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Introduction

The study of relations is a fundamental tool in mathematics with far-reaching implica-
tions across numerous fields, including logic, computer science, algebra, and artificial
intelligence. However, the formalization of relational theory did not gain significant
momentum until the last century.

The historical development of the theory of relations can be traced back to the mid-19th
century. In 1860, Augustus De Morgan [14] first introduced the concept of relations as
a formal mathematical object, laying the groundwork for what would become a central
area of study in logic and set theory. His work was soon expanded upon by Charles
Sanders Peirce [31], who developed the calculus of binary relations. Peirce’s work was
further advanced by Schröder in 1890 [36]. Despite these early advances, the historical
trajectory of the field did not allow for an extensive study of relations beyond the binary
case.

The first type of higher-order relation studied was the ternary relation of betweenness
[22, 28, 43]. Novák and Novotný laid the groundwork for the study of ternary relations
in numerous studies published in the late 20th century [28, 29, 30]. Ternary relations
have since been found useful in a variety of scientific fields, including theoretical
physics (e.g., computational physics by [41]), mathematics (e.g., group theory by [10]),
artificial intelligence (e.g., qualitative spatial reasoning by [9, 23]), computer science
(e.g., knowledge graphs by [15, 44], data structures by [1], string matching by [24], video
recognition by [37], information modeling by [32, 33], and social networks by [17]), and
biology (e.g., phylogenetic modeling by [38]).

Composition of relations, also referred to as calculus of relations is by far the most
importent aspect in the study of relations. I has been the focus of numerous textbooks
[6, 7, 11, 20, 35]. In the latter half of the 20th century, Bandler and Kohout [4, 39]
introduced a novel kind of composition of binary relations by replacing existential
quantifiers and logical conjunctions with logical implications, providing a new perspective
on relational operations [4]. BK-compositions have since been recognized for their
utility in a wide range of applications, from medical diagnosis [5, 40] to decision-making
[19, 25].

However, the study of ternary and higher-order relations has remained comparatively
underdeveloped, particularly concerning their compositions. This thesis aims to address
this gap by providing a systematic approach to the compositions of ternary relations,
whose definitions have been the subject of ongoing discussions among researchers
[28, 27, 43]. Various alternative definitions, each with its motivation, have been
proposed. In this thesis, we propose a general definition that encompasses all four-point
and five-point compositions of ternary relations. Moreover, we examine the interaction
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between these compositions and establish links between them. We also explore their
properties, such as associativity, mixed associativity, mixed commutativity, and the
existence of a neutral element.

Additionally, we utilize the valuable tools of projections of ternary relations and
cylindrical extensions of binary relations to express these newly defined compositions
of ternary relations in terms of the well-known and well-established compositions of
binary relations. We observed a close connection between the traces of binary relations
and their BK-compositions. Leveraging this insight, we introduce the traces of ternary
relations based on the BK-compositions of ternary relations.

Lastly, we have shown generalized the above results to the setting of fuzzy L-relation
where L is a complete residuated lattice

The thesis is divided into five chapters, each reviewed as follows:

• Chapter 1 reviews the necessary basic concepts and properties of binary and
ternary relations.

• Chapters 2 and 3 present a systematic approach to studying the composition
of ternary relations, focusing on the degrees of freedom available when linking a
3-tuple to two given 3-tuples. It outlines a method for enumerating all possible
4-point compositions (one degree of freedom) and 5-point compositions (two
degrees of freedom) of ternary relations and establishes a correspondence between
them. Additionally, it identifies associative compositions and explores intriguing
mixed-associativity cases. Using projection and cylindrical extension tools, it
relates the 4-point and 5-point compositions of ternary relations to the 3-point
compositions of binary relations.

• Chapter 4 introduces the BK-compositions of ternary relations and examines
their interaction with the usual compositions. It also revisits the notions of left
and right traces of a binary relation and introduces the left, middle, and right
traces of a ternary relation, characterizing the main properties of a ternary relation
in terms of its traces.

• Chapter 5 extends the previous notions and results to the fuzzy setting. The
thesis concludes with a discussion of findings and future research directions.
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1 Preliminaries

In thisachapter, wearecall theabasicadefinitionsaandapropertiesa ofabinarya relationsa
as wella as ofaternarya relationsa thata willabeaneededa throughoutathisathesis.

An n-arya relationaoveraaa sequenceaofasetsX1, . . . , Xn isaaasubseta ofa thea carte-
siana product X1 × . . . × Xna. Forathea purposesaofasimplicity, throughathisathesis,
weaassume X1 = X2 = . . . = Xn, unlessaotherwisea mentioned.

1.1. Binaryarelations
Inathisasection, wearecallatheabasicadefinitionsaandapropertiesa ofabinarya relations.
asawellaasasomeaadvancedanotionsa sucha asa thea Bandler–Kohouta compositions,
thea traces, andaotheraconceptsathatawillabeaneededathroughoutathisathesis.

1.1.1. Definitionsaand propertiesa
Aabinaryarelation R onaaaset X isaaasubsetaof X2, i.e., ita isa aa setaofacouples (x, y) ∈
X2. Givenaaabinaryarelation R on X, andatwoaelements xaand y ofaX if (x, y) ∈ R

ora(y, x) ∈ R, weasayathat x and y areacomparable, aotherwise, weasayathatatheyaarea
incomparable.

Everyabinaryarelationaonaaacountableaset X = {x1, x2, . . .} cana bearepresenteda bya
thea booleana matrix MR givenaasa follows

MR = (mij), mij =
 1 , if (xi, xj) ∈ R

0 , if (xi, xj) /∈ R
.a

a Being subsets,athe inclusion,aunion,aintersection,aand complementationaof two binary
relations are defined accordingly. Thea transposea of a binary relationa Ra is binary
relationa Rta defined asa (x, y) ∈ X2 | (y, x) ∈ R.aA binary relationaRaon a setaXasaid
to bea:

(i) reflexive,aif, foraany x ∈ X, it holdsathat (x, x) ∈ aR;

(ii) irreflexive,aif, foraany x ∈ X, it holdsathat (x, x) ∈ aRc;

(iii) symmetric,aif, foraany x, y ∈ X, it holdsathat (x, y) ∈ aR implies (y, x) ∈ aR;

(iv) asymmetric,aif, foraany x, y ∈ X, it holdsathat (x, y) ∈ aR implies (y, x) ∈ aRc;

(v) antisymmetric,aif, foraany x, y ∈ X, it holdsathat (x, y) ∈ R ∧ (y, x) ∈ R impliesa
x = y;
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(vi) transitive,aif, foraany x, y, z ∈ X, it holdsathat (x, y) ∈ R ∧ (y, z) ∈ R impliesa
(x, z) ∈ R;

(vii) complete,aif, foraany x, y ∈ X, it holdsathat (x, y) ∈ R ∨ (y, x) ∈ R.

1.1.2. Compositionsaof binaryarelations
The compositionaofatwoabinaryarelationsaRaandaSaon Xaisadefinedaasafollowsa[31]:

R ◦ S = {(x, z) ∈ X2 | (∃t ∈ aX)((x, t) ∈ aR ∧ (t, z) ∈ aS)}.

Oneacouldaimagineaotheradefinitionsaofatheacompositionaofabinaryarelations:

R ◦1 S = {(x, z) ∈ X2 | (∃t ∈ X)((t, x) ∈ R ∧ (t, z) ∈ S)};
R ◦2 S = {(x, z) ∈ X2 | (∃t ∈ X)((x, t) ∈ R ∧ (z, t) ∈ S)};
R ◦3 S = {(x, z) ∈ X2 | (∃t ∈ X)((t, x) ∈ R ∧ (z, t) ∈ S)};
R ◦4 S = {(x, z) ∈ X2 | (∃t ∈ X)((z, t) ∈ R ∧ (t, x) ∈ S)};
R ◦5 S = {(x, z) ∈ X2 | (∃t ∈ X)((t, z) ∈ R ∧ (t, x) ∈ S)};
R ◦6 S = {(x, z) ∈ X2 | (∃t ∈ X)((z, t) ∈ R ∧ (x, t) ∈ S)};
R ◦7 S = {(x, z) ∈ X2 | (∃t ∈ X)((t, z) ∈ R ∧ (x, t) ∈ S)}.

As aallaofatheseacompositionsalinkatwoa2-tuplesa whileaallowinga foraaadegreea ofa
freedom, we arefera toa thema asa3-pointa compositions.

Anyaofatheaabovea3-pointacompositionsa isa determineda byathreea 2-permutationsa
ρi, ρj, aρk, i, j, k ∈ {0, 1}, aasaexplaineda next. Firstaofaall,aletausafixatwoa (pos-
siblyaidentical)a 2-permutationsa ρiaandaρj. Ifaweasayathataaa2-tuplea(x, z) ∈ X2a
belongsa to some compositionaofatwoa binaryarelationsaRaanda Saon Xaifathereaexists
an elementa t ∈ X suchathataρi(x, t) ∈ Raandaρj(z, t) ∈ S,athenathisaallowsatoaretrieve
theafirstafouracompositionsa above. If,aadditionally,aweaallowatoapermuteathe 2-tuple
(x, z),athenawea cana alsoa retrieve thea lastafoura compositionsa (aftera a propera
renaminga ofa variables). Thisaviewa allowsa toa developa thea followinga enumer-
ationa scheme. Foraanyaq ∈ {0, . . . , 7},a witha ◦0 := ◦ thea basica composition,
theacompositionaR ◦q Sacanabeawrittena as:

R ◦q S = {ρk(x, z) ∈ aX2 | (∃t ∈ aX)(ρi(x, t) ∈ aR ∧ ρj(t, z) ∈ aS)} , (1.1)

withaq = (kji)2 = 4k + 2j + iaandai, j, k ∈ {0, 1}.aHence,athea compositionsa ◦q,aq =
1, . . . , 7,acanabeaexpressedainatermsaofatheabasicacompositiona◦0aasa follows:

R ◦q S = (Rρi ◦0 Sρj )ρk .

Noteathataforaaagivena3-pointacompositiona◦q,awithaq = (kji)2,athereaexistsaaa3-
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pointacompositiona◦q′a suchathataforaanyabinaryarelationsaRaandaSaon X,aitaholdsathat

R ◦q S = S ◦q′ R ,

withaq′ = (k̄īj̄)2,a0̄ = 1aanda1̄ = 0.

1.1.3. BK-compositionsaofabinary relations
WeafirstarecallatheaBK-compositionsaofabinaryarelations.

Definition 1.1. [3] The sub-composition R ◁ S, super-composition R ▷ S and square-
composition R ⋄ S of two binary relations R and S on X are defined as:

R ◁ S = {(x, z) ∈ X2 | (∀y ∈ X)((x, y) ∈ R ⇒ (y, z) ∈ S)} ;
R ▷ S = {(x, z) ∈ X2 | (∀y ∈ X)((x, y) ∈ R ⇐ (y, z) ∈ S)} ;
R ⋄ S = {(x, z) ∈ X2 | (∀y ∈ X)((x, y) ∈ R ⇔ (y, z) ∈ S)} .

Noteathataslightamodificationsaofatheseanotionsa (essentiallya differingaina theawaya
emptyasetsa area handled) wereastudiedain [13]. SimilarlyatoaEq. (1.1.2),aforaanyaq =
(kji)2 ∈ {0, . . . , 7},aweadefineatheacompositionsa R ◁q S,aR ▷q SaandaR ⋄q S as:

R ◁q S = (Rρi ◁ Sρj )ρk ;
R ▷q S = (Rρi ▷ Sρj )ρk ;
R ⋄q S = (Rρi ⋄ Sρj )ρk .

Moreover,atheaabove-mentionedacompositionsaverifya theafollowingacommutativity-
likeaproperties, withaq′ = 7 − q:

R ◁q S = S ▷q′ R ; (1.2)
R ⋄q S = S ⋄q′ R . (1.3)

Someaofatheakeyacharacteristicsaofa thea BK-compositionsaofabinaryarelationsashowna
byaareatheaConvertibilitya i.e.,

(R ◁ S)t = St ▷ Rt;
(R ▷ S)t = St ◁ Rt;
(R ⋄ S)t = St ⋄ Rt .

andatheaAssociativityai.e.,

(R ◁ S) ▷ T = R ◁ (S ▷ T )
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1.1.4. Tracesaofabinaryarelation
Inathisasubsection, wearecalla theanotionsa ofa lefta anda righta traceaofaaa binarya
relationa introduceda bya Doignonaet al. [16]. Weathena expressa thesea tracesa ina
termsa ofathea BK-compositionsa andarecalla somea of theiraproperties.

Definition 1.2. [18] LetaR be aabinaryarelationaon X.

(i) ThealeftatraceaofaR is theabinaryarelation Rℓ onaX definedaas

Rℓa = {(x, y) ∈ X2 | (∀z ∈ aX)((x, z) ∈ R ⇒ (y, z) ∈ aR)} .

(ii) Thearighta traceaofaR isatheabinarya relationa RraonaXa definedaas

Rra = {(x, y) ∈ aX2 | (∀z ∈ X)((z, x) ∈ aR ⇒ (z, y) ∈ aR)} .

Theorem 1.1. [18] LetaR beaa binaryarelation on X. Theafollowingastatements
areaequivalent:a

(i) R isareflexive;

(ii) (Rℓ)t ⊆ aR;

(iii) Rr ⊆ aR.

Theorem 1.2. [18] Let Rabe a binaryarelation on X. Theafollowingastatementsaare
equivalent:a

(i) R isatransitive;

(ii) Ra ⊆ (Rℓ)t;

(iii) R ⊆ aRr.

Theorem 1.3. [18] Foraanyabinaryarelation R on X, itaholdsathat

(Rℓ)t ◦ R = R ◦ Rr = R .

Remark 1.1. Ita isainterestinga toanotea thatathesea tracesacanabea expresseda ina
termsa ofa thea BK-compositions:a

Rra = R ◁1 Ra = R ▷6 R ;
Rℓa = R ◁2 Ra = R ▷5 R .

Followinga thisalinea ofa reasoning, wea cana definea othera tracesa asa follows. Fora
anyabinaryarelationa Raona Xa andaanya n ∈ {0, . . . , 7}, thea n-tha tracea ofa
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R,adenoteda bya R◁n ,aisadefineda as:

R◁n := R ◁n R = R ▷7−n R .

1.2. Ternaryarelations
Inathisasection,awea recallatheabasicadefinitionsaandapropertiesa of ternaryarelations.

1.2.1. Definitionsaandaexamples
AaternaryaarelationaTaonaaaseta Xaisaaa subseta ofa X3, i.e.,aitaisa aa seta ofatripletsa
(x, y, z) ∈ X3.aThreeaspecialaternaryarelationsaona XaareatheanullarelationaOX3 =
∅,athea ternaryaidentitya relationaIX3 = {(x, x, x) | x ∈ X}aandatheauniversala
ternarya relationa X3.

Example 1.1. Let T beatheaternaryarelation on N given as follows: (a, b, c) ∈ T if a

mod b ≡ c. Then, itais clearathat (42, 13, 3) ∈ T , whereas (21, 10, 2) /∈ T .

Example 1.2. Givenaany set X whoseaelementsaareaarrangedaonaa circle, one can
define a ternaryarelation T on X, i.e., a subset of X3, by stipulating that (x, y, z) ∈ T

holds if and only if the elements x, y and z are pairwise different and when going
from x to z in a clockwise direction one passes through y. For example, if X =
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} represents the hours on a clock face, then (8, 12, 4) ∈ T

holds and (12, 8, 4) ∈ T does not hold.

