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Introduction

Transitivity and partial order have long served as guiding principles in human thought.
In science, and more specifically in mathematics, the concept of transitivity as a property
of partial orders is fundamental to many theories. However, there are real-life situations
where transitivity fails. For example, a common and illustrative case of a non-transitive
relation in everyday life is the acquaintance relation: if person A knows person B, and
person B knows person C, persons A and C' do not necessarily know each other. Non-
transitive relations also appear in sports tournaments; for instance, team A may beat
team B, and team B may beat team C, but team A is not guaranteed to beat team C.
A well-known example is the childrens game rock-paper-scissors, which is non-transitive:
scissors beats paper, paper beats rock, but scissors does not beat rock. The concept of
non-transitivity inspires the construction of mathematical structures that do not require
transitivity.

Binary operations have become fundamental tools in lattice theory because they can
express key concepts and properties intrinsic to ordered algebraic structures. Indeed, the
very definition of a lattice, as well as many of its theoretical properties, can be formu-
lated using binary operations [5, 23]. Among the most widely studied binary operations
are aggregation functions, which appear in numerous theoretical and applied disciplines,
including fuzzy set theory [11]. Over the years, several subclasses of aggregation functions
have been introduced and analyzed, especially those defined on the unit interval [0, 1] or
on bounded lattices. These include triangular norms (t-norms), t-conorms, uninorms, and
nullnorms, among others [12, 14, 15]. Within the framework of the unit interval [0, 1] or
bounded lattices, the transitivity of the partial order < and the associativity of the meet
(A) and join (V) operations are crucial in the construction, representation, and charac-
terization of t-norms and t-conorms [12]. For example, the meet operation (A) serves as
a canonical example of a t-norm, while the join operation (V) corresponds naturally to a
t-conorm.

To generalize such structures beyond the limitations of transitivity, Fried introduced
the concept of a T-lattice (or weakly associative lattice) and studied its properties through

the lens of tournaments [8]. Extending this work, Skala [24] defined a pseudo-ordered set



as a set equipped with a reflexive and antisymmetric, but not necessarily transitive, binary
relation. He showed that many classical lattice-theoretic results could be adapted to this
broader context, which he called trellises. Later, Gladstein [10] characterized finite-length
trellises by showing that completeness is equivalent to the existence of both a least upper
bound and a greatest lower bound for every cycle of elements. These results were further
generalized by Bhatta and Shashirekha [1, 18, 19] through the concepts of joins of cycles

and pseudo-chains in pseudo-ordered sets.

In this memory, inspired by these developments, we recall classical binary operations
on lattices to the setting of trellises. We focus on particular classes of associative binary
operations that are also commutative, increasing, and admit 1 (respectively, 0) as a neutral
element. These classes generalize the classical t-norms and t-conorms defined on bounded

lattices.

This memory is organized as follows:

e Chapter 1: We present the necessary background on partially ordered sets and
lattices, emphasizing both their order-theoretic and algebraic aspects. These foun-

dations are crucial for the later development of binary operations.

e Chapter 2: We recall the theory of pseudo-ordered sets and trellises, providing
generalized models for non-transitive order relations. Their key structural proper-

ties are studied in detail.

e Chapter 3: We explore associative binary operations on lattices and trellises,
focusing on aggregation functions and t-norms. We present constructions and rep-
resentations of t-norms on bounded lattices and extend these ideas to trellises,

proposing novel construction techniques based on specific subsets.

e Conclusion: We summarize the results and suggest directions for future research.
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Chapter 1

(Generalities on ordered sets and

lattices

In this chapter, we recall some basic notions and definitions of partially ordered sets
(posets, for short) and lattices. More information on these notions can be found in [2, 5,
17, 21, 23].

1.1 Ordered sets

In this section, We introduced the basic concepts of binary relations, order relations

and types of relations.

1.1.1 Binary relations between sets

Definition 1.1. Let X and Y be two sets, we denote X XY and we call the Cartesian
product of X and Y the set of all ordered pairs whose the first component belongs to X
and the second to Y :

XxY={(z,y)|lzre X andy € Y}.

Definition 1.2. A binary relation on a set X is a subset of the Cartesian product X x X.
For a relation R C X2, if x is related to y by R we often write xRy instead of (z,y) € R.
Two elements x and y of a set X equipped with a relation R are called comparable elements

if 1t holds that xRy or yRx. Otherwise, they are called incomparable elements, denoted
by x| y.
Example 1.1. 1. Let X = {1,2,3} be a finite set and R a binary relation on X such

that:
Rl = {(aab) | a < b}

1



This means R contains all ordered pairs (a,b) where a is less than or equal to b.

2. The divisibility relation, denoted by a | b (7 a divides b ”), on the set N is defined
if and only if there is some n € N such that a x n = b. Obuviously, this relation

contains an infinite number of elements. Examples of the elements of the relation:
Ry ={(1,2),(3,6),(4,12),(7,28),(11,44),...}
Examples of ordered pairs that do not belong to the divisibility relation:
(2,1),(6,3),(3,5),(7,11),(11,7),....

It is evident that the relations R; and Ry are defined as sets of couples (x,y) on X2

Consequently, it is possible to apply the classical operations of set theory to them, such

as:
e The intersection of R; and Rj is the relation B; N Ry on X and defined as follows:
RiN Ry ={(z,y) € X* | 2Ry N vRyy}.
e The union of R; and R is the relation R U Ry on X and defined as follows:
RiURy = {(z,y) € X* | 2Ry V xRyy}.
e The complement of R; is the relation denoted by R{ on X and defined as follows:
R ={(z,y) € X[ (z,y) ¢ Ru}.
e The transpose of R; is the relation denoted by R} on X and defined as follows:
Ry ={(y,x) € X* | zRyy}.
e The composition of R, and R, is the relation denoted by R;o Ry on X and defined
as follows:

RioRy={(r,2) € X?| (Fy € X)(zR1y AyR»2)}.
A binary relation R on a set X is called:
(i) reflexive, if, for any = € X, it holds that (z,z) € R;
(i) erreflexive, if, for any = € X, it holds that (z,x) € R
(iii) symmetric, if, for any z,y € X, it holds that (z,y) € R implies (y,x) € R;

2



(v) antisymmetric, if, for any x,y € X, it holds that (z,y) € R A (y,z) € R implies

=Y,

(vi) transitive, if, for any z,y,z € X, it holds that (z,y) € R A (y,2z) € R implies
(x,2) € R;

(vil) complete, if, for any =,y € X, it holds that (z,y) € RV (y,x) € R.
A binary relation R on a set X is called:
(ii) a partial order relation if it is reflexive, antisymmetric and transitive;
(iii) a strict order if it is irreflexive and transitive;

(iv) a total order relation if it is reflexive, antisymmetric, transitive and complete.

1.1.2 Models of binary relations

In this subsection, we present well-known types for representations of binary relations.

Relation as a Directed Graph:

A binary relation on a finite set can also be represented using a directed graph (a digraph,
for short). A directed graph consists of a set vertices and a set of edges directed from one
vertex to another. The edges are also called arrows or directed arcs. If a binary relation
R is defined on a set X, then the elements of the set X are represented by vertices, and

the ordered pairs of the relation R are represented by the directed edges.

Example 1.2. Let X = {1,2,3,4,5} be a set and R a binary relation on X defined as

follows:

R={(1,1),(1,2),(1,3),(3,3),(3,5), (4,1), (4,5), (5,4)}

Then the relation R on X 1is represented by its digraph as follows:




Relation as a Matrix:

Let R C X XY be a binary relation between the sets X and Y, where

X ={z,...;zn}, Y=Ay1,.. . Yn}-

Then R can be represented by the logical n x m matrix M = [a;;] whose (i, j)-entry is
given by
L, (z,y) €R

0, (zi,y) ¢ R

The logical matrix M is also called the binary matrix, relation matrix, Boolean matrix,

CLZ'j =
adjacency matrix, or zeroone matrix. If X =Y, then m = n, and the matrix M is square.

Example 1.3. Let X = {5,6,7,8} be a set and R = {(x,y) | © < y} a binary relation

on X. Then in matriz form, the relation R is represented as follows:

co 3 O Ot

o O O O Ot
SO O O = O
o O = =
SO V) = =

Remark 1.1. [t is thought that matriz representation is especially useful for computa-
tional purposes, as it makes it easier to apply algorithms, like finding transitive closure

or checking for reflexivity, symmetry, or antisymmetry.

1.1.3 Definitions and basic properties of posets

In this subsection, we present the fundamental definitions and characteristics of partially
ordered sets (posets). Firstly, we recall the definition of a partial order as outlined by
Davey and Priestley [27].

Definition 1.3. Let P be a non-empty set. A partial order on P is a binary relation <

on P such that, for all x,y,z € P,
(i) x <z (reflexivity);
(i) x <y and y < x imply x =y (antisymmetry);

(iii) x <y and y < z imply x < z (transitivity).



Remark 1.2. We usually denote a partial order by the symbol <. Variants include <
and C. It is traditional to write the expression (x,y) €< in the equivalent form x <y,

which we read as: x s less than or equal to y.

Definition 1.4. A non-empty set P equipped with a partial order relation < on P is
called a partially ordered set (poset, for short) and we shall write (P, <).

Example 1.4. 1. The usual inequality < is an order relation on the known sets N, Z, Q
and R. Then (N, <), (Z,<), (Q,<) and (R, <) are posets;

2. On the set P(X) of all subsets of a non-empty set X, the relation C of set inclusion

s an order;

3. The relation ”|” of divisibility is a partial order on N* but it is not on the set Z of

integers. Specifically, the relation is not antisymmetric. For instance, 2 | —2 and
—2|2, but 2 # —2.

A poset (P, <) is called bounded, if it has a least and a greatest element, respectively
denoted by 0 and 1, i.e., 0 < z < 1, for any x € L. Usually, the notation (P,<,0,1) is
used to describe a bounded poset.

In what follows, we shall use the notation z < y to mean = < y and = # y. Note that

the relation < thus defined is transitive but is not an order since it fails to be reflexive.

