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Introduction

The study of relations is a fundamental tool in mathematics with far-reaching implica-
tions across numerous fields, including logic, computer science, algebra, and artificial
intelligence. However, the formalization of relational theory did not gain significant
momentum until the last century.

The historical development of the theory of relations can be traced back to the mid-19th
century. In 1860, Augustus De Morgan [14] first introduced the concept of relations as
a formal mathematical object, laying the groundwork for what would become a central
area of study in logic and set theory. His work was soon expanded upon by Charles
Sanders Peirce [31], who developed the calculus of binary relations. Peirce’s work was
further advanced by Schroder in 1890 [36]. Despite these early advances, the historical
trajectory of the field did not allow for an extensive study of relations beyond the binary
case.

The first type of higher-order relation studied was the ternary relation of betweenness
[22, 28, 43]. Novék and Novotny laid the groundwork for the study of ternary relations
in numerous studies published in the late 20th century [28, 29, 30]. Ternary relations
have since been found useful in a variety of scientific fields, including theoretical
physics (e.g., computational physics by [41]), mathematics (e.g., group theory by [10]),
artificial intelligence (e.g., qualitative spatial reasoning by [9, 23]), computer science
(e.g., knowledge graphs by [15, 44], data structures by [1], string matching by [24], video
recognition by [37], information modeling by [32, 33|, and social networks by [17]), and
biology (e.g., phylogenetic modeling by [38]).

Composition of relations, also referred to as calculus of relations is by far the most
importent aspect in the study of relations. I has been the focus of numerous textbooks
[6, 7, 11, 20, 35]. In the latter half of the 20th century, Bandler and Kohout [4, 39]
introduced a novel kind of composition of binary relations by replacing existential
quantifiers and logical conjunctions with logical implications, providing a new perspective
on relational operations [4]. BK-compositions have since been recognized for their
utility in a wide range of applications, from medical diagnosis [5, 40] to decision-making
[19, 25].

However, the study of ternary and higher-order relations has remained comparatively
underdeveloped, particularly concerning their compositions. This thesis aims to address
this gap by providing a systematic approach to the compositions of ternary relations,
whose definitions have been the subject of ongoing discussions among researchers
[28, 27, 43]. Various alternative definitions, each with its motivation, have been
proposed. In this thesis, we propose a general definition that encompasses all four-point
and five-point compositions of ternary relations. Moreover, we examine the interaction



between these compositions and establish links between them. We also explore their
properties, such as associativity, mixed associativity, mixed commutativity, and the
existence of a neutral element.

Additionally, we utilize the valuable tools of projections of ternary relations and
cylindrical extensions of binary relations to express these newly defined compositions
of ternary relations in terms of the well-known and well-established compositions of
binary relations. We observed a close connection between the traces of binary relations
and their BK-compositions. Leveraging this insight, we introduce the traces of ternary
relations based on the BK-compositions of ternary relations.

Lastly, we have shown generalized the above results to the setting of fuzzy L-relation
where L is a complete residuated lattice

The thesis is divided into five chapters, each reviewed as follows:

o Chapter 1 reviews the necessary basic concepts and properties of binary and
ternary relations.

o Chapters 2 and 3 present a systematic approach to studying the composition
of ternary relations, focusing on the degrees of freedom available when linking a
3-tuple to two given 3-tuples. It outlines a method for enumerating all possible
4-point compositions (one degree of freedom) and 5-point compositions (two
degrees of freedom) of ternary relations and establishes a correspondence between
them. Additionally, it identifies associative compositions and explores intriguing
mixed-associativity cases. Using projection and cylindrical extension tools, it
relates the 4-point and 5-point compositions of ternary relations to the 3-point
compositions of binary relations.

o Chapter 4 introduces the BK-compositions of ternary relations and examines
their interaction with the usual compositions. It also revisits the notions of left
and right traces of a binary relation and introduces the left, middle, and right
traces of a ternary relation, characterizing the main properties of a ternary relation
in terms of its traces.

o Chapter 5 extends the previous notions and results to the fuzzy setting. The
thesis concludes with a discussion of findings and future research directions.



1 Preliminaries

In this chapter, we recall the basic definitions and properties of binary relations
as well as of ternary relations that will be needed throughout this thesis.

An m-ary relation over a sequence of setsXi,..., X, is a subset of the -carte-
sian product X; x ... x X,, . For the purposes of simplicity, through this thesis,
we assume X; = Xy = ... = X, unless otherwise mentioned.

1.1. Binary relations

In this section, we recall the basic definitions and properties of binary relations.
as well as some advanced notions such as the Bandler-Kohout compositions,
the traces, and other concepts that will be needed throughout this thesis.

1.1.1. Definitions and properties

A binary relation Ron a set X is a subset of X2 i.e., it is a set of couples (z,y) €
X?. Given a binary relation R on X, and two elements x and y of X if (z,y) € R
or (y,z) € R, we say that x and y are comparable, otherwise, we say that they are
incomparable.

Every binary relation on a countable set X = {z1,x9,...} can be represented by
the boolean matrix My given as follows

1 s if (l’i,l'j) €ER

Being subsets, the inclusion, union, intersection, and complementation of two binary
relations are defined accordingly. The {transpose of a binary relation R is binary
relation R! defined as (z,y) € X?| (y,z) € R. A binary relation R on aset X said
to be :

(i) reflexive, if, for any x € X, it holds that (z,z) € R;
) irreflezive, if, for any x € X, it holds that (z,z) € R
) symmetric, if, for any x,y € X, it holds that (z,y) € R implies (y,x) € R;
(iv) asymmetric, if, for any z,y € X, it holds that (z,y) € R implies (y,x) € RS
)

antisymmetric, if, for any z,y € X, it holds that (z,y) € RA (y,z) € R implies

=Y,



(vi) transitive, if, for any x,y,z € X, it holds that (z,y) € R A (y,2) € R implies
(z,2) € R;

(vii) complete, if, for any x,y € X, it holds that (z,y) € RV (y,z) € R.

1.1.2. Compositions of binary relations

The composition of two binary relations R and S on X is defined as follows [31]:
RoS={(z,2) e X*|(3te X)(z,t)e RA(t,2) e S)}.
One could imagine other definitions of the composition of binary relations:

Roy S ={(z,2) € X?| (3t € X)((t,2) (
Roy S = {(z,2) € X?| (3t € X)((=,1) (
Ros S = {(x,2) € X*| (3t € X)((t,z) (
RoyS={(z,2) e X?| (3t e X)((z,t) € RA(
Ros S = {(x,2) € X?| (3t € X)((t, 2) (
RogS = {(x,2) € X*| (3t € X)((z,1) (
Ro; S ={(x,2) € X?| (3t € X)((t, 2) (

t, 2

As all of these compositions link two 2-tuples while allowing for a degree of
freedom, we refer to them as 3-point compositions.

Any of the above 3-point compositions is determined by three 2-permutations
PisPiy Py 1,7,k € {0,1}, as explained next. First of all, let us fix two (pos-
sibly identical) 2-permutations p; and p;. If we say that a 2-tuple (z,z) € X?
belongs to some composition of two binary relations R and S on X if there exists
anelement ¢ € X such that p;(z,t) € R and p;(z,t) € S, then this allows to retrieve
the first four compositions above. If, additionally, we allow to permute the 2-tuple
(x,z), then we can also retrieve the last four compositions (after a proper
renaming of variables). This view allows to develop the following enumer-
ation scheme. For any ¢ € {0,...,7}, with oy := o the basic composition,
the composition Ro,S can be written as:

Ro,S={pe(z,2) € X*|(3te X)(pi(x,t) € RApi(t,2)e 9}, (1.1

with ¢ = (kji)e =4k +2j + ¢ and 4, j,k € {0,1}. Hence, the compositions o, ¢ =
1,...,7, can be expressed in terms of the basic composition oy as follows:

R o S = (sz o0 SPj)Pk )

Note that for a given 3-point composition o,, with ¢ = (kji)s, there exists a 3-



point composition o, such that for any binary relations R and S on X, it holds that
Ro,S=SoyR,

with ¢’ = (kij)s, 0=1 and 1 =0.

1.1.3. BK-compositions of binary relations
We first recall the BK-compositions of binary relations.

Definition 1.1. [3] The sub-composition R<.S, super-composition R> S and square-
composition Ro S of two binary relations R and S on X are defined as:

RaS ={(z,2) € X?| (Vg € X)((z,y) € R= (y,2) € S)};
Ro S ={(z,2) € X?| (Ve X)((z,y) € R<= (y,2) € 9)};
RoS ={(z,2) e X*| (Vy € X)((z,y) € R (y,2) € 9)}.

Note that slight modifications of these notions (essentially differing in the way
empty sets are handled) were studied in [13]. Similarly to Eq. (1.1.2), for any ¢ =
(kji)e € {0,...,7}, we define the compositions R<, S, R>, S and Ro, S as:

R<, S = (R aS5P)Pk;
Rp>, S = (R > SP)Pk;
Ro, S = (R o §P)P% .

Moreover, the above-mentioned compositions verify the following commutativity-
like properties, with ¢ =7 — ¢:

RQqS:SDq/R;
ROQS: SOq/ R. (13)

Some of the key characteristics of the BK-compositions of binary relations shown
by are the Convertibility i.e.,

(R<S)" = S"> R
(R>S) = S'<a R
(RoS) =S"oR".

and the Associativity i.e.,

(R<S)>T =R<a(S>T)



1.1.4. Traces of binary relation

In this subsection, we recall the notions of left and right trace of a binary
relation introduced by Doignon et al. [16]. We then express these traces in
terms of the BK-compositions and recall some of their properties.

Definition 1.2. [18] Let R be a binary relation on X.
(i) The left trace of R is the binary relation R® on X defined as

R' ={(z,9) e X?|(Vz € X)((z,2) ER= (y,2) € R)}.

(ii) The right trace of R is the binary relation R™ on X defined as

R ={(v,y) € X*|(Vz€X)((z,7) € R=(2,9) € R)}.

Theorem 1.1. [18] Let R be a binary relation on X. The following statements
are equivalent:

(i) R is reflexive;
(i) (R)'C R;
(ili) B C R.

Theorem 1.2. [18] Let R be a binary relation on X. The following statements are
equivalent:

(i) R is transitive;
(i) B < (R
(i) RC R
Theorem 1.3. [18] For any binary relation R on X, it holds that

(R)Y"oR=RoR =R.

Remark 1.1. It s interesting to note that these traces can be expressed in
terms of the BK-compositions:

R’ =R« R :RI>6R;
R =R<x R = RvsR.

Following this line of reasoning, we can define other traces as follows. For
any binary relation R on X and any n € {0,...,7}, the n-th trace of



R, denoted by R, is defined as:

R :=R<,R=Rv;_, R.

1.2. Ternary relations

In this section, we recall the basic definitions and properties of ternary relations.

1.2.1. Definitions and examples

A ternary relation T on a set X is a subset of X3 ie., it is a set of triplets
(z,y,2) € X3. Three special ternary relations on X are the null relation Oys =
(0, the ternary identity relation Ixs = {(z,z,2) | * € X} and the universal
ternary relation X3.

Example 1.1. Let T be the ternary relation on N given as follows: (a,b,c) € T if a
mod b = c. Then, it is clear that (42,13,3) € T, whereas (21,10,2) ¢ T.

Example 1.2. Given any set X whose elements are arranged on a circle, one can
define a ternary relation T on X, i.e., a subset of X3, by stipulating that (v,y,z) € T
holds if and only if the elements x, y and z are pairwise different and when going
from x to z in a clockwise direction one passes through y. For example, if X =
{1,2,3,4,5,6,7,8,9,10, 11,12} represents the hours on a clock face, then (8,12,4) € T
holds and (12,8,4) € T does not hold.

