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Introduction

Introduction

In recent years there has been a growing interest in the integro differential equation.

Integro-differential equations be an important branch of modern mathematics, ariesing fre-

quently in may fieldes such as mechanics, the theory of elesticity, potential, and mathemat-

ical physics.

The Volterra integro-differential equation has the following form:

m∑
j=0

Pj(x)ϕ(j)(x) = f(x) +

∫ x

a

k(x, t)ϕ(t), a ≤ x ≤ b, m ≥ 1

with the intial conditions:

ϕ(j)(a) = αj , 0 ≤ j ≤ m− 1

where ϕ(j)(x) is the jth derevative of the unknown function ϕ(x) that will be determined,

k(x, t), Pj(x) and f(x) are known functions, αj, are real finite constants

Volterra integro-differential equation are asignificant class of equation that combine a

spectes of both integral and differntial equation.Named after the Italian mathematician Vito

Volterra, usually this type of equations can’t be solved analtically so we used the branch of

approximation numericals

The veita -Pell polynomials combines the principles of Veita’s algebraic analysis with

Pell’s Diophantine equation .These polynomials are used in numerical and analytical meth-

ods to solve a variety of mathematical and physical problems, these tools were developed

to provide more accurate approximate solutions to complex problems.

The objective of thesies is to present a numerical solution for volterra integro-differential

equations, we will particularly focus on the Veita-Pell collocation and Veita-Pell Galerkin

method,in other words the objective can be summarized in two points:

1-Numerical approximation of the solution to the Volterra integro-differential equation

using Vieta-Pell polynomials.

2-Verification of the accuracy and effi ciency of the proposed method through examples.
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Introduction

This thesies consists of three chapters that cover different aspects of the numerical solu-

tion of volterra integro-differential equations, It is organized as follows:

The first chapter: Establishes the foundation concepts necessary to understand the

issues discussed .In introduces they key definition and the basic mathematical tools that will

be used througrout the study such as a fonction spaces like normed vector space, Banach

space, Hilbert space, and concept of operators like linear and Bounded operators...

The second chapter:We are addrising linear integral equations and integro-differential

equations.Additionly we focuses on analytical methods for solving Volterra intego-differential

equations, we present different analytical approaches to obtain exact solutions,

In third chapter, we present an approximate numerical solution for the Volterra integro-

differential equation of the second kind, using the collocation method with Veita-Pell polyno-

mials.Various examples are also provided to verify the effectiveness of the proposed method.
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Chapter 1

Recalls of function analysis

1.1 Functional spaces

This chapter is essentially dedicated to the introduction of some fundamental concepts and

certain definition and theorems that we will use in the other chapters.

1.1.1 Normed vector space

Definition 1.1.1 Let V be a vector space over k (k = R or C), a mapping ‖.‖ : V → R+
is called norm if the following condition hold:

For all x ∈ V and α ∈ k
(i) ‖x‖ ≥ 0 and ‖x‖ = 0 if and only if x = 0.

(ii) ‖αx‖ = |α| ‖x‖ .
(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality).

A vector space with a norm (V, ‖.‖) is called a normed space.

1. The absolute value is a norm on R, the modulus is a norm on C.

2. The following applictions are norms on Rn :

‖x‖1 =

n∑
i=1

|xi| , ‖x‖2 = (

n∑
i=1

|xi|2)
1
2 , ‖x‖∞ = sup

1≤i≤n
|xi| .
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1.1. Functional spaces

3. Let V = C([a, b]),R) be the space of real-valued continuous functions on the interval

([a, b]) for any f ∈ V, the following functions define a norms on V :

‖f‖1 =

∫ b

a

|f(x)| dx, ‖f‖2 = (

∫ b

a

|f(x)|2) 12dx, ‖f‖∞ = max
a≤x≤b

|f(x)| .

1.1.2 Banach space

Definition 1.1.2 (Cauchy sequence).Let (xn)n∈N be a sequence in a normed space (V, ‖.‖),
then (xn)n∈N is a Cauchy sequence if:

∀ε > 0,∃n0 ∈ N,∀p, q ∈ N : p > q ≥ n0 =⇒ ‖xp − xq‖ ≤ ε.

Definition 1.1.3 Let (xn)n∈N be a sequence in a normed space (V, ‖.‖), then (xn)n∈N is said

to be convergent to x0 ∈ V if:

∀ε > 0,∃n0 ∈ N,∀n ∈ N : n ≥ n0 =⇒ ‖xn − x0‖ ≤ ε.

Definition 1.1.4 A normed space (V, ‖.‖) is complet if every Cauchy sequence of points in
V is converges.

Remark 1.1.1 The advatage of complete spaces is that in such spaces, it is not necessary

to know the limit of a sequence to show that it conveges, it suffi ces to demonstrate that it is

cauchy.

Definition 1.1.5 (Banach space).A normed vector space (V, ‖ . ‖) is called a Banach space
if it is complete.That is every Cauchy sequence (xn) in V converges to a limit x ∈ V.

1- C([a, b],R) :The space of all continuous real-valued functions on the interval [a, b],

with the norm ‖ f ‖= maxx∈[a,b] |f(x)| .
This space is complete therefore a Banach space.

2



1.1. Functional spaces

2- lp ( 1 ≤ p < ∞). The space of all sequences (xn) such that
∑∞

1 |xn|
p is finite, with

the norm

‖xn‖ = (
∞∑
1

|xn|p)
1
p

is complete, hence a Banach space.

