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Notations

N Natural numbers {0,1,2,3,...}.

N* Nonzero natural numbers {1,2,3,...}.

R Real numbers (—o00,00).

R, Positive real numbers (0,00).

R* Nonzero real numbers (—oo,0) U (0,00).

C Complex numbers, z € C, then z = x + iy, where x, y € R, and i* = —1.

Re(a) Real part of complex a.

[a, b] (—oo < a < b < +00) be a finite interval on the real-axis R.
C(la,b]) The BANACH space of all continuous functions from [a, b] into R.
FDE Fractional Differential Equation.

FPDE Fractional Partial Differential Equation.

re) EULER gamma function.
B(,") Beta function.
E, () Standard MITTAG-LEFFLER function.

Eop () MITTAG-LEFFLER function in two arguments « and .
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Notation iv

&%y  RIEMANN-LIOUVILLE’s fractional integral of order a.
RLgyay  RIEMANN-LIOUVILLE's fractional derivative of order a.
€9y  CAPUTO’s fractional derivative of order a.

H g®y  HADAMARD’s fractional integral of order a.

Hgpay  HADAMARD's fractional derivative of order a.

P#% KATUGAMPOLA’s fractional integral of order a.

PP9%u  KATUGAMPOLA's fractional derivative of order a.
F*Yu w-fractional integral of order a.

92%%u wy-fractional derivative of order a.
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General introduction

n recent years, the factional calculus has caught the attention of many researchers
over the last few decades as it is a solid and growing work both in theory and in
its applications. The history of the theory goes back to the 17th century, when in 1695
the derivative of order a = % was described by LEIBNITZ in his letter to LHOSPITAL.
Since then, the new theory turned out to be very attractive to mathematicians as well
as physicists, biologists, engineers and economists.
The classical fractional calculus is based on several definitions for the operators of in-
tegration and derivatives such as: RIEMANN-LIOUVILLE, HADAMARD and KATUGAM-
POLA. As a result, it was necessary to introduce a fractional derivative of a function f
with respect to another function is called y-fractional derivative which generalizes
the three derivatives into a single form. This new fractional integral and derivative
appeared in several recent articles and books, for example see [17].
Fractional differential equations have been used in the study of models of many phe-
nomena in various fields of science and engineering. Moreover, the study of the sys-
tems of (FDE) has become more and more popular tool for controlling and modeling

different systems.
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This thesis is organized as follows, in the first chapter which is concerned with some
basic concepts of fractional calculus, and some definitions and results that are im-
portant for the study, also we give definitions and some properties of fractional inte-
grals and fractional derivatives of various types, especially the y-fractional integral
and derivative and its properties. Thus the fixed point theory is a powerful mathe-
matical tool in the study of the existence and uniqueness.

We will discuss in the second chapter, the existence and uniqueness of solutions for

the w-operator of a nonlinear FPDE with boundary conditions:

2%Vu(t)+ f(t,u(1)=0,0<t<T, 1<a<?2,

u0)=0, u(T)=0,

where f : [0, T] x R — R is a continuous function. We will proof the existence and
uniqueness by means of BANACH and SCHAEFER fixed point theorems and we will
present some examples to show the effectiveness of our main results.

In the third chapter, we are interested in the existence and uniqueness of system of n

w-fractional differential equations with boundary conditions:

2%Vu; (O + f; (L, u(1)=0,0<t<T, 1<a<?2,

u;i (0)=0, u; (T) =0,

where u = (uy, uy,..., u,) € R"”, for n € N* and f; : [0, T] x R” — R are continuous
functions for every i € 1,n. We will need to use the BANACH and SCHAEFER fixed
point theorems to proof our main results. Finally, our study is ended by examples

illustrating the obtained results.

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System



CHAPTER 1

BASIC CONCEPTS AND ELEMENTS OF FRACTIONAL
CALCULUS

n this chapter, we will present some specific functions, and the necessary tools
that we need in our thesis concerning the fractional integrations and derivatives
also giving the most important properties of these notions, also we will recall the

famous fixed point theorems that we will use to obtain various existence results.

1.1 Basic fractional calculus

In this section, we will begin by giving some special functions and functional spaces
as follows:
Let [a, b] be a finite interval on the real-axis R, and C([a, b]), AC" ([a, b]),C" ([a, b])
be the space of continuous functions, n-times absolutely continuous, n-times con-
tinuous differentiable functions on [a, b], respectively. The space of the continuous
functions y on [a, b] with the norm is defined by [17]

| ]l = max |y (8)].

a<t<b

On the other hand, we have n-times absolutely continuous given by [17]
AC"([a, b)) ={y:[a,b] —»R: y" '€ AC ([a,b])}.

1.1.1 Special functions

Here, we give some information on the EULER gamma, the BETA and MITTAG-

LEFFTER functions which play the most important role in the theory of fractional
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calculus.

Definition 1.1 (Euler gamma function[17]). The EULER gamma functionT'(z) is
defined by

I'(z) = fgm t“"'e”'dt, (Re(z) >0, z€Q),
where 7! = @ DInt
Example1.1. . T(1)= [ e 'dr=1.
2.T() = i letdr = .
Lemma 1.1. ([17]) For every z€ C, Re(z) >0, neN*, we have
1. T'(z+1) = zI'(2).

2.T(n+1)=(n-1.

3 T(n+1)=EuvT

4np!
Property 1.1. ([17]) For every p > 0, we have

n'nP

I'(p)= 1l '
(p) niIPoop(p+1)(p+2) ...... (p+n)

Definition 1.2 (Beta function[17]). The Beta function is a type of EULER integral
defines by :

1
B(p,q)=f tP 1 -9t dt, (p,g€C, Re(p) >0, Re(q) > 0).
0

For every p,q € C, with Re(p) >0, Re(q) >0, we have

I'(p)I'(q)
B(p,q) = LAl

I'(p+q)
Definition 1.3 (Mittag-Leffter function[17]). The MITTAG-LEFFTER function is
defined by

+00 k
E,(x)=) —, a>0.
alX) ,;0 T(ak+1)

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential

Equations and their System



1.2. FRACTIONAL INTEGRATIONS OPERATORS 5

The generalized MITTAG-LEFFTER function is defined by

+00 k
E s)=Y — > a,6>0.
p0 ,;,F(ak+/3) ap

Theorem 1.1. ([17]) Fora =neN, A €R, we have

(i) E,(Ax") = AE,(Ax"),
dx

d n
(%) XPLE, s(Ax™) = AxP" VB, (Ax").

