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NOTATION

R” is the n-dimensional real Euclidean space and

R ={(x,1): x€R", 0<t<oo}.

N is the collection of all natural numbers and N, = NuU {0}.
Z is the set of all integer numbers.

For a = (a,,...,a,) € N}, and x = (xy,..., x,,) € R" we write |a| = a; +...+a,, x%=

x..x and 09=(2)" .. (&)™

X1 Xn

The Euclidean scalar product of x = (x;,...,x,) and y =(y,..., y,) is given by x - y =

XN+t X, Ve
Cq,p,... IS @ positive constant depending on the indicated parameters «, 3, ....

The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).

f~gmeans f S g < f for non-negative functions f and g.

For any x € R, | x| stands for the largest integer smaller than or equal to x.
suppf is the support of the function f , i.e., the closure of its non-zero set.
Let E c R" be a measurable set. | E| stands for the (Lebesgue) measure of E.
x & denotes the characteristic function for the set E C R”.

S (R™)is the set of all Schwartz functions on R”.
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&'(R") the set of all tempered distributions on R”.

Ll

1o.(R") be the collection of all locally integrable functions on R".

For x e R"” and r > 0 we denote by B(x, r) the open ball in R” with center x.

Let f€ L! (R"). The Hardy-Littlewood maximal operator is defined by

loc

1
AN =8P e

f Ifldy, VxeR"
B(x,r)
The Fourier transform of a function f € .#(R") is defined by

9’(f)(§)=f(§)=(2ﬂ:)_”/zj e f(x)dx, xeR"

R~
Its inverse is denoted by Z ' (f) or f.

The convolution f * g is is defined by
f*g(x)=f flx=y)gly)dy, fgeLl'®R",
Rn

Q,,m be the dyadic cube in R” is defined by
Qum={(x1,.0,x,)m; <2"x;, <m;+1,i=1,2,...,n} veZ m=(my,..,m,)eZ",
for the collection of all such cubes we use

2={Q,,:VEZ,MEZL"}.
For each cube Q, we denote its center by c, its lower left-corner by XQym = 27Vm of
Q=0Q,,,, and its side length by /(Q).
We denote by rQ the cube concentric with Q having the side length r(Q).
"i.e." stands simply for "in other words".
"a.e." stands simply for "almost everywhere".
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e Let f and g tow measurable functions an operator T is called a sublinear operator

if, for A € C, we have
T(F+8)| <|T(f)|+]T(8)]

and

\T(Af)|=IA|T(f)|-

e We say a quasi-Banach space A, is continuously embedded in another quasi-Banach
space A,, A; — A,, if A; C A, and there is a ¢ > 0 such that ||f||A2 <c ||fHA1 for all
fEA,.



INTRODUCTION

It is well known that Herz spaces and Besov spaces play an important role in harmonic
analysis and partial differential equations, and have been systematically studied and de-
veloped see, for instance, [31} 44), [46] for classical Herz spaces, [41), 143, [45] for Herz-type
Hardy spaces, [24, 53} 54] for Besov spaces, and [68] for Besov-type spaces.

Function spaces with variable exponents have been intensively studied in recent years
by a large number of authors. These function spaces are applied in partial differential
equations, fluid dynamics and image processing, see for example, [48]. Some examples
of these spaces can be mentioned as variable Lebesgue spaces, variable Herz spaces, vari-
able Herz-type Hardy spaces, variable Besov and Triebel-Lizorkin spaces, see [1, 5} 6, 8}
7,19, 10, 16} 32} 133, 134, 37, 49} 63]. Meanwhile, variable Besov—-Morrey spaces, variable
Besov and Triebel-Lizorkin-type spaces and their generalizations have been developed,
see [3, 14, 15} 17, 165} 69} 66, [67].

Herz spaces introduced by Herz [31] in the study of absolute convergent Fourier trans-
form. Izuki [32}[33] introduced Herz space with one variable exponent K p“(,)’ q and K p“(,)’ .
These spaces with two variable exponents Kpa(()) 4, and K;(()) , Were studied in [2]. They gave
the boundedness of a wide class of classical operators on these spaces. The spaces K;‘(()) a0
and K ;‘(()) 4 Were firstintroduced by Izuki and Noi in [34]. Drihem and Seghiri 16, Propo-
sition 1] gave a new equivalent norms for K;(()) 4 and K;(()) o)+ This result is very useful to
consider the boundedness of some operators on these function spaces.

Herz-type Hardy spaces were first considered by Chen and Lau [4]. They introduced



Hardy spaces associated with the Beurling algebras A on the real line with 1 < g < 2.
In higher-dimensional and all 1 < g < oo by Garcia-Cuerva [26]]. Independently Garcia-
Cuerva and Herrero [27] and Lu and Yang [41}, 43] generalized the Hardy space theory for
Herz spaces. See [22]] where another class of Herz-type Hardy spaces are given.

Herz-type Hardy spaces with variable exponent H K;(,), q and HK p“(‘)y q have recently been
investigated in [59]]. In [16], the authors introduced the variable Herz-type Hardy spaces
H K’j‘(()) a0 and H Kp“(()) a0) where all parameters defining the space are variable and estab-
lished their characterization in terms of atom. Moreover, applying the atomic decomposi-
tion, they obtained the boundedness of some singular integral operators on these spaces.

Besov spaces of variable smoothness and integrability, B;Ef;y 4 initially appeared in the
paper of Almeida and Héasto [1]. Several basic properties were established, such as the
Fourier analytical characterization and Sobolev embeddings. When p, g, s are constants
they coincide with the usual function spaces B g Later, [12] characterized these spaces by
local means and established the atomic characterization. Afterwards, Kempka and Vybiral
[36] characterized these spaces by the ball means of differences and also by local means,

see [35] for the duality of B;E:i 4() Sbaces.

Variable Besov-type spaces have been introduced in [14] and [15], where their basic
properties are given, such as the Sobolev type embeddings and that under some condi-
tions these spaces are just the variable Besov spaces. For constant exponents, these spaces
unify and generalize many classical function spaces including Besov spaces, Besov-Morrey
spaces (see, for example, [68, Corollary 3.3]). Independently, D. Yang, C. Zhuo and W. Yuan,
[66] studied these function spaces where several properties are obtained such as atomic
decomposition and the boundedness of trace operator.

