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Foreword

This course handout, entitled: “Vibrations and Mechanical Waves” is developed and presented
in accordance with the outline relating to the LMD-S3 License training in the field of “Material
Science (SM) and Science and Technology (ST)".

This course is structured in two parts:

The first, divided into five chapters, deals with the problem of vibrations. The first chapter
concerns the use of the Lagrange formalism which describes the oscillations of physical
systems. The study of free linear (low amplitude) oscillations of systems with one degree of
freedom is presented in the second chapter. The third chapter deals with the damped movement
which takes into account the viscosity friction forces proportional to the speed of the mobile.
The notion of resonance devoted to forced oscillations is presented in the fourth chapter. The
fifth chapter presents vibrations with several degrees of freedom.

The second part, which constitutes the last two chapters, is devoted to the treatment of wave
propagation phenomena.

The course presented with a logical sequence, each new concept defined is clarified by simple
and useful examples, a series of problems enriching the course, everything was carried out with

the spirit of allowing better assimilation by the student.



PART ONE : VIBRATIONS

Chapter 1 :
General information on oscillations



1.1 Definition of an oscillation (Vibration)

Vibration is an oscillatory physical phenomenon of a body moving around its equilibrium
position.

Among the most varied mechanical movements, there are movements which are repeated: the
beating of the heart, the movement of a swing, the alternating movement of the pistons of an
internal combustion engine. All of these movements have one common trait: a repetition of the

movement over a cycle.

1.1.1 Examples

S BB BaRBARA;

a) Spring mass b) Oscillating electrical circuit c) cylinder floating in a liquid

A cycle is an uninterrupted series of movements or phenomena which are always renewed in
the same order. Take as an example the four-stroke cycle of an internal combustion engine. A
complete cycle includes four stages (intake, compression, explosion, exhaust) that repeat during
an engine cycle.
1.2 Definition of a periodic movement
We call periodic movement a movement which repeats itself and each cycle of which
reproduces itself identically. The duration of a cycle is called period measured by the second
and is defined as follows: T, :i)ﬂ'

0
Where o is called the pulsation which relates to the frequency of oscillations and is measured
in rad,st @, =2 f

Frequency is defined as the number of oscillations that take place per unit of time t, and is

measured in Hertz, f, =—
TO
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A particularly interesting periodic movement in the field of mechanics is that of an object which

moves from its equilibrium position and returns to it by performing a back and forth movement

relative to this position.

This type of periodic movement is called oscillation or oscillatory movement. The oscillations

of a mass connected to a spring, the movement of a pendulum or the vibrations of a stringed

instrument are examples of oscillatory movements.

Any mechanical system, including the most complex industrial machines, can be represented

by models consisting of a spring, a shock absorber and a mass. The human body, often described

as "beautiful mechanics”, is broken down in Figure 1.1 into several "spring-damper mass"

subsystems representing the head, shoulders, rib cage and legs or feet.

Head

Arm {

Spine=T

Rib Cage

Hips

Legs

Figure 1.1: Mass-spring-damper modeling of man.

Mathematically, periodicity is expressed by g(t +T):g(T). A periodic quantity is called

Sinusoidal when it is of the form g(t):ASin(a)t +¢).A is called amplitude, o : the pulsation, ¢:

the initial phase. Among the physical quantities studied of oscillating systems, we find:

v

AN NI N NN

The movement x.
The angle 6.

The load g.

The current i.
Voltage U.

A field E.
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1.2.1 Example
a) Let the periodic quantity g (t) shown opposite.

git)

~3 =) 1

T =2s.
f =£=O.5Hz.
T

w=2xf =rxrads™

1.3 Complex representation

To facilitate calculations, we transform the sinusoidal quantities into exponentials which are

simpler to handle. This is possible thanks to Euler’s formula (1748).
cos@+ jsind=e” with j*=-1
1.3.1 Examples

b) Consider a capacitor and a current | (t ) =1, cosak.

.[Idt

dg

i because i =—
dt

Find the complex impedance 7, = Reminder:V, =
i

i (t)=1,cosat —>i~(t)=loe"“’t

j(nm

\%
I

-V (t)=

Ve(t)=

c) Consider a coil L and a current i (t)=1,cos et .

C jcw jcw

.V -
Find the complex impedance Z =i—~L. Reminder: v, =L 3_'.
t
i(t)=1,coswt —>T(t)=1,e"
di ai  d(le™) o
Vit)=—>V, (t)=L—=L——— = jLol ' = jLoi

F@Z:

1

[reiddt jein [(t)=Z ==

jcoi

jcw

-9- Dr.Ghellab Torkia



1.4 Superposition of periodic quantities

The addition of two or more quantities of the same nature is called superposition.

1.4.1 Sinusoidal quantities of the same pulsation

The superposition of two sinusoidal quantities of the same pulsation w is a sinusoidal pulsation
quantity o.

1.4.2 Example

a) Let the two sinusoidal quantities be:

g,(t)= \/Ecos(Bt —%) and g, (t)=+2sin(3t+7)
9,(t)+9,(t)= «Ecos(St —%}L\Esin (3t+7)—> \Eej(wt%J +ej(wtm%j =gl [\Eej(ﬂ + ej@J

=1xe'* =cos(at)

So : A=1. ¢=0.
1.4.3 Sinusoidal quantities of the same amplitudes
The superposition of two sinusoidal quantities of the same amplitude is a sinusoidal quantity
with modulated amplitude if the two pulsations are different.
1.4.4 Example
Let the two sinusoidal quantities be:

g,(t)=acos(et)and g, (t)=asin(w,t)
9,(t)=(acos(at))+g,(t)=(asin(wyt))
g(t)=9,(t)+g,(t)= 2acos(%tjcos(%tj

1.4.5 Any sinusoidal quantities

The superposition is:

The superposition of two sinusoidal quantities with different pulsations 1 and w2 will only be

T n
a periodic quantity if the ratio between their periods is a rational number: _I_—1=H The
2
resulting period is the smallest common multiple: T=mT;+nTo.
1.4.6 Example

a) Let the two sinusoidal quantities be: g, (t) =5cos(5t+2) and g, (t)=2cos(7t+3)

Their superposition is: 5cos(5t +2) +2cos(7t +3).
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T 2% n . .
As L =_79 —__ s a rational number (n=7, m=5), the superposition is a periodic
T, 27f7 m

quantity of T zm(zé):n(z%)zﬁrs.

1.5 Definition of Fourier series
It is possible to express a periodic quantity by a sum of sines and cosines which are simpler to
manipulate physically and mathematically. This sum is called the Fourier series (1807).
The Fourier series of a periodic function f (t) of period T is defined by:
f(t)=a, +Zan cos(na)t)+Zbn sin(not)
n=1 n=1

v" The ao, the a,, and the b, are called the Fourier coefficients.

v The pulsation o= 27t/T is called the fundamental pulsation.

v" The higher pulsations nw (multiple of ®) are called the harmonics.

v’ The Fourier coefficients are defined by:
1 (7 2 7 2 (T .
a, :T—J'O f (t)dt, a, :—I__J.O f (t)cos(nwt)dt, b, :T_-L f (t)sin(newt)dt
The graph of @, and 4, (and sometimes ,fa_2 +b_2 ) in terms of nw is called the spectrum of

the function.

1.5.1 Case of even and odd functions

« Even functions: A function is said to be even if f (—t)=f (t).

In the Fourier series of even functions, there are only the cosine terms and sometimes the
constant a0 which is the average value of the function 4, =0.

» Odd functions: A function is said to be odd if f (—t)=—f (t).

In the Fourier series of odd functions, there are only sine terms:

ao = a,=0.

1.5.2 Example

= = = e

1. The period of the function is T=2s.
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17 17 2 2 3
B =2 [ f(0)dt = [iWdt+ [ (-t+2)t |-

2 T (27nt) 1 2 cos(nr)-1
a, ==, f(t)cos——=dt== Uo(l)cos(mzt)duj'1 (—t+2)cos(n7zt)dtJ:nz—ﬂ2

(_1 "_q 0 if nis an even number
an == _2 . ]

n*z? — == if nis an odd number
n°z

b, == f (t)sin(27_zr—nt)dt :g“l(l)sin(nnt)dvrf(—t+2)sin(n7rt)dt} _ 1

n T Jo 0 n
3 0 l 0 1

So the Fourier series is f ( _+Z L os (nwt)+> —sin(nwt)
4 n=1 n 7Z' n=1 nrx

The spectrum of f (¢) will be taken to be the graph of a, and by versus nw.

1.6 Physical modeling
To understand the vibrational phenomenon, we associate with all physical systems a "mass-

spring™ system which constitutes an excellent representative model for studying oscillations as

follows, figure 1.2:

' F())
l-.\‘;t)

In equilibrium  In movement

Figure 1.2: Mass-spring diagram.
F(t) is called the restoring force which is proportional to the elongation x(t). The constant k is
called the stiffness constant.
1.6.1 The representation of several springs

There are two other configurations for the mass-spring system, figure 1.3:

E~0 -
Fm 'x(t) wr)

M

TE

Figure 1.3: Configurations for the mass-spring system.

The representation of several springs is presented in two cases:
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v"In parallel, we have the figure 1.4:

U W W V. . W
k; k; 'F(t)“ gkea

x(t) J/x(t)

Figure 1.4: Parallel springs.

The equivalent stiffness is the sum of the stiffnesses ki and k such that: k, =k, +k,

v Inseries, we have figure 1.5

Lx{t) Lxrr)

Figure 1.5: Springs in series.

1

1
The equivalent stiffness is the sum of the stiffnesses ki and kz such that: k_ :k_+k_
1 2

eq
An oscillating physical system is identified by the generalized coordinate g which is defined by
the deviation from the stable equilibrium position.
We define n the number of degrees of freedom by the number of independent movements of a
physical system which determines the number of differential equations of motion.
1.7 Total energy
The total energy of the system is defined by the sum of two types of energy
The Kinetic energy of a mechanical system is written in the form:
1 .,
T= Ec = ZEmiql
n>1
The potential energy of a mechanical system is written using the limited Taylor expansion in

the form:

ouU
Ep =U =U (O)+a

3 190U n
+ +
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% The value g=0 corresponds to the equilibrium position of the system characterized by

=0

=0

0q;
There are two types of equilibrium:
» Stable equilibrium, represented by figure 1.6:
% In this case, the necessary condition is that:
16U
2807

4=0

o P
Stable equilibrium point
Figure 1.6: Stable equilibrium.
» Unstable equilibrium represented by figure 1.7

 In this case, the necessary condition is that

2
l@_Uz <0,
2 0 00
E
JrJ
E‘ _
[/
P@ P

Unstable equilibrium point

Figure 1.7: Unstable equilibrium.

» The oscillatory movement is said to be linear if this deviation is infinitesimal. For this
purpose the potential energy takes the quadratic form as a function of the deviation from

the equilibrium position represented as follows:

BT
p 26q2 »
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2
U .

The constant 22 is called the recall constant.
q

So; the restoring force takes the linear form as a function of the elongation and opposite to the

movement such that:

= 0U|
FO)=-—73| ¢
aq° |,

1.8 Calculation methods
The equation of motion for a conservative system can be determined by three methods:
1. Principle of total energy conservation

dE, _,
dt

E; =E.+E, =T +U =Constant =

Where Er is called the total energy of the system.

2. Newton's dynamic law:
Z 'Eu = miai
Where &, is called the acceleration of the components of the system.

3. Lagrange-Euler method: L(q,q)=T -U =E, —E, = Constant

Where L: is the Lagrangian of the system.
In the case of a so-called conservative system, the forces derive from a potential.
We define the action of the system as the summation, between the time interval, to, t; along the

path of the system, of the difference between the kinetic energy and the potential energy.
tl
r=["L(q.q)dt
,Had)

The path is determined using a variational method. This method results in the Euler-Lagrange
equations which give paths on which the action is minimal.
% By applying the principle of least action & =0, we obtain the Euler-Lagrange

equation for a conservative system as follows:

dfa) () o 4,
dt\ od, ) | aq,

The equation of motion for a dissipative (non-conservative) system can be determined as
follows:

-15 - Dr.Ghellab Torkia



v/ System in translation:

HEIRE

i=1n

ext

Where F

ext

are the external forces applied to the system.

d( oL oL ~: |
a5 ()2l 1o

Where M, are the external moments applied to the system. In this case the

v/ Rotating system:

forces do not derive from a potential.
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Chapter 2:
Free linear systems with one degree of

freedom
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2.1 Free oscillators
A system oscillating in the absence of any excitation force is called a free oscillator. The number
of independent quantities involved in the movement is called the degree of freedom.
An isolated system oscillating with one degree of freedom is determined by the generalized
coordinate g which is the deviation from the stable equilibrium.
2.2 Harmonic oscillator
In mechanics, we call a harmonic oscillator which, as soon as it is separated from its equilibrium
position by a distance x (or angle 6), is subject to a restoring force opposite and proportional to
the separation x (or 6):

F=-Cx
C: A positive constant
2.2.1 Examples
a) The mass-spring system opposite is a harmonic oscillator because the restoring force is
T=—kx.

b) The restoring force of the simple pendulum is F, = -MgsinNé . The pendulum

becomes a harmonic oscillator when 6<1: F, = —mg sin & = —mg & .

2.3 Proper pulsation of a harmonic oscillator

We define the harmonic oscillation by the following differential equation:
G (t)+afa(t)=0
(In mechanics g=x, y, z &, @ .... In electricity g=1i, u, q). where @, is called the system's proper

2w
pulsation. We define the proper period To as follows: Ty = —

a)O
The solution to this differential equation is in sinusoidal form such that:
q(t)=Acos(mpt +9¢)
Where o is called proper pulsation because it only depends on the quantities specific to the

oscillator.

-18 - Dr.Ghellab Torkia



A represents the amplitude of the oscillations and ¢ is the phase shift. The constants A and ¢ are

determined by the following initial conditions:

g (t - O) =y
g (t - O) =0
T =27/w,
B ! /|1 v(®
A Pl ~
“\| \\,_ //" \\' *l o \
p=0) \ / / \
° \ 74 0 v=0) / :
\ l/ \
X /// — @, A . Y. N
— A N
0
’ Temps (s) Temps (s)

A- Position response B- Speed Response

Figure 2.1: Free oscillatory movement.

It should be noted that all low amplitude oscillations around the equilibrium position can be
assimilated to linear movements and the potential energy can be expressed in quadratic form of

the generalized coordinate q.
On the other hand, beyond a certain amplitude the oscillation becomes non-linear. Some

examples of applications:
2.3.1 Examples
a) Using the PFD, find the equation of motion of the system opposite.

Eguilibrium  Movement

v Calculate its own pulsation for m=1kg et k=3N/m.
v Find the amplitude A and the phase @ knowing that initially the mass is pushed

2cm downwards then launched upwards at a speed of 2cm/s.
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Solution
v/ PFD inequilibrium: > F =0=mg +T =0=mg —kz,=0.
v' PFDinmovement: > F=ma=mg+T =ma=mg —k (z +z,)=mZ .
Thanks to the equilibrium equation mg —kz , =0, the equation of motion simplifies :
z"+£z =0
m
v The proper pulsation is , :J;::ﬁrad/s.

v The time equation is: (t)=Acos(awpt +¢)=A Cos(\/ﬁ +¢) . Let's use the initial

conditions to find 4 and @:

1 /4
tang=—==>¢=—
z (0)=Acosg=2cm V3 6
—
z'(O):—A«/§sin¢:—2cm/s A= 2 _ 2 ~ 2 =1.155cm /s
Cos ¢ cos 0.866
6

b) Using the mesh law, find the equation of motion of the charge g in the circuit

opposite, then deduce the natural pulsation wo.

Solution

The law of meshes is written:

DV, =0=V, +V, =0

q di . dq
Vo =d ey, =L i=H -
cC LT dt a
d . .
v, =LSq§=L
L dtq q
. R S
L+d —0=Lg+—q=0=3"1c9~
C C .3
d+aw,q=0

, 1 1
“=Tc 7 \ic
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The proper pulsation is therefore ,, - 1 _
JLC

2.4 The energy of a harmonic oscillator
The energy of a harmonic oscillator is the sum of its kinetic and potential energies:
E =T +U
v' The kinetic energy of translation of a body of mass m and speed v is

1

T, :%mVZ_ For a spool T :ELiZ'

translation

v The kinetic energy of rotation of a Body with moment of inertia I, around an
1

translation — E

axis A and angular velocity ¢ is T 1,6°

v' The potential energy of a mass m in a constant gravitational field g is:
Umass= + mgh during an ascent of a height h.
v The potential energy of a coil spring of stiffness k lors of a deformation d is

11

U 1kd2_ For a capacitor y == —q?.
2 2C

spring =

v' The potential energy of a torsion spring of stiffness k during deformation 4 is:

1
Uering :@kez.

Noticed : Total energy E =T +U is preserved (constant) during the movement: CLE:o

dt

This conservation equation gives the equation of motion of conserved systems.

2.4.1 Example
z, @ jQ m
4.______.! - _+_-
'F__"." =0 - 1&
|'L :ﬁ :_-____; fl'
In equilibrium In movement
Solution
T =Llmz?
2

U :%k (z+2,) -mg(z +2,)
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U :1k22+kzzo+1kz§—mgz —mgzozlkz%kzzo—mgz +1kz§—mgz0
2 2 2 2
1, 1,

U =§kz +(kz,—mg)z +§kzo—mgz0

Thanks to the equilibrium condition

Ay =(12kz+kzo—mg=0j
oz |,, \2

z=0:kz,-mg =0

z=0

Then U simplifies

U =£k22+lkz§—mgzoz>u ~ 1k icee
2 2 2

E =T +U :%mz’2 +1k22+Cte-

dt dt | 2

d_E:d_ lmz’2 +d_ lkz2 =0
d dt\2 dt\ 2
d_E=(1m22'z“j+(1k22 Z'j:O
dt 2 2

mzZz+kzZz=0=>mi +kz :O:>z"+£z =0
m

dE =0=(]|_(1mz'2 +%kz 2+Ctej

Which is the equation of motion found using the PFD.
2.5 Equilibrium condition

The equilibrium condition is F=0 If the equilibrium is at x = xo, we write F| _, =0.Fora

oU
force deriving from a potential (—aj , the equilibrium condition is written:

y
OX

X=Xg
The equilibrium of a system is stable if, once removed from its equilibrium position, it returns.

The system returns to its equilibrium if F is a restoring force. Since F= —Cx we will have a
restoring force if C >0.

As (_Z_Fj = [lej , the stable equilibrium condition is written:
X X
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2

This condition is also an oscillation condition.

X=X

The equilibrium of a system is unstable if the system does not regain its equilibrium during a
deviation, i.e. if C <0 the unstable equilibrium condition is therefore written:

2

For the rotations the previous equations become:
(5.0 (5] e ()
30 ), S 00

2.5.1 Example
Find the equilibrium positions and their nature for the system opposite.

Vi
O @
Y

/

4

X=Xg

0=,

Solution
The potential energy during a separation &from the vertical is:
U =-mgh =-mgl (1-cosd). The equilibrium positions are given by

%_O:a—ae(—mgl (1- cose))——mgl %(1—cose)=—mgl sind=0=sin@=0

The equilibrium positions are therefore: §=0 or 6=r.

U —mgl (1-cos8)

%z—mglsme
00
2
aU —(-mglsing)= —mglisinez—mglcose
06
So oy =-mgl coséd
06’

=-mgl cos0=-mgl <0 sp #=0 is an unstable equilibrium position
6=0

&
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oU
(a_ezj =-mgl cosz =+mgl >0 which implies 6= is a stable equilibrium position.

2.6 Lagrange equation (1788)
The Lagrange equation (also called the Euler-Lagrange equation) is:

dfa)_[ot)_g
dt { o9 aq

The Lagrange equation also directly gives the equation of motion (For translations g=x, y, z.

O=r

L=T-U is called the Lagrangian

For rotations g= 0, ¢,... In electricity g=q).

2.6.1 Example
E{]L m j m
4._,___.}_ - _+_._
'F__"."‘ =0 - 1&
i —1 =i
In equilibrium In movement
T = 1 mz ?
2

U =%kz 24+Cte

The Lagrangian is: L =T —uU :%mzz —%kz > +Cte

The equation of motion is therefore:

dfa) (i),

dt \ o7 0z

WithL=T -U zimz'2 —ikz2 +cte
2 2

i:i(lmzzjzlmi(zz):lm(ﬂ):mZ:i[a—lf):i(mz’):mi(z'):m‘z‘
o0t 01\ 2 2 dt\oz ) dt dt

%:E(—ikzzj:—lkg(zz):—ik(Zz):—kz
oz oz\ 2 2 2

SO mZz+kz=0

.k

i+—z2=0 , k k
m S0 =—=>0)=,|—

o 2 m m

I+aw;z=0

Which is indeed the equation obtained using the PFD then using the conservation equation.
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The solution to the differential equation is then written: z (t ) = A cos(wpt + @)

2.6.1.1 Springs:

. F(0)
l-x-(t)

In equilibrium In movement
The kinetic energy is written:
1 1
T=E, ==-mv’ ==mx?
2 2

The potential energy for small oscillations is written in the form:

E,=U=U,+U,_,

K 2
Uk:EX + kxx, +cte
U,, =—mg (X+ X, ) = —mgx —mgx,
U:Uk+Um:gx2+kxx0—mgx—mgxo+cte
U =gx2+(kx0—mg)x—mgxo+cte with —mgx, = cte
U=§x2+(kx0—mg)x+cte

In equilibrium

oy
6)( x=0
ou Kk
— =—x2X+(kx,—m

x 2 (ko —mg)
ou

& x=0
mg

ou
—| =0=(kx,—mg)=0= X%, =—
x|, (ko —mg) ® kx,

=0

:x=0:§x2(x=0)+(kxo—mg)

U =Ex2+cte
2

L=T-U zlmxz—ikx%cte
2 2
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The equation of motion is of the form:

dfany (o),

dt\ ox OX

) 1 ., 1 .,
With L:T—U:me —Ekx +cte

a—lf:itlmxzjzlmi(xz):lm(b&):m>'<:>
oXx ox\ 2 2

oL —2(—Ekx2j:—lki(xz):—lk(Zx):—kx
2 0 2

&_8x
SO mx +kx =0

I
X+—x=0 , Kk k
m S0y =—>0,=,|—
m m

X+afx=0

The solution to the differential equation is then written:

x(t) = Acos(apt +9)

2.6.1.2 Simple pendulum

. [x=Isin@ . | x=10cos®O
om = =V= )
y=1Icos@d y=-16sin@

v =% +y2 =(16)
The Kinetic energy is written:

T=E, =£mv2 =£m>’<2
2 2
x=10
T =1m(lé’)2 _ 1 mizg?
2 2

For the potential energy we have:

U, =-mgh

cosazlhzhzlcosH:Um =-—mgl cos @

- 26 -
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SoU =E, =-—mgl cos & +cte

Then, the Lagrangian of the system is written:

L=E,—E,=T-U —Lmize +mgl cos @ + cte
2

The equation of motion for small oscillations is:

TESNES
dtlog) o6
With L=EC—Ep=T—U=%m|292+mglcose+cte

%=%(%ml292]=%mlz%(92)=%m|2(29):mlzéji[%]=%(ml29)=mI2%(é)=mlzéf
%:%(mglcos@)zmgl%(cos@):—mglsina
So ml?@ + mglsin®@ =0

At low amplitude sino ~ @

So: ml?d+mglé=0

é+%9=o

O+ai0=0

a)gzlg:woz\r%

The solution to the differential equation is then written: &(t) = Acos(awyt +¢)

2.6.1.3 Torsion system:
A rigid body with moment of inertia Jo oscillates around an axis with a torsion constant k.

Torsional oscillatory movement

The Kinetic energy is written: g_ =T = %Joéz

For the potential energy we have: E, =U =%kt02
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The Lagrangian of the system is then written: L=E,—E =T -U = % J,0° —%ktez +cte

The differential equation is written:

d(gg}{QQ=o wNuL:ﬁ—Ep=l%¢—1K¢+ae
2 2

dt\ o) \ o6
95:Jﬁ:>ﬁ(§£j=%é
o0 dt\ 20
A
o0
J,0+k6=0
9'+£6’:0 k K,
2 t
0 S0 =E—=0,=,|—
) 2 0 ‘]0
O+w}0=0

The solution to the differential equation is then written: 6(t ) =6, cos(ayt +¢)

2.6.2 Exercises and problems

Exercise No. 1

Compare between the own pulsation of a k+m mechanical system and an LC electrical system
We give: k=100 N/m, m=250g, L=0.1 H, C=100 pF.

ik o mn

m x(Z) !

|
F) 1

Solution :

T=E L=t
2 2

2
E,=U=U+U,
Um=0 because we have: (Un=mgh and h=0).

U =5x2+kxxo+cte
2

In equilibrium

ﬂ =O:@:5x2x+kx0

OX |40 ox 2

v :x=0:5x2(x=0)+kx0:£ =0=>kx,=0=>x,=0
OX 4o 2 OX |40
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U =5x2+cte
2

L=T-U =lm>'<2—lkx2+cte
2 2

The equation of motion is of the form:

dfaL) (o),

dt\ ox OX

) 1 ., 1 .,
With L:T—U:me —Ekx +cte

a—lf:itimszzlmi(xz):lm(Zx):mX:i(a—szi(mx):mi(x):mx
ox ox\ 2 2 OX 2 dt\ ox dt dt

ﬁ:ﬁ(—ikxzj:—lki(xz):—lk(Zx):—kx
ox ox\ 2 2 0OXx 2

so mMmX +kx =0

- K
X+—x=0 , Kk k
m Soy=—>0)=,|—
m m

X +aix =0

k = 100 N/m, m=250 g=0.250 kg.