A ternary relation 77 on a set X is said to be included in a ternary relation
T, on the same set X, denoted by Ty C Ty, if, for any =z,y,z € X, (z,y,2) € T}
implies that (z,y,z) € T5. The intersection of two ternary relations 7} and Ty
on X is the ternary relation TyNTy on X defined as TyNTy = {(z,y,2) € X? |
(x,y,2) € Y A\ (z,y,2) € To}. If Ty NTy =0, then T} and T, are called disjoint
ternary relations. Also, the union of two ternary relations 77 and 75 on X is
the ternary relation T3 UT; on X defined as Ty U Ty = {(x,y,2) € X3 | (x,y,2) €

Ty V (x,y,z) € Tr}.

Example 1.3.

(i) Let Ty and Ty be two ternary relations on X = {xy1, x9, x3, x4, T5, 6} given by

Ty = {($1,$27$4)7 ($17I3,$2), (905,%1,%)},

Ty = {(331, T2, 954)7 (331, I3, 952), (955, Xy, 566), (956, Te, 373)} .

It is clear that Ty C T5.



(ii) Let Ty and Ty be two ternary relations on X = {xy,xs, T3, 24,25} given by

Tl = {(l’l, L2, '7;4)7 (331, Z3, x?)a (.Z'5, L1, -T4)} ’

T = {@171’1,562), ($17$2,$4)}.
One easily verifies that

TyNTy = {(x1,x2,24) };

Tl U T2 - {(Z'l,l’l,l’g), (Qil,xQ,I}l), (xl,xg,,TQ), <x5ax17x4)} .

For a given ternary relation 7" on a set X, we denote the transpose of T by
T' ie., for any z,y,2z € X, (x,y,2) € T* means that (z,y,z) € T. Also,
we denote the complement of T by T¢ i.e., for any z,y,z € X, (z,y,2) € T¢
means that (z,y,2) € T. We denote the dual of T by T9, ie., for any z,y,2 €
X, (z,y,2) €T means that (z,y,2) € T.

A ternary relation T on a set X is called:
(i) reflezive, if, for any z € X, it holds that (x,z,x) € T}

(i) strongly reflexive, if, for any z,y,z € X with card{z,y, 2} < 2, it holds that
(z,y,2) € T}

(iii) drreflexive | if, for any = € X, it holds that (z,z,x) & T}

(iv) strongly irreflexive, if, for any z,y,z € X with card{z,y, 2} < 2, it holds that
(z,y,2) € T;

(v) symmetric , if, for any x,y, z € X, it holds that (z,y,2) € T implies (z,y,x) € T,
ie., T =T~

(vi) strongly symmetric ,if T =T for any i€ {1,...,5};

(vii) asymmetric , if, for any x,y,z € X such that card{z,y,z} > 2, it holds that
(z,y,2) € T implies (2,y,z) ¢ T}

(viii) strongly asymmetric, if, for any z,y, z € X such that card{z,y, z} > 2, it holds
that (z,y,2) € T implies o;(x,y,z) € T, for any i € {1,...,5};

(ix) cyclic , if, for any z,y,z € X, it holds that (z,y, z) € T implies (y, z,x) € T}

(x) complete , if, for any x,y,z € X such that card{z,y,z} > 2, it holds that
(r,y,2) €TV (z,y,2) € T}

(xi) strongly complete, if, for any z,y, z € X such that card{x,y, z} > 2, it holds that
oi(z,y,z) € T, for some i € {0,...,5}.

It is clear that a ternary relation 7" on X is called:

(a) left reflexive, if, for any =,y € X, it holds that (z,y,y) € T}



(b) middle reflexive, if, for any z,y € X, it holds that (x,y,x) € T}
(c) right reflexive, if, for any z,y € X, it holds that (x,z,y) € T

A cyclic order is a ternary relation that is asymmetric, transitive and cyclic. A
ternary relation T on a set X 1is a betweenness relation if it satisfies the
following conditions:

(i) for any z,y,z € X, (z,y,2) € T if and only if (z,y,x) € T}
(i) for any z,y,z € X, (x,y,2) € T and (x, z,y) € T if and only if y = z;
(iii) for any z,y,z,u € X, (z,y,u) € T and (z,u,2) € T implies (z,y,z) € T.

Also, a ternary relation 7T is said to be a strict order-betweenness relation
if, for any z,y,z € X, it holds that (x,y,z) € T if and only if z <y <z or
z < y < x. An order-betweenness relation is a ternary relation 7' such that
for any xz,y,z € X, it holds that (z,y,z) € T if and only if x < y < 2z
or z <y<ux.

For more details on ternary relations, we refer to [2, 28, 8, 27].

1.2.2. Traces of ternary relations

In this section, we recall the definitions and properties of traces of a ternary
relation introduced in [27]. As in the binary case, these traces facilitate the
study and characterization of properties of a ternary relation. Interestingly, the
traces themselves turn out to be the greatest solutions of relational inequali-
ties associated with newly introduced compositions of ternary relations.

Definition 1.3. [27] Let T be a ternary relation on a set X.
(i) The left trace of T is the binary relation T on X defined as

T = {(z,y) € X*| (V(a,b) € X*)((x,a,b) € T = (y,a,b) € T)};

(1i) The middle trace of T is the binary relation T™ on X defined as

T = {(z,y) € X* | (V(a,b) € X*)((a,2,b) €T = (a,y,b) € T)};

(1ii) The right trace of T is the binary relation T™ on X defined as

T ={(x,y) € X*| (V(a,b) € X*((a,b,z) € T = (a,b,y) € T)}.

The following result discusses the traces of some particular ternary relations.



Proposition 1.1. [27] Let T be a ternary relation on a set X. The following statements

hold:

(i) IfT=X2>orT=0, then T =T =T" = X?%;

(ii) If T = Ixs, then T* =T™ =T" = Ix> = {(z,2) | v € X};

(i) If T* =T™ =T" = X2, then T = X® or T = ).

The following proposition discusses the traces of ternary relations obtained by

permutation.

Proposition 1.2. [27] Let T' be a ternary relation on a set X. The left, middle and

right traces of the corresponding ternary relations

listed in the following table:

obtained by permutation are

O [O" [
T Tt " ™
T ™ Tt T"
T+ " Tt ™
T T T" Tt
Tt " Tm Tt

10



2 Four-point compositions of
ternary relations

In the literature, various compositions of two ternary relations S and 7" have been
proposed, each with its own motivation. A first example is the composition op
(used in the definition of the transitivity of betweenness relations [22]) defined
as:

SopT={(z,y,2) € X*|(3te X)(x,y,t) €S A(z,t,2)€T)}. (2.1)

A 3-tuple belongs to this composition if there exist two 3-tuples that each
share two components with the given tuple, of which exactly one in common, and
one common degree of freedom ¢t. We will refer to such a composition as a 4-
point composition. A second example is the composition o., (derived from the
composition of a ternary relation with a binary relation in [27]) defined
as:

Sou T={(x,y,2) € X*|A(s,) € X)) ((x,5.8) €SA(s,t,2) € T). (22)

A 3-tuple belongs to this composition if there exist two 3-tuples of which one

shares two components with the given tuple, while the other one contains the third

component, complemented by two degrees of freedom s and ¢, of which one in com-
mon. We will refer to such a composition as a 5-point composition. In the Sub-
section 2.1, we will identify all 4-point compositions of ternary relations and study
their properties, while in Subsection 3.1, we will do the same for the 5-point

compositions.

2.1. Definition and basic properties

The reasoning underlying the 3-point compositions of binary relations can be natu-
rally extended to enumerate the 4-point compositions of ternary relations. We start
from the composition op in Eq. (2.1) and use the 3-permutations to allow for a
repositioning of the variables x,y, z and ¢, resulting in as many as 216 different 4-
point compositions.

Definition 2.1. Let p € {0,...,215} with p = (kji)s = 36k + 65 +i and 1,5,k €
{0,...,5} . For any ternary relations S and T on X, we define the composition
SI:IS T as follows:

ST = {ow(z,y.2) € X°|(Fte X)(oiz,y.t) €SNoj(xt,z)e T)}.

11



It is indeed easy to see that the compositions Dg, pe {0, ..., 215}, are all differ-
ent.

However, not all 4-point compositions of ternary relations can be obtained in this
way. Indeed, one can also envisage compositions that match the following description.
A 3-tuple belongs to such a composition if there exist two 3-tuples of which one
shares two components with the given tuple, while the other one contains the third
component and a second occurrence of the corresponding element, again comple-
mented with one common degree of freedom ¢.

Definition 2.2. Let p € {0,...,215} with p = (kji)g¢ = 36k +6j +1i and 1,5,k €
{0,...,5}. For any ternary relations S and T on X, we define the compositions
SO, T and SO T as follows:

SIZI}? = {op(z,y,2) € X* | (3t € X)(0i(w,y,t) € SANa;(2,t,2) €T)};
ST = {on(z,y,2) € X* | Bt € X)(0i(y,y,t) € SAoj(x,t,2) €T)}.

As the following proposition shows, we have only 54 different compositions of
type O and as many of type .

Proposition 2.1. Let i,5,k € {0, ..., 5}. For any ternary relations S and
T on X, it holds that

_ 1 _ 1 _ 1
SOkine T = SOm@im@e LT = SOhm@mine L = SOmmym@m@s L
and
_ 2 _ _ 2
STis T = STrmyis T = STimine T = S Bmammalm s 1

with m the permutation of {0,...,5} given in Table 2.1:

Table 2.1: The permutation ;.
u 01123415

m(u) | 2(3]0|1]5]|4

and 7o the permutation of {0,...,5} given in Table 2.2:

12



Table 2.2: The permutation 5.
u 0123|415
mo(u) |5 14(3[2|1]0

Note that if u € {0,3,4}, then m(u), m(u) € {1,2,5}. This implies that we can
select the unique 54 compositions of type O0' and the 54 unique compositions of type
[ by restricting 7, j to belong to {0,3,4} (the same could be achieved by restricting
i,j to belong to {1,2,5}). This corresponds to the compositions (I, (r € {1,2}) with
pmod 36 belonging to {0,3,4,18,21,22,24,27,28}.

The following examples illustrate the above definition of 4-point compositions of
ternary relations.

Example 2.1. Consider p = 119 and two ternary relations S and T on X. In
senary notation, p can be written as 119 =3 %36+ 1% 6 +5 = (315)s. Hence,

T, S = {o3(z,y,2) € X* | (Bt € X)(o5(x,9,t) € T ANoy(x,t,2) € S)}
={(y,z,2) € X* | 3t € X)((t,y,2) €T A(z,2,t) € S)}
= {(z,y,2) € X?*| (At € X)((t,2,2) € T A (2,9,t) €S},

—_—

T S = {o3(z,y,2) € X° | (3t € X)(o5(x,y,t) €T ANoy(z,t,2) € 9)}
={(y,z,2) € X3 | (At € X)((t,y,2) €T A (z,2,t) € S)}
= {(2,9,2) € X3 | 3t € X)((t,z,2) € T A(y,y,t) € S},

TS = {o3(z,y,2) € X*| (3t € X)(o5(y,y,t) € T Aoy(w,t,2) € 5)}
={(y,z,2) € X*| 3t € X)((t,y,y) €T A (x,2,t) € 5)}
= {(2,9,2) € X* | (3t € X)((t,z,2) €T A (z,y,t) €S)}.

Conversely, the following example shows how to find r € {0,1,2} and p = (kji)s €
{0,...,215} for a given composition.

Example 2.2. Consider two ternary relations S andT on X and the binary operation
x defined as follows:

S« T={(z,y,2) € X*|(3BteX)((t,z,z) €T A(y,z1t) €9)}.

The operation x corresponds to a composition of the type I:lg, withp € {0, ..., 215}.