Definition 1.5. Let (P, <) be a poset and A a subset of P. An element v € P is an
upper (resp. lower) bound of A if y < x (resp. x© <vy), for anyy € A. The set of all
upper (resp. lower) bounds of A is denoted by A* (resp. Al).

A ={zeP:y<uz foranyyec A} and A'={xc P:a<y, for anyy € A}.

If A%(resp. A') has a least (resp. greatest) element x, then x is called the least upper
bound, called the join (supremum) (resp. greatest lower bound , called the meet (infimum))
of A, denoted by sup A (resp. inf A).

We use the following notation: x V y in place of sup{x,y} when it exists and = Ny
in place of inf{x,y} when it exists. Similarly, \/] A and )\ A instead of sup A and inf A

when these exist.

There are many ways to express a poset, particularly when the underlying set is finite.
Our first option is to represent a poset P using a Hasse diagram, a visual representation
of both the set, and the relationship between items. To describe how to represent this,

we need to introduce the concept of covering.



Definition 1.6. Let P be an ordered set and let x,y € P. We say x is covered by y (or
y covers x), and write x <y ory > x, if v <y and v < z < y implies z = x. The latter

condition is demanding that there is no element z of P with x < z < y.

Definition 1.7. Let (P, <) be a poset. An element x is covered by y (ory covers x ) if
x <y and there is no a € P such that x < a <y. We denote this by using the notation

T <y.

Many ordered sets can be represented by means of a Hasse diagram. In such a diagram

we represent elements by points and interpret x < y by

Y

i.e., we join the points representing z and y by an increasing line segment.

Example 1.5. Let X = {1,2,3,4,6,12} be the set of positive divisors of 12. If we order

X in the usual way, we obtain a chain. If we order X by divisibility, we obtain the the

12
6 4
3 2
1

Example 1.6. Let X = {a,b,c} be a set. The Hasse diagram of the power set P(X),

following Hasse diagram.

ordered by set inclusion is present as follow.

{a,b,c}

{a,b} {b,c}

!
N

0



Remark 1.3. A poset is represented in which all pairs of elements have an upper and
lower bound, but these are not always unique. Indeed, Consider the poset (P, <) drawn
i Figure 1.1. At first sight, we think that bV ¢ = 1. On more careful inspection we find
that {b,c}* = {T,h,i}. Since {b,c}" has distinct minimal elements, it holds that bV ¢
does not exist. On the other hand, {a,b}" = {T,h,i, f} has a least element, namely f,
and thus aV b= f.

T 4bel = 1{T.5i}

e

T
h i 4a. b =AT.hLF}

Figure 1.1: The Hasse diagram of the poset (P, <).

1.2 Lattices

In this section, we present and study binary operations on lattices. Further information
can be found in [2, 5, 13, 21, 23, 26].

1.2.1 Lattices: ordered and algebraic perspectives

Now, we will start with two different definitions, one order theoretic and one algebraic,

and then we will prove that these definitions are equivalent.
Definition 1.8. Let (P, <) be a poset.
(i1) (P, <) is called a N-semi-lattice if x Ay ezists for all x,y € P.
(i) (P, <) is called a V-semi-lattice if x V y exists for all x,y € P.
(i1i) (P, <) is called a lattice if it is both a N\-semi-lattice and a V-semi-lattice.

Example 1.7. Consider the poset (P, <) with the Hasse diagram displayed in Figure 1.1.

Then (P, <) is a lattice and {b,c}"* is a V-semi-lattice but it is not a N-semi-lattice.

Usually, the notation (L, <,A,V) is used for a lattice. A poset (L, <) is called a
complete lattice if every subset A of L has both a greatest lower bound of A (i.e., A\ A),
and a least upper bound of A (i.e., \/ A).



Example 1.8. 1. If X is a nonempty set, then (P(X), C) is a complete lattice under

the union and intersection;

2. The set of real numbers R ordered by the usual order < is a lattice, where x Ny =

min(x,y) and z Vy = max(x,y), for any x,y € R;

3. The set of positive natural numbers N* with the divisibility order | has a structure

of a lattice, where x Ay = ged(x,y) and x Vy = lem(z,y);

4. The posets given in Examples 1.5 and 1.6 are complete lattices.

Proposition 1.1. Let L be a finite lattice. Then L is complete.

With the concepts of meets and joins, We can show another way to represent certain
finite lattice. For the posets given in Example 1.5, we can make a meet table, a join

table, and a join/meet table (see below).

V
/\1234612\/1234612/\ 1121346 |12
1 (1141 ]1(1]1 1 (11]2]3 6 | 12

1 |* 314 |6 |12
211121122 2 2121216 6 | 12

2 |1|*]6 6 | 12
3113|133 31316312 6 |12

3 |11 12| 6 | 12
4 1112|1142 4 4 | 4 (4112|412 |12

4 |1 (21| *|[12]12
6 |12]3]|2|6]|6 6 |6 |6 |6 |12 6 |12

6 (123 * 112
12111234612 12112 |12 | 12 | 12 | 12 | 12

12 112 4 16 | *

In Table 1, the intersection between any two elements will give the meet of these
two elements. Similarly, in Table 2, the intersection will give the join. In Table 3, we
combined the previous two tables since both are symmetric about a forty-five degree.

As shown in Table 1, for any two elements a,b € L, their meet is given by a A b,
corresponding to their intersection in the table. Similarly, Table 2 illustrates the join
operation, where the intersection of any two elements in the table yields a V b. Since
both operations are commutative (a Ab =bAa and a Vb= bV a) and associative, the
tables are symmetric along the diagonal. Therefore, Table 3 combines these two tables
into a single representation by exploiting this symmetry, effectively capturing both the

meet and join operations within the same structure.

Lattices were introduced as ordered sets of a specific type. However, an alternative

viewpoint is that a lattice may be viewed as an algebraic structure (L; A, V).




Definition 1.9. A set together with binary operations N and A is a lattice if
(i) V and A are idempotent, i.e., a Na =a and aV a = a.
(i) V and A are commutative, i.e., a Ab=bAa andaVb=>bV a.
(i1i) V and N\ are associative, i.e., (a Nb) ANc=aA (bAc) and (aVb)Ve=aV (bVc).
(iv) V and N\ satisfy the absorption identities, i.e., aV (a ANb) =a and a A (a V b) = a.

However, given the existence of two distinct definitions of lattices and the single uni-
fying concept, it becomes possible to demonstrate the equivalence of these definitions,
thereby establishing the interchangeability of the two concepts. Firstly, the binary rela-

tions employed in each definition will be examined.

Lemma 1.1. Let % : L x L — L be a binary operation. If x a commutative, associative,
and idempotent, then the binary relation <* defined by a <* b < axb =10, is a partial
ordering on L and a * b = sup{a, b}.

Proof. Reflexivity: a <* a & a % a = a. Since * is idempotent, it holds that a x a = a.
Thus <* is reflexive.
Antisymmetry: If a <* b and b <* a, then a xb =0 and b * a = a. By commutativity
of %, it holds that a x b = b * a, hence a = b.
Transitivity: Let a <* band b <* ¢, then axc=ax (bxc) = (axb)xc=bx*xc = c.
Thus a <* c.

To show a % b = sup{a, b}, we know that a <* a xb < a* (a*b) = a*b. Since * is

associative, idempotent, and commutative. it holds that:

ax*x(axb)=(axa)xb=axb,

bx(axb) =bx(bxa)=(bxb)*xa=bxa=axb.

Thus a * b is an upper bound of {a, b}. Let ¢ € L such that a <* ¢ and b <* ¢, then
axc = c and bxc = ¢. Now, to show that axb <* ¢, we have (axb)xc = ax(bxc) = axc = c.
Thus a * b < c¢. Hence a x b = sup{a, b}. O

Now, we will show that our poset is an algebraic sublattice.
Proposition 1.2. If (P, <) is a V-semi-lattice, then (P,V) is an algebraic semilattice.

Proof. Assume (P, <) is a V-semi-lattice, i.e., a Vb = sup{a, b} exists for all a,b € P. To

show that V is commutative, consider a V b. Then:

aVb=sup{a,b}

9



= sup{b,a}
=bVa.

Thus, V is commutative. Now, to show that V is idempotent, consider a € P. Then
we have that:

aVa=sup{a,a} =sup{a} = a,

Thus, V is idempotent. Finally, to show that V is associative, we first need to show that
a<band c <dimply aVc<bVd, for any a,b,c,d € P. We know that a <b < bV d,
and ¢ < d <bVd. SobVdisan upper bound of {a,c}. But since a V ¢ = sup{a, c}, it
follows that a Ve < bVd. Now, consider (aVb)Ve<aV(bVe). Sincea <aV (bVc) and
b <bVe < aV(bVe), it holds that avb < aV(bVce). Also, we have that ¢ < bve < aV(bVe).
Then aVb<aV(bVe)and ¢ <aV(bVe)imply that (aVb)Ve<aV(bVc). In Similar
way, Since a < (aVb) < (aVb)Ve, b<(aVb) < (aVb)Vcandc< (aVb)Vec, it follows
that a < (aVb)Vcand bVe < (aVb)Ve Hence, aV (bVe) < (aVb)Ve Consequently
aV(bVe)<(avb)Vcand (aVb)Vec<aV(bVc)imply that aV (bVec)=(aVb)Vec.

Therefore, V is associative. n
Now, we can finally show that our two definitions of a lattice are the same.

Theorem 1.1. Let (L, <) be a lattice with a A b = inf{a,b} and a V b = sup{a,b} if
and only if \,V are idempotent, commutative, associative, and satisfy the two absorption

identities.