Tyulenev [56], [67] has studied a new function spaces of variable smoothness. Triebel-
Lizorkin spaces with variable smoothness and integrability Fpséf q() Were introduced in [8].
They proved a discretization by the so called ¢-transform. Also atomic and molecular de-
compositions of these function spaces are obtained and used it to derive trace results.
Subsequently, Vybiral [58] established Sobolev-Jawerth embeddings of these spaces. In
[67], Triebel-Lizorkin type spaces of variable smoothness and integrability were introduced
and studied, their function spaces generalize classical Triebel-Lizorkin-type spaces and
Triebel-Lizorkin spaces with variable smoothness and integrability.

The main target of this thesis is to study the boundedness of a class of pseudo-differential



operators and singular integral operators of convolution type on variable Herz-type Hardy
spaces. In addition, we present another Besov-type spaces with variable smoothness and
integrability which covers Besov-type spaces with fixed exponents. Our thesis consists
of five chapters. In the first chapter, we give some basic properties of variable Lebesgue
spaces and the mixed variable Lebesgue’s-sequence spaces. We also give some key tech-
nical lemmas that we will use later. In the second chapter, we introduce the local vari-
able Herz-type Hardy spaces where we give their atomic decomposition and we present
the boundedness of a class of pseudo-differential operators on such spaces. In the third
chapter, we establish the boundedness singular integral operators of convolution type on
inhomogeneous Herz-type Hardy spaces H K;(()) 4 Our result is based on the molecu-
lar decompositions of such spaces. In the forth chapter, we present another Besov-type
spaces with variable smoothness and integrability which covers Besov-type spaces with
fixed exponents. We establish their ¢-transform characterization in the sense of Frazier

and Jawerth. We also give some basic properties and Sobolev-type embeddings. In the last
7()

chapter, we give the atomic decomposition of variable Besov-type spaces EB;(('.))’Y a0



CHAPTER 1

THE MIXED LEBESGUE-SEQUNCE SPACES

In this chapter, we expose the concepts and results used throughout this thesis. We re-
call some fundamental proprieties on modular space, variable Lebesgue spaces and mixed

Lebesgue-sequence spaces. We also give some key technical lemmas that we will use later.

1.1 Definition and basic properties of modular space

We refer to the monographs [10] and [47] for an exposition on semi-modular spaces. We

start by recalling about the semi-modular functional space.

Definition 1.1. Let X be a (real or complex) vector space. A function g : X — [0,4+00] is

called a semi-modular on X if it satisfies the following conditions:
1. p(0)=0.
2. p(Ax)=p(x) forall x € X, and all A with|A|=1.
3. p(Ax)=0 forall A >0 implies x =0.

4. p is left-continuous i.e. %imlg(lx) =o(x) forall x € X.

<

The function p is called a modular if, in addition,
5. p(x)=0implies x =0.

Ifthe mapping A — p(Ax) is continuous on[0,4+090) for all x € X, we say that p is continu-
ous. Asemi-modular p is said to be quasi-convex if there exists L > 1 such that p (5x +(1—-96) y) <
L(5g (x)+(1—0)p (y))forall x,yeX and0<6 <1, if L=1 it’s said to be convex.

4



1.1. Definition and basic properties of modular space Chapter 1

Now we give examples of modular functions :

Example 1.2. Let (2 be a Lebesgue measurable subset of R".
(@Q)If 1< p <00, then

0,(8)= f ig(x)Pdx,
Q
defines a continuous modular on the space of all measurable functions on ().
(b) If 1< p < 00, then
2,((x )= Ix;7,
=0
defines a continuous modular on R".

(c) Let ¢ (t) = 00 Y(1,00)(E) fOort 20, ie. poo(t) =01ift €[0,1] and po,(t) = 00 for
t €(1,00). Then

0oo(f)= f oo (If (x)])d x,
Q
defines a semi-modular on the space of all measurable functions on Q2 which is not contin-

uous.

(d) Letw € L}OC (R™) with w > 0 almost everywhere and 1 < p < 0o0. Then

Q(f)=f |f(x)|w(x)dx,
Q

defines a continuous modular on the space of all measurable functions on 2.

Definition 1.3. If p be a semi-modular or modular on X, then
X,={xeX: Ali_n)log(lx) =0},

is called a semi-modular space or modular space, respectively, where the limit A — 0 takes

place ink.

We will give other definition of modular function.
Let p be a semimodular or modular on X, then by convexity and non-negative of p and

0(0)=0 it follows that p(Ax) is non-decreasing on [0, c0) for every x € X. Also,

0(x)= (121 x)< I (x) forall |A
o(Ax)=p(I2]x) =1 o(x) forall |A

<1,
(1.1)
>1.

5



1.2. Variable Lebesgue spaces Chapter 1

From (1.1) we can alternatively define X, by
X, ={x € X:p(Ax)< oo for some A > 0}.

Theorem 1.4. Let o be a semi-modular. Then X, is a quasi-normed k-vector space. The
quasi-norm, called the Luxemburg quasi-norm, is defined by

=

Ill, =inf{2>0:0(3) <1}

Example 1.5. The Lebesgue space L” () where 1 < p < 00, is normed space with Luxemburg
norm defined by
Ill, =inf{2>0: o(3) <1},

with modular function

2p(f) =f |f(x)I” dx,
Q
on the space of all measurable functions on Q.

The following result is very useful from the technical point of view since it allows one to
skip working with the complicated structure of the quasi-norm directly, in many situations

of interest.

Lemma 1.6. Let o be a semi-modular on X. Then
(@) llxllp <1 and p(x)<1 are equivalent.
(b) If @ is left-continuous then || x||, < 1 and o(x) <1 are equivalent.

(c) If o is left-continuous then || x||, = 1 and 9(x) =1 are equivalent.

1.2 Variable Lebesgue spaces

In this section, we recall the definition of Lebesgue spaces with variable exponents LPY(R"),
we also mention that main results on the basic properties on L?*)(R"). The spaces LPV(R")

fitinto the framework of Musielak-Orlicz spaces and are therefore also semimodular spaces.



1.2. Variable Lebesgue spaces Chapter 1

1.2.1 Variable exponent

The kind of variable exponents that we are interested in must be introduced in order to

define the variable Lebesgue spaces.

Definition 1.7. The variable exponents that we consider are always measurable functions
on R" with range in [c, 00| for some ¢ > 0. We denote the set of such functions by Z,(R").

The subset of variable exponents with range[1, 00) is denoted by 2 (R").

We define some notation to describe the range of exponent functions. We use the stan-

dard notation

pr=esssupp(x), p =essinfp(x).
x€Rn x€Rn

In the following example, we will mention the functions of the exponent, see [10, Definition
2.1].

