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Notations

N Natural numbers {0,1,2,3, . . .} .

N∗ Nonzero natural numbers {1,2,3, . . .} .

R Real numbers (−∞,∞) .

R+ Positive real numbers (0,∞) .

R∗ Nonzero real numbers (−∞,0)∪ (0,∞) .

C Complex numbers, z ∈C, then z = x + i y, where x, y ∈R, and i 2 =−1.

Re (α) Real part of complex α.

[a, b] (−∞< a < b <+∞) be a finite interval on the real-axis R.

C ([a,b]) The BANACH space of all continuous functions from [a,b] into R.

FDE Fractional Differential Equation.

FPDE Fractional Partial Differential Equation.

Γ (·) EULER gamma function.

B (·, ·) Beta function.

Eα (·) Standard MITTAG-LEFFLER function.

Eα,β (·) MITTAG-LEFFLER function in two arguments α and β.
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Notation iv

I αu RIEMANN-LIOUVILLE’s fractional integral of order α.

RLDαu RIEMANN-LIOUVILLE’s fractional derivative of order α.

CDαu CAPUTO’s fractional derivative of order α.

HI αu HADAMARD’s fractional integral of order α.

HDαu HADAMARD’s fractional derivative of order α.

ρI αu KATUGAMPOLA’s fractional integral of order α.

ρDαu KATUGAMPOLA’s fractional derivative of order α.

I α:ψu ψ-fractional integral of order α.

Dα:ψu ψ-fractional derivative of order α.
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General introduction

In recent years, the factional calculus has caught the attention of many researchers

over the last few decades as it is a solid and growing work both in theory and in

its applications. The history of the theory goes back to the 17th century, when in 1695

the derivative of order α = 1
2 was described by LEIBNITZ in his letter to L’HOSPITAL.

Since then, the new theory turned out to be very attractive to mathematicians as well

as physicists, biologists, engineers and economists.

The classical fractional calculus is based on several definitions for the operators of in-

tegration and derivatives such as: RIEMANN-LIOUVILLE, HADAMARD and KATUGAM-

POLA. As a result, it was necessary to introduce a fractional derivative of a function f

with respect to another function is called ψ-fractional derivative which generalizes

the three derivatives into a single form. This new fractional integral and derivative

appeared in several recent articles and books, for example see [17].

Fractional differential equations have been used in the study of models of many phe-

nomena in various fields of science and engineering. Moreover, the study of the sys-

tems of (F DE) has become more and more popular tool for controlling and modeling

different systems.
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Introduction 2

This thesis is organized as follows, in the first chapter which is concerned with some

basic concepts of fractional calculus, and some definitions and results that are im-

portant for the study, also we give definitions and some properties of fractional inte-

grals and fractional derivatives of various types, especially the ψ-fractional integral

and derivative and its properties. Thus the fixed point theory is a powerful mathe-

matical tool in the study of the existence and uniqueness.

We will discuss in the second chapter, the existence and uniqueness of solutions for

the ψ-operator of a nonlinear FPDE with boundary conditions:

 Dα:ψu (t )+ f (t ,u (t )) = 0, 0 < t < T, 1 <α< 2,

u (0) = 0, u (T ) = 0,

where f : [0,T ]×R→ R is a continuous function. We will proof the existence and

uniqueness by means of BANACH and SCHAEFER fixed point theorems and we will

present some examples to show the effectiveness of our main results.

In the third chapter, we are interested in the existence and uniqueness of system of n

ψ-fractional differential equations with boundary conditions:

 Dα:ψui (t )+ fi (t ,u (t )) = 0, 0 < t < T, 1 <α< 2,

ui (0) = 0, ui (T ) = 0,

where u = (u1, u2, . . . , un) ∈ Rn, for n ∈ N∗ and fi : [0,T ] ×Rn → R are continuous

functions for every i ∈ 1,n. We will need to use the BANACH and SCHAEFER fixed

point theorems to proof our main results. Finally, our study is ended by examples

illustrating the obtained results.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



CHAPTER 1

BASIC CONCEPTS AND ELEMENTS OF FRACTIONAL

CALCULUS

I n this chapter, we will present some specific functions, and the necessary tools

that we need in our thesis concerning the fractional integrations and derivatives

also giving the most important properties of these notions, also we will recall the

famous fixed point theorems that we will use to obtain various existence results.

1.1 Basic fractional calculus

In this section, we will begin by giving some special functions and functional spaces

as follows:

Let [a,b] be a finite interval on the real-axis R, and C ([a,b]) , AC n ([a,b]) ,C n ([a,b])

be the space of continuous functions, n-times absolutely continuous, n-times con-

tinuous differentiable functions on [a, b], respectively. The space of the continuous

functions y on [a,b] with the norm is defined by [17]

∥∥y
∥∥= max

a<t<b

∣∣y (t )
∣∣ .

On the other hand, we have n-times absolutely continuous given by [17]

AC n ([a,b]) = {
y : [a,b] →R : yn−1 ∈ AC ([a,b])

}
.

1.1.1 Special functions

Here, we give some information on the EULER gamma, the BETA and MITTAG-

LEFFTER functions which play the most important role in the theory of fractional

3



1.1. BASIC FRACTIONAL CALCULUS 4

calculus.

Definition 1.1 (Euler gamma function[17]). The EULER gamma function Γ(z) is

defined by

Γ(z) =
∫ +∞

0
t z−1e−t dt , (Re(z) > 0, z ∈C),

where t z−1 = e (z−1)ln t .

Example 1.1. 1. Γ(1) = ∫ +∞
0 e−t dt = 1.

2. Γ(1
2) = ∫ +∞

0 t
1
2−1e−t dt =p

π.

Lemma 1.1. ([17]) For every z ∈C, Re(z) > 0, n ∈N∗, we have

1. Γ(z +1) = zΓ(z).

2. Γ(n +1) = (n −1)!.

3. Γ(n + 1
2) = (2n)!

p
π

4nn! .

Property 1.1. ([17]) For every p > 0, we have

Γ(p) = lim
n→+∞

n!np

p(p +1)(p +2) . . . . . . (p +n)
.

Definition 1.2 (Beta function[17]). The Beta function is a type of EULER integral

defines by :

B(p, q) =
∫ 1

0
t p−1(1− t )q−1 dt , (p, q ∈C, Re(p) > 0, Re(q) > 0).

For every p, q ∈C, with Re(p) > 0, Re(q) > 0, we have

B(p, q) = Γ(p)Γ(q)

Γ(p +q)
.

Definition 1.3 (Mittag-Leffter function[17]). The MITTAG-LEFFTER function is

defined by

Eα(x) =
+∞∑
k=0

xk

Γ(αk +1)
, α> 0.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



1.2. FRACTIONAL INTEGRATIONS OPERATORS 5

The generalized MITTAG-LEFFTER function is defined by

Eα,β(x) =
+∞∑
k=0

xk

Γ(αk +β)
, α,β> 0.

Theorem 1.1. ([17]) For α= n ∈N, λ ∈R, we have(
d

d x

)n

En(λxn) = λEn(λxn),

(
d

d x

)n

xβ−1 En,β(λxn) = λxβ−n−1 En(λxn).

1.2 Fractional integrations operators

1.2.1 Riemann-Liouville fractional integration

Definition 1.4. ([17]) Let [a, b] be a finite interval on the real-axis R. The RIMANN-

LIOUVILLE fractional integrals (left-sided and right-sided) of order α ∈R∗
+, are defined

by
RLI α

a+ f (x) = 1

Γ(α)

∫ x

a

f (t )

(t −x)1−αdt , x>a, (1.1)

and
RLI α

b− f (x) = 1

Γ(α)

∫ b

x

f (t )

(t −x)1−αdt , x<b,

respectively.

Property 1.2. ([17]) For α>0, β>0, we have

1.
(

RLI α
a+(x −a)β−1

)
(x) = Γ(β)

Γ(α+β)(x −a)α+β−1.