3- L2([a, b]),R).The space of all functions f such that the integral of |f(x)|2 over the
domain is finite, with the norm:

‖f(x)‖2 = (

∫ b

a

|f(x)|2)dx)
1
2

This space is complete therefore a Banach space.

Theorem 1.1.1 Every finite-dimensional normed vector space is a Banach space.

1.1.3 Hilbert space

Definition 1.1.6 ( Inner product). A scalar product on a real or complex vector space V

is a mapping V × V → C, written 〈x, y〉 that satisfies:

(i) 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 implies x = 0.

(ii) 〈x, y〉 = 〈y, x〉 in comlex spaces and 〈x, y〉 = 〈y, x〉 in real ones for all x, y ∈ V.

(iii) 〈λx, y〉 = λ 〈x, y〉 , for all x, y ∈ V and scalar λ.

(iv) 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉 , for all x, y ∈ V, and z ∈ V.
An inner product space V is a real or complex vector space with a scalar product on

it.

Example 1.1.1 Here is some examples of inner product space which demonstrate that ex-

pression ‖x‖ =
√
〈x, x〉 defines a norm.

1. The inner product for Rn was defined in the beginning of this section the inner product

for Cn is given by

〈x, y〉 =

n∑
1

xjyj

3



1.2. Concepts of operators

2. Let extension for infinite vectors, let l2 be

l2 =

{
sequences {xj}∞1 : |

n∑
1

|xj|2 <∞
}
.

3. Let C([a, b]) be a space of continous function on the interval [a, b] ⊂ R :

〈f, g〉 =

b∫
a

f(x)g(x)dx and ‖f‖2 =

 b∫
a

|f(x)|2 dx


1
2

.

Definition 1.1.7 A compect inner product space is Hilbert space.

1.2 Concepts of operators

1.2.1 Linear operators

Definition 1.2.1 Let E and F be two normed spaces, an operator A : E → F is called to

be linear if and only

∀ϕ1, ϕ2 ∈ E, λ1, λ2 ∈ k = (R or C), we have A(λ1ϕ1 + λ2ϕ2) = λ1A(ϕ1) + λ2A(ϕ2).

Definition 1.2.2 (Continuity of linear operators).Let E and F be two normed spaces, a

linear operator A defined on a subset G ⊂ E to F is called continuous in x of G if:

• for all sequence (xn) in G converges toward x0, the sequence A(xn) converges toward

A(x0), that mean

lim
n→∞

A(xn) = A( lim
n→∞

xn) = A(x0).

Remark 1.2.1 The linear operator A is called continuous in G if it is continuous in each

point of the set G.

1.2.2 Bounded operators

Definition 1.2.3 A linear operator A : E → F is called bounded if there exists a positive

constant C > 0 such that:

‖A(x)‖F ≤ C ‖x‖E , ∀x ∈ E. (1.2.1)

4



1.2. Concepts of operators

Proposition 1.2.1 The smallest constant C satisfying the relation (1.2.1)is called the norm

of A, denoted as, and is given by:

‖ A ‖= sup
x 6=0

‖ A(x) ‖F
‖ x ‖E

= sup
‖x‖=1

‖ A(x) ‖F= sup
‖x‖≤0,x 6=0

‖ A(x)‖F .

Theorem 1.2.1 A linear operator A is continuous if and only if it is bounded.

proof. We suppose that the operator A is bounded, we have

‖A(x)‖F ≤ C ‖x‖E ,

or

‖A(x)− A(0)‖F ≤ C ‖x− 0‖E ,

where the continuity of the operator A in 0 such that

lim
n→∞

A(x) = A(0) where lim
n→∞

x = 0,

which leads to continuity everywhere.

1.2.3 Compact operators

Definition 1.2.4 (compact linear operators). A linear operator A defined from a normed

space E into a normed space F is called a compact linear operator or completely continuous

linear operator if for every bounded subset Ω of E, the image A(Ω) is relatively compact in

F, in other words, the closure A(Ω) is compact.

Theorem 1.2.2 The linear combination A = αA1 + βA2 of compact operators A1 and A2

is compact operator, for every scalars α and β.

proof. Let ϕn be a bounded sequence in E and let Aϕn be a sequence in F then

Aϕn = αA1ϕn(x) + βA2ϕn(x), with ϕn ∈ E, n ∈ N,

the operators A1 and A2 are compact, one can extract from A1ϕn and A2ϕn two convergent

subsequences wich given by thier sum a convergent subsequence of Aϕn.Hence A is compact.

5



1.2. Concepts of operators

Theorem 1.2.3 (finite dimensional domain). Let A be bounded operator defined from

E into F with the domain E has a finite dimension, dimE < ∞ then the operator A is

compact.

proof. Indeed the space E has a finite dimension dimE <∞ implies the finite dimen-

sional range A(E), say

dimA(E) ≤ dimE,

it follows, A is a compact operator.

Theorem 1.2.4 The identity operator Id defined from a normed space E into E is compact

if and only if the space E has a finite dimension.

Corollary 1.2.1 A bounded operator A in a normed space E is not generally a compact

operator.

Indeed, see the identity opertor A = I in the infinitely dimensional normed space is not

compact.

1.2.4 Integral operators

Integral operators are fundamental objects in functional analysis, where they are particularly

useful in transforming function into simpler version for easier resolution.

The integral operator is defined as any linear operator A defined on a normed space E

with values in a normed space F , given in the form :

Aϕ(x) =

∫
G2

k(x, y)ϕ(y)dy, x ∈ G1,

the function k(x, y) is a measurable function defined on a measurable set G1×G2 and ϕ(y)

is a measurable function defined on G1.

k(x, y) is colled the kernel of the integral operator A.