Example 1.8. Some examples of exponent functions onR include p(x) = p for some constant
p,or p(x)=2+sin(x).

Definition 1.9. Thevariable exponent Lebesgue space LPV(R") is the class of all measurable
functions f on R” such that the modular

p(x)

F(x)
i

o,0(f/A)= f

Rn

is finite for some A > 0. This is a quasi-Banach space equipped with the quasi-norm

£l =inf{>0: 0,3 £) <1}

This function define a norm when p~ = 1.

It is easy to see that || - || ,(, has the following property :

|||f|a||p(~): ”fHZp(-)’

for any p € Z(R") with p™ < oo and o > p%, (see [10, Lemma 3.2.6]). Furthermore, if
p(x) = p is constant, then LPU(R")= LP(R") is the classical Lebesgue space.
In the development of the variable exponent function spaces, the concept oflog-Holder

continuity is the cornerstone, which was introduced in [7, 5]

7



1.2. Variable Lebesgue spaces Chapter 1

1.2.2 Logarithmic Holder continuity

Definition 1.10. We say that a function g : R" — R is locally log-Hé6lder continuous, ab-

log

breviated g € C,,;, if there exists ci,4(g) > 0 such that

. Clog(g)
s =80 < i =y

(1.2)

forall x,y € R". We say that g satisfies the log-Holder continuous at the origin (or has a

log decay at the origin), if there exist a constant ¢,,g > 0 such that

Clog
lg(x)—g(0)| < m,

for all x € R". We say that g satisfies the log-Holder continuous at infinity (or has a log

decay at infinity), if there exists §., € R and a constant ¢,,g > 0 such that

Clog

|g(x)—goo| < m,

forall x e R™. We say that g is globally-log -Holder continuous, abbreviated g € C'°8, if it is
locally log-Holder continuous and satisfies the log-Holder decay condition. The constants
Clog(g) and c,og are called thelocally log-Holder constant and thelog-Holder decay constant,

respectively.
Remark 1.11. We note that all functions g € Clloocg always belong to L*°.

Notation 1.12. By ﬁolog(R”) and P.8(R") we denote the class of all exponents p € P (R")
which have a log decay at the origin and at infinity, respectively. The notation 2'°8(R") is
used for all those exponents p € 2 (R") which are locally log-Holder continuous and have
alog decay at infinity, with pe, = limy,|_,o, p(x). Obviously we have Z"§(R") C 2,°)(R")N
PLER"). Note that p € P(R") if and only if p’ € P8(R"), and since (p’)oo = (Poo) We

write only p. | for any of these quantities. We define the following class of variable exponents
1
PR =1p e P(R"): — e C"8,
peom:Lecm)

were introduced in |9, Section 2]. The class Qolog(R”) is defined analogously. We define

1 1 1 . 1 _ 1 -
5oy = iMoo 577 and we use the convention 55 = 0. Note that although - is bounded,

8



1.2. Variable Lebesgue spaces Chapter 1

the variable exponent p itself can be unbounded.

1.2.3 Some important inequalities

It was shown in [10], Theorem 4.3.8 that ./ : LPV(R") — LPY(R")is bounded if p € 2'1°8(R")
and p~ > 1, see also [9], Theorem 1.2. Also if p € 22!°8(R"), then the convolution with a

radially decreasing L'-function is bounded on LPO(R"):

I * fllpe < cll@llill £l

We also refer to the papers [6] and [7], where various results on maximal function in variable

Lebesgue spaces were obtained.

Very often we have to deal with the norm of characteristic functions on balls (or cubes)
when studying the behavior of various operators in Harmonic Analysis. In classical L”
spaces the norm of such functions is easily calculated, but this is not the case when we

consider variable exponents. Nevertheless, it is known that for p € 22'°¢ we have

L sllpoll X8l ~ | B (1.3)

Also,
1
8l ~|Bl79, x€B, (1.4)

for small balls B c R" (|B| <2"), and
||ZB||p(-)N|B|p%’°’ (1.5)

for large balls (|B| = 1), with constants only depending on the log-Hdélder constant of p
(see, for example, [10, Section 4.5]).

In variable Lebesgue spaces there are some important lemmas as follows :

Lemma 1.13 (norm-modular unit ball property). Ifp € 2(R"), then ||f ||, <1 and
0,0)(f)< 1 are equivalent. For f € LPY(R") we have

@) Il f 1, <1, then @) < fll -

() IFL <N f llpys then |l fllpey < ©pe)(f)-

For the proof of this Lemma, see [10]].



1.3. The space {90(LPV) Chapter 1

Lemma 1.14 ( generalized Holder’s inequality ). Letp, q, s € 2 (R") such that

=—+—.

1 1
s p0) q0)

If f € LPY(R") and g € L1Y(R") then fg € L*Y(R") and

fgllsey < cllfll,ollgllge-

For the proof of this Lemma, see [38].

1.3 The space (90(LPV)

The targets of this section are twofold. The first one is to recall the concept of variable
mixed Lebesgue-sequence space £99(LP") originally introduced by Almeida and Hésto in

[1]. The second one is to recall some fundamental properties related to £70)(LPV),

Definition 1.15. Letp,q € 9)(}°g (R™). The mixed Lebesgue-sequence space {7(LP) is de-

fined on sequences of L") -functions by the modular

QMU(L;?U)((fU)U) =Zinf{kv >0: Qp(.)(%) < 1}

14

The (quasi)-norm is defined from this as usual:
1
||(f'/)u||ea(»)(m»)) - inf{u >0: 9“(')(”’('))(‘[_1(]0”)”) S 1}' (1.6)

Furthermore, if p and q are constants, then £90(LPY)=(49(LP).

Remark 1.16. If g™ < 00, then

fo

AL/a0)

inf{)t>0:gp(.)( )<1}:”|f|‘7(')”%,

since the right-hand side expression is much simpler, we can replace (1.6) by the simpler

expression

ng(-)(m(d)((fv)y) = Z || |fv|q(.)|| % :

10



1.3. The space {90(LPV) Chapter 1

Observed in [I, Proposition 3.5 ] that g0 is @ modular if p* < oo and it is con-
tinuous if p*,q* < co . Also in [I, Theorem 3.6] it was shown that (I.6) defines a norm
in £90(LPY) if g(-) > 1 is constant almost everywhere (a.e.) on R” and p(-) > 1, or if
141
p(x) " q(x)
normifl < g(x)< p(x) o0 a.e. on R”. It is not difficult to verify that || f,,

< 1 a.e. More recently, it was observed in [37, Theorem 1] that it also becomes a
oMoy < 02
implies (f,), € £99(LPY), which in turn implies f, € L for any v € N,. Simple calculations

show that
1
||Z:r/f LpU)/T)

||(f”)v“M(')(LP(')) - H(|fV|

Remark 1.17. Let p,q € 2, (R").