1.2 Fractional integrations operators

1.2.1 Riemann-Liouville fractional integration

Definition 1.4. ([17]) Let [a, b] be a finite interval on the real-axis R. The RIMANN-
LIOUVILLE fractional integrals (left-sided and right-sided) of order a € R}, are defined

by
* o f

RL g = dt, , 1.1
S O=rg ), Goorath (D
and bof
(1)
RL g = dt, x<b,
A T
respectively.

Property 1.2. ([17]) For a>0, >0, we have

L (g2 (- af ) (0) = kg (x—a)**F,

2. (*Lg (b= 0P) (x) = 5ol (- 0™,

1.2.2 Hadamard fractional integration

Definition 1.5. ([17]) Let [a, b] be a finite or infinite interval of the half-axis R. We
consider the HADAMARD fractional integrals (left-sided and right-sided) of order a €

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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C(Re(a) > 0), are defined by

H oo L oo xyel f(nde

Jﬁf(x)—ﬁfa (ln;) —, a<x<b, (1.2)
and

How 1 fb( E)“_lf(t)dt

Jb_f(x)——r(a) ; lnx " , a<x<b ,
respectively.

Property 1.3. ([17]) IfRe(a) >0, Re(B) >0, and0 < a < b < +oo, then

1 (172 )" ) = il ()

B-1 a+p-1
2. (gg 102 ) = 785 Iy

1.2.3 Katugampola fractional integration

Definition 1.6. ([17]) Let [a, b] be a finite interval on the real-axis R. We con-
sider the KATUGAMPOLA fractional integrals (left-sided and right-sided) of order a €
C (Re(a) > 0), are defined by

pl—a X tp_lf(t)

P ga _
S f(x)= r@ ). o —men dt, p>0, a<x<b, (1.3)
and pja ~ pl—(x b l—p—l f(t) d 0 b 4
b_f(x)—r(a) @D t, p>0, a<x<b, (1.4)
respectively.

1.2.4 V-fractional integration

Definition 1.7. ([17]) Let [a, b] be a finite or infinite interval of the real-axis R and
a > 0. Also letw(x) be an increasing and positive monotone function on (a, b], having
a continuous derivative ' (x) on (a, b) The left and right-sided fractional integrals of

a function f with respect to another function v on |a, b}, are defined by

a: 1 ! ! a—
T fx) =mf Y () x) —w (@) f(ndr, (1.5)

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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and X )
f;_:wf(x) =mf w’(t)(w(t)—w(x))“‘lf(t)dt, (1.6)

respectively.

Lemma 1.2. ([I7]) Leta > 0 and 5 > 0. then, we have the following semi-group

property given by
j“‘”jﬁ”’f(x) “"‘ﬁWf(x)

and
j“wjﬁwf(x) a+ﬁwf(X)

Lemma 1.3. ([17]) Leta > 0 and 6 > 0.

1 iff(x) = (W(x) —w(a)®!, then

')
I'oé+a)

IV f(x) = (w(x) —y(a)* o

2. ifg(x) = (w(b) —w(x)°!, then

. re o
Igw = - (5(+)a) (W (b) -y ().

1.3 Fractional derivatives operators

1.3.1 Riemann-Liouville fractional derivative

Definition 1.8. ([17]) Let f € AC" (a, b), n—1<a<n, n€N. The RIMANN-LIOUVILLE
fractional derivatives (left-sided and right-sided) of function f of order «, are given by

_ inRL n—-a
@+(x)—(dx) G fx)

1 n-a-1
= o= a)( )[(x ) f(odt, (1.7)

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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and
a n d nRL n-a
D,_f(x)=(-1) (E) I f(x)
-1 d\" rb
:%(E) f(t—x)"_“_lf(t)dt, (1.8)
respectively.

1.3.2 Hadamard fractional derivative

Definition 1.9. ([17]) Let f(x) € AC" (a, b), n—1<a<n, n€N. The HADAMARD frac-
tional derivatives (left-sided and right-sided) of function f of order a € C, (Re (@) > 0)

on (a, b), are given by

"9, 00 =[x ) e

dx
1 a\" r« (n—a+1) f(£)dt
:—(x—) f (lnf) J® , a<x<b, (1.9)
I'm—a)\ dx) Ja t t
and
"oy fo = (—xi)n ") f(x)
b= dx b=
1 d n b (n—a+1)
:—(—x—) f(mf) fode <, (1.10)
I'n—a) dx x X t
respectively.

Property 1.4. ([17]) IfRe(a) >0, Re(f) >0, and0< a < b < +oo, then

1 (f2g, in 1)) 0 = 25 (In2)* P

2. ("zg_ (%)) (0 = o5 ()",

1.3.3 Katugampola fractional derivative

Definition 1.10. ([17]) Let a, p € R, and n = [a] + 1. The KATUGAMPOLA fractional
derivatives corresponding to the KATUGAMPOLA fractional integral (resp. (1.4)),

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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are defined by
a 1 d n—a
"D 00 =X pf fx)
B pa—n+1 1—pi)n fx tp—l f(t)
- I'(n-a) (x dx a (xP —tp)a—n+l dz, (1.11)
and

r9ifea =~ ) s

a-n+l1 n b p-1
_p (_xl—pi) f A AQ R (1.12)
I'n-a) dx (1P — xp)a—n+l

respectively.

1.3.4 VY-fractional derivative

Definition 1.11. ([I7]) Let v be a function defines on [a, b] verifies ' (x) # 0 on (a, b]
and a > 0. The RIMANN-LIOUVILLE fractional derivatives (left-sided and right-sided)
of a function f with respect to v of order a correspondent to the RIMANN-LIOUVILLE

fractional integral, are defined by

. 1 d n o
Y - @\ RL gn-awy
D5 f(x) = (w'(x) dx) S
= ! L n—a—1
" T(n-a) (w "(x) dx ) f vy (x) —y(1) f(nde, (1.13)
and
. ( ) dt
n-a—1
F(n @) ( W' (x) dt) f v (O () —y(x) f(pdt, (1.14)

respectively, wheren = [a] + 1.