AaternaryarelationaT1a onaaasetaXaisasaida toa bea includeda inaaaternarya relationa
T2a ona theasameasetaX,adenotedabyaT1 ⊆ T2,aif,aforaanya x, y, z ∈ X,a(x, y, z) ∈ T1

aimpliesa thata(x, y, z) ∈ T2.aTheaintersectionaofatwoaternaryarelationsaT1aandaT2a
ona Xa isa thea ternarya relationaT1 ∩ T2aonaXadefineda asaT1 ∩ T2 = {(x, y, z) ∈ X3 |
(x, y, z) ∈ T1 ∧ (x, y, z) ∈ T2}.aIfaT1 ∩ T2 = ∅,athenaT1aandaT2aareacalleda disjointa
ternarya relations.a Also,athea unionaofa twoaternary arelationsaT1a andaT2aona Xa isa
thea ternarya relationa T1 ∪ T2aonaXadefinedaasaT1 ∪ T2 = {(x, y, z) ∈ X3 | (x, y, z) ∈
T1 ∨ (x, y, z) ∈ T2}.a

Example 1.3.

(i) Let T1 and T2 be two ternary relations on X = {x1, x2, x3, x4, x5, x6} given by

T1 = {(x1, x2, x4), (x1, x3, x2), (x5, x1, x6)} ,

T2 = {(x1, x2, x4), (x1, x3, x2), (x5, x1, x6), (x6, x6, x3)} .

ItaisaclearathataT1 ⊆ T2.
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(ii) aLetaT1aandaT2abeatwoaternaryarelationsaonaX = {x1, x2, x3, x4, x5}agivenaby

T1 = {(x1, x2, x4), (x1, x3, x2), (x5, x1, x4)} ,

T2 = {(x1, x1, x2), (x1, x2, x4)} .

Oneaeasilyaverifiesathata

T1 ∩ T2 = {(x1, x2, x4)} ;
T1 ∪ T2 = {(x1, x1, x2), (x1, x2, x4), (x1, x3, x2), (x5, x1, x4)} .

ForaaagivenaternaryarelationaTaonaaaseta X,a wea denotea theatransposea ofa Ta bya
T t,ai.e.,a foraanya x, y, z ∈ X,a (x, y, z) ∈ T ta meansa thata(z, y, x) ∈ T . Also,a
weadenoteatheacomplementaofaTabyaT c,ai.e.,aforaanyax, y, z ∈ X,a(x, y, z) ∈ T ca
meansathata (x, y, z) ̸∈ T .aWea denotea theaduala ofaTabyaT d,ai.e.,aforaanya x, y, z ∈
X, a(x, y, z) ∈ T da meansa thata(z, y, x) ̸∈ T .

AaternaryarelationaTaonaaasetaXaisacalled:

(i) reflexive, if, for any x ∈ X, it holds that (x, x, x) ∈ T ;

(ii) stronglyareflexive, if, foraany x, y, z ∈ X with card{x, y, z} ≤ 2, it holds that
(x, y, z) ∈ T ;

(iii) irreflexivea, if, foraany x ∈ X, it holds that (x, x, x) ̸∈ T ;

(iv) stronglyairreflexive, if, foraany x, y, z ∈ X with card{x, y, z} ≤ 2, it holds that
(x, y, z) ̸∈ T ;

(v) symmetrica, if, for any x, y, z ∈ X, it holdsathat (x, y, z) ∈ T implies (z, y, x) ∈ T ,
i.e., T = T t;

(vi) strongly symmetrica, if T = T σi , foraany i ∈ {1, . . . , 5};

(vii) asymmetrica, if, for any x, y, z ∈ X suchathat card{x, y, z} ≥ 2, it holds that
(x, y, z) ∈ T implies (z, y, x) ̸∈ T ;

(viii) stronglyaasymmetric, if, for any x, y, z ∈ X such that card{x, y, z} ≥ 2, it holds
that (x, y, z) ∈ T implies σi(x, y, z) ̸∈ T , for any i ∈ {1, . . . , 5};

(ix) cyclica, if, for any x, y, z ∈ X, it holds that (x, y, z) ∈ T implies (y, z, x) ∈ T ;

(x) completea, if, for any x, y, z ∈ X such that card{x, y, z} ≥ 2, it holds that
(x, y, z) ∈ T ∨ (z, y, x) ∈ T ;

(xi) stronglyacomplete, if, for any x, y, z ∈ X such that card{x, y, z} ≥ 2, it holds that
σi(x, y, z) ∈ T , forasome i ∈ {0, ..., 5}.

ItaisaclearathataaaternaryarelationaTaonaXaisacalled:

(a) leftareflexive, if, foraany x, y ∈ X, it holdsathat (x, y, y) ∈ T ;
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(b) middleareflexive, if, foraany x, y ∈ X, it holdsathat (x, y, x) ∈ T ;

(c) rightareflexive, if, foraany x, y ∈ X, it holdsathat (x, x, y) ∈ T .

Aacyclicaorderaisaaaternarya relationathataisa asymmetric,atransitivea anda cyclic. Aa
ternarya relationa Taona aaseta Xa isaaa betweennessa relationaifaitasatisfiesathea
followinga conditions:

(i) foraany x, y, z ∈ aX, (x, y, z) ∈ T if andaonlyaif (z, y, x) ∈ T ;

(ii) foraany x, y, z ∈ aX, (x, y, z) ∈ T and (x, z, y) ∈ T if andaonlyaif y = z;

(iii) foraany x, y, z, u ∈ aX, (x, y, u) ∈ T and (x, u, z) ∈ aTaimplies (x, y, z) ∈ T .

Also,aaaternaryarelationaTaisa saidatoabeaaa stricta order-betweennessa relationa
if,aforaanyax, y, z ∈ X,a itaholdsa thata(x, y, z) ∈ Taifaanda onlyaifax < y < za ora
z < y < x.aAnaorder-betweennessarelationaisaaaternarya relationaTa sucha thata
fora anya x, y, z ∈ X,aitaholdsathata(x, y, z) ∈ Ta ifaanda onlyaifax ≤ y ≤ za
oraz ≤ y ≤ x.

Foramoreadetailsaonaternaryarelations,awea referato [2, 28, 8, 27].

1.2.2. Tracesaofaternaryarelations
Inathisa section,awea recalla thea definitionsaanda propertiesa ofa tracesa ofaaa ternarya
relationa introducedain [27]. Asa ina thea binarya case,a thesea tracesafacilitateathea
studyaanda characterizationaofa propertiesa ofaaa ternarya relation. Interestingly, thea
tracesa themselvesa turnaoutatoabeatheagreatesta solutionsa ofa relationala inequali-
tiesaassociateda witha newlya introduceda compositionsa ofa ternarya relations.

Definition 1.3. [27] Let T beaaaternary relationaonaaaset X.

(i) Thealeftatraceaof T is theabinaryarelation T ℓ on X definedaas

T ℓ = {(x, y) ∈ X2 | (∀(a, b) ∈ X2)((x, a, b) ∈ T ⇒ (y, a, b) ∈ T )} ;

(ii) aTheamiddleatraceaofaTaisatheabinaryarelationaT maonaXadefinedaas

T m = {(x, y) ∈ X2 | (∀(a, b) ∈ X2)((a, x, b) ∈ T ⇒ (a, y, b) ∈ T )} ;

(iii) aThearightatraceaofaTaisatheabinaryarelationaT raonaXadefinedaas

T r = {(x, y) ∈ X2 | (∀(a, b) ∈ X2)((a, b, x) ∈ T ⇒ (a, b, y) ∈ T )} .

Theafollowingaresultadiscussesatheatracesaofasomeaparticularaternaryarelations.
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Proposition 1.1. [27] Let T beaaaternary relationaonaaaset X. Theafollowingastatements
hold:

(i) If T = X3 or T = ∅, then T ℓ = T m = T r = X2;

(ii) If T = IX3, then T ℓ = T m = T r = IX2 = {(x, x) | x ∈ X};

(iii) If T ℓ = T m = T r = X2, then T = X3 or T = ∅.

Theafollowingapropositionadiscussesatheatracesaofaternarya relationsa obtaineda bya
permutation.

Proposition 1.2. [27] Let Tabeaaaternaryarelation onaa set X. Thealeft, middlea and
righta tracesa of the correspondinga ternary relationsa obtained by permutationa are
listed in the followinga table:a

(.)ℓa (.)ma (.)ra
T ⊣a T ℓa T ra T ma
T ⊢a T ma T ℓa T ra
T +a T ra T ℓa T ma
T −a T ma T ra T ℓa
T ta T ra T m a T ℓa
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2 Four-pointacompositionsaof
ternaryarelations

Inathealiterature, variousacompositionsaof twoa ternaryarelations S and T have been
proposed, eachawitha itsa own motivation. Aa firsta examplea isatheacompositiona◦Ba
(usedaina thea definitiona ofathea transitivitya ofa betweennessa relations [22])a defineda
as:

S ◦B T = {(x, y, z) ∈ aX3 | (∃t ∈ aX)((x, y, t) ∈ Sa ∧ (x, t, z) ∈ T )} . (2.1)

a Aa3-tupleabelongsatoathisacompositiona ifa thereaexista twoa 3-tuplesa thata eacha
sharea twoa componentsawithatheagivenatuple,aofawhichaexactlyaonea ina common,aanda
onea commonadegreeaofafreedom t.aWeawilla referatoa suchaaa compositiona asaaa4-
pointa composition. Aasecondaexampleaisathea compositiona◦c1a(deriveda froma thea
compositiona ofa aa ternarya relationa withaaa binarya relationa in [27]) defined
as:

S ◦c1 T = {(x, y, z) ∈ aX3 | (∃(s, t) ∈ aX2)((x, y, t) ∈ S ∧ (s, t, z) ∈ aT )} . (2.2)

A 3-tupleabelongsatoathisacompositiona ifatherea exista twoa3-tuplesa ofa whichaonea
sharesa two componentsawithathea given tuple, whileatheaotheraone containsatheathirda
component, complementedabyatwoadegreesaofa freedom s and t, of whicha onea ina com-
mon. Wea willa refera toa such aacompositionaasaaa5-pointacomposition. Ina the Sub-
section 2.1, wea willa identifyaall 4-pointa compositionsa of ternaryarelationsaandastudy
theiraproperties, whileain Subsection 3.1, wea willa doathea same fora the 5-pointa
compositions.

2.1. Definitionaandabasicaproperties
Theareasoningaunderlyingathe 3-pointacompositionsaof binaryarelationsacanabe natu-
rallyaextendedato enumerateathe 4-point compositionsaofaternary relations. Weastart
from the composition ◦B in Eq. (2.1) andauseathe 3-permutationsatoaallowaforaa
repositioningaofatheavariables x, y, z and t, resultingainaasamanyaasa 216adifferenta4-
pointacompositions.

Definition 2.1. Letap ∈ {0, . . . , 215} withap = (kji)6 = 36k + 6j + i anda i, j, ka ∈
a{0, . . . , 5}a. Foraany ternarya relationsa S and T ona X, we definea thea composition
S 0

p aT asafollows:

S 0
p T = {σk(x, y, z)a ∈ aX3 | (∃t ∈ aX)(σi(x, y, t)a ∈ S ∧ σj(x, t, z) ∈ aT )} .
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Itaisaindeedaeasyato seeathatatheacompositions 0
p, p ∈ a{0, a . . . , a215}, areaall differ-

ent.

However, notaall 4-point compositionsaofaternaryarelationsacanabea obtainedaina thisa
way. Indeed, onea canaalsoa envisage compositionsathatamatchathe followingadescription.
A 3-tuple belongsatoasuchaaacompositionaifathereaexistatwo 3-tuplesaofawhichaone
sharesatwoacomponentsawith theagivenatuple, whileathe otheraoneacontainsathe third
componentaandaaasecondaoccurrenceaofathe correspondingaelement,aagain comple-
mentedawithaoneacommonadegreeaofafreedomat.

Definition 2.2. Let p ∈ {0, . . . , 215}a withap = (kji)6 = 36k + 6j + iaandai, j, ka ∈
a{0, . . . , 5}. Fora anyaternaryarelations S and T on X, weadefine athea compositionsa
S 1

p aT anda S 2
p aT asafollows:

S 1
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ∧ σj(z, t, z) ∈ T )} ;

S 2
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(y, y, t) ∈ S ∧ σj(x, t, z) ∈ T )} .

Asatheafollowing propositionashows, weahave only 54 differenta compositionsa ofa
typea 1 andaasamanyaofatype a 2.

Proposition 2.1. Let i, j, ka ∈ a{0, a . . . , a5}. Foraanyaternary relationsaS anda
Taon X, itaholdsa thata

S 1
(kji)6

Ta = aS 1
(π1(k)jπ1(i))6

Ta = aS 1
(kπ2(j)i)6

Ta = aS 1
(π1(k)π2(j)π1(i))6

T

and

S 2
(kji)6

Ta = aS 2
(π2(k)π2(j)i)6

Ta = aS 2
(kjπ1(i))6

Ta = aS 2
(π2(k)π2(j)π1(i))6

T,

withaπ1 theapermutation of {0, . . . , 5} givenain Table 2.1:

Table 2.1: The permutation π1.
u 0 1 2 3 4 5

π1(u) 2 3 0 1 5 4

and π2 the permutationaof {0, . . . , 5} given in Table 2.2:
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Table 2.2: The permutation π2.
u 0 1 2 3 4 5

π2(u) 5 4 3 2 1 0

Noteathataif ua ∈ a{0, 3, 4}, then π1(u), π2(u)a ∈ a{1, 2, 5}. Thisaimpliesathataweacan
selectatheaunique 54 compositionsaofatype 1 andathe 54 unique compositionsaofatype

2 byarestricting i, j to belong to {0, 3, 4} (theasameacouldabe achievedabyarestricting
i, j toabelongato {1, 2, 5}). Thisacorrespondsatoathe compositions r

p (r ∈ a{1, 2}) with
p mod a36 belonging to {0, 3, 4, 18, 21, 22, 24, 27, 28}.

Theafollowingaexamples illustrateatheaabove definitionaof 4-pointa compositionsaofa
ternarya relations.

Example 2.1. Considerap = 119aandatwo ternaryarelations S and T on X. Ina
senarya notation, p canabea writtenaas 119 = 3 ∗ 36 + 1 ∗ 6 + 5 = (315)6. Hence,

T 0
119 S = {σ3(x, y, z) ∈ X3 | (∃t ∈ X)(σ5(x, y, t) ∈ T ∧ σ1(x, t, z) ∈ S)}

= {(y, z, x) ∈ X3 | (∃t ∈ X)((t, y, x) ∈ T ∧ (x, z, t) ∈ S)}
= {(x, y, z) ∈ X3 | (∃t ∈ X)((t, x, z) ∈ T ∧ (z, y, t) ∈ S)} ,

T 1
119 S = {σ3(x, y, z) ∈ X3 | (∃t ∈ X)(σ5(x, y, t) ∈ T ∧ σ1(z, t, z) ∈ S)}

= {(y, z, x) ∈ X3 | (∃t ∈ X)((t, y, x) ∈ T ∧ (z, z, t) ∈ S)}
= {(x, y, z) ∈ X3 | (∃t ∈ X)((t, x, z) ∈ T ∧ (y, y, t) ∈ S)} ,

T 2
119 S = {σ3(x, y, z) ∈ X3 | (∃t ∈ X)(σ5(y, y, t) ∈ T ∧ σ1(x, t, z) ∈ S)}

= {(y, z, x) ∈ X3 | (∃t ∈ X)((t, y, y) ∈ T ∧ (x, z, t) ∈ S)}
= {(x, y, z) ∈ X3 | (∃t ∈ X)((t, x, x) ∈ T ∧ (z, y, t) ∈ S)} .

Conversely,atheafollowingaexampleashows howatoafind ra ∈ a{0, 1, 2} andap = (kji)6 ∈
{0, . . . , 215} foraaagivenacomposition.

Example 2.2. Consideratwoaternary relationsaS and T on Xaanda the binaryaoperationa
∗ defineda asafollows:

Sa ∗ aT = {(x, y, z) ∈ aX3 | (∃t ∈ X)((t, z, x) ∈ T ∧ (y, z, t) ∈ S)} .