Proof. Assume A,V are idempotent, commutative, associative, and satisfy the two ab-

sorption identities. New, we define <V by
a<VbeaVvb=5h

and we define <" by
a<'beb< asbAa=a

Then by Lemma 1.1, it holds that <V is a partial order on L with a V b = sup{a, b},
and by the dual of Lemma 1.1, <" is a partial order on L with b A a = inf{a,b}. Next,
we show that a Vb = b implies that a A\b=a. Let aVb =10, thenaAb=aA (aVb)=a.
In a similar way, to show that a A b = a implies that a V b = b, suppose a A b = a.
Then a Vb =0bV (bAa) =b. Thus, aVb=0b< aAb=a Hence (L, <) with <
defined by a < b < (aVb=0band a Ab = a) is a lattice. Now, assume that (L, <)
is a lattice such that a A b = inf{a,b} and a V b = sup{a,b}. Then (L,<") is a V-

semilattice. By using Proposition 1.2, it holds that V is commutative, idempotent, and

10



associative. Similarly, A is commutative, idempotent, and associative. Next, we prove
that a V (a Ab) = a A (aVb) =a=a On the one hand, since a« < a and a A b < a,
it holds that a V (a A b) < a. The fact that a < aV (a Ab). Thus aV (a Ab) = a. On
the other hand, since a < a and a < a V b, it holds that a < a A (a V b). The fact that
aN(aVb)<a. Hence, a A (aVb) =a. O

1.2.2 Binary operations on lattices

A binary operation on a non-empty set X is any function from the Cartesian product
X x X into X, i.e., F': X x X — X. A binary operation F' on X is called [27] :

(i) commutative, if F(x,y) = F(y,x), for any z,y € X;
(ii) associative, if F(x, F(y,z)) = F(F(z,y), z), for any z,y,z € X.

An clement e € X is called a neutral element of F, if F(e,x) = F(z,e) = x, for any
reX.

Example 1.9. On the set of real numbers R, the addition (+) and the multiplication (X)
operations are commutative and associative binary operations. Where, 0 is the neural

element of (+) and 1 is the neural element of (x).

Definition 1.10. Let (L,<,A,V) be a lattice and F be a binary operation on L. F is
called:

(i) idempotent, if F(x,z) = x, for any x € L;

(i1) congunctive (resp. disjunctive), if F(x,y) < x Ay (resp. xVy < F(x,y)), for any
z,y € L;

(111) increasing, if v1 < xo and yy < yo imply F(x1,11) < F(xe,y2), for any x1,y1, T2, Yo €
L.

Example 1.10. Let (L,<,A,V) be a lattice. The meet (A\) and the join (V) operations

of L are idempotent and increasing. Moreover, N\ is conjunctive and V s disjunctive.

Proposition 1.3. Let (L, <, A\, V) be a bounded lattice. If an idempotent binary operation
F on L is increasing and conjunctive (resp. disjunctive), then F can not be other than

the meet operation A\ (resp. the join operation V) of L.

The following proposition expresses the relationships between the properties of a bi-

nary operation and those of its transpose. The proof is straightforward.
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Proposition 1.4. Let (L, <,A,V) be a lattice and F be a binary operation on L. The

following equivalences hold:
(i) F is commutative if and only if F* = F';
(i1) F is conjunctive if and only if F* is conjunctive;
(111) F is disjunctive if and only if F* is disjunctive;
() F is increasing if and only if F' is increasing;

(v) An element e € L is a neutral element of F' if and only if e is a neutral element of
Ft.
The following result characterizes the conjunction and the disjunction proprieties of

a binary operation on a bounded lattice in terms of its neutral element.

Proposition 1.5. Let (L, <,A,V,0,1) be a bounded lattice and F be a binary operation

on L. If F is increasing and having a neutral element e € L, then the following statements
hold:

(i) F is conjunctive if and only if e = 1;
(ii) F is disjunctive if and only if e = 0.

Proof. (i) Suppose that F' has a neutral element e € L. Since F' is conjunctive, it
holds that 1 = F(e,1) = F(l,e) < e. Hence, e = 1. Conversely, suppose that
e=1. Let z,y € L, then < e and y < e. Since F is increasing, it follows that
F(z,y) < F(z,e) =z and F(z,y) < F(e,y) = y. Hence, F(z,y) <z Ay. Thus, F

is conjunctive.

(ii) The proof is similar to that of (i).
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Chapter 2
Pseudo-ordered sets and trellises

In this chapter, the fundamental concepts and properties of partially ordered sets and lat-
tices are revisited. Additionally, we revisit fundamental concepts of pseudo-ordered sets
and trellises. Furthermore, we present and study binary operations on these structures,

which will be required throughout this thesis.

2.1 Pseudo-ordered sets

This section contains the fundamental definitions and properties of pseudo-ordered sets,
along with illustrative examples and several concepts that will be used later. Further
details can be found in [1, 3, 16, 18].

2.1.1 Definitions and basic concepts

Definition 2.1. A pseudo-order on a set A is a binary relation < that is both reflexive
and antisymmetric. That is, for all a,b € A, we have a < a (reflexivity), and if a <b
and b < a, then a = b (antisymmetry). A pair (A, Q) satisfying these properties is called
a pseudo-ordered set, or more briefly, a psoset. This notion generalizes partially ordered
sets by relaxing the requirement of transitivity.

Similarly to the setting of ordered sets, a finite pseudo-ordered sets can be represented
by Hasse-type diagram with the convention that: x is below y and is joined to y by a line if
x <y. Otherwise, i.e., if x and y are not related, then x and y will be joined by a dashed

curve.
Example 2.1.

(i) Let A ={a,b,c}, and define a binary relation < on A by:



(i)

a

Figure 2.1: Hasse-type diagram of (A = {a,b, ¢, }, ).

Here, the arrow a — b indicates a <b. Then this relation is reflexive and antisym-
metric only if a = b, which is not the case here. Then it is not a pseudo-order.

Now, we define another relation <" by:

This relation is reflexive and antisymmetric, but not transitive (e.g., if we added
b < ¢, transitivity would require a <’ ¢, which we don’t assume). Hence, (A, <) is

a pseudo-ordered set but not a poset.

Cce L)

a

Figure 2.2: Hasse-type diagram of (A = {a,b,¢, }, <').

It’s easy to check that there is no connection between ¢ and the other elements, then
¢ is incomparable. The diagram reflects the lack of transitivity, confirming it is a

pseudo-order set but not a poset.

Let A = {a,b,c,d}, and define the binary relation < on A as follows:

The relation is antisymmetric because:

(1) If a<b and b < a, then a = b (but this never happens in this case).
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(2) Similarly, for other pairs like b ¢ and ¢ < b, there’s no contradiction.

Thus, antisymmetry holds.

For transitivity, we check if whenever a < b and b < ¢, we have a <c:

(1) We have a <b and b < ¢, so by transitivity, we should expect a < c.
(2) Similarly, b < c and ¢ < d implies b < d, but we dont have b I d explicitly in

the relation.

Then the relation is reflexive and antisymmetric, but it is not fully transitive because

b<d is missing. Therefore, the relation is a pseudo-ordered set, but it is not a poset.

Figure 2.3: Hasse-type diagram of (A = {a,b, ¢, d}, <).

(111) A well-known pseudo-ordered set is the set of all real numbers R with the following
relation:

rdy < 0<y—x<a,

where a is a given positive number. The relation “<7 is reflexive since x Ix because
0 <x—2x=0<a. Antisymmetry holds because if v Iy and y <z we have that
0<y—z<aand0<x—y <a. Then we conclude that v =y since “<” is the
usual order on R. Note this relation is not transitive. This happens in the situation

when, for example, a =4, x =1, y =2, and z = 6.

Remark 2.1. [t is easily seen that any ordered set (poset) on a set A is a pseudo-ordered

set (psoset) on A.

Definition 2.2. Let (A, <) be a pseudo-ordered set and B C A. An element a € A is
called an upper bound of B if b < a for any b € B. If a is an upper bound of B and
satisfies a<dd for every upper bound d of B, then a is called the least upper bound (l.u.b.)

or join of B, denoted by a = | | B. The notions of lower bound and greatest lower bound
(g.1.b.) or meet, denoted by [|B, are defined dually.
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The next definition plays an important role in pseudo-ordered set theory since it is

analogous to the definition of a totally-ordered set.

Definition 2.3. Let (A, Q) be a pseudo-ordered set (psoset), and let B C A be a subset.
We define a binary relation T on B as follows: for any two elements b,b € B, we write
b Cgb if there exists a finite sequence by, by, ..., b, of elements in B, with n > 0, such
that b="by<by <---<b, ab'. Similarly, we define b Cg b’ if there exists a finite sequence
b=>by<by <---<b, QY. The dual relations g and Jp are defined analogously. A
subset B of A is called a pseudo-chain (or p-chain, for short) if, for every pair of elements
b,/ € B, at least one of the relations b T b or b/ T b holds.

Example 2.2. Let A = {0,b,¢,d, 1} be a set and < a pseudo-order relation on A, where
0<9b<d ¢c<dddl (ie; 0da D1, for any x € A ). Then (A, Q) is p-chain and the
Hasse-type diagram of A is a depicted by the following figure (The hasse-type diagrams

are the same):

o1 1

I d 2d
& {:/ c
b iy
0 0

Figure 2.4: Hasse-type diagram of (A, ).

Remark 2.2. Unlike total orders, in a pseudo-ordered set, not every pair of elements
1s necessarily comparable. This allows for independent elements that do not have any

ordering between them.

Definition 2.4. Let (A, Q) be a psoset. A subset B C A is called a cycle if every pair
of elements b, € B satisfies both b Cg b’ and b’ Cg b. A nontrivial cycle is one that
contains more than one element. A psoset is said to be acyclic if it does not contain any

nontrivial cycle.
Remark 2.3. (i) Empty set is a cycle;
(ii) Any single element set in a psoset is also a cycle;

(i1i) A nontrivial cycle is a cycle having more than one element and it contains at least

three elements.
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2.1.2 Fundamental properties of pseudo-ordered sets

Definition 2.5. (Contraction set over a psoset) Let (A, <) be a pseudo-ordered set
and A be a family of subsets of A (i.e., {Ay, A, As, ...} CP(A)). The family A is said
to be consistent if it satisfies the following condition: For any two distinct sets R, S € A,
there do not exist elements 1,79 € R and s1,89 € S such that ri <s;  and sy <ry. On

such a family A, we define the following pseudo-order 4 as follows:
R4S < dre R, s€ S such that r s

is a pseudo-order on A. Also, The pseudo-ordered set (A, ) is called the contraction
set of (A, Q).