Lemma 1.4. ([17]) Leta > 0andd > 0

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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L Iff(x) = (w(x) —w(a)?! then

B re )
@a;-wf(x) — F(é(_)a) ('(//(x) _w(a))a+6 1'

2. Ifg(x) = (w(b) —w(x)°! then

N NG _
P, 8(x) = T (5(_)a) (@ ()~ (x)* ",

Definition 1.12. ([17]) Leta>0,n= [a]l+1,neNand f, v € C" ([a, b],R) two func-
tions such that vy is increasing and v'(x) # 0, for all x € I. The left and right-sided

w-CAPUTO fractional derivatives of f of order a on [a, D] is given by

: —a 1 d\"
Copav __ RL zh—awy “
( 9d+ f) (x) - ja+ ('(//,(X) dx) f(X),
and p
C Yy _ RL gn-awy | _ 1 _)n
(2, 1) 00 =77, ( v dx) T
respectively.

Theorem 1.2. ([17]) If f € C"(la, b]) and « > 0, then

[ n-1 1
(C@Zj:[/f) (x) = @g_::// f(x) — Z l (w(x) _ w(a))kf(k) (a)
! v
_ k=0 1 J
and
n-1

(‘2,7 ) =2, | f) = Y — @b -y [P 1) |.

i=o k!

1.4 Fixed Point Theorems

’

(1.15)

(1.16)

(1.17)

(1.18)

In the remainder of this section, we introduce the notations, definitions and theo-

rems necessary for this study.

Definition 1.13 (Equicontinuous|[8]). Let E be a BANACH space. A part P in C(E) is

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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called equicontinuous if
Ve>0,30>0, Vu,ve E, VA €P, |lu—v||<dé= | (u)— (V)| <e.

Theorem 1.3 (Ascoli-ArzelA [8]). Let E be a compact space. If «f is an equicontinuous,

bounded subset of C (E), then & is relatively compact.

Definition 1.14 (Completely continuous[8]). We say </ : E — E is completely contin-
uous if it is continuous and for any bounded subset P  E, the set < (P) is relatively

compact.

Definition 1.15. [8] Let E be any space and </ a map of E, or of a subset of E, into E.

- The map « is called a contraction mapping if there exists k € (0, 1) such that
Yu,veE, |du-Av|<kllu-vl.

- A point u € E is called a fixed point for o if o/ u = u.

For subsequent applications, the following fixed-point theorems are fundamental

in the proofs of our main results.

Theorem 1.4 (Banach’s fixed point[8]). Let P be a non-empty closed subset of a BA-
NACH space E, then any contraction mapping </ of P into itself has a unique fixed

point.

Theorem 1.5 (Schaefer’s fixed point[8]). Let E be a BANACH space, Let <« : E — E bea

completely continuous mapping, If
A={ueE:Au=u, A€[0,1]}

is bounded, Then </ has at least one fixed point.

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System



CHAPTER 2

EXISTENCE AND UNIQUENESS OF SOLUTIONS

n this chapter, we will study the existence and uniqueness of solutions for a
boundary value problem of nonlinear FDE with the w-fractional derivative. The
significant results are proved by means of BANACH and SCHAEFER fixed point theo-
rems .
In follow up, we will discuss the existence and uniqueness of solutions of the follow-

ing problem of the fractional differential equation of order «a of the form:
2Vu)+ f(t,u()=0,0<t<T, 1<a<?2, 2.1)
supplemented with the DIRICHLET boundary conditions :
u0)=0, u(T)=0, (2.2)

where f:[0,T] xR — R is a continuous function. We obtain several existence and
uniqueness results for the problem (2.1)-(2.2) .
We consider a function ¢ : (0, 7) € R — R, such that :

1. v is an increasing and positive monotone function on [0,T] and ¥ (0) = 0.

2. 1//' (#) is continuous.

2.1 Definition of integral solution

In this section, we present some significant lemmas which play a key role in the

proofs of the main results.

Lemma 2.1. (/20]) Leta e R*. Ifu € C[0, T], then:

12
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(i) The fractional equation 2%V u (t) = 0, has a solution as follows:
u() = Cy* )+ Gy ()Y 2+ -+ Cy* (1), whereCp, € R, withm=1,2,...,n.
() If2*VueCl0,T] and1 < a <2, then:

TV u () = u(t) + Coy* H(t) + Coy® (1), forsomeC,,C, €R.  (2.3)

In the following lemma, we define the integral solution of the boundary value

problem (2.1)-(2.2) .

Lemma 2.2. Let « € R* such that1 < a < 2. We give 2%%Vu € C[0,T], and f (t,u) is
a continuous function. Then the boundary value problem (2.1)-2.2) , is equivalent to

the fractional integral equation

T
u(t)=f G(t,s) f(s,u(s)ds, tel0, T],
0

where
a-1 a— a—
N AC (w5 (v -y) - y(), 0<s<i<T, o4
I' () (%) (y,(T)_w(s))“‘l, O<t<s<T,

is the Green's function associated with the boundary value problem (2.1)-(2.2)) .

Proof. Let a € R*, be such that 1 < a < 2. We apply lemmal2.1]to reduce the fractional
equation (2.I) to an equivalent fractional integral equation. It is easy to prove the
operator .#“¥ has the linearity property for all & > 0 after direct integration. Then by

applying £ %V to equation (2.I), we get
LV ut) + LYV (t,u(r) =0.
From lemma(2.1, we find for 1 < a <2,

TV PV u () = u() + Ciy® (1) + Gy (1),

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System



2.1. DEFINITION OF INTEGRAL SOLUTION 14
for some Cj, C, € R. Then, the integral solution of the equation (2.1)) is :
ult) =~ )f Y (W) —p(s)* fsu()ds—Cy* () -Gy ?(1). (2.5
The conditions (2.2) imply that :
u(0) = - lim Coy®2(1) =
Then C, =0, also
u(l)=-1z )f V' (WD =y fls,us)ds=Cy* (1) =
then
c1=—r(0m;a_1 = fo (WD) ()™ fis,uls)ds
The integral equation (2.5) is equivalent to :
u(t) = L(M)w_lfTw'(S) (w(D —w ()" fls uls)ds
I' (o) \y(T) 0
- ﬁ fo tu/(s) (W) —y()" fsus)ds. (2.6)

Therefore, the unique solution of problem (2.1)-(2.2) is :

u(t) = F(a)f [ ()("’”) (W (D) =) = (W) —w(s)* | f(suls)ds

(T)

w() / _ a—1
" r(a)f ( (T)) V') (WD -y(9)" f(suls)ds,

= f G(t,s)f (s,u(s))ds.

0

The proof is complete.