(i) The values of q have no influence on H( fy) when we restrict ourselves to se-

v ||[q(-)(Lp(-))
quences havingjust onenon-zero entry. Infact, as in the constant exponent case, there

holds ||(£.), || ro, = | £ ||y when fu, = f for some fixed vy € Ny and f, = 0 for all
v # v,.

(ii) Note that the left-continuity of the semi-modular ensures the useful equivalence
(), iy <1 ifandonlyif  guoueo((f,),) <1 (unit ball property).

The following statement are from [36, Lemma 9].

Lemma 1.18. Let p,q € ?'°8 and 6 > 0. Let { fk} ez, D€ G sequence of non-negative measur-
able functions on R" and define

E, (x)= zz—'v—k'ﬁfk(x), xeR", veZ.

keZ

Then there exist a constant ¢ depending on p,q and o such that

||F||€’l )(Lp0) C||fk||gq )(LPV)

We know that the Hardy-Littlewood maximal operator is bounded in variable exponent
Lebesgue spaces if p € 2'°¢(R") and p~ > 1. This fact is very important, to develop har-
monic analysis in LPY, It’s different and complicated when we think of £70)(LPY). Almeida

and Histo proved that the maximal operator is in general not bounded on £99(LPY) when

11



1.3. The space {90(LPV) Chapter 1

q is non-constant see [T, Example 4.1]. Therefore, the space £99(LPV) loses an important
feature of the iterated space, namely the inheritance of properties from the starting space
LPY. The difficulty described above was successfully overcome, in [I]], through the study

of convolutions involving nice kernels, namely the n-functions defined by

Zi’ll/

W,VENO, m>0.

nv,m(x) =

Note thatn, ,, € L' when m > n and that Hn,,'m ||1 = ¢,, isindependent of v, where this type
of function was introduced in [30] and [10]. Convolution inequalities with kernels given by
the functions above have been heavily used as a replacement of the boundedness of the
maximal operator in the mixed Lebesgue-sequence spaces. The following inequality was

proved in [I, Lemma 4.7].

Lemma 1.19. Let p,q € ?'°8(R"). For any m > n, there exists ¢ > 0 such that

1020, 5 L Do gz, < €[ Fdo [l paiarory

holds for all sequence(f,), € £10(LPV).

12



CHAPTER 2

BOUNDEDNESS OF PSEUDO-DIFFERENTIAL
OPERATORS ON LOCAL VARIABLE
HERZ-TYPE HARDY SPACES

The local Herz-type Hardy spaces hK;(J, , and h K7, - with one variable exponent p were
introduced by H. Wang and Z. Liu, [60]. The authors gave their atomic decomposition char-
acterizations also proved the boundedness of a pseudo-differential operators of order zero
on these spaces.

Motivated by the mentioned works, the aim of the chapter is twofold. Firstly, we intro-
duce local Herz-type Hardy spaces with variable exponent, where all three parameters are
variable and then establish their atomic decomposition of these function spaces. Secondly,

we study the boundedness of a class of pseudo-differential operators on such spaces.

2.1 Technical lemmas

In this section, we need to recall some results that will be used in the proofs of our main
results of the present chapter. The proof of the following results are given in 2], where its
a generalization of (I.3), (T.4) and (T.5) to the case of dyadic annuli.

Lemma2.1. Leta € L*°(R")and r, > 0. Ifa islog-Hélder continuous both at the origin and
at infinity, then
(2)" if 0<n<y;

)
a(x a(y) er T .
rf < x 1 if B<n<2n;

(%)a if nrn>2n,

2
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2.1. Technical lemmas Chapter 2

forany x € B(0, ;)\ B(0, %) and y € B(0, 1,)\ B(0, 2), with the implicit constant not depend-

ingonx,y,n andr,.

Lemma2.2. Letp € ,@égg(R”) and let R = B(0,7)\ B(0,5). If |[R| > 27", then
1 e
| xrllpey = |R|P® &~ [R|Pe<,

with the implicit constants independent of r and x € R.

The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally,
p € P,°8(R")N DB (R").

The next lemma is a Hardy-type inequality, see [16, Lemma 2].

Lemma 2.3. Let 0 < a <1and 0 < g < oo. Let {€,},c, be a sequence of positive real

numbers, such that

||{'9k}keZng =I<oo0.

Then the sequences{ék 10y :Zj<kak_j8j}kez and{nk =D sk af_kej}kez belong to {1
and

118k} ezl + ”{nk}keZ”gq =cl,

with ¢ > 0 only depending on a and q.

The following lemma is from [14, Lemma 2.11], see also [39, Lemma 2.6].

Lemma2.4. Letp € P18 (R"). For any cubes (balls) P and Q, such that P C Q we have

C(@)mv < ||)(Q||p(-) < C(@)I/P’
|P| el |P|

with ¢, C > 0 are independent of |Q| and |P|.

14



2.2. Variable Herz-type Hardy spaces Chapter 2

2.2 Variable Herz-type Hardy spaces

The targets of this section are twofold. The first one is to recall the concept of variable
exponent Herz spaces and variable Herz-type Hardy spaces. The second one is to recall
some important results related to these function spaces. Most of the results of this section
was proved by Drihem and Seghiri in [16].
First, we present the concept of variable exponent Herz spaces. For convenience, we
set
B,=B(0,2"), R,=B;\ B, and y,=yg, k€Z

Definition 2.5. Let p,q € Zy(R") and a : R" — R with a € L°°(R"). The inhomogeneous
Herz space K;(()) q(.)(]R”) consists of all f Lﬁ(é)(Rn) such that

0 0 = ||f %BOHp(-) + H (Zka(.)f ){k)k% ”M(»](me) <oo. 2.1)
Similarly, the homogeneous Herz space K 40 (R") is defined as the set of all f € L10C (R™\
{0}) such that

170k =N OF 2z lraiuoy < 0 2.2)

If @ and p, g are constant, then K,f((,'))’q(,)(R”) = K (R") and K;((,'))yq(,)(R”) = Kgq(R”) are
the classical Herz spaces.

Let us denote

o0 1/q
||{gk}||w.>)=(ankn;Z(.)) and [[{ge e (Z gl )
k=0

for sequences {g; } 1<z of measurable functions (with the usual modification if g = 00).