Example 2.3. On the set of all positive integers set m|n if and only if m is a divisor of n.
Consider the family of subsets: A = {{2k—1,2k} | k =1,2,3,...}, (i.e, {1,2},{3,4},{5,6},...).
Then the family A is consistent, because for any two different sets in the family, you

cannot find elements that satisfy both directions of the relation. For R = {10,11},

S ={100,101} and T = {201,202}, it holds that

o R 4 S because 10 divides 100,
e S « T because 101 divides 202,
e But R AT because 10 and 11 do not divide 201 or 202.

Hence, the induced pseudo-order is not transitive. Even though | is a partial order, the

pseudo-order induced is not.

Theorem 2.1. Any pseudo-ordered set is isomorphic with a contraction set of partially

ordered set.

Theorem 2.2. Let C = ({x1,x9, -, 2k}, <) be a pseudo-chain. Then the elements of C

can be arranged (with possible repetitions) in a sequence (by, ...,by,) such that by < ... < b,.

Proof. Let k be the largest integer for which there exists a sequence P = (by, ba,...,by,)
with £ distinct elements from the pseudo-chain C, satisfying the order by by, <J- - -<b,,. We
will prove that this sequence P must contain all elements of C'. Assume, for contradiction,
that there exists an element b € C' not appearing in P. Since C' is a pseudo-chain, and

P is ordered under <, there are three possible positions where b could be inserted:
1. D Cp by: insert b at the beginning,
2. b; Cp b Cp by for some ¢: insert b between b; and b; 1,
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3. b, Cg b: insert b at the end.

In each case, we can form a new sequence P’ that:
e maintains the ordering b; < --- < b,
e and contains k + 1 distinct elements of C.

This contradicts the assumption that k£ was the maximum number of distinct elements

possible. Hence, every element of C' must appear in P. O
As a corollary we obtain the following formulation of Redei’s theorem on graphs:

Corollary 2.1 (Rdei’s Theorem). If a finite pseudo-chain contains no cycles, then its
elements can be arranged in a sequence (by, bs, ..., by,) of distinct elements such that by <
by-ee by

Example 2.4. Consider the pseudo-chain C given in Example 2.2. Then it has no cycles.
Thus, by the last corollary, we can arrange the elements of C' in a sequence of distinct
elements without repetition such that 0 <b<c <d 1.

A pseudo-order on a set A is defined as linear if A is a pseudo-chain. While it is
possible to extend any pseudo-order to a linear one, the present study presents a more

robust result that refines this classical extension property.

Theorem 2.3. Any pseudo-order < on a set A can be extended to a linear pseudo-order

<’ on A such that any cycle with respect to < is also a cycle with respect to <.
The following theorem is immediately obtained by using Theorem 2.3
Theorem 2.4. Any pseudo-order is the intersection of all its linear extensions.

Proof. Let A be a pseudo-ordered set and L the set of all its linear extensions. By
Theorem 2.3, £ is nonempty. The intersection of L is clearly an extension of the pseudo-
order < on A. In order to prove it equals < we show that if a 9 b there exists a linear
extension <’ of < such that a A'b. Since a 4 b, we can define the pseudo-order <* by
b <* a and for (a,b) # (x,y), v <* y if and only if x < y. Theorem 2.3 guarantees that

there exists a linear extension <’ of <0*. Hence also b <" a and therefore a ﬂ/ b. O

Example 2.5. Let (A = {a,b,c}, <) be a pseudo-odored set given in Example 2.1 (Fig-
ure 2.2). Then all permutations of {a,b, c} satisfying a <1b are a <b<dc¢, a<ec<b and
c<a<b. We now list all linear extensions of <, i.e., total orders on A that are consistent

with the pseudo-order (i.e., preserve a <b):

Ly =|a,b,c], Ly=a,cb], L3=]c, a,bl.
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Hence, the intersection of all linear extensions 1is:

{(a7a)v <b7 b)v (Ca C)? (a’ b)} =<

2.2 Trellises

The notion of a trellis was introduced by Fried [8] and Skala [24, 25] as one of the
fundamental algebraic structures in order theory. It can be viewed as a generalization
of the concept of a lattice, where the transitivity property is not required. A trellis is
defined as a psoset (A, <) in which every pair of elements has both a least upper bound
and a greatest lower bound. We adopt the following notation: for elements x,y € A, we
write x Ll y instead of sup{z,y}, when it exists, and = My instead of inf{x,y}, when it
exists. Similarly, for a subset S C A, we write LS and MS instead of sup S and inf .S,

respectively, when these exist.

2.2.1 Definitions and properties

Definition 2.6. Let (A, Q) be a non-empty pseudo-ordered set.
(i) The structure (A, Q) is called a M-semi-trellis if the meet xMy exists for all x,y € A.
(i1) The structure (A, <) is called a U-semi-trellis if the join x Uy ezists for all x,y € A.

(11i) The structure (A, <) is called a trellis if it is both a M-semi-trellis and a U-semi-

trellis (i.e., both x My and x Uy exist for every pair x,y € A).

Equivalently, a trellis is an algebraic structure (A,M,U) where the binary operations

M (meet) and U (join) satisfy the following identities for all x,y,z € A:
(i) Idempotency: xNx =2z, xUx=u1;
(i) Commutativity: x My =yNz, zUy=yUuz,
(iii) Absorption laws: x M (xUy) =z, zxU(zxMNy) =z,
(iv) Weak associativity: x M ((xUy)N(zUz)) =2, zU((zNy)U(zMNz))=u=x.

Moreover, for a given trellis (A, <,M,U) and elements x,y € A, the following condi-

tions are equivalent:
(1) © y;
(i) x Uy =y;
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(i1i) x My = x.

Example 2.6. Let A = {a,b,c,d,e, f} be a set and let Q be a pseudo-order relation
on A. Then the structure (A, <), depicted by the Hasse-type diagram in Figure 3.3, is
a trellis. The meet and join operations are defined analogously to those in lattices, as

shown in the following table.

[N
- al|lblc|d|elf
a a|b|lc|d|e]|f
b a|b|la|d|e]|f
c al|la|c|d|e]|f
d a|b|lc|d|e]|f
e a|b|lc|d|e]|f
f al|lblc|d|elf

Figure 2.5: Hasse-type diagram of the trellis (A, <).

Theorem 2.5. [2/, 25] A set A with two commutative, absorptive, and weak-associative
binary operations M and U is a trellis if a <1 b is defined as aMb = a and/or allb = b.

These operations are also idempotent.

Remark 2.4. The main distinction between a lattice and a trellis as algebraic structures
lies in the associativity of the binary operations. In a trellis, these operations are gen-
erally not associative as opposed to a lattice. This lack of associativity is one of the key

characteristics that differentiates trellises from lattices.
Theorem 2.6. [25] Let (A, <,M,U) be a trellis. The following statements are equivalent:
(i) < is transitive;
(i) The meet (M) and the join (L) operations are associative;
(iii) One of the operations (M) or (L) is associative.
(i) If a < b, then a IbUx for each x € A.
(v) If a < b, then xMa b for each x € A.
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Definition 2.7. Let (A, <J,M,U) be a trellis and B a proper non-empty subset of A (i.e.,
B¢ Aand A#)). The set B is called:

(i) a M-sub-trellis (resp. a U-sub-trellis) of A if t My € B (resp. x Uy € B), for any
x,y € B, where I and LI are taken in A;

(ii) a sub-trellis of A if it is both a M- and a U-sub-trellis of A.

A bounded trellis is a trellis (A, <, 1, 11) that additionally has a least element denoted
by 0 and a greatest element denoted by 1 satisfying 0<z <11, for any = € A. For a bounded
trellis the notation (A, <,M,L,0,1) is used. Also, a trellis (A, <,M, 1) is complete if every

subset of A has a meet and a join.

Remark 2.5. Bounded sub-trellises play an important role in the study of completeness

and compactness conditions in trellises.

Remark 2.6. [t is well-known that every finite lattice is complete. However, this prop-
erty does not necessarily hold for finite trellises. Indeed, consider the cyclic structure
A = ({a,b,c}, D), where the relation is defined by a <b<c<a. This structure forms
a trellis, since every pair of elements admits a least upper bound and a greatest lower
bound. Nevertheless, it is not a complete trellis, because the join | |{a,b,c} and the meet
[ Ha,b,c} do not exist in A. Hence, this example shows that a finite trellis need not be

complete.

The following results illustrate two particular cases in which completeness holds in

trellises.

Theorem 2.7. [10] A trellis of finite length is complete if and only if every cycle has the

meet and the join.

Theorem 2.8. [25] If every non-empty subset of a pseudo ordered set A with the smallest

element 0 has a least upper bound, then A is a complete trellis.
Proposition 2.1. [9] Any distributive trellis (A, <,M, 1) is a lattice.

Definition 2.8. [25] A trellis (A, <,M,U) is called a modular, if x < z implies that
xU(yMNz)=(zxUy) Mz, for any y € A.

Example 2.7. Fvery modular lattice is also a modular trellis. However, the following

figures show examples of modular trellises that are not lattices:
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Figure 2.6: Examples of modular trellises that are not lattices.
Remark 2.7. In a modular trellis, if x ]y, x Uz =yUz and x Tz =y z for some
element z, then © = y.

Though = <y does not necessarily imply z <y U z or 12z <y for every element z,

the following special cases do hold.

Proposition 2.2. [2/] Let (A, <,1,1) be a modular trellis and z,y,z € A. Ifx <y <z,
then x Mz <Ly <z U z.