2.
(

RLI α
b−(b −x)β−1

)
(x) = Γ(β)

Γ(α+β)(b −x)α+β−1.

1.2.2 Hadamard fractional integration

Definition 1.5. ([17]) Let [a, b] be a finite or infinite interval of the half-axis R. We

consider the HADAMARD fractional integrals (left-sided and right-sided) of order α ∈

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



1.2. FRACTIONAL INTEGRATIONS OPERATORS 6

C(Re (α) > 0), are defined by

HI α
a+ f (x) = 1

Γ(α)

∫ x

a

(
ln

x

t

)α−1 f (t )dt

t
, a<x<b, (1.2)

and

HI α
b− f (x) = 1

Γ(α)

∫ b

x

(
ln

t

x

)α−1 f (t )dt

t
, a<x<b ,

respectively.

Property 1.3. ([17]) If Re (α) > 0, Re
(
β
)> 0, and 0 < a < b <+∞, then

1.
(

HI α
a+

(
ln t

a

)β−1
)

(x) = Γ(β)
Γ(α+β)

(
ln x

a

)α+β−1
.

2.
(

HI α
b−

(
ln b

t

)β−1
)

(x) = Γ(β)
Γ(α+β)

(
ln b

x

)α+β−1
.

1.2.3 Katugampola fractional integration

Definition 1.6. ([17]) Let [a, b] be a finite interval on the real-axis R. We con-

sider the KATUGAMPOLA fractional integrals (left-sided and right-sided) of order α ∈
C (Re(α) > 0), are defined by

ρI α
a+ f (x) = ρ1−α

Γ(α)

∫ x

a

tρ−1 f (t )

(xρ− tρ)(α−1)
dt , ρ > 0, a<x<b, (1.3)

and
ρI α

b− f (x) = ρ1−α

Γ(α)

∫ b

x

tρ−1 f (t )

(tρ−xρ)(α−1)
dt , ρ > 0, a<x<b, (1.4)

respectively.

1.2.4 Ψ-fractional integration

Definition 1.7. ([17]) Let [a, b] be a finite or infinite interval of the real-axis R and

α> 0. Also letψ(x) be an increasing and positive monotone function on (a, b], having

a continuous derivative ψ′(x) on (a, b) The left and right-sided fractional integrals of

a function f with respect to another function ψ on [a, b], are defined by

I
α:ψ

a+ f (x) = 1

Γ(α)

∫ x

a
ψ′(t )(ψ(x)−ψ(t ))α−1 f (t )dt , (1.5)

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



1.3. FRACTIONAL DERIVATIVES OPERATORS 7

and

I
α:ψ

b− f (x) = 1

Γ(α)

∫ b

x
ψ′(t )(ψ(t )−ψ(x))α−1 f (t )dt , (1.6)

respectively.

Lemma 1.2. ([17]) Let α > 0 and β > 0 . then, we have the following semi-group

property given by

I
α:ψ

a+ I
β:ψ

a+ f (x) = I
α+β:ψ

a+ f (x) .

and

I
α:ψ

b− I
β:ψ

b− f (x) = I
α+β:ψ

b− f (x) .

Lemma 1.3. ([17]) Let α > 0 and δ > 0 .

1. if f (x) = (ψ(x)−ψ(a))δ−1, then

I
α:ψ

a+ f (x) = Γ(δ)

Γ(δ+α)
(ψ(x)−ψ(a))α+δ−1.

2. if g (x) = (ψ(b)−ψ(x))δ−1, then

I
α:ψ

b− g (x) = Γ(δ)

Γ(δ+α)
(ψ(b)−ψ(x))α+δ−1.

1.3 Fractional derivatives operators

1.3.1 Riemann-Liouville fractional derivative

Definition 1.8. ([17]) Let f ∈ AC n (a, b), n−1<α<n, n ∈N. The RIMANN-LIOUVILLE

fractional derivatives (left-sided and right-sided) of function f of order α, are given by

Dα
a+ f (x) =

(
d

d x

)n
RLI n−α

a+ f (x)

= 1

Γ(n −α)

(
d

d x

)n ∫ x

a
(x − t )n−α−1 f (t )dt , (1.7)

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



1.3. FRACTIONAL DERIVATIVES OPERATORS 8

and

Dα
b− f (x) = (−1)n

(
d

d t

)n
RLI n−α

b− f (x)

= (−1)n

Γ(n −α)

(
d

d t

)n ∫ b

x
(t −x)n−α−1 f (t )dt , (1.8)

respectively.

1.3.2 Hadamard fractional derivative

Definition 1.9. ([17]) Let f (x) ∈ AC n (a, b), n −1<α<n, n ∈N. The HADAMARD frac-

tional derivatives (left-sided and right-sided) of function f of order α ∈C, (Re (α) > 0)

on (a, b), are given by

HDα
a+ f (x) =

(
x

d

d x

)n
HI n−α

a+ f (x)

= 1

Γ(n −α)

(
x

d

d x

)n ∫ x

a

(
ln

x

t

)(n−α+1) f (t )dt

t
, a<x<b, (1.9)

and

HDα
b− f (x) =

(
−x

d

d x

)n
HI n−α

b− f (x)

= 1

Γ(n −α)

(
−x

d

d x

)n ∫ b

x

(
ln

t

x

)(n−α+1) f (t )dt

t
, a<x<b, (1.10)

respectively.

Property 1.4. ([17]) If Re (α) > 0, Re(β) > 0, and 0 < a < b <+∞, then

1.
(

HDα
a+

(
ln t

a

)β−1
)

(x) = Γ(β)
Γ(α−β)

(
ln x

a

)α−β−1
.

2.
(

HDα
b−

(
ln b

t

)β−1
)

(x) = Γ(β)
Γ(α−β)

(
ln b

x

)α−β−1
.

1.3.3 Katugampola fractional derivative

Definition 1.10. ([17]) Let α, ρ ∈ R+, and n = [α]+1. The KATUGAMPOLA fractional

derivatives corresponding to the KATUGAMPOLA fractional integral (1.3) (resp. (1.4)),

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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are defined by

ρDα
a+ f (x) =

(
x1−ρ d

d x

)n
ρI n−α

a+ f (x)

= ρα−n+1

Γ(n −α)

(
x1−ρ d

d x

)n ∫ x

a

tρ−1 f (t )

(xρ− tρ)α−n+1
dt , (1.11)

and

ρDα
b− f (x) =

(
−x1−ρ d

d x

)n
ρI n−α

b− f (x)

= ρα−n+1

Γ(n −α)

(
−x1−ρ d

d x

)n ∫ b

x

tρ−1 f (t )

(tρ−xρ)α−n+1
dt , (1.12)

respectively.

1.3.4 Ψ-fractional derivative

Definition 1.11. ([17]) Let ψ be a function defines on [a,b] verifies ψ′(x) ̸= 0 on (a,b]

and α > 0. The RIMANN-LIOUVILLE fractional derivatives (left-sided and right-sided)

of a function f with respect to ψ of order α correspondent to the RIMANN-LIOUVILLE

fractional integral, are defined by

D
α:ψ
a+ f (x) =

(
1

ψ′(x)

d

d x

)n
RLI

n−α:ψ
a+ f (x)

= 1

Γ(n −α)

(
1

ψ′(x)

d

d x

)n ∫ x

a
ψ′(t )(ψ(x)−ψ(t ))n−α−1 f (t )dt , (1.13)

and

D
α:ψ
b− f (x) =

(
− 1

ψ′(x)

d

d t

)n
RLI

n−α:ψ
b− f (x)

= 1

Γ(n −α)

(
− 1

ψ′(x)

d

d t

)n ∫ b

x
ψ′(t )(ψ(t )−ψ(x))n−α−1 f (t )dt , (1.14)

respectively, where n = [α]+1.

Lemma 1.4. ([17]) Let α > 0 and δ > 0

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



1.4. FIXED POINT THEOREMS 10

1. If f (x) = (ψ(x)−ψ(a))δ−1 then

D
α:ψ
a+ f (x) = Γ(δ)

Γ(δ−α)
(ψ(x)−ψ(a))α+δ−1.