1/q

The following statement plays a crucial role in our work, see [16, Proposition 1].

Proposition 2.6. Let a € L°(R"), p,q € Z\(R"). If a and q arelog-Holder continuous at
infinity, then

Ky ao R =Ko

n

Additionally, if a and q have alog decay at the origin, then

Kyt ~ ”{ZW(O) Oppey T H{zkawf Ik}”éi“(ma)' (2.3)

15



2.2. Variable Herz-type Hardy spaces Chapter 2

The following lemmas are proved in [14} Theorems 1 and 2].

Lemma 2.7. Let g € 2,"8(R"), p € PeE(R") with 1 < p~ < p* < 00, and let a and q be

log-Holder continuous, at infinity, with a € L*° (R") and

n n
—— <o < —.
Poo Plo
If a sublinear operator T satisfies
|Tf(x)|§J |f(—y)|ndy, x & suppf, (2.4)
R [ X — J/|

for any integrable and compactly supported functions f, and T is bounded on LPV(R"),
then T is bounded on K:‘(()) 20 R

Lemma 2.8. Let g € Z,(R"), p € Zy(R") with1 < p~ < p* < 00, and let a and q arelog-

Hélder continuous, both at the origin and at infinity, such that a € L*° (R") and

n . 1
—<a £ <n({l——].
p+ p-

LetT beasin Lemma Then T is bounded on Kpa(()) 40 (R™).

Now, we recall the definition of variable Herz-type Hardy spaces. Let Gy f be the grand

maximal function of f defined by

Gy f(x):= sup |py(f)x)],
pedy

where .c/y = {p € #(R"): sup| ey, pi<n 14 0P 9(x)| < 1} and

PN (f)x):=suple, * fx)],

t>0
with ¢, == 17" (7).

Definition 2.9. Let p,q € Z,(R") and a : R" = R witha € L*°(R") and N > n+1. The
inhomogeneous Herz-type Hardy space H K;(()) ¢ (R") consists of all f € S '(R™) such that

16



2.2. Variable Herz-type Hardy spaces Chapter 2

Gyfe K;‘(()) o (R") and we define

1 [l =[G ]
Tlla Kt v/

al) .
Kotha0)

Similarly, the homogeneous Herz-type Hardy space H K;‘(()) g0 (R") is defined as the set of
all f € &'(R") such that Gy f € K;’((,')),q(.) (R") and we define

17 1y =G ]
Tlla Kot v/

cal) .
Koha0)

Definition 2.10. Leta € L°(R"), p € Z(R"), q € Z,(R") and s € N,. A function a is said to
be a central (a(-), p(-))-atom, if
(i) suppa cB(0,r)={xeR":|x|<r}, r>0,
(i) lall ) < [B(O, )", 0 <r<1,
(i) |l < B, r) ==/, r>1,
(iV)fRn xPa(x)dx=0, |B|<s.
A function a on R" is said to be a central (a(-), p(-))-atom of restricted type, if it satisfies

the conditions (iii), (iv) above and suppa € B(0,r), r =1
The following results was proved in [16], see Theorems 3 and 4.

Theorem 2.11. Let a and q arelog-Holder continuous at infinity and p € 2'°8(R") with
I1<p <pt<oo.Foranyf € HK){f’(Si)Yq(,) (R"), we have

= May, (2.5)
k=0

where the series converges in the sense of distributions, A;. = 0, each a;. is a central (a(:), p(-))-

atom of restricted type with suppa, C B, and

(ee] 1/('700
A | <c ) .
(Z| d <ellflles

k=0

Conversely, if a oo = n(l—p%o) ands > [aoo + n(’g%.o — l)J, andif Z.5) holds, then f € HK,ft((-}),q(.) (R"),

and
« Ainf A ,
1 g (kz] d )

17



2.3. Some characterizations for variable Herz-type Hardy spaces Chapter 2

where the infimum is taken over all the decompositions of f as above.

Theorem 2.12. Let a and q are log-Hélder continuous, both at the origin and at infinity
andp € Z"°(R") with1< p~ < p* <oo. Forany f € HK;((,'))’q(,) (R"), we have

f: Z Akak, (26)
k=—00

where the series converges in the sense of distributions, A;. 2 0, each a;. is a central (a(:), p(-))-

atom with suppa; C By and

1 1/4(0) oo 1/qco
( > |7Lk|q(0)) +(lekl%") <cllfllyge -
k=0 '

k=—00

Conversely, ifa(-) > n(l—ﬁ) ands > [a* + n(ﬁ — l)J, andif [2.6) holds, then f € HK;((-')),q(J (R"),

and
1 1/4(0) o0 1/
||f||HK11(-) Ninf{( Z |Ak|fﬂ0)) +(Z|)Lk|q°°) };
p(hal)
k=—o00 k=0

where the infimum is taken over all the decompositions of f as above.

2.3 Some characterizations for variable Herz-type Hardy spaces

In this section, we establish some real-variable characterizations of variable Herz-type
Hardy spaces. To begin with, present the concepts of various maximal functions as fol-

lows.

Definition 2.13. Let f € '(R") and ¢ € ¥(R") with [, ¢(x)dx = 1. Fort > 0, set
¢, = 17"p(/t). For any x € R" we define the maximal functions ¢;(f), ¢3(f), v N(f)
and ¢y (f) by

wi(f)(X)=St1ig|(f*sot)(x)|,

PL(f)x)= sup |(f*¢. )],

|x—y|<t

pon(f)x)=sup sup |(fx¢.)()], N>1,

>0 |xfy|<Nt

18



2.3. Some characterizations for variable Herz-type Hardy spaces Chapter 2

and .
Hok _ r
o ()= (y,f).ligzﬂ (fx9) () (—|x_y| " t) , MEN.

Next we give the following characterization.

Theorem 2.14. Let g € Z,(R") and p € P (R") with1 < p~ < p* < 00, and let @ and q
be log-Holder continuous, at infinity such that a € L°° (R") and a~ > 0. For ¢ € & (R"), the
following statements are equivalent:

a) f € HK,)  (R").
( ) ForsomeN >1, 9% (f)e K;((f))'q(v) (R™).
() pi(f)e Kp(,),q(.) (R™).
(d) 91 (F) € Ky R™).