Proof. Let x,y,z € A. Since y<<zand yU (xMz) = (yUz)MNz=yMz =y, it holds that
x Mz y. By duality, it follows that y <z L 2. O

Proposition 2.3. [2/] Let (A, <,M,U,0,1) be a bounded modular trellis. The following
implications hold for any x,y,z € A:

(i) If t <y and yMz =0, then x Iy U z;

(i) Ify<z andyUz=1, thenyNz<z.
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Proof. (i) Let x Qy and suppose yMz =0. Then zU(zM(yUz)) = (zUz)MN(yUz) =
zU(yM(zUz)) =2U(zU(yMNz)) = zUz. Lemma 2.3 implies that M (yUz) <y.
Thus, ((zM(yUz)Uz)Ny=(xMN(yUz)U(zMNy) =2 (yUz). On the other
hand, ((zM(yUz))Uz)Ny=(xUz)MNy=aU(zMy) =x. Hence, x = =M (y U 2).
Therefore, x Iy L 2.

(ii) The proof is dual to that of (i).
[

Definition 2.9. [25] A mapping f from a trellis £ = (A, <) into a trellis M = (A, <)
(i.e., f: L — M) is called

(i) a M-homomorphism if f(x Mg y) = f(x) Nam f(y), for any x,y € A;
(i1) a U-homomorphism if f(xUgy) = f(x) Unm f(y), for any z,y € A;
(1v) an isomorphism if f is both one to one and onto homomorphism;

(iii) a homomorphism if f is both M- and L-homomorphism.

2.2.2 Binary operations on trellises

In this subsection, we present some basic definitions and properties of binary operations
on a psoset or trellis. Many of these notions are adapted from their counterparts in the
theory of posets and lattices (see, e.g., [21]). Let P = (A, <) be a psoset. A binary
operation F': A x A — A on P is called:

(i) associative, if F(x, F(y,z)) = F(F(x,y),2), for any z,y,z € A;

(ii) conjunctive (resp. disjunctive), if F(x,y) <x My (resp. z Uy I F(x,y)), for any
x,y € A.

(iii) right-increasing, if x <y implies F(z,z) < F(z,y), for any z,y,z € A;
(iv) left-increasing, if x <y implies F(x,z) < F(y, z), for any z,y, z € A;
(v) increasing, if x <y and z <t implies F(z,z) < F(y,t), for any x,y, 2,t € A.

An element e € A is called a neutral element of F, if F(e,z) = F(x,e) = x, for any

r € A.

Example 2.8. Let (A, <,M,U) be a trellis. Then the meet (M) (resp. the join (L)) is

conjunctive (resp. disjunctive) binary operation.
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Remark 2.8. One easily verifies that any increasing binary operation on a trellis is right-
and left-increasing.It’s not true, Indeed, let (A ={0,a,b,c,d,1},<,M,U) be a trellis given
by the Hasse-type diagram in Figure 2.7 and F a binary operation on A defined by the
following table:

F(z,y) |0]|a|b|ec|d]|1
0 Olalb|lc|lc]|l

a Olalb|lc|lc]|l

b Olalc|d|d]|1l

c alalc|d|d]|1l

d blclc|d|1]1
clelec|l]1]1

One easily verifies that ' is right- and left-increasing, but it is not increasing by the
the fact that a <b, b<c and F(a,b) =b 4 d = F(b,c).

O Q O Q=

Figure 2.7: The Hasse-type diagram of the trellis (A = {0, a,b,¢,d, 1}, Q).

In the following example, we show that on a given trellis (A, <,M,U), the binary

operations N and Ll do not necessarily be right- and left-increasing.

Example 2.9. Let (A = {0,a,b,¢,d,1},<,11,1) be a trellis given by the above Hasse-
type diagram in Figure 2.7. Since ¢ <d and bMe=cNb=bHLa=0bNd=dnb, it
holds that the meet (M) is not right- and not left-increasing. Similarly for the join binary
operation (L).

Proposition 2.4. Let (A, <Q,M,U) be a trellis. Then it holds that the binary operation N

(or U) is increasing if and only if < is transitive.

Proof. We only give the proof for (M) as for (L) is similarly. Suppose that M1 is increasing
and < is not transitive (i.e., x <y <z and = ¢ 2, for some z,y,z € A). Since M is
increasing and y < z, it follows that x = My Jx M 2. Hence, x = M 2. Thus, z < 2,
a contradiction. Therefore, < is transitive. The proof of the converse implication is

immediate. O

Combining Theorem 2.6 and Proposition 2.4 leads to the following corollary.
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Corollary 2.2. Let (A, <,1,U) be a trellis. The following statements are equivalent:
(i) 1 (resp. U) is increasing;
(i1) < is transitive;

(#i) M (resp. U) is associative.

2.2.3 Specific subsets in trellises

In this subsection, we present some specific elements on a trellis that will be needed to

study t-norms and t-conorms on a bounded trellis.
Definition 2.10. [25] Let (A, <,1,U) be a trellis. An element o € A is called:
(i) right-transitive, if « <x <y implies a vy, for any x,y € A;
(i1) left-transitive, if v Iy <« implies x < «, for any x,y € A;
(11i) middle-transitive, if x Qo <y implies © 1y, for any x,y € A;
(iv) transitive, if it is right-, left- and middle-transitive.
Definition 2.11. [25] Let (A, <,M,U) be a trellis.

(i) A sequence (x,y,z) € A3 is called M-associative (resp. U-associative), if (xMy)Mz =
xM(yNz) (resp. (xUy)Uz=al(yUz));

(i) An element o € A is called M-associative (resp. U-associative), if any sequence of

three elements of A including o is M-associative (resp. U-associative);
(i1i) « is called associative, if it is both M- and U-associative.

Notice that for the notion of associative element a € A, the commutativity of the meet

and the join operations is sufficient to consider only the sequence (a, x,y) € A3.

Proposition 2.5. [25] Let (A, Q,1,U) be a trellis. Then it holds that any M-associative

(resp. U-associative) element is transitive.

Remark 2.9. The converse of the Theorem 2.5 does mot hold in general. Indeed, let
(A, Q,M,U) the trellis given by the Hasse-type diagram in Figure 2.5. Note that ¢ is

transitive but not U-associative since (cUUb)Ue =e but cU (bUe) = f.

The following results show two cases that the notion of associative elements and

transitive elements are equivalent.
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Proposition 2.6. [25] Let (A, <,M,U) be a pseudo-chain. Then it holds that an element

18 associative if and only if it is transitive.

Proposition 2.7. [25] Let (A, <,M,U) be a modular trellis. Then it holds that an element

18 associative if and only if it is transitive.

Theorem 2.9. [25] Let (A, <,M,U) be a trellis. It holds that

(i) if x1, ...,z are right-transitive, then the join of {x1, ..., x} exists and equals x;, L
... Ua, for any permutation iy, ..., of 1,..., k. Moreover, | |{x1,...,xx} is
right-transitive. Similarly for the left-transitive elements x1, ..., xy and the meet of

{z1,..., 21}

(i) if xq,...,x are M-associative, then the meet of {x1,...,x} exists and equals x;, M
... Ma;, for any permutation iy, ...,i; of 1,..., k. Moreover, \{xi,...,xx} is
M-associative. Similarly for the U-associative elements x1,...,x, and the join of

{z1,...,21}.
Next, we need to recall the following results related to the above subsets.
Proposition 2.8. [25] Let (A, <,1,U) be a trellis and x,a € A. It holds that
(i) if a is right-transitive, then

(a) a <xqy J--- Dy, implies a I xy;

(b) a <z, implies that a Uy Jx Uy, for anyy € A.
(i) if a is left-transitive, then

(a) x1 <--- <y Qa, implies v1 a;

(b) = <a, implies that x My Ja My, for anyy € A.
(iii) if a is M-associative, then x <y implies that a Mz Ja My, for any z,y € A.
(iv) if a is U-associative, then x <y implies that a Uz Jally, for any x,y € A.
Next, we need the following notations on a given trellis and some related results.
Notation 2.1. Let (A, <,1,U) be a trellis. We denote by:
(i) A" : the set of all right-transitive elements of A;
(ii) A*=': the set of all left-transitive elements of A;

(111) A" : the set of all transitive elements of A;
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(iv) AU~%5: the set of all M-associative elements of A;
(v) A97%5: the set of all U-associative elements of A;
(vi) A®3: the set of all associative elements of A;
(vii) A%s: the set of all distributive elements of A.
The following proposition is an immediate consequence of Proposition 2.5.
Proposition 2.9. Let (A, <,M,U) be a trellis. The following chains of inclusions hold:
(i) Adis C Aoss C AN-ass C Atr C ATt
(ii) Adis C Asss C AU—ass C Atr C AL,
The following corollary is an immediate consequence of Propositions 3.7, 2.6 and 2.7.

Corollary 2.3. Let (A, <,M,U) be a pseudo-chain or a modular trellis. The following

chain of equalities holds:
Aass — Aﬂ—ass — Au—ass — Atr‘

Next, we need to show the following result. This result completes the cases to that

given by Skala in the above Theorem 2.9.

Proposition 2.10. Let (A, <,M,U) be a trellis and o € {ass,MAss, tr}. If A* is sub-
trellis of A, then for any finite subset {xy,...,zx} C A it holds that | {z1,..., 2%}

exists and equals x;, U ... Uz, for any permutation i,...,i; of 1,..., k. Moreover,

| {z1, ..., 2} € A,
Proposition 2.11. Let (A, <,M,U) be a trellis. It holds that
(i) (AT <1, U) (resp. (A= <M, 1)) ds a U-semi-trellis (resp. M-semi-trellis);
(11) (AT <M U) (resp. (A7 <.M,U)) is a M-semi-trellis (resp. U-semi-trellis).
Proof.

(i) Let z,y € A7 and let o, 3 € A such that t Uy Ja <. Then z dzUyda<f
and y <z Uy <a 5. From Proposition 2.8, it follows that < 5 and y < 3. Thus,
Uy <3, Hence, x Uy € A", Therefore, (A", <, 1) is a L-semi-trellis. In

similar way, we prove that (A=, <.11) is a M-semi-trellis.
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(ii) Let z,y € A7** and o, B € A. Then ((zMy)Na)N5 = (zMN(yNa))NS = (zM((yM
a)nB)) = (xM(yM(anp)) = (MNy)N(anp). Thus, ((Ny)Na)p = (zNy)N(arp).
Hence, (A"~ < 11 1) is a M-semi-trellis. Similarly, (A”~* < M, 1) is a L-semi-

trellis.