2. If g (x) = (ψ(b)−ψ(x))δ−1 then

D
α:ψ
b− g (x) = Γ(δ)

Γ(δ−α)
(ψ(b)−ψ(x))α+δ−1.

Definition 1.12. ([17]) Let α> 0, n = [α]+1, n ∈N and f ,ψ ∈C n ([a, b] ,R) two func-

tions such that ψ is increasing and ψ′(x) ̸= 0, for all x ∈ I . The left and right-sided

ψ-CAPUTO fractional derivatives of f of order α on [a, b] is given by

(CD
α:ψ
a+ f

)
(x) = RLI

n−α:ψ
a+

(
1

ψ′(x)

d

d x

)n

f (x), (1.15)

and (CD
α:ψ
b− f

)
(x) = RLI

n−α:ψ
b−

(
− 1

ψ′(x)

d

d x

)n

f (x), (1.16)

respectively.

Theorem 1.2. ([17]) If f ∈C n([a,b]) and α > 0, then

(CD
α:ψ
a+ f

)
(x) = D

α:ψ
a+

[
f (x) −

n−1∑
k=0

1

k !
(ψ(x) − ψ(a))k f (k)

ψ (a)

]
, (1.17)

and (CD
α:ψ
b− f

)
(x) = D

α:ψ
b−

[
f (x) −

n−1∑
k=0

1

k !
(ψ(b) − ψ(x))k f (k)

ψ (b)

]
. (1.18)

1.4 Fixed Point Theorems

In the remainder of this section, we introduce the notations, definitions and theo-

rems necessary for this study.

Definition 1.13 (Equicontinuous[8]). Let E be a BANACH space. A part P in C (E) is

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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called equicontinuous if

∀ε> 0, ∃δ> 0, ∀u, v ∈ E , ∀A ∈ P, ∥u − v∥ < δ⇒∥A (u)−A (v)∥ < ε.

Theorem 1.3 (Ascoli-ArzelÃ [8]). Let E be a compact space. If A is an equicontinuous,

bounded subset of C (E) , then A is relatively compact.

Definition 1.14 (Completely continuous[8]). We say A : E → E is completely contin-

uous if it is continuous and for any bounded subset P ⊂ E , the set A (P ) is relatively

compact.

Definition 1.15. [8] Let E be any space and A a map of E , or of a subset of E , into E .

- The map A is called a contraction mapping if there exists k ∈ (0,1) such that

∀u, v ∈ E , ∥A u −A v∥ ≤ k ∥u − v∥ .

- A point u ∈ E is called a fixed point for A if A u = u.

For subsequent applications, the following fixed-point theorems are fundamental

in the proofs of our main results.

Theorem 1.4 (Banach’s fixed point[8]). Let P be a non-empty closed subset of a BA-

NACH space E , then any contraction mapping A of P into itself has a unique fixed

point.

Theorem 1.5 (Schaefer’s fixed point[8]). Let E be a BANACH space, Let A : E → E be a

completely continuous mapping, If

Λ= {u ∈ E : λA u = u, λ ∈ [0,1]}

is bounded, Then A has at least one fixed point.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



CHAPTER 2

EXISTENCE AND UNIQUENESS OF SOLUTIONS

I n this chapter, we will study the existence and uniqueness of solutions for a

boundary value problem of nonlinear FDE with the ψ-fractional derivative. The

significant results are proved by means of BANACH and SCHAEFER fixed point theo-

rems .

In follow up, we will discuss the existence and uniqueness of solutions of the follow-

ing problem of the fractional differential equation of order α of the form:

Dα:ψu (t )+ f (t ,u (t )) = 0, 0 < t < T, 1 <α< 2, (2.1)

supplemented with the DIRICHLET boundary conditions :

u (0) = 0, u (T ) = 0, (2.2)

where f : [0,T ]×R→ R is a continuous function. We obtain several existence and

uniqueness results for the problem (2.1)-(2.2) .

We consider a function ψ : (0,T ) ⊂R→R, such that :

1. ψ is an increasing and positive monotone function on [0,T] and ψ(0) = 0.

2. ψ
′
(t ) is continuous.

2.1 Definition of integral solution

In this section, we present some significant lemmas which play a key role in the

proofs of the main results.

Lemma 2.1. ([20]) Let α ∈R+. If u ∈C [0,T ] , then:

12
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(i) The fractional equation Dα:ψu (t ) = 0, has a solution as follows:

u (t ) =C1ψ
α−1(t )+C2ψ

α−2(t )α−2 +·· ·+Cnψ
α−n(t ), where Cm ∈R, with m = 1,2, . . . ,n.

(ii) If Dα:ψu ∈C [0,T ] and 1 <α≤ 2, then:

I α:ψ Dα:ψ u (t ) = u (t )+C1ψ
α−1(t )+C2ψ

α−2(t ), for some C1,C2 ∈R. (2.3)

In the following lemma, we define the integral solution of the boundary value

problem (2.1)-(2.2) .

Lemma 2.2. Let α ∈ R+ such that 1 < α < 2. We give Dα:ψu ∈ C [0,T ] , and f (t ,u) is

a continuous function. Then the boundary value problem (2.1)-(2.2) , is equivalent to

the fractional integral equation

u (t ) =
∫ T

0
G (t , s) f (s,u (s))d s, t ∈ [0, T ] ,

where

G (t , s) = ψ
′
(s)

Γ (α)


(
ψ(t )
ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1 − (
ψ(t )−ψ(s)

)α−1
, 0 < s < t < T,(

ψ(t )
ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1
, 0 < t < s < T,

(2.4)

is the Green’s function associated with the boundary value problem (2.1)-(2.2) .

Proof. Letα ∈R+, be such that 1 <α< 2. We apply lemma 2.1 to reduce the fractional

equation (2.1) to an equivalent fractional integral equation. It is easy to prove the

operator I α:ψ has the linearity property for all α> 0 after direct integration. Then by

applying I α:ψ to equation (2.1) , we get

I α:ψ Dα:ψu (t ) + I α:ψ f (t ,u (t )) = 0.

From lemma 2.1, we find for 1 <α≤ 2,

I α:ψ Dα:ψu (t ) = u (t )+C1ψ
α−1(t )+C2ψ

α−2(t ),

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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for some C1,C2 ∈R. Then, the integral solution of the equation (2.1) is :

u (t ) =− 1

Γ(α)

∫ t

0
ψ′(s)(ψ(t )−ψ(s))α−1 f (s,u (s))ds −C1ψ

α−1(t )−C2ψ
α−2(t ). (2.5)

The conditions (2.2) imply that :

u (0) =− lim
t→0

C2ψ
α−2(t ) = 0.

Then C2 = 0, also

u (T ) =− 1

Γ(α)

∫ T

0
ψ′(s)(ψ(T )−ψ(s))α−1 f (s,u (s))ds −C1ψ

α−1(T ) = 0,

then

C1 =− 1

Γ(α)ψα−1(T )

∫ T

0
ψ′(s)(ψ(T )−ψ(s))α−1 f (s,u (s))ds

The integral equation (2.5) is equivalent to :

u (t ) = 1

Γ (α)

(
ψ(t )

ψ(T )

)α−1 ∫ T

0
ψ′(s)

(
ψ(T )−ψ(s)

)α−1
f (s,u(s))d s

− 1

Γ (α)

∫ t

0
ψ′(s)

(
ψ(t )−ψ(s)

)α−1
f (s,u(s))d s. (2.6)

Therefore, the unique solution of problem (2.1)-(2.2) is :

u (t ) = 1

Γ(α)

∫ t

0

[
ψ′(s)

(
ψ(t )

ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1 − (
ψ(t )−ψ(s)

)α−1
]

f (s,u(s))d s

+ 1

Γ(α)

∫ T

t

(
ψ(t )

ψ(T )

)α−1

ψ′(s)
(
ψ(T )−ψ(s)

)α−1
f (s,u(s))ds,

=
∫ T

0
G(t , s) f (s,u(s))ds.

The proof is complete.