[]

Remark 2.1. In lemma 2.2 we have made a generalization of the green’s function in

[10] that is concerned the KATUGAMPOLA fractional differential equation, also when

we take vy (t) = Int we get the green’s function of the integral solution associated of the

HADAMARD fractional differential equation.

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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2.2 Existence of Solutions for V¥ -Fractional Differential Equation

In this section, We suggest some conditions on f, which allow us to obtain some
results on existence solutions for the boundary value problem (2.I)-(2.2). Let f :
[0, T] x R — R be a continuous function .

We note that u (#) is a solution of (2.1I)-(2.2) if and only if :

T
u(t):f G(t,s) f(s,u(s)ds, tel0,T].
0

Now we prove some properties of the Green’s function G (¢, s) given in (2.4) .

Lemma 2.3. Let 1 < a < 2, then the Green’s function G (t, s) given by (2.4) satisfies:
(1) G(t,8) >0 fort,se(0,T).
(2) max G (t,5) =G(s,s), foreach s€ [0, T].

0<t<T

Proof. (1) Let 1 < a <2 and v is continuous and increasing function on (0, T), In the

case 0 < r < s< T, we have:

) () a-
1rp(a) (Z(T)) (WD =y @) >0
Moreover, for0 < s < t < T, we have w((;)) <1, then w(s)% <wy(s) and
w(0) —y(s)ms <y (D) —w(s), thus
t a—1 .
(w(r) —p(s) ;f((T))) ~ (v -w(©)" >0

which implies that G (¢,s) >0 forany ¢,s€ (0, 7).
(2) To prove that

_p () (s e
max G(t,8)=G(s,5) = T 2 (W(T)) (Ww(T)-w(s))"  Vsel0,T], 2.7)
we choose
g1 (6,59 = 29 (1) (4 (1) —y(9)" ~ (w0~ p(9)*,
a-1 a—
g2 (1,5 = £ (L) (3 (1) — ()"
I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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Indeed, we put Oma)%G (t,8)=G(t*,s),where 0 < t* < T. Then, we get for some
<t<
0<tj<t,<T, that

gl (t*,S), SE[O) tl]}
OIZIIT%G(LS) = maX{gl(t*ys)rgZ(t*)s)}r SE[tl,tg],
gZ(t*)S)) SE[IZ;T])

_ gl(t*ys)’ SE[Oyr]’
- gZ(t*)S)) SE[r,T],

where r € [1;, 1], is the unique solution of equation
gi(t's)=g(ts)eyw(t)=w(s,

ot =s,

which shows the equality 2.7). O

2.2.1 Applications of Banach Fixed Point Theorem

In this section, we assume that f: [0, T] x R — R satisfies the conditions:
(H1) f (¢, u) is LEBESGUE measurable function with respect to t on [0, T],

(H2) f (¢, u) is a continuous function with respect to u on R.

Theorem 2.1. We assume that (H1) and (H2) hold, There exists a constant k > 0, such

that
|ft,w—-f,v)|<klu-vl,¥te(0,T], andallu,ve C[0,T]. (2.8)
If
ky™@ (2.9)
T'(a+1)

Then, there exists a unique solution of the boundary value problem 2.1)-12.2) on
[0, T7.

ky®(T)

Proof. Assume that Tary < 1, and consider the operator « : C([0, T],R) —

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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C ([0, T], R) is defined as follows

T
A u(t) :f G(t,s) f(s,u(s))ds.
0

We shall show that & is a contraction mapping. In fact, for any u, v € C ([0, T],R) we

have
T
lLu(t)—oLv () = foG(t,S)[f(s,u(S))—f(s,v(S))]ds,
T
< f |G(t,9) f(s,u(s)—f(s,v(s)|ds,
0
T
< kf G(s,8)|u(s)—v(s)|ds,
0
then

T
|t t— st Vg < knu—vnoof G (s, 5)ds,
0

IA

T a—1
_ v (s) ) ! _ a—1
kilu vlloof0 (—W(T) v ) (D) -y(s) ds

wa’—l(s)

we have ¥ an increasing function, then TG

<1,0<s<T,we get

T
lfu—A Vo < kllu—VIIOOf v (5) (w(T)—w(s)*  ds,
0

kw®(T)
T(a+1)

lt—Voo- (2.10)

This implies from (2.11) that «f is a contraction operator. As a consequence of the-
orem [1.4)we deduce that o/ has a unique fixed point which is the unique solution of
the problem (2.1)-(2.2) on [0, T']. The proof is complete. O

2.2.2 Applications of Schaefer Fixed Point Theorem

In this section, we will study the existence solutions for the boundary value problem

2.1)-(2.2) by using SCHAEFER fixed point theorem.

Theorem 2.2. Let f satisfies the conditions:

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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(HI1) f (t,u) is a continuous function with respect to u on R.

(H2) There exists a constant M > 0, such that :
|f(t, | <M, Vtel0, T], and ueR.

Then, there exists at least one solution of the boundary value problem 2.1)-(2.2) on
[0, TT.

Proof. The demonstration has four steps :

step 01: Let {u,,} be a convergence sequence on C([0, T],R), such that:

lim (lu,—ull=0

n—+oo

We need to prove thatlim,,_. o, |/ u,, — L ull, =0, t € [0, T]. Indeed

T T
|l U, (t) — AL u(t)| = f G(t,8) f(s, un(S))—f G (t,8) f (s,u(s)) ds|ds,
0 0

T
sf G(t,9)|f (s, un(s)) = f (s, u(s))| ds,
0

T
< | fGun) = £ ul) IIOJ G(s,s) ds,
0

_ oy

_rm+DHfbuAﬂ—fbqum.

As f is continuous, we get

y* (1)

et up — L ull <
I'(a+1)

£ G ual) = ul)|,,— 0whenn— oco.

Then, < is continuous.

step 02: For all r > 0, there exists a constant L > 0, such that Yu € B,, we have :
Br = {u € C([Or T]le) . ”u”oo S r}r

we get [/ ull < L.