@, (mechanical ) = o, = \/E = ’% =20rad.s™
m \o.

2/LC electrical circuit

Lina
DV, =0=V, +V, =0
q di . dgq d . . G,
V.=—V, =L—,i=—=@4=V, =L—q=L 3
et T T AT T g AT ”
. q .1 .1
L+ —-—=0=L+—q=0=§+—q=0
q C q Cq q LCq

1 1
i+ @2q =0/ =— = @, = /—
q C!)Oq (O LC (O LC

L=0.1 H, C=100 pF=100 10**F.

o, (electric) = w, = \/Llc = \/O n 10%) 0= = 3.16x10" rad.s™
A X X

, (electric) >>>> @y, (mechanical)

Electric circuits have a fairly broad frequency spectrum compared to that of electrical spectra.
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Exercise No. 2

A vibratory system (k+m) (arranged horizontally), consisting of a mass m=0.01 kg and a

spring k=36Nm*. At time t=0 we observe that the mass is 50 mm to the right of its equilibrium

position and is still moving to the right with a speed of 1.7ms™. Calculate the frequency,

amplitude, initial phase and energy of the system. A second system identical to the first is

vibrated with the same amplitude but with a phase advance of % > calculate the displacement

and speed at t=0. At what moment will it then pass through the equilibrium position?

Solution

The equation of motion of a vibrational system k+m (arranged horizontally) is

X‘+£x:0
m

X+ aofx=0

X(t) = Acos(w,t +9)

:_:> @, r /36 =60rad.s™

Frequency calculation f

wy =27 = f =ﬂ=2—0=9.55 Hertz
7T T

Calculation of A and ¢

X(t) = Acos(ayt+9) X(t)= Acos(agt +9)
d

v(t)= dxd_it) =x(t) =E[Acos(a)ot +9)] ” {X(t) =—Aa,sin (ot +9)

X(t

In the initial conditions .
{X(t =0) =—Aa,sin(w,x0+¢)

X(t

0)=
X(t=0)=Acos(p)=50mm=50.10"m (1)

Digital Applicati
Igital Application {X(t =0)=—Aw,sin(p)=17m/s (2)

-

t=0)=-Aw,sin(¢)=17m/s (2)

(2) -Aagysin(p) 1.7

Fal - ——ayt
D)~ Acos(p) 5010% (@)

{x(t 0) = Acos(p)=50mm =50.10"m (1)
(
)

(ool L_ LT 1. 7o

T50.10° @, 50.107 60 6

-1.7
w, tan (@) = 2010 > tan

-30 -
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-3
According to (1) : Acos(p) = Acos[—%j -5010° = A=—220"__g057m
cos(—j

Calculation of maximum system energy
E,=T+U
E; (Max)=U and (T =0)

Since the energy is maximum when the elongation of the spring is maximum and in this instant

the spring changes direction i.e. v=0 this implies that the kinetic energy becomes zero.

E; (Max)=U :%kxz
x =0.057m, k =36
E; (Max) = %36(0.057)2 =0.06J

Calculation of the position and speed of the second system t=0:
For the second system: It has the same amplitude as the first system, that is to say A does not

change but with a phase advance of % that's to say ¢ becomes ¢,+§

x(t)= Acos(a)ot - ((/H— %D
X(t) =—Aaw,sin [a)ot + ((0+ %)]

In the initial conditions

x(t = 0) = ACOS(“’O X(t = O)J“((H%D X(t - O) B ACOS[Egﬁgn
t=0)=—tus| x1=0)p+3]) - |st=0)=ensn 03]

Digital Application

x(t=0)= Acos ((¢+%D = Acos(—%+gj = Acos(%) =0.057 cos(%} =0.0288m

X(t=0)=—Aw, sin((gﬁgn = —Awosin(—%+%j = —Awosin(%j = —0.057x60xsin(%j =-29m/s

So

So the second system at t=0 is 28.8 mm from the equilibrium position and moves with a speed
of 3m/s.

At what moment will it then pass through the equilibrium position?
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x(t) = Acos(a)ot+(p+%j = Acos(a)otJr%] =0= COS(%H%j

cos(a)=0:>a=%

cos coot+%j:03co0t+%:%

Likewise
z

Exercise No. 3

Simplify the system in the following figure by replacing the springs with an equivalent spring
ke with ky=ko=ks=k and ks=2k. Deduce the nature of the movement and its own pulsation wo

which we ask to calculate knowing that k =150 N/m, m=1Kkg.

P S S S
k1 k
ka
kz TO
r v
=(t]

Solution

ki is in parallel with k250 Koo ivaien) = Ki + Kz = 2K

K1(equivalent) IS in series with ks
1 1 1 1 1 3

k, 2k k 2k

k2(equivalent) kl(equivalem)

2k

2(equivalent) ?

Kaequivalent) 1S in parallel with ks
2k 8k

kS(equivalent) =k 2(equivalent ) + k4 = ? +2k = ?
3(equivalent) = k(equival(—:‘nt) = ke
I
X+—x=0
m
X+awix=0

wgzkzwoz\/k—T:‘,%zmrad.sl
m m 3m
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Exercise No. 4
Arod of length | and negligible mass articulated at point O carrying at its free end a point mass
m. At a distance a of O from the rod we attach vertically a spring of stiffness k, the other end
being fixed to a fixed frame at point A. At static equilibrium the rod takes a horizontal position
(6=0).

1- Say if at this position is the spring extended or not? deduce the equilibrium condition.

2- Establish the differential equation of weak oscillations and deduce their period.

A

Solution
Uu=U,+U_
The potential energy of the rod equals zero because the mass of the rod is neglected.

U, =;x2+kxx0+cte

With sin¢9=§:>x=asin6'
a

U, =gx2 +kxx, + cte =g(asin 0)’ +k(asin@)x, +cte

Um=—mghwithsin6’=|h:>h=|sin0:>Um=—mg|sin¢9
U=U,+U, =g(asin¢9)2+k(asin9)x0—mglsin9+cte
U :ga2 (sin 67) + kax, (sin @) —mgl (sin 6)+cte = U :ga2 (sin6* )+ (kax, —mgl)(sin &) +cte

2
At low amplitude sin@ =~ @and cos @ zl—%
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u :ga2 (6%)+(kax, —mgl)(8)+cte

In equilibrium

el =O:>£=5xa2x2¢9+(kaxo—mgl)

00|, 00 2

au| kK

—| :0=0=—xa*x2(0=0)+(kax, —mgl)=(kax, —mgl)
901, 2

ouU mgl

—| =0=(kax,—mgl)=0=x,=+——

X |, _q (kax, —mgl) ° ka

That is to say, the spring is elongated by x_ — +”l1_9'
a

:U:%az(ez)ﬂzte-

T=E, L= Llme
2 2

T =%m(|6")2 =%m|26'?2

Then, the Lagrangian of the system is written:

L=E -E =T-U =1m|29'2—5a2(92)+cte
2 2

c p

Th tion of motion f Il oscillations i [ L
e equation or motion 10r Small oscillations IS : —| — |—| —=< |—
a dt\ad) \ a0
a—llemlzxzézmlzézi[ﬁ—l‘.):mlzé
00 2 dt\ o6
A K20 - xae
00 2
ml2g + ka?0 =0

2
542 g0

ml

0+w?0=0

, ka® ka? a [k
Wy =—5 >0 =—5 =7,
ml ml I \m
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Exercise No. 5

A U-shaped tube of section S contains a liquid of density p and length I in the tube.

v' Establish the differential equation for free vibrations of low amplitudes.

v" Deduce their own pulsation.

Solution :
1. Kinetic energy
T=E ESVVIETYFE
2 2
M : The mass of liquid

p:%:M = pV = pSlI

I : Liquid length.
T =Lmx

2

2. Potential energy

dU,, =-F,dl =-F,dicos(F,({),dI (1))
dU, =—F dlcos(180°) = dU , = +F,dl = +mgdl with F, = mg
m: The mass of the tube 2x

m
p:V—:> m=pV = pS2Xx=F_ =mg = pS2xg =2pgSx

m

u,=Jdu, ='X[+mgdl = +I2pg3xdx:+f2p93xdx=+2pgijdx =+2pgS[
0 0 0 0

x? x?

U,, = pgSx’ +cte
L=T-U

L= % Mx® — pgSx* + cte

According to (1) : '\I/l— =Sp

-35-
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L=T-U
L=%M>’(2—png2+cte/MT=Sp

L:%MX2—¥x2+cte

The equation of motion is of the form:

S(3Hz)o
dt\ ox OX

a—L=£M2)’(=M)’(:>i(%j=l\/lx

ox 2 dt \ ox

oL__Mg, _2Mg,

OX I I

2M>’(‘+2ng:0

o2

X+—gX:0 , 20 29
S0 =—— 0=,

oL 2 I I

X+awyx=0

Exercise No. 6

Find the simple system equivalent of the system shown in the figure, then calculate the

proper pulsation. We admit that the displacement of the mass is only v.

P Pl
oy I
T

a — B

-— e -

-t -

In Equilibrium

Y F=0

F+F,+mg=0
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Following the movement of the system we find

F+F,=mg

F =kx,F, =k,X,

k. X, +Kk, X, =mg ........... (1)

=0

OA AF,+OA, AF,+00' Amg =0

OA AF,—AOAF,+00 Amg=0

We have A B =|A|x|B|sin(AB)

50 oA <sin (OA. F )| A] x| | xsin (A0, )+ |00 < ma] s (00" mg) =0
We have

loa]=a|ad]|=b.|R] =R (&=~

So

aFlsin(@, Ifl)—bFzsin(E, Ifz)+OO’>< mg xsin(@,mg):o
sin(@, mg’):sin180°:0

aFlsin(@, Ifl)—bFzsin(@, Ifz):o
We pose

sin (@ Ifl) = a,sin (@ Ifz) = a,

aF,sin(a,)—bF,sin(a,)=0

a=p+ 2 a, =%
1¢2122(P
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We know that

sin(A+B)=sinAcosB +cosAsinB
sin (o, ) =sin ¢)+—):S|n¢cos—+c03¢sm—
2 2 2
coszzo,sinzzl
2 2
. . /4
Sln(al):SIn((o+Ej=COS(o
sin(A —B)=sinAcosB —cosAsinB
sin (e, ) =sin 2 _o|=sinZcosp-cosZsing
2 2 2
coszzo,sinzzl
2
. . T
sm(az):sm(E—qoj:cow

So aF;sin(¢, ) —bF,sin(a,)=0
Becomes

aF, cos(¢)—bF, cos(¢)=0

aF, =DbF,

So ak, X, =bk,X,.............. (2)

In equilibrium K., aenyX = Mg

According t0 (1): K .qivaien X = MY =KX +K;X,
K equivatenty X = KiXy + K% oo (3)

Triangle: AA A,

-38 -
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sin@ =

AN B Bt RN )
e

By replacing (2) and (4) in (3) we find

2
(a+h)
k(equivalent) = a2 b2
~ =
koK,
k
G !
. (equrl: ent) x=0 = (equivalent) = (equivalent)
X+aix=0 O " O i
+awpX =

Exercise No. 7

We demonstrate that the simple equivalent system of the system of figure (A) is the system of

2

(a+b)
figure (B) such that k(equivalen[) = 2 b
kK,
ke
(A) (B)
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1- Taking into account the previous result finds the simple equivalent system of the system
shown in Figure (C) and calculate the equivalent elements Ke and Me. What happens to this

result if we neglect a.

2- Then calculate in each of the two cases the proper pulsation wo. We give: k=150 N/m and
m=1Kg (all springs have negligible mass).

Solution

By applying the result of figure (1) to the system of figure (2) a=a, b=a, ki=k>=k we will have:

2
aof (2 a2,
kl(equlvalent) i ai 22 +3° 2782 N I B
k k k k Kk

Ki(equivatent) and ksare in series:

1 1 1 1 1 1+2 3 2k
K = +E:T+E:?:E: k2(equiva|ent) :?

2(equivalent) k](equivalent)

For (K, (equivatent) ) @d (2K) by applying the result of the figure (1) a=a, b=a, ki=2k, k.= %

k2(equiva|ent) we will have:

~ (a+a)2 ~ (2a)2 43 1

3(equivalent) = (equivalent) — a2 a.2 - az 3a2 - 4a2 - T =2k= k(equivalent) =2k
—t —t—— —
2k 2k 2k 2k 2k 2k

3
K .
e (equivalent) Xx=0
m
X+awix=0

k ’ f
COg _ _(equivalent) (equlvalent (equnvalent 2x150 \/?T 17.3 rads™

If a<<< (a negligible)
ki and kzare in parallel:
I<1(equivalent) = k1 + k2 =k +k =2k

and k are in series:

1(equivalent)

1 1 1 1 1 1+2 3 2k

k k - k + k - k - k = kz(equivalent) Y
2(equivalent) ig(equivalent) 2 2 2 3

k and 2k are in parallel:

2(equivalent)
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ok 2K 2k+6k 8K

k =k

3(equivalent) = k(equivalent)

2(equivalent) 3 - 3 - ?
8k
(equivalent) = ?
k_
e (equivalent) X =0
m
X+aix=0
K equivalent) equivalen 8 150
o = —Eialen) (q ent) 1/ bvalent) _ *2o0 _ J400 = 20 rads ™
3><1
Problem 1

1) kinetic energy and potential energy
1.1 The diagrams below represent systems in a state of movement. The initial positions
are shown in dotted lines. A bold line stem is massive and homogeneous while a thin
line stem is negligible. The black balls are punctual. The wires are inextensible and do
not slip on the discs. It will be assumed that the springs keep their vertical or horizontal
directions during spacing. Find the Kkinetic energy T and the potential energy U as a
function of @ for each of these systems.
2) Equilibrium condition, stable equilibrium, and unstable equilibrium
2.1
a) Find the equilibrium positions for each system.
b) Study the nature of the equilibrium at 6= n/2 of system (i).
c) Find the oscillation condition of systems (ii) and (iii) at =0.
3) Lagrangian equation of motion
3.1 Find in each case the Lagrangian for g «1then deduce the equation of motion and the

proper pulsation.

/ Reminders \

The moment of inertia of a rod of mass M and length | around its center of gravity G is:

1
l,c =—MI?
/G 12
The moment of inertia of a disk of mass M and radius R around its center of gravity G is:
1. 52
e ==MR
/G 2

The moment of inertia of a rod of mass M and length | around a point O far from its center of
gravity by a distance D is, according to the Huygens-Steiner theorem:

\ l, —I/G+M(OG) =—2|\/||2—|—|\/|D2 /
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Solution
1) Kkinetic energy and potential energy
1.1 The kinetic energy T and the potential energy U as a function of 6
i)
T=T,+T ,+T +T_, :%mlvl2 + %mzv,f %mgv?f %m4vj :%mle + %mzxz2 +%m3>'<§ +%m4>'<f
x =16,% =106, %=10,%=1,0
T :%ml(lléi)2 +%m2 (Izé’)2 +%m3 (I36'?)2 +%m4 (I49')2 =T = %(mlll2 +m,13 +mlZ +m,l?)6?
U :Uml +Um2 +Um3 +Um4
Uml = +mlgh1

sinezlﬂ:hzllsiné?:uml:+mlgllsin9

1

U,,=-mygh,

m2
LL=h,+x=h,=1,-x
X
cos<9=|—:>x=lzcos¢9:>h=|2—l2cos6?=lz(1—cos¢9)
2

=U,, =-m,gl, (1-coso)
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Um3 = _msgha
h,

sin¢9:|—:>h3 =l,sin@=>U_,=-myql,sing
3

Um4:+m4gh4
l,=h,+x=h, =1, —x

cosez%: x=1,cos0=h=1,-1,cos0=1,(1-cos0)
4

=U,, =+m,gl, (1-cosé)
U =-+m.gl, sin @ —m,gl, (1-cos @) —m,gl, sin &+ m,gl, (1—cos &) +cte
i)
1 1 1, -
T=Tu+Tn2+Tsem ZEmlvlz + Emzvzz +§ |,092

The moment of inertia of the rod at the turn of O (according to Huygens' theorem):

2
o=l +M(0G) = I :$M|2+M ('E_'gj

2
|,O=i|v||2+|v|(l VLR VLI RV VI
12 6) 12 '3 36 9

T:% 1>‘<12+%m2>'<22+%l,092=%ml>'<f+%m2>'<§+%[éMI2)92
2 2
n-t0.x-20.57-1m(1o] +2m (2 0] L[ me)er
3 3 2 '3 2 %\ 3 209
2 2
7.1 I—ml+im2+1Ml2 0’
2\ 9 9 9
U :Um1+Um2 +UStem
Uml__ 1ghl
|
—=h+x=>h==--X
3
X I
cosezT:x=—cos€:>h=——§cosﬁz—(l—cose)
3
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U m2 — +nghz

2§I=h2+x:>h2=2§|—x

cosf= % = x=2coso= h:2—|—2—|0030=2—|(1—0030)
2l 3 3 3 3
3

=U_, =+ng%|(1—cose)
uU,,=+MgH

l: H+x=H :l—x
6 6

s x=1coso = H :l—l—cosezl(l—cose):UStem =+Mg I—(1—cos¢9)
6 6 6 6 6

U=-mg I§(1—C039)+ m,g %I(l—c059)+ Mg Ig(l—cos 0)+cte

iii)
1 1 1 1. . 1 .
T=T,+T,, + T, + Teerms + Tewermn :Emvl2 + Evaj +Emv§ +E 1,6° +§ 1,6
1
l, == MI?
12

2
;=1 +M (OG)2=éM|2+MGJ =%M|2+%MI2:%MI2=%MI2

l .2 1 .2 1 .2 1 52 1 32
T==—mx"+=2mx; +=—mx; +=1.0“+=1,0

2 X1 2 2 2 3 2 1 2 2
T:im>'<f+12m>'(22+1m>'(32+1 RV L VIERPE

2 2 2 2\12 23

>‘<l=|59', X, =16, %, ='Ee'

2 2
—7-tmlLg +£2m(|9)2+1m Yol X Lme ez L 1wie |
2 2 2 2 2 2112 23

2 2 2
=Yl come+ Dme 2w e =1 2 T |2
2( 4 4 12 2

2 3
U = Um +U2m +Um +UStem2 +USpringl +USpring2 +USprin93
U, =-mgh
o h | |
sing = :>hl=Esm6?:>Um=—mg§sm6?

1
2
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U,, =—2mgh,
l=h,+x=h,=1-x

cosH:TX:>x=|cos¢9:>h:I—Icosé?:I(l—cosé?)
=U,, =—2mgl (1-cos &)
U, =+mgh,

sinez%:hlzlisinﬁzum=+mg|§sin¢9

=-Mg IE(l—cos 0)

k
sping = 5 X% + kxx, + cte

U

We havesinfd =—-= x=|§sin0

N | —| x

k(1. Y (1.
U Esme +k Esme X, +Cte

Springl — E

K2
Uspringz = > X +kxx, +cte

Wehavesiné?:li:x:lsine

Uspringz = g(l sing)’ + k(Isin@)x, +cte
k2

Usprings = EX +kxx, +cte

We have sin 6 = |

= X=-=sind
2

N | —| x

2
Usprings = g(%sin 6) + k(%sin HJ X, +Cte
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U=uU m +U 2m +U m + UStemZ + USpringl + USpringZ + USpring3

U =—mg|§sin 6—2mgl (1-cos )+ mgIEsinH—MgIE(l—cosﬁ)
k(1. Y (1. Koo oo k(1. Y (1.
+—| =sin@ | +k| =sind |x, +—(Isin) +k(Isin@)x, +—~| —sin@ | +k| ~sind |x,+cte
2\ 2 2 2 2\ 2 2

2
U :—(2m+%Mjgl (1—cose)+%ksin &% + 2kl sin 9x, +cte

iv)
T=T +T ,+T,+Ty> zlmlvl2 + 1mzvz2 +3Jléf +1329§
2 2 2 2
1 . 1 . 1. . 1 .
T =Emle +§m2X22 +§J1012 +EJ2922

X =r6, %, =R6,,J, =%er2, J, :%MZRZ

T =%m1(r91)2 +%m2(Re¥2)2 +%(%er2]0} +%(%M2R2j9§
Since the Wire is inextensible and does not slip on the discs, we have r61=R68, So
T :%(rnl+m2+%Ml+%M2jr26?f

U=U, +U; +Ugying
U, =+mgh

sing, :%: h=rsing =U,_,=+mgrsing,
Upy =-m,gh,

sin 6, :h—F§:> h,=Rsing, =>U, , =—-m,grsiné,

Ugpring = g X2 + kxx, +cte

We have sin g, =X x=rsin 6,
r

u g(rsinel)z+k(rsin¢91)x0+cte

Spring =
k, . 2 : : :
U :E(rsmel) +k(rsing,)x, +mgrsing, —m,gRsin g, +cte

U =grzsin 67 +krsin6,x, +(m,—m, )rsin 6, +cte
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V)
T=T +T, +T, =1mvf+12mv§+3|92
2 2 2
1 2
| ==M(2r
oM (2r)

1 1 1(1 2) -
T="mZ+=22mx2+=| =M (2r) |6?
5 MK+ = 2m5; 2[2 ( )j

X =2r6, %, =r0

1 \2 1 2 1(1 2 -
T:Em(ZrH) +52m(r6’) +E(EM(2r) )92
T=%(6m+2M)r2¢9'2

u=u,+U +U

Springl Spring2

U, =-mgh

sin9:2£:> h =2rsind=U_=-2mgrsiné
r

U

K. 2
Springt = X“ +kxx, +cte

We havesin9=21:>x=2rsin6?
r

U

Springl =

E(erin 0)" +k(2rsing)x, +cte

Ugpringz = % X% + 2kxx, + cte

) X .
We havesin@=——= x=rsind
r

U k(rsin®)’ +2k(rsin@)x, +cte

Spring2 —
U= —2mgrsin6’+g(2rsin 0) +k(2rsin@)x, +k(rsing) +2k(rsin)x, +cte
U =3kr?sin 6 + 4kr sin x, — 2mgr sin 6 + cte

U =3kr?sin 67 +(4krx, —2mgr)sin &

2) Equilibrium condition, stable equilibrium, and unstable equilibrium

i) U =-+m.gl, sin @ —m,gl, (1-cos @) —m,gl, sin &+ m,gl, (1—cos &) +cte

iy U=-mg |§(1—COSQ)+ m,g %I(l—COSQ)-i- Mg Ig(l—cosé?)+cte
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2
i)y U :_(2m+% M jgl (1—cose)+%ksin 6° + 2kl sin 9x, +cte
iv) U =%rzsin¢9f+sin6’rsin6’lx0+(ml—m2)rsin6'l++cte
V) U =U =3kr?sin§” +(4krx, —2mgr)sin @
a) The variable being 0 the equilibrium condition is a—l; =0
i)
ou . :
%:Ozwrmlgl1 cosd—m,gl, sin@—-m,gl,cosd+m,gl,sind=0
oU .
%:O:>(+mlgll—msgla)c056?+(—ngl2 +m,gl,)sind=0
0

0 sin@
= 0= cosé{(erlgll —m,gly ) +(-m,gl, +m,gl,) cos@} =0

% = 0= cos O] (+mygl, - m,gl, )+ (-m,gl, + m,gl, ) tan g& |= 0

_(+mlg|l - msgls)
(_nglz + m4g|4)

COSG:O(O:%jOr tangé =

i)
ouU I . 21 . | .
—=0=- —sin@+m,g—sin@+Mg—-sin@=0
00 '“193 »9 3 96
ou | 2l 1) .
=0=|-mg—-—+mg—-+Mg—|sin@=0
0 ( 193 »9 3 96j

=
a—L;:O:>5in0:0:>020
iif)
2

%:O:— 2m+1M glsin9+ik2cosesin6’:0
00 2 4

2
%:O:sine — 2m+lM gl+1kcos¢9 =0
00 2 2

2
—[2m+1Mjgl+ikcose =0
2 2
ouU

& _0=sin@=0(=0=0)Or 1
20 ( ) (2m+2Mjgl (4m+M)g

= C0S@ = > =
3l 3lk
—k
2

- 48 - Dr.Ghellab Torkia



iv)

a—U=0:>5r22cos¢9lsin91+(m1—m2)rc056?1=0
oo 2
Q:O:cosq kr?sin@, +(m,—m,)r)=0
oo

—(m, —m
QZOSCOSQ:O:(@:ZJOF sinHl:M =0
00 2 kr

v)

% = 0= 3kr?2sin §cos &+ (4krx, —2mgr)cos & = 0

oU .
- 0= c056?[6kr2 sin @+ (4krx, —2mgr)] =0

| 6kr?sin 6+ (4krx, —2mgr) | =0

—(4krx, —2mgr)

QzO:cow:O:(e:z Or
06 2
6kr?

2)
b) Let's calculate Z@UZ and check its sign at 9:% of system (i)

We have % = (+m,gl, —m,gl;)cos &+ (-m,gl, + m,gl, )sin &

o°U _

So 262 . =|:_(+m19|1_m3g|3)3|n 9+(—ng|2 +m4g|4)C080:|9:%
2
o’V _
o0 - {—(+mlgll —msgls)sm%+(—ngl2 + m4g|4)cos%}
2

oy =g(+m| —ml)
06° 0T 373 111

2
If m,l, >ml, the system is in stable equilibrium

If myl; <myl, then the system is in instable equilibrium

sind = =0

b) For a system to oscillate it must regain its equilibrium position after each spacing,

therefore the condition for oscillation of the systems (ii) and (iii) is that the equilibrium

2
is stable: g >0
00
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i) :

ouU | 2l 1) . U 1 1
—=|-mg—+m,g—+Mg— [sihd = == -m +2m,+=M |glcosé@
RY)

1 1
==|-m+2m,+=M |gI
00|, , 3( AT jg

o°U
00?