Remark 2.1. In lemma 2.2 we have made a generalization of the green’s function in

[10] that is concerned the KATUGAMPOLA fractional differential equation, also when

we take ψ (t ) = ln t we get the green’s function of the integral solution associated of the

HADAMARD fractional differential equation.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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2.2 Existence of Solutions forΨ-Fractional Differential Equation

In this section, We suggest some conditions on f , which allow us to obtain some

results on existence solutions for the boundary value problem (2.1)-(2.2) . Let f :

[0,T ]×R→R be a continuous function .

We note that u (t ) is a solution of (2.1)-(2.2) if and only if :

u (t ) =
∫ T

0
G (t , s) f (s,u (s))d s, t ∈ [0,T ] .

Now we prove some properties of the Green’s function G (t , s) given in (2.4) .

Lemma 2.3. Let 1 <α< 2, then the Green’s function G (t , s) given by (2.4) satisfies:

(1) G (t , s) > 0 for t , s ∈ (0,T ) .

(2) max
0<t<T

G (t , s) =G (s, s) , for each s ∈ [0,T ].

Proof. (1) Let 1 <α< 2 and ψ is continuous and increasing function on (0,T ), In the

case 0 < t < s < T, we have:

ψ
′
(s)

Γ (α)

(
ψ(t )

ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1 > 0.

Moreover, for 0 < s < t < T, we have ψ(t )
ψ(T ) < 1, then ψ(s) ψ(t )

ψ(T ) <ψ(s) and

ψ(t )−ψ(s) ψ(t )
ψ(T ) <ψ(t )−ψ(s), thus

(
ψ(t )−ψ(s)

ψ(t )

ψ(T )

)α−1

− (
ψ(t )−ψ(s)

)α−1 > 0,

which implies that G (t , s) > 0 for any t , s ∈ (0,T ) .

(2) To prove that

max
0≤t≤T

G (t , s) =G (s, s) = ψ
′
(s)

Γ (α)

(
ψ(s)

ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1 ∀s ∈ [0,T ] , (2.7)

we choose

g1 (t , s) = ψ
′
(s)

Γ(α)

(
ψ(t )
ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1 − (
ψ(t )−ψ(s)

)α−1
,

g2 (t , s) = ψ
′
(s)

Γ(α)

(
ψ(t )
ψ(T )

)α−1 (
ψ(T )−ψ(s)

)α−1
.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



2.2. EXISTENCE OF SOLUTIONS FORΨ-FRACTIONAL DIFFERENTIAL EQUATION 16

Indeed, we put max
0≤t≤T

G (t , s) =G (t∗, s) , where 0 ≤ t∗ ≤ T. Then, we get for some

0 < t1 < t2 < T, that

max
0≤t≤T

G (t , s) =


g1 (t∗, s) , s ∈ [0, t1] ,

max
{

g1 (t∗, s) , g2 (t∗, s)
}

, s ∈ [t1, t2] ,

g2 (t∗, s) , s ∈ [t2,T ] ,

=
{

g1 (t∗, s) , s ∈ [0,r ] ,

g2 (t∗, s) , s ∈ [r,T ] ,

where r ∈ [t1, t2] , is the unique solution of equation

g1

(
t∗, s

)= g2

(
t∗, s

)⇔ψ
(
t∗

)=ψ (s) ,

⇔ t∗ = s,

which shows the equality (2.7).

2.2.1 Applications of Banach Fixed Point Theorem

In this section, we assume that f : [0,T ]×R→R satisfies the conditions:

(H1) f (t ,u) is LEBESGUE measurable function with respect to t on [0,T ] ,

(H2) f (t ,u) is a continuous function with respect to u on R.

Theorem 2.1. We assume that (H1) and (H2) hold, There exists a constant k > 0, such

that ∣∣ f (t ,u)− f (t , v)
∣∣≤ k |u − v | , ∀t ∈ [0,T ] , and all u, v ∈C [0,T ] . (2.8)

If
kψα (T )

Γ (α+1)
< 1. (2.9)

Then, there exists a unique solution of the boundary value problem (2.1)-(2.2) on

[0,T ] .

Proof. Assume that kψα(T )
Γ(α+1) < 1, and consider the operator A : C ([0, T ] ,R) →

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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C ([0,T ] , R) is defined as follows

A u (t ) =
∫ T

0
G (t , s) f (s,u (s))d s.

We shall show that A is a contraction mapping. In fact, for any u, v ∈C ([0,T ] ,R) we

have

|A u (t )−A v (t )| =
∣∣∣∣∫ T

0
G (t , s)

[
f (s,u (s))− f (s, v (s))

]
d s

∣∣∣∣ ,

≤
∫ T

0

∣∣G (t , s) f (s,u (s))− f (s, v (s))
∣∣d s,

≤ k
∫ T

0
G (s, s) |u (s)− v (s)|d s,

then

∥A u −A v∥∞ ≤ k ∥u − v∥∞
∫ T

0
G (s, s)d s,

≤ k ∥u − v∥∞
∫ T

0

(
ψ (s)

ψ (T )

)α−1

ψ
′
(s)

(
ψ(T )−ψ(s)

)α−1
d s,

we have ψ an increasing function, then ψα−1(s)
ψα−1(T ) < 1, 0 < s < T , we get

∥A u −A v∥∞ ≤ k ∥u − v∥∞
∫ T

0
ψ

′
(s)

(
ψ(T )−ψ(s)

)α−1
d s,

≤ kψα (T )

Γ (α+1)
∥u − v∥∞ . (2.10)

This implies from (2.11) that A is a contraction operator. As a consequence of the-

orem 1.4 we deduce that A has a unique fixed point which is the unique solution of

the problem (2.1)-(2.2) on [0,T ] . The proof is complete.

2.2.2 Applications of Schaefer Fixed Point Theorem

In this section, we will study the existence solutions for the boundary value problem

(2.1)-(2.2) by using SCHAEFER fixed point theorem.

Theorem 2.2. Let f satisfies the conditions:

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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(H1) f (t ,u) is a continuous function with respect to u on R.

(H2) There exists a constant M > 0, such that :

∣∣ f (t , u)
∣∣≤ M , ∀t ∈ [0, T ] , and u ∈R.

Then, there exists at least one solution of the boundary value problem (2.1)-(2.2) on

[0,T ] .

Proof. The demonstration has four steps :

step 01: Let {un} be a convergence sequence on C ([0,T ],R), such that :

lim
n→+∞∥un −u∥∞ = 0

We need to prove that limn→+∞∥A un −A u∥∞ = 0, t ∈ [0,T ]. Indeed

|A un(t )−A u(t )| =
∣∣∣∣∫ T

0
G (t , s) f (s,un(s))−

∫ T

0
G (t , s) f (s,u(s)) ds

∣∣∣∣ ds,

≤
∫ T

0
G (t , s)

∣∣ f (s,un(s))− f (s,u(s))
∣∣ ds,

≤ ∥∥ f (.,un(.))− f (.,u(.))
∥∥
∞

∫ T

0
G (s, s) ds,

≤ ψα (T )

Γ (α+1)

∥∥ f (.,un(.))− f (.,u(.))
∥∥
∞ .

As f is continuous, we get

∥A un −A u∥ ≤ ψα (T )

Γ (α+1)

∥∥ f (.,un(.))− f (.,u(.))
∥∥
∞ → 0 whenn →∞.

Then, A is continuous.

step 02: For all r > 0, there exists a constant L > 0, such that ∀u ∈ Br , we have :

Br = {u ∈C ([0,T ],R) : ∥u∥∞ ≤ r } ,

we get ∥A u∥∞ ≤ L.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
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Indeed. By using (H2) and for all t ∈ [0,T ]

|A u(t )| ≤
∫ T

0
G (t , s)

∣∣ f (s,u(s))
∣∣ ds,

≤ M
∫ T

0
G (s, s) ds,

≤ M
ψα (T )

Γ (α+1)
= L.