Definition 1.2.5 (Normes of integral operators)

6



1.2. Concepts of operators

The norm of the integral operators defined on Lp(G1), here p and q are conjugate expo-

nents (1
p

+ 1
q

= 1) with (1 ≤ p, q ≤ ∞), the norm of the operator A is given by:

‖A‖p =



∫
G1

∫
G2

(|k(x, y)|q dy)
p
q dx

 1
p

, pour 1 < p <∞

∫
G1

ess sup
y
|k(x, y)| dx, pour p = 1

ess sup
x

∫
G2

|k(x, y)| dy, pour p =∞

Theorem 1.2.5 Let A is an integral operator with a finit norm

‖A‖p <∞,

then the integral operator A is a continous linear operator from Lp(G1) to Lp(G2), Addi-

tionlly we have

‖Aϕ‖p ≤ ‖A‖p ‖ϕ‖p .

7



Chapter 2

Integral and integro- differential

equations

In this chapter, some definitions and examples are given for linear integral equation and

linear integro-differential equation.

2.1 Classification of integral equations

Integral equations appear in many types.The types depend mainly on the limits of integra-

tion and the kernel of the equation, in this text we will be concerned on the following types

of integral equation.

2.1.1 Fredholm integral equations

Definition 2.1.1 The most standard form of Fredholm linear integral equations is given by

the form:

φ(x)ϕ(x) = f(x) + λ

∫ b

a

k(x, t)ϕ(t)dt, (2.1.1)

where the limits of integration a and b are constants and the unknown ϕ(x) appear

linearly under the integral sing:

8



2.1. Classification of integral equations

1. If the function φ(x) = 0, then (2.1.1) yields

f(x) + λ

∫ b

a

k(x, t)ϕ(t)dt = 0,

wich is called Fredholm integral equation of the first kind.

2. If the function φ(x) = 1, the (2.1.1) becomes simply

ϕ(x) = f(x) + λ

∫ b

a

k(x, t)ϕ(t)dt,

and this equation called Fredholm integral equation of second kind.

2.1.2 Volterra integral equations

Definition 2.1.2 The most standard form of Volterra linear integral equation is of the form

φ(x)ϕ(x) = f(x) + λ

∫ x

a

k(x, t)ϕ(t)dt. (2.1.2)

where the limits of integration are function of x and the unknown function ϕ(x) appear

linearly under the integral sing

1. If the function φ(x) = 0, then equation (2.1.2) becomes

f(x) + λ

∫ x

a

k(x, t)ϕ(t)dt = 0,

wich is known as the Volterra equation of the first kind.

2. If the function φ(x) = 1, then equation (2.1.2) simply becomes

ϕ(x) = f(x) + λ

∫ x

a

k(x, t)ϕ(t)dt,

and this equation is know as the Volterra integral equation of the second kind.

2.1.3 Volterra-Fredholm integral equations

The Volterra-Fredholm integro differential equation, wich is a combination of disjoint Volterra

and Fredholm and differetial operator can appear in a single integral form.

9



2.2. Classification of integro-differential equations

Definition 2.1.3 It calls the Volterra- Fredholm intgral equation an equation of the form:

ϕ(x) = f(x) + λ1

x∫
a

k1(x, t)ϕ(t)dt+ λ2

b∫
a

k2(x, t)ϕ(t)dt, x ∈ [a, b] ,

where the functions k1(x, t), k2(x, t) and f(x) are known, ϕ(x) is the inknown function and

λ1 and λ2 are non-zero parameters.

2.2 Classification of integro-differential equations

2.2.1 Fredholm integro-differential equation

The general form of Fredholm integro-differential equation appears in the form:

m∑
k=0

Pk(x)ϕ(k)(x) = f(x) + λ

∫ x

a

k(x, t)ϕ(t)dt, m ≥ 1,

whith the unitial conditions

ϕ(k) (a) = ak, 0 ≤ k ≤ m− 1

where the functions Pk(x), k(x, t), and f(x) are known, ϕ(x) is the unknown function

and λ is a parameter.

ϕ(k) indicates the kth derivative of ϕ(x).

1-  ϕ′(x) = 1− 1
3
x+

∫ 1
0
xϕ(t)dt

ϕ(0) = 0

Is a first-order Fredholm integro-differential equation

2-  ϕ′′(x) + ϕ′(x) = x− sinx−
∫ π

2

0
xtϕ(t)

ϕ(0) = 0, ϕ′(0) = 1

is a second -order Fredholm integro-differential equation.

10



2.2. Classification of integro-differential equations

2.2.2 Volterra integro-differential equations

The Volterra integro-differential equation appears in the form:

m∑
i=1

Pk(x)ϕ(k)(x) = f(x) + λ

∫ x

a

k(x, t)ϕ(t)dt,

whith the unitial conditions

ϕ(k) (a) = ak, 0 ≤ k ≤ m− 1

where the functions Pk(x), k(x, t), and f(x) are known, ϕ(x) is the unknown function

and λ is a parameter.

ϕ(k) indicates the kth derivative of ϕ(x).

1- 
ϕ′(x) = −1 + 1

2
x2 − x exp(x)−

x∫
0

tϕ(t)dt

ϕ(0) = 0

is a Volterra integro-differential equation of first order

2- 
ϕ′′(x) + ϕ(x) = 1− x(sinx+ cosx)−

x∫
0

tϕ(t)dt,

ϕ(0) = −1, ϕ′(0) = 1.

is a Volterra integro-differential equation of second order.