In the same line, we obtain the following propositions.
Proposition 2.12. Let (A, <,1,U) be a trellis. The following implications hold:
(i) If x,y,z € A" then x U (yUz) = (zUy) U z;
(ii) If v,y,z € A" then a1 (yMz) = (xMNy) N z.
Proof.

(i) Let x,y,2 € A", Since z,y € A" z<zUy<(zUy)Uz, y<zUy<(zUy)Uz
and z J(xUy) Uz, it follows that z < (zUy)Uz, y <(zUy)Uz and 2 < (zUy) U 2.
Then, 2 J(zUy)Uzand yUz<(xUy) Uz Thus, zU(yUz)<(zUy)Uz In
similar way, we prove that (zUy)Uz<zU(yUz). Hence, x Ll (yUz) = (xUy)U 2.

(ii) The proof is dual to that of (i).
[

Proposition 2.13. Let (A, <,1,U) be a trellis. The following statements are equivalent:
(i) (A, <,M,U) is a lattice;
(ii) A= At
(ifi) A= ATt ;
(iv) A= AN-oss
(v) A= A-7ass

Proof. (i) < (ii): The proof of the direct implication is straightforward. For the converse
implication, suppose that A = A" Proposition 2.12 assures that I is associative on
At Since A = A it holds that the meet operation (1) of A is associative. Then,
Theorem 2.6 guarantees that the pseudo-order relation < is transitive. Thus, (A, <,M, 1)
has a structure of a lattice.

(i) < (w): The fact that A = A" implies that any elements of A is M-associative.
Thus, the meet operation is associative. Theorem 2.6 guarantees that < is transitive and
hence (A, <,M, L) is a lattice. The converse implication is immediate.

(i) < (4i1) and (iv) < (v): Straightforward application of Proposition 2.12.
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2.2.4 Lattice structures in trellises

In this subsection, we present certain subsets of a trellis that form lattices based on specific
elements. These subsets are constructed with respect to the join and meet operations
defined in the trellis.

Proposition 2.14. Let (A, <,M,U) be a pseudo-chain. Then the set of all transitive

(resp. associative) elements is a sublattice.

Proposition 2.15. [25] Let (A, <,M,U) be a modular trellis. Then the set of all transitive

(resp. associative) elements is a lattice.

Proposition 2.16. [25] Let (A,<,M,U) be a trellis. Then the set of all distributive

elements of A is a distributive lattice.

Example 2.10. Consider the modular trellis (A = {0,a,b,¢,d, e, f,g,h,i,7,1}, <, M, 1)
with the Hasse-type diagram displayed in Figure 2.5. Then the set A*** = A" = {0, a,i,1}
is a sublattice on A. Also, for a sub-trellis B = {0,b,d, f,h,j,1}, it holds that B is
a pseudo-chain. Thus, the set B** = B = {0,1} is a sublattice on B. Moreover,
Bass — pgir — gD

Proposition 2.17. Let (A, <,M,U) be a trellis and B a subset of A"~ or A=, If B is
sub-trellis of A, then it is a sub-lattice of A.

Proof. We only give the proof in case B C A", Suppose that B is sub-trellis of A.
Proposition 2.12 expresses that U is associative on B. Next, we show that 1 is associative
on B. Let z,y,z € B, then the fact that B is a sub-trellis implies that « M (y M z), (2 M
y)Mz € B. We know that M (yMz) <z, xM(yMz)<yMz<y and zM(yMz) <yMzJz.
The hypothesis B C A™" implies that 2 M (y M 2) <y and 2 M (y M 2) < 2. Hence,
xM(yMz)<xzMNy and thus, z M (yMz) < (xMNy) Mz In a similar way, we obtain
(xMy)Nz<zM(yMNz). Hence, x M (yMz) = (zMy) Mz Thus, B is a sub-lattice of A.
O O

Theorem 2.10. the sub-trellis generated by three elements of a modular trellis, at least

two of witch are associative, is associative. Moreover, is a sublattice structure.

Example 2.11. Let a and b be associative elements and x be any element of a mod-
ular trellis A. Then the sub-trellis generated by {a,b,x}, with using the meet and join

operations of A, forms a sublattice consisting of at most 28 distinct elements.
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Chapter 3

Classes of algebraic operations on

lattices and trellises

this chapter is devoted to generalizing some of these classes of associative operations
to the trellis setting. Some of these results are either inspired from or discussed in
6,4, 7,11, 12, 13, 15, 19, 20, 22, 27], and others are investigated during the preparation

of this thesis. For further use, we recall some classes of associative operations on lattices.

3.1 Classes of associative operations on lattices

This section explores key classes of associative operations on lattices, with a focus on
aggregation functions and t-norms [14]. We discuss their definitions, properties, and
constructions on bounded lattices, and conclude with an application: the representation

of Boolean algebras using ¢t-norms.

3.1.1 Aggregation functions on lattices

This subsection presents the fundamental definitions and properties of aggregation oper-
ators, along with illustrative examples within the context of bounded lattices. For further
details, the reader is referred to [11, 13, 15].

Definition 3.1. Let (L,<,0,1) be a bounded lattice, and n € L be fized. A mapping
A L™ — L is called an ( n-ary) aggregation function on L whenever it is increasing,
A(x) < A(y) whenever x <y (i.e. 1 < y1,...,x, < y, ) and it satisfies boundary

conditions
A(0,...,0)=0,A(1,...,1) =1

Example 3.1. Let (L,<,A,V,0,1) be a bounded lattice and let ¢ : L — L be an unary
operator defined for any b € L as follows:
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1 x<bx+#1;
wp(T) =
0 otherwise.

Clearly, vy is an unary aggregation operator, for any b € L. Moreover, it represents a
characteristic function of the principal Ideal G(b) = {x € L : x < b} generated by b,
provided b # 1.

Using the same notion of an n-ary aggregation operator for the case n = 2, we obtain

the following definition.

Definition 3.2 ([15]). Let (L,<,A,V,0,1) be a bounded lattice. A binary operation
A: L x L — L is called an aggregation operator on L if it is increasing and satisfies the
boundary conditions A(0,0) =0 and A(1,1) = 1.

Let A(L) denote the set of all aggregation operators on L, and equip A(L) with the
following order: for all A, B € A(L),

A< B whenever A(z,y) < B(x,y), for any z,y € L.

Proposition 3.1. Let (L, <,0,1) be a bounded lattice. Then the smallest and the greatest
aggregation operators in A(L) are, respectively, defined by

1 ife=y=1; 0 2fr=9y=0;
Al(x) = Jr=v and  Ar(z) = fe=y

0 otherwise. 1 otherwise.

Thus, we have Ay < A < Av, for any aggregation operator A € A(L).

3.1.2 T-norms on bounded lattices: constructions and repre-

sentations

This subsection contains basic definitions and properties of specific associative operations
on latices. We pay particular attention to the notion of uninorms, triangular norms and

triangular conorms on bounded lattices.

Definition 3.3. Let (L, <,A,V,0,1) be a bounded lattice and e € L. A binary operation
U : Ly — L is called a uninorm if it is commutative, increasing, associative , and has e
as a neutral element. If e = 1, then U is called a triangular norm (t-norm, for short). If

e =0, then Uis called a triangular conorm (t-conorm, for short).
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Example 3.2. Let (L,<,0,1) be a bounded lattice. Then:
(i) The meet operation A (resp, the join V) is a t-norm (resp, a t-conorm) on L.

(ii) The operations Tp and Sp on L, defined by

ANy ifr=1o0ry=1, xVy ifx=0o0ry=0,
TD(xvy) = and SD(xvy) =
0 otherwise, 1 otherwise,

are a t-norm and a t-conorm, respectively.

Theorem 3.1. For any t-norm T on a bounded lattice L, we have
TD S T S /\7

where T s the drastic t-norm, and N is the greatest t-norm on L.

Theorem 3.2. For any t-conorm S on a bounded lattice L, we have
vV <S5<Sh,

where Sp is the drastic t-conorm, and V is the smallest t-conorm on L.

Theorem 3.3. Let (L,<,0,1) be a bounded lattice and T' a t-norm on L. Then T = A
if and only if T(x,x) = x, for any x € L.

Remark 3.1. Thanks to the previous theorem, in order to construct a t-norm on a
bounded lattice L that is strictly different from the meet operation A, it suffices to choose
an element ¢ € L such that 0 < ¢ < 1, and define a t-norm T such that T(c,c) < c.
Indeed, on the pentagon lattice N5, the operation T given in Table 5.1 is a t-norm which

is strictly less than the meet operation, since for example T'(a,a) =0 < a=aAa.

T(z,y)

[en) Nen] Nenl Nen)l Han) Na)
S OIS O O o
[N Ee N Hevl Revl Han) Ne)
o S| O -

= SO
QIO OO

Table 3.1: Hasse-type diagram of the trellis (A, <).

32



(@)

Figure 3.1: The Pentagon Lattice Nj.

Definition 3.4. Let (L,<,0,1) be a bounded lattice and Ty and Ty two t-norms on L.
Then

(i) If the inequality Ty(z,y) < To(x,y) holds for all (x,y) € L x L, then we say that
T1 is weaker than Ty, or equivalently, that Ty is stronger than Ty. In this case, we
write T < T5.

(i) We write Ty < Ty if Ty < Ty and Ty # Ty (i.e., there exists (xo,y0) € L X L such
that T (o, yo) < T2(x0,Y0))-

Proposition 3.2. Let (L,<,A,V,0,1) be a bounded modular lattice. Then the binary

operation Ty is defined as follows:

ANy ifxVy=1,

TZ('r?y) = {

0 otherwise,

18 a t-norm on L.