As a result, A (Br ) is bounded.

step 03 : Let t1, t2 ∈ (0,T ], t1 < t2 and let Br be a bounded subset on C ([0,T ],R),

and let u ∈ Br , then

|A u(t2)−A u(t1)| =
∣∣∣∣∫ T

0
G (t2, s) f (s,u(s)) ds −

∫ T

0
G (t1, s) f (s,u(s)) ds

∣∣∣∣ ,

≤
∫ T

0
G (t2, s)−G (t1, s)

∣∣ f (s,u(s))
∣∣ ds,

≤ M
∫ T

0
G (t2, s)−G (t1, s) ds.

By using (2.6), we get

|A u(t2)−A u(t1)| ≤ M

Γ(α)

[
ψα−1(t2)

ψα−1(T )
−ψα−1(t1)

ψα−1(T )

]∫ T

0
ψ′(s)

(
ψ(T )−ψ(s)

)α−1
ds

− M

Γ(α)

[∫ t2

0
ψ′(s)

(
ψ(t2)−ψ(s)

)α−1
ds

]
+ M

Γ(α)

[∫ t1

0
ψ′(s)

(
ψ(t1)−ψ(s)

)α−1
ds

]
,

≤ M

Γ(α+1)
ψ(T )

[
ψα−1(t2)−ψα−1(t1)

]+ψα(t1)−ψα(t2),

tends to zero as t1 → t2. Thus, A is equicontinuous, so A is relatively compact on

Br . Hence, by theorem 1.3, A is compact on Br .

step 04 : We considerΛ= {u ∈C ([0,T ],R) : u =λA u } such that 0 <λ< 1.

Let u ∈Λ⇒ u =λA (u), then ∀t ∈ [0,T ] , we have :

u (t ) =λ
∫ T

0
G (t , s) f (s,u(s)) ds.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
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By using (H2), and ∀t ∈ [0,T ] we get

|A u(t )| ≤
∫ T

0
G (t , s)

∣∣ f (s,u(s))
∣∣ ds,

≤ M
∫ T

0
G (s, s) ds,

≤ M
ψα (T )

Γ (α+1)
=G .

This implies thatΛ is bounded.

As a consequence of theorem 1.5 we deduce that A has at least one fixed point which

is a solution of the problem (2.1)-(2.2) on [0,T ] . The proof is complete.

2.3 Examples

In this section, we present some examples to illustrate the efficient of our main re-

sults. Therefore, we divides the next examples into two cases to represent the es-

sential results that are shown the effectiveness of the generalization of ψ-fractional

derivative.

First of all, we have chosen ψ (x) = ln x, for showing the generalization of some ex-

amples (see [2]) then we get from the problem (2.1):

HDαu(t ) + f (t ,u(t )) = 0, (2.11)

which is the HADAMARD fractional differential equation of order α, therefore, ψ is a

continuous and an increasing function also ψ (1) = 0.

Example 1. Let α=p
3, we consider the following boundary value problem{

HD
p

3
1+ u (t )+ arctan t

2+|u(t )| = 0, t ∈ [1, e] ,

u (1) = u (e) = 0.
(2.12)

Here for f (t ,u) = arctan t
2+|u| , t ∈ [1, e] , u ∈R.

By (2.2) the solution of problem (2.12) is given by

u (t ) =
∫ e

0
G (t , s)× arctan s

2+|u (s)| ds.

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
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Hence, the function f is jointly continuous. For any u, v ∈R and t ∈ [1, e] , we have:

∣∣ f (t ,u)− f (t , v)
∣∣≤ π

8
|u − v | .

Hence, the condition (2.8) is satisfied with k = π
8 . It remains to show that the condi-

tion (2.9)
k × (lnT )α

Γ (α+1)
=

π
8

Γ
(p

3+1
) ≃ 0.247759. . . < 1

is satisfied. By theorem 1.4 the problem (2.12) , has a unique solution.

Example 2. Let α=p
2, we consider the following boundary value problem :{

HD
p

2
1+ u (t )+ 1

1+u2(t )
= 0, t ∈ [

1, 5
2

]
,

u (1) = u
(

5
2

)= 0.
(2.13)

Here for f (t ,u) = 1
1+u2 and t ∈ [

1, 5
2

]
, u (t ) ∈R.

By (2.2) the solution of problem (2.13) is given by

u (t ) =
∫ 5

2

1

G (t , s)

1+u2 (s)
ds.

Hence, the function f is jointly continuous. For any u ∈R and t ∈ [
1, 5

2

]
, we have:

∣∣ f (t ,u)
∣∣= 1

1+u2
< 1 = M .

Thus, by theorem 1.5 the problem (2.13) , has at least one solution.

Secondly, we have made a generalization of some examples (see [10]) to valid our

main results.

We set ψ (x) = xρ

ρ
, then we get from the problem (2.1) :

ρDαu(t ) + f (t ,u(t )) = 0, (2.14)

which is the KATUGAMPOLA fractional differential equation of order α, Therefore, ψ

is a continuous and an increasing function also ψ (0) = 0.

Example 3. We takeα= 3
2 and ρ = 2

3 , we consider the following boundary value prob-
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lem : 
2
3 D

3
2
0+u (t )+ cos(t )[2+|u(t )|]

π(
p

2cos(t )+sin(t ))[1+|u(t )|] = 0, t ∈ [
0, π4

]
,

u (0) = u
(
π
4

)= 0.
(2.15)

Here we have

f (t ,u) = cos(t ) [2+|u|]
π

(p
2cos(t )+ sin(t )

)
[1+|u|] , t ∈

[
0,
π

4

]
, u ∈R.

By (2.2) the solution of problem (2.15) is given by

u (t ) =
∫ π

4

0
G (t , s)× cos(s) [2+|u (s)|]

π
(p

2cos(s)+ sin(s)
)

[1+|u (s)|] , ds.

Hence, the function f is jointly continuous. For any u, v ∈R and t ∈ [
0, π4

]
, we have:

∣∣ f (t , u)− f (t , v)
∣∣≤ 1

π
|u − v | .

Hence, the condition (2.8) is satisfied with k = 1
π

. It remains to show that the condi-

tion (2.9)
k ×T αρ

Γ (α+1)
=

1
π
× π

4

2
3

3
2 ×Γ(

5
2

) ≃ 0.921317. . . < 1

is satisfied. By theorem 1.4 the problem (2.15) , has a unique solution.

Example 4. We take α = 3
2 and ρ = 1, we consider the following boundary value

problem :  1D
3
2
0+u (t )+ (1+ t )exp(−u2 (t )) = 0, t ∈ [

0, 5
2

]
,

u (0) = u
(

5
2

)= 0.
(2.16)

Here for f (t ,u) = (1+ t )exp(−u2) and t ∈ [
0, 5

2

]
, u ∈R.

By (2.2) the solution of problem (2.16) is given by

u (t ) =
∫ 5

2

0
G (t , s)× (1+ s)exp(−u2 (s))ds.

Hence, the function f is jointly continuous. For any u ∈R and t ∈ [
0, 5

2

]
, we have:

∣∣ f (t ,u)
∣∣= (1+ t )exp(−u2) < 4 = M .

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



2.3. EXAMPLES 23

Thus, by theorem 1.5 the problem (2.16) , has at least one solution.

Remark 2.2. We may see the approach numerical solutions by a successive method

such that {
un+1 (t ) = ∫ T

0 G (t , s) f (s, un)ds, n = 0,n,

u0 = un+1 = 0.
(2.17)

2.3.1 Numerical results

Here, we will present the numerical results of the problems (2.12)−(2.13) , and (2.15)−
(2.16) , by using 2.17 to get the next results.