13



We express this composition as in Definition 2.1 by identifying the proper 3-permutations:

SxT = {(z,y,2) € X?| (3t € X)(04(2,2,t) € T Noy(z,t,y) € S)}
={(y,2z,2) € X?| (3t € X)(o4(x,y,t) € T Noy(x,t,2) € 9)}
= {o3(2,y,2) € X* | (Bt € X)(04(w,y,t) € T Noy(x,t,2) € 9)}.

Hence, i =4, j =4 and k = 3. Thus, p = (344)s = 136 and x = [,.

Example 2.3. Consider two ternary relations S and T on X and the binary operation
* defined as follows:

SxT ={(z,y,2) € X*| (3t € X)((t,z,y) €T A (t,x,2) € S)}.

The operation * corresponds to a composition of the type D},, with pe {0, ...,215}.
We express this composition as in Definition 2.2 by identifying the proper 35-
permutations:

SxT = {(z,y,2) € X®| 3t € X)((t,z,y) €T A (t, z,2) €95)}
= {o5(2,y,2) € X* | (3t € X)(04(w,y,t) € T Nos(z,t,2) € 5)}.

Hence, i =4, j =3 and k = 5. Thus, p = (534)s = 202 and x = O,. According to
Proposition 2.1, * can also be written as Oigy, Oigr and Ogg.

The following proposition expresses all the 4-point compositions in terms of the
compositions Iy, r € {0,1,2}, which we will refer to as the basic 4-point composi-
tions.

Proposition 2.2. Let p = (kji)¢ € {0,...,215} and r € {0,1,2}. For any
ternary relations S and T on X, the 4-point composition ST, T can be written
in terms  the composition ) as follows:

SO T = (8% OyT% ).
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Proof. We give the proof for r = 0.

ST = {ow(z,y,2) € X* | Bt € X)(0i(x,y,t) € SAoj(x,t,2) € T)}
= {on(z,y,2) € X* | (Bt € X)((z,y,t) € 5% A(x,t,2) € T )}
= {op(2,y,2) € X* | (z,y,2) € 5o o T"j_l}
— (Sgi_l Dg TO';l)Uk ]

]

Next, we study some basic properties of the 4-point compositions of ternary
relations. The following proposition identifies the right and left neutral elements
of the basic 4-point compositions. To that end, we introduce the following definition
and lemma.

Definition 2.3. We define the special ternary relations E, E,, E,, and E, on X as
follows:

(i) F ={(z,z,2)e X3|xe X};
(ii) By ={(z,z,y) € X’ |z,ye X};
(iii) B ={(z,y,2) € X?|z,ye X},
(iv) B, ={(z,y,y) € X*|a,ye X}

Lemma 2.1. For any ternary relation T on X, it holds that

i) T XE, = T;

(i) B, @MT = T.
Proof. We prove (i). Let (z,y,z) € T, then with (x,2,2) € E,, it follows that
(r,y,2) € T O E,. Conversely, let (z,y,2) € T [ E,, then there exists

t € X such that (z,y,t) € T and (x,t,2) € E,. The fact that (x,t,2) € E,
implies that ¢t = 2. Hence (z,y,2) € T, and thusT 3 E, CT. O

Proposition 2.3. Let i,j,k € {0,...,5}. For any ternary relation T on X, it holds
that

(i) T D(()kjk)e Eegy =15
(i) Eey D?kk’i)e T=T,

with ¢ : {0, ..., 5} — {{, m, r} the mapping given in Table 2.3:
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Table 2.3: The mapping (.
U O[1]2(3]4]5

Clu) {[r|r|m|Ll]m|l

Proof. We prove (i). Due to Lemma 2.1, it holds for any k € {0,...,5} that
T 0 E, =T% .
Moreover, one can verify that E, = (Ec(j))gfl for any j € {0,...,5}. Hence,
—1 —1 -1
T% O By’ =T%

and thus
Ok

(1% B By )" =T
Therefore, Proposition 2.2 ensures that
T Djnys Loy =T
m

Note that E¢) is simultaneously the left and right neutral element of D?kkk)G, and can

hence be called the neutral element of D?kkk)ﬁ.

Proposition 2.4. Letp € {0, ..., 215}. For any ternary relation T on X, it holds
that

Proof. The proof is similar to that of Proposition 2.3. O

Note that the compositions I:I}? and I:IIQJ do not have a neutral element.

In the following definition, we introduce the notion of mixed-commutativity of com-
positions of ternary relations.

Definition 2.4. Let x and x be two binary operations on a set X. We say that
the couple (x,%) is mized-commutative if © xy=y *x, for any x,y € X.

16



Obviously, if a couple (*,x) is mixed-commutative, then also the converse couple
(%, %) is mixed-commutative. Four-point compositions of ternary relations are not
commutative in general, but to any 4-point composition corresponds another one
so that they make up a mixed-commutative couple.

Proposition 2.5. Letp = (kji)s € {0,...,215}. The couples (O),00),) and (3O, ,0)
are mized-commutative, with p' = (ms(k)ms(i)ms3(j))s and w5 the permutation of {0,...,5}
given in Table J.1:

Table 2.4: The permutation ;.
u 0]1]213|4]5

mg(u) | 1[04 |5]2]|3

Proof. We give the proof for (Dg,l:lg,). Let S and T be two ternary relations on X,
then it holds that

ST = {ow(x,y,2) € X*| (3t € X)(0i(x,y,t) € SAoj(x,t,2) € T)}

= {ow(z,y,2) € X* | (3t € X)(oj(z,t,2) € T Noy(z,y,t) € S)}
) )}
)

(
(

= {ow(oy(z,2,9)) € X? | (Tt €
(o1( )}

(oj(o1(x, 2,t)) € T Noi(o1(x,t,y))
= {op(o1(2,y,2)) € X? | (3t € X)(o4( o1(z,t

X €S
X)(oj(o1(z,y,t)) € T ANoy(o1(x,t,2)) € S

Since 0y (01(2,y, 2)) = Oryw) (@, Y, 2), it follows that
ST = {0y (7,9, 2) € X° | (3t € X)(0ry(j)(,y,1) € TAOmy(i)(2,8,2) € 5)} =T, S .
Hence, the couple (Dg ,Dg,) is mixed-commutative. O

In view of Proposition 2.5, indeed no 4-point composition is commutative.

2.2. Associativity of the four-point compositions of
ternary relations

The following proposition identifies the associative 4-point compositions.

Proposition 2.6. The 4-point composition Elg is associative if and only if p = (iii)g =
43i, with i € {0,...,5}.
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Proof. Let p = (kji)s. For any three ternary relations R, S, T on X, we have
(REIg S) EI?)T = {ow(z,y,2) € X* | (3t € X)(04(z,y,t) € RElg SNoj(x,t,2)eT)}.

Since the set of 3-permutations is a group, there exists m € {0,...,5} such that
0; = 0L0,,. Hence, we can write

(RO)S) T
= {op(z,y,2) € X? | (3t € X)(op(om(z,y,1)) € RIZI?) SNoj(z,t,2)eT)}
= {o(z,y,2) € X* | (A(s,t) € X*)(0i(om(z,y,8)) € RA0j(0m(,5,t)) € SNoj(x,t,2) €T)}.

Using the same argument, there exists n € {0,...,5} such that o; = 040, and we
can write

ROV (SO)T)
= {ow(z,y,2) € X’ | (Gu € X)(04(x,y,u) € RN oj(x,u,z) € SO)T)}
= {on(z,y,2) € X* | (Fu € X)(03(z,y,u) € R A op(on(z,u,2)) € STNT)}
= {op(z,y,2) € X* | 3(u,v) € X?)(0s(x,y,u) € RN oi(0n(,u,v)) € S Acj(o,(z,v,2)) € T)}.

It clearly holds that (R O0)S) )T =R O) (S O)T) if and only if m =n =0,
i.e., if and only if ¢+ = j = k. Therefore, Dg is associative if and only ifi=75=4k [

Remark 2.1. For any p € {0, ..., 215}, the compositions I:I;, and I:If) are
not associative. Indeed, consider the three ternary relations R,S,T on the set X =
{a,b,c,d, e} given as:

R ={(a,b,¢),(a,c,b),(b,a,c),(b,c,a),(c,ab),(cba)};
S ={(d,cd),(d,d,c),(c,d d)};
T = {(e,d,e), (e e,d),(d, e e)}.

One can verify that for any p € {0, ..., 215}, there exists i € {0, ...5}
such that
oi(a,be) € (RO, S)O, T,

while (R I:I}D S) D;T = (. The same holds for the compositions I:IIQD by considering

the relations

{(a,a,b),(a,b,a),(b,a,a)};
{(b,b,¢), (b, c,b),(c,c,b)};
{(c,d,e),(c,e,d),(d,c,e),(d, e c),(ecd),(edc)}.

R
S
T
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In Table 2.5, we present the six associative 4-point compositions denoted by the new
notation ¢;, i € {1, ..., 6}.

Table 2.5: The associative 4-point compositions.

O So; T S T

o =0 (r,9,2) | (z,y,t) | (.t 2)
2 :DZ?) (x,y,z) (x,t,z) (l’,y,f})
o3 =0k | (1,9,2) | (x.y,t) | (ty,2)
4 :Dtl)29 (JZ,y,Z) (:L“,t,Z) (t,y,Z)
O5 = I:|(1)72 ($7y7 Z) (t,y,z) (x,y,t)
C6 = I:|(2)15 (:U,y,z) (tayaz) (wataz)

The 3-tuple (z,vy, z) belongs to S ©;T if there exists an element ¢ € X such that
the other listed 3-tuples belong to S and 7', respectively.

Proposition 2.5 leads to the following corollary. It expresses that the associative
4-point compositions make up three couples of compositions that are mixed-
commutative.

Corollary 2.1. The couples ( ©1,02), ( ©3,05) and ( ©4,6) are mized-commutative.

The following result is a particular case of Proposition 2.3. It identifies the neutral
element of the associative 4-point compositions.

Corollary 2.2.
(i) Ey is the neutral element of o1 and ©o;
(ii) E,, is the neutral element of o3 and os;

(iii) E, is the neutral element of o4 and og.

2.3. Mixed-associativity of the four-point composi-

tion ternary relations

As a sequel to the study of the associativity property of the compositions of
ternary relations, we next investigate the mixed-associativity property for the
4-point compositions. First, we present a proposition expressing a useful identity
for further purposes.
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Proposition 2.7. Let o, 3,7, € {0,...,5}. For any ternary relations R, S, T
on X, the following equalities hold:

() (B Tapys ) Hasare 7= Daanyy (5 Tasgy, 1)
(i) (B Tapyy ) Tasare T= B Daayys (5 Tiasgy 1)
(it)) (R Oapyye S) Dasa)s T =B Tloan)s (S Taspye 1)
(iv) (R D%aﬁv)ﬁ S) D%aéa)ﬁ T=R D%wv)tﬂ) (S D%Mmﬁ T)

Proof. We prove case (i).

0 0
(B Doy S) E

ada)e

(i gy )
= (7' @ s )BTy
= (R B (s pros )™

One can verify that for anyr € {0,1,2}andp,q € {0,...,215}, the equalities
(RO, S)0, T = RO, (SO, T) and (RO, S) T = RO, (ST T)

do not hold in general.

Next, we recall the property of mixed-associativity of binary operations, also
called linear distributivity. Note that remarkable instances of this property have
been identified for the relational compositions (in the crisp as well as in the
fuzzy case) in the groundbreaking studies of Bandler and Kohout [3, 13, 12].

Definition 2.5. Let x and * be two binary operations on a set X. We say that
the couple (x,%) is mized-associative if (x xy)xz =x * (y %z), for anyx,y,z € X.
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Obviously, if * is an associative operation, then (x,*)is a trivial mixed-associative couple.