>O:>(—m1+2m2+1Mj>0:>(+2m2+lM]>m1
oo 2 2
iii):

2
&zsine - 2m—£M gl+ikcosé’
00 2 2

2, 2 2
:6U =cosd —(2m+1Mjgl+ikcose —1ksin92
0 2 2 2

9

2, 2 2
:>8U2 =+ikc0502— 2m+1M glcose—iksiné’2
00 2 2 2
2, 2
:>6U2 =+1k—(2m+1Mng
0%, 2 2
2 2 2 4m+M
-, U >0:>ik—(2m+1Mjgl>O:>1k>(2m+1Mng:>k>w
00 90 2 2 2 2

3) Lagrangian equation of motion
3.1 The Lagrangian for @ << 1, equation of motion and the proper pulsation for each

case.
i)
1 :
T= E(mﬂf +m,IZ +mylZ +m,17) 67
U =+mgl, sin&—m,gl, (1—cos &) —m,gl,sin &+ m,gl, (1-cos o) +cte

2
For @ <1 Sin@~ 0 and cosezl—%

2 2
U =+mgl,@—m,gl, (l— (1—%))— m,gl,sin&+m,gl, (1—(1—%)]+cte

6? 0?2
U= +mlg|19_ ng|2 7_ mag|3‘9+ m4g|4 ?+Cte

Y= %(m4gl4 - nglz)‘92 Jr(mlgll B m3g|3)'9+0te
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In equilibrium

vl _
00,

ouU

=5 = (mugl, —m,gl, ) & +(mygl, ~mygls )
ouU

59:0 24920:>(mlg|1_m39|3)20

Sou :%(m4gl4 —m,gl, )&% +cte.
Then, the Lagrangian of the system is written:

L=T-U :%(mlll2 +myIZ +mgl? +m,17) 6 —%(m“gl4 —m,gl, )& +cte

Th tion of motion f Il oscillati d_a_L_ﬁ_L
e equation of motion for small oscillations is: at\ 20 20

3o i)
oo o 1
T -

(mlll2 +m,l> +myl? +m4lj)9+(m4gl4 -m,gl,)6=0
(m4g|4 _nglz)
(M7 +m,12 +myl? +m,17)

6+0?0=0
The proper pulsation

W2 = (m4g|4_ng|2) — @ = (m4g|4_ng|2)
0 2 2 2 2 0 2 2 2 2
ml” +m,lS +mls +m,l; ml”+m,l; +m,ls +m,l;

0+ 0=0

i)

(17 41* 1 :
T==|—m+—m,+=MI?* |&
2[9ml 9 % 9 ]

U=-mg Ig(l—cose)+ m,g 2gl(l—cos¢9)+ Mg 16(1—00549)+cte

2
For @ <<1sinfd =460 and cosezl—%
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U=-mg Ig[l— (1—%2)j+ m,g %I{l— (1—6—22)J+ Mg Ig{l— (1—%2)]+cte

| 6° 21 62 | 6°
U=-mg-—+m,g——+Mg—— +cte
935 TM935 952
U:E(Zmz—mﬁlM I—gé?2+cte
2 2 )3

Then, the Lagrangian of the system is written:
41? 1

1(1? S 1 I
L=T-U==| —m+—m +=MI? |6?°—=| 2m, —m +—Mj— 0% +cte
2[9ml 9 ?'9 j 2( 2~ MM )39

Th tion of motion f W oscillations is: | = |- &= |-
€ equation oT motion Tor small oscliations Is: dt 89 00

() (L
at\a6) o™

oL o 1 1.\ 1.1
—=—|-Z2m,-m +=M |=g8* |=—| 2m,-m + =M |-gé
o0 ae( 2( 22 j3g ] ( 22 jsg

2 2
I_mlJrﬂmﬁlMl2 é+(2m2—ml+1Mjlgt9:0
9 9 9 2 3

2
ﬁtﬂm2 VLAY,
9 9

1 |
2m,—-m +=-M |-
( b LT j3g

2 2
LmlJrﬂszrlMl2
9 9 9

0+at6=0

6=0

0+

3(2m2—m1+;Mjg
(m,+4m, + M)l
0+a?6=0
The proper pulsation
S(Zmz—mlJrleg
2 2

Wy = b =

(m +4m,+M)I

0+ 0=0

3(2m2—m1+;MJg

(m, +4m,+M)l

iii)
2
R B S VILR P
2\ 2 3

2
U =—(2m+%M]gl(l—cos&)+%ksin92+2klsin<9x0+cte
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2
For @ <1 Sin@~ 0 and cosezl—%

1 0.\ 31> ,
U=- 2m+EM gl 1—(1—?) +Tk¢9 +2k16x, +cte

2 2
U =—£2m+1Mng9—+ik6’2 +2k10x, +cte
2 2 4
2
U :%KZm+%M jgl +%k}02+2klé)xo+cte

In equilibrium

2
U _1 (2m+legl+ik 6?2+2klt9x0+cte:>a—u
2 2 2 o0

6=0

2
—= (2m+1Mjgl+lk 6 + 2klx, :E
oo 2 2 oo

2
u=1 2m+£Mjgl+ik 6% +cte.
2 2 2

Then, the Lagrangian of the system is written:

2 2
LeT-U =2 il P (2m+3|\/|jg|+ik 6” +cte
2 2 3 2 2 2

:0=0= +2kIx, =0

6=0

: : . dfo oL
The equation of motion for small oscillations is: —| — |~ =0

dt\od) o6
g(a—lsziierlMIz]é
dt\ o060 2 3
2
oL_2o (_1(m4gl4—nglz)ez):—[(2m+%Mjgl+%k}9

00 00\ 2

2 2
VT 0+ (2m+1Mjgl+ik 0=0
2 3 2 2

1 312
KZWMJQHK} . [(4m+M)g+3IkJ
g 2 2 B 0+ 6=0
+ =0 2
[5|2 1 zj = (5m+Mjl
“m+=Ml 3
2 3 N
L 0+at0=0
0+w0,0=0
The proper pulsation
4m+M)g+3lk 4m+M)g+3lk
(5m+Mjl (5m+M)I
3 3
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iv)

1 1 1 :
T :E(m1+m2 +EM1+EM2jr2012

U :grzsin6?12+krsin6’lx0 +(m, —m,)rsing, ++cte

2
For @ <<1 =sinfd~ 0 and cosazl—%

U= g r’6; +krx,6, +(m, —m, ) ré, +cte
U =gr2<9f +[ krx, +(m, —m, )r |6, +cte

In equilibrium

U
o6
%:[kr2]01+[ero +(m —m,)r]
U
o6

6,=0

6,=0

=U :gr2¢9f+cte.

16, =0=>+[ krx, +(m —m,)r]=0

Then, the Lagrangian of the system is written:

1 1 1 5k
L=T-U :E(mﬁmz+EM1+EM2jr20f—§r20f+cte

The equation of motion for small oscillations is: i[ﬂj—[ ad ] 0

d {a—ITJz[mlemz+%Ml+%M2jrzél

dt| a4,

dt\ad ) | o6

-54 -

Dr.Ghellab Torkia



o _ i(—h rZHfJ =—kr?g,

06, 06,\ 2
2
1.1 G+ 1kr 1 %=0
(ml‘}‘mz+EM1+EM2jr29;+kr201:03 (m1+m2+2M1+2M2jr2
0+ a0, =0
6+ 1" T 6=0
(m1+m2+2M1+2M2)
O+ai6,=0
The proper pulsation
2 k l k
“ = 1 1.\ @ 1. 1
(ml+m2+2Ml+2M2j \/(m1+m2+2Ml+2M2j
v)

T :%(6m+2M )r’e®

U =3kr?sin 67 +(4krx, —2mgr)sin &

2
For @ <1 =sind~60and cosezl—?

U =3kr?¢” +(4krx, —2mgr) 6 +cte

In equilibrium
oy
oo

ou 5
—— =06kr<8 +(4krx, —2mgr

=0
6,=0

ouU

) :0, = 0= +(4krx, —2mgr) =0

6,=0

U =3kr?6”* +cte.
Then, the Lagrangian of the system is written:

L=T-U =%(6m+2M )r?6? —3kr?g® +cte

The equation of motion f W oscilations is: | 2 |- = |-
€ equation ot motion Tor small oscHiations Is: dt ae‘ 06
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E(a".):(smzm)rzé

dt\ 06
ar. i(—:;kr?@?) =—6kr’0
00 00
2 ..
) Go— K g 0 |G+-—% __p-0
(6m+2M)r?d +6kr9=0=+ (6m+2M)r =1 (3m+M)
O+af0=0 0+ai0=0

The proper pulsation
&=, = _k
(3m+M) (3m+M)
Problem 2
1. Find, based on the height, the kinetic energy and the potential energy of the liquid in the
U-shaped tube below. The volume density of the liquid is p: The initial length of the
liquid columns as well as the section of each part of the tube are indicated on the
diagram.
2. Find the total energy then deduce the equation of motion and the proper pulsation.

3. Find the Lagrangian then deduce the equation of motion.

p Lo | ll

S 0
At rest In motion

Solution

1. Let T be the kinetic energy and U the potential energy.
To find the kinetic energy of the liquid we need the kinetic energy of each of the liquid columns.
Since the left and right vertical parts of the tube have the same section S, the liquid columns in
these parts will have the same speed v = y : Since the horizontal part of the tube has a different
(smaller) section, the liquid column in this part will have a different (higher) speed Vv, =Y, .
When the liquid on the right rises a height dy, it draws with it a horizontal liquid column dyo

such that
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S S
Sody, = Sdy = dy, =S—dy:> Yo=5 ¥

0 0

1 . 1 .
Tien =EmLefty2 :EPS(L_Y) y2

1 o 1 )
TRight = > mRighty2 = EPS ( L+ y) y?

1 5, 1 s2) ., 1 g2
THorizontaI = E Myorizontal yg = EpSO [LO _j y2 =5 p[Lo S_J y2
0

1 o 1 o 1 S%) .
T:TLeft+TRight+THorizontal:EPS(L_y)y2+§pS(L+y)y2+Ep[Los_Jy2
0

1 S? 1 S?
T =pSLy? += = |y2=Zp|2SL+L, = |y?
pSLy zp[l-osojy 2/{ LOSJV

The potential energy of the liquid column is the sum of the potential energies

dU = dmgl = »sdi g1 of the infinitesimal elements dm with height I.

L-y 1
Uiw =[dU = [ pSdlgl :EpSg(L—y)z
0

L+y 1

Unigne = U Len :_[dU = j pSdlgl =5
0

= Cte. (The horizontal column does not change height)

pSg(L+y)

T

Horizontal

1 1
U =ULeft +URight +UHorizontaI :Epsg(l-_y)z +Epsg(|‘+y)2 +Cte

U= %pSng +%pSgy2 - pSg(Ly) +%pSgL2 +%pSgy2 +pSg(Ly)+Cte
U = pSgy’ + pSgL® + Cte We have pSgL® = Cte
SoU = pSgy” +Cte
2. The total energy and then deduce the equation of motion and the proper pulsation of the
system

The total energy of a system is E=T+U. To find the equation of motion, it suffices to write the

equation of conservation of total energy: ?TE =0
t

2
E=T+U :%p(ZSLvLLOz—ijJFPSgszrCte
0
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The equation of motion is:

2
9 0= p| 2L+, 2 |g2psgy =0 j4—2P%9 o
dt So S?
pl2SL+1, >
SO
dE i} 25S,9
_— y > =
dt (258,L +L,S?)

0, = J 2SS9 2
(258,L +L,S?)
3. The Lagrangian and the equation of motion of the system
The Lagrangian of a system is L =T —U . To find the equation of motion, simply write the

ala )

Lagrange equation —
2

L=T-U =%p[2SL+L02—Jy2—pSgy2+Cte

0

The equation of motion is:
dfa) (o),
dtioy) oy

d (oL S%) ..

[%]——psgy

oy

df(oL) (oL 5?2

| = |- = |=0= p| 2SL+L,~ |+ pSgy =0

] Re R T

y 285,9

+ =0

g (2350L+L052)y = o = 285,9 ~ = 285,9
o (258,L+L,8°) (258,L+L,S?)
y+awyy=0
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Chapter 3:
Free linear system damped to one degree of

freedom
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3.1 Damping force
A system subjected to friction is said to be damped. The simplest friction is viscous friction.
Viscous frictions are of the form
f=-av
a: 1S a positive constant called coefficient of friction and v is the speed of the moving body. In

mechanics, damping is schematized by:
o

H:J_

The speed v is in this case the relative speed of the two damping arms.
3.2 Lagrange equation of damped systems

If there is friction T = —aq , the Lagrange equation becomes:

d (oL oL .

| = 7| =7 [~

dt { o9 aq

By introducing the dissipation function p = %aqz , We can write:

f =—af=-— (In translation p :%avz :%ax-z. In electricity p :%RV :%Rq2). The

og
Lagrange equation for damped systems is then written (where q=x, y, z, q, 6...)
dfo)_[oL)__adb
dt { o oq oq

3.3 Equation of motion of damped systems

The equation of motion of linear systems damped by f — —~q is of the following form
G(t)+25G (t)+wya(t)=0
Where & is a positive coefficient and is called damping factor. wo is the proper pulsation.

% _ o iscalled quality factor.
20 Q i y

3.4 Solving the equation of motion

g(t)+25d(t)+awfq(t)=0
The solution to this equation is done by changing the variable
q(t)=Ae" =d(t)=Are" =¢(t)=Ar%", the equation then becomes:
G(t)+254(t)+awia(t)=0
Ar%e" +25Are" + wiAe" =0

Ae" (r?+26r +a})=0
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r’>+26r+awj; =0

We calculate the discriminant A and then obtain:

A=(25) -4}
A =457 —4a?
A=4(5"-af})

\/Z:\/4(52—a)§) :2\/(52_0)5)

There are three types of solutions:

e Case where the system is strongly damped: A>0=0>®, et Q<0.5

The solution to the differential equation is written as follows:

q(t)=Ae™ +Ae™ avecr,, =

q(t)=Age -t} +Ag otk _

q(r)

N,

.

q(0)

T

2

2542|687 -}

{q (t=0)

q(t =0)

The system is said to have aperiodic motion.

5% -
e (Ale(

Where A: and A are coefficients to be determined by the initial conditions

i)

05

¢

P00, vi=0)=S

RS —

T L )0

Figure 3.1: Aperiodic damped movement.

Temps (5)
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e Case where depreciation is critical: A=0=d=0,etQ=0.5

q(1)

q(0) \

The solution to the equation is of the form:
a(t)=(At +A,Je"
_%0_
2
q(t)=(At+A,)e™

n=r=r -0

Where Az and A; are coefficients to be determined by the initial conditions

q(t=0)
G(t=0)
p@
'T bl | p(t=0)=0.5, v(r=(l))=4 | I
05k
N o
i o a th=0)=0.5, W(t=0)=-4 i
_10 | | | | | |

Temps (5)
Figure 3.2: Critical damped movement.

e Case where depreciation is low: A<O0=d<aw, etQ>0.5

rq(t)
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Two complex solutions for the characteristic equation

R
r,=-0+] ol -5

The resulting movement is g (t ) =Age ™" + A,e ™™ either:

q(t)=Ae™ cos(mt +¢)

Where A and ¢ are constants to be determined by the initial conditions: gt = 0)

The movement is called pseudo-periodic, w = «/a)g — o7 is called pseudo-pulsation.

T_27_ 2% iscalled pseudo period.
g wf —6°
p(t) T T T T T T T

A exp(-<1)
5 8 /\ l(/ :
O A —_—

Temps (s)

Figure 3.3: Damped oscillatory movement.

3.5 Logarithmic decrement

To evaluate the exponential decrease in the amplitude of the pseudo-periodic movement, we

_q(t) OrD —iLn—q(t)

is called the logarithmi
a(t+T) - q(t+nT)|Scae e logarithmic

use the logarithm. The reportis D =Ln

-t
decrement. Using the equation g (t ) =Ae* cos(wt +¢), we find 6 =Ln IV Tl D=6T

v It should be noted that the system undergoes a total loss of energy due to the work of

friction forces.

dE; (t) =—ap(t)’ dt=—dW, = AE, + AW, =0
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3.5.1 Examples
a) Consider the mass-spring system opposite. Find the equation of motion first with the

Lagrangian then with PFD.

» Using the Lagrangian:
The Lagrangian is:

L=T-U =1mx'2—lkx2.
2 2
D =Eav2 =1ax'2
2 2

The Lagrange equation is then written:

9(d) (4)._®
dt\ ox OX OoX
. 1 ., 1,
WithL=T -U ==mx“ —=kx* +cte
2 2
d

a—lf:i(lmsz:Emi(xz):lm(zx):mX:i(a—FJ:E(mX):m—(X):mX'
oXx Oox\ 2 2 OX 2 dt\ox ) dt dt

ar_9 (—lkxzj=—1k£(x2)=—%k(2x)=—kx

o ox\ 2 2 ox
D:Eavz:la)'(z:>a—[?:i(laxzjzlai(xz):la(ZX):aX
2 2 oX ox\ 2 2 OX 2

.k a .
. . X+—X+—Xx=0
mX + kx = —aXx = m m

X+ i x+25%=0

w(f:h:m)o:\/gandwzgjézzi
m m m m

Using the PFD: > F =ma=mg+T +R +f =ma = —kxi —mgj +Rj —axXi =mxi’
By projection on x'Ox:

, .. .. , ..k o
kX —aX =mX = MmMX +kX +aX =0=X+—x +—X =0
m m
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b) Or the disk-spring system opposite 6 <« 1. Find the equation of motion if M=1kg, k=2

N/m, R=10cm, r=5cm, a=8Ns/m.

%

M O},

Using the Lagrangian:

T=E, =T[Disk]=%\]éz

J =£MR2
2

T =1(1 MRZJQZ
2( 2

U=U, =gx2+kxx0 +cte

With sin9=%:>x —Rsing

U=U, =k5x ? +kxx, +cte =kE(Rsin6?)2 +k (Rsin@)x, +cte

At low amplitude sino ~ @

U =%R2(92)+(kao)(9)+cte

In equilibrium

ouU
26,0
ou
26
ou
20 6=0
ou

:ngZXZH—(kRXO)

=0=—(kRx,)=0=x,=0

U =kER2¢92+cte.

- 65 -

:9=o:>g><R2x2(9=0)—(ka0)=—(ka0)

Dr.Ghellab Torkia



D =1avz =105X'2
2 2

X=r0=D =%a(r6’)2

dfaLy_(a)__a
dt\og) \ o0 00

H l l 2 32 k 22
WithL=T -U :U:E EMR 0 —ER 0% +cte

oL_29 1(EMRZjéZ :1(1Mszi(éz)zE(EMRZJ(zé)z(EMszé
06 00\ 2\ 2 2( 2 o6 2( 2 2
:i[a—".jzi (EMRZJQ :(EMRZJE(Q):(EMW]@

dt\ o) dtll2 2 dt 2
ﬁ:i(—lkRzezjz—ikRzi(az)z—lkRz(ze)z—kRZQ
06 o060\ 2 2 06 2

p=Ltavi=Lari :,G_P:i[larzazj:larzi(QZ):EarZ(ze'):arza
2 2 00 00\2 2 00 2

2 2
L T I S ok 2ar’ .

. . 1 1 O+—0 6=0
[%MR2j8+kR29:—ar20:> (MRZJ (ZMRZJ = +|\/| +MR2

2 ) .
L . 6+ w20+256 =0
0+020+250=0

2 2
a)g:i/l—k:a)():,/iﬂ—k and 25=2Ma|::2 =8= I\O/IlI;Z

3.5.2 Exercises and problems
Exercise No. 1

We consider a mechanical oscillator k +m+ « . The instantaneous position x(t) of the
mass m is represented by the graph in the following figure.
1. What is the evolution regime of the oscillator? Give the differential equation
involving the damping coefficient and the natural pulsation. Give the expression of
D(t).
2. Determine the pseudo-period graphically T..
3. Recall the definition of the logarithmic decrement D. Determine it graphically and

deduce the damping coefficient and the proper period To.
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Solution
1.a. The regime is pseudoperiodic.
1.b. Differential equation is:

.k oa,
X+—Xx+—x=0
m m

X+ @fX+20% =0

K k
600253(00: a

25=%55=2

m 2m
oo : Undamped system proper pulsation (that is to say when ¢ =0 )
d: Damping coefficient.
2. Ta value of the graph:

T.=2s=> 0, :sza:?l_—ﬁ:%z:yrrad.s‘l.

a

3. The expression of D :

o]

X, X, 1 Two successive crests

D=In (ﬁ) =0.448
16

D:5Ta:>5:2:%
T 2

a

5=0224s"

- 67 - Dr.Ghellab Torkia



On the other hand, we have

Ta:2—ﬂ:>a)a:2—ﬂ:2—ﬂ:7z rad.s™
) T 2

2 _ 2 2 2 _ 2 2
W, =W, =0 =>w, =0, +0

Ty, = x =1.99s
20

Exercise No. 2

A body of mass m=0.5 kg resting on a horizontal plane is connected to a fixed frame by a
spring of stiffness k=245 N/m.

Moved xo = 3cm from its equilibrium position then released without initial speed, it
performs free oscillations damped by a dry friction coefficient ,,—o.1.

1- Calculate the period of oscillations To.

2- How many half-periods does the body perform and at what distance does it stop?

3- What total distance will he have traveled? Deduce the resistive work of the friction

force.
4- Compare the potential energies of the spring before and after these oscillations,

conclusion?
Solution

.ok ooa,
X+—Xx+—X=0
11 : m - m

X+ @ix+26%=0

26=2=5=2
m 2m

w§=%:w0:\/%=?r—ﬂ e T_Z ( 0.285

2. We know that the amplitudes decrease linearly according to:

2um T
X, =X —n( ,uk gj That is to say the amplitude decreases each half-period (on with a fixed

2
pitch ( ﬂkmgj.
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X, : Absolute value of amplitudes.

2.1. The system stops when the restoring force becomes smaller than the friction force, that is
to say:

kx, <umg
2umg
X, =X, —N
 =x,-n[ 249
kxk:kxo—nk(z’ukﬂj

kx, =kx,—n(2umg)

kx, <umg = kx,—n(2umg)< umg
—kXo+n(2umg)=-pmg = n(2umg)=-umg +kx,

n(2umg) _ —umg Lok o ommamg kX -1 KX

(2umg)  (2umg) (2umg) ~(2umg) (2umg) 2 (2umg)
kx, 1
nZ(Zymg) 2

Digital Application :n>6.85—=n=7

2.2. So the system stops after having completed 7 half-periods

x7:x0—7[2ﬂ%j

X, =1.4x107°m
3.1. Distance traveled

D =X, +2(X, + X3 + X, + X + X5 )+ X,

xlzxo—lxiz/”l%j, X, =x0—2x(2“%) X, =x0—3><[2“kmgj,

X, =x0—4x[2ﬂkmgj, Xs :xO—Sx(Z'ukmgj, Xg :x0—6><(2'u%j

D=14x0—492“%: D=0.22m
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3.2. The resistant work of friction force
o(f,)=-fd=-umgd
a)( fs) =-0.11J
4. Variation of U:
AU =U (x,)-U (%)
1
AU :Ek(x72 —xg)
AU =-0.11J

That's to say AU = o ( f,) the energy lost by the system is transformed by fr of the heat.

Exercise No. 3

We consider a series RLC electrical circuit. We give ¢ =10..F, L =100mH . The capacitor is

initially charged. At time t=0, we close the RLC circuit and let it evolve freely. We set the

resistance successively to the following three different values: r =100 &, 150 ©, 250 .

lC
gt

1. Determine in each case the operating regime of this oscillator. In what cases are

oscillations observed? Then deduce the pseudo-period.

2. What value should we give to R to be in critical mode?

Solution

DV, =0=V +V, +V, =0

q di . dq . d . . . .
V.==—V =L—,i=—= V =L—qd=Lg,V.=Ri=R
cTo L at at g=V_ dtq g, Vg q
. q . L1 .
L+—+RG=0=LG+—q+Rg=0
q C q = Lq Cq q
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q+iq+5q =0
LC L

G+alq+25G=0

, 1 1
W) =——==> Oy = ,|—
LC LC
25-Ros5-R
L 2L

C=10uF=10x10°F, L=100mH=100x10"3H.

Three Cases:

1) O < w, : Low Damping = Pseudoperiodic Regime.

2) O = @ : Critical Damping = Critical Regime.

3) O > ), : High Damping.

@, :\/ 1 :\/ 1 — =10"rad.s”
LC 0.1x10x10

) R
Calculation of 0 =—
2L

R=1000,150Q, 250 Q

R=100Q= §=5005" < @, =10°
R=150Q=§=750s" < @, =10
R=250Q=§=12505" > @, =10°

So:

1. R =100 €2 pseudoperiodic regime

o, =2xf, _2x
Ta
Ta:2_7Z
o,

2. R =150 2 pseudoperiodic regime
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a)a
w, = Jo? —5* =661.4rad.s =T, =0.009 s

For the critical regime it is necessary that & = @, :

o= L
* \LC
PR

2L

R

1 R g o /Lzz_t\ﬁzz\ﬁ
LC 2L Lc JL\c C
R =200Q2.

(critical)
Exercise No. 4

I-Undamped free regime

We consider a system with one degree of freedom in the following figure. The homogeneous

disk of mass M and radius R can pivot around its fixed horizontal axis passing through its center.

