Hx(y) are functions de-
fined in the interval —1 <y, z < 1 with

. _nles)  eiy) _ a(es(v))
Hso(y) = voles(y),  Hsi(y) I CATE 2(0s(y),  Hia(y) (S(O;i%g?

Let Zy : C(I) — Py be the Legendre-Gauss interpolation operator. The Legendre
spectral method consists in finding Us v € P such that

2 1 ,
> HuUR W) = [k DU )2l (2)dz = TeR(y)  —1<y<1 (437)
k=0 -

fUsn(y) = Zévzo ¢s,;Pj(y) is an approximate solution of Eq. (4.34) using Legendre
spectral method, then uy(z) = Us n(y) with y = p;!(x) an approximate solution of
Eq.(4.1)using mapped Legendre spectral method. Indeed, it holds that

o 2j+1
i =T

[T @ Ls@pers = 2= [ 0B = .

Hence using (4.29) , we obtain
N N
_ -1
un(z) =Y Us;Ls (@) = s jPi(ps " (x) = Us n(y) (4.38)
=0 =0
Clearly, uy(z) is a combination of the mapping y = ¢ *(y) for y € I,with U y(y).

4.4.3 Fundamental matrix relations

First, let us show Eq. (4.37) in the form

Dsn(y) = Lin(y) = Fsn(y) (4.39)
Where

Do) = > HaUR W), Tnl) = [ Koly Wan(2)e (2 Finly) = v ),
(4.40)

Usn(y) =D _csiPi(y) = Py)C, —1<y<1 (4.41)

With
C= [cs,Oa Cs,15 -y Cs,N
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P(y) = [Po(y), Pi(y), ..., Pn(y)] (4.42)

The derivative of the solution expressed by (4.41) can be written in the matrix forms
as follows

U (w)] = PP (y)C. (4.43)
First, we can write P(y) in the matrix form as follows
P(y) =Y (y)IL, (4.44)
Where
Y(y) =194 v, (4.45)
And II is given in (2.20) and (2.21), on the other hand, we can write
PO(y) = YO ) (4.46)
And
YW(y) =Y(y)B, (4.47)
With
010 0 O 0
002 0 O 0
000 3 0 0
B=| @t o (4.48)
000 0 O N—-10
000 0 O N
000 0 O 0

Also, from (4.47), we obtain

YO = YEI)B =Yy

Then
PO(y) =Y (y) Bl (4.49)

Consequently, by substituting the matrix relation (4.49) into Eq. (4.43), we obtain
the matrix relation for U gjz,(y) as follows

U W) =Y (y)B'1C (4.50)
Next, let {o;}¥,,be the Legendre-Gauss points, which are zeros of Legendre poly-
nomial Py,i(y). By [18], there exists a unique set of Christoffel numbers {w;}Y,
such that
1 N
[ﬁ@@:%@@% Vé € Pansn (4.51)
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In fact, we have

2
(0= APl
The fundamental matrix relation for differential part Dy n(y) based on collocation
points is given by

Wi = 0<i<N (4.52)

2
D=> H,YB'IIC (4.53)
k=0
Where
H&k(dg) 0 P 0 O
. 0 HSJg(O'l) ... 0 0
Hy = diag(H x(0;))o<j<n = : : L :
0 0 ... 0 Hs,k(UN)
Y (09) 1 oy o ol
Y (0y) 1 o o} oV
2 N
Y=| Y() |=|1 o2 03 o (4.54)
Y(on) 1 oy 0% ... of

For the Fredholm integral part, we have

IS,N(y> - ;)Cs,j /_11 Ks<y7 Z)P)j(z>90/s<z)dz = ch,j Z Ks(ya O-i)Pj(o-i)gps(o-»wi-

By setting

Ui = 90/3(01‘)%‘,
the fundamental matrix relation for the integral part I x(y) based on collocation
points is given by

Iy = MOYIIC (4.56)
With

M = (Ky(0;,0i))osjisn, @ = diag((vi)o<i<n)

Using relation (4.53) and (4.56), Eq. (4.34) is reduced to the following system

WC=F (4.57)
Where
2
W = [wy] =Y HyYB'II — MOYTI (4.58)
k=0
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F = [FS(UO)7F3(UI)7 ~"’FS(UN>]T