The following proposition presents the couples of 4-point compositions that sat-
isfy the mixed-associativity property. This result follows from Proposition 2.7.

Corollary 2.3. Let a, 3,7 €{0,...,5}. The following couples of 4-point compo-
sitions are mixed-associative:

Remark 2.2. Note that (O9,0,) and (O9,,0) are simultaneously mized-associative

if and only if p=1p and I:Ig is an associative 4-point composition.

2.4. Link between compositions of binary relations
and four-point compositions of ternary rela-
tions

In this section, we show that any cylindrical extension of a 3-point composition of
binary relations contains a 4-point composition of their cylindrical extensions. First,
we recall the definition of the cylindrical extensions of a binary relation.

Definition 2.6. [27] Let R be a binary relation on X.

(i) The left cylindrical extension of R is the ternary relation Cy(R) on X defined
as:

Co(R) ={(z,y.2) € X’ | (y.2) € R}

(1) The middle cylindrical extension of R is the ternary relation Cy,(R) on X defined
as:
Con(R) = {(z,y,2) € X° | (z,2) € R};
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(1ii) The right cylindrical extension of R is the ternary relation C.(R) on X defined
as:
CT(R> = {(l’,y, Z) S X3 | (I,y> S R}

For further use, we introduce the following notation and lemma. Consider the
mapping I": {0,1} x{¢, m, r} — {0, ... ,5} given in Table 2.6:

Table 2.6: The mapping I'.

,)\Emr
)

213
1 (11415

Lemma 2.2. Let i € {0,1} and A\ € {{, m, r}. For any binary relation R
on X, it holds that

O'p()\ﬂ')(l',y, Z) S C)\(R) g p@(y,z) € R.

Proof. We give the proof for A = ¢. From Table 2.6, it follows that

O-F(Z,i)(xay7z> € Cf(‘R) <~ O-i(‘raya Z) € CZ(R)
<~ pi(y,2) ER.

Proposition 2.8. Let ¢ = (kji)s € {0,...,7}, r € {0,1,2} and o,B,y €
{€,m,r}. For any binary relations R and P on X, the following inclusion holds:

Oa(R)Ij; Cs(P) C Cy(Rog P),

with p = (I'(, k)L (8, §)I (e, i)
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Proof. We give the proof for r = 0.
Cal(R >D°05<P>
{oram(@,9,2) | (Bt € X)(0r@i(@,y,t) € Ca(R) Aorg(@.t,2) € Co(P))}
{ap (x y,2) | (3t € X)(pi(y.t) € RApj(t,2) € P)}
)|
2)

N

{ap (T, Y, 2) | pe(y, 2) € Rog P}

ot (2,9, 2) | ori (2,9, 2) € Cy (Ro, P)}
CV(RO P) .

O

The following example shows that the inclusions in Proposition 2.8 are proper
inclusions, i.e., the cylindrical extension of the 3-point composition of two binary
relations is in general not equal to the corresponding 4-point composition of the
cylindrical extensions of these binary relations.

Example 2.4. Let R and S be the binary relations on the set X = {xy,x9, 3,24}
given by R = {(z1,22), (x4,21)} and S = {(x1,23), (z3,22)}. On the one hand, it
holds that R oy S = {(x4,x3)}, and thus

CK(R ©p S) = {($1,$4>$3)7 ($2, $4,$3)7 ($3, Ly, 903), ($47$4, 903)}

On the other hand, we have Cyo(R) O Cy(S) = {(z1,x4,73)}. It is clear that
Ci(R) 5 Cu(S) S Ci(Rogy S).

Next, we show that any projection of a 4-point composition of two ternary rela-
tions is included in a corresponding 3-point composition of their binary projections.
First, we recall the definition of the binary projections of a ternary relation.

Definition 2.7. [27] Let T be a ternary relation on X.
(i) The left projection of T is the binary relation Py(T) on X dfined as:

P(T) ={(z,y) € X*| 3z € X)((2,2,9) € )}

(ii) The middle projection of T is the binary relation P,,(T) on X defined as:

Po(T) = {(z,y) € X* | (32 € X)((z,2,y) € T)};

(iii) The right projection of T is the binary relation P.(T) on X defined as:

P(T) ={(z,y) € X* | 3z € X)((z,y,2) € T)}.
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Consider the mapping IT : {0,

.., 5} x {l, m, r} — {0,1} defined as:

Ik, \) = {

1,if I(1,\) =k

0 , otherwise.

(2.3)

Explicitly, II(k,\) is given in Table 2.7. The following lemma is straightforward.

Table 2.7: The mapping II.

Lemma 2.3. Let T be a ternary relation on X. For any k € {0,

holds that

Foy (T7%) = (Po(T))P =0

with w : {0,

Table 2.8: The mapping w.

i A {lm|r
0 0010
1 11010
2 0010
3 0010
4 0110
5 0] 011

k

0

1

2

3

4

w(k)

14

m

r

m

Proposition 2.9. Let p = (kji)s € {0,...,215} and r
ternary relations S and T on X, the following inclusion holds:

Pow (SO, T) C Py (S) og P (1),

with q = (I (k,w (k)T (5, 0 ()i, (0))),-

., B}t

.., 5} — {L, m, r} the mapping given in Table 2.8:

{0,1,2}. For any

(2.4)

Proof. We give the proof for the case r = 0. From Proposition 2.2 and Lemma 2.3,
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it follows that

—1 o N\
Pw(k)(S Dg T) = Pw(k) ((Sai Dg T ) ’“)
= (Rs7 o))"
—1\ PIT(kw(k))

C (P(s* ") o AT ))

1

Lemma 2.3 also implies that Pp( T% ) = (P (T))?16«, and hence,

W (i GGy P (ks (R))
Pu (ST T) € (Pagy) ()10 0 Py (T)P1 )5 = Py (S) 0g Pug (T).
[

The following example shows that the inclusions in Proposition 2.9 are proper inclu-
sions.

Example 2.5. Let S and T be the ternary relations on the set X = {x1,x9, T3, 24}
given by

(xb Zy, 33'2), (xla T2, *7:3)}7

(l‘h T, $4), (1/'2, P I1)7 ($3, Zo, x?)}

We have SOY T = {(x1,2z1,74)} and P (STYT) = {(x1,24)}. Since Py(S) o Py(T) =
{(x1,22), (w1, 24)}, it holds that Py(ST)T) # Py(S) o Py(T).
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3 Five-point compositions of
ternary relations

3.1. Defenitions and basic properties

In this section, we study the 5-point compositions of ternary relations. In view of the
notation used for 4-point compositions, we use the mnemonic notation O for 5-point
compositions. A 4-point composition can be modified to obtain a 5-point composition
by introducing an additional degree of freedom, substituting one of the occur-
rences of the element appearing twice. More precisely, the 4-point composition I:Ig
in Definition 2.1 can be modified in two ways to obtain a 5-point composition. The
first one is obtained by replacing the element x in the first 3-tuple (z,y,t) by a new
degree of freedom s as follows:

SOLT = {oy(x,y,2) € X° | (3(s,t) € X?)(04(s,y,t) € SAaj(z,t,2) €T)}, (3.1)

while the second one is obtained by replacing the element x in the second 3-tuple
(x,t,z) as follows:

ST = {own(z,y,2) € X3 (3(s,t) € X*)(oi(z,y,t) € SAoj(s,t,2) €T)}. (3.2)

This reasoning could give the impression that there are twice as many 5-point com-
positions as there are 4-point compositions. However, there are only 108 different
compositions of type & and 108 different compositions of type O). Indeed, each 5-
point composition is obtained in two different ways. For p = (kji)s € {0,...,215},
it holds that S &) T = SO, T, with ¢ = (mi(k)jm1(i))s and m the permutation
of {0,...,5} given in Table 2.1. Similarly, for p = (kji)¢ € {0,...,215}, it holds
that SO T = SO, T, with ¢ = (ma(k)ma(j)i)s and 7 the permutation of {0,...,5}
given in Table 2.2.

In the following definition, we identify the 216 different 5-point compositions of
ternary relations by using an elegant enumeration system.

Definition 3.1. Let p € {0,...,215} with p = (kji)s. For any ternary relations S
and T on X, we define the composition SO, T as follows:

S0, T = {ok(r,y,2) € X°| (3(s,t) € X*)(04(2,y,t) € SAcj(3,t,2) €T)}, (3.3)
with

. x, if k€{0,3,4} . s, if k €{0,3,4}
= , I= .
s, ifke{1,2,5} xz, ifke{l,2,5}
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The same 5-point compositions would have been obtained when starting from the
4-point  compositions O, and [F. Indeed, by substituting one of the occurrences of
the element z by sin the 54 compositions of the type I:l;, we obtain the 108 five-point
compositions O,, with £ € {0,3,4}. Similarly, starting from the compositions of the
type Elf,, we obtain the other 108 five-point compositions O,, with £ € {1,2,5}.
Note that the 5-point compositions O, O12, O, Oss, Ogg and Ogy were already intro-
duced in [2].

The following examples illustrate Definition 3.1.

Example 3.1. Consider p = 175 and two ternary relations S and T on X. In senary
notation, it holds that p = (451)g. Since k = 4, we have

S Ous T = {o4(z,y,2) € X* | (3(s,t) € X?)(01(2,y,t) € S ANos(i#,t,2) €T)}
= {ou(r,y,2) € X* | (3(s,t) € X*)(o1(x,y,t) € S Nos(s,t,2) €T)}
={(z,7,y) € X | (3(s,t) € XH)((2,t,y) € SA(z,t,5) €T)}
={(z,y,2) € X | (3(s,t) € XH((y,t,2) € SA (2,t,5) € T)}.

Example 3.2. Consider two ternary relations S and T on X and the binary opera-
tion * defined as follows:

SxT ={(z,y,2) € X*| (A(s,t) € X*)((s,t,2) € SN (y,t,7) € T)}.

The operation * corresponds to a composition of the type O,, with p € {0, ..., 215}.
We express this composition as in Definition 5.1 by identifying the proper 5-
permutations. We distinguish two possibilities:

SxT = {o1(z,y,2) € X*| (3(s,t) € X} (o1(s,y,t) € SAos(x,t,2) €T)}  (3.4)
SxT = {o3(z,y,2) € X*| (3(s,t) € X} (o1(s,y,t) € SAoy(x,t,2) €T)}. (3.5)

According to our enumeration scheme, it holds that k € {1,2,5}. Therefore, Eq. (3.4)
is the proper one, i.e., 1 =1, j =5 and k =1. Hence x = Ogy.

The following proposition expresses all the 5-point compositions in terms of the com-
positions Og or g9, which we will refer to as the basic 5-point compositions.
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Proposition 3.1. Let p = (kji)s € {0,...,215}. For any ternary relations S and T
on X, the 5-point composition S O,T can be written in terms of the compositions Op
or Oo1g as follows:

Ok

go o [ (5T TI)T ik e{0.3.4),
T (S”i_l D210 Taj_1>0k cif ke {1,2,5}.

The following proposition shows some inclusion relationships between the 4-point
and 5-point compositions.

Proposition 3.2. Let p = (kji)s € {0,...,215}. For any ternary relations S and T
on X, it holds that

(i) ST €S 0,T;
(i) SO, T €S O, T, ifk € {0,3,4};
(iii) SCOT €S 0, T, ifk € {1,2,5}.

Proof. We give the proof of (i). If k& € {0,3,4}, then

SDST = {op(z,y,2) € X* | (3t € X)(0y(w,y,t) € SAoj(x,t,2) €T)}
C {ow(z,y,2) € X* | (3(s,t) € X*)(0i(z,y,t) € SANaj(s,t,2) €T)}
=50,T.