A rigid rod of length | and without mass is attached to the disk and carries at its free end a point

mass m. A horizontally placed stiffness constant spring is connected to the disk as shown in the

following figure, the other end being held fixed. The system is in static equilibrium when the

rod is in its horizontal position. In movement the rod is identified in relation to this position by

the nail &(t). We place ourselves in the case of low amplitude vibrations and we admit that

Sin@ =~ @ andcos@ ~1.

1- Calculate the total potential energy U (€) of the system. Determine the deformation Ax

of the spring at static equilibrium. Then simplify the expression of U(#).

2- Calculate the kinetic energy T(6) of the system. We give J . = % MR?

3- Write the Lagrangian of the system L(G,G) and deduce the differential equation

governing the movement of the system and its proper pulsation.

I1-Damped free regime

The system now experiences viscous friction represented by a damper with linear

coefficient o placed as indicated in the
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M 2mgl . ) . . .
m :E’ k = R’ R = > show that the differential equation of motion is written:

0+ 280+ @0 = O we specify the expression of & and wo.

L Y

Solution

I-Undamped free regime
U=U, +U,

ko, L —X i
U, _EX +kxx, + cte with sm@:F:x:—Rsmé’

U, =Ex2+kxx0+cte:g(—Rsin6?)2+k(—Rsin6?)x0 +cte
U, =-mgh

sinezlh:hzlsinezum =-mglsiné
=U=U, +U, :g(—RsinH)z+k(—Rsin9)xO—mgIsin9+cte
U :ng (sin 6 )~ KR, (sin 6)—mgl (sin 6) +cte

U =kER2(sim92)—(kao+mgl)(sin0)+cte
At low amplitude Sin @ = @

U =§R2 (6% )—(kax, +mgl)(&)+cte
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In equilibrium

Vg

00 |y

%:%XRZXZH—(kRXO+mg|)

aul kK .,

—| :0=0=_-xR*x2(0=0)—(kRx, +mgl)=—(kRx, +mgl)
20|, 2

ouU mgl
EX_0:O:>—(kaO+mgI):0:>xo:—%

:U:2R2(92)+cte.

T =E, =T [mass]+T [Disk] =%mv2 [mass]+%J9'2 [Disk]zémx2 [mass]+%J92[Disk]
T[mass]zgmx2 [mass]
x=10
1 N2 1 .
T[mass]:Em(IH) ZEmIZH2
T[Disk]:%Jéz[Disk]
1

J==MR?
2

T [Disk] =%J92 [ Disk ] = %(% Mszéz [ Disk]

T=1m|26ﬂ+1 1MR2 62
2 2( 2

T _1 mlz+(lMR2j 6?
2 2

Then, the Lagrangian of the system is written:

L=E-E=T-U -2 Izw{lMsz 6’2—5R2(6’2)+cte
2 2 2

Th tion of motion f Il oscillati s S 20
€ equation oT motion 1or small oScilations IS: dt 89' 06
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L:l(mm(lMRZDéz—5R2(92)+cte

2 2 2

a_o)1 m|2+(1MR2j g2 |2t ml2+(1MR2j i[ézj
00 00| 2 2 2 2 00
a—l‘.:l(mlz+(1MR2D><29:(mI2+(£MR2D9

00 2 2 2

d [‘%j Eml2+(1MR2Dé

dt 2

i:i(l ?(¢7 )J: L 8(92)_—5F22><2¢9=—kR29
o0\ 2 2 86 2

[m|2 [ Jj6’+kR29 0
0+ 0=0

o o]

O+wi0=0
: kR? S

RICREE I (R

I1-Damped free regime

_ _ . d 6L (oL oD
The equation of motion for small oscillations is: —| ——= || =5 |T| 25 |=

dt R 00

L= miz o Lmre 92—5R2(92)+cte
2 2 2

i(a_L.jz m|2+(1MR2] g
dt\ o8 2
iz—kRze

o0

D= %a(bé)z = %a(bzéz) = %abzéz

=G |- S(07) = ab’ (20)-ab'd
00 00\2 2 00 2
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mI2+ )6‘+kR20+ab9 0

mi + H+kR29++ab0 0

|
L
o

0+ 6=0

o o) o]

9+%e+zw 0

kR?
a)o = 1 :>a)0= 1
mI2+(MR2j mI2+(MR2j
2 2
2 2
25 = ab se ab
(mV+(MR{D 2[mF+( MRﬂj
When
oMy 2mgl o 1
8 R 2
2
(ml2+(MR2D
2
s
8

Exercise No. 5
A mass m is welded to the end of a rod of length | and negligible mass. The other end of the
wire is articulated at point O. The rod is linked at point A to a Frame (B1) by a spring of stiffness
ki. At point B, the rod is connected to a Frame (B:) by a spring of stiffness k2. The mass m is
linked to the Frame (B2) by a damper with a friction coefficient a. OA=1/3, OB=2I/3 and OC=I.

1. Calculate the kinetic and potential energy of the system.

2. Deduce the Lagrangian.

3. Find the differential equation of motion.

4. Determine the solution of the differential equation in the case of low damping, the

damping coefficient 3, the natural pulsation wo and the pseudo-pulsation wa.

-76 - Dr.Ghellab Torkia



(B1)

AT

W
&;:mﬁmm
-
3
0

Solution
1.1- Potential energy

u=u,+U,+U,

U, :%xzjtklxxO +cte
sing=2>— =2 —x :I—sine
oA | 3
3

2
U, =ﬁx2+klxxo+cte=ﬁ Lsing +k, Lsing X, +cte
o2 23 3

k
U, = EZXZ +k, X, +Cte

sin0=L=L:>x=ﬂsim9

oB 2l

3
2

U, =&x2+k2xxo+cte=&(ﬂsin9j +k2(£sin9jxo+cte
22 23 3
U, =mgh
I=h+x=h=I1-X
cos¢9=|§:>x=lcos6?:h=|—|cos6?:l(1—c03¢9)

U,, =mgl(1-cosd)
2 2
U :ﬁ(Lsinej +k1(|—sin9jxo+&(£sin9) +k2(£sin9jxo+mgl (1-cos@)+cte
2\3 3 23 3
92

At low amplitude Siné@ ~ & and cod zl—7
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K. (1 Y I K I Y 21 62
U=-2-0| +k,| =0 |xg+—2| —0 | +k,| —0 |x,+mgl(Q1—|1—— |)+cte
(sj [SJ 2(3 j 2(3 o + Ml ¢ [ Zj)

( 2 I

In equilibrium
NI g
00 |,
2 2
%z%(kl(%j +k2[%j +mg|]x26’+(kl(|§j+k (%on

ou

20l 10=0== (kl —2mgl )x2(0=0)+ (k{%}tk %)]x0=+(kl('§)+kz(%nxo
e OGN

2 2
u-1 kl(l—j +k2(£j +mgl |6 +cte
2 3 3

1.2- The kinetic energy

T=T,=>-mx"

X =160

T =1m(lt9')2:1mlzé2
2 2

2- The Lagrangian of the system is written:

2 2
L-T -U=1mze-1 kl[l—] +k2(ﬂj +mgl |6 +cte
2 2 3 3

3- The Lagrange equation for a damped system is d[ oL j [5'—}{5'3_) _
at\ a6 ) \ae ) a6

Dziaﬁ
D=2a(10) =~ a(10°) = a6’
oD _ 8 [1

. o 1 . .
Ealzﬁzj > '259(02) 5 |(2¢9)=a|26’

00 06
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L:%mlzéz—%(kl(%jz+k2(%jz+mgIJ¢92+cte
%:%Emlzéz}:(%mlz)%[éﬂ

%:(%mlzjx%?:mlzé

d (al_j .y

S-S0 3 oS 2 ]t
(4] _j+mg.]xw:_(klg)lkzgﬂmg.je
mI29+(kl[|3 2 k, —J +mg|]0+al29=0

S (5T )

o i
00

_1

0+—06=0
ml? ml?
4- For low dumping
4.1- 9(t)=Ae™ cos(a,t +¢)
By analogy with:
2 2
kl(lj +k2(2|j +mgl
.. 3 3 a -
0+ 5 0+—0=0
ml m
9+w00+2549 0

4.2- The proper pulsation:

() e(3) ) [T LT o]

W, = => 0, =
0 0
ml 2 ml 2

4.3- The damping coefficient:
26=2 =s5="2
m 2m

4.4- The pseudo pulsation:

. 2 2
w, —«/a)o -0
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Problem 1

By turning the disc opposite can move up and down thanks to the non-slip and inextensible
thread wrapped around the furrow circular of radius r. At equilibrium the spring k was
compressed with a distance yo. The a damper represents the friction

1. Find the Kinetic energy of the system.

2. Find the potential energy according to y.

3. Simplify U using the equilibrium condition.

4. Find the Lagrangian and the dissipation function D.

5. Derive the equation of motion. ( & << 1. The moment of inertia of the disk is | = % MR2).

6. Knowing that M= 2kg, R= 50cm, r= 25cm; k=10N/m; find the maximum value that the
coefficient o must not reach for the system to oscillate.

7. With a damper with coefficient a= 5N.m™.s, the system oscillates but its amplitude decreases
over time. Find the time t necessary for the amplitude to decrease to 1/2 of its value.

8. Calculate the logarithmic decrement D.

9. The previous damper is now replaced by another with coefficient a': We then notice that the

amplitude decreases to 1/3 of its value after 22 complete oscillations. Deduce the value of the

coefficient o'.
Solution
) ) T2 1o 1o 101 0
1. T:T[DISk](Translation)+T[D|Sk](R0tati0")ZEMy +EI0 :EMy +E(EMR ’

Since the wire is inextensible and non-slippery, when the disk descends a distance y it rotates

R - Ry
through an angle 0 such that: y=r6, from where 6 = % = RO = Ty = RO = Ty
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0=y =Rro="Y pro="Y

2
T:EMyZJFE(EM R_jy =

2 202 r?

2. Going down a distance y the disk also rotates through an angle 0, so the displacement

R
of point A during the movement is Y+ R9:£1+?jy. As the spring is connected to

point A and was already compressed initially, its total compression is

R
Yot Y=Y +(1+ ?] Y. From where

Spring

2
U =Upy +U ——ng+%k(yo+y+Re)2=—ng+%k(yo+[1+§jyj

2
U:—ng+lky02+lk(1+5j y?+k (1+Ejyy0
2 2 r r
1.2
We haveEky0 =Cte

2
U :%k(bﬂj y2+([1+5jyo—ngy+Cte
r r

ouU

3. The condition of equilibriumis £<=| _ o, allows us to simplify U

y=0

2
Uzlk[1+5j y2+([1+5jyo—ngy+Cte
2 r r
ou 1 R R
oU R R R
Zoiy=0=]1+—2 =0)+||1+— |y, —Mg |=| [1+— |y, — M
) y =>[+rjx(y )+[[+rjyo gj (( r)yo 9}

Q =0 [1—|—Bjyo—|\/|g =0
00 |, r
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2
=U :lk(1+5) y® +Cte
2 r
4. The Lagrangian of the system is written:

2 2
L szyz—lk(l+5j y? +Cte
2r r

—T-U=1m[1+
2 2

. d L
5. The Lagrange equation for a damped system is _[8_

dt | ay

1 o2 1 (0 R.Y 1 RY .2
Dzaa(y+R0) =Ea(y+?yj =Ea(l+?j y

2r? +2r2
r+R)’ (r+R)
k( r2) . _ ) 2k(r+|52)2

HE M)

2a(r+R)’

y+ y+
2r’ +R? 2r’ +R?
M 5 M 5
2r 2r

6. The equation is of the form

2k (r +R)’ 2 RY’
+ (r2+ )2 a(r:_ )2 y:O 2 Zk(r+R)2
M(2r +R) M(Zr +R) :MOO_—M(ZerrRz)
V+aly+20y=0
-82-

M(2r2+R2)y+

M (2r2+R2)

and 6 =

y=0

oc(r+R)2
M (2r2+R2)
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For a damped system to oscillate, it must be in a pseudo-periodic regime, so it is necessary that:

52_0)02<0:>5<a)0:> a(r:'R)zz < 2k(r+R)2 :>a<M(2r2+52). 2k(r+R)2
M(2r*+R?) \M(2r’+R?) (r+R) M (2r® +R?)
2+ R’ 2kM (2r? +R?
[P R ):a<.\/ (2r* +R?)
(r+R) (r+R)

Digital Application
o < 5.16 N.s/m. This is the value that a must not reach for the system to oscillate.

7. Since the damped system oscillates its movement is pseudo-periodic: the time
equation is: y(t)=Ae™ cos(wt+p)=Ae™ Cos(afw§—52t+(p)
For the amplitude to decrease to 1/2 of its value, a time t is required such that

1

- Aefﬁt . e—ﬁ(t+1)

Ae—&(tM) _ — %ez;t — e—b‘te—b“r — %ea‘t — efa‘r — l

:>|ne&=|n%:>—5r=—ln2:>r=ln—2

Digital Application
Since 6=3.75s' = 7 ~0.18s

8. The logarithmic decrementis Dp=6T =6 27 _5_ 27

2 \/a)oz—é‘z

Digital Application D ~ 24.33
9. Since the amplitude decreases to 1/3 of its value after 22 oscillations, we have

Ae 5(t+22T):_Ae 5t:>e($(t+22T):_ebt:>ebte 20T _ — g0t _ 226" _ =

3
:>Ine‘22‘”'=In%:>225'T':In3
L2
T'=2—”,:>445'1,=|n3:445'L=|n3:>%=(lns)2
@ % wf—06" Wy —

2 o2 20 2 2 2 2\ o2 2 2 2 (|n3)2a)02

= (447) 67 =(In3)’ (&} —6) = ((447)" +(IN3)°)6* = (IN3)' & = & =(( -3
447) +(In

05— @, In3

J(447) +(In3)’
Digital Application
a'(r+R) M (2r® +R?)s"

6'~0.03s7".Since §'=—Fr——<=a'= —— . We find &'~ 0.04Ns/m.
M (2r® +R?) (r+R)
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Problem 2

Consider the electrical circuit below.

1. Using the mesh law, find the equation for the movement of the charge in the circuit.

2. Derive the differential equation for current i.

3. Derive the differential equation for the voltage V. across L.

4. Knowing that L= 2H, C= 50nF; find the maximum value that the resistance must not reach
for the circuit to oscillate.

5. With a resistance R= 500, the circuit oscillates but the amplitude of V. decreases over time.
Find the time t necessary for the amplitude to decrease to 1/5 of its value.

6. Calculate the quality factor of this oscillator.

7. The previous resistance is now replaced by another weaker one R'. We then notice that the
amplitude decreases to 1/9 of its value after 12 complete oscillations. Deduce the value of the

resistance R'.

Solution

1. The law of meshes gives us ZVi =0=V, +V.+V; =0

q
V, =—
¢ C

di . dqg
V=L—,i=—=4=V, =L—q=L
L " at q=V, q q
V, =Ri=Rq

. q . .1 .
Lg+—=+R4=0=LG+—=q+R4=0
q C q q Cq q

1 R
s, T Rg=0 l
a+ LC ar L g @)
2. By differentiating once equation (1) we find;

ad e L T e e LT P et et L@

3. By differentiating once equation (2) we find;
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i 1di Rd%_

e
dt® LCdt Ladt

d av, 1, R4V _

0

:\% From where 1

di
ince V, =L—, we have + +——=
Since Y == 5 Ld? LC " L dt

1 .. 1 R.. " 1 R,
:>EVL +EVL +FVL = 0:>VL +EVL +IVL =0
4. The equation is of the form:

.1 R..
Vi +—V +—V, =0
L LC L L L

V + oV, +25V, =0

SO SV ERPP. B

For a damped system to oscillate, it must be in a pseudo-periodic regime, so it is
necessary that: 6° -} <0=d5<a :>£< i:R<2\/E

y et o =@ "~ 2L “\Lc c
Digital Application: R<12649Q. This is the value that R must not reach for the circuit to

oscillate.
5. Since the damped system oscillates its movement is pseudo-periodic: the time
equation is: V, (t)= Ae ™ cos(ot+¢p)=Ae™ cos(mtﬂo)
For the amplitude to decrease to 1/5 of its value, a time t is required such that

Aefﬁ(tw) _ 1 Ae—&t - e—&(ur) _ %e—o‘t — e—a‘te—& — %e—o‘t - e—o‘z :%

=Ine™” :In£:>—5r:—ln5:>r=|n—5
5 )

Digital Application
Since 6=125s = 7 ~0.013s.

, 1 /L
6. Th lity factor of thi illator i =—°=—‘/—z12.6
€ quality Tactor o IS OScCHator IS Q 25 R C

7. Since the amplitude decreases to 1/9 of its value after 12 oscillations, we have

-85- Dr.Ghellab Torkia



5 v 1 s 5 v 1 s st12sT 1 s s 1
A (12T _ 2 pg-d't _y o 0(2T) _ 2 o5t 001120 _ L gst g 128T _ 2

= Ine™T = Iné:>125'T '=In9

2457}’
T':2—7ZI:>245'£|:In9:245'L:|n9:>%=(|n9)2
0] 0] of —5" W, =0

(In9)’ &

((247)"+(1n9)’)

= (247)" 5 =(In9)’ (& ~5) = ((247)" +(In9)*)5* = (In9Y’ &} = 5 =

@, In9

J(247) +(In9Y

R
Digital Application &'~92.2s™. Since 5'=Z:>R'=2L5'. We find

Soo'=

R'~368.8Q2.

Problem 3

The system below consists of a cylinder of mass M rolling without sliding on a horizontal table.
A massless rod of length L is stuck to the cylinder and carries at its end a ball of mass m; of
density p and very small radius in front of L. In its back and forth movement on the table, the
disk causes the ball to swing inside a liquid of density po.

1. Find the kinetic energy T and potential energy U of the system as a function of & <1, then
construct the Lagrangian. (Due to Archimedes' push, the apparent weight of the ball is
P=mg-fa)

2. Assuming that the ball is subjected to a viscous friction force from the liquid: f=—av;

find the dissipation function D and the equation of motion.

3. The sizes of the system are: M= 20kg, m= 1.125kg, L= 50cm, R= 25cm, a= 0.93N.ms,
p= 1751kg/m*; g= 10m/s*. By observing the oscillations of the system we noticed that the
amplitude of the separations decreased to 1/6 of its value after 23 oscillations. 1. Use this
observation and the table below containing the densities of some liquids to discover the liquid
in which the ball is immersed.

4. Calculate the quality factor of this oscillator.
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R M
L 7
m@  p,| |" ‘Iﬁi h o
At rest In motion

Liquid Density po(kg/m?)
Milk 1035
Sea water 1028
Water 1000
Olive oil 910
Benzene 879
Alcohol 789
Solution
1.
T= TCyIinder (Translation) +TCyIinder (Rotation) +TBaII = % MX? + E 16° = E MX? +% 160° + % mVBaII2

When the disc advances a distance x=Rsin# on the table it swings the ball backwards a distance

Lsin0.
{xBaH =x-Lsin@=Rsin@-Lsin@~RO-LO [V, gy ~(R-L)O
=
Ygay =LCOSO~ L V, gany = 0

2 2 2 52
= Vaan =V xgan) TV y(gan z(R_ L) 0

T=1m (RO) +£££MR2jéz+lm(R—L)z o :EFMR%m(R—L)Z}éZ
2 22 2 2| 2

Because of Archimedes' push, the weight P of the ball inside the liquid is not mg but
P=mg—f,=mg—p,gVg,-

Since Vg, =m:> P=mg-f,=mg _pogm: m(l_&jg
P P
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So the potential energy is not mgh but, U = m[l—&j gh= m(l—&) g(L—Lcosd)
P P

2
u zm[ —&ng{l—(l—a—B:U zlmgL[l—&jehcm
p 2 2 p

The Lagrangian is: L=T -U =%B MR? +m(R—L)2}9'2 —%mgL(l—&jGHCte
P

2. The dissipation function is: p = %aVBaIIZ = %a(R —L)*?

Equation of motion:

i(a—l‘.j—[%j+(a—l?j:0:>[§MR2+m(R—L)2}§5+mgL P 9+a(R—L)29:O
dt\ a6 ) \a0) | a6 2 P

_Fo
o1 go 22(R-LY

:é+[3MR2+2m(R—L)2] +[3MR2+2m(R—L)Z]

0=0

3. The equation is of the form

_ P
) ngL( pj 2a(R-L)
0+ =0+ >
[3VR?+2m(R-L)" | |3MR*+2m(R-L)’|
O+wl0+250=0

6=0

2mgL(1—p°j 2
= oy = P —and 5= «(R-L) _
|3MR? +2m(R-L)’ | | 3VR?+2m(R-L)’ |

To discover the nature of the liquid you have to find its density po which is hidden in wo:

Since the damped system oscillates its movement is pseudo-periodic: the time equation
is: O(t)=Ae™ cos(wt+¢)=Ae™ cos( W -5 t+g0)

Since the amplitude decreases to 1/6 of its value after 23 oscillations, we have
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Ao 0(H2T) _ l Ao~ — @ d(t+23T) _ le—b‘t —y @ O T _ Ee—ﬁt —y @ T _ E
6 6 6
= Ine®" = In%: 235T =In6
4667 )’
T=27 465" =In6 =466 "= |n6:s%=(|n6)2

@ @ fwg_é‘z @y, —0

((467)" +(In6)’ )57

= (467)" 6" = (In6)’ (w ~ %) = ((467)" +(In6)°)5* = (In6)" &} = o = (T

J(467)" +(In6)’5

In6

Sow, =

Digital Application
5~0.0155" = @, ~1.2rad / s = p, ~879Kg /m".
We discovered the nature of the liquid without having examined it. In fact, according to the

table given, this density corresponds to benzene.

4. The quality factor of this oscillator is: Q = g)—; ~40.
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Chapter 4:
Linear systems forced to one degree of

freedom
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4.1 Excitation force

To overcome the friction responsible for energy losses and slowing down of moving
systems, it is necessary to apply an external force called excitation.

4.2 Lagrange equation of forced systems

If in addition to friction f = —«aq , there exists an external excitation force (t), the

Lagrange equation is written:

i(%j _(%] = —EQJ +F (t) (In translation)
dt \ ox oX OX

i(%j—(%j = —(6—[?)+M(t) (In rotation)
dt\ o6 00 00

4.3 Equation of movement of forced systems

The equation of motion for linear systems damped by f = —ecxd and excited by F (t)

is of the form (a is a constant)

F(t)

§+a@q+250 =—~
a
4.4 Solving the equation of motion

Solving the equation ¢ + @?Zq + 254 = is very simple for sinusoidal excitation

F@)

F(t)=F,cosQt. In this case the equation is written: ¢ + @?q+25¢ =—2cosOt .
a

The general solution to this equation is: g (t) =g (t)+q, (t).
v' g, (t) is the (transient) solution of the homogeneous equation (without F). It depends

on the sign of 62— we?. It is called transient because it goes out over time (see chap. 3.)

v oq, (t) is the (permanent) solution of the non-homogeneous equation (with F). It is called

permanent because it lasts throughout the movement.

Figure 4.1 shows the superposition of the two regimes:

-91- Dr.Ghellab Torkia



T
e 1

W/\Nw— —= General solution: Damped regime
W\/W\ANV —= Special solution: Sinusoidal regime

MV\/\/\/W —= Total selution: General selution + Specific solution

-t
t=0

- -
Transitional Permanent
regime regime

Figure 4.1: Superposition of the Transitional regime and the permanent regime.

In the case where the excitation is sinusoidal of type: q(t) = Acost . We find A4 and ¢ using
the complex representation as follows:
F(t)=F,cosat > F (t)=Fge'“

q(t) = Acos(Qt+g¢)— q(t) = AeU?) = Al

F ~ ~ I =
q'+25q+a)§q:;(’coth—>q’+25q+a)02q:;Oe(lﬂt)
:_QZAe(J'Qt)+25jQAe(th)+a)§Ae(th) :ie(jgt)

a
:>—Q2A+25j§2,5\+a)§,&:5
a
R
a

= A= :
(0 —Q%)+25jQ

%
The amplitude of the movement is therefore: A= | A|— ?
\/<a)§ ~QF) +45°Q°

The phase ¢ of the movement is given by: tan¢g = Im(A) __ 20
' Re(A) o} -0’

Finally, the solution for steady state motion is: q(t) = Acos (<t +¢)
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4.5 Resonance
The excitation pulse o for which the amplitude A reaches its maximum is called the resonance

oA _

(amplitude) pulse or. A is maximum when o

[-40(a? —QZ)+85ZQ}(F% )

0.

A o =0=> —4(wf — Q) +86% =0
oQ 2 2)? 242 %
2[(% —Q) +45°Q }
- 2 2 1
Either Qg =\J@y —26° < Qp =@, [1-—=
4Q
A FQ
At this pulsation, the amplitude is: A e = =t <> Ay = —2;
JAS w2 — 48 awy” |1
4Q2

- 1 1
For there to be resonance, it is necessary that: @,” —256° >0= 1—( . j >0=>Q >——
2Q 2

The quality factor must therefore be greater than % —., damping must be low.
2

: . Im(A) 250 ( ﬂj
According to the equation: tan¢ = —|=— we have tangp =—ow| g =——
9 q ¢ Re(A) | P @ ¢ 5

when Q=wo This pulsation is called phase resonance pulsation
4.6 Bandwidth and quality factor

The instantaneous power provided by the excitation force is:

dw  Fdg
dt dt

The total solution is then written as follows: p = =5
Using the equation ¢ (t) = Acos(Qt+¢) we find

P =—F,cosQtxQAsin(Qt+¢) = —%QAFO [sin(2Qt +g)+sing |

The average power is

Lo 1 1 tan ¢
(p) =2 [ Pdt =—— AR sing = ~~ QAF

’ J1+tan ¢

F .