On the other hand, the fundamental matrix for the boundary conditions can be
written as

Wl =« (4.59)
ViC =3 (4.60)
With
Vb = [VO(),VOla---)VON] = [1,—1,,(—1)N] (461)
‘/1 = [1/10,1/11,...,1/1]\[] = [1,1,,1] (462)
Name Function Inverse Derivative Deriv. Mapped
z = ¢s(y) y =5 (x) py) = % ps(r) = &
Exponential —x=s ln(ﬁ) 1—2exp(-z/s) 1% 2 exp(—x/s)
. s(14y) x—s 2s 2s
Ratlor.lal . TyH ot (1,y%2 §x+s)2 ,
Logarithmic 5 In(y=%) 2tanh(z/s) =1 G0 2(1 — tanh”(x/s))

Table 4.3: Exponential, rational and logarithmic mapping functions, their inverse,
and derivative.

In order to satisfy the boundary conditions in the collocation method we add
the above equations to the final system given in (4.57), then we obtain

WC =F (4.63)

So that the new augmented matrix is of the form

Woo  Wor  Woz ... Won | Fi(og) ]
wip Wi W2 ... WIN | Fs(Ul)
Wy W21 W22 ... W2N ‘ Fs(Uz)
WIFj=1 + & (4.64)
wWNo WN1 WnN2 ... WNN \ Fs(UN)
Voo Vo1 Vo2 ... UoN | «
L V10 V11 vi2 ... UIN | B J

Finally, we have an over-determined system with (N +3) linear equations which can
be readily solved by using least square method.
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4.4.4 Numerical illustrations

In this section, the numerical results of the following examples are obtained by
considering three practical mapping functions, that are given with some of their
properties in Table (4.3). All computations were carried out by MATLAB R2009b.
For the most part, the error of the approximations is measured as the discrete L*-
norm with respect to the mapped Legendre weight ps(x), of the difference between
approximate and exact solutions, given by

N 1
en = (L [u(G) — v (G)Pwi)” (4.65)
i=0
Where
G=ps(0i), wi=w;, 0<i<N (4.66)

Are the mapped Legendre-Gauss points and weights.

Remark 4.4.1 Note that, according to Theorem (5.1), any function defined in
2 . . .

L3 (M), whose transformations under aforementioned mappings (see Table (4.3))

are analytic on [—1,1], can be approximated by a truncated series of the form (4.33)

with the superlinear convergence.

We will focus on the first Example (4.2) mentioned in the previous section . By
applying exponential mapping transformation with s = 2, we obtain

Us(y) = u(paly)) = e 2"%) = 0.25 — 0.5y + 02542, y € [-1,1] (4.67)

Clearly, Us(y) is a quadratic, analytic function on [—1,1]. Then by Theorem (3.1),
u(z) can be approximated by a truncated series of the form (4.33) with superlinear
convergence. Now, it may be acceptable to seek an approximate solution for the
given problem. Let N = 5, then ELC method consists in finding us(z) € LﬁQ (A)
such that

5
us(x) = Uss(y) = Y ca;Piy), y=1—2exp(—x/2), yel,zeA.
=0
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o The absolute value of the mapped Legendre coefficients

10" ¢

10°

The numerical solution (error = 1,8597e-008)

ug()
<}

Figure 4.1: Numerical results of ELC method for Example (4.2).

The augmented matrix based on the conditions from Eq.(4.63) is calculated as

[ —0.0110 0.9683 —2.6995 4.8503 —6.9531 8.5218 —0.9377
—0.0594 0.8419 —1.6287 1.4699 —0.0877 —1.7219 —0.7122
—0.1532 0.6484 —0.3945 —0.6845 0.9487  0.3192 —0.4410

|
|
o |
[W|F] = | —0.3089 0.4393  0.3709 —0.4487 —0.6158 0.2026 | —0.2608
1
|

—0.5678 0.2772  0.5168  0.2274 —0.0291 —0.3346 —0.2418
—1.0836 0.2396  0.4395 0.0284  0.1551  0.3301 —0.4077
1.0000  —1.0000 1.0000 —1.0000 1.0000 —1.0000 1.0000