2.2.3 Volterra-Fredholm integro-differential equations

Definition 2.2.1 The Volterra-Fredholm integro-differential equation, wich is a combina-

tion of disjoint Volterra and Fredholm integral along with differential operator, can appear

in a single integral from.
n∑
i=1

Pk(x)ϕ(k)(x) = f(x) + λ1

x∫
a

k1(x, y)ϕ(t)dt+ λ2

b∫
a

k2(x, y)ϕ(t)dt

ϕ(k)(a) = ak, 0 ≤ k ≤ n− 1.

11



2.3. Converting of a Volterra integro-differential equation to a Volterra integral equation of
the second kind

where ϕ(k)(x) denotes the kth derivation of ϕ(x) and k1(x, y), k2(x, y), Pk(x) and f(x) are

known functions, λ1and λ2 are non-zero parametres and ϕ(x) is the unknow function to be

determined

Example 2.2.1 
ϕ′(x) = 24x+ x4 + 3−

x∫
0

(x− t)ϕ(t)dt−
∫ 1
0
tϕ(t)dt

ϕ(0) = 0

It is a Volterra-Fredholm integro-differential equation of first order.

2.3 Converting of a Volterra integro-differential equa-

tion to a Volterra integral equation of the second

kind

This section is concerned with converting to Volterra integral equations.We can easily con-

vert the Volterra integro-differential equation to equivalent Volterra integral equation, pro-

vided the kernel is a difference kernel defined by k(x, t) = k(x− t).This can be easily done
by integrating both sides of the equation and using the initial conditions, we illustrate for

the benefit of the reader three specific formulas:∫ x

0

(

∫ x

0

ϕ(t)dt)dx =

∫ x

0

(x− t)ϕ(t)dt∫ x

0

∫ x

0

(

∫ x

0

ϕ(t)dt)dxdx =
1

2!

∫ x

0

(x− t)2ϕ(t)dt

...∫ x

0

∫ x

0

...(

∫ x

0︸ ︷︷ ︸
n

ϕ(t)dt)dxdx...dx =
1

(n− 1)!

∫ x

0

(x− t)n−1ϕ(t)dt.

Example 2.3.1 Consider the Volterra integro-differential equation: ϕ′(x) = 2− x2

4
+ 1

4

∫ x
0
ϕ(t)dt

ϕ(0) = 0
(2.3.1)
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2.4. Analytical solution of Volterra integro- differential equations

To solve the Volterra integro-differential equation by converting it into a Volterra integral

equation, we integrate both sides of equation (2.3.1) from 0 to x and use the unitial condi-

tion.Additionlly we convert the double integral into a single integral from formule (2.3.1)we

obtain ∫ x

0

ϕ′(x)dx =

∫ x

0

(2− x2

4
)dx+

1

4

∫ x

0

(

∫ x

0

ϕ(t)dt)dx

ϕ(x)− ϕ(0) = 2x− x3

12
+

1

4

∫ x

0

(x− t)ϕ(t)dt

so

ϕ(x) = 2x− x3

12
+

1

4

∫ x

0

(x− t)ϕ(t)dt.

2.4 Analytical solution of Volterra integro- differential

equations

2.4.1 The series solution method

The real function ϕ(x) is called analytic if it has derivatives of all orders such that the

Taylor series at any point b in its domain

ϕ(x) =
∞∑
n=0

ϕ(n)(b)

n
(x− b)n, (2.4.1)

converges to ϕ(x) in a neighborhood of b.For simplicity, the generic form of Taylor series

at x = 0 can be written as

ϕ(x) =
∞∑
n=0

anx
n (2.4.2)

In this section we will apply the series solution method for solving Volterra integro-

differential equations of the second kind.We will assume that the solution ϕ(x) of the Volterra

integro-differential equation.

ϕ(n)(x) = f(x) + λ

∫ x

0

k(x, t)ϕ(t)dt (2.4.3)

ϕ(k)(0) = k!ak, 0 ≤ k ≤ (n− 1).

13



2.4. Analytical solution of Volterra integro- differential equations

is analytic, and therefore possesses a Taylor series of the form given in (2.4.2), where the

coeffi cients an will be determined recurrently.

The first few coeffi cients ak can be determined by using the initial conditions:

a0 = ϕ(0), a1 = ϕ′(0), a2 =
1

2!
ϕ′′(0), a3 =

1

3!
ϕ′′′(0) (2.4.4)

and so on the remaining coeffi cients ak of (2.4.2),will be determined by applying the series

solution method to the Volterra integro-differential equation (2.4.3),Substituting (2.4.2), into

both sides of (2.4.3), gives:

(

∞∑
n=0

anx
n)n = T (f(x)) +

∫ x

0

k(x, t)(
∞∑
n=0

ant
n)dt, (2.4.5)

or for simplicity we use

(
a0 + a1x+ a2x

2 + ...
)n

= T (f(x)) +

∫ x

0

k(x, t)
(
a0 + a1t+ a2t

2 + ...
)
dt, (2.4.6)

where T (f(x)) is the Taylor series for f(x).