% m(A) 2
[0

and tang = =—

According to the equations A= |Al= >
\/(mg—QZ) +45%C)
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(p)= m(ij

(02 -0?) +45%°Q°

8<p> Q= o,

is maximum when —-=0=> 2
(p) o0 i

(Pl = 208

The pulsation Q¢ and Qc for which is half of its maximum are called cut-off pulsations. The

width Qc-Qc1 is called the Bandwidth. According to(p) =

R

SRS

(02 -2) +45°Q% 2

(low damping: § < wo) when Q, =@y, —6,Q, =wy, +6,B=Q_, -Q , =25.

% _ %% _ isthe quality factor (see chap.3).
5 = 5s =Q quality ( p.3)

The graphs of A, ¢ and (p) depending on the excitation pulse w are:

10F,

ag

3.04F,
aag

aa’ |

-94 -

7Y ma
&

Q?A(F}/a)
(w2-02)" 440202

(P)=
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Example

q
C L R
&=
£)
dv 1 di
—kz—av+F =m— — [idt+ L=+ Ri—E=0
z—ap+E=m— sz+dt+z_
F=—v+jmwe+av E=—i+jLwi+ Ri
Jw jCuw
Mechanical Impedance Electrical impedance
F k E 1
v Jw . JCuw
i+ 267 + wiy = A(t)
Aft=0 Alth=zi)
Homogeneous equation GE"E?"ﬂJ equation
i+ 267 +wiy =0 ¥+ 269 + wiy = A(t)
- . 1
| . We are looking for a particular
We are looking for a gf 4
. . solution ye(t)
homogeneous solution vt
characteristic equation
| A=A, Alt=Aycos(0ae)
2+ 205+ wi=10
r
; F)
4-0 sple) =22
Ly
¥ult) = A;8™t + 4,6%0 A<D
—-h+ ',‘."E A=0 ¥
5z = T _}'F.(t) = ypeos(Nie + @)
r ¥ = Ao
0= T — —
v (t) = (4, + 4,0)e™5 J i — 022 + 45202
M 260
yult) = Ae  coslapt + @) ® = —dArctyg (‘*‘E: _n:)
2 .-
ap = '~.II wy — 6°

Figure 4: Flowchart of the solution of a second order differential equation.
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4.6.1 Exercises and problems
Exercise No. 1

Arod of length | and negligible mass articulated at point O carrying at its free end a point mass
m. At a distance a of O from the rod we attach vertically a spring of stiffness k, the other end
being fixed to a fixed frame at point A. At static equilibrium the rod takes a horizontal position
(6=0).

We attach to the rod, at a distance b = 3 L vertical shock absorber, a. A harmonic vertical

force of the form F (t) = F, cos(<t),(adjustable Q) is applied to the mass m.

1- Write the differential equation governing the forced vibrations of the system based on
the results obtained previously.

2- Knowing that m = 2kg, k = 250N.m™, & =5N.m™*.s™ can we observe resonance?

3- If yes for what value of Q do, we observe the resonance in the system? Then calculate

the corresponding amplitude.

Req: we take a:%.

E(t)

Solution
1. U =U_+U_

The potential energy of the rod equals zero because the mass of the rod is neglected.

U, :gx2+kxx0+cte
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With sinezgjx:asine

U, :gx2 +kxxg +cte:g(asin 0) +k(asin@)x, +cte
U, =-mgh
sin¢9:|E:>h:Isin¢9:>Um =-mglsin@

=U=U,+U, =g(asin 0) +k (asin)x, —mglsin 0+ cte

U =—a’(sin 6 )+kax, (sin@)—mgl (sin 6) +cte

U=

N|=x N =X

a®(sin 67) +(kax, —mgl)(sin 6) +cte

. 02
At low amplitude SIN @ = & and cos & zl—?

U :gaz (92)+(kax0 -mgl)(6)+cte
In equilibrium

oU

1 -0
06

6=0

ou k

%:Exazng‘i‘(kaxo_mgl)
au
o6
oU

E3

:9:0:>kz><a2><2(¢9:0)+(kaxo—mgl):(kaxo—mgl)
6=0

:0:>(kax0—mgl):0:>xo:+m—gl
x =0

That is to say, the spring is elongated by x, = +m_g|

:Uzga2(92)+cte.
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Then, the Lagrangian of the system is written:
L=E,—E,=T-U=-m? K (67)+cte
2 2

The equation of motion for small oscillations is:

%(%}—(2—2}@—3]: F(t)=F,lcos(Qt)

a_L_:1m|2X2g':m|2g':>i % =ml%)
o0 2 dt\ 0@
@=—5a2x29=—ka29

00 2

D= a(00) =2 a(b0") =2 abd’

o= | St =G 55 (5) = v (20) - an'd
00 00\2 2 00 2
ml*d +ka’6 + ab’6 = F, 1cos(Qt)
. 2 2. F,lcos(Qat
9+ka29+ab20= 0 2( )
ml ml ml
0+ 0?6+ 256 = F,(t)

ook /ki_aﬁ

 ml? “\Amli2 1\m
2 2
25:0‘—b2:>5=ﬂ2
ml 2ml

We have; b::’%and a:%

k(IT a(SIJZ
) . F,lcos(Qt
et g \4) 5 Folcos(Q)

ml? ml? ml?

|2 9l?
K 16 “ 16 F, cos(Qt)
O+——20+——20=-"
mi mi mi
.. . F Q
6’+ix£0+2x£9:m
16 m 16 m mi
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, 1 Kk 1 k 1k
a)oz—)(— 0: —_X— = — _
16 m 16 m 4\m
o5t 5.9 @
16 m 32 m
2. The resonance of the system
o L[k
° 4\m
s=2“
32 m
1) 1
—_— <_
o 0
9 «a 9 [%« [*
5 2" m m \'m 9\/5\/2\/H 9«
—=¢= = =—,|—X,|—x,[— ==X
@, 1 [k 32 |k 8\m Ym \Vk 8 kxm
4\m 4 \'m

Digital Application:
We have m=2kg, k =250N.m™, ¢ =5N.m*.s™*

o 9 a 1
—=Ff=—X =0.25<« =0.7
@, d 8 Jkxm 2

O _e_07

@,

Q. = o\ [1-2&° = Q, =10.45rad.s7*
3. The amplitude of the resonance:

FO
emax=\/( 2 2’;" — _00230
W — Q)+ 45°C

Omax: is proportional to Fo and inversely to I.
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Exercise No. 3

In the system in the following figure, the rope rolls without sliding around the cylinder of mass
M=5kg and radius R=40 cm and which can rotate around its fixed axis. The free end of the rope
carries a mass m=1kg. A spring k=600 N/m, fixed horizontally to a fixed frame, is attached to
point A of the cylinder distant r=20cm from the axis of the cylinder. The mass is subjected to

viscous friction represented by a damper with linear coefficient a, and a vertical harmonic force

of the form F (t)= F,cosw,z.

|. Undamped free regime (a=0 and F(t)=0)

1. Find the potential energy U (6)of the system. Say whether or not the spring is deformed in
equilibrium, then simplify the expression for U () (equilibrium corresponds to 6=0).

2. Find the Lagrangian L, then establish the differential equation for small amplitude
oscillations and deduce the natural pulsation. We give Jeylinder=1/2 MR?

I1. Damped forced regime (a#0 and F(t)#0)

Show that the differential equation governing forced vibrations can be put in the form:

0+ af0+250 = F,(1)

specify the expression of 28 and F,(t)

Knowing that £=0.5, then give the appearance of the curve 0o (we) (amplitudes of vibrations as
a function of the pulsation of F(t)). In this case, calculate wrfor which 6 will be maximum.

What do we call this phenomenon?

k M
—
F=== > X
"“~-AJ, 5
=2
Y a
T

1/ Undamped free regime
U=U+U_ +Ug,
U ey =0 because : (hy, =0)
Uu=U, +U_
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k
U, =—=x* +kxx, +cte
2
) X i
With SIn@=—=Xx=rsing
r

U, =gx2+kxx0 +cte:g(rsin0)2+k(rsin0)x0+cte
U,, =-mgh
sinezgsh: Rsind =>U_ =-mgRsind

=U=U,+U, :g(rsine)2 +k(rsind)x, —mgRsin 6 +cte

U = r?(sin 6% ) +krx, (sin @) —mgR (sin 6) +cte

U=

N|x N X

r? (sin 6% ) +(krx, —mgR)(sin 6) + cte

92
At low amplitude sin @ ~ @ and C0S0 zl—?

U= g r?(6%)+(krx, —mgR)(6)+cte

In equilibrium

&Y
0o

0=0

z—l; = gx r?x 26+ (krx, —mgR)
ou
20
ou
ox

:9=0:>g>< r?x2(0=0)+(krx, —mgR) = (krx, —mgR)

6=0
=0= (krx,—mgR)=0= X, :+mk_grR

x=0

That is to say, the spring is elongated by X, = +rr|l_gl

U =§az(92)+cte.
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T =E, =T [mass]+T[Disk] =%mv2 [mass]+%‘]6'?2 [Disk] = %m)t2 [mass]+%.]¢9'2 [Disk]

T [mass]zémx2 [mass]
X =R

1 21 .
T[mass]zzm(RH) =EmR26?2

T[Disk]:%Jéz[Disk]
1

J == MR?
2

1

T[Disk]:%JéZ[Disk]=§(1

El\/leje'z[Disk]

T =1sz26'»2 +3(1 Mszéz
2 2\ 2

T _1 mR? +(1MRZJ 0>
2 2

Then, the Lagrangian of the system is written:

L=E,-E,=T-U 1 I2+(1MR2 92—3r2(92)+cte
2 2 2

Th tion of motion f Il oscillati "Eﬁ—%—o
e equation of motion for small oscillations is: ail 20 20

L:1 mI%(EMRZj 92—5r2(02)+cte
2 2 2
a_o])1 mR2+(1MR2] g2 =1 mR2+(1MR2j i[e’zj
06 06| 2 2 2 2 00
a—".=l mR2+[1MR2) x 20 = mR2+(3MR2] 0
06 2 2 2
i(a—".} mR%(EMRZj 0
dt\ 69 2
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ﬂ=i(_KrZ(QZ)j=_5r2_(92)=_5r2><29=—kr29
00 o6\ 2 2 06 2

[mRzJ{%MRZDéHkrz@:O

2
0+ kr 0=0

[mRz +(1 MRZD
2
6+wi0=0

) kr? I kr?

(o)) o o)

2/Forced damped regime
The Lagrange equation for a forced damped system is

d (GLJ_(éLj+(@Dj: F,(t)=F,Reos(w,t)

dtlod) 0d) (a6

Dzlaf
2

D =%a(R9)2 :%a(Rzéz)zgaRzéz

a—p=i(iaR292j=1aR2i(92):laR2(29)=aR29
06 06\ 2 2 BY) 2

[mR2 +(% MRZDéH kr’0 +aR’0 = F; R cos(w, t)

2 2
6+ kr 0+ aR 0= KR cos(a, t)

o) o) o]

0 +wl0+250 =F,(t)

oy = I = o, 1
(mRZ +(MR2D \j[mRz +(MR2n

2 2

2 2

25 = 0‘R1 — 5= “Rl
[mRZ +(2MR2D Z[mRz +(2MR2D
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2/
&=05< > The resonance condition is verified, i.e. resonance can take place in the system.

Ml

Résonance (Solution divergente

the e - —-——-
3

Pulsation de résonance

@, = wy\1-2£* =3.27 rad.s™ This is the phenomenon of resonance.

Exercise No. 4

We consider a system with one degree of freedom in fig.4. The homogeneous disk of mass M
and radius R can pivot around its fixed horizontal axis passing through its center. A rigid rod of
length (1) and without mass is attached to the disk and carries at its free end a point mass m. A
horizontally placed stiffness constant spring is connected to the disk as shown in fig.4, the other
end being held fixed. The system is in static equilibrium when the rod is in its horizontal
position. In movement the rod is identified in relation to this position by the nail 6. We place
ourselves in the case of low amplitude vibrations. The system is subjected to viscous friction
represented by a damper with linear coefficient o, and a vertical harmonic force of the form:
F(t)=Focosot.

1. Find the potential energy of the system, the kinetic energy of the system and the Lagrangian.

2. Establish the differential equation for small amplitude oscillations and deduce the proper

pulsation wo, the damping coefficient & and Fe.

o W N

L Fig
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Solution

1. The potential energy of the system, the kinetic energy of the system and the Lagrangian.
U=U,+U,_

U, =gx2+kxx0+cte

sin@:%:x:Rsin@:Uk =%(Rsin9)2+k(Rsin6?)x0 +cte

U, =-mgh

m=

sinezlh:hzlsiné?:um:—mglsine
U =§R2 (sin 6% )+ (kRx, —mgl)(sin ) +cte
At low amplitude Sin@ ~ & =U =gR2 (6’2)+(kaxo—mgl)(6’)+cte

k
In equilibrium U =—R? (6% )+cte.
2

T=T +T,
Tmzlmx2
2
>'<=|6>:>Tm=1m(|¢9)2=1m|26‘>2
2 2
1 .
T, ==J6°
2

J =1MR2 =T, =1(1MRZJ6’2
2 2\ 2

=1 |2+[1MR2) 0’
2 2

Then, the Lagrangian of the system is written:

L-T_U=2 m|2+(1|v|R2j 9’2—5R2(92)+cte.
2 2 2
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1. The differential equation of small amplitude oscillations, the proper pulsation wo, the
damping coefficient 6 and Fe.

The Lagrange equation for a forced damped system is

;thaLj [Z_;j [Zgj F, Rcos(ot)

D=1af
2
_3,
4
2 2
D=1a S—IJ 6> a—[?:a 3—Ij o
2 4 060 4
a(3|j2
, ot
0+ KR 0+ 4 0= R cos(Qt)

o] o] o ]

0+ af0+250=F,(t)

Exercise No. 5

Consider the vibrational system shown in the figure below. The rod is attached to the disc and
the assembly rotates around a horizontal axis which passes through the center of the disc. The
spring, wire and rod have negligible mass. The thread is inextensible. We consider the masses
fixed to the rod as point. At equilibrium the rod is vertical. It is assumed that the vibrations are

of low amplitude. We give Jpiskc=ml?

1- Show that the system admits a single degree of freedom. We choose 60; the angle that the rod

makes with the vertical, as a generalized coordinate to describe the vibrations of the system.

2- Show that the kinetic energy T (¢) of the system is written: T :%mlzé’2

3- Show that the potential energy U (¢) of the system is written:
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U :%(kl2 —2mgl ) 6% —(Kix, +2mgl ) 6 + cte

4- Find the initial elongation xo of the spring. Then simplify the expression of U ()

5- Write the Lagrangian of the system.

6- Find the generalized force Fy associated with F(t)=F,cos(m,t)and the dissipation
function D.

7- Write the Lagrange equation and deduce the differential equation of motion.

8- What condition must o verify to observe resonance in the system?

9- Then calculate ¢ (the damping ratio) so that the pulsation at resonance only differs from (the

w, — ),
natural pulsation) by 1%, i.e. (@-a) =1%

F(t)
2m i E
z |
g
I\ oL
2m )'(
/A
2m m
yv
Solution
U :Uk +Um +UDisq +U2m +U2m(Disq)

UDisq :O(hDisk :0)
U=U+U, +U,, +U,,

Disq)

U, :gx2+kxx0+cte
With Sinez_l—X:>x=—Isim9
k 2 k - 2 .
U, =X + kxx, +cte=5(—lsm¢9) +k(-1sin@)x, +cte

U, =glzsin &% —Klx, sin 6+ cte
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U,,=-2mgh, 2l=h+x=h=2l-x
0036':%: X =2lcosé
h=2l-2lcosd=2l(1-cosd)=U,, =—4mgl(1-cosd)

U, =mgh
2l=h+x=h=2l-xXx

cos¢9=%:> x=2lcosé
h=2l-2lcosd=2l(1-cosd)=U  =2mgl(1-cos®)
U, i) =—2Mgh

(Disk) —

sin¢9=|E:> h=Isin0=U,, , =—2mglsind

U :kEI 2sin @ —klx , sin @ —4mgl (1-cos6)+2mgl (1-cos#)—2mgl sin & +cte

2

At low amplitude SIN@ ~ 6 and cos O ~ 1—%

U= glz sin 6 —klx, sin & — 4mgl (1- cos @) + 2mgl (1 cos &) — 2mgl sin & + cte

U :EI 0 —kix,0 —4mgl | 1- 1—? +2mgl| 1- 1—7 —2mglé +cte

U= EIZH2 —klx,0 — 2mglé* + mglo* — 2mglé + cte

U= EIZH2 —KkIx,0 —mgl&* —2mglé + cte

U =%(klz—2mgl)92—(klx0+2mgl)6’+cte

In equilibrium

] g
00 |y,
%:%(kIZ—ngI)><2¢9—(k|xo+2mgl)
U
00 |y

_2mgl _ 2mg

ouU
— =0=—(kIx,+2mgl )=0=x, = —
a0 |,_, (kb al) ° kl k

:9:0:%(“2 —2mgl )x2(0 = 0)—(kix, +2mgl ) = - (kIx , + 2mgl )
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2m
That is to say, the spring is elongated by X, = _Tg in the negative direction of the axis x.

U :%(kIZ—ngI)62+cte.
T =T[2m]+T [m]+T[Disk]+T[ 2m(Disk)]
T[Zm]:%ZmX2
x =216
2 .
T[Zm]:%Zm(Zlﬁ) = 4ml*6”
1

T[m]:me

1 \2 .
T[m]= Em(zm) = 2ml*6?
T[Disk]:%Jéz[Disk]

J =£MR2 =12m|2
2 2

1

T [Disk]:%Jéz[Disk]:E[l

E2m|2]492[[)isk]
: 1 240
T[Dlsk]=§m| o
) 1
T| 2m(Disk) | = = 2mx?
[m( is )] S 2mX
x=16
. 1 N2 .
T[Zm(Dmk)]:EZm(la) = ml?6?
T = 4ml?6? + 2ml?6? +%m|26'?2 +ml?6?
T:Emlzé2
2

Then, the Lagrangian of the system is written:
15

L=E,_—E_=T —U =—m|2é2—l(k|2—2mg|)92+cte
° P 2 2

In the case of Forced damped regime

The Lagrange equation for a forced damped system is

%[2;){2;){23] —F, (1) = F,2l cos(,t)
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D=1af

D=2 a(10) =2 a(10*) =~ ald*

O = Lo |- yar (%) =G (20) =ar'd
00 00\2 2 00 2

L =L mizg —l(kl ?—2mgl )6* +cte
2 2

a—".:i{gml 292}:(Emlz)i[éz]
00 00| 2 2 00

a_".:(Eijxze’:lsmlzé

00 \ 2

d_£a—L.j:15m|2é

dt \ 60

oL o 1 1 0 1
gzg(—i(klz—ngl)(92)):—§(klz—2mgl)%(92):—§(klz—2mgl)><26’:—(kl2—2mg|)9

15ml %6+ (kI* —2mgl )6 +al *6 =0
15m1 %6+ (kI * —2mgl )6 +al 0 = F, 2l cos(, t)

(K*-2mgl) — a1® , F2l

] = t
ez Ot ez ? = 1oz (@)
0+ af0+250=F,(t)
2_(|<|2-2mg|) B (kI?—2mgl )
a)o——z :>a)0— B —
15ml 15ml
5= % Ss5-_%
15m 30m
=)
) (1) =2 cos(ot)

8. The resonance condition

§:£<%:a<\/30m[ _ZIﬂj

(42

9.

@, = @y\1- 28
Wy —@, 0)0—600«11—2982 :1_ \11_252 =1%=001=¢=0.1
1

2 @y
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Exercise No. 6

A series RLC circuit is subjected to a sinusoidal e.m.f: e(t) = E,sin(Qt). By varying the

pulsation o of the e.m.f. we note that a voltage resonance is produced across the unknown

capacitance C Knowing that V¢ max) = 60 V, Eo=3V, R=75 Q, L=0.8 mH.

1) Determine the overvoltage coefficient Q

2) Evaluate the capacitance C and the natural pulsation mo of the circuit.

3) Determine the width of the bandwidth A® and its limits 1, ®>.

4) Find the power that the source must provide to the circuit to maintain oscillations whose

maximum amplitude of the current intensity is 1o=30 mA.

Solution
V
1.9=—tma 80 o
E, 3
2.
1 o
Q 28 25 Q
25=5=L73=937505-1
L 0.8x10
@, =26Q=18.75x10" rad.s™
1 1
@, =——==>C=—5=3555x10""F"

JLc Loy

3. AQ=25=93750s"

Q, ~ o, —%“’ =18.75x10"® —@ =18.25x10" rad.s ™

Q, ~ @, +Aw=19.22x10" rad s

4.

AQ 93750

Q. ~w, —— =18.75x10" — =18.25x10™ rad.s*
1 b T,

Q, ~w, + AQ=19.22x10"° rad s

p-Llriz- 175(3ox10-3)2 —0.034 watt
2 2
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Exercise No. 7
The following figure shows a device designed to record seismic tremors. We admit that the
tremors have a sinusoidal shape of the type:

X, (t) =acos(am,t)
1- Establish the differential equation of the forced vibrations of the mass m due to the exciting
force of the shocks.
2- Then give the expression for the amplitude xo and the initial phase ¢o as a function of we.
3- Show that the amplitude of the shock and that of the mass are identical in the case where the
damping and the pulsation are very weak. In this case, what is the phase shift between x. (t) and

X (%).

T

| e | Y
s t\? - 4
("“‘Q/ ;L ol

Solution

The spring undergoes a deformation of its two ends x on the mass side and Xxe on the ground

side.

F =—k(x—x,)

Likewise damping, which by moving its two ends with speeds (x;X,) respectively:
f=—a(X—x,).

mx=f, +F =—k(x—x,)—a(X—%)=—kc+kx, —aXx+ax,

mX+kx + aXx = kx, + aX,

5<'+£x+3>'<:£xe +% % and x, (t)=acos(a,t)
m m m° m

k a
X+—x+—x=Ccos(ot+6
m m (o, ):>C=a~/a)§+452a)§ and tgé’=2§a)e
),

2
X+ @y X+ 26% = C cos(a,t +0) 0

The solution to this equation is x(t) = x, (t)+x, (t)
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Xh(t)—>0

t—0

X(t) = x, (t)= Acos(a,t +¢)
Ao a»\/a)g+jr52a)ez
\/(a)(f —a)ez) +452a)e2

3

tg(p——a)o (a)o )e+452a)e2

X + @iX + 25X = Cel™

Z\(a)oz —? + j20m, )ej“’et =Cel*!

_ ¢
A_(a) a)92+j25a))
_ C
HAH=J ——
(a)o -, + 125a)e)
ImA 200

€

V= ReA__a)g(a)g —a)ez)—i-452a)e2

3. 45°) << wj and & << &} = A=a,tgp=0=¢=0

Problem 1
We consider a system with one degree of freedom in figure bellow. We place ourselves in the

case of low amplitude vibrations. The system is subjected to viscous friction represented by a

damper with linear coefficient o, and a vertical harmonic force of the form: F(t)=F, cosQt.

1

Find the potential energy of the system, the kinetic energy of the system and the

Lagrangian.

2- Establish the differential equation of small amplitude oscillations and deduce the natural
pulsation wo, the damping coefficient 6 and Fo.

3- Find using the complex representation, the permanent solution of the equation. (Specify
its amplitude A and its phase o).

4- Give the pulse of resonance Qr

5- Give the cut-off pulses Qc1; Qc2 and deduce the bandwidth B (5 < ).

6- Calculate wr, B; and the quality factor for: M=2kg, m=1kg, k=51N/m, a= 0.3N.s/m, R=
25cm; L= 50cm,g= 10m/s?.
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Solution
1. The potential energy of the system, the kinetic energy of the system and the Lagrangian
U=U,+U,_

U, =gx2+kxxo+cte

sin9=%:>x: Lsind = U, =§(Lsin9)2+k(Lsin9)x0+cte

U, =-mgh
2L=h+x=h=2L-x

cosezi: X=2Lcosé
2L

h=2L-2Lcosd=2L(1-cosb)
U, =—2mgL(1-cosd)

U] =§(Lsin 6)" +k(Lsin@)x, —2mgL (1—cos8)+cte

i O6*
Low amplitude SIN@ ~ @ and COS O =~ 1—?

k 0
=U :E|_2(92)+kaO(6’)—2mgL(1—(1—7n+cte
k 2 2
U =(§L —mng(G )+kLx, (6)+cte
In equilibrium

U :(g L? —mng(02)+cte.
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T=T_,+T;

T, = X mx?
2

X=2L0 =T, = %m(zm)2 = 2mL26?