Figure 2.1: Solutions of problems (2.12) − (2.13) for different values of α when ψ(t ) = ln t (the
Hadamard operator).
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Figure 2.2: Solutions of problems (2.15)-(2.16) for different values of α when ψ(t ) = tρ

ρ (the Katugam-
pola operator).
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CHAPTER 3

EXISTENCE STUDY OF SOLUTION FOR A SYSTEM

OF N NONLINEAR FRACTIONAL DIFFERENTIAL

EQUATIONS WITH BOUNDARY CONDITIONS

I n this chapter, we will discuss the existence and uniqueness of solutions for a

system of n nonlinear FDEs withψ-fractional derivative, the BANACH contraction

principle and SCHAEFER’s fixed point theorem are applied to proof the existence and

uniqueness of solutions of a problem that is given by
Dα:ψu1 (t )+ f1 (t , u (t )) = 0, 0 < t < T,

Dα:ψu2 (t )+ f2 (t , u (t )) = 0, 0 < t < T,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Dα:ψun (t )+ fn (t , u (t )) = 0, 0 < t < T,

(3.1)

with the boundary conditions:

u1 (0) = u2 (0) = ·· · = un (0) = 0 and u1 (T ) = u2 (T ) = ·· · = un (T ) = 0, (3.2)

where u = (u1, u2, . . . , un) ∈ Rn, for n ∈ N∗. Also 1 < α < 2 and fi : [0,T ]×Rn → R are

continuous functions for every i ∈ 1,n.

In the following, we present the necessary lemma to clarify the basis of our proof.

Lemma 3.1. Let ui ∈C ([0, T ] , R) for every i ∈ 1,n. Then the solution of problem (3.1)-

25
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(3.2) , is equivalent to the n fractional integral equations
u1 (t ) = ∫ T

0 G (t , s) f1 (s,u (s))d s,

u2 (t ) = ∫ T
0 G (t , s) f2 (s,u (s))d s,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
un (t ) = ∫ T

0 G (t , s) fn (s,u (s))d s,

(3.3)

where G is the same Green’s function on lemma 2.2 associated with the problem (2.1)-

(2.2) .

Proof. We simply need to use the same argument of the proof of lemma 2.2 for n

equations.

Let us introduce the space E = E1 ×E2 ×·· ·×En, where

Ei = [C ([0, T ] , R)]i , i ∈ 1,n,

with the norme

∥u∥E = sup
1≤i≤n

∥ui∥∞ .

It’s clear that (E , ∥.∥E ) is a BANACH space.

3.1 Applications of Banach Fixed Point Theorem

In this section, we assume that fi : [0,T ]×Rn →R are continuous functions for every

i ∈ 1,n. We consider the following hypothese:

(H1) Let u, v ∈Rn. For 1 ≤ k ≤ n, there exist constants λi ,k > 0, such that

∣∣ fi (t ,u)− fi (t , v)
∣∣≤ n∑

k=1

λi ,k |uk − vk | , ∀t ∈ [0,T ] . (3.4)

Theorem 3.1. We assume that (H1) holds. If

sup
1≤i≤n

{
nλi ψ

α (T )

Γ (α+1)

}
< 1. (3.5)

Then, there exists a unique solution of the boundary value problem (3.1)-(3.2) on

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System
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[0, T ] .

Proof. Initially, we transform problem (3.1)-(3.2) into a fixed point problem Fu =
u (t ) and [0, T ] with F : E → E is defined by

Fu (t ) =


F1u (t )

...

Fnu (t )

 , (3.6)

with (Fi u (t ))i∈1,n are the integral operators are given by

Fi u (t ) =
∫ T

0
G (t , s) fi (s,u (s))d s,

Cause problem (3.1)-(3.2) is equivalent to the system of n fractional integrale equa-

tions (3.6), the fixed point of F is a solution of problem (3.1)-(3.2).

Let u = (u1, u2, . . . , un) , v = (v1, v2, . . . , vn) ∈ E and t ∈ [0, T ]. For each i ∈ 1,n we have

|Fui (t )−F vi (t )| =
∣∣∣∣∫ T

0
G (t , s)

[
fi (s,u (s))− fi (s, v (s))

]
d s

∣∣∣∣ ,

≤
∫ T

0
G (t , s)

∣∣ fi (s,u (s))− fi (s, v (s))
∣∣d s. (3.7)

In other hand, by using (H1) we get :

∥∥ fi (., u)− fi (., v)
∥∥
∞ ≤

n∑
k=1

λi ,k ∥uk − vk∥∞ ,

≤ n max
1≤k≤n

{
λi ,k

}∥u − v∥E . (3.8)

We denote λi = max1≤k≤n

{
λi ,k

}
. From 3.7 and 3.8, we get

∥Fui (t )−F vi (t )∥∞ ≤ nλi ∥u − v∥E

∫ T

0
G (s, s)d s,

≤ nλi ψ
α (T )

Γ (α+1)
∥u − v∥∞ .

Consequently,

∥Fu (t )−F v (t )∥E ≤ sup
1≤i≤n

{
nλi ψ

α (T )

Γ (α+1)

}
∥u − v∥E .
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This implies from (3.5) that F is a contraction operator.

As a consequence of theorem 1.4 we deduce that F has a unique fixed point which

is the unique solution of the problem (3.1)-(3.2) on [0,T ] . The proof is complete.

3.2 Applications of Schaefer Fixed Point Theorem

In this section ,we shall study the existence solutions for the boundary value problem

(3.1)-(3.2) by using SCHAEFER fixed point theorem.

Theorem 3.2. For each i ∈ 1,n, let f satisfies the conditions:

(H1) fi (t ,u) are continuous functions with respect to u = (u1, u2, · · · , un) ∈Rn.

(H2) There exist constants Ni > 0, such that :

∣∣ fi (t ,u)
∣∣≤ Ni , ∀t ∈ [0,T ] and u ∈Rn.

Then, the problem (3.1)-(3.2) has at least one solution on [0,T ] .

Proof. We are already transformed problem (3.1)-(3.2) into fixed point problem 3.6

as the proof of previous Theorem 3.1.

We will see that F satisfies the assumption of SHAEFER’s fixed point theorem. This

will be proofed through four steps.

step 01: F is a continuous operator. Let (um)m∈N = (
um

1 , um
2 , · · · , um

n

)
be n real se-

quences such that limm→∞ um = u in E .

For each i ∈ 1,n and t ∈ [0,T ], we have

|Fi um(t )−Fi u(t )| =
∣∣∣∣∫ T

0
G (t , s) fi (s,um(s)) ds −

∫ T

0
G (t , s) fi (s,u(s)) ds

∣∣∣∣ ,

≤
∫ T

0
G (t , s)

∣∣ fi (s,um(s))− fi (s,u(s))
∣∣ ds,

≤ ∥∥ fi (.,um(.))− fi (.,u(.))
∥∥
∞

∫ T

0
G (s, s) ds,

≤ ψα (T )

Γ (α+1)

∥∥ fi (.,um(.))− fi (.,u(.))
∥∥
∞ .
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since fi are continuous functions and um → u in E , then we get

∥Fum(t )−Fu(t )∥E ≤ ψα (T )

Γ (α+1)

∥∥ fi (.,um(.))− fi (.,u(.))
∥∥
∞ → 0 whenn →∞.

As a result, F is continuous.

step 02 : Let r ′ > 0, we define

Er ′ =
{
u ∈ E : ∥u∥E ≤ r ′} ,

it’s clear that Er ′ is a bounded and close subset of E . Let F : Er ′ → E be the integral

operator define in (3.6). Let u ∈ Er ′ and t ∈ [0,T ], by using
(
H2

)
, for each i = 1,n, we

get

|Fi u(t )| =
∣∣∣∣∫ T

0
G (t , s) fi (s,u(s)) ds

∣∣∣∣ ,

≤
∫ T

0
G (t , s)

∣∣ fi (s,u(s))
∣∣ ds,

≤ Ni

∫ T

0
G (t , s) ds,

then

∥Fi u(t )∥∞ ≤ Ni

∫ T

0
G (s, s) ds,

∥Fu(t )∥E ≤ max
1≤i≤n

{Ni }
ψα (T )

Γ (α+1)
= R.