Example 2.4.1 Use the series solution method to solve the Volterra integro-differential

equation

ϕ′′(x) = 1 + x+

∫ x

0

(x− t)ϕ(t)dt, (2.4.7)

ϕ(0) = ϕ′(0) = 1.

substituting ϕ(x) by the series:

ϕ(x) =
∞∑
n=0

anx
n, (2.4.8)

into both sides of (2.4.7),leads to

(

∞∑
n=0

anx
n)′′ = 1 + x+

∫ x

0

((x− t)
∞∑
n=0

ant
n)dt, (2.4.9)

Differentiating the left side twice, and by evaluating the integral at the right side we find

∞∑
n=0

n(n− 1)anx
n−2 = 1 + x+

∞∑
n=2

1

(n+ 2)(n+ 1)
anx

n−2, (2.4.10)
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2.4. Analytical solution of Volterra integro- differential equations

or equivalently

2a2 + 6a3x+
∞∑
n=2

(n+ 2)(n+ 1)an+2x
n = 1 + x+

∞∑
n=2

1

(n+ 2)(n+ 1)
anx

n−2, (2.4.11)

using the initial conditions and equating the coeffi cients of like powers of x in both sides of

(2.4.11),gives the recurrence relation

a0 = 1, a1 = 1, a2 =
1

2!
, a3 =

1

3!
, (2.4.12)

an+2 =
1

(n+ 2)(n+ 1)n(n− 1)
an−2, n ≥ 2,

where this result gives:

an =
1

n!
, (2.4.13)

for n ≥ 0 Substituting this result into (2.4.8), gives the series solution

ϕ(x) =

∞∑
n=0

1

n!
xn, (2.4.14)

the converges to the exact solution

ϕ(x) = exp(x).

2.4.2 The Adomian Decomposition Method

In this section, we shall introduce the decomposition method and the modified decomposi-

tion method to solve the Volterra integro-differential equations.This method appears to be

reliable and effective.

Without loss of generality, we may assume a standard form to Volterra integro differential

equation defined by the standard form:

ϕ(n)(x) = f(x) +

∫ x

0

k(x, t)ϕ(t)dt, ϕ(k)(0) = bk, 0 ≤ k ≤ (n− 1), (2.4.15)

where ϕ(n) is the nth order derivative of ϕ(x) with respect to x and bk are constants that

defines the initial conditions.It is natural to seek an expression for ϕ(x) that will be derived

from equation (2.4.15), this can be done by integrating both sides of equation (2.4.15) from

0 to x as many times as the order of the derivative involved.
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2.4. Analytical solution of Volterra integro- differential equations

Consequently, we obtain

ϕ(x) =
n−1∑
k=0

1

k!
bkx

k + L−1(f(x)) + L−1
(∫ x

0

k(x, t)ϕ(t)dt

)
, (2.4.16)

where
∑n−1

k=0
1
k!
bkx

k is obtained by using the initial conditions, and L−1 is an n −fold inte-
gration operator.Now, we are in a position to apply the decomposition metod by defining

the solution ϕ(x) of equation (2.4.16) on a decomposed series

ϕ(x) =
n−1∑
k=0

ϕn(x), (2.4.17)

substitution of equation (2.4.17) into both sides of equation (2.4.16) we get

n−1∑
k=0

ϕn(x) =
n−1∑
k=0

1

k!
bkx

k + L−1(f(x)) + L−1
(∫ x

0

k(x, t)ϕ(t)dt

)
(2.4.18)

This equation can be explicitly written as:

ϕ0(x) + ϕ1(x) + ϕ2(x) + ... =
n−1∑
k=0

1

k!
bkx

k + L−1(f(x)) + L−1
(∫ x

0

k(x, t)ϕ0(t)dt

)
+

L−1
(∫ x

0

k(x, t)ϕ1(t)dt

)
+ L−1

(∫ x

0

k(x, t)ϕ2(t)dt

)
+ L−1

(∫ x

0

k(x, t)ϕ3(t)dt

)
+ ...

The components ϕ0(x), ϕ1(x), ϕ2(x), ϕ(x)3, ... of the unknown function ϕ(x) are deter-

mined in a recursive manner, if we set

ϕ0(x) =
n−1∑
k=0

1

k!
bkx

k + L−1(f(x)), ϕ1(x) = L−1
(∫ x

0

k(x, t)ϕ0(t)dt

)
, ϕ2(x) = L−1

(∫ x

0

k(x, t)ϕ1(t)dt

)
,

ϕ3(x) = L−1
(∫ x

0

k(x, t)ϕ2(t)dt

)
, ϕ4(x) = L−1

(∫ x

0

k(x, t)ϕ3(t)dt

)
.

and so on.The above equations can be written in a recursive manner as

ϕ0(x) =

n−1∑
k=0

1

k!
bkx

k + L−1(f(x)) (2.4.19)

ϕn+1(x) = L−1
(∫ x

0

k(x, t)ϕn(t)dt

)
, n ≥ 0 (2.4.20)

Use the Adomian method to solve the Volterra integro-differential equation

ϕ′′′(x) = −1 + x−
∫ x

0

(x− t)ϕ(t)dt, ϕ(0) = 1, ϕ′(0) = −1, ϕ′′(0) = 1. (2.4.21)
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2.4. Analytical solution of Volterra integro- differential equations

Applying the three− fold integral operator L−1 defined by

L−1(.) =

∫ x

0

∫ x

0

∫ x

0

(.)dxdxdx, (2.4.22)

to both sides of (2.4.21), and using the given initial conditions we obtain

ϕ(x) = 1− x+
1

2!
x2 − 1

3!
x3 +

1

4!
x4 − L−1

(∫ x

0

(x− t)ϕ(t)dt

)
, (2.4.23)

using the decomposition series (2.4.17), and using the recurrence relation (2.4.20) we obtain