Theaoperation ∗ correspondsatoaa compositionaofatheatype 0
p, with pa ∈ a{0, a . . . , a215}.
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Weaexpressathis compositionaasain Definition 2.1 byaidentifyingathe proper 3-permutations:

S ∗ T = {(x, y, z) ∈ X3 | (∃t ∈ X)(σ4(z, x, t) ∈ T ∧ σ4(z, t, y) ∈ S)}
= {(y, z, x) ∈ X3 | (∃t ∈ X)(σ4(x, y, t) ∈ T ∧ σ4(x, t, z) ∈ S)}
= {σ3(x, y, z) ∈ X3 | (∃t ∈ X)(σ4(x, y, t) ∈ T ∧ σ4(x, t, z) ∈ S)} .

Hence, i = 4, j = 4 and k = 3. Thus, p = (344)6 = 136 and ∗ = 0
136.

Example 2.3. ConsideratwoaternaryarelationsaS and aT on X and theabinaryaoperation
⋆ definedaasafollows:

S ⋆ T = {(x, y, z) ∈ X3 | (∃t ∈ X)((t, z, y) ∈ T ∧ (t, x, x) ∈ S)} .

Theaoperationa⋆ correspondsatoaaacompositionaofatheatype 1
p, witha p ∈ a{0, a . . . , 215}.

We expressa thisacompositionaas in Definition 2.2 bya identifyinga the propera 3-
permutations:

S ⋆ T = {(z, y, x) ∈ X3 | (∃t ∈ X)((t, x, y) ∈ T ∧ (t, z, z) ∈ S)}
= {σ5(x, y, z) ∈ X3 | (∃t ∈ X)(σ4(x, y, t) ∈ T ∧ σ3(z, t, z) ∈ S)} .

Hence, i = 4, j = 3 and k = 5. Thus, p = (534)6 = 202 and ⋆ = 1
202. According to

Proposition 2.1, ∗ can also be written as 1
161, 1

167 and 1
196.

The following propositiona expressesa all the 4-pointacompositions in terms of the
compositions r

0, r ∈ a{0, 1, 2}, which we will refer to as the basic 4-point composi-
tions.

Proposition 2.2. Let p = (kji)6 ∈ a{0, . . . , 215}a andara ∈ a{0, 1, 2}. For aanya
ternarya relationsa Saanda T on X, thea 4-point acomposition S r

p T cana beawrittena
in termsa a theacomposition r

0 asafollows:

S r
p T = (Sσ−1

i r
0 T σ−1

j )σk .
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Proof. Weagiveatheaproofafor r = 0.

S 0
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ∧ σj(x, t, z) ∈ T )}

= {σk(x, y, z) ∈ X3 | (∃t ∈ X)((x, y, t) ∈ Sσ−1
i ∧ (x, t, z) ∈ T σ−1

j )}
= {σk(x, y, z) ∈ X3 | (x, y, z) ∈ Sσ−1

i 0
0 T σ−1

j }
= (Sσ−1

i 0
0 T σ−1

j )σk .

Next,aweastudyasomeabasicapropertiesa of thea 4-point acompositionsa of ternarya
relations. Thea followingapropositiona identifiesa the rightaand lefta neutrala elements
of theabasic 4-pointacompositions. To thataend, we aintroduce the afollowing adefinition
aand alemma.

Definition 2.3. We define the special ternary relations E, Eℓ, Em and Er on X as
follows:

(i) Ea = {(x, x, x) ∈ aaX3 | x ∈ aaX};

(ii) Eℓ = {(x, x, y) ∈ aaX3 | x, y ∈ aaX};

(iii) Em = {(x, y, x) ∈ aaX3 | x, y ∈ aaX};

(iv) Er = {(x, y, y) ∈ aaX3 | x, y ∈ aaX}.

Lemma 2.1. ForaanyaternaryarelationaT on X, itaholdsathat

(i) Ta 0
0 Era = aT ;

(ii) Era
0
0 Ta = aT .

Proof. Weaprove (i). Leta(x, y, z)a ∈ aaT , thenawith (x, z, z)a ∈ aEr, itafollowsathat
(x, y, z)a ∈ aTa 0

0 Er. Conversely,a leta(x, y, z)a ∈ aaTa 0
0 Er, then there aexists

ta ∈ aX suchathat (x, y, t)a ∈ aT and a(x, t, z)a ∈ aEr. The fact that (x, t, z)a ∈ aEr

impliesathat t = z.aHence (x, y, z)a ∈ aaT ,aandathus Ta 0
0 Era ⊆ T .

Proposition 2.3. Let i, j, k ∈ {0, . . . , 5}. For any ternary relation T on X, it holds
that

(i) Ta 0
(kjk)6

aEζ(j) = T ;

(ii) Eζ(i)a
0
(kki)6

aT = T ,

with ζ : a{0, a . . . , a5}a → a{ℓ, am, ar} the mapping given in Table 2.3:
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Table 2.3: The mapping ζ.
u 0 1 2 3 4 5

ζ(u) r r m ℓ m ℓ

Proof. We prove (i). Due to Lemma 2.1, it holds for any k ∈ {0, . . . , 5} that

T σ−1
k

0
0 Er = T σ−1

k .

Moreover, one can verify that Er = (Eζ(j))σ−1
j for any j ∈ {0, . . . , 5}. Hence,

T σ−1
k

0
0 Eζ(j)

σ−1
k = T σ−1

k ,

and thus (
T σ−1

k
0
0 Eζ(j)

σ−1
j

)σk = T .

Therefore, Proposition 2.2 ensures that

T 0
(kjk)6 Eζ(j) = T .

Note that Eζ(k) is simultaneously the left and right neutral element of 0
(kkk)6

, and can
hence be called the neutral element of 0

(kkk)6
.

Proposition 2.4. Let pa ∈ a{0, a . . . , a215}. For any ternary relation T on X, it holds
that

(i) T 1
p Ea = aT ;

(ii) Ea 2
p Ta = aT .

Proof. Theaproofais similaratoathataofaProposition 2.3.

Noteathat theacompositionsa 1
p and 2

p do notahave a neutralaelement.

Inathe followingadefinition, weaintroduceatheanotion of mixed-commutativityaofa com-
positionsaofaternaryarelations.

Definition 2.4. Leta∗aand ⋆abe twoabinaryaoperationsaonaaaset X. Wea sayathata
theacouple (∗, ⋆) isa mixed-commutativeaif axa ∗ y = ya ⋆ x, foraany x, y ∈ aX.
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Obviously, ifaaacouple (∗, ⋆) isamixed-commutative, thenaalsoatheaconverseacouple
(⋆, ∗) is mixed-commutative. Four-pointacompositionsaofaternaryarelationsaareanot
commutativeaina general, butatoaany 4-pointacompositionacorrespondsa anothera onea
soa thata theya makea upaaa mixed-commutativea couple.

Proposition 2.5. Let p = (kji)6a ∈ a{0, . . . , 215}. Theacouples ( 0
p , 0

p′)a and a( 1
p , 2

p′)
areamixed-commutative, with p′ = (π3(k)π3(i)π3(j))6 and π3 theapermutationaof {0, . . . , 5}
givenainaTable 4.1:

Table 2.4: The permutation π3.
u 0 1 2 3 4 5

π3(u) 1 0 4 5 2 3

Proof. Weagiveatheaproofafor
(

0
p, 0

p′

)
. Let S and T beatwoaternaryarelationsaon X,

thenaitaholdsathat

S 0
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ∧ σj(x, t, z) ∈ T )}

= {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σj(x, t, z) ∈ T ∧ σi(x, y, t) ∈ S)}
= {σk(σ1(x, z, y)) ∈ X3 | (∃t ∈ X)(σj(σ1(x, z, t)) ∈ T ∧ σi(σ1(x, t, y)) ∈ S)}
= {σk(σ1(x, y, z)) ∈ X3 | (∃t ∈ X)(σj(σ1(x, y, t)) ∈ T ∧ σi(σ1(x, t, z)) ∈ S)} .

Since σu(σ1(x, y, z)) = σπ3(u)(x, y, z), it followsathat

S 0
pT = {σπ3(k)(x, y, z) ∈ X3 | (∃t ∈ X)(σπ3(j)(x, y, t) ∈ T∧σπ3(i)(x, t, z) ∈ S)} = T 0

p′S .

Hence, theacouple
(

0
p , 0

p′

)
isamixed-commutative.

InaviewaofaProposition 2.5, indeedano 4-pointacompositionaisacommutative.

2.2. Associativityaof theafour-pointacompositionsaof
ternaryarelations

Theafollowingapropositionaidentifiesatheaassociative 4-pointacompositions.

Proposition 2.6. The 4-pointacomposition 0
p isaassociativeaifaandaonlyaifap = (iii)6 =

43i,awithai ∈ {0, . . . , 5}.
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Proof. Let p = (kji)6. Foraanyathreeaternaryarelations R, aS, aT on X, weahave

(R 0
p S) 0

p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ R 0
p S ∧ σj(x, t, z) ∈ T )} .

Sinceatheasetaofa3-permutationsaisaaagroup, thereaexists m ∈ {0, . . . , 5} suchathat
σi = σkσm. Hence, weacanawrite

(R 0
p S) 0

p T

= {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σk(σm(x, y, t)) ∈ R 0
p S ∧ σj(x, t, z) ∈ T )}

= {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(σm(x, y, s)) ∈ R ∧ σj(σm(x, s, t)) ∈ S ∧ σj(x, t, z) ∈ T )}.

Usingatheasameaargument, thereaexists n ∈ {0, . . . , 5} suchathat σj = σkσn, anda wea
cana write

R 0
p (S 0

p T )
= {σk(x, y, z) ∈ X3 | (∃u ∈ X)(σi(x, y, u) ∈ R ∧ σj(x, u, z) ∈ S 0

p T )}
= {σk(x, y, z) ∈ X3 | (∃u ∈ X)(σi(x, y, u) ∈ R ∧ σk(σn(x, u, z)) ∈ S 0

p T )}
= {σk(x, y, z) ∈ X3 | (∃(u, v) ∈ X2)(σi(x, y, u) ∈ R ∧ σi(σn(x, u, v)) ∈ S ∧ σj(σn(x, v, z)) ∈ T )}.

Itaclearlyaholdsathat (Ra 0
p S)a 0

p T = Ra 0
p a(Sa 0

p T ) ifaandaonlyaif m = n = 0,
i.e., ifaandaonlyaif i = j = k. Therefore, 0

p isaassociativeaifaandaonlyaif i = j = k.

Remark 2.1. Foraany pa ∈ a{0, a . . . , a215}, thea compositions 1
p and 2

p area
nota associative. Indeed, consideratheathreeaternaryarelations R, S, T onatheaset X =
{a, b, c, d, e} givena as:

R = {(a, b, c), (a, c, b), (b, a, c), (b, c, a), (c, a, b), (c, b, a)};
S = {(d, c, d), (d, d, c), (c, d, d)};
T = {(e, d, e), (e, e, d), (d, e, e)}.

Oneacanaverifyathataforaany pa ∈ a{0, a . . . , a215}, thereaexists ia ∈ a{0, a . . . 5}
suchathat

σi(a, b, e) ∈ (R 1
p S) 1

p T ,

while (Ra 1
p S)a 1

p Ta = a∅. Theasameaholds foratheacompositions 2
p byaconsidering

thearelations

R = {(a, a, b), (a, b, a), (b, a, a)};
S = {(b, b, c), (b, c, b), (c, c, b)};
T = {(c, d, e), (c, e, d), (d, c, e), (d, e, c), (e, c, d), (e, d, c)}.
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InaTable 2.5, weapresentatheasixaassociative 4-pointacompositionsadenotedabyatheanew
notation ⋄i, ia ∈ a{1, a . . . , a6}.

Table 2.5: Theaassociativea4-pointacompositions.
⋄i S ⋄i T aSa T

⋄1 = 0
0aaa (x, y, z) (x, y, t) a(x, t, z)a

⋄2 = 0
43aa (x, y, z) (x, t, z) a(x, y, t)

⋄3 = 0
86aa (x, y, z) (x, y, t) a(t, y, z)

⋄4 = 0
129a (x, y, z) (x, t, z) a(t, y, z)

⋄5 = 0
172a (x, y, z) (t, y, z) a(x, y, t)

⋄6 = 0
215a (x, y, z) (t, y, z) a(x, t, z)

The 3-tuple (x, y, z) belongsato Sa⋄i T ifathereaexistsaanaelement ta ∈ aaX suchathata
theaothera listed 3-tuplesa belongato Saand T ,arespectively.

Proposition 2.5 leadsatoatheafollowingacorollary. Itaexpressesa thatatheaassociative
4-pointa compositionsa makeaupathreeacouplesaofacompositionsa thata area mixed-
commutative.

Corollary 2.1. Theacouples (a⋄1, ⋄2), (a⋄3, ⋄5) and (a⋄4, ⋄6) areamixed-commutative.

TheafollowingaresultaisaaaparticularacaseaofaProposition 2.3. Itaidentifiesatheaneutral
elementaofatheaassociative 4-pointacompositions.

Corollary 2.2.

(i) Eℓ isatheaneutralaelementaof ⋄1 and ⋄2;

(ii) Em isatheaneutralaelementaof ⋄3 and ⋄5;

(iii) Er isatheaneutralaelementaof ⋄4 and ⋄6.

2.3. Mixed-associativityaof theafour-point composi-
tionaternaryarelations

As aasequelatoatheastudyaofatheaassociativitya propertyaofa thea compositionsa ofa
ternarya relations, wea nextainvestigatea theamixed-associativityapropertyaforathe
4-pointa compositions. First, weapresentaaapropositionaexpressingaaausefula identitya
fora furthera purposes.
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Proposition 2.7. Let α, β, γ, δa ∈ {0, . . . , 5}. Foraanyaternaryarelations R, aS, aT

on X, theafollowingaequalitiesahold:

(i) (Ra 0
(αβγ)6

aS)a 0
(αδα)6

aT = Ra 0
(ααγ)6

a(Sa 0
(αδβ)6

aT );

(ii) (Ra 0
(αβγ)6

aS)a 1
(αδα)6

aT = Ra 0
(ααγ)6

a(Sa 1
(αδβ)6

aT );

(iii) (Ra 2
(αβγ)6

aS)a 0
(αδα)6

aT = Ra 2
(ααγ)6

a(Sa 0
(αδβ)6

aT );

(iv) (Ra 2
(αβγ)6

aS)a 1
(αδα)6

aT = Ra 2
(ααγ)6

a(Sa 1
(αδβ)6

aT ).

Proof. Weaproveacase (i).

(R 0
(αβγ)6 S) 0

(αδα)6 T =
((

R 0
(αβγ)6 S

)σ−1
α 0

0 T σ−1
δ

)σα

=
(((

Rσ−1
γ 0

0 Sσ−1
β

)σα
)σ−1

α 0
0 T σ−1

δ

)σα

=
((

Rσ−1
γ 0

0 Sσ−1
β

)
0
0 T σ−1

δ

)σα

=
(
Rσ−1

γ 0
0

(
Sσ−1

β 0
0 T σ−1

δ

))σα

=
(

Rσ−1
γ 0

0

((
Sσ−1

β 0
0 T σ−1

δ

)σα
)σ−1

α
)σα

= R 0
(ααγ)6

((
Sσ−1

β 0
0 T σ−1

δ

)σα
)

= R 0
(ααγ)6

(
S 0

(αδβ)6 T
)

.

One can verifyathataforaany ra ∈ a{0, 1, 2} and p, qa ∈ a{0, . . . , 215}, theaequalities

(R 1
p S) r

q T = R 1
p (S r

q T ) and (R r
p S) 2

q T = R r
p (S 2

q T )

doanotaholdainageneral.

Next, wearecallatheapropertyaofamixed-associativityaofa binarya operations, alsoa
calledalineara distributivity. Noteathataremarkableainstancesaofathisapropertya havea
beena identified forathearelationalacompositions (inatheacrispaasa wellaasa inathea
fuzzya case) inatheagroundbreakingastudiesaofa BandleraandaKohout [3, 13, 12].