Moreover,

y ~ s ~|eilF)
||f||HK N”(pVN | ,f((,]),,,(A)N”SDV(f) Killao 119+ !

p()a() '
Theorem 2.15. Let g € Zy(R"), p € P,"8(R")N DB (R") with 1 < p~ < p* < 00, and let
a and q be log-Holder continuous, both at the origin and at infinity such that a € L*° (R")
and a~ > 0. For ¢ € & (R"), the following statements are equivalent:
a) feHK,\)  (R").
( )ForsomeN>1 P N (f)el'(;(("))'q(,)(R”).
(©) p2(f) € Kl R,
(@ ¢t (F) € Kl (R").

Moreover,

v ()] £ (f)

()|

sal) .
120%[C]

()
Kyt

s
HE, 0,40

sa() N
KP(']JJ(‘)

Proof. By similarity we only consider the homogeneous case. (b) = (c)=(d) : This fol-

lows from

01 () (x) < B (x) < 9k y (%)

Note that forany N > n+1,
PE(F)(x) S Gy () (x). @7

(a)=(c): This is a consequence of (2.7). To complete the proof, it suffices to show that
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2.3. Some characterizations for variable Herz-type Hardy spaces Chapter 2

(d) = (b) and (d) = (a). We first prove (d)=> (b). For I, N €N, define

Nt

eyl

gun(x)= sup (o))

|x—y|<Ni<1/e

So by permutation between series and integration, we only need to prove that

1 (f)

n/r
i SN
120%(C]

, O<r«l.

(")
KP(‘).f/('J

Now, we further define

hon@)=sup |V, (o)) )1+8N|y|

|x—y|<Nt<1/s Nt+e

As in [43] if [ is sufficiently large, then we have

5 1/6

Wy <e( (g, ) ), 0<a<l,

where the positive constant c is independent of ¢, N and f. Let
A, = {x thy, y(x)< Eg:'l,N(x)}, and A; =R"\A,

where ¢ will be chosen later. Take 0 < § < 1 such that 0 < ¢~ < a* < n(3 — %), then by
Lemmal2.8 we obtain that

o < =Bl
pa) K3, cm
1/6
< - ||//l "l
e l N /5 a0
< =(e; ) Nl c
< == al)
Eel, N Obatys € Kyha0)
Therefore,
< +
a() =X ~a()
P K000 pehat)
c
*
< Hgsyl;NXAS KH() ((.A])q()

N

)

*
2 | | EernXa, Kyt

20
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provided that ¢ is sufficiently large. Thus the proof that (d) = (b) can be reformulated as
showing that
0<r<l. (2.8)

SN || (f)

*
||g XA || g0 ()
eLNALIK Kptra0

It will know that, see [43]
gy (x)< cN"T (//l (cpi(f))r (x))l/r, forany0<r<1 andx€A,.

Now choosing r such that 0 < @~ < a* < n(} — #), then by Lemma and the last in-

equality we get
n/r * 1/r
5 N )
s N aler () Nin
< n/r o
~ N (f) 7(71(‘]),61(-)
This finishes the proof of (d) = (b). Moreover,
n/r *
) K SN (f) a0’ (2.9)
Now we consider (d) = (a). It is easy to verify that
o (XS o)+ D 27 pr L (£) (), (2.10)
k=0
and since
Gy (f)(x) S vi(f)(x), 2.11)

forall N > M + n+1 see [23]. From (2.10), (2.11) and (2.9), we have gives that
oo

) S . a0 ) 27 .

S0 | welf) Kya0 ; ' (f) K0

=)
—k(M—n/r)

f) K;(F-)],q(d ; 2

1)

Gy (f)

2

A

-alt)
120%[C]

A
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2.4. Local variable Herz-type Hardy spaces Chapter 2

for any N large enough, where M > n/r. Hence the proof of Theorem is completed. @ [

Remark 2.16. Ifa and q are constants, then the statements corresponding to Theorems|[2.14
and|[2.15 can be found in [61, Theorem3.3].

2.4 Local variable Herz-type Hardy spaces

In this section, we give the definition of local variable Herz-type Hardy spaces and the
atomic decomposition of these function spaces.
Let Gy f be the maximal function f defined by

Gyf(x)=sup  sup  |(f*p,)),
PEIN 0<1<1,|x—y|<Nt
where .oy ={p € S (R"): sSupy<n,pj<n |x*0F p(x)| <1} and ¢, = t7"¢(5). Then we intro-

duce localized variable Herz-type Hardy spaces as follows.
Definition 2.17. Let g € Z,(R"),a € L®(R") and p € ?'°§(R") with1 < p~ < p* < co.

(i) If a and q be log-Hdlder continuous, both at the origin and at infinity and let a(-) >
n(1- p—l,) Then a function f € L'(R"\ {0}) is said to be in the space hK;‘((,'))yq(.) (R™) if

loc

Gy f belongs to the space K;(()) a0) (R") for any N > % + 1. Moreover, we define that

Hf||me;(<;){q(_) =||Gw (f)]

>a()
Ky3a0)

(ii) Ifa andq belog-Hoélder continuous, atinfinity and o o, 2 n(l—p%.o). Thenafunction f €
Ll’f)(c") (R™) is said to be in the space hK;(()) 20 R") if Gy f belongs to the space K;(()) 0 R")

forany N > == +1. Moreover, we define that

£ [l = [1G (£ e
hK a0 K300

Now, we establish the maximal function characterizations of the local variable Herz-

type Hardy spaces.

Theorem 2.18. Let a and q arelog-Holder continuous at infinity and p € P8 (R") such
that1 < p~ < p* < 00, and a., > n(1— p%.o) For f € &'(R"), the following statements are
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2.4. Local variable Herz-type Hardy spaces Chapter 2

equivalent:
a) f e hKy  (R™).
(b) @;(f)—sup sup |(f*9)(r)| € K)oy R,

0<z<l1 |x y|<t
() g2 (f) =0sgp1| Fx0) )| €Kyl R™).
<t<
Moreover,

al) .
p(hal)

25 (MM,

1 ey~ (£)
Theorem 2.19. Leta and q arelog-Hélder continuous both at the origin and at infinity and
p € D)8 (R")N DB (R) such that1 < p~ < p* < 0o, and a () > (1——) For f € '(R"),

the following statements are equivalent:

a) fe hK  (R").
(b) @r (f)— sug1| SUI|) () )| € Koy (R™).
x—y|<t
(©¢:(f)= sup |(Fx¢:)(r)] € Kb @M.
Moreover,
||f“hK N HSOV | g N ”Sbi(f” £

( ).q(-) p()q()

We omit the proofs of Theorems and since they are essentially is similar to the
proof of Theorem[2.15
On the other hand, we obtain the following relation between the local variable Herz-

type Hardy spaces and the variable Herz-type Hardy spaces as follows.