ϕ0(x) = 1− x+
1

2!
x2 − 1

3!
x3 +

1

4!
x4, (2.4.24)

ϕ1(x) = −L−1
(∫ x

0

(x− t)ϕ(t)dt

)
,

= − 1

5!
x5 +

1

6!
x6 − 1

7!
x7 +

1

8!
x8 − 1

9!
x9.

and so on.This gives the solution in a series form

ϕ(x) = 1− x+
1

2!
x2 − 1

3!
x3 +

1

4!
x4 − 1

5!
x5 +

1

6!
x6 − 1

7!
x7 + ..., (2.4.25)

and this converges to the exact solution

ϕ(x) = exp(−x). (2.4.26)
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Chapter 3

Numerical solution of Volterra

integro- differential equations

3.1 Veita-Pell polynomials and their properties

3.1.1 Vieta’s formula for general polynomial

Vieta’s formulas are the concept of polynomials which relates a polynomial’s coeffi cients to

the sums and products of the roots of the polynomial. Vieta’s formulas can be useful tools

for learning relations between the polynomial’s roots without really knowing their numerical

value and coeffi cients of the equation.

Let p(x) = anx
n+an−1x

n−1+ ...+a0 be a polynomial with complex coeffi cient and degree

n, having comparing rn, rn−1, ..., r1 then for any integer 0 ≤ k ≤ n,∑
1<i1<i2<...<ik<n

ri1ri2 ...rik = (−1)n
an−k
an

,

The exppression on the left -hand side of Vieta’s formula are the elementary symmetric

functions of r1, r2, ..., rn the Vieta’s formula follows by comparing coeffi cients in the equation

anx
n + an−1x

n−1 + ...+ a0 = an(x− r1)(x− r2)(x− r3)...(x− rn).

As in the quadratic case, Vieta’s formula gives an equation to find the sum of roots:
n∑
i=1

ri = −an−1
an

.
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3.1. Veita-Pell polynomials and their properties

Similarly, we have the following equation for the product of roots:

r1r2...rn = (−1)n
a0
an
,

Vieta’s formula gives relation ship between polynomial roots and coeffi cient that are often

useful in problem-solving.

3.1.2 Pell polynomial

The Pell polynomials gives recursive equation for p(x) from p0(x) = 0, p1(x) = 1, and

pn+2(x) = 2xpn+1(x) + pn(x).

The first few are

p1(x) = 1

p2(x) = 2x

p3(x) = 4x2 + 1

p4(x) = 8x3 + 4x

p5(x) = 16x4 + 12x2 + 1.

3.1.3 Veita-Pell polynomials

The Veita -Pell polynomials (V PPS) can be defined recursively as below:

V P0(x) = 0, V P1(x) = 1.

V Pn(x) = 2xV Pn−1(x)− V Pn−2(x), n ≥ 2

The first few termes of V Pn(x) are as follows:
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3.1. Veita-Pell polynomials and their properties

V P0(x) = 0

V P1(x) = 1

V P2(x) = 2x

V P3(x) = 4x2 − 1

V P4(x) = 8x3 − 4x

V P5(x) = 16x4 − 12x2 + 1.

V P6(x) = 32x5 − 32x3 + 6x

In addition The general term of the (V PPS) can be constructed in terme the sums and

the product respectively as below

V Pn(x) =

[n2 ]∑
i=0

(−1)i(
n− i
n

)2n−2ixn−2i

V Pn(x) = 2n
n∏
i=1

(x− cos(
iπ

n+ 1
)).

The first ten coeffi cients of VPn(x))
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3.2. Veita-Pell collocation method

•
n/j 0 1 2 3 4

0 0

1 1

2 2

3 4 −1

4 8 −4

5 16 −12 1

6 32 −32 6

3.2 Veita-Pell collocation method

The collocation method is one of the most commonly used techniques for approximating

the solutions of differential and integral equations. This method approximates the solution

by expressing it as a linear combination of a specific set of basis functions. The process

involves substituting this approximate solution into the original equation at a finite set of

points within the domain, resulting in an algebraic system of equations that can be solved.

We consider the following Volterra integro-differential equation:
ϕ(m)(x) = f(x) + λ

x∫
a

k(x, t)ϕ(t)dt, a ≤ t, x ≤ b, m ≥ 1

ϕ(k)(a) = αk, 0 ≤ k ≤ m− 1,

(3.2.1)

Where ϕ(m)(x) indicates the mthderivative of ϕ(x) and k(x, t) is continuous and sequare

integrable function, f(x) is a known function, ϕ(x) is the unknown function, λ is a parame-

ter, and m is an integer.

When using the collocation method, the approximate solution is given by:

ϕn(x) =
n∑
i=0

ciV Pi(x) (3.2.2)

V Pi(x) be the Veita-Pell polynomials of degree i and ci are coeffi cients to determine.

Let’s consider

V Pn(x) = (V P0(x), V P1(x), ..., V Pn(x)), and ci = (c0, c1, ..., cn)t.
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3.2. Veita-Pell collocation method

By integrating the intrgro-differential equation (3.2.1) from a to x, m time we have∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

ϕ(m)(x)dx...dx =

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

f(x)dx...dx+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(λ

∫ x

a

k(x, t)ϕ(t)dt)dx...dx

Thus

ϕ(x) = ϕ(a) +

∫ x

a

ϕ′(a)dx+

∫ x

a

∫ x

a

ϕ′′(a)dx+ ...+

∫ x

a

...