Definition 2.5. Let ∗ and ⋆ beatwoabinaryaoperationsaonaaaset X. Wea saya thata
thea couple (∗, ⋆) isamixed-associativea if (xa∗y)⋆z = xa∗a(ya⋆z), foraany x, y, z ∈ aX.
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Obviously, if ∗ isaanaassociativeaoperation, then (∗, ∗) isaaatrivialamixed-associativeacouple.

Theafollowingapropositionapresentsatheacouplesaof 4-pointa compositionsa thata sat-
isfyatheamixed-associativityaproperty. ThisaresultafollowsafromaProposition 2.7.

Corollary 2.3. Let α, β, γa ∈ {0, . . . , 5}. Thea followinga couplesa of 4-pointa compo-
sitionsaarea mixed-associative:

(i) ( 0
(ααβ)6

, 0
(αγα)6

);

(ii) ( 0
(ααβ)6

, 1
(αγα)6

);

(iii) ( 2
(ααβ)6

, 0
(αγα)6

);

(iv) ( 2
(ααβ)6

, 1
(αγα)6

).

Remark 2.2. Noteathata( 0
p, 0

p′) and ( 0
p′ , 0

p) area simultaneouslya mixed-associativea
ifaandaonlyaif p = p′ and 0

p isaanaassociativea4-pointacomposition.

2.4. Linkabetweenacompositionsaof binaryarelationsa
and four-pointa compositionsa of ternarya rela-
tions

In this section, we show that any cylindrical extension of a 3-point composition of
binary relations contains a 4-point composition ofatheiracylindricalaextensions. First,
wearecallatheadefinitionaofatheacylindricalaextensionsaofaa binary relation.

Definition 2.6. [27] Let R beaaabinaryarelationaon X.

(i) Thealeftacylindricalaextension of R is theaternary relation Cℓ(R)aonaXadefined
as:

Cℓ(R) = {(x, y, z) ∈ X3 | (y, z) ∈ R};

(ii) TheamiddleacylindricalaextensionaofaR isatheaternaryarelation Cm(R) on Xadefined
as:

Cm(R) = {(x, y, z) ∈ X3 | (x, z) ∈ R};
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(iii) Thearightacylindricalaextensionaof R is the ternaryarelation Cr(R) onaXadefined
as:

Cr(R) = {(x, y, z) ∈ X3 | (x, y) ∈ R}.

Forafurtherause, weaintroduceatheafollowinganotationaandalemma. Considerathe
mapping Γ : {0, 1}a × {ℓ, am, ar}a → a{0, a . . . a, 5} givenainaTable 2.6:

Table 2.6: TheamappingaΓ .

i

λ
ℓ m r

0 0 2 3
1 1 4 5

Lemma 2.2. Letaia ∈ a{0, 1} and λa ∈ a{ℓ, am, ar}. Foraanyabinaryarelation R

on X, itaholdsathat

σΓ (λ,i)(x, y, z) ∈ Cλ(R) ⇐⇒ ρi(y, z) ∈ R .

Proof. Weagiveatheaproofafor λ = ℓ. FromaTable 2.6, itafollowsathat

σΓ (ℓ,i)(x, y, z) ∈ Cℓ(R) ⇐⇒ σi(x, y, z) ∈ Cℓ(R)
⇐⇒ ρi(y, z) ∈ R .

Proposition 2.8. Letaq = (kji)2 ∈ a{0, . . . , 7}, ra ∈ a{0, 1, 2}aandaα, β, γa ∈
a{ℓ, m, r}. Foraanyabinaryarelations R andaP on X, theafollowinga inclusiona holds:

Cα(R) r
p aCβ(P ) ⊆ Cγ(R ◦q P ) ,

with p = (Γ (γ, k)Γ (β, j)Γ (α, i))6.
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Proof. Weagiveatheaproofaforar = 0.

Cα(R) 0
p Cβ(P )

=
{
σΓ (γ,k)(x, y, z) | (∃t ∈ X)(σΓ (α,i)(x, y, t) ∈ Cα(R) ∧ σΓ (β,j)(x, t, z) ∈ Cβ(P ))

}
⊆
{
σΓ (γ,k)(x, y, z) | (∃t ∈ X)(ρi(y, t) ∈ R ∧ ρj(t, z) ∈ P )

}
=
{
σΓ (γ,k)(x, y, z) | ρk(y, z) ∈ R ◦q P

}
=
{
σΓ (γ,k)(x, y, z) | σΓ (γ,k)(x, y, z) ∈ Cγ (R ◦q P )

}
= Cγ (R ◦q P ) .

Theafollowingaexampleashowsathatatheainclusionsaina Proposition 2.8 area propera
inclusions, ai.e., thea cylindricalaextensiona ofathe 3-pointacompositionaofatwoabinarya
relationsaisainageneralanotaequalatoatheacorresponding 4-pointacompositiona ofa thea
cylindricala extensionsa ofathesea binaryarelations.

Example 2.4. LetaR andaS beatheabinaryarelationsaonatheaset X = {x1, x2, x3, x4}
givenaby R = {(x1, x2), (x4, x1)} and S = {(x1, x3), (x3, x2)}. Onatheaoneahand, it
holds that R ◦0 S = {(x4, x3)}, andathus

Cℓ(R ◦0 S) = {(x1, x4, x3), (x2, x4, x3), (x3, x4, x3), (x4, x4, x3)}.

Onathe other hand, weahave Cℓ(R)a 0
0 Cℓ(S) = {(x1, x4, x3)}. Itaisa cleara that

Cℓ(R)a 0
0 Cℓ(S) ⊊ Cℓ(R ◦0 aS).

Next,aweashowathataanyaprojectionaofaa 4-pointacompositiona ofa twoa ternarya rela-
tionsaisaincludedainaaacorresponding 3-pointacompositionaofatheirabinaryaprojections.
First, wearecallatheadefinition of the binary projections of a ternary relation.

Definition 2.7. [27] Let T be a ternary relation on X.

(i) Thealeftaprojectionaof T is theabinary relationa Pℓ(T ) on X dfined as:

Pℓ(T ) = {(x, y) ∈ X2 | (∃z ∈ X)((z, x, y) ∈ T )};

(ii) The middleaprojectionaof T is theabinaryarelation Pm(T ) on X definedaas:

Pm(T ) = {(x, y) ∈ X2 | (∃z ∈ X)((x, z, y) ∈ T )};

(iii) Thearight projectionaof T is the binaryarelation Pr(T ) on X definedaas:

Pr(T ) = {(x, y) ∈ X2 | (∃z ∈ X)((x, y, z) ∈ T )}.
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Considerathe mappingaΠ : {0, a . . . , a5}a × a{ℓ, am, ar} → a{0, 1}adefined as:

Π(k, λ) =
 1 , if Γ (1, λ) = k

0 , otherwise.
(2.3)

Explicitly,aΠ(k, λ) is givenain Table 2.7. The following lemmaaisastraightforward.

Table 2.7: TheamappingaΠ.

k

λ
ℓ m r

0 0 0 0
1 1 0 0
2 0 0 0
3 0 0 0
4 0 1 0
5 0 0 1

Lemma 2.3. LetaT beaaaternaryarelationaon X. Foraany ka ∈ a{0, a . . . a, a5}, it
holds that

Pω(k) (T σk) = (Pℓ(T ))ρΠ(k,ω(k)) ,

withaω : {0, a . . . , a5}a → a{ℓ, am, ar} the mapping given in Table 2.8:

Table 2.8: The mapping ω.
k 0 1 2 3 4 5

ω(k) ℓ ℓ m r m r

Proposition 2.9. Letap = (kji)6 ∈ a{0, . . . , 215}aand ra ∈ a{0, 1, 2}. Foraany
ternarya relationsaS and T on X, theafollowingainclusionaholds:

Pω(k)(S r
p T ) ⊆ Pω(i)(S) ◦q Pω(j)(T ) , (2.4)

with q = (Π(k, ω(k))Π(j, ω(j))Π(i, ω(i)))2.

Proof. Weagive theaproof fora the casea r = 0. FromaProposition 2.2 and Lemma 2.3,
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it followsa thata

Pω(k)(S 0
p T ) = Pω(k)

(
(Sσ−1

i 0
0 T σ−1

j )σk

)
=
(
Pℓ(Sσ−1

i 0
0 T σ−1

j )
)ρΠ(k,ω(k))

⊆
(
Pℓ(Sσ−1

i ) ◦ Pℓ(T σ−1
j )
)ρΠ(k,ω(k))

.

Lemma 2.3aalsoaimplies thataPℓ(aT σ−1
i )a = (Pω(i)(T ))ρΠ(i,ω(i)) , andahence,

Pω(k)(S 0
p T ) ⊆

(
Pω(i) (S)ρΠ(i,ω(i)) ◦ Pω(j) (T )ρΠ(j,ω(j))

)ρΠ(k,ω(k)) = Pω(i)(S) ◦q Pω(j)(T ) .

Theafollowingaexampleashows thatathe inclusionsain Proposition 2.9 area proper inclu-
sions.

Example 2.5. LetaS andaT beathe ternaryarelations on theaset X = {x1, x2, x3, x4}
givena by

S = {(x1, x1, x2), (x1, x2, x3)},

T = {(x1, x2, x4), (x2, x4, x1), (x3, x2, x2)}.

We have S 0
0 T = {(x1, x1, x4)} and Pℓ(S 0

0 T ) = {(x1, x4)}. SinceaPℓ(S)a ◦ Pℓ(T ) =
{(x1, x2), (x1, x4)}, itaholdsathat Pℓ(S 0

0 T ) ̸= Pℓ(S) ◦ Pℓ(T ).
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3 Five-pointacompositionsaof
ternaryarelations

3.1. Defenitionsaandabasicaproperties
Inathisasection, weastudyathea5-point compositions of ternary relations. Inaview of the
notation used for 4-point compositions, we use the mnemonica notationa fora5-pointa
compositions. A 4-pointacompositionacanabe modifiedato obtain a 5-pointacomposition
by introducingaan additionala degree ofa freedom,asubstituting oneaof the occur-
rencesa of the elementaappearingatwice. Moreaprecisely, thea4-pointacompositiona 0

p

inaDefinition 2.1 canabe modifiedain two waysato obtainaa 5-pointa composition.aThea
firstaone is obtaineda byareplacing thea elementax in theafirst 3-tuple (x, y, t)aby aanew
degreeaof freedomas asafollows:

S ′
p T = {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(s, y, t) ∈ S ∧ σj(x, t, z) ∈ T )} , (3.1)

whileathe secondaone isaobtained byareplacing theaelement xain thea seconda 3-tuplea
(x, t, z)a asafollows:

S ′′
p T = {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(x, y, t) ∈ S ∧ σj(s, t, z) ∈ T )} . (3.2)

Thisareasoningacouldagive theaimpression thatathere areatwice asamany 5-point com-
positionsaas thereaare 4-pointacompositions. However,athere areaonly 108adifferent
compositionsaof typea ′

p anda108 differentacompositions ofatype ′′
p. Indeed,aeach 5-

point compositionais obtainedain twoadifferent aways. Forap = (kji)6a ∈ a{0, . . . , 215},
itaholds thataS ′

p T = S ′
q aT , withaq = (π1(k)jπ1(i))6 andaπ1 theapermutation

ofa{0, . . . , 5} givenain Table 2.1. Similarly,afor p = (kji)6a ∈ a{0, . . . , 215}, itaholds
thataS ′′

p T = S ′′
q aT , withaq = (π2(k)π2(j)i)6 andaπ2 theapermutation ofa{0, . . . , 5}

givenainaTable 2.2.

Inathe followingadefinition, weaidentify thea216 differenta5-point compositionsaof
ternarya relationsaby usingaan elegantaenumerationasystem.

Definition 3.1. Letap ∈ {0, . . . , 215} withap = (kji)6. Foraany ternary relations S

andaT on X, weadefine theacomposition S p aTaas follows:

S p T = {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(x̂, y, t) ∈ S ∧ σj(x̌, t, z) ∈ T )} , (3.3)

witha

x̂ =
x , if k ∈ {0, 3, 4}

s , if k ∈ {1, 2, 5}
, x̌ =

 s , if k ∈ {0, 3, 4}
x , if k ∈ {1, 2, 5}

.
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Theasame 5-pointacompositions wouldahave beenaobtained whenastarting fromathe
4-pointa compositionsa 1

p anda 2
p. Indeed,aby substituting oneaof theaoccurrences of

theaelement z byas inathe 54acompositions ofathe type 1
p, weaobtain the 108 afive-point

compositionsa p, withaka ∈ a{0, 3, 4}. Similarly,astarting fromathe compositions ofathe
typea 2

p, weaobtain theaother 108afive-point compositionsa p, withaka ∈ a{1, 2, 5}.
Noteathat thea5-point compositionsa 0, 12,a 18, 84, 86 anda 87 wereaalready intro-
ducedain [2].

Theafollowing examplesaillustrateaDefinition 3.1.

Example 3.1. Considerap = 175 andatwo ternaryarelations S andaT on X. Inasenary
anotation, itaholds thatap = (451)6. Sinceak = 4, weahave

S 175 T = {σ4(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σ1(x̂, y, t) ∈ S ∧ σ5(x̌, t, z) ∈ T )}
= {σ4(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σ1(x, y, t) ∈ S ∧ σ5(s, t, z) ∈ T )}
= {(z, x, y) ∈ X3 | (∃(s, t) ∈ X2)((x, t, y) ∈ S ∧ (z, t, s) ∈ T )}
= {(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)((y, t, z) ∈ S ∧ (x, t, s) ∈ T )} .

Example 3.2. Consideratwo ternaryarelations Saand Taon Xaand theabinary opera-
tiona∗ definedaas afollows:

S ∗ T = {(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)((s, t, z) ∈ S ∧ (y, t, x) ∈ T )} .

Theaoperation ∗acorresponds toaa compositionaof theatype p,a witha pa ∈ a{0, a . . . , a215}.a
Wea express thisa compositionaas ain Definition 3.1 byaidentifying thea propera 3-
permutations. Wea distinguisha twoa possibilities:a

S ∗ T = {σ1(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σ1(s, y, t) ∈ S ∧ σ5(x, t, z) ∈ T )} (3.4)

ora

S ∗ T = {σ3(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σ1(s, y, t) ∈ S ∧ σ0(x, t, z) ∈ T )} . (3.5)

Accordingato ouraenumeration scheme,ait holdsathat k ∈ a{1, 2, 5}. Therefore,aEq. (3.4)
isathe properaone, i.e., i = 1, j = 5aand k = 1.aHence ∗ = 67.

Theafollowing propositionaexpresses allathe 5-point compositionsain termsaof the com-
positionsa 0 ora 210, whichawe will referato asathe basica5-point acompositions.
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Proposition 3.1. Letap = (kji)6 ∈ a{0, . . . , 215}. Foraany ternary relationsaS andaT

on X, thea5-point compositionaSa p Tacan be writtenain termsaof the compositionsa 0

ora 210 asafollows:

S p T =

(
Sσ−1

i 0 T σ−1
j

)σk , if k ∈ {0, 3, 4} ,(
Sσ−1

i 210 T σ−1
j

)σk , if k ∈ {1, 2, 5} .

Theafollowing propositionashows someainclusion relationshipsabetween thea4-point
anda5-point acompositions.

Proposition 3.2. Letap = (kji)6 ∈ a{0, . . . , 215}. Foraany ternaryarelations Saand T

on X,ait holdsathat

(i) S 0
p Ta ⊆ Sa p T ;

(ii) S 1
p Ta ⊆ Sa p T , if ka ∈ a{0, 3, 4};

(iii) S 2
p Ta ⊆ Sa p T , if ka ∈ a{1, 2, 5}.