1 .
T, ==J6?
P2

1=1wmr? =T, =1[i MRZJQZ
2 22

T = l(4m|_2 +(1 MRZDQZ
2 2
Then, the Lagrangian of the system is written:
l 2 l 2 N2 k 2 2
L=T-U=2|4ml*+| ZMR® | |6° —| ~L*—mgL |(6%)+cte.
2 2 2

2. The differential equation of small amplitude oscillations, the natural pulsation ®0, the
damping coefficient 6 and Fo.
The Lagrange equation for a forced damped system is

Eﬁ%j_(a—l‘}(a—ljj =2F,Lcos(at)
dt\og) \(06) \ o6

D:Eaf
2

X= L6

D =1aL2<9'2 = a_p =al®0
2 00

(4mL2 +(% MR2D9’+2(§ K —mng0+aL29 = 2F,L cos(Qt)

k
Z(Lz—mgL) )
2 0s al’ g 2F,L

o) o ] o ]

0 +wi0+250 =F,(t)

0+

cos(Qt)

2(KL* —2mgL ) 2wl . 4FL
’ (8mL* + MR?) 0+(8mL2 +MR2)0_ (8mL2+O|v|R2)COS(Qt)

6 +wi0+250 =F, (1)
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k
, Z(ZLZ_”‘QL) 2(kL? —2mgL) _\/Z(kLZngL)

@ = (4m|_2 +(;MR2D - (8mL* + MR?) = % (8mL* + MR?)

2 2 2
25— 2al _ ol s al

(8mL2+MR2) (4m|_2+@ MRZD (8mL2+MR2)

2F,L

"0 (4mL2 +GMR2D

3. The permanent solution is 6(t)= Acos(Qt+¢) Let's use the complex representation to

4F L
(8mL2 +MR2)

cos(Qt) = cos(Qt)

find A and ¢:
4F,L 4F,L o
cos(Qt 0 e!
(8m|_2 + MRZ) () = (8m|_2 +MR2)
0 = Acos(Qt +¢) — 6 = Ae™™
4F,L

From the equation & + &?0 + 250 = cos(Qt) We obtain

(8m|_2 + MRZ)

= —0? A" + 25 jQA™ 4 w? Ae = _ARL
(8mL2 +MR2)
= -Q?A+25 jQA+ 0l A= ARl
(8mL2 n MRZ)
4F,L
(8mL2 + MRZ)

:>A=(a)02—§22)+25j£2

AF L
(8mL2 + MRZ)

\/(wg ) +45°02

The amplitude of the movement is therefore: A= | Al=

The phase ¢ of the movement is given by: tan¢g = Im(A) __ 2
. Re(,&) wf —Q°

oA .
4. The resonance pulse forE =0is Q = Ja? —25
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(P) e

5. When & < co0:<p>=T. ForQ, =@, —06,Q,=w,+06

=B=Q,-Q, =25

“

6. Digital Application Q ~1.14rad /s, B =~ 0.06Hz ,The quality factor is Q = 3 ~19

Problem 2

The wire around the discs underneath is inextensible and non-slippery. F(t)=F,sinQt.
1. Find T, U, and the dissipation function D.

2. Find the Lagrangian then the equation of motion as a function of x: (6 <1).

3. Find the permanent solution to the equation using the complex representation.
(Specify its real amplitude A and its phase ¢)

4. Give the pulse of resonance Qr

5. Give the cut-off pulses Qc1; Qc2 and deduce the bandwidth B (5 < ).

6. Calculate wr, B; and the quality factor for: M=2kg, m=1kg, k=27N/m, a= 0.6N.s/m.

F(1)

Solution
1.

T=T_+T +T,

m

1 .,
T, ==MXx
M2

Tmzllé’2 With|=£mR2:>Tm=l Imlreer =Lt X* (because: RO = x = RO = X)
2 2 2\ 2 2\ 2

7Y LImlesifinm X2+£MX2=1(M +m)x°
2\2 2 2

2. The Lagrangian of the system is written: L=T -U = %(M + m)>‘<2 —gxz +cte.
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The Lagrange equation for a forced damped system is

%(%‘j —(%j + (Z—SJ =F,sin(Qt)

D=1ax2:>@=ax
2 OX

(M +m)X+kx+ax = F sin(Qt)

” k a | .
X+(M +m)X+(M +m)X:(M +m)sm(Qt)

X+ agx+26%=F, ()

= = @, = K
(M +m) ° (M +m)

2

a a F .
25:m:5:m and Fg(t):(M +m)sm(Qt)

3. The permanent solution is x(t)= Acos(Qt+¢) Let's use the complex representation to

find A and ¢:

jo

R sin(Qt)—>—F0 e

(M +m) (M +m)
X = Acos(Qt +¢) — X = Ae!
From the equation X + @} X + 25X = (MF—jm)Sin(Qt) We obtain
= —Q? A 1 25 j0RIM + w2 Rel) —__To__gia
(M +m)
o QA+ 25jOA+ A= —0
(M +m)
FO
LA (M2+ m) |
(e} -Q%)+25]Q
FO
(M +m)

The amplitude of the movement is therefore: A= |Al= >
\/(wg -QF) +45°Q°
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- m(A) 20
The phase ¢ of the movement is given by: tang = N
Re(A) @) -Q

OA
4. The resonance pulse for — = 0 is Qp =/} — 2657
(P

7. When 0 < a)o:<p>=T. For Q, =w,—0,Q ,=w,+06

=B=0Q,-Q, =25

D

5. Digital Application Q ~3rad /s, B =0.2Hz ,The quality factor is Q = 5 ~15

Problem 3
Either the system opposite. F(t)=F,sinOt.

1. Find T, U, and the dissipation function D.

2. Find the Lagrangian then the equation of motion as a function of 6: (€ <« 1).

3. Find the permanent solution to the equation using the complex representation. (Specify
its real amplitude A and its phase ¢)

4. Give the pulse of resonance Qr

5. Give the cut-off pulses Qc1; Qc2 and deduce the bandwidth B (5 < ).

6. Calculate Qr, B; and the quality factor for: M=3kg, mi=1kg, m>=2kg, a= 0.5N.s/m,
R=0.5m, L=1m, ki=12N/m, ko=20N/m.
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Solution
1.

T :Trnl +Tmz +T

1, . 1 2\? 22
T, =5 MiX Wlthx=2L9:>Tm:Em1(2L¢9) =2m,L%0

T =lmewithx=Lo=T m=1m2(L6r)2=1m2L29'2
2 2 2 2

T, ~ L1167 with 1 =1 mr? =T, :1(1MR2j92
2 2 2\ 2
1 2 2 1 2 2
T=>|4mL®+m,L? + = MR? |6
2 2
u=U,+U, +U +U_

k
U, = Elxz + k xx, + cte

sinezz—XL:s x=2Lsin0=U, :%(ZLsin 0 +k, (2Lsin)x, +cte
_k2 2 k

Uy, _?x + K, XX, +cte

sim9=%:>x=Lsin6?:Uk2=k—22(Lsin6?)2+k2(Lsin0)x0+cte

U, =+mgh

sin@=—_ = x=2Lsing
2L

U, =+2mgLsing

U, =-mygh

sinez%:x:Lsine

U, =-m,gLsiné

m

=~

U =—(2Lsin )’ +k, (2Lsin ) x, +k—22(Lsin 0)" +k, (Lsin ) x, + 2m,gL sin 6 —m,gLsin 6+ cte

U=

2
%(4k1+k2)Lzsin 07 +[ (2K, +k, ) X, +(2m, —m, ) g |Lsin @ +cte

Low amplitude (9 <1) we have Sin@ = @

U =%(4k1+k2)L2¢92 +[ (2K, +K, ) %, +(2m, —m, ) g | LO +cte
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In equilibrium

L

00 |s—0

ou 1

%:E(4kl+k2)L2><29+[(2k1+k2)x0+(2m1—m2)g]L

% :49=O:>%(4kl+k2)L2><2(6?=0)+[(2k1+k2)x0+(2ml—m2)g]L
6=0

ouU

EH:+[(2k1+k2)x0+(2m1—m2)g]L

ouU 2m, —m, ) gL

%H:0:>+[(2k1+k2)x0+(2m1—m2)g]L=0:>xo=—( (21kl+I2<2))

=U =%(4k1 +k, ) L6% +cte
2. The Lagrangian of the system is written:
L=T-U =%(4mlL2 +m,L° +%MRZJ¢92 —%(4k1+k2)L26?2 +cte.

The Lagrange equation for a forced damped system is
i(%\]—(%]ﬁ-[@] = F,Rsin(Qt)
dt\ o0 00 00

D :105)'(12 +%a)’(22

2
%axf =%a(2L9)2 =%a(4|_292) = 201267
Sax? =2 a(L0) =2 a ()= Lalid
Dzﬁaﬁy

2
D _5 2 2 (6?)=5al26
00 2 90
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(4mlL2 +m, L +%MR2)9'+(4|<1 +k,) L°0+5aL%0 = F,Rsin(Qt)

(4k1+k2)|—2 0+ 50{L2 9'_ F()R

6+
(4m1L2+m2L2+1MR2j (4m1L2+m2L2+1MR2] (4m1L2+m2L2+1MR2j
2 2 2

sin(Qt)

0 +}0+250 =F,(t)

2 2
6+ (B + 2k ) L 6+ 10aL 0= 2FR sin(Qt)
(8mL*+2m, > + MR?) ~ (8mL*+2m,L* + MR?) ~ (8m,L* +2m,L* + MR?)

0 +0l0+250 =F,(t)

8k, + 2k, ) L? 8k, + 2k, ) L?
wg - (2 k1 22) N D= (2 1 22) 2
(8m,L* +2m,L* + MR?) (8m,L* +2m,L* + MR?)
2 2
25 — 10 S Sar L
(8m,L% +2m,L* + MR?) (8m,L% +2m,L* + MR?)
Fo(0)= o e ()
(8m,L% +2m,L* + MR?)
3. The permanent solution is 6(t)=Acos(Qt+¢) Let's use the complex representation to
find A and ¢:
2 2FOR2 2 Sln(Qt)_) 2 ZFORZ 2 eth
(8m,L* +2m,L* + MR?) (8m,L% +2m,L* + MR?)
0 = Acos(Qt+¢) — 6 = Ae’™
5 : 2FR : .
From the equation & + @6 + 266 = 5 > —Sin(Qt) we obtain
(8m,L* +2m,L* + MR?)
= —Q2Ae™ + 25 jQAU™ + ? Ae = . 2F°R2 el
(8m,L* +2m,L* + MR?)

2F,R

= —O?A+25 jOA+ w2 A= ) ) -
(8m,L% +2m, % + MR?)

2F,R
- (8mL*+2m,L* + MR?)
= A= (@f -Q%)+25j0

-122 - Dr.Ghellab Torkia



The amplitude of the movement is therefore: A= | Al= \/

2F,R
_ - (8m L% +2m,L* + MR?)

(02 -Q2) +45°02

Im(A) 28

The phase ¢ of the movement is given by: tang = =

Re(A) -0

OA
4. The resonance pulse for = Ois QO =/ —25°

p
5. When & << @, :<p>=%. ForQ, =y, —38,Q, =w,+J
=B=0Q,-0Q, =25
6. Digital Application Q. ~3.25rad/s, B=0.39Hz The quality factor is
Do
=—~8.33.
Q B
Problem 4

Either the excited circuit. E(t)=E, cosQt.

1.

Find the equation of movement of the charge q circulating in the circuit using the mesh
law.

Find the permanent solution to the equation using the complex representation. (Specify
its real amplitude A and its phase ¢)

Give the pulse of resonance Qr

Give the cut-off pulses Qc1; Qcz and deduce the bandwidth B (5 < ).

Calculate wr, B; and the quality factor for: R=20Q, C=1uF, L=5H.

R C
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Solution

1. The law of meshes gives us >V, =E(t) =V, +V, +V, =E(t)

q
V. =—
°cC
di dg .
V=L—,i=—=(4=V, =L—(d=L
L i at q L g=L1q
V; =Ri=Rq
Lq‘+%+Rq:Eocoth:>Lq‘+éq+Rq=Eocoth

Lo 1 R. E
+——0+—(q=——cosQt
. LCq Lq L

.1 R. E
+—0g+—0g=—cosOt
q LCq Lq L

G+ wfq+ 254 :%coth

vt L, [L
°LC ° \LC
25—E:>5:i

L 2L

2. The permanent solution is q(t)=Acos(Qt+¢) Let's use the complex representation to

find A and ¢:
5coth —>5ejQt
L L
q=Acos(Qt+¢)—> G= Al

From the equation ¢+ w?q+25¢ = %cosgt We obtain

= —0?Ae"™ 425 jOAeU + pZ Ae™ = % el

= A+ 25 jQA+a)§A=%
E

o

-

= A=

(6 -Q%)+25jQ

—

E

The amplitude of the movement is therefore: A= |Al= \/
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4. When & < a)o:<p>—%

|
z
IS,
I
S
|
&
I
I
S
_|_
S

—=B=0Q,-Q_ =25
5. Digital Application Qg ~447.2rad/s,B~4Hz The quality factor

_ @

=—2~111.8.
Q B
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Chapter 5:
Linear systems with several degrees of

freedom
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5.1 Degrees of freedom

The independent variables necessary to describe a moving system are called degrees of

freedom. If there are N independent variables ¢; we write N Lagrange equations:
da) (A D

dt{od, ) (da,)  ad

gL (A D gy

dt{ad, ) |0, od,

G2y

dt { ody ) \ aay ady,

5.1.1 Coupling types

5.1.1.a Coupling by elasticity

The coupling between the two systems is through a spring (capacitance).

—

mj >

RSN

A o o

Figure 5.1: Different mechanical and electrical systems coupled by elasticity.
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5.1.1.b Inertial coupling
The coupling between the two systems is through a mass (coil).

}_i:

|
‘ |
L1 %L Ll

Figure 5.2: Mechanical and electrical systems coupled by inertia.

5.1.1.c Viscous coupling
The coupling between the two systems is through a damper (resistor).

Figure 5.3: Viscous coupling of different mechanical and electrical systems.
5.2 Free systems with two degrees of freedom
5.2.1 Equation of motion

Or the free system opposite. The two independent variables are x1 and x.. k is called the

coupling element.

The coupling

x1(t) 'xl' (t)

Figure 5.4: Oscillatory movement of a coupled system with two degrees of freedom.
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For the kinetic energy we write as follows:

2
E. =T :Zlmix'i2 :%mlx'f+%m2x'22
i=1

For the potential energy we have:

1 2 13 1 1 1 2
E =U=2K(x;=X,) += Y kix?==KkxXx/+=Kk,XZ+=k (x,—X
Hence the Lagrangian is written:
1 1 1 1
L=T-U _§m1><12+ mzx'zz—ikle—gkzxzz—zk (X, —%,)°
1 . 1 . 1 1 1
L=Emle+5m2x22—§kle—Ekzxf—ak(x12+x22—2x1x2)
1 . 1 . 1 1 1 1 1
L =Emle+5m2x§—§kle—Ekzxj—akxf—gkxf—ik(—2x1x2)
1 , 1 ; 1 1 1 1
L =Emle+Em2x22—Ekle—Ekzxf—zkxf—akx§+kxlx2

The two Lagrange equations are written: (For D=0, F=0: undamped and unforced system)

The coupled differential system then becomes:

d (oL oL d (oL . | oL
— | =1]-]=1=0 —| — [=mX,,| — |=-kx, —kx, +kx,
dt { X, OX, dt { X, OX,
a4 i |- =0 d ﬂ =m,X,, oL =—k,x, —kx, +kx,
dt { oX, oX, dt { oX, oX,

X +(kl+k)x LI
{m1X'1+(kl+k)xl—kX2:0 om, Tt om0

=
m,X, +(k +k,)x, —kx,; =0 X‘2+(k +k2)x2——x1_0
m2 2

5.2.2 Proper modes (Normal)
In normal mode, the solution to the previous equation is the form of a superposition of the two

proper (normal) modes, as follows:
x1= A1 c0s (Qt+1).
x2=A3 c0s (Qt+¢2).

A1, As, @, Dependent on initial conditions. To find Q, let’s use the complex representation:
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X = A COS(Qt+g;) —> % = Al = Aol
X, = A, cos(Qt+¢,) > X, = A7) = A el

% = Aelo )~21 _ jOAe ;?;:(jQ)Z Aei® = _Q?Aei™
T =

XZ = 'AzeJQt )?2 _ jQ/&ZeJQt )»-(fz Z(jQ)Z Azelgt :—QZAZeJQt
k, +k ~ k. +k) -~ . .

;<1+@X1_£X2:0 _QZAieJQt+( 1+ )AieJQt_LAZeJQtZO
m, m, - m, m,

oo (ktky) ok N (5% I

X, + ——x =0 el 4 el —— A =0

2 m, 2 mzxi oA, m, A, m, A

m, m, m,
—

_2(k+k2)~_i~_ _L _2(+k2)~_
[Q+ m, A, m, A=0 m, A+ —Q° + : A =0
(-*+a)A-bA, =0

A +(-Q° +d)A, =0
a:k+k1,b=£,0=i,d=k+k2.

m, m, m, m,

For the equation to be true without A and A,being both zero, its characteristic determinant

must be zero:
(-Q*+a) b

< (Q+d)
AQ)=0Q"-0%d-Q%a+ad -bc =Q —(d +a)Q* +(ad —bc)

A(Q)= =(—Qz+a)(—Q2+d)—(—c)(—b)=0

0

This gives us the characteristic equation:

Q' —(d+a)Q*+(ad —bc)=0

The two real and positive solutions w: and w: of this equation are called proper or normal

pulsations. The smallest is called the fundamental, the other is called the harmonic.

First eigenmode: For =01, the system implies that:
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(—Qz+a),5&—b,&2=0 (—Qz+a),5\1:b,5~2
. . = . -
—cA+(-Q*+d)A =0 |(-Q°+d)A, =cA
i\l(l) _ - +d > 0.
AL) e
The vibration is said to be in phase because the solution is written in this case
Xyp) = Ayg) COS(Ut + 9)
Xy = Popyy COS(Qt +90)

Second eigen mode: For Q=0,, the system implies that:

A 2
M _%4d <0. The vibration is said to be in phase opposition because the solution is written

A2) e

in this case:
Xy = Ay COS(Qut + 0)
X =Py cos(Q,t +¢)

In the general case, the system vibrates in a superposition of these two proper modes.

When ki=ko=k et mi=my=m : The new differential equations of motion
2k Y~ (k)=
-Q*+— |A-| = |A =0
[ A
k) - 2k ) ~
| = [A+|-Q*+—|A =0
()3 o

The proper pulsations are

oo 2 3
m m m/)L m
2 2
[—Qz+&j —(Ej :0:[—Q2+2—k—£j[—£22+&+£j:0
m m m m m m
(—Qz +£j[—92 +%J =0
m m
Soszlz\/gansz:\/K
m m
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5.3 Forced system with two degrees of freedom

5.3.1 Equations of motion

Or the system opposite.
F
(xj Iy (0.4
%nnnimlm ey
ko Tx % A

Figure 5.5: Oscillatory motion of a coupled system with two degrees of freedom.
For the kinetic energy we write as follows:

2
E. =T = Z m, X’ mx‘f+%m2x'22
i=1l

For the potential energy we have:

p

2
E,=U =%k (xl—x2)2+%2kixi2 =%kle+%k2x§+%k0(xl—x2)2
i=1

Hence the Lagrangian is written:

1 . 1 . 1 1 1
L=T -U =Emlx12+Em2x§—Ekle—zkzxzz—zko(xl—xz)

2

1 ; 1 , 1 1 1
LZEmle+Em2x22—5k1xf—§k2x22—5k (x1 +X 75 2x1x2)

1 , . 1 1 1 1 1
L —Emle+ m,x 2 Ekle—akzxf—akoxf 2k0 f—ako(—lexz)
L=%m1x'f+%m2x'22—%kle—%kzxf—%koxf ;k X2 +KoX X,

The two Lagrange equations are written: (For D = %ale +%a2)'(22 and F, cosQt)

dfoL) (o], d_ ¢ AT ) [0 ) kx —kox +kox, 22 = ax
dt 6)(1 6)(1 axl dt 8X1 lxl’ 6X1 1 Oxl 0 2,6X1 1
=

dfo) (), o O () o
dilox, ) (ox, ) ox, dt | &%, 272 ox, 2z e °X1’ax2 2

o (k1+k0) kO a . FO

L0y~ 0, + Ly =2 cosQt
{nyxl+(kl+ko)x1+al>'<1kx:Fcoth At m, % le2+le1 mlcos
=
m, %, +(Ky +K, ) X, + %, =KX, =0 X2+(k°+k2)x2—ﬁx1+ﬁx2=0
m, m, ~ m,
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5.3.2 Resonance and antiresonance

(With D=0 and F+#0: forced but undamped system). The permanent solution is:

X, = A cos(Qt+Q,)
X, = A, cos(Qt+Q,)

A, A, Q1, Qo depend on the excitation pulse Q and Fo. To find 41, 4, let’s use the complex

representation
When D= 0:

X = A cos(Qt+¢p,) — % = Ae') = A
X, = A, cos(Qt +@,) — X, = A7) = A gl
F(t)=F,cosQt — F(t)= Fe'
G — "eth o — -Q~ej9t by =(iO 2 ~eth =_Q2~ej§2t
S e i
X, = Ae %, = jQAZeth %, :(jQ)2 AzeJQt _ _QZAZeJQt

E
_Oelm

m,

v (k1+k0) ko l:o jot 28 AIQ (k'i'k)~ i Ko ~ i
- -2x,=-Le —Q’ AR 2122 Al - 0 A =
N S R
o (krk) kg 25 o, (Kotke) & s Ky g
X, +——2X, ——2% =0 —Q? A + el -2 Al =0
T A+ At e A
- Ki+Ko) = ior Ko 5 ir Fy i
0? eJQt+( 170 et _ o A giot _ 10 gjot
A m, A 1AZ 1
QZAzeth+(k0+k2)Azeth ko Alej(zt 0
m, 2
_a)z+(k1+ko) Aei — Ky Azeth_ieth
m, m, m,
=
_a)2+(k0+k2) Azejm_ k_o AiejQ’[_O
m, m,
k,+k,) |~ ~ k,+k,) | ~ ~
m, m, m, m, m, m,

Case where: mi=mo=m and ko=ki1=k>=k.

By possessing (2 = LS , the equation becomes
° m

o 2 3Jae (03
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. kY)z: ki F o
(_Q”HJAF_ m (—QZ+ZQ§)A1—Q§AZ=% ........ (1)

mAz
k ~ 2 k)~ 2 A 2 2\ A _
_EAIJ{_Q +25j —0  |—OQ3A+(-Q°+203)A, =0......(2)

2)= +(-Q* +20Q}
(2)=+(

'\;(>z
+
&2,
B>
U
ol
Il

replaces (3) with (1)

~ 2 ~ ~ 4 ~
(—QZ+ZQ§)A1—QZ(QZQ—OZQZ)A1: ';‘: :>(—Qz+2Q§)A1—(_QZ£iOZQZ)Alz%
0
0?2 2\ Qg A :5
:{( Q +ZQO) (QZ+ZQ§)JA1 m
(-2 +202)(-0% + 202 ) - O A:ij (_Q2+ZQS)2_QS Alzi
(-0Q* +207) m (-0Q*+207) m
- F (-9 +20))
om ((—Q2+2Q§) —Qg)
i 9% i RO (2+2%) _F o
A2=_2 2A1:__2 2 2% 4] m 2 4
(-@*+207) © m(-Q +ZQO)(( O +207) —QO) m (( Q2 +202) Q)

A1=As=00 When
v Q=0Q,=CQ. (called first resonancepulse).

v Q=30, =Q,, (called second resonance pulse).

v A1=0when Q= \/EQO =~ Q, (called antiresonance pulse).

4

4 | | 4, | | ‘
- |
|
1

| |
| ‘ |\
{ 4

AN LN

w
WR1 A

WA W2
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5.3.3 Input and transfer impedance

(With D#0 and F#0: Damped and forced system)

. F
In electricity, impedance is defined by Z =-=. By analogy, we define the mechanical

1

~

. F - F .
impedance by 7s_F. Zg =— is called input impedance.Z; =-— is called transfer

impedance. To find them we still use the complex representation:
~ ) S _ Q]j

F(t)=F,cosQt — F (t) = Re*and >~<1 J- f
XZ = JQVZ

jom T e A
{mlz+(kl+ko>z+alxz—koiz=ﬁ B
m2§2+(ko+k2))~(2+a2§2_k0)~(2=0 ij2+!<_2+%(_O+a2 ‘72_%(_0‘71:0

jQ  jQ 1Q

L k o k 5 ke :
By possessing jom, +j_§12+a1 =17, jom, +j—;2+a2 =7,, 22 =7, We obtain

» The transfer impedance is Z; =

5.6.1 Exercises and problems

Exercise No. 1

We consider the free oscillations of the system with two degrees of freedom in the figure
bellow:

Z k 7 'I'l__’

mmni_ 1 ; JB’W_ 2
R T
X

X

1) Calculate the kinetic and potential energies of the system.
2) For k1 = ko = k et my= m, m,=2m, and using the Lagrange formula establish the differential

equations of motion. Deduce the system's own pulsations.
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Solution
1- Kinetic and potential energies and the Lagrangian:

1 ., 1
T =§mle +Em2x22

1 1 2
U :E 1X12+E|(2(X1—X2)

1 ., 1 ., 1 1 2
L=Ernle+§m2x22—Ekle—ikz(xl—xz)

2- Differential equations:

dfat) o) g !

delox ) (ox ) :{mlxl"'klxl"'kz()ﬁxz)_o
i 8_L ~ i o mzx'z—kz(xl—xz):o
dtlox, | (ox, )

m¥X, + 2kx, —kx, =0

2m%, —k (%, —x,)=0

The proper pulsations: We propose the following solutions:

X = Al (—mQ* +2k) A —KkA, =0
X, = Al —kA +(—2mQ* +k) A, =0

By replacing the constants, we find: {

In complex notation we have {

We calculate the determinant:
(—mQ2 + 2k) —k

—k (—2mQ’ +k)

A(w)=2m*Q" —=3mkQ? +k? =0= A =m’k’
The lowest frequency term corresponding to the pulsation Q; is called the fundamental. The

Alw)= = (-mQ? + 2k )(-2mQ’ + k) —k* =0

other term, with pulsation Q, is called harmonic. The two proper pulsations are:

k k
Q= |~ and =4/—.
! \/;an “=\2m

And the solutions are written as:
X, = A, cos(Qt+q@ )+ A, cos(Q,t+e,)
X, = A, €Os(Qt + ¢, )+ A,, cos(Qt +¢,)
A1, A1z, A2, Az, 1 and @2 are integration constants determined from the initial conditions.