∫ x

a

ϕ(m−1)(a)dx...dx︸ ︷︷ ︸
m−1

+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

f(x)dx...dx+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(λ

∫ x

a

k(x, t)ϕ(t)dt)dx...dx (3.2.3)

We replace (3.2.2) in (3.2.3) and we obtain

n∑
i=0

ciV Pi(x) =
m−1∑
k=0

1

k!
(x−a)kϕ(k)(a)+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

f(x)dx...dx︸ ︷︷ ︸
m

+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(λ

∫ x

a

k(x, t)
n∑
i=0

ciV Pi(t)dt)dx...dx︸ ︷︷ ︸,
m

n∑
i=0

ci(V Pi(x)− λ
∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(

∫ x

a

k(x, t)V Pi(t)dt)dxdx...dx)︸ ︷︷ ︸
m

= F (x) (3.2.4)

where

F (x) =
m−1∑
k=0

αk
k!

(x− a)k +

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

f(x)dx...dx︸ ︷︷ ︸
m

The equation(3.2.4) is written in the form:

A(x)C = F (x) (3.2.5)

Where

Ai(x) =
n∑
i=0

(V Pi(x)− λ
∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(

∫ x

a

k(x, t)V Pi(t)dt)dx...dx,

C = (c0, c1, ..., cn)t
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3.3. Veita-Pell Galerkin method

To determine the unknown coeffi cients ci for i = 0, 1, ..., n,we chosse collocation points xj+1 = xj + b−a
n
, j = 0, 1, 2, ..., n

x0 = a

Thus on obtain a linear system

Ai(xj)C = F (xj) (3.2.6)

where

A = (aji) =


a00 a01 ... a0n

a10 a11 a1n

... ... ...

an0 an1 . ann

 , F (x) =


F (x0)

F (x1)

.

F (xn)

 , C =


c0

c1

.

cn


where

aji = Ai(xj), i, j = 0, 1, ...n

This system admits a unique solution if det(A) 6= 0.

The initial conditions of (3.2.1) give:

ϕ(m−1)n (a) =
n∑
i=0

V Pi(a)ci = αm−1, m ≥ 1 (3.2.7)

The unknowns ci, i = 0, 1, ..., n are determined by solving the linear system of equation

(3.2.6) and (3.2.7) ,Substituting these values into (3.2.2) provides the approximate solution.

3.3 Veita-Pell Galerkin method

We consider the following Volterra integro-differential equation
ϕ(m)(x) = f(x) + λ

x∫
a

k(x, t)ϕ(t)dt, a ≤ t, x ≤ b

ϕ(k) = αk, 0 ≤ k ≤ m− 1, m ≥ 1

(3.3.1)

The symbol ϕ(m)(x) indicates the mth derivative of ϕ(x) and k(x, t) is continuous and

sequare integrable function, f(x) is a known function, ϕ(x) is the unknown function, λ is a

parameter,and m is an integer.
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3.3. Veita-Pell Galerkin method

we use when the Galerkin method where the approximate solution is given in the form:

ϕn(x) =
n∑
i=0

ciV Pi(x) (3.3.2)

where V Pi(x) represent Veita-Pell polynomials of degree i and ci are coeffi cient to be

determined.

Let’s set

V Pn(x) = (V P0(x), V P1(x), ..., V Pn(x)), and c = (c0, c1, ..., cn)t

By substituting (3.3.2) into (3.3.1)and integrating the integro - differential equation (3.3.1)

from a to x m times, we obtain∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

ϕ(m)(x ) dxdx...dx︸ ︷︷ ︸ =
m

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

f(x)dx...dx+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m

(λ

∫ x

a

k(x, t)ϕ(t)dt) dx...dx︸ ︷︷ ︸,
m

(3.3.3)

Thus

ϕ(x) = ϕ(a) +

∫ x

a

ϕ′(a)dx+

∫ x

a

∫ x

a

ϕ′′(a)dxdx+ ...+

∫ x

a

...

∫ x

a︸ ︷︷ ︸
m−1

ϕ(m−1)(a)dx...dx+

∫ x

a

...

∫ x

a

f(x)dx...dx

(3.3.4)

+

∫ x

a

...

∫ x

a

(λ

∫ x

a

k(x, t)ϕ(t)dt)dx...dx,

By replacing (3.3.2) in equation (3.3.4) , we obtained

n∑
i=0

ciV Pi(x)−
∫ x

a

...

∫ x

a

(λ

∫ x

a

k(x, t)V Pi(t)dt)dx...dx =
m−1∑
k=0

1

k!
(x−a)kϕ(k)(a)+

∫ x

a

...

∫ x

a

f(x)dx...dx

where

n∑
n=0

ci(V Pi(x)−λ
∫ x

a

...

∫ x

a

(

∫ x

a

k(x, t)V Pi(t)dt)dx...dx =
m−1∑
k=0

1

k!
(x−a)kϕ(k)(a)+

∫ x

a

...

∫ x

a

f(x)dx...dx

(3.3.5)

so the Galerkin equation are obtained by multiplying both sides of (3.3.5) by (V Pj) and

then integrating with respect to form a to b we obtain

n∑
n=0

(

∫ b

a

(V Pi(x)− λ
∫ x

a

...

∫ x

a

(

∫ x

a

k(x, t)V Pi(t)dt)dx...dx)V Pj(x)dx)ci =
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3.4. Numerical examples

∫ b

a

(
m−1∑
k=0

1

k!
(x− a)kϕ(k)(a) +

∫ x

a

...