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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Indeed. By using (H2) and for all £ € [0, T']

T
o u(t)| Sf G(t,9)|f (s, u(s)]|ds,
0

T
SM[ G(s,s) ds,
0

Al SO
I'(a+1)

As aresult, o/ (Br) is bounded.
step 03: Let 11,1, € (0,T], f; < t, and let B, be a bounded subset on C([0, T],R),

and let u € B,, then

T T
Idu(tz)—du(ﬁﬂ:fo G(tz,S)f(s,u(S))ds—fO G (11,9 f (s,u(s) ds|,

T
sf G(t2,8) — G (11,9 | f (s, u(s)| ds,
0

T
SMf G(t,8)—G(1,s) ds.
0

By using (2.6), we get

a-1 a-1
) — s u(t)] < —2 [‘V () " (n)
I'a)

1//“_1(T) W“_I(T)
2
f W' () (w(t) —w(s)" ds}
0

T
f W' (5) (w(T) —w(s))" ' ds
0

M
I'(a)

+£Un '(9) (W) -w(9)'d
r@ | YO -y s

)

<

a-1 a1 a @
F((Hl)w(T)[w (L) -y ()] +y* (1) —v(r),

tends to zero as f; — f,. Thus, &« is equicontinuous, so & is relatively compact on
B,. Hence, by theorem|[1.3} </ is compact on B, .

step 04 : We consider A ={u e C([0,T],R) : u=Ax/u}suchthat0 < A < 1.
Letue A >u=>A4(u), then Vt € [0, T], we have :

T
u(r) :}Lf G(t,s) f (s, u(s)) ds.
0

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System
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By using (H2), and V¢ € [0, T] we get

T
o u(t)| Sf G(t,9)|f (s, u(s)]|ds,
0

T

< Mf G(s,s) ds,

0
a
YA A Chi
I'a+1)

This implies that A is bounded.
As a consequence of theorem[1.5\we deduce that </ has at least one fixed point which
is a solution of the problem (2.1)-(2.2) on [0, T']. The proof is complete. O

2.3 Examples

In this section, we present some examples to illustrate the efficient of our main re-
sults. Therefore, we divides the next examples into two cases to represent the es-
sential results that are shown the effectiveness of the generalization of y-fractional
derivative.

First of all, we have chosen v (x) = In x, for showing the generalization of some ex-

amples (see [2]) then we get from the problem (2.1):
Hpou) + f(t,u(®) =0, (2.11)

which is the HADAMARD fractional differential equation of order a, therefore, v is a
continuous and an increasing function also v (1) = 0.

Example 1. Let @ = v/3, we consider the following boundary value problem

2Hutn)] (2.12)

HopV3u (1) + 2@t — o re 1, e,
u(l)=u(e) =0.

Here for f (t,u) = %2500, te (1, e], ueR.

By the solution of problem is given by

0 fe G(t.9) arctan s
u(t) = )X ———
0 2+ u(s)l
I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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Hence, the function f is jointly continuous. For any u, v € Rand ¢ € [1, e], we have:

|f(t,u)—f(t,v)|sg|u—v|.

Hence, the condition (2.8) is satisfied with k = % It remains to show that the condi-

tion (2.9)
kx(InT)®*  §

F(@+1) T (V3+1)
is satisfied. By theorem|[1.4]the problem (2.12), has a unique solution.

Example 2. Let @ = v/2, we consider the following boundary value problem :

~0.247759...<1

1+u2(1)

"DV + e =0, 1€ [1, 3], (2.13)
u(l)=u(2)=0.

Here for f (f,u) = = and t€ [1, 2], u(y) €R.

1+u?

By the solution of problem (2.13) is given by

\N[$)]

B G(t,59)
u(t) _f1 15205 2 () ds

Hence, the function f is jointly continuous. For any u € Rand ¢ € [1, 2|, we have:

|f(t,w)| = <1=M.

1+ u?

Thus, by theorem|[1.5|the problem (Z.13), has at least one solution.
Secondly, we have made a generalization of some examples (see [10]) to valid our
main results.

We set v (x) = %), then we get from the problem (2.1) :
P@%u(t) + f(t,u(t) =0, (2.14)

which is the KATUGAMPOLA fractional differential equation of order a, Therefore, ¥
is a continuous and an increasing function also y (0) = 0.

Example 3. We take a = % and p = %, we consider the following boundary value prob-

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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lem: ;

2 =

200 cos(8)[2+]u()]] _ P4
@0+ u(t) + n(\/ﬁcos(t)+sin(t))[1+|u(t)|] 0, z€ [0, 4] ’

u(0)=u(3)=0.

(2.15)

Here we have

cos(2)[2+ |ul]

Lu)= ,
J (6 u 7w (vV2cos (1) +sin (1) [1 + |ul]

T
E[O,—], ueR.
4

By the solution of problem (2.15) is given by

1 cos(s) [2+|u(s)l]
u(t):f G(t,8) x , ds.
0 7 (V2cos(s) +sin(s)) [1+u ()]

Hence, the function f is jointly continuous. For any u,v€ Rand ¢ € [0, %] , we have:

1
|f(t, u)— f(t, v)‘s;lu—vl.

Hence, the condition (2.8) is satisfied with k = % It remains to show that the condi-

tion (2.9)

1 T
_x_
T 4

kx T

P+ g

is satisfied. By theorem|I.4]the problem , has a unique solution.

Example 4. We take a = % and p = 1, we consider the following boundary value

~0.921317...<1

problem :
3
P

'PZu()+ (1 +exp(—u*(1) =0, re [0, 2],

(2.16)
u(0)=u(2)=0.

Here for f (t,u) = 1+ )exp(-u®) and t € [0, 2], ueR.

By the solution of problem (2.16) is given by

5
u(t) = fz G(t,s)x(1+59) exp(—u2 (s))ds.
0
Hence, the function f is jointly continuous. For any u € Rand ¢ € [0, 2|, we have:

(t,w)|=1+exp(—u®) <4=M.
|f (1w

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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Thus, by theoremthe problem (2.16), has at least one solution.

Remark 2.2. We may see the approach numerical solutions by a successive method

such that L
Une1 () = [ G(t, 9) f (s, up)ds, n=0,n,

Uy = Up+1 = 0.

(2.17)

2.3.1 Numerical results

Here, we will present the numerical results of the problems (2.12) - (2.13), and (2.15)—
(2.16), by using to get the next results.