Similarly, if & € {1,2,5}, then

ST = {on(x,y,2) € X° | (3t € X)(04(x,y,t) € SAoj(x,t,2) € T)}
C {on(z,y,2) € X* | (Als, 1) € X¥)(0i(s,y,t) € SAoj(w,t,2) €T)}
=50,T.

]

Next, we study some basic properties of the 5-point compositions of ternary rela-
tions, some of them being similar to those of the 4-point compositions, while others
being different.

The following proposition identifies the right and left neutral elements of the 5-point
compositions of ternary relations.

Proposition 3.3. Let i,5,k € {0,...,5}. For any ternary relation T on X, it
holds that
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(H) EC(’L) Q(kki)e T = T; ka € {1a275}}
with ¢ as in Proposition 2.5.

It is worth noting that in contrast to the 4-point case, no 5-point composition has a
neutral element.

The following proposition discusses the mixed-commutativity of the 5-point composi-
tions. This result is analogous to that for the 4-point compositions.

Proposition 3.4. Let p = (kji)s € {0,...,215}. The couple (O,,0,) is mized-
commutative, with p' = (m3(k)m3(i)m3(j))e and w5 as in  Proposition 2.5.

3.2. Associativity of five-point compositions of

ternary relations

Although there are more 4-point compositions than 5-point compositions, it turns
out that there are more associative 5-point compositions than associative 4-point
compositions.

The following proposition identifies the associative 5-point compositions.

Proposition 3.5. Let p = (kji)s € {0,...,215}. The composition O, is associative
if and only if one of the following conditions holds:

() k=j=1;
(i) £ € {0,3,4}, i =k and j = my(k);
(iii) & € {1,2,5}, i=m4( k) and j =k,
with 7y is the permutation of {0,...,5} given in Table 5.1:

Table 3.1: The permutation my.
u 012|345

m(w)||214]3]1]5/|0

Proof. Let R,S,T be three ternary relations on X. We consider the case that k €
{0,3,4}, the other case being similar. For m as in Proposition 2.6, we have

(R0, S)0, T = {ox(z,y,2) € X* | (A(s,t) € X*)(0i(x,y,t) € RO, S Noj(s,t,2) €T)}
= {on(r,y,2) € X* | (3(s,t) € X*)(op(om(z,y,t)) € RO, S Acj(s,t,2) € T)}
= {on(x,y,2) € X* | (3(s,t,5,t) € XY (oi(om(z,y,t)) € R
Noj(om (st 1)) € SNoj(s,t,2z) €T)}.
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For n as in Proposition 2.6, we have

RO, (S0, T) = {on(x,y,2) € X* | B(u,v) € X*)(0s(z,y,u) € RAcj(v,u,z) € SO, T)}
= {ow(z,y,2) € X | B(u,v) € X*)(05(x,y,u) € RAop(on(v,u,2)) € SO, T)}
= {ok(x,y,2) € X3 | (F(u, v v v) € X4>(0'Z(SL’ y,u) € R
(

k=j=i or i=kandj=m(k).
[l

In Table 3.2, we present the associative 5-point compositions denoted by the new notation
o, 1 € {1, ..., 12}

Table 3.2: The associative 5-point compositions.

o, S o, T S T
01 =09 ($,y,z) (I7yvt) (S,t,Z)
0y =012 | (z,y,2) | (x,y,t) | (ts,2)
o3 =03 | (z,9,2) | (5,t,2) | (2,9,1)
01 =04 | (z,9,2) | (t,8,2) | (z,9,1)
o5 =08 | (z,9,2) | (z,5,t) | (t,y,2)
06 =0g7 | (z,9,2) | (z,t,5) | (t,y,2)
or =On7 || (z,y,2) | (x,6,2) | (s,9y,t)
og = Oy | (7,y,2) | (7,1, 2) (t,y,s)
09 =012 || (z,9,2) | (t,y,2) | (x,s,1)
o10=0ws || (v,9,2) | (Ly,2) | (2,,9)
o11 = Oo10 || (z,y,2) | (s,y,t) | (x,t 2)
o1 =05 | (#,4,2) | (ty,8) | (%, 2)

The 3-tuple (z,y, z) belongs to So,T if there exists two elements s,¢ € X such that
the other listed 3-tuples belong to S and T, respectively.

Proposition 3.4 leads to the following corollary. It expresses that the associative 5-
point compositions make up six couples of compositions that are mixed-commutative.

Corollary 3.1. The couples ( ©1,°3), ( ©9,04), ( ©5,09), ( ©6,%10), ( ©7,°11) and
( os,°12) are mized-commutative.
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3.3. Mixed associativity of five-point compositions of

ternary relations

Next, we study the mixed-associativity property for the 5-point compositions. To
that end, we first present some more general compositional identities. The follow-
ing lemma is a matter of simple verification.

Lemma 3.1. The permutations w3 in Proposition 2.5 and 74 in Proposition 5.9 com-
mute, i.e., foranyu € {0, ..., 5}, it holds that

my(ma(u)) = ma(ma(u)) .

Proposition 3.6. Let o, 3,7,0 €{0,...,5}. For anyternary relations R, S, T on X,
the following equalities hold:

(i) (RO(%BW)G 5) Owsa)s T'= R Oaays ( S Oasp)s T);
(ii) (RO(Q ma( B)Y)s S) O(aga)G T = RO(a ma( )76 (S Q(a55)6 T), Zf Oé,ﬂ S {0,3,4};

(iif) (R Otra( ayma( gy 5) Otasary T = R Ofa ma( ayma( 1) (S Otaspye 1) if @, f €
{0,3,4};

(iv> (RO(a,Bv)a S) O(aJ ma( @))e T = RO(OéOl’Y)G (S 0(0«5 m4( B))s )7 ZfOc 6 € {1 2 5}
(V) (B Oapys S) Oma( )8 mal as I = B Otaam)s (S Ofra( ) ma( p))s 1)s if . B €
{1,2,5}.

Proof. The proof of (i) is similar to that of Proposition 2.7. It follows by expressing
(R Owpy)s S) Oasa)s T in terms of Op in the case that o« € {0,3,4}, and in terms
of Q910 in the case that « € {1,2,5}. Next, we prove items (ii) and (iv), items (iii)
and (v) being similar. Let o, € {0,3,4}. Using aw € {0,3,4}, it follows that

(B Oara@ms 5) Otasars T
= {oa(z,y,2) € X | (3(s,1) € X*)(0a(,y,1) € RO(amy(p)y)s S A 0s(s,t,2) € T)}
= {0a(z,y,2) € X? | 3(s,t,8, 1) € X" (0y(x,y,t') € RA o, 5)(8, ', t) € S Nos(s,t,2) € T)}.

Moreover, since 5 € {0,3,4}, it holds that 0,3 = 0g0o2, and the proof continues

{oa(r,y,2) € X° [ (3(s, 1,8, 1) € X*) (0 (2,9,
{oa(z,y,2) € X? | (s, t,5, ') € XY (o, (2,y,t
{oalr,y,2) € X7 | A(s, 1,8, 1) € XV)(0, (2, ¢
{Ua(%%z) € X7 (3(s,t,8',t) € XY)(oy (2, y,
R Oars(ayns (S Oaspys T) -

e RNomp (st t)e SAas(s,t,z)eT)}
"Ye RAog(t',s',t) € SNos(s,t,z) €T)}

€ RNou(t,s',2) € SOwepys T)}

€ RN Or) (81, 2) € S Oaspys T)}

—_ = — —
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This concludes the proof of (ii). Next, starting from (ii), we obtain using Proposi-
tion 3.4 that

TO(rs(0)ms ()3 (8))6 (SO(ms (@)ma(mms (ra (8))6 ) = (TO(ms(a)ma(B)m3(6))6S ) Ors (@) () s (ma(e)))s L -

Using Lemma 3.1, we can rewrite this as:

TO(rs(0)ms(0)m3(8))6 (SO(ms (@)mammams (8))e ) = (TO(ms(a)ma(B)m3(6))6S ) Ors (@) () ma(ra(@)))s L -

Now, a simple renaming (o/, 3,0",7') := (m3(a), m3(8), 73(9), m3(y)) and (R, 5", T") :=
(T, S, R) yields

R Oy (8" Otorma(@ns T') = (B Orprae 5') Oarsrmaans T -
Realizing that now o/, " € {1,2,5}, the proof of (iv)is complete. ]

By taking o = 8 in Proposition 3.6, we obtain the following proposition about the
mixed-associativity of 5-point compositions.

Corollary 3.2. Let o, 3,7 €{0,...,5}. The following couples of 5-point composi-
tions are mixed-associative:

() (Otaass: Oterars):

(i) (Ota mal @or Otanass) s if @ € {0,3,4};
(Otra( @il @@)ss Otrens ), if @ € {0,3,4};

(Otaaminr Otary m ana)s if @ € {1,2,5};

(

Oaap)er Olma( )y ma( @) ) if a € {1,2,5}.

Remark 3.1. Although there exists mo mized-associative couple consisting of differ-
ent 4-point compositions for which also the converse couple is mized-associative,
such couples can be found in the case of b-point compositions:

(i) (Otaaa)s> Otams(a)a)s), with o € {0,3,4};
(ii) (O(aaa)G,O(aam(a))G), with o € {1,2,5}.

Interestingly, according to Proposition 5.9, these couples consist of two different
associative compositions.
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The following proposition allows to identify mixed-associative couples consisting of
a 4-point and a 5-point composition.

Proposition 3.7. Let o, 3,7v,6 €{0,...,5}. For any ternary relations R, S, T on X,
it holds that

(1) (R Dupyys S) Oasary T =R Doy (5 Owspys 1), if a€ {0,3,4};
(il) (R Owpye S) Dasays T =R Otaar)s (S sy, 1), ifa e {1,2,5};
(it)) (R Qs ) Dlasary T =R Olaarnys (5 Diassys T)s if @€ {1,2,5};
(iv) (R P, S) Oasare T=R Ty, (S Oassyy 1), if € {0,3,4}.

Proof. We give the proof of (i).

(RDQB'Y S) O(a&a)s T
= {oa(7,y,2) € X* | (3(s,t) € X*)(0a(x,y,t) € RIZI(W7 SNos(s,t,z)eT)}
= {oa(z,y,2) € X? | (3(s,t,u) € X?)(0,(x,y,u) € RAos(w,u,t) €S Aos(s,t,2) €T)}
= {oo(z,y,2) € X’ | (Fu € X)(04(z,y,u) € RA0o(z,u,2) € S Ospys T)}
- RDOaa'y (SO(CV‘Sﬂ T)

]

The following proposition presents the couples of 4-point and 5-point compositions
that satisfy the mixed-associativity property. This result follows from Proposition 3.7.

Corollary 3.3. Let o, 3,7 € {0,...,5}. The following couples of 4-point and 5-
point compositions are mized-associative:

() (Do) Otarars ) if a € {0,3,4};
1) (Oaas)e: Royars ), #f @ € {1,2,5};
(i) (me, mﬁ) ifae {1,2,5};
V) (DRrapysr Oterars), f € {0,3,4}.
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3.4. Link between compositions of binary relations
and five-point compositions of ternary rela-
tions

The following result shows that any cylindrical extension of a 3-point composition
of binary relations is equal to a corresponding 5-point composition of their
cylindrical extensions.

Proposition 3.8. Let ¢ = (kji)s € {0,...,7} and o, B,yv € {{,m,r}. For any
binary relations R and P on X, the following equality holds:

Cy(Roy P) = Co(R) O, Cp(P),

with p as in Proposition 2.8.

Proof. For p = (I'(v,k)I'(5,5)I'(,1))s, it holds that

Ca(R) Oy Cs(P) = {or((x,,2) | (Bt € X)(0r(ap)(,9,t) € Ca(R) Aor(e,t,2) € Cs(P))}
= {orum(@,y,2) | (3t € X)(pi(y,1) € RApj(t, 2) € P)}
= {orem(@,y.2) | pely,2) € Rog P}
= Jor (w,y,z)|0p7k(w,y,z)€CV(Rqu)}
=C, (R o, P) .