∫ x

a

f(x)dx...dx)V Pj(x)dx, , j = 0, ..., n. (3.3.6)

The equation (3.3.6) is written in the form

W (x)C = F (x)

where

W (x) =
n∑
i=0

(

∫ b

a

(V Pi(x)−λ
∫ x

a

...

∫ x

a

(

∫ x

a

k(x, t)V Pi(t)dt)dx...dx)V Pj(x)dx)ci, j = 0, ..., n,

C = (c0, c1,...,cn)t

F (x) =

∫ b

a

(
m−1∑
k=0

1

k!
(x− a)kϕ(k)(a) +

∫ x

a

...

∫ x

a

f(x)dx...dx)V Pj(x)dx, j = 0, ..., n.

The system has a unique solution if det(W ) 6= 0

The initial condition of (3.3.1) are given by:

ϕ(m−1)n (a) =
n∑
i=0

V Pi(a)ci = αm−1 (3.3.7)

To determine the unknowns ci ,i = 0, 1, .., n, by solving the linear system of equations

(3.3.6) and (3.3.7) , substituting these values into (3.3.2) gives the approximate solution.

3.4 Numerical examples

Example 01.Consider the integro-differential equation of Volterra: ϕ′′ (x) = −x− x3

6
+
∫ x
0

(x− t)ϕ (t) dt, 0 ≤ t ≤ x ≤ 1

ϕ (0) = 0, ϕ′ (0) = 2

the exact solution given by:

ϕex (x) = x+ sin(x)
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3.4. Numerical examples

Table 01. We present the approximate solution ϕapp obtained by the Veita-Pell colloca-

tion method, the error is calculated for N = 8

Val of x ϕex (x) ϕapp Err.

0 0 -3.4078e-14 3.4078e-14

1.2500e-01 2.4967e-01 2.4967e-01 3.6726e-12

2.5000e-01 4.9740e-01 4.9740e-01 5.8429e-12

3.7500e-01 7.4127e-01 7.4127e-01 7.0706e-12

5.0000e-01 9.7943e-01 9.7943e-01 8.1928e-12

6.2500e-01 1.2101e+00 1.2101e+00 1.0188e-11

7.5000e-01 1.4316e+00 1.4316e+00 1.3954e-11

8.7500e-01 1.6425e+00 1.6425e+00 2.0030e-11

1.0000e+00 1.8415e+00 1.8415e+00 2.8226e-11
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Exa.sol
 App.sol
Err
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3.4. Numerical examples

Example 02.Consider the integro-differential equation of Volterra: ϕ(4) (x) = 1 + x− x2

2
− x3

6
+
∫ x
0

(x− t)ϕ (t) dt, 0 ≤ t ≤ x ≤ 1

ϕ (0) = 2, ϕ′ (0) = 2, ϕ′′ (0) = 1, ϕ′′′ (0) = 1

the exact solution given by:

ϕex (x) = exp(x) + x+ 1

Table 02. We present the approximate solution ϕapp obtained by the Veita-Pell colloca-

tion method, the error is calculated for N = 6

Val of x ϕex (x) ϕapp Err. Err.[12]

0 2.0000e+00 2.0000e+00 1.8208e-13

1.6667e-01 2.3480e+00 2.3480e+00 8.9262e-14

3.3333e-01 2.7289e+00 2.7289e+00 8.4377e-14

5.0000e-01 3.1487e+00 3.1487e+00 1.3474e-12

6.6667e-01 3.6144e+00 3.6144e+00 7.2884e-12

8.7500e-01 4.1343e+00 4.1343e+00 2.3824e-11

1.0000e+00 4.7183e+00 4.7183e+00 6.1121e-11
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3.4. Numerical examples
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Example 03.Consider the integro-differential equation of Volterra: ϕ′′′ (x) = cos(x)− exp(x)− ((exp(x)(cos(x)− sin(x)))/2) + 3/2 +
∫ x
0

exp(t)ϕ (t) dt, 0 ≤ t ≤ x ≤ 1

ϕ (0) = 1, ϕ′ (0) = −1, ϕ′′ (0) = 0,

the exact solution given by:

ϕex (x) = 1− sin(x)
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3.4. Numerical examples

Table 03. We present the approximate solution ϕapp obtained by the Veita-Pell colloca-

tion method, the error is calculated for N = 8

Val of x ϕex (x) ϕapp Err.

0 1.0000e+00 1.0000e+00 1.2484e-11

1.2500e-01 8.7533e-01 8.7533e-01 9.8825e-12

2.5000e-01 7.5260e-01 7.5260e-01 6.7345e-12

3.7500e-01 6.3373e-01 6.3373e-01 3.4286e-12

5.0000e-01 5.2057e-01 5.2057e-01 1.9951e-13

6.2500e-01 4.1490e-01 4.1490e-01 5.0999e-12

7.5000e-01 3.1836e-01 3.1836e-01 1.2857e-11

8.7500e-01 2.3246e-01 2.3246e-01 2.7669e-11

1.0000e+00 1.5853e-01 1.5853e-01 5.6377e-11
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Conclusion

Conclusion
Integro-differential equations are typically diffi cult to solve analytically. Of-

ten, it is necessary to obtain approximate solutions. In this thesis, we propose the

Vieta-Pell collocation method based on the Vieta-Pell polynomials for solving

linear Volterra integro-differential equations. Illustrative examples are included

to demonstrate the validity and applicability of this method.
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