By solving this system, the Legendre coefficients matrix is gained as
C =[1/3—-1/21/6 —1/87540636 — 1/145575192 — 1/418815286]",
and the approximate solution of the integro-differential equation (4.34) is given by
Us5(y) = 0.333333334481310(y)—0.500000012393087 P, (y)+0.166666651635238 P2 (y)

—0.000000011423266 P5(y) — 0.000000006869302 P;(y) — 0.000000002387687 Ps5(y),

Or in the form
Uss(y) == 0.25—0.5y+0.25y* — (7.6659¢—09)y> — (3.0053¢—08)y* — (1.8803¢—08)y°.
From (4.67), it follows

Us(y) = Ups(y)+E(y),  E(y) = (7.6659¢—09)y+(3.0053¢—08)y*+(1.8803¢—08)y/°.

66



Thus, we get

o'} 1
=l = [ ul@) = us(@)Pou(a)de = [ [E(y)dy = 3.4584¢ - 16.
Figure (4.1) shows the obtained numerical results. From this figure, it is clear that
with an appropriate scaling factor s > 0, the ELC method gives us results with
higher degree of accuracy with small values of V.

Example 4.5 Consider the problem

7

TV,

1 x € [0, 00)

u () — / Vate tu(t)dt = e — (4.68)
0

with u(0) = 1, whose exact solution is u(x) = 2 — e ®. Table (4.4) shows the

numerical errors obtained by using ELC, RLC and LLC methods with s = 8 and

different values of N.

N ELC RLC LLC

6 7.8662e-03 7.6029e-03 2.6636e-02
8 8.6465e-10 6.8591e-04 2.4486e-03
10 3.6415e-11 8.3579e-05 1.7688e-04
12 2.6318e-12 1.5909¢-05 1.0957e-05
14 2.7790e-13 4.1988e-06 6.1064e-07
16 1.3974e-14 1.1358e-06 3.2104e-08
18 2.2350e-16 2.7400e-07 1.9096e-09
20 2.5363e-15 5.1813e-08 2.6364e-10
24 5.4519e-15 1.4717e-09 5.1830e-11
32 7.3918e-14 1.4672e-11 6.0497e-12
40 2.3759e-14 5.3125e-12 1.1109e-12

Table 4.4: Discrete L? errors by ELC, RLC and LLC methods for Example (4.5).

N ELC RLC LLC S = . 1
s=2 s=3 s=2 s=7/2 s=3/2 s=2 T

4 2.09e-07 1.96e-02 1.55e-02 1.44e-02 1.92e-02 4.45e-02 9.27e-02

6 1.42e-08 6.47e-11 2.46e-03 2.46e-03 2.32e-04 4.35e-04 2.30e-02

8 1.86e-09 2.92e-12 4.41e-04 4.09e-04 1.90e-05 7.18e-05 3.20e-03

Table 4.5: Comparison of the maximum absolute errors for Example (4.3).
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N s=1 s=2 s=3

08 5.4381e-05 2.0199e-05 9.0576e-04
10 9.6498e-07 1.4783e-06 1.1360e-04
12 1.1506e-06 1.2708e-07 1.2084e-05
14 2.8205e-07 1.3798e-08 1.1902e-06
16 5.3692e-08 2.5737e-09 1.1103e-07
18 8.3869e-09 2.9531e-10 1.0021e-08
24 1.0922¢-10 1.8303e-13 6.3295e-12
30 2.4630e-12 5.3664e-15 1.0460e-14
36 1.5953e-14 5.3071e-14 5.5598e-14
42 6.6118e-15 3.2543e-14 7.4442e-14

Table 4.6: Discrete L? errors by RLC method for Example (4.6).

N RLC 58]
1 5.7945¢-04 6.5671c-04
6 1.4138e-04 7.1255e-04
8 2.1271e-06 2.8510e-04

Table 4.7: Comparison of the maximum absolute errors for Example (4.6).