Numerical solutions of problem (2.12) Mumerical solutions of problem {2.13)

0.4

0.25 ‘ T ‘
~ - 1.25 ————— -1.25
J 1.41 ; ; 1.41
i —1.73 0.35 - dooer o N — 1734
1.92 / N 192
0.2 Il i
03 _I\.. et .
! :
| :
i 0.25n- -
0.15 i :
i :
f f
— — [ : §
% % 02T h N *
| : 5
I \
0.1 .. e ‘ 3
’ 0_15% . .\\... i
| : Y
i : ;
; 01} i 1
H : X
Iy | H
0.05} ; %
‘ N
..' I :
0 o | ‘
1 15 2 25

Figure 2.1: Solutions of problems - for different values of @ when y(f) = Int (the

Hadamard operator).
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Numerical solutions of problem (2.16)

Numerical solutions of problem (2.15)
0.25 06 T T
______ 413 : ———— 43
312 ST 32
_ — 7/ 0-4*( : 74
o < 2312
1 A
0.2}~ N 5
| b
A
.‘ N
0.15H
5 El
0.1
0

for different values of @ when v (¢) = % (the Katugam-

2.15)-(2.16

Figure 2.2: Solutions of problems
pola operator).

Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
Equations and their System

I. Chikouche



CHAPTER 3

EXISTENCE STUDY OF SOLUTION FOR A SYSTEM
OF N NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS WITH BOUNDARY CONDITIONS

n this chapter, we will discuss the existence and uniqueness of solutions for a
system of n nonlinear FDEs with y-fractional derivative, the BANACH contraction
principle and SCHAEFER’s fixed point theorem are applied to proof the existence and

uniqueness of solutions of a problem that is given by

[ 9evu (O + (L, u())=0,0<t<T,
| 2w+ folt, u@) =0,0<1<T,

3.1)
L DVu, () + [ (t, u(1))=0,0<t<T,
with the boundary conditions:
U0 =u0)=--=u,0)=0and u; (T =ux(T)=---=u,(T) =0, (3.2)

where u = (uy, up,..., u,) €R*, forneN*. Also 1 <a <2and f;:[0,T] xR" — R are

continuous functions for every i € 1, n.

In the following, we present the necessary lemma to clarify the basis of our proof.

Lemma3.1. Letu; € C([0, T], R) foreveryi e 1, n. Then the solution of problem (3.1) -

25
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B.2), is equivalent to the n fractional integral equations

w (1) = [y G(t,9) fi (s,u(s)) ds,
u, (1) = [ G(t,5) fo(s,u(s)) ds,

i, (t) = [y G(t,$) fo (s, u(s) ds,

(3.3)

where G is the same Green’s function on lemmal(2.2 associated with the problem (2.1) -

2.2).

Proof. We simply need to use the same argument of the proof of lemma for n

equations. O

Let us introduce the space E = E; x E, x - -+ x E,,, where
E;=[C([0, T],R), ie1,n,

with the norme

lullg= sup llu;lls-
1<i<n

It’s clear that (E, ||.| ) is a BANACH space.

3.1 Applications of Banach Fixed Point Theorem

In this section, we assume that f; : [0, T] x R” — R are continuous functions for every
i €1, n. We consider the following hypothese:

(H1) Let u, v € R". For 1 < k < n, there exist constants A; ; > 0, such that
n
|fi(t,w) — f; (6, )| < ) Apelue—viel, VE€ [0, T1. (3.4)
k=1

Theorem 3.1. We assume that (H1) holds. If

“u {nAiw (T)} -

TFa+1) (3-5)

1<i<n

Then, there exists a unique solution of the boundary value problem (3.1)-(3.2) on

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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[0, T].
Proof. Initially, we transform problem (3.1)-(3.2) into a fixed point problem ZFu =

u(t) and [0, T] with & : E — E is defined by

éiﬁll(t)
Fu(t) = : ) (3.6)
F,u(t)

with (&;u (1)), are the integral operators are given by

T
P/Tiu(t)=f G(t,9) fi(s,u(s))ds,
0

Cause problem (3.1)-(3.2) is equivalent to the system of n fractional integrale equa-
tions (3.6), the fixed point of & is a solution of problem (3.1)-(3.2).

Let u=(uy, Uy, ..., Uy), v=(vq, Us,..., V) € Eand t € [0, T]. For each i € 1, n we have

T
Fu; () -Fv; (D) = foG(t,S)[ﬁ(s,u(S))—ﬁ(s,v(S))]ds,

T
< fo G(t,9)|fi (s, u(s) - fi(s,v(s)]|ds. (3.7)

In other hand, by using (H1) we get :

n
lfiGw-fiGo|, = X Aielur—villoo,
k=1
< nmax {A; i} llu—vlg. (3.8)
1<k=n

We denote A; = max;<x<n {Aik}- From and we get

T

|Fu; () —Fv,( Do = nitillu—vllgf G(s,s)ds,
0

nA;we(T)

||u'_ U”oo-
I'a+1)

Consequently,

Aiw* (T
|Fu(t)—Fv()lg< sup {%

1<i<n

}Ilu—vllg-

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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This implies from (3.5) that % is a contraction operator.
As a consequence of theorem [1.4]we deduce that & has a unique fixed point which
is the unique solution of the problem (3.1)-(3.2) on [0, T]. The proof is complete. [

3.2 Applications of Schaefer Fixed Point Theorem

In this section ,we shall study the existence solutions for the boundary value problem

(B.1)-B.2) by using SCHAEFER fixed point theorem.

Theorem 3.2. Foreachi € 1,n, let f satisfies the conditions:
(H1) f; (t, u) are continuous functions with respect to u = (uy, up,---, u,) € R".

(H2) There exist constants N; > 0, such that :
|fi (e, | = N;, Yte[0,T] and uecR”.

Then, the problem (3.1)-(3.2) has at least one solution on [0, T1].

Proof. We are already transformed problem (3.1)-(3.2) into fixed point problem
as the proof of previous Theorem 3.1}

We will see that & satisfies the assumption of SHAEFER’s fixed point theorem. This
will be proofed through four steps.

step 01: & is a continuous operator. Let (U;;) ey = (ui”, uy', -, u,T) be n real se-
quences such that lim,, .o, u,, = uin E.

Foreach i€ 1,nand ¢ € [0, T], we have

T T
| Fitn, (1) — Fiu(t)| = f G (t,5) fi (s, um(s)) ds—f G (t,9) fi(s,u(s)) ds|,
0 0

T
Sf G(t,9)|fi (s, um(s)) = fi (s, u(s))| ds,
0

T
< || fi G um) = fi (G u)|| f G(s,s) ds,
0

w*(T)
*T@+D £ () = fi G u). -
I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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since f; are continuous functions and u,, — u in E, then we get

¥ (T)

IF U (1) = Fu®) g < T@tl)

I fi G wm ) = fi (G u())|| . — 0 whenn — oo.