Theorem 2.20. Let a and q arelog-Hoblder continuous both at infinity and p € PRB(RM)
such that1 < p~ < pt < 00, and a,, > (1 — —) Suppose that ¢ € & (R") such that
fRn ¢(x)dx =1, and

J xPo(x)dx=0, forallpeN",|BI<N
Rn
Then we have
- a(- s al- .
Hf A f”H Kyt Hf”hKn((»J),q(-)
Moreover, if f € hKy()  (R"), then f —p f € HK})  (R").

Theorem 2.21. Let a and q arelog-Hdlder continuous both at the origin and at infinity,
and p € 2)°8(R") N P8 (R™) such that1 < p~ < p* < 00, and a(-) > n(1— ). Suppose that
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¢ € L(R") such thatfRn ¢(x)dx=1, and

f xPo(x)dx=0, forallpeN,|B|<N.
Rn
Then we have
_ o SFl e
Hf 4 *f”H Ka0 Hf”th((»J),qm
Moreover, if f € hKIf‘((f)),q(,) (R"), then f —px f € HK:‘((.'))#(.) (R™).

Proof. By similarity we only consider the homogeneous case. Take i € #(R") such that
fRn Y (x)d x =1. Using Theorem ‘ we have

|F = ke, =~ lsuplioex(f—g=r)]

()
Kya0)

S lsup el s ool
Hlsuplioes (£ =0 ez,
It will know that, see [43]
sup [, * f| S Gy f(x), (2.12)
0<r<1
sup |1, x ¢ * f| S Gy f(x), (2.13)
0<r<1
and
stli?|tpt*(f—<,0*f)|SGNf(x). (2.14)
From (2.12), and (2.14), we see that
|f =5 fllugay SNGvllcar =1l -
This finishes the proof of Theorem [2.21 O

Now we give the notion of block.

Definition 2.22. Let a € L*°(R") and ,p € 2 (R"). A function a is said to be a central
(@(-), p(-))-block, if

(i)suppa c B(0,r)={xeR":|x|<r}, r>0,
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(i) lall,, S, o0<r<1,
(iii)||a||p(,)5r_“°°, r=1.
A function a is said to be a central (a(-), p(-))-block of restricted type, if it satisfies the

condition (iii), above and suppa c B(0,r), r = 1.

Next we come to the atomic decomposition theorem for h K ;(()) a0 (R™)and hK;(()) 40 (R™).

Which plays an important role in this chapter.

Theorem 2.23. Let a and q arelog-Hélder continuous at infinity and p € 2'"°8(R") with
l1<p <pt<oo.Foranyf e hK;((,'))yq(,) (R"), we have

= hay, (2.15)
k=0

where the series converges in the sense of distributions, A, 2 0, each a,. is a central (a(-), p(-))-

block of restricted type with suppa; C B, and

') 1/qoo
Ax| e <c )
(kZ_O| d ) <cllf ey

Conversely, if dgo = n(1— p%w), and if 2.15) holds, then f € hK;((,'))‘q(.) (R™), and

oo 1/qoo
« ~inf M| e ;
[ {(kzo| d ) }

where the infimum is taken over all the decompositions of f as above.

Theorem 2.24. Let a and q arelog-Holder continuous, both at the origin and at infinity
and p € Z"°§(R") with1 < p~ < p*<oo. Forany f € hK;((,'))'q(_) (R"), we have

f= Z Aray, inthe sense of &'(R"), (2.16)

k=—00

where for k < 0, a; is a central (a(-), p(:))-atom, while for k > 0, a; is a central (a(-), p(-))-

block, with suppa, C B, and
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-1 1/4(0) (o) 1/qoo
A q(0) + A oo <c cal) .
(Z Al ;| d <cllfllygay

k=—00

Conversely, ifa(-) > n(l—p%) ands > [a* + n(pi_ — l)J, and if @Z.16) holds, then f € hl'(;(f))'q(.) (R"),

and
-1 1/4(0) 00 1/qoo
a0 A inf Z A |10 + ZA oo ,
1l {( 24l 2l

k=—00 k=0
where the infimum is taken over all the decompositions of f as above.

Proof. By similarity we only consider the homogeneous case. We follows the idea of [16]
and [60]. We divide the proof into tow steps.

Step 1. To prove the necessity part of Theorem [2.24] Let f € hK ;(()) qs0R") and ¢ € S(R")
be asin Theorem|[2.21] Theng=f—yp*xf € H K;(()) 40 ®R"), which implies that

f=g+yxf, inthesenseof. s (R").

For g we have the central (a(-), p(:))-atom decomposition by Theorem So it suffices

to decompose ¢ * f. Let ¢ be a radial smooth function such that
1 1 !
suppy) C x:5—8<|x|<1+8 ’0<8<Z’ andlp(x):llf5<|x|<1.

Let Ry, = {x : 281 —2F¢ <|x| < 2F +2k¢} and ¢, = p (27%-). It is easy to see that suppy); C
Rie, Yr(x)=1ifx€Ry, and 1< 4 (x)<2, x #0. Let

Yi(x) .
==t X #0;

d, (x)= Do ¥ix)
0, x=0,

then Zzi_oo @, (x) =1 for x # 0. We denote by &, the class of all real polynomials of
degree no more than m. Let P.(x) = Py, ((f * go)d)k)(x))(gm (x) € 2,,(R") be the unique

polynomial satisfying

J~ (f %) @p (x)= P (x)) xP d x =0, |/3|<[a++n(pi—1)1=m.

Rk,e

Observe that
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oo

Z ((f*%o) ()P (x Pk(x Z P.(x)

k=—00

Ik(x)+Hk(x).

[*p(x)

For I, (x), let F.(x :(f*ap)(x)qu( )— Pk(x)andasz—’;,where

k+1

2e=b 3 [ 1Benl®" (Gu )z

I=k—1

and b is a constant which will be chosen later. Obviously, suppF, C Ry, C By, and

Let us prove that a; is a central (a(-), p(-))-atom. Set {(pk (ld| < m} be the orthogonal poly-
nomials restricted to Ry, with respect to the weight | T which are obtained from {xﬁ | Jé} |

by the Gram-Schmidt method, that is

(pk k)= k() (x)dx =64,

|Rk,£| fgk'g

Therefore,
Pe(x)= > ((fx0) @ 0k )pk(x) for x € Ry.

ldI<m

Observe that ¥ (x) = ¢! (25"'x) a.e x € Ry ., by Holder’s inequality, we have

c

| B || P(x)] < |Beadl 7 |(fx0) (v) @i (y)| dy

| k,£| Rk‘g

[ 1Beal™" (£ x @)@ | 2.l
|Rk,e|

X

Using Lemma to obtain | By, |“*/" & 2ke) » 2k(Y) for any x, y € R;.,. Hence
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[1Bewl B,

< c|||Bk+1|“(”/”(f*so)fbkllp(ﬁ|1;7|||Bk+1|“(’”/”(f ) 0|, || 2.
€

k+1

< o[ IBeal ™ (Fxp)@u]| < C D Bl Gy f) il
I=k—1

p(-)”“w )

where we wsud the fact that ||XR]¢,9 ||p(.)||)(§k's o)™ |R;..|. Choose b = C, we obtain

H |Bk+1|a(')/n ak”p(.) Sc.