The system oscillates in the first (fundamental) mode, the solutions are written:

X = A, COS(Qlt + @1)
X, = A, cos(Qt+¢,)
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The solutions of the oscillating system in the second mode (harmonic) are given by:
{xl = A, cos(Q,t+¢,)
X, = A, cos(Q,t+ @, )
The constants A1, A1z, A21, A2, @1 and @2 are integration constants calculated from the initial
conditions.
Exercise No. 2

Consider the system with two degrees of freedom.

m m
L E = k
x;(t) x; )

1. Calculate the kinetic and potential energies and the Lagrangian of the system.
2. Find the two proper pulsations Q1 and Q> of the system.
Solution

A system with two degrees of freedom admits two Lagrange equations of the form (Free

regime)

dfoL)_fot)_g

dt\ ox, oX,
dfoL|_foL)_g

dt{ ox, oX,

1- Kinetic and potential energies:

1 1
T ==-mx?+=mx?
M M

1 1 2 1 1 1 1
U :Ekxl2 +Ek(X1_X2) +§kx§:U :Ekxl2 +Ek(xf—2x1x2+x22)x12 +§kx22
U :%kxf+%kxf—kx1x2+%kx22+%kx22 =U =kx + kx5 —kxX,

L (X%, %, %) =T ~U :%mxf+%m>'<§—kxf—kx§+kx1x2
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oL d (oL oL
T lemy = | S l=mx, | S = —2kx +k
(&) mm gl &) (5]

d( oL oL
el 0 2kx, —kx, =0
dt(GX‘] [8&] A

oL . d aL " oL
— |=mX, = =mX,, | — |=-2kX, +kx
X, dt 0X,

i(aLJ (GLJ 0= mX, + 2kx, —kx, =0

dt| ox OX
I k
{mxl+2kx1—kx2:0 Q2% =% =0
. j
mX, + 2kx, —kx, =0 5('2+2%x2—%x1:0

0% =

0

k X, +2Qx —Q2x, =0
m X, +2Q2x, —Qix =0

In complex notation we have

. k k
X = Z&ejm X1+ZEX1—EX2 —0:> 5‘j2Q2ej.Qt +2Q(2)'§iej.ﬁt _Q(Z)A_Zej.ﬁt ~0
A Q% + 200 A — Qi AR =0

X, = Ae 5('2+2%x2—%x1=0

{ AQ% ™ + 202 A —QIA N = o:{(EQZ+ZQ§E&Q§KZ)eim=0
AQ%I + 202 AN — QI A =0 (_AZQ2+ZQ§;2_QS;1)EM:O
(-Q°+205) A -QiA, =0 |(-Q°+20Q5)A-QiA, =0

{ 2+ 200) A, —Q0A = oj{—ggﬁﬁ(—ghzgg)/@o

,Kl B 0
KQ 1o
We calculate the determinant :

A=(-0% +202) ~ 0 = 0= (-Q% + 202 ~02)(-Q2 +202 + Q2) =0

(-Q*+207) —0?
—O? (-Q*+207)

(-Q* +Qf)(-Q* +30%) =0

So we find that ©Q =/3Q, and ©Q, = Q.
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Exercise No. 3

1. Establish the differential equations of the mechanical oscillatory system in the figure A.

2. We give the excitement F(t)=Fe™*. The solutions xa(t) and x(t) of the permanent regime

being of the same type as the excitation, give the matrix writing of the differential equations in

complex amplitudes  (t)and %, (t).

3. Deduce, when £ = 0, the existing resonance pulsation.

4. Establish the differential equations in current then in charges q: and g of the electric

oscillatory system of the figure B.

5. Is there any analogy between these two systems? If yes, give the correspondences between

the mechanical and electrical elements. Deduce, when R=0, the existing resonance pulsation.

B «—Ft)—»
k
m —fmmm\— m
TR AT,
+—X—> 4+—X—»

Fig. A. Forced mechanical system

with two degrees of freedom.

Solution
1. Differential equation of motion :
1 1

T=-m¢+=mx;
e M

1
U =§k(X1—Xz)Z

The Lagrangian: L =%m>‘<12 +%m>‘<22 —%k(x1 —%,)’

The dissipation function: p = %p’xf

2- Differential equations:
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1i(t)
—C
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D

Fig. B. Electric oscillatory system.
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ala {5 =r
ala o)

my, +k (X, =%, )+ B% = F (t)
my, +k (X, =%, )=0

5<'1+%(x1—x )+£x1 = eJQt

.k
XZJFE(X2 —x,)=0

2. Complex solutions %, (t)and %, (t)are written as:

2 K jlola-X5-F
oo ot pribo)A-pA-g
o _ A plot
X, = A’ —£A1+(—Qz+£j52=0
m
(—QZ+—+ jﬁQj _k _ F,
: " (B3
_£ (_Qz_’_hj A2 0
m m
We calculate the determinant:
(—Qz+£+j£9j _k
m m m
Aw)= ) =0=>A(w)
ERE
m m
3. Ifp=0et F(t)=0
2
A(a)):(—§22+£)(—Q2 hJ—k—zzo
m m) m
kY k2 k k
NP I P (s
m m m
2k
- Q1= H:QR
Q,=0
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4. The differential equations of figure B

diy 1. o
{VL+VR+VC:U(t):> LEJFR'lEJ.('l_'Z)dt_U(t)

V, +V. =0 di, 1. .
L—=——|(i,—i,)dt=0
dt C (=)
|—d_q_q:>ﬂ—q
dt dt

. .1 . R. 1
Lq1+RQ1+E(q1_q2):U(t) q1+IQ1+E(q1_q2):U(t)

LC

Fig. C. The law of meshes and knots in figure B

5. Yes, there is an analogy, we see:

X—>Qq,R— B,m—Lk —>é, F (t) > U (t)and the resonance pulsation: Q, = c

Exercise No. 4

o1
G, -—(0,-0,)=0

2

Consider the oscillating mechanical system in the following figure: x1= x1(t) and X.=x(t) are

respectively the dynamic positions (amplitudes at each instant) of the masses m; and m relative

to their rest positions (equilibrium). F(t) exciting force applied in mj.
1. Write the differential equations with: m;= m; = m and k1= ko= k.

2. Find permanent regime solutions knowing that F(t)=kacosQt.

3. If p=0 and F(t)=0, for this value of ©Q do we have resonance. In this case, give the

condition for which the 15 mass remains immobile.
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pE L™ %{r}

g

Solution
1. The differential equations are

1, 1
T =§mle +§m2x22

1 1 2
U :§k1X12+§k2(X1_X2)

The Lagrangian: L =%ml>'<12 +%m2>'<22 —%kle —%kz (% —%,)"

The dissipation function: D = %,BXI2

Lagrange's equations:
i i - ﬁ =F, (t)
dt{ ox, OX, '

d[ oL oL | oD
— — |- — |[+—= O
dt\ ox, X, ) OX,

o X1+ﬁxl+£(xl_x)=|: t)
{ml)(lJrkl)(ﬁkz(xi_xz)‘':(t):> m . om 7 m,
R

2 m2
k k F(t)
X1+—X1——X2=
By replacing the constants, m m m
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2. The permanent regime solutions F(t)=kacosQt — F (t)=kae™
2k Y+ k 5z ka

{le,gﬁejm (—Qzﬂ“ﬁjﬂ—a'%:
j—

72 — Kzeth

[ 2 2kj k

07+ = -~ . (ka
_h [_Qz+£+jﬁgj 0
m m m

We calculate the determinant:

[—Q%%J K ka
m m —
A(w)= K K 5 =l'm
-—— (—QZ+—+j—Qj 0
m m m
2
:A(w)_[—Q%%J(—Q h#—jﬁQJ— 5)
m m m m
ka _k
o 1 |m m 1 ka ) . f
X, = = —( Q +—+j—Qj
m "m
g -1 ( e mj m_ 1 k’a
2" Ao) k o Alo)m
m

3. Calculation of pulsations for =0 and F(t)=0:

OIS I § 2
o ) B e {22

2 2 2 2
m m m= m m
sk, 5k
Q =M . m
The equation admits two solutions: = 3K "
R _BE
Qz __m m
2
. N , Kk K
1% mass remains immobile X, =0and f=0=-Q +E:O:>Q: -
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Exercise No. 5

Consider the assembly of the following figure. The 2 oscillating LC circuits are coupled by a

capacitor C. Here C;= C,=Cand L1=L=L

1. Write the 2 differential equations in iy and i2 (Then in g and g2).

2. Find the proper pulsations of the system and give the general solution knowing that at t = 0,

only C; has a charge g.

LI ]

Solution

1. The differential equations of motion: >V, =0

i=1

The law of meshes gives us

L,

dy L. Len v
{VLl +VC1 +VC =0 Lla-l_c_ljlldt-'-gj(ll_lz)dt_o
=
V4V, +V, =0 di, 1 1.
de—+C—2I2dt— J.(Il—lz)dt—O
i—d—q—q:>d—i—q'
dt dt
.1 1
L1q1+51q1+5(q1—qz)=0

11
L2q2+c—2q2—6(q1—q2)=0
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2. The system's proper pulsations: Ci= C,=C and Li=L,=L

2 1 2 1
L§ +—qg, ——q, =0 G, +—0¢, ———q, =0
4, qu qu . Gy LC G LC ,
.2 1 N 2 1
Lq2+6q2_6q120 q2+LCq2_LCq1:0

In complex notation we have

.o 2 1 N -2 2 th 2 - th 1 — th
5 _ A alot h+—a&—-——<9,=0 AjQe™ +—Ae" ——Ae" =0
o I S A
q, = Ag q2+Eq2—Eq1=0 sz2QZeth+EK2eth_Eﬂieth=0
R L G Y
=
_,&ZQzejm_’_iﬂzejat_iAejm:O _AQQZ_'_LAZ_LA el _
LC LC LC LC
(o 2)A-LA=0 (o) & )«
LC LC LC LC (A&j_(oj
A A A Lo
a(entlae | ko (a2
We calculate the determinant:
o) &
A(w)= =0

1 (_QZ N ij
LC LC

SN A CCIME B P S ) LC
LC LC 1
Q, =, —=a,
LC
mode 1
( 3 2) 1 1 1
03 LC LC LC  |(A) (0)_| Lc "Lc|A)_ (0
e 1 (_i+ij A) o) 1 1 (A) o
LC LC LC LC LC
1
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LC 1 ( 1 2

(R

11
Then the passage matrix is P =( 1 J and the general solutions are

[qu [Aicos(Qlt+(p1)j
=P
d, A, cos(Q,t +¢@,)
g, = A cos(Qt+¢, )+ A, cos(Q,t+ g, )
= g, =—A cos(Qt+@, )+ A, cos(Q,t+,)

The constants A1, Az, @1, @2 are determined using the initial conditions 4 unknowns so it is

necessary to have 4 equations:

q,(t=0)=0q,0,(t=0)=0

ql( =0)=q2(t=0):0

0, (t=0)=A cos(¢,)+ A, cos(p,)=0q=>2Acos(¢,)=0q=2A,cos(¢p,)

g, (t=0)=—A cos(¢,)+ A, cos(p,)=0= A cos(¢, )= A,cos(p,)
0, = A cos(Qt+¢, )+ A, cos(Qt+p,) G, = —AQ,sin(Qt+¢, ) - AQ,sin(Q,t+9,)
0, = —A cos(Qt+¢, )+ A, cos(Q,t+¢,) - G, = AQ, sin(Qt+ ¢ ) — AQ,sin(Qt+¢,)

G (t=0)=—AQ,sin(¢)—AQ,sin(p,)=0=2AQ sin(¢)=0

G, (t=0)=AQsin(¢,)—-AQ,sin(p,)=0=2AQ,sin(¢p,)=0

@=%=aa=&=%

( s(Q,t)+cos(Q,t))
q

q, =— (cos(Qt) cos(,t))
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Exercise No. 6

Two identical simple pendulums O1A; and O2Az of mass m and length |, are coupled by a
horizontal spring of stiffness k which connects the two masses A1 and A. In equilibrium, the
horizontal spring has its natural length lo as it is lo= O10.. The two pendulums are identified, at
the instant t, by their angular elongations 1(t) and 6-(t) assumed to be small compared to their

vertical equilibrium position. We designate g the acceleration of gravity.

Proper modes:

1. Determine the Lagrangian of the system.

2. Establish the coupled differential equations verified by the two instantaneous angular
elongations 1(t) and 6(t).

3. Express as a function of g, k, | and m, the two proper pulsations Q1p and £, of this system.
Digital applications:

4. Calculate Q1 and 92, knowing that: m= 100 g; 1=80 cm; k=9.2 N/m and g= 9.8 m/s?.

We release the system without initial speeds at time t=0 under the following initial conditions:
01(t)=6o and G(t)=0.

5. Deduce the laws of evolution 1(t) and 6-(t) at times t>0.

6. What is the phenomenon studied.

Forced modes:

Mass As is subjected to a horizontal exciting force of the form: F(t)=F, cosQt.

7. Write the new coupled differential equations in 81(t) and 6a(t).
8. Express the complex relationships which concern the linear velocities V1 and V> of the points

Az and Az in forced regime.

9. Deduce the complex input impedance Z_ =

<[ m
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Solution

Proper modes:

1. The Lagrangian of the system:

The system has two degrees of freedom expressed in #1(t) and 2(t)
The kinetic energy we have: T = % mV, +%mzvrjz

By calculating the speeds relative to the fixed reference:
o Xy, =1sing, V- X, =16, cos6,
" Yy, =1cosg, "y, =-16,sin6,
Isiné - ]
~ Xy, =18INE, - X, =16, cosé
Omz = Vm = . " 2- . ’
Y, =1c0s0, "\ Yy, =10, 5in6,

V=%, + 92 =(16, cos@l)2 +(~16,sin 6?1)2 = 1267 (cos 7 +sin 67 ) =1°6;

=
Ve =% +ya =(16, cos¢92)2 +(~16,sin 02)2 =126} (cos6; +sin 6 ) =1°6;

T =%m|29'12 +%m|2922

For the potential energy we have:

1 2
U :Ek(xml—xmz) +mgh, + mgh,
X, =lsindg,x, =lsiné,,h =l1-lcosd,h, =I-1cos6,

1 "m,

At low amplitude

2

sin@ ~ @ and cosazl—%:xml =16, =I¢92,hl=%h912,h2 =%Iz922

11 Am,

1 2 1 » 1 2 _1 2 2 1 2 2 2
U =Ek(|91—|92) +5mgle +>mglo} =U _E(kl +mgl)é; +§(kl +mgl)6; —KI*6,6,

The Lagrangian is then written:

L=T-U :%mlzé?f +%m|29§ —%(klz +mgl) &7 —%(klz +mgl) &2 + 1?60,
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2. Coupled differential equations:
dfo) (o

dt\ 06, ) |06,
dfa) (o
dt\ 06, ) |06,

=0 {m|29;+(k|2+mg|)el—k|292_o

2 2 .
91+(kl +mgl) L 91+(5+g)91_£92:0
. ml? ml? m | m
2 e
9+(kl +mg|) _ k|2 ~0 92+(£+EJ92_£91=0
! ml? L oml? Tt m | m

mI*g, +(kI* +mgl )6, —kI*¢, =0

3. The two proper pulsations Q1p and Q2p of this system: We consider the solutions of the

sinusoidal type system: In complex notation we have

5 k. g k 224 j0t (k 9]— o K i o
_ 6+ —+=10,——6,=0 Q%e™ +| —+= |Ae™ ——Ag’
{¢91=A1e‘m:> ' (m I)l m * Al m 1A m
N _ A ait . _ . . .
0. = Af 92+(£+|g)¢92—%6’l=0 A2j2£)2ejm+(%+%)Aze‘ﬂt %AleJQt
m
_Agzejgt+(£+Igjﬂiemt_hﬂzejm 0 (‘AQZ"'(%"‘%JE_%AQ el _
m m
=
2, jot K 9)x jau K% o 2 kK 9)~x K =) ju
AQ%e™ + E+T Ae HAle 0 -AQ° + —+|— A-——A e =0
m m

The system admits non-zero solutions if only if A(w)=0:
We calculate the determinant:

SR R
W )

Alw)=
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st H) 2

o) ) ool
Q,= 9 _35rad/s

:{_QZJF%J(_QZ Zr: ?):Oj QZPJ%14rad/s

Q,,=35rad/s
Q,,=14rad /s

_|(Q
—
|
=R
N——
|
o)

)
+
7\
3=
_|_
_|@
N—
+
3=
—
Il
o

4. Digital applications: {

5. General solutions:
6. (t)=A, cos(let +g01) +A, cos(szt + go2)
0, (t) =—Ay, COS(Q t+ ;) + Ay, COS(Q,,t + ;)

By applying the initial conditions, we find:

Q t+Q Q t-Q
xl(t)=Ccos[%tjcos{%tj

Q t1+Q Q 1—-Q
X, (t)=—Csin| —2——2Et |sin| —2—2"t
2 2 2

From where:
X, (t) =C cos(AQt)cos(Qt)
X, (t)=Csin(AQt)sin(Qt)
And AQ = %t, AQ = Mt
6. The phenomenon studied is beats.

Forced modes:

7. The new coupled differential equations:

9'1+(£+gj01—£02:ic059t
m | m m

. k g k
6, +(—+TJ6?2 —591 =0
8. The complex relationships that concern linear speeds Vi and V:

{91 = Ae™ :{\71 = jQ8,

6,- A |V, = 04,
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By replacing the solutions in the differential system, we obtain a

(_QZ +[£+gjj\7l_£\72 = JQi
m | m m

—£\71 +[—Q2 +(£+QD\72 =0
m m |

2
9. Complex input impedance Z, = k——(m+k—m92j

il m

This mechanical system functions as a frequency filter since its impedance varies depending on
the frequency.
Problem 1
The 2 cylinders of the same mass M and same radius R roll without slipping, that is to say that
when they rotate respectively 81 and 6, their centers of gravity move respectively from x;=R0
and x2=R05.
Part I:
1) Determine the kinetic energy and potential energy of the system as a function of 4, and
2.
2) Establish the Lagrangian for ki= k> = k and £’=2k. Deduce the system of differential
equations of motion
3) Find the proper pulsations corresponding to the possible vibration modes.
4) Deduce the passage matrix and write the general solutions.
Part I1:
5) Establish the Lagrangian of the system as a function of x; and Xa.
6) We take ki= ko=k #k’, find the equations of motion. Deduce the proper pulsations.

7) Write the Lagrangian in the following form:
3 2
L= " M (X12 +X —af (X12 + X2 — 2KX X, )) Deduce the expressions of mo? and K.

8) Kk’ is the coupling coefficient, show that it varies between 2 limit values.

9) Give the physical meaning of wo by comparing it to the proper pulsations found in
question 3. Deduce the effect of the coupling k’ on the proper pulsations.

10) We take ki= ko= k’=k, find the equations of motion

11) Calculate the proper pulsations

12) Deduce the passage matrix and the general solutions
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X,
Solution
Part I:
1)

U =% X +%k2x§+%k'(x1—x2)2 =U :%kl(ZRel)z+%k2(2R02)2+%k'(R¢91—R02)2

1
2
. N - b 1 2
% =R6, % =Rd, 1 = MR

o Lo, 1o, 1
T= fo+§Mx22+§I6’f+§I0§

T :%MRzgf +%MR2922 +%6MR2)6}2 +%(% Mszef =T :%MRZ(QZ +67)

2) ki=kz = kand k’=2k

L —%MRZ(éf +012)—%k1(2R¢91)2 —%kz (2R6,)’ —%k'(R@l— RO, )’
L :%MRZ(Qf +0'12)—%k(2R6?1)2 —%k(ZRQZ)Z —%2k(R91— R6, )’
L= % MR? (67 +67)-2kR® (67 +6,? )~k (RO, - R0, )’

L= % MR® (67 +67 ) - 2kR? (67 + 6,7 ) -k (R0 + R*6,” - 2R*6,0, )

L= % MR® (67 + 67 )~ kR* (36, +306,” — 26,0, )

- 152 - Dr.Ghellab Torkia



3

- 153 -

L= MR? (67 +67 ) - kR* (36 +36," - 26,0, )
afoLj_fot|_ 3. L,
i[i}[ﬁ]: 3 MR26), + KR? (60, - 26,) = 0
dt\ 26, ) | 06, 2
i+ kR2(691—292) B
1 - e
‘;’MR2 91+%91—%92=0
=
2 .
g +kR (6‘92_291): 92_,_%91_&92:0
2 EMRZ 3M 3M
2
In complex notation we have
2T = =
szAzeJQt 5 12k 4k A i20)2pit 12k ~ jot 4k % jot
0,+—6,———6,=0 Q%! — Ae™ ———Ae™ =0
A TVRCEETVIG ad +3MAZ 3MA‘L
— oo 12k = o Ak < F2 12k = Ak 2 o
_ 25j0t | <R jot TR ot _ ~AQO - o el =0
AQR + o Al - Ae 0:> ( A+ Ao Azj
i 12k~ o 4k _ 12k — 4k =
_ QZeJQt+_ eJQt__ eJQt :0 _ 2 —en _ jot —
& 3MAz 3MAl ( AL +3|\/|A2 3M Ai)e 0
(_Qz_*_%jﬂi_ﬂﬂz_o (_Qz_i_%j _ﬂ
3M 3M _ 3M 3M (A]_[OJ
_ﬂﬂi_k(_gz_'_ﬁjﬂzzo _4_k (_QZ_F%j Az O
3M 3M 3M 3M
We calculate the determinant:
(_QZ_F%J _ﬁ
Ao) = 3M 3M 0
_ﬂ [_QZ_F%j
3M 3M
A(w)_[_gz %)(_Qz+%j_ _ﬂj[_ﬂ)_o
3 3M 3M 3M
2 2
:(_Qz %j _(ﬂj :o:(_gz+%_ﬂ](_gz+%+ﬂjzo
3M 3M 3M  3M 3M  3M
o, - [1K
:{—Q%ﬁj(—g? %j_o " Vam
3M 3M
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4)

mode 1
(_% %) _ 4k (_4_kj _ 4k
Qf:@j 3M  3M 3M (@]:(0]: 3M 3M (ﬂ:(o]
3M _ak (e 12k (WA ) L0) a4k LA Lo
3M ( 3M BMJ 3M ( 3Mj
()G SR sommmosea=()
= — _ = = eigenvector 1V, =
3M J{-1 -1)| A 0 -1
mode 2

I >

(_ﬂ+%j _ 4 (ﬂj _ &
A 0 0
szzﬂj 3M  3M 3M AY_(0)_|\3m 3M _
3M 4k ( 8k 12k] A ) \0 4k (ﬂj

3M 3M  3M 3M 3M

(8 R

1
Then the passage matrix is P =(

J and the general solutions are

0, b A cos(Qt+¢,) 6, = A cos(Qt+p )+ A, cos(Q,t+@,)
= =
o, A, cos(Q,t+@,) 6, =—A cos(Qt+@ )+ A, cos(Qt+¢,)
The constants Az, Az, @1, @2 are determined using the initial conditions 4 unknowns so it is
necessary to have 4 equations: ¢, (t=0),q,(t=0),¢,(t=0),qd,(t=0)
Part II:
5)
1 1 1 ., 1 -
T=-M+=MC+= 162 +>167
2 2 2 2
% =RO, %, =Ré,,1 :%MRZ

1 1 1(1 1(1 3
ST=MC+=MC+Z| MY [+ =M (=T ="M (X +X
2X1222[2X1j2(22 4(12>
1

Uzil

xf+%k2x22+%k'((x1+R91)—(x2+R6?2))2 =U :%kle +%k2x§+2k'(x1—x2)2

30 r(uz w2y 1 1 ,
L=T-U="M (xf+x22)—5kle—§k2x22—2k (% —%,)"
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6) ki=ko=k#Kk’

3

L=>M 1

2

.2 5

X+ )

In complex notation we have

..+2(k+4k') 8k’
x=Ae™ |MTTam tTam 2T
X, = A 2(k+4k') 8k’
X - , =0
3M 3M
— . : 2(k+4k") — . 8k' — .
ZQZEJQt+— eJQt__ e]Qt =0
_ Al v A ™ A,
~ o 2(k+4k) — o 8k~
20y2giot | SA\R TR ) A aiot O/ paiot g
Al LY A, 3MA1
2(k+4k")) 8k’ - 2(k+ 4k’
3M 3M 3M
= =
8k’ & , 2(k+4k)) ~ 8k
“an -Q*+————= A, =0 _Sk
M Aﬁ( T 3M
We calculate the determinant:
—Q2+2(L4k') 8_k'
3M 3M
Alw)= =0
_8k*" _Qz+2(k+4k)
3M 3M
2(k+4K' 2(k +4k' . .
Aw) = 02 4 2O 204K ( 8k )(_8k
M 3M 3aM ) 3M
2 2
2(k +4k’ - 2(k+4k") 8k’
| o4 (k+4k") _(8kj=0:> ot (k+4k") 8k
3M 3M 3M 3M
2k +16k"
2k 2k +16k 4= T
:(—QZ——j(—QZ+—j:0:>
3M M 2K
Q, =, —
3M
- 155 -

ka—%kxzz—2k'xf—2k'x22+4k'x1x2

gM5<’1+(k+4k')x1—4k'x2 =0

=

gMX'2+(k+4k')x2—4k'x1:0

X, +

%

2(k+4k") 8k’
X ———X
3M 3M
2(k+4k")
3M

+

Xl_

2

0

)
X

k+4k')+8k'
3M 3M
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\l
N—r

,_
I
<

%2 +>‘<§)—%ka —%kxﬁ C2k'N 2K + AKX,
L=="M (xf +>'<22)—%(k+4k')(x12 +x22)+4k'xlx2

Xlz+xzz_2(k+4k')(xf+x22)+15k'X1X2]
3M 3M

,_
[
<

Mlw MW bDlw

3 ., 2 , 8k
L:ZM X12+X22—3W(k+4k )[X12+X22—WX1X2J}

On the ot_her hand

ngM (%252 = (32 43¢ ~ 2K, ))

4K’
(k+4k")

:a)é:ﬁ(k+4k'),K:

k'=0 — K =0 Very loose coupling.
k'=0 — K =1 Tight coupling.
So the coupling coefficient varies between the two values 0 and 1. 0<K<]/.