Consequently, F (Er ′) is bounded.

step 03 : Let t1, t2 ∈ (0,T ], t1 < t2 and u ∈ Er ′. Then, for every i = 1,n, we get

|Fi u(t2)−Fi u(t1)| =
∣∣∣∣∫ T

0
G (t2, s) fi (s,u(s)) ds −

∫ T

0
G (t1, s) fi (s,u(s)) ds

∣∣∣∣ ,

≤
∫ T

0
G (t2, s)−G (t1, s)

∣∣ fi (s,u(s))
∣∣ ds,

≤ Ni

∫ T

0
G (t2, s)−G (t1, s) ds.
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By using (2.6), we get

|Fi u(t2)−Fi u(t1)| ≤ Ni

Γ(α)

[
ψα−1(t2)

ψα−1(T )
−ψα−1(t1)

ψα−1(T )

]∫ T

0
ψ′(s)

(
ψ(T )−ψ(s)

)α−1
ds

− Ni

Γ(α)

[∫ t2

0
ψ′(s)

(
ψ(t2)−ψ(s)

)α−1
ds

]
,

+ Ni

Γ(α)

[∫ t1

0
ψ′(s)

(
ψ(t1)−ψ(s)

)α−1
ds

]
,

≤ Ni

Γ(α+1)
ψ(T )

[
ψα−1(t2)−ψα−1(t1)

]+ψα(t1)−ψα(t2),

tends to zero as t1 → t2. Thus, F is equicontinuous, so F is relatively compact on

Er ′. Hence, by theorem 1.3, F is compact on Er ′.

step 04 : We consider ∆= {u ∈ E : u = δFu }, such that 0 < δ< 1.

Let u ∈ δ ⇒ u = δFu, then ∀t ∈ [0,T ] , we have :

u (t ) = δ
∫ T

0
G (t , s) fi (s,u(s)) ds.

By using (H2), and ∀t ∈ [0,T ] we get

|Fi u(t )| ≤
∫ T

0
G (t , s)

∣∣ fi (s,u(s))
∣∣ ds,

≤ Ni

∫ T

0
G (s, s) ds,

≤ Ni
ψα (T )

Γ (α+1)
= K ,

this implies that ∆ is bounded.

As a consequence of theorem 1.5 we deduce that F has at least one fixed point which

is a solution of the problem (3.1)-(3.2) on [0,T ] . The proof is complete.
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3.3 Examples

In this part, we present an applied example to support the theoretical results we

reached in the previous results.

To begin with, ψ (x) = xρ

ρ
which is the KATUGAMPOLA operator, then we get from the

problem (3.1) : 

ρDαu1 (t )+ f1 (t , u (t )) = 0, 0 < t < T,
ρDαu2 (t )+ f2 (t , u (t )) = 0, 0 < t < T,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ρDαun (t )+ fn (t , u (t )) = 0, 0 < t < T,

(3.9)

with the boundary conditions:

u1 (0) = u2 (0) = ·· · = un (0) = 0 and u1 (T ) = u2 (T ) = ·· · = un (T ) = 0, (3.10)

where u = (u1, u2, . . . , un) ∈ Rn, for n ∈ N∗. Also 1 < α < 2 and fi : [0,T ]×Rn → R are

continuous functions for every i ∈ 1,n.

Therefore, ψ is continuous and increasing function also ψ (0) = 0. We set α = 5
3 and

ρ = 1.

Example 1. For t ∈ [
0, π4

]
, we consider the following problem:

1D
5
3
0+u1 (t )+ cos(t )

(
π

(p
2cos(t )+ sin(t )

))−1

1+ 1
2 (|u1 (t )|+ |u2 (t )|+ |u3 (t )|) = 0,

1D
5
3
0+u2 (t )+ 1p

7+|u1 (t )| +
1p

8+|u2 (t )| +
1

3+|u3 (t )| = 0,

1D
5
3
0+u3 (t )+ tan(t )

1+ 1
5 |u1 (t )|+ 1

10 |u2 (t )|+ 1
15 |u3 (t )| = 0,

u1 (0) = u2 (0) = u3 (0) = 0 and u1

(π
4

)
= u2

(π
4

)
= u3

(π
4

)
= 0. (3.11)
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Let

f1 (t , u1, u2, u3) = cos (t )
(
π

(p
2cos(t )+ sin(t )

))−1

1+ 1
2 (|u1|+ |u2|+ |u3|)

,

f2 (t , u1, u2, u3) = 1p
7+|u1|

+ 1p
8+|u2|

+ 1

3+|u3|
,

f3 (t , u1, u2, u3) = tan(t )

1+ 1
5 |u1|+ 1

10 |u2|+ 1
15 |u3|

.

Clearly fi :
[
0, π

4

]×R3 → R are continuous functions for every i = 1, 2, 3. For any

t ∈ [
0, π

4

]
, thus

∣∣ f1 (t , u1, u2, u3)− f1 (t , v1, v2, v3)
∣∣ ≤

3∑
k=1

1

2π
|uk − vk | ,

∣∣ f2 (t , u1, u2, u3)− f2 (t , v1, v2, v3)
∣∣ ≤

3∑
k=1

1

6+k
|uk − vk | ,

∣∣ f3 (t , u1, u2, u3)− f3 (t , v1, v2, v3)
∣∣ ≤

3∑
k=1

1

5k
|uk − vk | ,

Hence, condition (H1) is satisfied with λ1 = 1
2π , λ2 = 1

7 and λ3 = 1
5 , also we get

nλ1T ρα

ρΓ (α+1)
= 3× (

π
4

) 5
3

2π×Γ(
8
3

) ≃ 0.212166. . . < 1,

nλ2T ρα

ρΓ (α+1)
= 3× (

π
4

) 5
3

7×Γ(
8
3

) ≃ 0.190440. . . < 1,

nλ3T ρα

ρΓ (α+1)
= 3× (

π
4

) 5
3

5×Γ(
8
3

) ≃ 0.266616. . . < 1.

Therefore, (3.5) is satisfied, then all conditions of theorem 3.1 hold. Consequently,

the problem (3.11) has a unique solution.

By the same method on remark 2.2 we can get the next result
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Figure 3.1: Solutions of problem (3.11) for different values of fractional orders when ψ(t ) = tρ

ρ
.

Example 2. For t ∈ [
0, π4

]
, we consider the following problem:

1D
5
3
0+u1 (t )+

(
π

(p
2cos(t )+ sin(t )

))−1

1+|u1 (t )|+ |u2 (t )| = 0,

1D
5
3
0+u2 (t )+ tan(t )

(
1+ 1

6+|u1 (t )| +
1

4+|u2 (t )|
)
= 0,

u1 (0) = u2 (0) = 0 and u1

(π
4

)
= u2

(π
4

)
= 0. (3.12)

Let

f1 (t , u1, u2, u3) =
(
π

(p
2cos(t )+ sin(t )

))−1

1+|u1|+ |u2|
,

f2 (t , u1, u2, u3) = tan(t )

(
1+ 1

6+|u1|
+ 1

4+|u2|
)

.

Clearly, for each t ∈ [
0, π4

]
, the functions fi are jointly continuous for all ui ∈ R with
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i = 1, 2. We have

∣∣ f1 (t , u1, u2)
∣∣ ≤ 1

π
,∣∣ f2 (t , u1, u2)

∣∣ ≤ 17

12
.

Thus, the hypothesis (H2) is satisfied with N1 = 1
π

and N2 = 17
12 .

Hence, all conditions of theorem 3.2 hold, consequently the problem (3.12) has at

least one solutions.

By the same method on remark 2.2 we can get the next result

Figure 3.2: Solutions of problem (3.12) for different values of fractional orders when ψ(t ) = tρ

ρ .