Proof. One easily verifies that Ty is commutative, increasing and satisfies the boundary
conditions. Now, we only have to show the associativity of Ty. Let xz,y,2z € L. On the

one hand, we have that

xANyNz ifyvz=landazV(yAz)=1,
Tl Taly2) = 0 otherwise ( |

On the other hand, it holds that

xANyANz ifxvVy=1land zV (zAy) =1,
Ty (Tz(2,y),2) = . ( )
0 otherwise.

We will show, for instance, that y Vz =1 and 2V (y A z) = 1 implies z Vy = 1 and
zV (zAy)=1. Since 2 V (y A z) = 1 and A in increasing, it holds that =z Vy = 1. The
fact that vV (y A z) = 1 implies y = y A (x V (y A 2)). From y = z <y and L is modular,
it follows that that y = (z Ay) V (y A z). Thus, y < (z Ay)V z. Since z < (x Ay) V z, it
holds that yVz < (xAy)Vz. Then (x Ay)V z = 1. The proof of the converse implication

is similar. Hence, Ty is associative. Therefore, T7 is a t-norm on L. O]
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Remark 3.2. In general, Ty, is not necessarily a t-norm. Indeed, let (L = {0,a,b,c,d,e, 1}, <
.\, V,0,1) be a bounded lattice given by the Hasse diagram in Figure 3.2.

1

Figure 3.2: The Hasse diagram of the lattice (L = {0, a,b,¢,d, e, 1}, <).

Since dVe =1, dNc = a, andeVa = e < 1, it holds that Ty, (e,TZ(d, c)) =Ty(e,a) = 0.
On the other hand, eVd =1, eAd =0, bVc =1, and bAc = a imply that Ty, (Tz(e, d), c) =

T7(b,c) = a > 0. Hence, Ty is not associative and therefore not a t-norm.

3.1.3 Application: T-norms based representation of boolean al-

gebras

In this subsection, we show that if L is a complete Boolean algebra, then the set 7 of all

triangular norms on L contains a subset that forms a Boolean algebra isomorphic to L.

Definition 3.5. Let (L,<,0,1) be a bounded lattice. A subset o C L such that 0 ¢ « is
called a J-set in L if 0 <y <z, theny € «, for anyx € a and y € L

We observe that the empty set is a J-set in L. The significance of J-sets in L is
highlighted by the following results, which provide a way to characterize a general t-

norm on L

Theorem 3.4. Let (L, <,0,1) be a bounded lattice and T a t-norm on L. If w C L such
that w={x € L:x #0,T(x,x) = 0}. Then it holds that:

(i) wis a J-set in L;
(i1) If a € w and b < a, then T(a,b) = 0;
(11i) If a € w, b < a and ¢ < a, then T'(b,c) = 0.

In the following result, we introduce a new family of t-norms constructed from J-sets

in L, which will serve as a fundamental tool for characterizing Boolean algebras.
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Theorem 3.5. (L, <,A,V,0,1) be a bounded lattice and o a J-set in L. Then the binary
operation T,, on L defined by

0, ifr#1#yandx ANy € a;
T,y =

xr Ay, otherwise.

Lemma 3.1. Let B be an atomic boolean algebra and the set ~v is all it’s atomic with
cardinality y > 2. If a, 8 C 7y, then it holds that oo C 8 if and only if T CT,.

Now, we present the following fundamental result.

Theorem 3.6. Let B be a complete Boolean algebra in which the set v of all atoms has
cardinality y > 2. Then the set 7, = {1, : o« C v} of t-norms T, on B forms a Boolean

algebra such that its operations of this Boolean algebra are given by:
TaNTs =Tovg, ToVTs="Tupg, T ="Tau.

Where o = v\ a denotes the complement of « in 7. Furthermore, the Boolean algebra

B is isomorphic to T, under the identification function
a— Ty, forany a C .

Example 3.3. Let (L, <,A,V,’,0,1) be a Boolean algebra in which the set of atoms is

{a,b}. By Theorem 3.6, all triangular norms on L are given by:
T{a7b} = T% T{a}, T{b}, and Ty = A.

and they are defined as follows:

T7 Ola|b|l T{a} Ola|b|1l
0]0(0]01]0 0 [0[]0]010
a |0]0]0]a a |[0]0]0]a
b 000D b [010]0]0b
1 |10]la|b]|1 1 Olalbl|l

T{b} Olalbll AlOla|b]|1l
0O |0]0|10]|O0 0(0[0]0|0
a [0]0[0]a a|l0|a|0|a
b |0[0]0|D b|10|0|b]|b
1 Olalbll 1[0lalb]l

These t-norms form a Boolean algebra under the partial order on t-norms.
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3.2 Classes of associative operations on trellises

In this section, we explore the use of associative operations on bounded trellises. More
precisely, we generalize the classes of triangular norms (t-norms) and triangular conorms
(t-conorms), which are originally defined on bounded lattices, to the broader setting of
bounded trellises. We also examine how these operations behave when the transitivity
property is no longer assumed. First, we need to recall the following notations on a given

trellis.
Notation 3.1. Let (A, <,M,,0,1) be a bounded trellis. We denote by:

(i) UN.(A): the class (or set) of all uninorms on A.

(i) TN1(A): the class (or set) of all triangular norms (t-norms) on A.
(iii) TCo(A): the class (or set) of all triangular conorms (t-conorms) on A.

Remark 3.3. (i) Since the operations M and U in a bounded trellis (<,1M,14,0,1) are
not necessarily associative, the operations I and U are not necessarily elements of

TN1(A) and TCo(A), respectively.

(i) As noted in (i), we have chosen to use the same names for these classes on bounded
trellises as those used for bounded lattices. However, although these classes are
generalized to the trellis setting, they do not constitute extensions of the original

classes in terms of set-theoretic inclusion.
Next, we present some elements from the classes TN1(A) and TCo(A).

Example 3.4. Let (A, <,M,U,0,1) be a bounded trellis and Ty and Sw two binary

operations defined on A as follow:
xNy ife=1o0ry=1, Uy ifx=0o0ry=0,
TW(J:a y) =

0 otherwise, 1 otherwise.

and  Sw(z,y) = {

One easily verifies that Ty (resp. Sw ) is the smallest t-norm (resp. the greatest t-conorm,)
on A. Moreover, Ty, € TN1(A) and Sy € TCo(A) .
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In the following illustrative example, we give other t-norms (resp. t-conorms) on a

bounded trellis greater (resp. smaller) than Ty (resp. Sw).

Example 3.5. Let (A = {0,a,b,¢,1}, <, M,U) be a bounded trellis given by the Hasse-

type diagram in Figure 2./ and T;, i € {1,---,6} are binary operations defined by the

following tables:

Ti(x,y) |0 ]a|blc|l To(z,y) |0 ja|b|c|1 Tz(x,y) |0 ja|b|c|1
0 0010|010 0 0/0]0|0]|O0 0 001000
a 0[{0]0|0]a a 0/0[0|0]a a 0/0(0|0]a
b 0/010]|0]|Dd b 0/0]0|0O]|D b 0|0|b|b|b
c 0/]0]0]|0]|c c 010]0|b]|c c 010|b|b|c
1 Ola|b|c|1 1 Olal|b|c 1 Ola|b|c|1

Ta(z,y) |0 ja|b|c|1 Ts(z,y) |0 ja|b|c|1 To(x,y) |0 ja|b|c|1
0 0/010]0]O0 0 0/0|0|0]|O0 0 0/0[0|0]|O0
a 0[{0]0|0]a a 0[0[0|0]a a 0/0[0|0]a
b 0/0|0|0]|5b b 00|00 |Db|Db b 0|0 |b|b|Db
c 0/]0|0]c|ec c 0|0|b|c|c c 0]0|b|c|c
1 Ola|b|c|1 1 Ola|b|c|1 1 Ola|b|lc|1

One easily verifies that T; are all t-norms on A such that T, =Ty < T; < Tg, for any
ie{l,---,6}.

Figure 3.3: Hasse-type diagram of the bounded lattice of the six t-norms {7}, --- ,Tg}.

On a bounded modular lattice L [6], the binary operation Ty defined by

Tz(l',y) =

ANy ifxVy=1;
0 otherwise;

is a t-norm. This example was extended to the setting of bounded modular trellises under

a suitable necessary and sufficient condition [27].
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Proposition 3.3. [27] Let (A, <,M,U,0,1) be a bounded modular trellis. Then it holds
that Tz € TN 1(A) if the following condition is satisfied:

(V(z,y,2,t) € A((z My #0) and (x Uy = 1)) implies (xUz) U (yUt) =1).

Dually, we obtain the following example.

On a bounded modular lattice L [6], the binary operation Sz defined by

xVy ifxANy=0;

SZ(':Cay) = {

1 otherwise;

is a t-conorm. This example was extended to the setting of bounded modular trellises

under a suitable necessary and sufficient condition [27].

Proposition 3.4. Let (A, <,M,U,0,1) be a bounded modular trellis. Then it holds that
Sy € TCo(A) if the following condition is satisfied:

(V(z,y,2,t) € AY((zUy #1) and (x My = 0)) implies (x M 2) N (yMt) =0).

In the following example, we give a bounded modular trellis does not satisfying the

necessary and sufficient condition.

Example 3.6. let (A = {0,a,b,¢,d,1},<,1M,U) be a bounded modular trellis given by
the Hasse-type diagram in Figure 2.7. Let x,y € A such that x = b and y = d. Then
bUd=1andbMd=a+#0. The fact that b Q¢ implies (bUc)U (dUd) =d # 1. Thus,
the t-norm Z on Adefined as follow:

Ty(z,y) [0 |a|blc|d]|l
0 0/]0(0]0]0]0
a 0/0[0]0|0]|a
b 0/]0({0|0]|alb
c 0/0]0]0|0]c¢c
d 0[0]|a|0]0]|d
1 Olal|b|c|d]|1

is not increasing (i.e., Tz(b,d) = a 4 0 = Ty(c,d)). Thus, Ty is not a t-norm.