Proof. Weagive theaproof ofa(i). Ifaka ∈ a{0, 3, 4},athen

S 0
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ∧ σj(x, t, z) ∈ T )}

⊆ {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(x, y, t) ∈ S ∧ σj(s, t, z) ∈ T )}
= S p T .

Similarly,aif ka ∈ a{1, 2, 5},athen

S 0
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ∧ σj(x, t, z) ∈ T )}

⊆ {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(s, y, t) ∈ S ∧ σj(x, t, z) ∈ T )}
= S p T .

Next,aweastudy someabasic propertiesaof thea5-point compositionsaof ternarya rela-
tions,asome ofathem beingasimilar toathose ofathe 4-pointacompositions, whileaothers
beingadifferent.

Theafollowingaproposition identifiesathe right andaleft neutralaelements ofathe 5-point
compositionsaof ternarya relations.

Proposition 3.3. Letai, j, k ∈ a{0, . . . , 5}.aFor anya ternarya relationaT on X, ita
holdsa thata

(i) Ta (kjk)6 aEζ(j) = T , if k ∈ a{0, 3, 4};
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(ii) Eζ(i)a (kki)6 aT = T , if k ∈ a{1, 2, 5},

withaζ asainaProposition 2.3.

Itais worthanoting thatain contrastato thea4-point case,ano 5-point composition hasaa
neutralaelement.

Theafollowing propositionadiscusses theamixed-commutativity ofathe 5-pointa composi-
tions. Thisa result isaanalogous toathat forathe 4-point acompositions.

Proposition 3.4. Let p = (kji)6a ∈ a{0, . . . , 215}. Theacouple ( p , p′) isamixed-
commutative, withap′ = (π3(k)π3(i)π3(j))6 andaπ3 asain aProposition 2.5.

3.2. Associativityaofafive-pointa compositionsa ofa
ternarya relations

Althoughathereaare more 4-pointacompositions thana5-point compositions, it turnsa
outa thata there area more associativea 5-point compositionsa than associativea 4-pointa
compositions.

Theafollowing propositiona identifiesa theaassociative 5-pointa compositions.

Proposition 3.5. Letap = (kji)6 ∈ {0, . . . , 215}. Theacomposition p isaassociative
ifaand onlyaif oneaof the followingaconditions aholds:

(i) k = j = i;

(ii) ka ∈ a{0, 3, 4}, i = k and j = π4(k);

(iii) ka ∈ a{1, 2, 5}, i = π4(ak) and j = k,

withaπ4 isathe permutation ofa{0, . . . , 5} givenainaTable 3.1:

Table 3.1: Theapermutationaπ4.
u 0 1 2 3 4 5

π4(au) 2 4 3 1 5 0

Proof. LetaR, S, T be threeaternary relationsaon X. Weaconsider theacase thatak ∈
a{0, 3, 4}, theaother casea being asimilar. Foram asain Proposition 2.6,awe have

(R p S) p T = {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σi(x, y, t) ∈ R p S ∧ σj(s, t, z) ∈ T )}
= {σk(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σk(σm(x, y, t)) ∈ R p S ∧ σj(s, t, z) ∈ T )}
= {σk(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σi(σm(x, y, t′)) ∈ R

∧σj(σm(s′, t′, t)) ∈ S ∧ σj(s, t, z) ∈ T )} .
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Foran asain Proposition 2.6,awe have

R p (S p T ) = {σk(x, y, z) ∈ X3 | (∃(u, v) ∈ X2)(σi(x, y, u) ∈ R ∧ σj(v, u, z) ∈ S p T )}
= {σk(x, y, z) ∈ X3 | (∃(u, v) ∈ X2)(σi(x, y, u) ∈ R ∧ σk(σn(v, u, z)) ∈ S p T )}
= {σk(x, y, z) ∈ X3 | (∃(u, u′, v, v′) ∈ X4)(σi(x, y, u) ∈ R

∧σi(σn(v, u, u′)) ∈ S ∧ σj(σn(v′, u′, z)) ∈ T )} .

Byaidentification,

k = j = i or i = k and j = π4(k).

InaTable 3.2, weapresent the associativea5-point compositionsadenoted byathe newanotation
i,aia ∈ a{1, a . . . , a12}.

Table 3.2: Theaassociativea5-pointacompositions.
i Sa iT aSa T

1 = 0 (x, y, z) (x, y, t) (s, t, z)
2 = 12 (x, y, z) (x, y, t) a(t, s, z)
3 = 43 (x, y, z) (s, t, z) (x, y, t)
4 = 46 (x, y, z) (t, s, z) a(x, y, t)
5 = 86 (x, y, z) (x, s, t) a(t, y, z)
6 = 87 (x, y, z) (x, t, s) a(t, y, z)
7 = 117 (x, y, z) (x, t, z) a(s, y, t)
8 = 129 (x, y, z) (x, t, z) a(t, y, s)
9 = 172 (x, y, z) (t, y, z) a(x, s, t)

10 = 178 (x, y, z) (t, y, z) a(x, t, s)
11 = 210 (x, y, z) (s, y, t) a(x, t, z)
12 = 215 (x, y, z) (t, y, s) a(x, t, z)

Thea3-tuple (x, y, z) belongsato S iTaif thereaexists twoaelements s, t ∈ X suchathat
theaother listeda3-tuplesabelong to Saand T ,arespectively.

Proposition 3.4aleads toathe followingacorollary. Itaexpresses thatathe associativea5-
point compositionsamake upasix couplesaof compositionsathat areamixed-commutative.

Corollary 3.1. Theacouplesa(a 1, 3), (a 2, 4), (a 5, 9), (a 6, 10), (a 7, 11) and
(a 8, 12) areamixed-commutative.
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3.3. Mixed associativityaof five-point compositionsaof
ternaryarelations

Next,awe studyathe mixed-associativityaproperty forathe 5-pointa compositions. Toa
thata end, weafirst presenta someamore generala compositionala identities.a The follow-
inga lemmaa is a mattera of simpleaverification.

Lemma 3.1. Theapermutations π3ain Proposition 2.5aand π4ain Proposition 5.9 com-
mute, i.e.,afor any ua ∈ a{0, a . . . , a5}, ita holdsa thata

π3(π4(u)) = π4(π3(u)) .

Proposition 3.6. Letaα, β, γ, δa ∈ {0, . . . , 5}. Foraany ternarya relationsaR, aS, aTaon X,
thea followinga equalitiesahold:

(i) (R (αβγ)6 S) (αδα)6 aT = aR (ααγ)6 (aS (αδβ)6 T );

(ii) (R (αaπ4(aβ)γ)6 S) (αδα)6 Ta = aR (αaπ4(aα)γ)6 (S (αδβ)6 T ), if α, βa ∈ a{0, 3, 4};

(iii) (R (π4(aα)π4(aβ)γ)6 S) (αδα)6 T = R (αaπ4(aα)π4(aγ))6 (S (αδβ)6 T ), if α, βa ∈
a{0, 3, 4};

(iv) (R (αβγ)6 S) (αδaπ4(aα))6 T = R (ααγ)6 (S (αδaπ4(aβ))6 T ), if α, βa ∈ a{1, 2, 5};

(v) (R (αβγ)6 S) (π4(aα)δaπ4(aα))6 T = R (ααγ)6 (S (π4(aα)δaπ4(aβ))6 T ), if α, βa ∈
a{1, 2, 5}.

Proof. Theaproof of (i)ais similar toathat ofaProposition 2.7. It follows by expressing
(Ra (αβγ)6 aS)a (αδα)6 aT in terms of 0 in the case that αa ∈ a{0, 3, 4},aand in termsa
of 210 in the case that αa ∈ a{1, 2, 5}. Next,a weaprove items (ii)aand (iv), items (iii)
and (v) being similar. Let α, aβa ∈ a{0, 3, 4}. Usingaα ∈ a{0, 3, 4}, itafollows thata

(R (απ4(β)γ)6 S) (αδα)6 T

= {σα(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σα(x, y, t) ∈ R (απ4(β)γ)6 S ∧ σδ(s, t, z) ∈ T )}
= {σα(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σγ(x, y, t′) ∈ R ∧ σπ4(β)(s′, t′, t) ∈ S ∧ σδ(s, t, z) ∈ T )} .

Moreover,asince βa ∈ a{0, 3, 4}, itaholdsathat σπ4(β) = σβσ2, anda thea proofa continues

= {σα(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σγ(x, y, t′) ∈ R ∧ σπ4(β)(s′, t′, t) ∈ S ∧ σδ(s, t, z) ∈ T )}
= {σα(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σγ(x, y, t′) ∈ R ∧ σβ(t′, s′, t) ∈ S ∧ σδ(s, t, z) ∈ T )}
= {σα(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σγ(x, y, t′) ∈ R ∧ σα(t′, s′, z) ∈ S (αδβ)6 T )}
= {σα(x, y, z) ∈ X3 | (∃(s, t, s′, t′) ∈ X4)(σγ(x, y, t′) ∈ R ∧ σπ4(α)(s′, t′, z) ∈ S (αδβ)6 T )}
= R (απ4(α)γ)6 (S (αδβ)6 T ) .
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Thisaconcludes theaproof of (ii).a Next,astarting froma(ii), weaobtainausinga Proposi-
tion 3.4 thata

T (π3(α)π3(α)π3(δ))6(S (π3(α)π3(γ)π3(π4(β)))6R) = (T (π3(α)π3(β)π3(δ))6S) (π3(α)π3(γ)π3(π4(α)))6R .

UsingaLemma 3.1, weacan rewritea thisaas:

T (π3(α)π3(α)π3(δ))6(S (π3(α)π3(γ)π4(π3(β)))6R) = (T (π3(α)π3(β)π3(δ))6S) (π3(α)π3(γ)π4(π3(α)))6R .

Now, a simple renaming (α′, β′, δ′, γ′) := (π3(α), π3(β), π3(δ), π3(γ)) anda(R′, S ′, T ′) :=
(T, S, R) yields

R′
(α′α′γ′)6 (S ′

(α′δ′π4(β′))6 T ′) = (R′
(α′β′γ′))6 S ′) (α′δ′π4(α′))6 T ′ .

Realizingathata now α′, β′ ∈ a{1, 2, 5}, thea proofa of (iv) isacomplete.

Byataking α = β inaProposition 3.6, weaobtain thea following propositiona aboutathe
mixed-associativitya of 5-pointacompositions.

Corollary 3.2. Letaα, β, γa ∈ {0, . . . , 5}. Theafollowing couplesaof 5-point composi-
tionsaarea mixed-associative:

(i)
(

(ααβ)6 , (αγα)6

)
;

(ii)
(

(αaπ4(aα)β)6 , (αγα)6

)
, ifaαa ∈ a{0, 3, 4};

(iii)
(

(π4(aα)π4(aα)β)6 , (αγα)6

)
, ifaαa ∈ a{0, 3, 4};

(iv)
(

(ααβ)6 , (αγaπ4(aα))6

)
, ifaαa ∈ a{1, 2, 5};

(v)
(

(ααβ)6 , (π4(aα)γaπ4(aα))6

)
, ifaαa ∈ a{1, 2, 5}.

Remark 3.1. Althoughathere existsano mixed-associativeacouple consistinga of differ-
enta 4-point compositionsa for whichaalso the conversea couplea is mixed-associative,
such couplesa can be foundain thea case ofa5-pointacompositions:

(i) ( (ααα)6 , (απ4(α)α)6), with αa ∈ a{0, 3, 4};

(ii) ( (ααα)6 , (ααπ4(α))6), with αa ∈ a{1, 2, 5}.

Interestingly,aaccording toaProposition 5.9, thesea couplesa consista ofa two differenta
associativea compositions.
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Theafollowingapropositionaallowsato identifya mixed-associativea couplesa consistingaof
a 4-pointaand a 5-pointa composition.

Proposition 3.7. Letaα, β, γ, δa ∈ {0, . . . , 5}. For any ternary relations R, S, T on X,
itaholdsathat

(i) (Ra 0
(αβγ)6

aS)a (αδα)6 aT = Ra 0
(ααγ)6

a(Sa (αδβ)6 aT ), if α ∈ a{0, 3, 4};

(ii) (Ra (αβγ)6 aS)a 0
(αδα)6

aT = Ra (ααγ)6 a(Sa 0
(αδβ)6

aT ), if α ∈ a{1, 2, 5};

(iii) (Ra (αβγ)6 aS)a 1
(αδα)6

aT = Ra (ααγ)6 a(Sa 1
(αδβ)6

aT ), if α ∈ a{1, 2, 5};

(iv) (Ra 2
(αβγ)6

aS)a (αδα)6 aT = Ra 2
(ααγ)6

a(Sa (αδβ)6 aT ), if α ∈ a{0, 3, 4}.

Proof. Weagiveatheaproofaofa(i).

(R 0
(αβγ)6 S) (αδα)6 T

= {σα(x, y, z) ∈ X3 | (∃(s, t) ∈ X2)(σα(x, y, t) ∈ R 0
(αβγ)6 S ∧ σδ(s, t, z) ∈ T )}

= {σα(x, y, z) ∈ X3 | (∃(s, t, u) ∈ X3)(σγ(x, y, u) ∈ R ∧ σβ(x, u, t) ∈ S ∧ σδ(s, t, z) ∈ T )}
= {σα(x, y, z) ∈ X3 | (∃u ∈ X)(σγ(x, y, u) ∈ R ∧ σα(x, u, z) ∈ S (αδβ)6 T )}
= R 0

(ααγ)6 (S (αδβ)6 T ) .

Theafollowing propositionapresents theacouples ofa4-point anda5-point compositionsa
thatasatisfy thea mixed-associativitya property. Thisaresult followsa fromaProposition 3.7.

Corollary 3.3. Letaα, β, γa ∈ {0, . . . , 5}. Theafollowing couplesaof 4-point anda5-
pointa compositions areamixed-associative:

(i)
(

0
(ααβ)6

, (αγα)6

)
, if α ∈ a{0, 3, 4};

(ii)
(

(ααβ)6 , 0
(αγα)6

)
, if α ∈ a{1, 2, 5};

(iii)
(

(ααβ)6 , 1
(αγα)6

)
, if α ∈ a{1, 2, 5};

(iv)
(

2
(ααβ)6

, (αγα)6

)
, if α ∈ a{0, 3, 4}.
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3.4. Linkabetweenacompositions of binaryarelations
andafive-pointa compositionsa ofaternary rela-
tions

Theafollowing resultashows thataany cylindricalaextension of aa3-point composition
of binarya relations isaequal toa aacorrespondinga 5-pointa compositiona of theira
cylindricala extensions.

Proposition 3.8. Letaq = (kji)2 ∈ a{0, . . . , 7} andaα, β, γa ∈ a{ℓ, m, r}. Foraany
binarya relationsa R andaP on X, theafollowing equalityaholds:

Cγ(R ◦q P ) = Cα(R) p Cβ(P ) ,

withap as in Proposition 2.8.

Proof. Forap = (Γ (γ, k)Γ (β, j)Γ (α, i))6, itaholds thata

Cα(R) p Cβ(P ) =
{
σΓ (γ,k)(x, y, z) | (∃t ∈ X)(σΓ (α,i)(x, y, t) ∈ Cα(R) ∧ σΓ (β,j)(x, t, z) ∈ Cβ(P ))

}
=
{
σΓ (γ,k)(x, y, z) | (∃t ∈ X)(ρi(y, t) ∈ R ∧ ρj(t, z) ∈ P )

}
=
{
σΓ (γ,k)(x, y, z) | ρk(y, z) ∈ R ◦q P

}
=
{
σΓ (γ,k)(x, y, z) | σΓ (γ,k)(x, y, z) ∈ Cγ (R ◦q P )

}
= Cγ (R ◦q P ) .

Conversely,awe haveatheafollowingaresult.