Additionally, let ψ (t ) = ln t which is the HADAMARD operator, then we get from
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the problem (3.1) : 

HDαu1 (t )+ f1 (t , u (t )) = 0, 1 < t < T,
HDαu2 (t )+ f2 (t , u (t )) = 0, 1 < t < T,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
HDαun (t )+ fn (t , u (t )) = 0, 1 < t < T,

(3.13)

with the boundary conditions:

u1 (1) = u2 (1) = ·· · = un (1) = 0 and u1 (T ) = u2 (T ) = ·· · = un (T ) = 0, (3.14)

where u = (u1, u2, . . . , un) ∈ Rn, for n ∈ N∗. Also 1 < α < 2 and fi : [1,T ]×Rn → R are

continuous functions for every i ∈ 1,n.

Therefore, ψ is continuous and increasing function also ψ (1) = 0. We set α= 3
2 .

Example 3. For t ∈ [1, e] , we consider the following problem:

HD
3
2
1+u1 (t )+ 1

9(t +7)
× |u2 (t )|

1+|u2 (t )| +
arctan(u1 (t ))

23
= 0,

HD
3
2
1+u2 (t )+2e−3t + arctan(u1 (t ))

8
+ 2arctan(u2 (t ))

3
= 0,

u1 (1) = u2 (1) = 0 and u1 (e) = u2 (e) = 0. (3.15)

Let

f1 (t , u1, u2) = 1

9(t +7)
× |u2|

1+|u2|
+ arctan(u1)

23
,

f2 (t , u1, u2) = 2e−3t + arctan(u1)

8
+ 2arctan(u2)

3
.

Clearly fi : [1, e]×R2 →R are continuous functions for every i = 1, 2. For any t ∈ [1, e],

thus

∣∣ f1 (t , u1, u2)− f1 (t , v1, v2)
∣∣ ≤ 1

23
|u1 − v1|+ 1

45
|u2 − v2| ,∣∣ f2 (t , u1, u2)− f2 (t , v1, v2)

∣∣ ≤ 1

8
|u1 − v1|+ 5

12
|u2 − v2| .
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Hence, condition (H1) is satisfied with λ1 = 1
23 and λ2 = 5

12 , also we get

nλ1 (lnT )α

Γ (α+1)
= 2× (lne)

3
2

23×Γ(
5
2

) ≃ 0.065413. . . < 1,

nλ2 (lnT )α

Γ (α+1)
= 2×5(lne)

3
2

12×Γ(
5
2

) ≃ 0.626877. . . < 1.

Therefore, (3.5) is satisfied, then all conditions of theorem 3.1 hold. Consequently,

the problem (3.15) has a unique solution.

By the same method on remark 2.2 we can get the next result

Figure 3.3: Solutions of problem (3.15) for different values of fractional orders when ψ(t ) = ln t .
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Example 4. For t ∈ [1, 2] , we consider the following problem:

HD
3
2
1+u1 (t )+ 2t e−(u2

1(t )+u2
2(t ))

1+u2
1 (t )+u2

2 (t )
= 0,

HD
3
2
1+u2 (t )+ 2t e−(u2

1(t ))

1+u2
1 (t )+u2

2 (t )
= 0,

u1 (1) = u2 (1) = 0 and u1 (2) = u2 (2) = 0. (3.16)

Let

f1 (t , u1, u2) = 2t e−(u2
1+u2

2)

1+u2
1 +u2

2

,

f2 (t , u1, u2) = 2t e−(u2
1)

1+u2
1 +u2

2

.

Clearly, for each t ∈ [1, 2] , the functions fi are jointly continuous for all ui ∈ R with

i = 1, 2. We have ∣∣ fi (t , u1, u2)
∣∣≤ 1 for i = 1, 2.

Thus, the hypothesis (H2) is satisfied with Ni = 1 with i = 1, 2.

Hence, all conditions of theorem 3.2 hold, consequently the problem (3.16) has at

least one solutions.

By the same method on remark 2.2 we can get the next result
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Figure 3.4: Solutions of problem (3.16) for different values of fractional orders when ψ(t ) = ln t .

I. Chikouche Existence and Uniqueness of Solutions for NonlinearΨ-Fractional Differential
Equations and their System



Conclusion

In this thesis we had devoted to study the existence and uniqueness of solutions

for certain classes of ψ-fractional order differential equations, also the existence

and uniqueness for a system of n nonlinear ψ-fractional differential equations.

This study is part of giving several existence and uniqueness results of solutions for

certain classes of FPDEs, thus, realizing the fractional derivative ofψ operator in BA-

NACH spaces. These studies were done mainly using BANACH’s contraction principle

and SCHAEFER’s fixed point theorem.

The first chapter allowed us to commence introducing some basic definitions in frac-

tional calculus. Also we have presented different definitions for the operators of in-

tegration and derivatives particularly which is related to the ψ operator. Moreover,

we have touched some theorems on fixed point theory.

We have discussed in the second chapter the existence and uniqueness of solutions

of ψ-fractional differential equation which is generalized some previous work as we

can see in [10],we have proofed it by means of the BANACH contraction principle and

SCHAEFER’s fixed point theorem, we have provided our results with some examples

and we have gotten numerical results.

In the third chapter, we have used the BANACH contraction principle and SCHAE-

FER’s fixed point theorem to explore the existence and main properties of at least

one solution and its uniqueness for a class of a new system of n nonlinear fractional

differential equations with n boundary conditions, with ψ-fractional derivative be-

ing used as the differential operator, and which is crucial for generalizing RIEMANN-

LIOUVILLE, HADAMARD and KATUGAMPOLA fractional derivatives into a single form,

we have provided the results with some examles to illustrate the obtained outcomes.

39



Bibliography

[1] Y. ARIOUA, Initial value problem for a coupled system of Katugampola- type fractional differential equa-

tions, Advances in Dynamical Systeme and Applications, 14 (2019) , 29-47.

[2] Y. ARIOUA, N. BENHAMIDOUCHE, Boundary value problem for Caputo-Hadamard fractional differential

equations, Surveys in Mathematics and its Applications, 12 (2017) , 103-115.

[3] Y. ARIOUA, N. BENHAMIDOUCHE, Existence of Traveling Profiles Solutions to Porous Medium Equation,

Journal officiel Mathematics and Application, 46 (2023) ,149-162.

[4] Y. ARIOUA, B. BASTI, N. BENHAMIDOUCHE, Initial value problem for nonlinear implicit fractional differ-

ential equations with Katugampola derivative, Applied Mathematics E-Notes 19 (2019).

[5] Y. ARIOUA, N. BENHAMIDOUCHE, N. OUAGUENI, Existence results of self-similar solutions of the space-

fractional, Annales Universitatis Paedagogicae Cracoviensis. Studia Mathematica, 22 (2023) ,49-74.

[6] Y. ARIOUA, A. MERZOUGUI, M. TITRAOUI, Fractional Differential Equations of Caputo- Katugampola Type

and numerical Solutions, RAMA, 11 ,Sidi Bel Abbes.

[7] Y. ARIOUA, M. TITRAOUI, Boundary Value Problem For A Coupled System Of Nonlinear Fractional Differ-
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يدرس هذا العمل وجود ووحدانية الحلول لفئة من المعادلات التفاضلية ذات  :الملخص

ذات رتبة كسرية بالمحدد  نظام لمعادلات تفاضليةو ψبالمحدد  اشتقاقات جزئية غير خطية

ψ شوفر.ولبناخ  نظرية النقطة الثابتةالدراسة على  تعتمد براهين ،بشروط حدودية 

التي توصلنا اليها.تظهر بعض الامثلة قوة النتائج المهمة  ،لاوة على ذلكع  

الكلمات المفتاحية: معادلات تفاضلية ذات اشتقاقات جزئية ذات رتبة كسرية، نقطة ثابتة،   

معادلة تفاضلية ذات اشتقاقات جزئية ذات رتبة كسرية بالمحدد بسي، وجود، وحدانية، - n 

، نظام لمعادلات تفاضلية.الكسري  ψ   مشتقال
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