In the following remark, we show that the greatest t-norm does not necessarily exist
in a given bounded trellis. This illustrates one of the properties that may be lost when

considering bounded trellises instead of bounded lattices.
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Remark 3.4. On a given bounded lattice L, it is well known that the classes TCo(A)
and TN1(A) contains least and greatest elements. In the trellis setting, Example 3.5
shows that TN1(A) have a greatest element. However, TCo(A) does not necessarily have
a least element. Indeed, consider the bounded trellis (A = {0, a,b,c,d, e, 1}, <, 1, LI) given
in Figure 3./. The binary operations Ty, Ty and Ty on A, defined by the tables below, are
incomparable mazimal elements in TN 1(A) [27].

T, /0|la|b|lc|d|e|l T5(0lal|lblc|d|e]|l T3 /0|la|b|lc|d|e|l
0/0/0/0]0]0]0]|0 0(0l0j0O[0O]0OJ0]O 0(0j0[0OJOJOJO]O
a |0]0[0]0|0|0]a a |0]0[0]0]0|0|a a |0[0/0]0|0]ala
b |0]0|D|D|0O]D]|D b 10[0|b|D[O]D|D b |0[0]b|b]|O b
c|0]0|b|c|0]c|c c |0]0]|b|c|O]c]|c c|0]0|blc|0]c|ec
d {0000 |al|al|d d{0l0j00|d|0]|d d {0000 |0|al|d
e |0|0]|b|clalc]e e |0]0|blc|O]ele e |0jla|blclale]e
110]lal|b]|c el 1 10jal|blc|d|e|l 110]lal|bd]c el

1

e

by »d

0

0

Figure 3.4: The Hasse-type diagram of the trellis (A = {0, a,b,¢,d, e, 1}, Q).

3.3 New constructions of T-norms based on specific

subsets on trellises

In this section, we focus on constructing new elements of the class TA1(A) on a bounded
trellis (A, <,M,U,0,1). Since the dual class TCy(A) can be developed in an analogous
manner, we restrict our attention to TN (A) without loss of generality.

For a given trellis (A, <,M,U) and B C A, we recall the definition of the following
mapping Ag: A — A:

Ap(z) =| {aeBlaga} =] |(Bnlx).
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Remark 3.5. In general, the mapping A is not necessarily well-defined, as the supremum
| |(BNlx) may fail to exist. However, if B is a finite subset of A™™'", then by Theorem 2.9,
the mapping \p is well-defined.

The following proposition is immediate.

Proposition 3.5. Let (A, <,1,U) be a trellis and B a finite subset of A"*". For any
x € A, it holds that

(i) Ag(x) <z
(ii) if x € B, then Ap(z) = x.
The following proposition lists additional properties of Ag in case B is a U-sub-trellis

of A. Since Ap behaves as the identity on B and maps to B, we refer to this mapping as

an embedding.

Proposition 3.6. Let (A, <,1,1) be a trellis and B a finite subset of A™™"". If B is a
L-sub-trellis of A, then it holds that

(1) Ap(A) € B;
(i1) Mg is idempotent, i.e., Ag(Ag(x)) = A\g(z), for any x € A;
(11i) Mg is increasing, i.e., if x <y, then Ag(x) I Ag(y), for any z,y € A.

The following proposition shows the relationship between the structure of B and the
M-homomorphism property of Ag. First, we recall the definition of a M-homomorphism
between trellises. Let (A, <,M,U) and (A’, </, 17, 1) be two trellises. A mapping ¢ : A —
A’ is called a M-homomorphism (between the given trellises), if p(x My) = p(z) M (y),
for any x,y € A.

Proposition 3.7. Let (A, <, M, U) be a trellis and B a finite subset of A",
(i) If B is a sub-trellis of A, then \g is a M-homomorphism.

(i1) If B is a U-sub-trellis of A and Ag is a M-homomorphism, then B is a sub-trellis of
A.

Proposition 3.8. Let (A, <,1M,U) be a trellis and B a finite subset of A™™"". If B is a
L-sub-trellis of A, then

Ap(z M (yMz)) =Ag((xMy)Mz)

for any x,y,z € A.
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In this subsection, we show how to construct a t-norm on a bounded trellis based on
the meet operation and an appropriate subset of that trellis. For a given bounded trellis
(A, <,M,U,0,1) and a finite subset B of A" we define the following binary operation

onT:

Y ifr=1
T[B](iU,Z/): T ify=1
Ag(zMy) , otherwise

In view of Remark 3.5, T8 is well defined. Note that if B C C are finite subsets of
A" then T8l < T Note that if B is a sub-trellis of A , then we can express TP as

written below. It shows that TP essentially computes meets.

Proposition 3.9. Let A, <,1M,1,0,1) be a bounded trellis and B a finite subset of A™'".
If B is a sub-trellis of A, then

(

Yy , ifr=1

z ,ify=1
T4z, ) = v

xMy , ifr,y€eB

(AB(z) M AB(y) , otherwise

For any (z,y) € (A\{1})? it holds that T'P}(z,y) € B.
Remark 3.6. We list some basic observations:
(i) If B ={0,1}, then T = Tp,.

(ii) If (A, <,M,U,0,1) is a bounded lattice, then Tl = M, for any o € {ass, M-ass,

L-ass, tr, r-tr}.
The following theorem shows that 717! is a t-norm on A when B is a sub-trellis.

Theorem 3.7. Let (A, <,M,,0,1) be a bounded trellis and B a finite subset of A"
If B is a sub-trellis of A, then the binary operation TP is a t-norm on A.

Using Propositions 2.16, Corollary 2.3 and Theorem 3.7, we obtain the following

corollaries.

Corollary 3.1. Let (A, <,M,U,0,1) be a bounded trellis and o € { ass, M-ass, L-ass,
tr, r-try. If A is a finite sub-trellis of A, then the binary operation T is a t-norm on
A.
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Corollary 3.2. Let (A, <,M,U,0,1) be a bounded trellis. If A% is finite, then the binary

a0

operation T’ is a t-norm on A.

Example 3.7. Let ({0,a,b,c,d,1},<) be the bounded trellis given by the Hasse-type

diagram in Figure 3.5. One easily verifies that

A" =10,b,c,d,e, 1}
A" =10,b,e,1}
AT =10, 0,1}
A5 — {0, ¢,1)

Adis — Awss — 0,1}

The above subsets are all sub-trellises of A. Hence, the binary operations T, with

a € {dis, ass, M-ass,U-ass, tr, r-tr}, are t-norms on A.

Figure 3.5: The Hasse-type diagram of the trellis (A = {0, a,b,¢,d, e, 1}, Q).

Before providing the t-norms T, we present the embeddings A\g with B = A* and

a € { dis, ass, M-ass, U-ass, tr, r-tr} in the following table.

Ola|blc|d|e]|1

Agais | 0101010 0] 0] 1

Agass | 010 0100]| 0|1
Agr—ass | 00| b |b|b|b|1
Aqu—ass | 0100 0|0|e| 1
Aptr 010]0|0|ble|l

Agr—tr | 0] 0| b c|d|d]| 1

It is clear that Tl = plas) - Tp. Then the remaining t-norms are listed the

following tables.

42



TA™ 1 g bleld]|e al|blc|d]|e AT Talbleldle
a 010|000 a 010|000 a 010|000
b O/b|b|b|b b O|b|b|b|b b Olb|b|b|b
c Olb|b|b|b c Olb|b|b|b c O|lblcl|lc|c
d O/b|b|b|b d O|b|b|b|b d 0lblc|d]|c
e Olb|b|b|b e Olb|lb|b|e e O|lblclc|e

Moreover, The greatest t -norm on A is given by the following table.

Tla|b|lc|d]|e
al|0[0|0]0]|a
b|0O|b|b]|b

clO0|blclc|c
d|0|b|lc|d]c
elalblclcle

Proposition 3.10. Let (A,<,M,U,0,1) be a bounded modular trellis and o € { ass,
M-ass, U-ass, tr}. If A* is finite, then T is a t-norm on A. Moreover, TA""l =
T[A!'\—ass] _ T[Au—ass] _ T[Atr}

Proof. Let o € { ass, MM-ass, L-ass, tr}. Corollary 2.3 and Proposition 2.15 express that
Arss = ATrass — AUkass — AW gre gqub-trellises of A. Theorem 3.7 guarantees that 714"

is a t-norm on A. O
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(General conclusions

In this thesis, we presented key concepts of partially ordered sets and lattices, then ex-
tended these ideas to pseudo-ordered sets and trellises. We studied classes of associative
operations on these structures, focusing on properties such as commutativity, increasing-
ness, and neutral elements. These results generalize classical notions like t-norms and
provide new constructions on trellises, broadening the algebraic framework for applica-

tions in fuzzy logic and ordered structures.
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Abstract

In this thesis, we present various classes of algebraic operations on ordered structures, with a
particular emphasis on bounded lattices and trellises. To this end, we first recall the essential
concepts and properties of binary relations, partially ordered sets, and lattices. We then
extend the classical framework by introducing pseudo-ordered sets and trellises, which
generalize the notion of partial orders by relaxing the transitivity condition. Finally, we focus
on associative binary operations defined on bounded lattices and trellises, and we propose
novel methods for constructing t-norms on trellises.

Key words :

Lattice, Trellis, Binary Operation, T-norm, T-conorm.

Résumé

Dans cette these, nous présentons différentes classes d’opérations algébriques définies sur des
structures ordonnées, avec un accent particulier sur les treillis bornés et les trellises. A cette
fin, nous rappelons d’abord les concepts et propriétés essentiels des relations binaires, des
ensembles partiellement ordonnés et des treillis. Nous étendons ensuite le cadre classique en
introduisant les ensembles pseudo-ordonnés et les trellises, qui généralisent la notion d’ordre
partiel en relachant la condition de transitivité. Enfin, nous nous concentrons sur les
opérations binaires associatives définies sur les treillis bornés et les trellises, et nous proposons
des méthodes novatrices pour la construction de t-normes sur les trellises.

Mots-clés :

Treillis, Trellis, Opération binaire, T-norme, T-conorme. .
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