Proposition 3.9. Letap = (kji)6 ∈ a{0, . . . , 215}. Foraany ternarya relationsa S

andaT on X, the followinga equalityaholds:

Pω(k)(S p T ) = Pω(i)(S) ◦q Pω(j)(T ), (3.6)

withaq as inaProposition 2.9.

Proof. Weaset η = 0 if k ∈ a{0, 3, 4}, andaη = 210 if k ∈ a{1, 2, 5}. Froma Proposi-
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tion 3.1a anda Lemma 2.3, itafollows thata

Pω(k)(S p T ) = Pω(k)
(
(Sσ−1

i η T σ−1
j )σk

)
=
(
Pℓ(Sσ−1

i η T σ−1
j )
)ρΠ(k,ω(k))

=
(
Pℓ(Sσ−1

i ) ◦ Pℓ(T σ−1
j )
)ρΠ(k,ω(k))

.

FromaLemma 2.3, itafollows thata

Pω(k)(S p T ) =
(
Pω(i) (S)ρΠ(i,ω(i)) ◦ Pω(j) (T )ρΠ(j,ω(j))

)ρΠ(k,ω(k)) = Pω(i)(S) ◦q Pω(j)(T ) .
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4 Bandler–Kohoutacompositionsaand
tracesaof ternaryarelationsa

In this chapter, we introduce Bandler–Kohout-like compositions of ternary relation, we
show theire properties and use these compositions to introduce the notion of the traces
of ternary relations.

4.1. Definitionaand Propertiesaof BK-compositionsaof
ternaryarelations

In this section, we introduce the BK-compositions of ternary relations and show thier
basic properties.

Definition 4.1. Let p ∈ {0, . . . , 215} with p = (kji)6. Foraanyatwoaternaryarelations S

and T on X, theasub-composition S T , super-composition S T andasquare-composition
S T areadefinedaas:

S 0
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇒ σj(x, t, z) ∈ T )} ;

S 0
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇐ σj(x, t, z) ∈ T )} ;

S 0
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇔ σj(x, t, z) ∈ T )} ;

S 1
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇒ σj(z, t, z) ∈ T )} ;

S 1
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇐ σj(z, t, z) ∈ T )} ;

S 1
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇔ σj(z, t, z) ∈ T )} ;

S 2
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(y, y, t) ∈ S ⇒ σj(x, t, z) ∈ T )} ;

S 2
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(y, y, t) ∈ S ⇐ σj(x, t, z) ∈ T )} ;

S 2
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(y, y, t) ∈ S ⇔ σj(x, t, z) ∈ T )} .

Theafollowingaexample illustrate theacompositionaS 0
0 aT fora twoa simplea ternarya

relationsaS andaT .

Example 4.1. Let S and T beatheaternaryarelationsaonatheaset X = {x1, x2, x3, x4}
givenaby

S = {(x3, x3, x1), (x3, x2, x3)},

T = {(x3, x1, x3), (x3, x1, x2), (x1, x1, x1)}.

Weahave S 0
0aT = {(x1, x1, x3), (x2, x2, x1), (x1, x3, x1), (x2, x1, x1), (x1, x2, x2), (x2, x3, x2),

(x1, x3, x2), (x1, x1, x2), (x2, x1, x3), (x1, x2, x1), (x2, x2, x2), (x1, x1, x1), (x2, x1, x1), (x2, x2, x3)}

36



Theseacompositionsacanabeaexpressedainatermsaofathreearepresentativeaones,a justa
asainaathea casea ofa theacompositiona ofabinaryarelations.

Proposition 4.1. Let p = (kji)6 ∈ a{0, . . . , 215} and ra ∈ a{0, 1, 2}. Foraanyatwoa
ternarya relationsaS andaT on X, thea compositionsa S r

p T , S r
p T and S r

p T

canabeawrittenainatermsaofathea compositionsa S r
0 T , S r

0 T andaS r
0 T as:

(i) S r
p aT = (Sσ−1

i r
0 T σ−1

j )σk ;

(ii) S r
p aT = (Sσ−1

i r
0 T σ−1

j )σk ;

(iii) S r
p aT = (Sσ−1

i r
0 T σ−1

j )σk .

Proof. Weagiveatheaproofafor 0
p:

S 0
p T = {σk(x, y, z) ∈ X3 | (∃t ∈ X)(σi(x, y, t) ∈ S ⇒ σj(x, t, z) ∈ T )}

= {σk(x, y, z) ∈ X3 | (∃t ∈ X)((x, y, t) ∈ Sσ−1
i ⇒ (x, t, z) ∈ T σ−1

j )}
= {σk(x, y, z) ∈ X3 | (x, y, z) ∈ Sσ−1

i 0
0 T σ−1

j }
= (Sσ−1

i 0
0 T σ−1

j )σk .

Inathisasection, awe astudyathea propertiesa ofathea newlya introduceda composi-
tions.

Thea followinga propositiona concernsa thearefinementaofa thea BK-compositionsa ofa
ternarya relations.

Proposition 4.2. Let pa ∈ a{0, . . . , 215} and r ∈ {0, 1, 2}. Foraanya twoaternarya
relationsaS andaT on X, thea followinga inclusionsahold:

(i) S r
p aTa ⊆ S r

p aTa ⊆ S r
p aT ;

(ii) S r
p aTa ⊆ S r

p aTa ⊆ S r
p aT .

Althoughatheacompositions , and areanotacommutativeainageneral, interest-
ingamixed-commutativityapropertiesacanabeaestablished.

Proposition 4.3. Let p = (kji)6a ∈ a{0, . . . , 215}. Foraanyatwoaternaryarelations S

and T on X, theafollowingaequalitiesahold:

(i) S 0
p aTa = aaT 0

p′ aS;

(ii) S 1
p aTa = aaT 2

p′ aS;

(iii) S 0
p aTa = aaTa 0

p′ aS;

(iv) S 1
p aTa = aaTa 2

p′ aS;
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with p′ = (π(k)π(i)π(j))6 and π the permutation of {0, . . . , 5} given by Table 4.1:

Table 4.1: The permutation π.
u 0 1 2 3 4 5

π(u) 1 0 4 5 2 3

Proof. Weaonlyagiveatheaproofafor (i):

S 0
p T = {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σi(x, y, t) ∈ S ⇒ σj(x, t, z) ∈ T )}

= {σk(x, y, z) ∈ X3 | (∀t ∈ X)(σj(x, t, z) ∈ T ⇐ σi(x, y, t) ∈ S)}
= {σk(σ1(x, z, y)) ∈ X3 | (∀t ∈ X)(σj(σ1(x, z, t)) ∈ T ⇐ σi(σ1(x, t, y)) ∈ S)}
= {σk(σ1(x, y, z)) ∈ X3 | (∀t ∈ X)(σj(σ1(x, y, t)) ∈ T ⇐ σi(σ1(x, t, z)) ∈ S)} .

Since σu(σ1(x, y, z)) = σπ(u)(x, y, z), it follows that

S 0
pT = {σπ(k)(x, y, z) ∈ X3 | (∀t ∈ X)(σπ(j)(x, y, t) ∈ T ⇐ σπ(i)(x, t, z) ∈ S)} = T 0

p′S .

4.2. Interactionsabetweenathe compositionsaof ternarya
relationsa anda theiraBK-compositions

Inathisasection, weashowasomeainteractionsa betweenathe 4-pointa compositionsaanda
the BK-compositionsa ofaternarya relations.

Theafollowingapropositionashowsaaa mixed-associativitya propertya ofaBK-compositions.

Proposition 4.4. Let pa ∈ a{0, 43, 86, 129, 172, 215}. Foraanyathreeaternaryarelations
R, S, and T on X, theafollowing equalityaholds:

R 0
p (S 0

p T ) = (R 0
p S) 0

p T .

Proof. Weaonlyagiveatheaproofa fora theacase p = 0. Usingatheafollowinga tautologya
whicha holdsa fora anya threea Booleana propositionsaP, Q, R,

P =⇒ (Q =⇒ R) ⇐⇒ Q =⇒ (P =⇒ R) ,
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we get

(x, y, z) ∈ R 0
0 (S 0

0 T )
⇐⇒ (∀t ∈ X)((x, y, t) ∈ R ⇒ (x, t, z) ∈ (S 0

0 T ))
⇐⇒ (∀t ∈ X)((x, y, t) ∈ R ⇒ ((∀s ∈ X)(x, t, s) ∈ S ⇐ (x, s, z) ∈ T ))
⇐⇒ (∀(s, t) ∈ X2) ((x, y, t) ∈ R ⇒ ((x, s, z) ∈ T ⇒ (x, t, s) ∈ S))
⇐⇒ (∀(s, t) ∈ X2) ((x, s, z) ∈ T ⇒ ((x, y, t) ∈ R ⇒ (x, t, s) ∈ S))
⇐⇒ (∀s ∈ X) ((∀t ∈ X) ((x, y, t) ∈ R ⇒ (x, t, s) ∈ S) ⇐ (x, s, z) ∈ T )
⇐⇒ (∀s ∈ X)

(
(x, y, s) ∈ R 0

0 S
)

⇐ (x, s, z) ∈ T )
⇐⇒ (x, y, z) ∈ (R 0

0 S) 0
0 T.

Theafollowingaexampleaillustratesathata theaabovea propertya doesa nota holda fora
thea compositionsa r

pa anda r
p with r ∈ {1, 2}.

Example 4.2. Consideratheaternaryarelations R, S and T on thea set X = {x1, x2, x3, x4, x5}
givena as:

R = {(x1, x2, x3)},

S = {(x4, x3, x5)},

T = {(x4, x5, x4)}.

Itaisaclearathat Ra 1
0 a(Sa 1

0 aT )a = a{(x1, x2, x4)}a ̸= a(Ra 1
0 aS)a 1

0 aTa = aa∅a.

Proposition 4.5. Let pa ∈ a{0, 43, 86, 129, 172, 215}. Foraanyathreeaternaryarelations
R, S, and T on X, theafollowinga equalitiesahold:

(i) Ra 0
p a(Sa 0

p aT )a = a(Ra 0
p aS)a 0

p aT ;

(ii) Ra 0
p a(Sa 0

p aT )a = a(Ra 0
p aS)a 0

p aT .

Proof. Weaonlyagiveatheaproofafora(i)awith p = 0.a Againa usingathea Booleana tau-
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tologyafroma theaproofa ofaProposition 4.4, we get

(x, y, z) ∈ R 0
0 (S 0

0 T )
⇐⇒ (∀t ∈ X)

(
(x, y, t) ∈ R ⇒ (x, t, z) ∈ (S 0

0 T )
)

⇐⇒ (∀t ∈ X) ((x, y, t) ∈ R ⇒ ((∀s ∈ X)((x, t, s) ∈ S ⇒ (x, s, z) ∈ T ))
⇐⇒ (∀(s, t) ∈ X2) ((x, y, t) ∈ R ⇒ ((x, t, s) ∈ S ⇒ (x, s, z) ∈ T ))
⇐⇒ (∀(s, t) ∈ X2) (((x, y, t) ∈ R ∧ (x, t, s) ∈ S) ⇒ (x, s, z) ∈ T )
⇐⇒ (∀s ∈ X) ((∃t ∈ X) ((x, y, t) ∈ R ∧ (x, t, s)) ∈ S ⇒ (x, s, z) ∈ T )
⇐⇒ (∀s ∈ X)

(
(x, y, s) ∈ R 0

0 S ⇒ (x, s, z) ∈ T
)

⇐⇒ (x, y, z) ∈ (R 0
0 S) 0

0 T .

Now, weashowathatatheaBK-compositionsaofa ternarya relationsa areaaa valuablea
toola toa expressa thea greatestasolutionsaofarelationalaequations. Thea followinga
propositiona expressesaana adjointness-likea relationship [21]a betweenathea differ-
entatypesaofa compositionsaofat ernarya relations.

Proposition 4.6. Foraanyathreeaternaryarelations R, S, and T on X, thea followinga
equivalencesahold:

R 0
0 S ⊆ T ⇐⇒ R ⊆ T 0

0 Sσ1 ⇐⇒ S ⊆ Rσ1 0
0 T .

Proof. Weaonlyagiveatheaproofaforatheafirstaequivalence. Foratheadirectaimplication,
supposeathat R 0

0 S ⊆ T . Let (x, y, z) ∈ aaR, then we need to show that (x, y, z) ∈
aaT 0

0 aSσ1 , i.e., for any t ∈ aaX, it holds that (x, y, t) ∈ aaTa ⇐ a(x, z, t) ∈
aaS. Supposeathat (x, z, t) ∈ aaS, thenathe factathat (x, y, z) ∈ aaR impliesathat
(x, y, t)a ∈ aaR 0

0 S. Theahypothesis R 0
0 S ⊆ T guaranteesathat (x, y, t)a ∈ aaT .

Thus, (x, y, t) ∈ aaTa ⇐ a(x, z, t) ∈ aaS. Foratheaconverseaimplication, let (x, y, z) ∈
aaR 0

0 S, then there exists t ∈ aaX suchathat (x, y, t) ∈ aaR and (x, t, z) ∈ aaS.
Since R ⊆ T 0

0 aSσ1 , itafollowsathat (x, y, t) ∈ aaT 0
0 aSσ1 . Thus, for any s ∈ aaX,

it holds that (x, y, s) ∈ aaT ⇐ a(x, t, s) ∈ aaS. Since (x, t, z) ∈ aaS, itaholdsathat
(x, y, z) ∈ aaT .

Theafollowingapropositionaextendsathea previousa resulta toa accounta fora alla pa ∈
a{0, a . . . , a215}.

Proposition 4.7. Let p = (kji)6 ∈ a{0, . . . , 215}. Foraanya threeaternarya relations
R, S, andaT on X, thea followinga equivalencesa hold:

R 0
p S ⊆ T ⇐⇒ R ⊆ T 0

p′ S ⇐⇒ S ⊆ R 0
p′′ T ,
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withap′ = (iπ(j)k) and p′′ = (jkπ(i)).

Proof. Weaonlyashowatheafirstaequivalence.aSupposea that Ra 0
p aS ⊆ T . Froma

Proposition 2.2,a ita followsa thata Rσ−1
i a 0

0 Sσ−1
j a ⊆ T σ−1

k . Proposition 4.6 impliesathat
Rσ−1

i a ⊆ T σ−1
k a 0

0 a(Sσ−1
j )σ1 . Hence, Ra ⊆ a(T σ−1

k a 0
0 S

σ−1
π(j))σi . Proposition 5.2

guaranteesathat R ⊆ T 0
p′ aS, with p′ = (iπ(j)k).

Theafollowingapropositionaconcernsatheagreatestasolutionaofa thea mostabasica ternarya
relationalaequation.

Proposition 4.8. Let S and T beatwoaternaryarelationsaon X. Thea followinga
statementsa hold:

(i) Thearelationalaequation Sa 0
0 Ua = T inatheaunknownarelation U isasolvablea

ifa anda onlyaif Sσ1 0
0 T isaitsagreatestasolution.

(ii) Thearelationalaequation Ua 0
0 Sa = T inatheaunknownarelation U isasolvablea

ifa anda onlyaif T 0
0 Sσ1 isaitsagreatestasolution.

Proof. Supposeathatathearelationalaequation Sa 0
0 Ua = T hasaaasolutionaU , then

Proposition 4.6 guaranteesathat Ua ⊆ Sσ1a 0
0 aaT . Next, itasufficesatoashowathat

Sσ1 0
0 T isaaasolution, i.e., T = Sa 0

0 a(Sσ1 0
0 T ). Theafactathat Ua ⊆ Sσ1a 0

0
aaT impliesathat T = Sa 0

0 Ua ⊆ Sa 0
0 a(Sσ1 0

0 T ). Conversely, let (x, y, z)a ∈
aaSa 0

0 a(Sσ1 0
0 T ), thenathereaexists ta ∈ aaX suchathat (x, y, t)a ∈ aaS and

(x, t, z)a ∈ aaSσ1 0
0 T . Hence, foraany t′a ∈ aaX, weahaveathat (x, t′, t)a ∈ aaS

implies (x, t′, z)a ∈ aaT . Since (x, y, t)a ∈ aaS, itafollowsathat (x, y, z)a ∈ aaT .