As aresult, & is continuous.

step 02: Let ' > 0, we define
Ey={ucE:ulg=<r'},

it's clear that E,» is a bounded and close subset of E. Let & : E.» — E be the integral
operator define in (3.6). Let u € E,» and ¢ € [0, T], by using (H2), for each i =1, n, we
get

T
I%u(m:f G (t,5) fi (s,u(s) ds|,
0

T
S[ G(t,9)|fi (s, u(s)| ds,
0 T
sNif G (t,s)ds,
0
then
T
Ilg’iu(t)lloosNif G (s, s) ds,
0
acr
EOIE lm,ax{Ni}w—” -

<isn. | T(a+1)

Consequently, & (E,) is bounded.

step03: Lett;,5,€(0,T], t; < t, and u € E,». Then, for every i = 1, n, we get

T T
|Fiu(ty) — Fiult)| = f G (8, 9) fi (s, u(s)) ds—f G(t,9) fi (s, u(s)) ds|,
0 0

T
sfo G(tr,8)— G (1,9 |fi (s, u(s)| ds,

T
< N,-f G(t,8) —G(1,s) ds.
0

I. Chikouche Existence and Uniqueness of Solutions for Nonlinear W-Fractional Differential
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By using (2.6), we get

a=1(g,) B v l(n)
a-1(T) wa—l(T)

T
f w'(8) (w(T) —w(s))" " ds
0

N;i |y
|Fiu(t) — Fiu(h)| < [
I'a) ly

B N; [ftz /(S)( (1) — (S))a_ldsl
L Ur o) (W) - ()" d
T Sy VO WHIZVIS)Gs]
< w(D) [ () -y ()] + v (n) -y (1)
_F(a+1) 2 1 1 27

tends to zero as t; — f,. Thus, & is equicontinuous, so & is relatively compact on

E,.. Hence, by theorem[1.3} & is compact on E,.
step 04 : We consider A={ue€ E: u=0%u},suchthat0<é <1.

Lletued >u=6%u,thenvee|0,7T], wehave:
T
u(r) :6f G (t,s) fi (s, u(s)) ds.
0
By using (H2), and V¢ € [0, T] we get

T
| Fiu(D)] sf G(t,9)|fi (s, u(s)| ds,
0

T
< Nif G (s, s)ds,
0

RN
Ta+1)

)

this implies that A is bounded.
As a consequence of theorem|1.5\we deduce that % has at least one fixed point which

is a solution of the problem (3.1)-(3.2) on [0, T]. The proof is complete. O
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3.3 Examples

In this part, we present an applied example to support the theoretical results we
reached in the previous results.
To begin with, v (x) = % which is the KATUGAMPOLA operator, then we get from the

problem (3.1) :
PQ%u (D + fi(t, u(1))=0,0<t<T,

PO () + fo(t, u()=0,0<t<T,

3.9)
PD%u, () + fn(t,u(1)=0,0<t<T,
with the boundary conditions:
u(0)=u (0)=---=u,0)=0and (1) =ux(T)=---=u, (1) =0, (3.10)

where u = (uy, up,..., u,) €R*, forneN*. Also 1 <a <2and f;:[0,T] xR" — R are

continuous functions for every i € 1, n.

Therefore, ¥ is continuous and increasing function also ¥ (0) = 0. We set @ = % and
p=1

Example 1. For € [0, %] , we consider the following problem:

3
3

cos (1) ( (V2 cos (1) +sin(t)))_1 o

lg
1 —
L+ 5 (|ur (O] + [z (O] + [uz (D))

uy (1) +

)

0+

PN 1 1 1
D3 u, (1) + + + =
O Tl (D] B+ ()] 3+us (1)l
193,45 (1) + —— tant =0,
L+ 2wy (D] + 35 [ (O] + 35 1us (D]

’

11 (0) = 11 (0) = 15 (0) = 0 and 1 (%) = u, (%) _— (%) 0. (3.11)
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Let

cos(t) (m (\/Ecos (1) + sin(t)))_l
1+ 5 (I |+ | + us))
1 1 1

+ + ,
V7+lul V8+luyl 3+lus
tan (7)

1 1 1 :
L+ ¢l |+ 55 [uel + 15 lusl

fl (t» Uy, U, u3) =

f‘Z (ty u, Uy, u?))

f3 (8, uy, Uy, us)

Clearly f; : [0, %] x R — R are continuous functions for every i = 1, 2, 3. For any
te [0, %], thus

3.1

|f1(t7 Uy, Uy, u?))_fl(t, vy, Vg, U?))l = Z_luk_vk|,
j=1 27
3 1

|ﬁ(tr Uy, U, uf_’))_ﬁ(ty Uy, U2, U3)| = Z—luk_vkly
=16+
3.1

|ﬁ3(ty Uy, U, u3) _f;-}(t) vy, Vg, V3)| = Z _luk Ukl;
=15k

Hence, condition (H1) is satisfied with A; = 5=, 1, =1 and A3 = ¢, also we get

I’l/ll,l TrPe 3 x (%
pT(@+1)  27xxT ()
5
wh e 3x (3}
ol (@ +1) 7xT(
nAsTPe 3x(E
——— = ——%_-~0.266616...< L.
pl(a+1) 5xT(3)
Therefore, (3.5) is satisfied, then all conditions of theorem hold. Consequently,
the problem (3.11) has a unique solution.
By the same method on remark[2.2lwe can get the next result
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Figure 3.1: Solutions of problem (3.11) for different values of fractional orders when () = %.

Example 2. For ¢ € [0, %] , we consider the following problem:

(7 (V2cos (1) + sin(t)))_1 ~
1+ w (Dl +lup (01

3
3

"Dy (1) +

’

5 1 1
193 u, () +tan (¢ (1+ + ):0,
o+ 12 (1) O s m@ T 1w
A T
1y (0) = 1, (0) = 0 and 1y (Z)ZMZ(Z):O' (3.12)
Let
(Jr(\/icos(t)+sin(t)))_1
t’ ) ) = )
fi(t, uy, up, us) T+l = 1]
fol(t ) = tn(t)(1+ ! + ! ]
2 )u1)u2)u3 - a 6+|u1| 4+|u2| .