2(k+4k' 8k’
(ra),

TV am 2 =" 2
8) We see in and in @) =——(k+4k")
. 2(k+4k’) skt 3M
X, + X, — X, =0
3M 3M
That ao is:

v The pulsation of the first cylinder when the second cylinder is blocked (x2 = 0).
v The pulsation of the second cylinder when the first cylinder is blocked (x1 = 0).
This result shows that the coupling of the two cylinders results in a separation of the two proper

2k +16k"

2 2
ulsations. Q, =—k'<w? =——(k+4k")<Q, =
P 2 3M 0 3M( )< 3M

3 2 .2\ 9,2 9. .,
L_ZM(xl+x2)—§kx1—Ekx2+4kx1x2

d(oL) (L) 3 10k 8K
a(_'j‘(&j‘o ZMAH5k —dlo, =0 | X+ 2 - X =0
il

X
g&]_[i}o S MRS kg =0 (%, - S 2
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10) The solutions are of the type

T - 0K & jor 8K % jor
o _ R it AJZQZe‘Q‘+—Ae' ——— Ae =0
{i(l 'ﬁ‘leiﬂt:> M
X, =Ag szZQZEth 10k AzeJQt k 'E&eth -0
(_QZ 1ijAl__A2 . (_Q,_ 1ij &)
3Mm 3Mm AY) (0
8k 10k - 8k 10k LA ) Lo
S| a3
3M 3M 3M

We calculate the determinant:

( P 10kJ
3M

A(@:(—QZ

8k
3M

(—QZ +%j
3M

2 2
+%] —(ﬂj =0:>(—Q2
3M 3M

18k &=
+—j=0:>

Aw)=

Lok

18k 10k] 8k

3M 3M 3M
(Sk) -1 -1 5& 0 . N 1
= — = = eigenvector :V, =
3M {1 -1){ A 0 -1
mode 2
(2 100)
3M 3M
szzﬁ:
3M B 8k (_
3M 3M 3M

(5 A e

8k
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_1_%_& -Q
3M  3M

amTam) Tav |(A _(Ojj
N e

Z__fﬁj @:@j __

10k 8kj
3M  3M

8k 8k
"3M 3™ |[[A)_(O
o 2]
3M 3M
8k 8k
aMm  3Mm [[A) (O
e o |2)(o
3M  3M
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[xij (Aicos(Qlt+gol)j
=P
X, A, cos(Q,t+@,)
X, = A_Lcos(QltJr(Pl)Jr A, Cos(ta+¢2)
~ X, =—A cos(Qt+ ¢, )+ A, cos(Q,t+¢,)

The constants A1, Az, @1, @2 are determined using the initial conditions 4 unknowns so it is

1 1
Then the passage matrix is P =( 1 J and the general solutions are

necessary to have 4 equations: ¢, (t=0),q,(t=0),¢,(t=0),qd,(t=0)

Problem 2

In the oscillating system shown in the following figure, the cylinder is homogeneous, of mass
M and radius R. This cylinder is connected to point A by a spring of stiffness coefficient K at a
frame B1 driven by a sinusoidal movement of amplitude So and pulsation w. It is also connected
by a damper of coefficient « to a fixed frame B2. The cylinder rolls without sliding on a
horizontal plane. The rod is massless and of length I. In the oscillating system shown in the
Figure, the cylinder is homogeneous, of mass M and radius R. This cylinder is connected to
point A by a spring of stiffness coefficient K to a frame B1 driven by a sinusoidal movement of
amplitude Sp and pulsation w. It is also connected by a damper of coefficient o to a fixed frame
B2. The cylinder rolls without sliding on a horizontal plane. The rod is massless and of length
I. One of its ends can oscillate without friction around the axis of the cylinder. At the other end
it carries a point mass m which is connected to a fixed frame B3 by a spring with a stiffness
coefficient k. In equilibrium the rod is vertical and the axis of the cylinder G is at the origin of
the coordinates O, we also assume that the springs are not deformed. The rotation of the rod
relative to the vertical is denoted by the angle @ and that of the cylinder by the angle 8. We

consider oscillations of small amplitudes.
mg
We pose: 3M =2m,4K =k =T,x2 =lp,x, =RO
1- Show that the Lagrangian of the system can be written in the form:
.2 Y 1 52 2 2 1 1 2
L =mx +mx.X, +me2 —kx; —kx X, —kx; +Ekxls—§ks

2- Determine the differential equations in x1(t) and x2(t). Show that the system is equivalent
to a forced system subjected to a sinusoidal force F(t) of which we will specify the
amplitude Fo.

3- Express these equations of motion in terms of the speeds #i(t) and ().
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k
4- a- Determine xi(t) and 1(t) for the pulsation @ =@, = \/% . Deduce the behavior of the
system at this pulsation.

b- Determine the system input impedance, defined by é , at this pulsation.
Xl

,2k
5- a- Determine xi(t) and .#3(t) for the pulsation @ = o, = o Deduce the behavior of the
system at this pulsation.

b- Determine the system input impedance, defined by é , at this pulsation.

S(t)=Sycosmt
B, J_. > gBj
Ll i N

Solution
The Kinetic energy:
T=T,+T,

1 1 ., 1

TM:EMVGZ —|92_—|v|x %Iéz_—M>'<f+%(%MR2]éz,because(x1:RH:)‘(lzRé)

T

3
2

)Mx1 +;m(x +X ) :>T=l(§

1
T =T =
"2 Mk +%,) = 2( 202

M +mj>‘<f+%mx22 +m(%X, )
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1 2 1 1 mg
U=U,+U, +U,_ =§K(2x1—s(t)) +§k(X1+XZ)Z+ETX22

Uy :%K(le—s(t))z,uk =%k(x1+x2)2,um =+mgh

2

h=I —Ic03¢:l(1—c05¢),we have coswzl—%

I X
=h z§¢2,we also have x, = lp = ¢° =|—2

_imgl¥_1
~TR T T
U:%K(in—s(t))2+

mg .
m I X2

N |-

1m
k(x1+x2)2+§|—x2

Hence the Lagrangian:

1(3

L=T-U :—(—M +mj>‘<12 +%m)'(22+m)'(1)'(2—%K(le—s(t))z_%k(xl+x2)2___

2\ 2

Wehave3|\/|=2m,4K=k=$,xz=|¢,x1=R9
L = mx2 1 ., - 2 » 1 1 .
= xl+me2+mx1x2—kx1—kxlxz—kx2+5ksx1—§ks

The dissipation function: D = %a(Z&)Z =%0€(4X12)

2-Differential equations in x1 and Xo:

From Lagrange's equations:

E(G_L]_[G_L]+@_D_
dt{ ox o ) ox " . 2m5<‘1+m5<‘2+2kx1+kx2—%ks+4a>'<1:0

dfoL) fou -0 mX, + mX, + 2kx, + kx, =0
dt ox, X,

2mX, +mX, + 2kx, +kx, +4aX, = % ks, cos wt

mX, + mX, ++2kx, +kx, =0

The system is subjected to a force F(t)= % ks, COS awt = % ks,e* of amplitude F,(t)= % ks,

and pulsation w.

N
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3- Equation according to the speeds .xi(t) and 1 (t):

[4a+2j[mw—£)j>&l+j[ma)—£sz:Ksoej‘“t
w w 2
( kj [ 2kj.
J|Mmo—— [+ J| mo—— [X, =0
w @

k
4-Foro=w, =,|—
m

a-X = %gsoe"”’t and x, = O at this frequency the rod remains vertical.
a

Fo

b- The input impedance is Z, = -2 =4«
X
2k
5-For o=w, = ,|—
m
: K _
a-X, =0and X, =— J —s,e' the cylinder does not move.

)’
2
b-The input impedance is Z, = % = 4¢ is infinite.
Problem 3
We consider the mechanical system shown in the figure opposite. It is made up of a solid,
homogeneous cylinder, of mass M and radius R. This cylinder can rotate around a fixed axis
passing through the point O of its axis of revolution. It is connected to point A, such that
OA=R/2, to the fixed frame B1 by a horizontal spring of stiffness constant Ki. A point mass m,
connected to the fixed frame B2 by a vertical spring of stiffness Kp, is coupled to the cylinder
by a spring of stiffness Kz and a damper of viscous friction coefficient alpha by means of an
inextensible wire, without stiffness and mass negligible which wraps around the cylinder. In
equilibrium, point A is on the vertical and point B is on the horizontal, both passing through O.
We will be interested in low amplitude oscillations, the mass m is identified by its elongation
X2 and the cylinder by the angle & measured in relation to the equilibrium position.
A sinusoidal horizontal force, of amplitude Fo and pulsation Q, is applied to point C of the
cylinder.

1. Assuming that in equilibrium the weight of the mass m is compensated by the

deformation forces of the springs, determine the Lagrangian of the system.
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Solutio

=

2

m=3(
2

1
2

Determine the differential equations of motion according to the coordinates x;=Ré# and

x2. Deduce the integro-differential equations for the speeds x (t) and x, (t).

Give the equivalent electrical diagram in the Force-Tension analogy, specifying the

equivalence between the different elements.

F(t)

Calculate the input impedance Z, = ——=- of the mechanical system in the case where

% (t)

o = X2 and deduce the speeds x, (t) and x, (t).
m

Describe the behavior of the electric circuit at the equivalent pulsation at Q = /& by
m

giving the corresponding diagram.

n
1.

%Mszé’z +%m>‘<22, we have x, = R0 = % = R0

1 1
=M [ X% +=mx?
2 jxl 2 °

RO 1

2 2 4

2
U :—Kl(—) +=K,x5 +%K3(x2 ~RO) =U :%(ﬁjxf +1K2x22+%K3(x2—x1)2

2

L=T-U =1(ijf +1mx§—%[ﬁjxf—1|<2x§—%l<3(xz—xl)z

2 4
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2.

d(aLJ (aL]+@:F(t) K
dtlox ) \ox ) % N 75<'1+71x1+r<3(x1—x2)+a(>'<1—>'<2)=F(t)

g(a_tj_(a_tjﬁ_%o M, + KX, — Ky (% =%, ) —a (% %) =0

dt\ ox, X, ) OX,
The integro-differential equations

de1 K,
>t 4.|.x1dt+K_|‘x1 X, )dt+a (% —%,)=F(t)

mdi+Kdet KI ¥ — X%, )dt—a (% —%,)=0
3. The Force-Tension analogy

%@ Ll,m<::>L2,05<:>R,%<:>011,K2 < CLK, & Clx, i, F(t)eelt)

le' j jdt+— I(il—iz)dt+R(il—i2)=e(t)

3
LZd_2+C—2ji2dt—C—3j(il—iz)dt—R(‘l—‘z)zo

-
Lfl s

[ Lz
[T
3
=
C?_

%

4.
% (t)= Al %, (t) = Ae'™ F(t) = Fe!
T T T
(N (R A R
For O° =%:> mﬂz%equation 2 gives (a— j%)()‘(2 —%)=0=%, =%
And equation 1= j(%ﬂ—f—é}g =F(1)
from where Z, :%z j(%ﬁ—;—é)&(t): FZ(:) _ (M FO_Kl)eJ(mZ]’ % (t)=%, (t)
2 40
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K,

—2 s Q = . At this
m

5. The pulsation of the electrical circuit equivalent toQ =

pulsation, we have by analogy i1 and i2 and consequently the electrical equations are decoupled

and give
Lii+i.[i dt=e(t) Forced oscillations
d CJ°
L, %+iji2dt =0 Free oscillations
dt  C,

To these two 2 equations, there correspond 2 meshes

7

L3

3 ¢, .
el

o

{ il
©
{f
S

—

Or from the electrical diagram when €, = the impedance of the branch containing L.

1
JLC,

and C; is zero and the equivalent diagram is as follows
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SECOND PART:
MECHANICAL WAVES
Chapter 6
General information on the propagation

phenomenon
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6.1 Theoretical reminder
The mechanical wave is a temporary local disturbance that moves in an elastic, homogeneous

and isotropic material medium without transport of matter, as shown in Figure 6.1.

/ _\\ (A
A I

a AN

Figure 6.1
The mechanical wave propagates with energy transport.
» There are two types of environments:
1. Dispersive medium: The speed of the wave depends on the characteristics of the
medium and the wavelength.
Example: this phenomenon is seen for example in the air when the amplitude is large (in the
case of thunder, high frequency waves propagate more quickly than low frequency waves, the
air is dispersive)
2. Non-dispersive medium: The speed depends solely on the properties of the
propagation medium.
» There are two types of waves:
% Longitudinal wave: The wave is parallel to the direction of propagation, as shown in
Figure 6.2.
= propagation

déplacement

dilatation compression
I SR AR YVY
’ ‘"-::::m\‘\‘\\l\!!l‘-l”’.m)‘u LALLM T

Figure 6.2
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7

% Transverse wave: The shaking is perpendicular to the direction of propagation as shown in
Figure 6.3.

déplacement

u

S
propagation

WY
Wi, sl f %‘&‘Jw(wff»ﬂfﬁl

A '\F'h’v’(p,',"“"’w,h \\Q“\\-‘i-'
O
Figure 6.3

The speed of the wave is constant in a linear, homogeneous, isotropic and non-dispersive
medium. It depends on the inertia, rigidity and temperature of the environment.
The mechanical wave propagates from a source in different forms:

++ One-dimensional: Movement along a rope, a spring.

+« Two-dimensional: Circular movement on the water surface.

Example: When you throw a stone onto a surface of water, as shown in Figure 6.4 below:

Onde circulaire

Figure 6.4
The phenomenon apparent in the image is a circular wave propagating in a plane
++ Has three dimensions: Sound waves.
Mechanical waves have a double periodicity:

R/

%+ Temporal periodicity: Characterized by the period T (s).

R/

< Spatial periodicity: Characterized by the wavelength (m)-

The phenomenon of diffraction is characteristic of waves. It manifests itself when a wave
encounters an obstacle or an opening whose dimensions are of the same order of magnitude as

the wavelength, or even figure 6.5:
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R

Figure 6.5
«» If two identical waves meet, we will see that they do not necessarily reinforce each other,
on the contrary! they can cancel each other out: this is the phenomenon of interference, or

even figure 5.6:

Figure 6.6

Other examples for the interference phenomenon are:
¢ Young's experiment: light passes through two holes separated by a distance d. Circular

interference then appears on the screen as shown in Figure 6.7 above:

&)

@D))))\ Z

Plaque trouée Ecran

Figure 6.7
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The waves emitted by two loudspeakers as shown in Figure 6.8:

Figure 6.8

6.2 Applications

Problem 1

A source emits a mechanical wave y of frequency v propagating in the direction ox with a
constant speed V.

= Write the propagation equation

X X
Posing the following variables: p =t +V—, q=t B2

v Show that the solution to the equation is the sum of two types of signals.
v Deduce the form of the solution in the case of a linear and infinite homogeneous
medium in sinusoidal regime
Solution
= The propagation equation
az_V/ =\ 262_‘//
at
It is a one-dimensional partial differential equation.

= General solutions using the change of variables method are:

o’y

X
_iLX | 2Y o
p =t +V opoq :>l//1(CI)
X = 821// =y :Wl(q)""//z(p)
=t —— 7 -0
q Vv 8q8p :>l//2(p)

= In sinusoidal regime, the solution has the form: l//(t , X ) =Acos a)(t _(VQJX j
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Problem 2

A mechanical wave S of frequency v propagating in a radially symmetric medium with a

constant speed V.

= Write the propagation equation of S.
= Solve the partial differential equation.
= Express the general solution in the case of an infinite medium in sinusoidal regime. Interpret
the results.
Solution
= The propagation equation:
% =V %AS

= The general solution in the case of a sinusoidal regime:

{3 s

= The general solution in the case of a sinusoidal regime:

S (r,t):(%){cos(t _(\/Ljﬂ avec r>=x2+y2+z°

= We obtain a spherical incident sinusoidal wave as shown in the figure

Figure 6.8: Propagation of a spherical wave
1
The factor (Fj represents the damping of the amplitude of the spherical wave which is due to

the energy distribution of the wave in all directions equally.
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Problem 3

Consider a mechanical wave v of frequency v propagating in the plane (Oxy) with a constant
Speed V.

= Write the propagation equation.

= Determine solutions using the method of separation of variables.

= We pose the following conditions:

p(x=0)=2(y =0)=0

= Determine general solutions.
Solution
= The propagation equation has two dimensions:

2 2 2
6W2V2(0w+8wj

at? x> oy?

= Solutions of the differential equation by the method of separation of variables:

S; (tx,y)=A(x)B(y)T (t):>ﬁg;+§8;:v—12:8:&te

,‘b‘l(x)+ kZA(x)=0 k2 +k2 =k

B(y)+k;B(y)=0 With O

T(t)+ T (t)=0 °TV
So

A(x)= A cosk,x+A,sink,x
B(y)=B,cosk,y+B,sink,y
T (t)=T,coswt+T, cos wt

= The propagation space is limited (finite), we obtain standing waves in three directions.

< By applying the boundary conditions we obtain:

v (x=0)=0 {Al =0 oz JA(X)=Asink"x
oy = and k' =—=
E(yzo)zo B,=0 a B(y)=B,cosk,y

«» The general solutions are:

S; (t,x,y)=Y. Asink{xcosk{"yT (t)
withA=AB,
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Chapter 7
Propagation of mechanical waves in different

environments

7.1 Theoretical reminder
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We will see how a wave can progress in a string.

Given a wire of length | and mass m, the linear mass of the wire (assumed to be constant along
it) is then:

~m_dm

T dx

With a slight shock, let's create a small transverse disturbance (in order not to deform the cable

Y7

and keep its linear mass constant). Let us isolate, in the disturbed zone, a wire element, of length
dl:

Approximations

Each element of the string can be cut infinitesimally so as to be almost parallel to the x axis.

The angles &(x,t),0(x+dx,t) are therefore considered small
%+ The rope is considered deformable but not elongable so the norm of forces in the rope

is constant at all points regardless of the deformation.
For the rest of the reasoning, we use Figure 7.1 below:

Figure 7.1
The balance of forces gives:
F(cosd,, —C0s6,)=0
F=dmi= gy With dm = 4l
F(sing,,q—sing,)=dm—-

Which means that there are no movements along x, and & represents the acceleration along y.
If the angles are really small, we have the first term of the expansion which gives:

dx =dl
oy

sinx =ztanx = =
OX
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Newton's law applied to the mass dm = zdx gives (we consider that each mass point only

moves along y because there is no elongation):

The tangents are given by the partial derivatives of the function y(x):

62
F ¥ _ Y = ,udx—z
aX X+dx aX X at
This results in the partial differential equation:
*y_Fey_, _[F
o> u ox° U

It is called "the vibrating string equation™.

We check the units of £ are those of the square of a speed (m/s)?, as required by dimensional
i

analysis. To simplify the writing, we put:

V= [—
H

7.2 Applications
Problem 1
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Consider a string vibrating transversely in the plane Oxy. The equation of motion has the form
vy =(x, t). Let T and u be the tension and linear mass of the string at equilibrium.

= Write the wave propagation equation.

= Deduce the speed V of the oscillations.

We consider that the original shaking is sinusoidal.

= Determine the solutions of the propagation equation using the method of separation of
variables.

Now the rope is fixed by both ends with distance a, released with no initial velocity.

= Determine the form of the general solution.

= Show that the vibration frequencies of the string are integer multiples of a fundamental
frequency f1.

Numerical application: For the third string of the guitar of length a=63cm in nylon, of density
p=1200 kg/m® and of section $=0,42mm?.

= Calculate the tension of this string so that it can emit the fundamental sound f1=147Hz.
Solution

= The propagation equation:

o’y T o%y F
—5 =———=>=>V = [—
ot M OX y7i

= Solutions to the free wave propagation equation:

y =A(x)T (t)jﬁ(x)zv 2 B(Y): A(x):AlcosV—x +A25|nv—x

(x) ~ B(y) B (t)=B,cosat +B,sinat

= The rope is now fixed; the boundary conditions give us:

y(X=0):y(x:a):0:> Al:oetk(”)z(gj _ A(x)=A,sink"x
y (t=0) B,=0 " V) a B (t)=B,cosa,t

So the final solution:
¥ ()= Asink{"xcoso"t
With A=AB,

= The vibration frequencies of the string:
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kin) _%:27\7” :ﬁ._n: f, =nf,
a

With flzzi T
a\ u

= Digital Application:

fl:i — =T =4a°pSf > =T =17.3N
2a\| u

Problem 2

A homogeneous vibrating rope without stiffness, of linear mass p, stretched by a tension force
of constant intensity F. The rope at rest and horizontal and materialized by the axis Ox.
During the propagation of a wave, the point M of the chord, with abscissa x at rest, undergoes
the transverse displacement y (x, t) at time t. We neglect the influence of gravity on the rope,

but we take into account the damping force directed along the axis Ox, OxL0y and algebraic

value: —bV (x, t) per unit of length (with b>0), where v (x ,t):% is the transverse velocity

of the element of the chord with abscissa x at time t.
= Establish the partial differential equation of the displacement y (x, t).

We define k as the wave vector of this wave. We will assume the low damping (b<<uw).

1_i
= Establish the dispersion relation in the form: k (60) = QJM

= Express the coefficients g and c based on the data F, u and b.

= Derive the equation for the wave y (x, t). What can we say about y (x, t)?

v(xy,t)

Where Ty denotes the projection onto Oy of the tension of the string at M (x).

We define the complex mechanical impedance 7 =

= Express the complex mechanical impedance Z of the string in terms of F, u, b and w.
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Solution
= The partial differential equation of displacement y (x, t):

o’y udy by

_ —_—t

ox2 F ot® F ot

Withy = F
U

= The dispersion relation:

C 2 jou

: F b
ith ¢ /u and g (o) 20

= The wave equation y (x, t):

y(t,x)= A" = k(0) = 9(1— j LJ

b; . X
y (t,X ) :Ae(Z:C]e J{wtigj
It is a damped traveling wave.

= Complex mechanical impedance:
o)
T
,_plox :>z”=—\/y_|:(l—j b j

,__ Ty _elex
V (x,t) ((Ztyj 2w

Problem 3

Part A: Vibrating string equation

A homogeneous and inextensible rope, of linear mass p, is stretched horizontally along the
axis Ox with a constant tension F, see the figure.

The rope, moved from its equilibrium position, acquires a movement described at time t by
the quasi-vertical displacement y (x, t), counted from its equilibrium position, of a point M of
abscissa x at rest.

At time t, the tension T (x, t) exerted by the part of the string to the right of M on the part of
the string to the left of M, makes a small angle 6 (x, t) with the horizontal.

We will admit 6 to be small, weak curvature of the string, and we will neglect the forces of

gravity.
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Tc+dx)

-

Equation of vibrating strings: We consider the section of the string between the abscissa .x,
rtdax.

= Establish the equation for propagation of the wave of the vibrating string.

= Deduce the speed VV of the wave as a function of u et F.

Part B: Electrical Analogy

Consider a slice of a lossless electric cell represented in the figure as follows:
Lind dx

ix,7) ixtdx,1)
—> I ——>
Codx —— -
i) u(x+dx,t)
] L] X
x x+dx f

= Show that the electric cell shown above is an analog circuit of a vibrating string element of
length dx
= Express the mechanical correspondents of the linear inductance Lind, the linear capacitance

Cap, the current intensity i (x, t) and the electrical voltage u (x, t).

Solution
Part A:
= The equation for the propagation of the wave of the vibrating string:
2 2
= - F
Y F=dma=T(xt)=T(x+dx,t)=F :5_2/:_8_21
ot L OX

WithV = ﬁ
Y7
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Part B:

= The equation for wave propagation in the electric cell:

A _ g o
X o oxr MR at?
au_.a

aX ind 6t
= Mechanical-electrical equivalence:
ol L 00 0
—Z:Lindcw7@—>£:ﬁ—{
OX ot ox- F ot
With
L:nd <:>/J

. 1
Cap @E

oy

(X,t)e —

(xt) &3
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