Theaconverseaimplicationaisatrivial.

Proposition 4.9. Let p ∈ {0, . . . , 215}. Foraanyatwoaternaryarelations S and T on X,
theafollowingastatementsa hold, where p′ and p′′ areaasainaProposition 4.7:

(i) Thearelationalaequation Sa 0
p Ua = T inatheaunknownarelation U isasolvablea

ifa anda onlyaif T 0
p′ aSσ1 isaitsagreatest solution.

(ii) Thearelationalaequation Ua 0
p Sa = T inatheaunknownarelation U isasolvableaifa

anda onlyaif Sσ1a 0
p′′ aT isaitsagreatestasolution.

Proof. TheaproofaisasimilaratoathataofaProposition 4.8.
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4.3. Tracesaofa ternaryarelationsa baseda ofa BK-
compositionsa

In this section, we introduce the traces of ternary relation based on the BK-compositions
of ternary relations

4.3.1. Traces ofaternaryarelations
Similarlyaasaforabinaryarelations,aweacanaintroduceatheatracesaofaaaternaryarelation
T asatheaBK-compositions of T withaitself.

Definition 4.2. Let p = (kji)6 ∈ a{0, . . . , 215} and ra ∈ a{0, 1, 2}. Theatracesaofaa
ternaryarelation T on X are the ternaryarelations definedaas:

T
r
p := T r

p T = T r′

p′ T ,

where r′ and p′ areaasainaProposition 4.3.

Example 4.3. Theafollowingaexampleagivesathearelation T a r
p whereaT isa givena

asain Example 4.1.

We have T
r
p = {(x3, x2, x3), (x3, x3, x3), (x1, x1, x2), (x1, x2, x1), (x1, x3, x1), (x3, x1, x2),

(x1, x1, x3), (x3, x2, x2), (x3, x1, x1), (x3, x3, x2), (x3, x1, x3), (x1, x1, x1)}

Obviously, theseatracesaareanotaalladistinct.a Amongathem, wea identifya thosea thata
preserveathea propertiesainaTheorems 1.1–1.3.

Proposition 4.10. Let T be a ternaryarelation on X.

(i) The following traces are left-reflexive and left-transitive:

(a) T a 0
1 = T a 0

6 = T a 0
16 = T a 0

23 = T a 0
26 = T a 0

33 ;

(b) T a 0
37 = T a 0

42 = T a 0
52 = T a 0

59 = T a 0
62 = T a 0

69 .

(ii) Theafollowingatracesaareamiddle-reflexiveaandamiddle-transitive:

(a) T a 0
73 = T a 0

78 = T a 0
88 = T a 0

95 = T a 0
98 = T a 0

105;

(b) T a 0
109 = T a 0

114 = T a 0
124 = T a 0

131 = T a 0
134 = T a 0

141 .

(iii) Theafollowingatracesaarearight-reflexiveaandaright-transitive:

(a) T a 0
145 = T a 0

150 = T a 0
160 = T a 0

167 = T a 0
170 = T a 0

177;

(b) T a 0
181 = T a 0

186 = T a 0
196 = T a 0

203 = T a 0
206 = T a 0

213.

Theafollowingapropositionaexpressesa thea linka betweena thea tracesaina statementsa
(a)a anda (b)a ofaProposition 4.10.

Proposition 4.11. Let T beaaaternaryarelation on X.
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(i) T a 0
37 = (T a 0

1)σ1;

(ii) T a 0
109 = (T a 0

73)σ1;

(iii) T a 0
181 = (T a 0

145)σ1.

Proof. Weagiveatheaproofafor (i). FromaProposition 4.1, it follows that

T
0
37 = (T σ1 0

0 T )σ1 = (T 0
1 T )σ1 = (T 0

1)σ1 .

Similarlyaasainatheabinaryasetting, weaselectathreeaofatheatracesathata willaplaya
aaspecifica roleainawhatafollows,anamelyathea left trace T ℓ, theamiddleatrace T m

andathearightatrace T r:

(i) T ℓ := T a 0
1 = {(x, y, z) ∈ aaX3 | (∀aaaa ∈ aaX)((x, a, y) ∈ aaTa ⇒ a(x, a, z) ∈

aaT )};

(ii) T m := T a 0
73 = {(x, y, z) ∈ aaX3 | (∀aaaa ∈ aaX)((x, y, a) ∈ aaTa ⇒ a(z, y, a) ∈

aaT )};

(iii) T r := T a 0
145 = {(x, y, z) ∈ aaX3 | (∀aaaa ∈ aaX)((y, a, z) ∈ aaTa ⇒ a(x, a, z) ∈

aaT )}.

Theafollowingapropositionaexpressesathatasomeaofatheseatracesacoincideainatheafaceaofa
symmetry.

Proposition 4.12. Foraanyaternaryarelation T on X, theafollowingastatementsahold:

(i) if T is left-symmetric, then T ℓ = T m;

(ii) if T is middle-symmetric, then T r = T ℓ;

(iii) if T is left- symmetric, then T m = T r.

Theafollowingatheoremashowsathatathea above-definedatracesa areasolutionsatoa rela-
tionalaequations. Itaextendsa Theorem 1.3 toathe ternaryasetting.

Theorem 4.1. For any ternaryarelation T on X, theafollowingaequalitiesahold:

(i) T = T 0 aT ℓ = T ℓ
43 aT ;

(ii) T = T 86 aT m = T m
129 aT ;

(iii) aT = T 172 T r = T r
215 T .

Proof. Weagiveatheaproofaforatheafirstaequalityaof (i). Let (x, y, z)a ∈ aaT 0 aT ℓ,
thenathereaexistsaanaelement t of X such that (x, y, t)a ∈ aaT and (x, t, z)a ∈ aaT ℓ,
andathusaitafollowsaforaany aa ∈ aaX that (x, a, t)a ∈ aaT implies (x, a, z)a ∈ aaT ,
inaparticular (x, y, t)a ∈ aaT implies (x, y, z)a ∈ aaT , thus T 0 aT ℓa ⊆ T . Conversely,
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let (x, y, z)a ∈ aaT , since T ℓ is left-reflexiveaitaholds that (x, z, z)a ∈ aaT ℓ, thus
(x, y, z)a ∈ aaT 0 aT ℓ and hence Ta ⊆ aaT 0 aT ℓ.

4.3.2. Propertiesaof ternaryarelationsain termsaofatraces
In thisasection, weacharacterize someaproperties of a ternaryarelation in terms of
itsatraces. The firsta proposition characterizes differenta reflexivitya properties and
extends Theorem 1.1 to thea ternaryasetting.

Proposition 4.13. For any ternaryarelation T on X, theafollowingaequivalencesahold:

(i) T isaleft-reflexive ⇐⇒ T ℓa ⊆ T ;

(ii) T isamiddle-reflexive ⇐⇒ T ma ⊆ T ;

(iii) T isaright-reflexive ⇐⇒ T ra ⊆ T .

Proof. We give the proof for (i). Since T ℓ isaleft-reflexive, theainclusion T ℓa ⊆ T

impliesathat T is alsoaleft-reflexive. Conversely, supposeathat T isaleft-reflexive. Let
(x, y, z)a ∈ aaT ℓ, thenaforaany a ∈ aaX, it holds that (x, a, y)a ∈ aaTa =⇒
a(x, a, z)a ∈ aaT . Inaparticular, (x, y, y)a ∈ aaTa =⇒ a(x, y, z)a ∈ aaT , thus
T ℓa ⊆ T .

Theafollowingapropositionacharacterizesadifferenta transitivityapropertiesaofaaaternarya
relationaina termsaofa itsatraces. This resultaextends Theorem 1.2atoatheaternary
asetting.

Proposition 4.14. For any ternaryarelation T on X, the following equivalences hold:

(i) T is left-transitive ⇐⇒ Ta ⊆ T ℓ;

(ii) T is middle-transitive ⇐⇒ Ta ⊆ T m;

(iii) T is right-transitive ⇐⇒ Ta ⊆ T r.

Proof. Weagiveatheaproofafor (i). Theorem 4.1 states that T 0 aT ℓa ⊆ T . If T ⊆ T ℓ,
then T 0aTa ⊆ T 0aT ℓa ⊆ T . Thus, T is left-transitive. Conversely, let (x, y, z) ∈ aaT ,
thenafor any a ∈ aaX, thealeft-transitivity of T implies (x, a, y) ∈ T =⇒ (x, a, z) ∈ T .
Hence, (x, y, z) ∈ T ℓ.

TheafollowingacorollaryafollowsaimmediatelyafromaPropositions 4.13 and 4.14.

Corollary 4.1. Foraanyaternaryarelation T on X, theafollowingaequivalences hold:
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(i) T is left-reflexive and left-transitive ⇐⇒ T ℓa = aT ;

(ii) T is middle-reflexive and middle-transitive ⇐⇒ T ma = aT ;

(iii) T is right-reflexive and right-transitive ⇐⇒ T ra = aT .

4.3.3. Ternaryaequivalencearelations
Inathisasubsection, weaconsideraformalaternary acounterparts ofathea conceptaofaaabinarya
equivalencea relation,ai.e., a binaryarelationathataisareflexive,a symmetric,a andatransitive.a
Asa eachaofathesea propertiesacomesa inamanyaflavors,awea aimatoa avoida aa combi-
natoriala explosiona andaselectarelevanta combinationsaonly.

Definition 4.3. A ternaryarelation T on X is said to be:

(i) aaleftaternaryaequivalencearelationaifaitais aleft-reflexive, left-symmetricaand left-
transitive;

(ii) aamiddleaternaryaequivalencearelationaifaitais amiddle-reflexive, middle-symmetrica
andamiddle-transitive;

(iii) aarightaternaryaequivalencearelationaifaitais aright-reflexive, right-symmetrica
anda right-transitive.

Theafollowingadefinitionaandapropositiona provideaaa settinga ina whicha ternarya
equivalencea relationsa naturallya arise.

Definition 4.4. Withaanyapartition P of X2, weaassociateathe ternaryarelations Tℓ,
Tm and Tr on X defined as:

(i) Tℓ = {(x, y, z) ∈ aaX3 | a(∃aCa ∈ aP)(a(x, y)a ∈ aCa ∧ a(x, z) ∈ aC)a};

(ii) Tm = {(x, y, z) ∈ aaX3 | a(∃aCa ∈ aP)(a(x, y)a ∈ aCa ∧ a(y, z) ∈ aC)a};

(iii) Tr = {(x, y, z) ∈ aaX3 | a(∃aCa ∈ aP)(a(x, z)a ∈ aCa ∧ a(y, z) ∈ aC)a}.

Proposition 4.15. Foraanyapartition P of X2, theafollowingastatementsahold:

(i) Tℓ is a leftaternaryaequivalence relation;

(ii) Tm is a middle ternaryaequivalence relation;

(iii) Tr is a right ternaryaequivalence relation.

Proof. Weagiveatheaproofafor (i). Thealeft-reflexivityaandaleft-symmetryaofaTℓ area
obvious.aNext, weashow athat Tℓ isaleft-transitive. Let (x, y, t), (x, t, z)a ∈ aaTℓ,
thenathereaexist C, Da ∈ aP suchathat (x, y), (x, t)a ∈ aC and (x, t), (x, z)a ∈ aD.
Since (x, t)a ∈ aCa∩aDa, it holds that C = D. Hence,a(x, y) anda(x, z) belongatoa thea
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sameaclass,aand, thus,a(x, y, z)a ∈ aaT . Therefore, Tℓaisaleft-transitive.
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5 Compositionsaofaternaryafuzzyarelations

The notion of an L-relation on a set X generalizes the classical notion of a relation
by expressing degrees of relationship in some bounded lattice L. In this chapter, we
extend the previous results to the framework of L-relations

5.1. Fuzzyarelation

5.1.1. Lattice
Anaalgebraa(L, ∧, ∨)ais calledaaalatticea[11]aifaL isaaanonemptyaset, ∧ and ∨ areabinary
operations on L, both ∧ and ∨ are idempotent(ie x ∧ x = x and x ∨ x = x), commuta-
tive(ie x ∧ y = y ∧ x and x ∨ y = y ∨ x), and associative(i.e. x ∧ (y ∧ z) = (x ∧ y) ∧ z

and x ∨ (y ∨ z) = (x ∨ y) ∨ z and x ∨ x = x), and they satisfyathe absorption law(i.e
x ∧ (x ∨ y) = x ∨ (x ∧ y) = x) . A bounded lattice L is a lattice that has a smallest
element 0 and a greatest element 1. A triangular norm ∗ on a bounded lattice is a
binaryaoperation that is commutative, associative , order-preserving(i.e x ≤ y implies
x ∗ a ≤ y ∗ a) and 1 is neutral for ∗ [21]. Moreover if a ∗ (x ∨ y) = (a ∗ x) ∨ (a ∗ y), ∗ is
said distributive over ∨. In the latter case, (L, ∧, ∨, ∗, ) is called commutative l-monoid,
if is bounded (L, ∧, ∨, ∗, 0, 1) commutative integral l-monoid. Furthermore if there exist
a second binary operation →∗ for which x ∗ y ≤ z if and only it x ≤ y →∗ z, then
(L, ∧, ∨, ∗, →∗, 0, 1) is called Residuated Lattice [21]. Each residuated lattice satisfies
the following conditions:

(M.R.1) x ∗ (x →∗ y) ≤ y

(M.R.2) x ≤ y ⇐⇒ x →∗ y = 1

(M.R.3) x →∗ x = x →∗ 1 = 0 →∗ x = 1 and 1 →∗ x = x

(M.R.4) x ∗ y ≤ x and x ≤ y →∗ x

(M.R.5) (x ∗ y) →∗ z = x →∗ (y →∗ z)

(M.R.6) (x →∗ y) ∗ (y →∗ z) ≤ (x →∗ z)

Aacompletealatticeaisalatticeain whichaall subsets have both a supremum and an
infimum. The following are true in every complete residuated lattice for each index set
I.

(S.I.1) x ∗ ∨i∈I yi = ∨
i∈I(x ∗ yi)

(S.I.2) x →∗
∧

i∈I yi = ∧
i∈I(x →∗ yi)

(S.I.3) ∨i∈I xi →∗ y = ∧
i∈I(xi →∗ y)
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(S.I.4) x ∗ ∧i∈I yi ≤ ∧
i∈I(x ∗ yi)

(S.I.5) ∨i∈I(x →∗ yi) ≤ x →∗
∨

i∈I yi

(S.I.6) ∨i∈I(xi →∗ y) ≤ ∧
i∈I xi →∗ y

Throughout this chapter, unless otherwiseastated, L denotes a residuated lattice.

Definition 5.1. AaternaryaL-relationaonaa setaX is an L-setaon X3, i.e. a map-
pingafrom X3 to L.

Three specialaternary L-relation on X are the universal defined as U(x, y, z) = 1 ;
∀(x, y, z) ∈ X3, the empty: ϕ(x, y, z) = 0 ; ∀(x, y, z) ∈ X3 and the identity: I(x, y, z) =
1 if x = y = z; I(x, y, z) = 0 otherwise.

5.2. Four-pointacompositionsaof ternaryafuzzyarelations
This subsection discusses the four-point compositions of ternary fuzzy relations, first,
we generalise Defintions 2.1 2.2 to the fuzzy setting.

Definition 5.2. Letap ∈ {0, . . . , 215}awith p = (kji)6 = 36k + 6j + iaandai, j, k ∈
{0, . . . , 5}. Foraany ternaryaL-relationsaS andaTaon X, weadefine theacomposition
S 0

p Taasafollows:

S 0
p T (σk(x, y, z)) =

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z))) .

S 1
p T (σk(x, y, z)) =

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(z, t, z))) .