Conversely, we have the following result.

Proposition 3.9. Let p = (kji)s € {0,...,215}. For any ternary relations S
and T on X, the following equality holds:

Foiy(SOp T') = Pyi)(S) og Puiy(T), (3.6)

with q as in Proposition 2.9.

Proof. We set n = 0if k € {0,3,4}, and n = 210 if k € {1,2,5}. From Proposi-
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tion 3.1 and Lemma 2.3, it follows that

—1

P (S 0p T) = Pugy (S 0, %))

= (P87 0,77 )
= (P87 ) o PU(T™))

From Lemma 2.3, it follows that

Pw(k)(S Qp T) = (Pw(i) (S)pﬂ(i,w(i)) o Pw(j) (T)pﬂ(j,w(j)))

PI(kw(k)

= Py)(S) og Puj(T) .

P (k,w(k))

PII(k,w(k))
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4  Bandler—Kohout compositions and
traces of ternary relations

In this chapter, we introduce Bandler—Kohout-like compositions of ternary relation, we
show theire properties and use these compositions to introduce the notion of the traces
of ternary relations.

4.1. Definition and Properties of BK-compositions of
ternary relations

In this section, we introduce the BK-compositions of ternary relations and show thier
basic properties.

Definition 4.1. Letp € {0,...,215} withp = (kji)s. For any two ternary relations S
andT on X, the sub-composition SET', super-composition ST and square-composition
S®@T are defined as:

SET = {ow(x,y,2) € X* | (Vt € X)(0i(z,y,t) € S = 0j(w,t,2) € T)};
ST = {on(z,y,2) € X° | (Vt € X)(04(x,y,t) € S < 0j(w,t,2) € T)};
ST = {on(z,y,2) € X° | (Vt € X)(04(x,y,t) € S & 0j(x,t,2) € T)};
ST = {ow(x,y,2) € X*| (Vt € X)(0i(z,y,t) € S = 04(2,t,2) € T)};
SB,T = {ox(z,y,2) € X° | (Vt € X)(04(z,y,t) € S < 0j(z,t,2) € T)};
Se, T = {op(z,y,2) € X° | (Vt € X)(04(x,y,t) € S & 0j(z,t,2) € T)};
ST = {ow(x,y,2) € X*| (Vt € X)(0s(y,y,t) € S = 05(x,t,2) € T)};
SEET = {on(z,y,2) € X° | (Vt € X)(0s(y,y,t) € S = 0j(x,t,2) € T)};
SEET = {on(z,y,2) € X° | (Vt € X)(04(y,y.t) € S & 0j(x,t,2) € T)}.

The following example illustrate the composition SE) T for two simple ternary
relations S and T.

Example 4.1. Let S and T be the ternary relations on the set X = {xy, 29, 23,24}
given by

S = {(z3, 23, 21), (23, 29, 3) },

T = {(I37 X, ZE3), (CC?,, X1, x2)7 (ZEI, X1, xl)}

We h(lU@ S@(O) T — {(xlu I17$3)’ (CCQ, fL‘Q,.ﬁUl), (‘rla x3)x1)7 (xZa .Tl,l'l), (xla .TQ,ZUQ), (an x37x2))
(xla x37$2)7 (xla x17$2)7 <x2,$1,$3), (fL‘l,ﬂfQ,l’l), (x27$27'r2)7 (l‘l,ﬂfl,xl), (x27x17$1)7 (x27x27$3)}
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These compositions can be expressed in terms of three representative ones, just
as in the case of the composition of binary relations.

Proposition 4.1. Let p = (kji)g¢ € {0,...,215} andr € {0,1,2}. For any two
ternary relations S and T on X, the compositions SE T, SB T and SELT
can be written in terms of the compositions SELT, SET and ST as:

(i) SE T = (57 @17 ),
(i) SBI T = (57 BT ),
(iii) SEr T = (57 @ T )7,

Proof. We give the proof for &:

SET = {on(z,y.2) € X° | (3t € X)(0i(x,y,t) € S = 0j(x,t,2) € T)}
= {Uk($7y, Z) < X3 | (315 € X)((J},y,t) c ng‘_l = (I,t,Z) c Tajfl)}
= {on(z,y,2) € X*| (x,9.2) € 57 BT }
= (5’%_1 @8 Tﬂj_l)ak _
O

In this section, we study the properties of the newly introduced composi-
tions.

The following proposition concerns the refinement of the BK-compositions of
ternary relations.

Proposition 4.2. Letp € {0,...,215} and r € {0,1,2}. For any two ternary
relations S and T on X, the following inclusions hold:

(i) S&, T CcS@ T CSO, T;
(i) S&I, T CS®, T cSO, T.

Although the compositions &, Bl and B are not commutative in general, interest-
ing mixed-commutativity properties can be established.

Proposition 4.3. Let p = (kji)s € {0,...,215}. For any two ternary relations S
and T on X, the following equalities hold:

i) S&@ T = T®) S;
(i) S8, T = TB, S;
(i) S&O T = T © S;
(iv) Sef T = T B2 S;
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with p' = (w(k)m(i)m(j))e and w the permutation of {0,...,5} given by Table j.1:

Table 4.1: The permutation 7.
u 0|12 13|4|5

w(u) | 1[0 4523

Proof. We only give the proof for (i):

SET = {ox(z,y,2) € X’ | (Vt € X)(04(z,y,t) € S = 0(x,t,2) € T)
t,2)

}
}

(z,y
= {ox(z,y,2) € X* | (Vt € X)(0j(z,t,2) € T <= 0i(z,y,t) € 5)
= {op(o1(7, 2,9)) € X? | (Vt € X)(0j(01(z,2,1)) € T <= o4(o1(x,t,9)) € S)}
= {op(01(7,y,2)) € X? | (Vt € X)(0j(01(2,y,t)) € T <= 04(01(z,t,2)) € S)}.

Since o, (01(2,y, 2)) = Or@w) (x, Yy, 2), it follows that
ST = {omp(z,y,2) € X* | (Vt € X)(0njy(2,y,1) €T <= 0ny(w,t,2) € S)} =TED,S .

]

4.2. Interactions between the compositions of ternary
relations and their BK-compositions

In this section, we show some interactions between the 4-point compositions and
the BK-compositions of ternary relations.

The following proposition shows a mixed-associativity property of BK-compositions.

Proposition 4.4. Letp € {0,43,86,129,172,215}. For any three ternary relations
R, S, and T on X, the following equality holds:

RE) (SELT) = (R S)B) T

Proof. We only give the proof for the case p =0. Using the following tautology
which holds for any three Boolean propositions P, Q), R,

P—= ( = R) <— @ = (P = R),
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we get

z) € REY (SERT)

(Vt € X)((z,y,t) € R= (z,t,2) € (SENT))
(Vt € X)((x,y,t) € R= ((Vs € X)(z,t,s) € S < (x,8,2) € T))
(V(s,t) € X?) ((z,y,t) € R= ((z,5,2) € T = (x,t,5) € S)
(V(s,t) € X*)((z,5,2) € T = ((w,y,t) € R= (z,t,5) € S)
(
(
(

=
=

)
)
Vs € X) ((VtGX) (z,y,t) € R= (z,t,5) € S) < (2,s,2)
Vs € X) ((:): y,s) € RED S) < (z,5,2) €T)

z,y,2) € (R S)Bp T.

eT)

MHMM

]

The following example illustrates that the above property does not hold for
the compositions & and B with r € {1,2}.

Example 4.2. Consider the ternary relations R, S and T on the set X = {x1, 29, 23, 24,25}
given as:

R = {(Il,flfg,x:g)},
S = {<$4,x3,$5)},
T - {(l’4,l‘5,$4)}.
It is clear that R & (S B T) = {(v1,70,24)} # (R & S) & T = 0.

Proposition 4.5. Letp € {0,43,86,129,172,215}. For any three ternary relations
R, S, and T on X, the following equalities hold:

() RE (S& T) = (RO S5 & T;
) R B (ST = (RE)S) B T.

Proof. We only give the proof for (i) with p=0. Again using the Boolean tau-
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tology from the proof of Proposition 4.4, we get

,2) € RED (SEHT)

(Vt € X) (xy, ER:(m,t,z)E(S@BT})

(Vt € X)((x,y,t) € R= ((Vs € X)((z,t,8) € S= (x,8,2) €T))
(V(s,t) € X?) ((z,9,t) € R= ((z,t,5) € S = (,5,2) € T))
(V(s,t) € X*) (((w,y,t) € RA (2,t,5) € S) = (v,8,2) €T)

(Vs e X)((Ft e X)((z,y,t) € RN (x,t,8) € S = (x,8,2)€T)
(Vs € X) ((:U,y,s)ERD85:>(:B,S,z)€T>
(z,y,2) € (RO S)J T .

HMMHM

]

Now, we show that the BK-compositions of ternary relations are a valuable
tool to express the greatest solutions of relational equations. The following
proposition expresses an adjointness-like relationship [21] between the differ-
ent types of compositions of t ernary relations.

Proposition 4.6. For any three ternary relations R, S, and T on X, the following
equivalences hold:

ROJSCT < RCTBE)S™" <= SCR"ET.

Proof. We only give the proof for the first equivalence. For the direct implication,
suppose that ROJS C T. Let (z,y,2) € R, then we need to show that (z,y,2) €

TB) 87 de., for any t € X, it holds that (z,y,t) € T <« (x,2,t) €

S. Suppose that (z,z,t) € S, then the fact that (z,y,2) € R implies that
(r,y,t) € RO)S. The hypothesis ROJ S C T guarantees that (x,y,t) € T.
Thus, (z,y,t) € T <« (x,z,t)€ S. For the converse implication, let (z,y, z) €

RH S, then there exists t € X such that (z,y,t) € R and (z,t,2) € S.
Since R C TBY) S, it follows that (z,y,t) € T8 S°. Thus, for any s € X,
it holds that (z,y,s) € T < (x,t,s) € S. Since (z,t,z) € 5, it holds that
(x,y,2) e T.

]

The following proposition extends the previous result to account for all p €
{0, ..., 215},

Proposition 4.7. Let p = (kji)g € {0,...,215}. For any three ternary relations
R, S, and T on X, the following equivalences hold:

RODSCT <= RCTHE) S < SCRA),T,
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with p' = (ir(j)k) and p" = (jkn(i)).

Proof. We only show the first equivalence. Suppose that R Dg S CT. From
Proposition 2.2, it follows that R [05% ot Proposition 4.6 implies that

1

R C T B (S”J'_l)‘”. Hence, R C (T% B So;é))‘”. Proposition 5.2
guarantees that R C TBY, S, with p/ = (in(j)k).

]

The following proposition concerns the greatest solution of the most basic ternary
relational equation.

Proposition 4.8. Let S and T be two ternary relations on X. The following
statements hold:

(i) The relational equation S TOJU =T in the unknown relation U is solvable
if and only if ST &Y T is its greatest solution.

(ii) The relational equation U S =T in the unknown relation U is solvable
if and only if TBY S is its greatest solution.

Proof. Suppose that the relational equation S OJ U = T has a solution U, then
Proposition 4.6 guarantees that U C S° HEY T. Next, it suffices to show that
So1 &) T is a solution, e, T = S O (S & T). The fact that U C S7' &
T implies that T =S U C S 0 (S & T). Conversely, let (z,y,z) €
S 9 (St &5 T), then there exists ¢t € X such that (z,y,t) € S and
(z,t,2) € S*ET. Hence, for any ' € X, we have that (z,t',t) € S
implies (z,t',z) € T. Since (z,y,t) € 9, it follows that (z,y,z) € T.