Sub-figures (a), (b), (c), (d), (e) and (f) of Fig. 2 show the 2D contour plots
and corresponding 3D surface plots of the Logarithmic €% for ELC, RLC and LLC
methods with different values of s and N. These sub-figures illustrate the interval
that we can choose the s-parameter to provide a good estimate of the truncation
error for the given problem. As we can see, using ELC method gives more accurate
results and faster convergence compared to RLC and LLC methods. However, LLC
method is less sensitive to the scale factor s. In Table 3, comparison between the
values of ||Us—Us vl (computed as the maximum of the absolute difference between
the exact solution of the resulting Eq. (18) and the approximated ones) shows that
the numerical results based on all the three methods are in good agreement with
those obtained from [58].

Example 4.6 Consider the problem

(1+x2)u"(x)—(1+:U)u'(a:)+u(x)—/ooo w(t?—1)e u(t)dt = —i-gx, x € [0,00)

(4.69)

With u(0) = 1, u(co) = 0.The exact solution of this problem is u(x) = 1=, which
is a smooth function and decays very slowly at infinity. Numerical errors obtained

by using RLC method with different values of N and s are reported in Table (4.6).
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Once again,Table (4.7) shows that RLC method with s = 3/2 performs significantly
better than [55].

69



-10

-15

logy(ef)

-20

-25

(a) ELC:2D view. (b) ELC:3D view.

(c) RLC:2D view. (d) RLC:3D view.

30

28

26

24 -10

22

logef)

20

18

16

14

12

10 -25

(e) LLC:2D view. (f) LLC:3D view.

Figure 4.2: 2D contour plots and corresponding 3D surface plots of the Logarithmic
e by ELC, RLC and LLC methods for Example (4.3)
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General conclusion and future
prospects

This work has been concerned with the numerical solution of Fredholm IDEs over
the real half-line, where finding analytical solutions are usually difficult, we have fo-
cused on some recent numerical methods such that spectral collocation method for
approximate the exact solution by truncated series of Legendre functions as basis.
Firstly, we needed to test spectral collocation and Galerkin-legendre methods on
Fredholm IDEs on bounded interval [a,b] and the obtained results it turned out to
be so much better than the famous classic methods such that Sinc basis functions,
Homotopy analysis, CAS wavelet, Legendre-collocation matrix and the approximate
solution is convergent provided that the accuracy is increased sufficiently.

For mapping between the interval [0,00[ and [—1, 1] we have used three map-
pings namely algebraic, logarithmic, and exponential, it resulted from that three
orthogonal family functions on the semi-infinite interval namely respectively Legen-
dre algebraic functions, Legendre logarithmic functions and Legendre exponential
functions, without loss of generality, we further assume that the mapping is ex-
plicitly invertible, and the exact solution is is analytic on [—1, 1]. The behavior of
each functions have been plotted for s = 1, moreover the parameter s > 0 is a scal-
ing /stretching factor which can be used to fine tune the spacing of collocation points.

A suitable family of variable transformations to reform Fredholm IDE on the
half-line, and then fit the solution of the resulting singular equation on the finite
interval [—1,1] by the Legendre polynomials. One of the main advantages of this
method is that the numerical solution of the problem can be converted into a system
of algebraic equations using the operational matrix. Superlinear convergence rates
of the mapped Legendre function approximations can be achieved under sufficient
conditions Therefore, a careful choice of the mappings is required to obtain a su-
perlinear convergence rate of the proposed scheme. This has been clearly illustrated.

Among the typical numerical tests discussed , where the superlinear convergence
was achieved for our three proposed methods. Moreover, it is worth noticing that the
convergence can be greatly accelerated by using ELC method with an appropriate
scaling parameter s and using ELC method gives more accurate results and faster
convergence compared to RLC and LLC methods. However, LLC method is less sen-
sitive to the scale factor s, and the numerical results based on all the three methods

71



are in good agreement with those obtained from generalized Laguerre polynomials.
The obtained results clearly show that the present spectral collocation method is a
powerful mathematical tool for finding the numerical solutions of integro-differential
equations on the half line.

For contribution on the methods of numerical resolution of integro-differential
equations on an unbounded interval, and to improve the results obtained, it is
essential

e To master the various recent approximation techniques, also to master pro-
gramming languages evolves.

e This problem can be subjected to other numerical methods like Galerkin and
Tau where we expect good results.

e [t is possible also to extend this method to the high-order integro-differential
equations.

e Looking forward to find another mapping from [0, 00) to [—1, 1]
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