S 2
p T (σk(x, y, z)) =

∨
t∈X

(S(σi(y, y, t)) ∗ T (σj(x, t, z))) .

Proposition 5.1. Letap = (kji)6 ∈ {0, . . . , 215} andar ∈ {0, 1, 2}. Foraany ternaryaL-
relations S and T on X, the 4-pointacomposition S r

p T canabe writtenain terms of
theacomposition r

0 asafollows:

S r
p T = (Sσ−1

i r
0 T σ−1

j )σk .

Proof. Weagiveatheaproofafor r = 0.

S 0
p T (σk(x, y, z) =

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z))

=
∨

t∈X

(Sσi(x, y, t)) ∗ T σj (x, t, z))
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Next,awe studyasome basicapropertiesaofathe 4-pointacompositions ofaternary aL-
relations. The followingapropositionaidentifies thearight and leftaneutral elementsaof
the basic 4-pointacompositions. Toathat end, weaintroduce theafollowingadefinitionaand
alemma.

Definition 5.3. Weadefineathe specialaternary L-relationsaE, Eℓ, Em and Er on X

asafollows:

(i) E(x, y, z) = 1 if x = y = z and E(x, y, z) = 0 otherwise;

(ii) Eℓ(x, y, z) = 1 if x = y and Eℓ(x, y, z) = 0 otherwise;

(iii) Em(x, y, z) = 1 if x = z and Em(x, y, z) = 0 otherwise;

(iv) Er(x, y, z) = 1 if y = z and Er(x, y, z) = 0 otherwise;

Proposition 5.2. Foraanyaternary L-relationaT on X, it holdsathat

(i) T 0
(kjk)6

Eζ(j) = T ;

(ii) Eζ(j)
0
(kki)6

T = T .

Proof. We only prove (i). Let (x, y, z) ∈ X3

T 0
(kjk)6 Eζ(j)(σk(x, y, z)) =

∨
t∈X

T (σk(x, y, t)) ∗ Eζ(j)(σj(x, t, z))

=
∨

t∈X\{z}

(
T (σk(x, y, t)) ∗ Eζ(j)(σj(x, t, z))

)
∨ T (σk(x, y, z)) ∗ Er(σj(x, z, z))

=
∨

t∈X\{z}
(T (σk(x, y, t)) ∗ 0) ∨ T (σk(x, y, z)) ∗ 1

= T (σk(x, y, z))

Proposition 5.3. Let p = (kji)6 ∈ {0, . . . , 215}. The couples ( p, ′
p) is mixed-

commutative, with p′ = (π3(k), π3(i), π3(j))

Proof.

S 0
p T (σk(x, y, z)) =

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z)))

=
∨

t∈X

(T (σj(x, t, z)) ∗ S(σi(x, y, t)))

=
∨

t∈X

(T (σjσ1(x, z, t)) ∗ S(σiσ1(x, t, y)))

= T 0
p′ S(σkσ1(x, z, y))
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The followingaproposition identifies theaassociative 4-point compositions.

Proposition 5.4. Thea4-pointacomposition 0
pais associativeaif and onlyaif p = (iii)6 =

43i, withai ∈ {0, . . . , 5}.

Proof. The aproofaisaanalogous toathe proofaofaPropositiona2.6

Next weashow thataanyacylindrical extensionaof a 3-pointacomposition ofabinary rela-
tionsacontains a 4-pointacomposition ofatheir cylindricalaextensions. First,awe recall
theadefinition of theacylindrical extensionsaof aabinaryarelation.

Definition 5.4. [27] LetaRabeaaabinaryarelationaonaaaset X.

(i) Thealeft cylindricalaextension ofaR isatheaternaryaL-relation Cℓ(R) onaX de-
finedaas:

Cℓ(R)(x, y, z) = R(y, z);

(ii) The middle cylindrical extension of R isatheaternary L-relation Cm(R) on Xadefined
as:

Cℓ(R)(x, y, z) = R(x, z);

(iii) The right cylindrical extension of R isatheaternary L-relation Cr(R) on Xadefined
as:

Cℓ(R)(x, y, z) = R(x, y);

Proposition 5.5. Letaq = (kji)2 ∈ {0, . . . , 7}, r ∈ {0, 1, 2} andaα, β, γ ∈ {ℓ, m, r}.
Foraany binaryarelations Raand P on X, the followingainclusion aholds:

Cα(R) r
p Cβ(P ) ⊆ Cγ(R ◦q P ) ,

withap = (Γ (γ, k)Γ (β, j)Γ (α, i))6.

Proof.

Cα(R) r
p Cβ(P )(σΓ (γ,k)(x, y, z)) =

∨
t∈X

Cα(R)(σΓ(α,i)(x, y, t)) ∗ Cβ(R)(σΓ(β,j)(x, t, z))

≤
∨

t∈X

R(ρi(y, t)) ∗ P (ρj(t, z))

≤ R ◦ P (ρk(y, z))
≤ Cα(R ◦ P )(σΓ(γ,k)(x, y, z))
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Next, we show thataany projection of a 4-point composition of twoaternary L-relations
is included in a corresponding 3-point composition of their binaryaprojections. First,
we recallathe definition of the binary projections of a ternary L-relation.

Definition 5.5. [27] Let T be a ternary L-relation on a set X.

(i) Thealeftaprojection ofaT isatheabinaryarelationaPℓ(T ) on Xadefined as:

Pℓ(T )(x, y) =
∨

t∈X

T (t, x, y)

(ii) Theamiddleaprojection ofaT isatheabinaryarelation Pm(T ) on Xadefined as:

Pm(T )(x, y) =
∨

t∈X

T (x, t, y)

(iii) Thearightaprojection ofaT isatheabinaryarelation Pr(T ) on Xadefined as:

Pr(T )(x, y) =
∨

t∈X

T (x, y, t)

Proposition 5.6. Letap = (kji)6 ∈ {0, . . . , 215} andar ∈ {0, 1, 2}. Foraany ternaryaL-
relationsaS andaT on X, theafollowingainclusionaholds:a

Pω(k)(S r
p T ) ⊆ Pω(i)(S) ◦q Pω(j)(T ) , (5.1)

with q = (Π(k, ω(k))Π(j, ω(j))Π(i, ω(i)))2.

For the proofaof this proposition weaintroduce the following lemma

Lemma 5.1.
Pω(k)(x, y, z) = Pℓ(σk(x, y, z))
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Proof.

Pω(k)(S r
p T ) = Pℓ(S r

p T )(σk(x, y, z))
= Pℓ(

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z))))

=
∨

x∈X

∨
t∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z)))

=
∨

t∈X

∨
x∈X

(S(σi(x, y, t)) ∗ T (σj(x, t, z)))

⊆
∨

t∈X

∨
x∈X

S(σi(x, y, t)) ∗
∨

x∈X

T (σj(x, t, z))

⊆
∨

t∈X

Pℓ(Sσi(x, y, t)) ∗ Pℓ(Tσj(x, t, z))

⊆
∨

t∈X

Pω(i)(S)(y, t) ∗ Pω(j)(T )(t, z)

⊆ Pω(i)(S) ◦q Pω(j)(T )

5.3. Five-pointacompositionsaofaternaryafuzzyarelations
Definition 5.6. Letap ∈ {0, . . . , 215}awith p = (kji)6 = 36k + 6j + i and i, j, k ∈
{0, . . . , 5}. Foraanyaternary L-relationsaS andaT on X, weadefineathe compositionaS 0

p

T asafollows:

S 0
p T (σk(x, y, z)) =

∨
t,s∈X

(S(σi(x̂, y, t)) ∗ T (σj(x̌, t, z))) .

witha

x̂ =
x , if k ∈ {0, 3, 4}

s , if k ∈ {1, 2, 5}
, x̌ =

 s , if k ∈ {0, 3, 4}
x , if k ∈ {1, 2, 5}

.

The afollowingapropositionashowsasome inclusionarelationshipsabetweenathe 4-pointaand
5-point compositions.a

Proposition 5.7. Letap = (kji)6 ∈ {0, . . . , 215}. Foraanyaternary L-relationsaS and
Taon X, itaholdsathat

(i) S 0
p T ⊆ S p T ;

(ii) S 1
p T ⊆ S p T , if k ∈ {0, 3, 4};

(iii) S 2
p T ⊆ S p T , if k ∈ {1, 2, 5}.

Proof. We give theaproof for (i) in the caseawhere k ∈ {0, 3, 4}, the otheracases can be
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provenasimilarly.

S 0
p T =

∨
t∈X

(S(σi(x, y, t) ∗ T (σj(x, t, z)))

≤
∨

t,s∈X

(S(σi(x, y, t) ∗ T (σj(s, t, z)))

≤ S p T

Proposition 5.8. Letai, j, k ∈ {0, . . . , 5}. ForaanyaternaryaL-relationaT on X, itaholdsathat

(i) T (kjk)6 Eζ(j) = T , if k ∈ {0, 3, 4};

(ii) Eζ(i) (kki)6 T = T , if k ∈ {1, 2, 5},

withaζaasain Proposition 2.3.

Proof. We only prove (i). Let (x, y, z) ∈ X3

T (kjk)6 Eζ(j)(σk(x, y, z)) =
∨

s,t∈X

T (σk(x, y, t)) ∗ Eζ(j)(σj(s, t, z))

=
∨

s∈X

∨
t∈X\{z}

(T (σk(x, y, t)) ∗ Eζ(j)(σj(s, t, z))

∨ T (σk(x, y, z)) ∗ Er(σj(s, z, z))
=

∨
s∈X

(T (σk(x, y, t)) ∗ 0) ∨ T (σk(x, y, z)) ∗ 1

= T (σk(x, y, z))

Proposition 5.9. Letap = (kji)6 ∈ {0, . . . , 215}.aThe compositiona p isaassociative
ifaand onlyaif oneaof theafollowingaconditionsaholds:

(i) k = j = i;

(ii) k ∈ {0, 3, 4}, i = k and j = π4(k);

(iii) k ∈ {1, 2, 5}, i = π4(k) and j = k,

withaπ4aisatheapermutationaof {0, . . . , 5}agiven ainaTable 3.1:

Proposition 5.10. Let q = (kji)2 ∈ {0, . . . , 7} and α, β, γ ∈ {ℓ, m, r}. Foraanyabinary
relations R and P on X, theafollowingaequalityaholds:a

Cγ(R ◦q P ) = Cα(R) p Cβ(P ) ,

with p as in Proposition 2.8.
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Proof.

Cα(R) p Cβ(P )(σΓ (γ,k)(x, y, z)) =
∨

s,t∈X

Cα(R)(σΓ(α,i)(x, y, t)) ∗ Cβ(R)(σΓ(β,j)(s, t, z))

=
∨

t∈X

R(ρi(y, t)) ∗ P (ρj(t, z))

= R ◦ P (ρk(y, z))
= Cα(R ◦ P )(σΓ(γ,k)(x, y, z))

Proposition 5.11. Letap = (kji)6 ∈ {0, . . . , 215}a. ForaanyaternaryaL-relationsaS

andaT on X, theafollowingaequalityaholds:a

Pω(k)(S p T )a = Pω(i)(S) ◦q Pω(j)(T )a, (5.2)

withaq asainaProposition 2.9.

Proof. We onlyagive the proofafor theacase where k ∈ {0, 3, 4}.

Pω(k)(S p T ) = Pℓ(S r
p T )(σk(x, y, z))

= Pℓ(
∨

s,t∈X

(S(σi(x, y, t)) ∗ T (σj(s, t, z))))

=
∨

t∈X

∨
x∈X

S(σi(x, y, t)) ∗
∨

s∈X

T (σj(s, t, z))

=
∨

t∈X

Pℓ(Sσi(x, y, t)) ∗ Pℓ(Tσj(x, t, z))

=
∨

t∈X

Pω(i)(S)(y, t) ∗ Pω(j)(T )(t, z)

= Pω(i)(S) ◦q Pω(j)(T )
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6 General conclusions and future research

Inathisawork, we have firstaexpounded a general approach to the study of the compo-
sitionaof ternaryarelations, resultingainaaafirst type ofa324 four-point compositionsa
and a second type of 216 five-point compositions. For each type, we have provided
aaconvenient enumeration scheme based on senary numbers that allows to generate
all compositions. Also, we have presentedaa way of expressing all compositionsain
terms of a limited number of representative ones. Weahaveaidentified allaassociative
4-point and 5-point-compositions, asawell asacouples of compositions satisfying the
mixed-associativity property. Although there exist plenty such couples, only in the case
of 5-point compositions, thereaexist mixed-associative couples consisting of different
compositions for whichaalso the converse couples are mixed-associative. Furthermore,
we have provided some links between the compositions of binary relations and the two
types of compositions of ternary relations.

Second,awe haveaexploredathree newatypes of compositionsaof ternary relations, in-
spiredaby the substitution of the underlying existentialaquantifier with the universal
quantifier, an approach initially introduced by Bandler and Kohout in the binary case.
In our study, we have examined these new compositions, showingatheir key properties,
their relationship with the original Bandler–Kohout compositions of binary relations,
their role in solving ternary relational equations,aand, notably, their significance in
defining the traces of ternary relations. Leveragingathisa insight, weahave introduced
theatraces of ternarya relations. Finally,awe have providedacharacterizations ofaseveral
types ofaternary equivalence relations.

Givenathe importance of fuzzyarelations, as amply illustratedainathe introductionafor bi-
narya relations,a futureaeffortsawill beadirected toathe studyaof fuzzya ternaryarelations
asawell. Weaanticipateathat itawill be interestinga toaextend thea differentatypes
ofacompositions of ternarya relationsato theafuzzyasetting.
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7:180–196.

[32] Amir Pourabdollah. Theory and practice of the ternary relations model of infor-
mation management. PhD thesis, University of Nottingham, 2009.

[33] Shelley Powers. Practical RDF: solving problems with the resource description
framework. ” O’Reilly Media, Inc.”, 2003.

[34] Sergiu Rudeanu. Lattice functions and equations. Springer Science & Business
Media, 2001.
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  خصائص وفئات العلاقات الثلاثية الضبابية

 
 

 

بما في قات الثلاثية، حيث تحدد جميع التركيبات الممكنة وتدرس خصائصها لاهذه الرسالة تستكشف بشكل منهجي تركيبات الع: ملــخص

بط هذه اترللعلاقات الضبابية، وكذلك  تهاقات الثلاثية، وتوسعلاكوهوت للع-كما تقدم تركيبات بندر .التجميع المختلطو التجميعذلك خاصية 

 الاسطواني.والتمديد  الإسقاط لالقات الثنائية من خلاالتركيبات بالع

 

 .التجميع ، خاصيةقات الضبابيةلاكوهوت، الع-تركيبات بندرتركيب العلاقات، ، الثلاثيةقات لاالع :الكلـمات الـمفتاحية 
 

 

 

 

 

 

 

 

Propriétés et classes de relations floues ternaires 

 
 
 

Résumé: Cette thèse explore systématiquement les compositions des relations ternaires, en identifiant 

toutes les compositions possibles et étudie leurs propriétés d'associativité, y compris l'associativité mixte. 

Elle introduit les compositions BK pour les relations ternaires, étend le cadre aux contextes flous, et 

établit des liens entre ces compositions et 

les relations binaires à travers l'projection et l'extension cylindrique. 

 

Mots-clés: Relations ternaires, Composition des relations, Bandler-Kohout compositions, Relations 

floues, Associativité. 
 

 
 

Properties and classes of ternary fuzzy relations 
 
 

Abstract:  This thesis systematically explores the compositions of ternary relations, identifying all 

possible compositions and examining their associativity properties, including mixed-associativity. It 

introduces Bandler-Kohout-compositions for ternary relations, extends the framework to fuzzy settings, 

and establishes connections between these compositions and binary relations through projection and 

cylindrical extension. 

Keywords: Ternary relations, Composition of relations, Bandler-Kohout compositions, Fuzzy relations, 

Associativity. 
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