The converse implication is trivial.

]

Proposition 4.9. Let p € {0,...,215}. For any two ternary relations S and T on X,
the following statements hold, where p' and p" are as in Proposition J.7:

(i) The relational equation S DgU =T in the unknown relation U is solvable
if and only ifT@g/ St s its greatest solution.

(ii) The relational equation U I:lgS’ =T in the unknown relation U is solvable if
and only if S IE!?W T is its greatest solution.

Proof. The proof is similar to that of Proposition 4.8.
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4.3. Traces of ternary relations based of BK-

compositions

In this section, we introduce the traces of ternary relation based on the BK-compositions
of ternary relations

4.3.1. Traces of ternary relations

Similarly as for binary relations, we can introduce the traces of a ternary relation
T as the BK-compositions of T" with itself.

Definition 4.2. Let p = (kji)s € {0,...,215} andr € {0,1,2}. The traces of a
ternary relation T on X are the ternary relations defined as:

Qo T _ v’
T% —TET=TE[T,

where ' and p' are as in Proposition /.5.

Example 4.3. The following example gives the relation T = where T is given
as in Example /J.1.

We haU@ T@; - {(.1'3,.172,1'3), ('1:37 €3, 1'3), (xla 1'1,.172), (.1’1,172, xl)a (1'17 €3, x1)7 (x37$17x2)7

(901, Xy, 1’3), (953, T2, xz), (1’3, Zy, 331), (353, x3, 952), (333, I, 953)7 (9517 L1, 1’1)}

Obviously, these traces are not all distinct. Among them, we identify those that
preserve the properties in Theorems 1.1-1.3.

Proposition 4.10. Let T be a ternary relation on X.
(i) The following traces are left-reflexive and left-transitive:
(a) TS =T % =T &6 =T T =T B =T s ;
(b)) T S =T B =T F =T & =T 5o =T o,
(ii) The following traces are middle-reflexive and middle-transitive:
(0) T =T s =T & =T 55 =T s = T Fos;
(b)) T Boo =T Bha =T Fas =T Fin =T Faa =T Far |
(iii) The following traces are right-reflexive and right-transitive:
(a) T 8 T & — T &0 — T @ — T @9, — T @?77;
(b)) T ®lst =T Fso =T Foo =T Fos =T Fos = T Hs,

The following proposition expresses the link between the traces in statements
(a) and (b) of Proposition 4.10.

Proposition 4.11. Let T be a ternary relation on X.
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(i) T 8 — (T @?)01}.
(i) T ®oo = (T Fs)o1;
(jij) T By — (T @(1)45)‘71,

Proof. We give the proof for (i). From Proposition 4.1, it follows that
T = (T &) T)% = (TR T)7 = (T .
O

Similarly as in the binary setting, we select three of the traces that will play
a specific role in what follows, namely the left trace T, the middle trace T™
and the right trace T":

AT =T% ={(z,y,2) e X*|(V a € X)(z,a,y)e T = (z,a,2)¢€
T)};

(i) T™ =T % = {(z,y,2) € X*| (VY a € X)(z,y,0)€ T = (zy,a)€
T)};

(iii) 77 =T s = {(z,y,2) € X3|(V a € X)(y,a,2)e T = (2,a,2)¢€
T)}.

The following proposition expresses that some of these traces coincide in the face of
symmetry.

Proposition 4.12. For any ternary relation T on X, the following statements hold:
(i) if T is left-symmetric, then T* = T™;
(ii) if T is middle-symmetric, then T" = T*;
(iii) of T is left- symmetric, then T™ =T".

The following theorem shows that the above-defined traces are solutions to rela-
tional equations. It extends Theorem 1.3 to the ternary setting.

Theorem 4.1. For any ternary relation T on X, the following equalities hold:
i) T=T0Oy, T'=T"0ys T;
(i) T=TOg T"=T"0hay T
(iil) T =T0w T =T Oos T.
Proof. We give the proof for the first equality of (i). Let (z,y,2) € T, T,
then there exists an element t of X such that (z,y,t) € T and (z,t,2) € T%,

and thus it follows for any ¢ € X that (z,a,t) € 7T implies (z,a,2) € T
in particular (z,y,t) € T implies (z,y,2) € T, thus TOy T¢ CT. Conversely,

Y
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let (x,y,2) € T, since T* is left-reflexive it holds that (x,2,2) €  T* thus
(z,y,2) € TOy T and hence T C TO, T

]

4.3.2. Properties of ternary relations in terms of traces

In this section, we characterize some properties of a ternary relation in terms of
its traces. The first proposition characterizes different reflexivity properties and
extends Theorem 1.1 to the ternary setting.

Proposition 4.13. For any ternary relation T on X, the following equivalences hold:
(i) T is left-reflezive <= T* CT;
(i) T is middle-reflevive <— T™ C T,
(iii) T is right-reflezive <= T7 CT.
Proof. We give the proof for (i). Since T* is left-reflexive, the inclusion ¢ C T
implies that T is also left-reflexive. Conversely, suppose that T is left-reflexive. Let
(v,y,2) € T* then for any a € X, it holds that (v,a,y) € T =

(x,a,z) € T. In particular, (z,y,y) € T = (x,y,2) € T, thus
T CT.

O
The following proposition characterizes different transitivity properties of a ternary

relation in terms of its traces. This result extends Theorem 1.2 to the ternary
setting.

Proposition 4.14. For any ternary relation T on X, the following equivalences hold:
(i) T is left-transitive <= T CT%;
(ii) T is middle-transitive <= T CT™;
(iii) T s right-transitive <= T CT".
Proof. We give the proof for (i). Theorem 4.1 states that Ty, T¢ CT. If T C T",
then Ty T C Ty T¢ C T. Thus, T is left-transitive. Conversely, let (z,y,2) € T,

then for any a € X the left-transitivity of 7" implies (z,a,y) € T = (x,a,2) € T.
Hence, (z,vy,2) € T".

O

The following corollary follows immediately from Propositions 4.13 and 4.14.

Corollary 4.1. For any ternary relation T on X, the following equivalences hold:
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(i) T is left-reflexive and left-transitive <= T°* = T;
(ii) T is middle-reflexive and middle-transitive <= T™ = T;

(iii) T s right-reflexive and right-transitive <— T" = T.

4.3.3. Ternary equivalence relations

In this subsection, we consider formal ternary counterpartsof the concept of a binary
equivalence relation, i.e., a binary relation that is reflexive, symmetric, and transitive.
As each of these properties comes in many flavors, we aim to avoid a combi-
natorial explosion and select relevant combinations only.

Definition 4.3. A ternary relation T on X is said to be:

(i) a left ternary equivalence relation if it is left-reflexive, left-symmetric and left-

transitive;

(ii) a middle ternary equivalence relation if it is middle-reflexive, middle-symmetric
and middle-transitive;

(iii) a right ternary equivalence relation if it is right-reflexive, right-symmetric
and right-transitive.

The following definition and proposition provide a setting in which ternary
equivalence relations naturally arise.

Definition 4.4. With any partition P of X2, we associate the ternary relations T,
Ty, and T, on X defined as:

() Tr={(z,y,2) e X*| 3C € P)( (z,y) € C A (z,2)€ C) };
(ii) T ={(z,y,2) e X*| 3C € P)( (z,y) € C A (y,2)€ C) };
(iii) T, = {(z,y,2) € X?| 3C € P) (z,2) € C A (y,2)€ C) }.
Proposition 4.15. For any partition P of X?, the following statements hold:

(i) Ty is a left ternary equivalence relation;

(ii) T, is a middle ternary equivalence relation;

(iii) T, is a right ternary equivalence relation.
Proof. We give the proof for (i). The left-reflexivity and left-symmetry of 7, are
obvious. Next, we show that T, is left-transitive. Let (x,y,t),(z,t,2) € Ty,

then there exist C,D € P such that (z,y),(x,t) € C and (z,t),(z,2) € D.
Since (z,t) € C N D ,it holds that C = D. Hence, (z,y) and (z, z) belong to the
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same class, and, thus, (z,y,z) €

T. Therefore, T, is left-transitive.
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5 Compositions of ternary fuzzy relations

The notion of an L-relation on a set X generalizes the classical notion of a relation
by expressing degrees of relationship in some bounded lattice L. In this chapter, we
extend the previous results to the framework of L-relations

5.1. Fuzzy relation

5.1.1. Lattice

An algebra (L, A, V) iscalled a lattice [11] if Lis a nonempty set, A and V are binary
operations on L, both A and V are idempotent(ie z A x = x and = V z = x), commuta-
tive(lex Ay =y Az and x Vy =y V), and associative(i.e. A (yAz)=(xAy)Az
and zV (yVz)=(xVy)Vzand x Vz=x), and they satisfy the absorption law(i.e
zA(xVy)=zV(xAy)==1z). A bounded lattice L is a lattice that has a smallest
element 0 and a greatest element 1. A triangular norm % on a bounded lattice is a
binary operation that is commutative, associative , order-preserving(i.e x < y implies
rxa < yx*a)and 1 is neutral for * [21]. Moreover if a * (z Vy) = (a*xx)V (a *y), * is
said distributive over V. In the latter case, (L, A, V, %, ) is called commutative [-monoid,
if is bounded (L, A, V, *,0, 1) commutative integral l-monoid. Furthermore if there exist
a second binary operation —, for which z %y < z if and only it x < y —, z, then
(L, N\, V, %, —,0,1) is called Residuated Lattice [21]. Each residuated lattice satisfies

the following conditions:

(MR.1) 2% (z —.y) <y
MR2)z<y < rx—,y=1
MR3) z—,z=2—,1=0—,z=1land 1 —,z=2x

M.R.5

( )

( )

(MRA4) zxy<zandaz <y —,z

( ) (z*xy) = 2 =2 =, (Y =4 2)
)

(M.R.6) (z =4 y) *x (y =4 2) < (x = 2)

A complete lattice is lattice in which all subsets have both a supremum and an

infimum. The following are true in every complete residuated lattice for each index set
I.

(S-I-l) T*Vier i = \/z‘el(ff * yi)
(8.12) & =, Nicr vi = Nier(® =+ yi)
(S.1.3) Vierwi =y = Nier(zi =4 )
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(S.L4) @ Nier yi < Nier(@ * yi)

(S.L5) Vier(® —x yi) <@ =4 Vier vi

(S.1.6) Vier(®i =« y) < Nier @i =+ y

Throughout this chapter, unless otherwise stated, L denotes a residuated lattice.

Definition 5.1. A ternary L-relation on a set X is an L-set on X3, i.e. a map-
ping from X3 to L.

Three special ternary L-relation on X are the universal defined as U(z,y,z) = 1 ;
V(z,y,2) € X3, the empty: ¢(z,y,2) =0;V(x,y,z) € X3 and the identity: I(x,y,z) =
lifx =y =z I(z,y,2) =0 otherwise.

5.2. Four-point compositions of ternary fuzzy relations

This subsection discusses the four-point compositions of ternary fuzzy relations, first,
we generalise Defintions 2.1 2.2 to the fuzzy setting.

Definition 5.2. Let p € {0,...,215} with p = (kji)¢ = 36k + 65 + i and i,j,k €
{0,...,5}. For any ternary L-relations S and T on X, we define the composition
SI:Ig T as follows:

SO, Ton(x,y,2) = V (S(oi(x,y,1)) * T(0;(x,1, 2)))

SO, T(o(x,y,2)) = \é(S(Gi(fm Y1)+ T(05(2,t,2))) -
SO, T(o(x,y, 2)) = \é(S(m(% Y1)+ T(o5(x,1,2))).