Clearly, for each ¢ € [0, Z], the functions f; are jointly continuous for all u; € R with
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i=1,2. We have

Thus, the hypothesis (H2) is satisfied with N; =  and N, = 12.

|fi (8w, wo)|

|fz(l‘, Uy, Uy)

1
=< )
/4
17
= —.
12

Hence, all conditions of theorem hold, consequently the problem (3.12) has at

least one solutions.
By the same method on remark[2.2]we can get the next result

0.06

= 003f
o
0.02

0.01/

————— - 5/4
3
—— 74

0.25

u2(t)

02F

015+

0.1H

Figure 3.2: Solutions of problem for different values of fractional orders when w(¢) = %p.

Additionally, let ¥ (#) = Int which is the HADAMARD operator, then we get from
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the problem (3.1) :

[ Hgay (0+ fi(t, u(®)=0,1<t<T,
By, )+ fo(t, u(1)=0,1<t<T,

(3.13)
| D%, (O + fu(t, u () =0,1<t<T,
with the boundary conditions:
uyM=u,=--=u,(1)=0and u, (T =u(T)=---=u,(T) =0, (3.14)

where u = (uy, uy,..., u,) €R*, forneN*. Alsol <a <2and f;:[1,T] xR" — R are

continuous functions for every i € 1, n.

Therefore, ¥ is continuous and increasing function also ¥ (1) = 0. We set a = %

Example 3. For ¢ € [1, e], we consider the following problem:

3 1 U, (t arctan (u, (¢
H@12+u1(t)+ y |, (1) N ( 1()):0’
9(t+7) 1+ |uy, ()l 23
3 arctan (u; (t 2arctan (u» (¢t
H@12+u2(t)+2€_3t+ ( 1())+ ( 2()):0,
8 3
uy(1)=u,(1)=0and u; (e) = u» (e) =0. (3.15)
Let
1 A arctan (u;)
fu, u = X + ,
it w, u) 9t+7) 1+ |usl 23
£t uy ) = o3, arctan (u;) N 2arctan(u2).

8 3

Clearly f;: [1, e] xR?> — R are continuous functions for every i = 1, 2. Forany € [1, e],
thus
’fl(f, uy, up) — f1(t, vy, U2)| < i|u1— U1|+i|u2— Vo,
23 45

1 5
\fz(l‘, uy, Up) — fo(t, vy, U2)| < §|u1—V1|+E|u2—U2|-
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Hence, condition (H1) is satisfied with A, = 5; and A, = -, also we get

nA(InT)®  2x(ne)?

= ———=0.065413... <1,
T(a+1) 23xT(3)
ni,(InT)% 2><5(lne)%
= T ~0.626877...<1.
I(a+1) 12xT(2)

Therefore, (3.5) is satisfied, then all conditions of theorem hold. Consequently,
the problem (3.15) has a unique solution.

By the same method on remark[2.2we can get the next result
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Figure 3.3: Solutions of problem (3.15) for different values of fractional orders when y(#) =In .
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Example 4. For ¢ € [1, 2], we consider the following problem:

3 21 o~ (G O+u3(0)
2

H
Dz uq () + =0
et () 1+ 12 (1) + 12 (1)
3 2te‘(”%m)
"2 u, (1) + —— — =0
L+ up (£) + us (1)
uy()=u,(1)=0and u; (2) = u, (2) =0. (3.16)
Let
2te_(u%+”§)
t, uy, u 5 5
St th, uz) 1+ ué + uj
2[@‘(”%)
LUy, U _—.
J2 (6w, u2) 1+ uf+us

Clearly, for each 1 € [1, 2], the functions f; are jointly continuous for all u; € R with
i=1, 2. We have
|fi(t, u;, M2)| <lfori=1,2.

Thus, the hypothesis (H2) is satisfied with N; =1 with i =1, 2.
Hence, all conditions of theorem hold, consequently the problem (3.16) has at
least one solutions.

By the same method on remark[2.2lwe can get the next result
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Figure 3.4: Solutions of problem (3.16) for different values of fractional orders when y(#) =In .
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Conclusion

n this thesis we had devoted to study the existence and uniqueness of solutions
for certain classes of y-fractional order differential equations, also the existence

and uniqueness for a system of n nonlinear 1 -fractional differential equations.
This study is part of giving several existence and uniqueness results of solutions for
certain classes of FPDEs, thus, realizing the fractional derivative of ¢ operator in BA-
NACH spaces. These studies were done mainly using BANACH's contraction principle
and SCHAEFER’s fixed point theorem.
The first chapter allowed us to commence introducing some basic definitions in frac-
tional calculus. Also we have presented different definitions for the operators of in-
tegration and derivatives particularly which is related to the ¥ operator. Moreover,
we have touched some theorems on fixed point theory.
We have discussed in the second chapter the existence and uniqueness of solutions
of w-fractional differential equation which is generalized some previous work as we
can see in [10],we have proofed it by means of the BANACH contraction principle and
SCHAEFER’s fixed point theorem, we have provided our results with some examples
and we have gotten numerical results.
In the third chapter, we have used the BANACH contraction principle and SCHAE-
FER’s fixed point theorem to explore the existence and main properties of at least
one solution and its uniqueness for a class of a new system of n nonlinear fractional
differential equations with n boundary conditions, with v -fractional derivative be-
ing used as the differential operator, and which is crucial for generalizing RIEMANN-
L1oUVILLE, HADAMARD and KATUGAMPOLA fractional derivatives into a single form,

we have provided the results with some examles to illustrate the obtained outcomes.
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ADbstract : this work studies the existence and uniqueness of solutions for a
class of non-linear fractional differential equations and their system via the -
fractional derivatives with boundary values. The arguments for the study are
based upon the BANACH contraction principle, SCHAEFER fixed point
theorem. Moreover, some examples are shown to appear the strength of our
significant result.

Keywords: ¥-fractional differential equations, fixed point, n
nonlinear y -fractional differential equations, existence, uniqueness,
y- fractional operator , a system of differential equations.

RE&SUME: Ce travail étudie I’existence et I"unicité de solutions pour une

classe d’équations différentielles fractionnaires non-linéaires et leur systéme via
les dérivées fractionnaires de 1’opérateur y avec conditions aux limites. Les
arguments de 1’étude sont basés sur le principe de contraction BANACH et le
théoreme du point fixe SCHAEFER. De plus, quelques exemples sont présentés
pour illustrer la force de nos résultats significatifs.

Mot-clés : Equations différentielles fractionnaires de 1’opérateur v,
point fixe, n-équations différentielles fractionnaires non linéaires avec
opérateur v, existence, unicite, I’opérateur fractionnaire y, systeme
d’équations différentielles.
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