Proposition 5.1. Let p = (kji)s € {0,...,215} and r € {0,1,2}. For any ternary L-
relations S and T on X, the 4-point composition ST}, T" can be written in terms of
the composition O as follows:

-1 oo
SO, T = (8% OhT7% ).
Proof. We give the proof for r = 0.

SO T(ok(z,y,2) = \ (S(oi(w,y,t)) * T(0;(x, 1, 2))

teX

= /(87w ,1)) £ T (.1, 2))

teX
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Next, we study some basic properties of the 4-point compositions of ternary L-
relations. The following proposition identifies the right and left neutral elements of
the basic 4-point compositions. To that end, we introduce the following definition and
lemma.

Definition 5.3. We define the special ternary L-relations E, E,, E,, and E, on X
as follows:

(i) E(z,y,2) =1ifx =y =2z and E(z,y,z) = 0 otherwise;
(ii) Eo(z,y,2) =1 ifx =y and Ey(x,y,z) = 0 otherwise;
(i) En(z,y,2) =11if x =z and E,(x,y,z) = 0 otherwise;
(iv) E.(z,y,2) =1 ify =z and E.(x,y,z) = 0 otherwise;
Proposition 5.2. For any ternary L-relation T on X, it holds that
(0) T Djrye ey =T
(i) E(j) D(()kki)g r=T.

Proof. We only prove (i). Let (z,y,2) € X?

T D(()kjk)e EC(j)(O-k(xa Y, Z)) - \/ T(O-k(xa Y, t)) * EC(j)<0-j<x7 t? Z))
teX
=V (T(ow(@,y.1) * Beyy(05(. 1, 2)) )
teX\{z}

vV T(ok(z,y,2)) * E(0;(z, 2,2))
= \{{ }(T(Uk($ay7t)) *0) v T(ok(x,y,2)) * 1
= T(O-k(xayaz))

]

Proposition 5.3. Let p = (kji)s € {0,...,215}. The couples (0,,00,)) is mized-

Py —p
commutative, with p' = (mw3(k), w3(i), m3(7))

Proof.

SD;)) T(ak(x,y, Z)) = \/ (S(O‘z(l‘, y,t)) * T(O-j(xa t? Z)))

teX

= \/ (T(0;(x,t,2)) % S(o:(z,y,1)))

teX

- \C((T(ajgl(:c, z,t)) * S(oi01(2,t,9)))

= T, S(oro1(x, 2,y))
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The following proposition identifies the associative 4-point compositions.
Proposition 5.4. The 4-point composition Dg is associative if and only if p = (iii)g =
43i, with i € {0,...,5}.

Proof. The proof is analogous to the proof of Proposition 2.6 [

Next we show that any cylindrical extension of a 3-point composition of binary rela-
tions contains a 4-point composition of their cylindrical extensions. First, we recall
the definition of the cylindrical extensions of a binary relation.

Definition 5.4. [27] Let R be a binary relation on a set X.

(i) The left cylindrical extension of R is the ternary L-relation Cy¢(R) on X de-
fined as:

C€<R>(x7 Y, Z) = R(y7 Z);

(it) The middle cylindrical extension of R is the ternary L-relation Cp,(R) on X defined
as:

Co(R)(x,y,2) = R(z, 2);

(7ii) The right cylindrical extension of R is the ternary L-relation C,.(R) on X defined
as:

Co(R)(x,y,2) = R(z,y);

Proposition 5.5. Let q = (kji), € {0,...,7}, r € {0,1,2} and «, 3,y € {{,m,r}.
For any binary relations R and P on X, the following inclusion holds:

Ca(R) T, C5(P) € C,(Ro, P),

with p = (L(y, k)T (B, )T (c, 1)),

Proof.

Cal BT, Cal(P) (o1 (2.9,2)) =V CalR)or (29,0 * Col B0, (2,1, 2)

< V R(pi(y, 1) * P(p;(t, 2))
< Ro P (pr(y,2))
S Ca<RO P)(UF(%,C)(SU’% Z))
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Next, we show that any projection of a 4-point composition of two ternary L-relations
is included in a corresponding 3-point composition of their binary projections. First,
we recall the definition of the binary projections of a ternary L-relation.

Definition 5.5. [27] Let T be a ternary L-relation on a set X.

(i) The left projection of T is the binary relation Py(T) on X defined as:

Pg(T)(iE,y) = \/ T(t7xvy)

tex
(1) The middle projection of T is the binary relation P, (T) on X defined as:

Pou(T)(2,y) =\ T(x,t,y)

tex
(1ii) The right projection of T is the binary relation P.(T) on X defined as:

P(T)(x,y) =\ T(x,y,t)

teX

Proposition 5.6. Let p = (kji)s € {0,...,215} and r € {0,1,2}. For any ternary L-
relations S and T on X, the following inclusion holds:

Pogy(ST,T) € Puiy(S) og Pug(T) (5.1)

with q = (I (k, w(k)) I (j,w(5)) 1 (i,w(2))),.
For the proof of this proposition we introduce the following lemma

Lemma 5.1.
Pw(k’)(xv Y, Z) = Pg(O’k(l‘, Y, Z))
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Proof.

P,w(SO,T) = (SD; )(U"?(x Y, 7))
= P\ (S(oi(x,y,1)) * T(0;(x,1, 2))))

_ \/X\z S(ox(a,1,0) Ty, ,2)
_ tg{ V (S(oi(r,9.8) # T(oy(e:1.2)
cv x\e/x S(es(on ) V] (o)
C :iéjai(sgi(g;, y, b)) * PZ(ETaj(x,t, z))
gtip t) * Py (T)(t, 2)

C Pw(i)(S) 04 Pw(j)(T)

]

5.3. Five-point compositions of ternary fuzzy relations

Definition 5.6. Let p € {0,...,215} with p = (kji)g = 36k + 65 + i and i,7,k €
{0,...,5}. For any ternary L-relations S and T on X, we define the composition SD?)
T as follows:

SO T(ow(z,y,2)) = \ (S(0i(@,y,1)) x T(0;(%, ¢, 2))) .

t,seX

with

5 x,if k€{0,3,4} - s, if k € {0,3,4}
s, ifke{1,2,5y 7 7 )=z, ifke{1,2,5)

The following proposition shows some inclusion relationships between the 4-point and
5-point compositions.

Proposition 5.7. Let p = (kji)g € {0,...,215}. For any ternary L-relations S and
T on X, it holds that

(i) ST CSO,T;
(i) SO, T C SO, T, if k € {0,3,4};
(iii) SCET C SO, T, if k € {1,2,5}.

Proof. We give the proof for (i) in the case where k € {0, 3,4}, the other cases can be
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proven similarly.

SDg T = \/ (S(Ui(x7yvt) * T(O—j(x7t’ Z)))

teX

S \/ (S(O‘i<l',y,t)*T(0'j(S,t, Z)))

t,seX

<S0,T
O

Proposition 5.8. Let i,j,k € {0,...,5}. For any ternary L-relation T on X, it holds that
(i) TO(kjk)g EC(j) = T, ka € {0, 3, 4},’
(ii) EC(i) O(k:ki)g T=T, Zf ke {1, 2, 5},

with ¢ as in Proposition 2.3.

Proof. We only prove (i). Let (z,y,2) € X?

TO(kjk)6 EC(j)(o-k(xa Y, Z)) = \/ T(O-k(x7 Y, t)) * EC(j)(Uj<Sv tv Z))

s;teX

= \/ \/ (T'(ok(z,y,t)) * Ecjy(04(s,t,2))
seX teX\{z}
vV T(ok(z,y,2)) * E(0;(s,2,2))
= \é{ (T'(o(x,y,t)) x0) VT (ok(z,y,2)) * 1
= T(Ok('rvy7z))

]

Proposition 5.9. Let p = (kji)s € {0,...,215}. The composition O, is associative
if and only if one of the following conditions holds:

(i) k=j=14;
(ii) k€ {0,3,4}, i =k and j = m4(k);
(ifi) & € {1,2,5}, i = my(k) and j = k,
with 74 is the permutation of {0,...,5} given in Table 5.1:

Proposition 5.10. Let g = (kji)s € {0,...,7} and o, B,y € {{,m,r}. For any binary
relations R and P on X, the following equality holds:

Cy(Roq P) = Ca(R) O, Cs(P),

with p as in Proposition 2.8.
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Proof.

Co(R) Op Ca(P)(orrmy(2,9,2)) =\ CalR)(ory,, (2,9,1) x Ca(R)(or, (s, £, 2))

s,teX

= \/ Rpi(y. 1)) = P(p;(t, 2))

teX

= Ro P (pi(y,2))
= CQ(RO P)(O’p(%k)(l’,y;z))

]

Proposition 5.11. Let p = (kji)g € {0,...,215} . For any ternary L-relations S
and T on X, the following equality holds:

Bow(S0pT) = Buw(5) og Po(T) (5.2)
with q as in Proposition 2.9.
Proof. We only give the proof for the case where k € {0,3,4}.

Pw(k)<S Qp T) = Pg(S D;; T)(O’k(l’,y, Z))
= P\ (S(oi(z.y,1)) * T(0)(s,,2))))

=\ V S(oi(z,y,t) * \/ T(05(s,1,2))
= \/ Pu(Soi(z,y,t)) x P(Toj(z,t,2))
- \/ Powy(S)(y,t) * P (T)(t, 2)

= Po)(S) og Puy(T)
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6 (General conclusions and future research

In this work, we have first expounded a general approach to the study of the compo-
sition of ternary relations, resulting in a first type of 324 four-point compositions
and a second type of 216 five-point compositions. For each type, we have provided
a convenient enumeration scheme based on senary numbers that allows to generate
all compositions. Also, we have presented a way of expressing all compositions in
terms of a limited number of representative ones. We have identified all associative
4-point and 5-point-compositions, as well as couples of compositions satisfying the
mixed-associativity property. Although there exist plenty such couples, only in the case
of 5-point compositions, there exist mixed-associative couples consisting of different
compositions for which also the converse couples are mixed-associative. Furthermore,
we have provided some links between the compositions of binary relations and the two
types of compositions of ternary relations.

Second, we have explored three new types of compositions of ternary relations, in-
spired by the substitution of the underlying existential quantifier with the universal
quantifier, an approach initially introduced by Bandler and Kohout in the binary case.
In our study, we have examined these new compositions, showing their key properties,
their relationship with the original Bandler-Kohout compositions of binary relations,
their role in solving ternary relational equations, and, notably, their significance in
defining the traces of ternary relations. Leveraging this insight, we have introduced
the traces of ternary relations. Finally, we have provided characterizations of several
types of ternary equivalence relations.

Given the importance of fuzzy relations, as amply illustrated in the introduction for bi-
nary relations, future efforts will be directed to the study of fuzzy ternary relations
as well. We anticipate that it will be interesting to extend the different types
of compositions of ternary relations to the fuzzy setting.
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Propriétés et classes de relations floues ternaires

Résumeé: Cette thése explore systématiquement les compositions des relations ternaires, en identifiant
toutes les compositions possibles et étudie leurs propriétés d'associativité, y compris I'associativité mixte.
Elle introduit les compositions BK pour les relations ternaires, étend le cadre aux contextes flous, et
établit des liens entre ces compositions et

les relations binaires a travers I'projection et I'extension cylindrique.

Mots-clés: Relations ternaires, Composition des relations, Bandler-Kohout compositions, Relations
floues, Associativite.

Properties and classes of ternary fuzzy relations

Abstract: This thesis systematically explores the compositions of ternary relations, identifying all
possible compositions and examining their associativity properties, including mixed-associativity. It
introduces Bandler-Kohout-compositions for ternary relations, extends the framework to fuzzy settings,
and establishes connections between these compositions and binary relations through projection and
cylindrical extension.

Keywords: Ternary relations, Composition of relations, Bandler-Kohout compositions, Fuzzy relations,
Associativity.
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