This relation is equivalent to the inequalities (ii) and (iii) in Definition and hence each
a, is a central (a(-), p(-))-atom with suppa;. C By.,. Furthermore, since | B, |“*" a 2ka(x)
210¥) n 2k0) forany x € R, with k <—land k—1<I<k+1,

—1 —1 k+1
DIl 5 Z(ZHlBMl“ (G f)al])"
e RN
S Z (> [2“OGu )l )"
—o0  I=k—1

Similarly, we have

oo
ZM/J%" S ||GNf| £
=0 p()al)

Here we use the fact that | By, |“*/" a 2ka(x) 5 2100) ny 2keeo for any x € R; with k > 0 and

k—1<1 < k+1. It remains to estimate IIk(x Let {zp’;, |d| < m} be the dual basis of

{xﬁ |ﬂ| m} with respected to the weight ] | on R, that is
Pk, xP)=— Yr(x)xPdx=64,.
|Rk,e| Rk,6
We can prove that if 5 (x) = >, ., B5 ,x", then Y (x) =, ., BS ¢k (x). In fact, let

d x):zvim dv(pv( )’ then
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o = (ko) =(yk, > Bl xT)= D" Bl (wh x7) =Bk,

[rl<m [rl<m
Thus, for x € Ry,

Pe(x)= D (£ )@y )l (x)

ld|<m

It is easy to prove that if x € R, then |l/)(]§ (x)| < C27Xdl gee [42]. It follows that

Me(x) = D D ((f*0)@0 y Wk (x) 1z, (x)
k=—oco |d|<m
— 8 () xg,, (x)
-y f*so @kyddy)%#
ld|<m k=—o0 | Rl
0
= > > +Z( 2 (%) +Zh d(x)—lll(x)+112( ),
|d|<m k=—c0 |d|<m
where
Y xr, (X)) YET(X) 1g,,, (X)
1 — d d ke _rd k+1e
Fiea (%) ( J (Frp)@ix)y dy)( Rl Roonel )
hf (%) ( f (f %)@, (x) ddy)w,
l=—o00 n |Rk,s|
and

k
k,e )
2= [ (oot ytay | LD
R~ |Rk,e|

For II; (x), let

11, ( x)—z Zakd kd—z Zakdakd

|d[<m k=—o0 Okd  |ajomk—

where

k+
Tha=b 3 el Guflal

and b > 0 is a constant which will be chosen later. Observe that
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k
Zf (F*9) @ (x)y?dy| < 290Gy (£)(x), x€Beo,

and . %
Y 2, ) T O 2R, O] i
. ~ e <c2 (n+]d]) (x),
|Ry. | | Rjesr el 1;1)“
then
k+2 _
[1Besal ™" by gy < € ; [1Ber2™ (G £

Thus if we take b = C, then a,i’ 4 is a central (a(-), p(-))-atom, with suppa, C By,. Further-

more, since | By, | " as 2kalx) 5 210(x) oy 2ka0) for any x € R, with k < —1and k—1 < < k+2,

—1 —1 k+2
2 lad<c 30 (2 G ul)”

Now, we come to decompose II% (x). A trivail computation as above gives us that

f (fre)ei(x)y?dy|<cGy(f)(x), x€B,

[=—00

then ,
2
Il DGl
Set
2 _ otell12
ot =2 nt |,
2
Thena? ,(x)= h:;;(x) isa central (a(-), p(-))-block supported on B, and hzd (x)=0%,a?,(x).
, z_ a9,
For k > 2, let
h? ,(x)
2 k,d
ag ,(x)=—5—,
o O a

and

?T‘

(o

2= Z|||Bk+1| I (G )01l ey

I=k—

where C > 0 is a constant which will be chosen later. by Hélder’s inequality and the the
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fact that ||)(Rk‘€ ||p(_) ”Zf?k,s iy IRy |, we have
1B 1 ||y < el 1Beal™™ Gn () 2a. |

k+1

< C Z [1Beal ™™ G (£) 1]

I=k—-1

Thus if we take C = C then ai, 4 1s a central (a(-), p(-))-block which is supported on Bj.

It then follows that -~
I (x)= Z Zai,dai_d (x)

|d|<m k=1

Furthermore, since | By, |**/" a2k a 214 forany x € R, with k>2and k—1<1<k+1,

we see that

oo

oo () k+1 Joo
> lo? 1 <cZ( D 2" (G ), ) <
k=1

k=0 \I=k—1

Using the Banach-Alaoglu Theorem and the usual method, we obtain a subsequence {j, }
of N such that for each k € Z, lim,_,, a,E] ) = a; in ’(R"), which for k < 0, a,. is a central
(a(-), p(-))-atom, while for k > 0, a; is a central (a(-), p(-))-block, supported on By,. Now it

remains to prove that

f= Z Arag, inthesense of #/(R"). (2.17)
k=—00

i)

For each ¢ € #(R"), note that suppa,’”’ c U | R; = R, and

oo

(fr¢)=lim Mf (]")(x) (x)dx.

V—00
k=—0c0

It will know that, see [59]

|f (]” x)dx

This term is bounded by

J
< cZk (m+1) ||ak v XR,C”
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02" (m+1—a(0 sza (]V)kaH

< 2t ||2ka./nakvXﬁk“pb)”)ﬁ?k p'()

< Czk(m+1—a(0)+n—p%)

kayn (i) .
2 a; XRk”,,(.yk<0

< ¢ 2k(m+1—a(0)+n—pi_)

)

where we have used successively 250 ~ 2540 [ <0, H6lder’s inequality and Lemma
If k>0, let k, € Nsuch that ky+a.o—n + p%o > 0, then by the fact that 2F¢0) » 2k%~ Hglder'’s

inequality and Lemma 2.2} we have

‘f a,(cj”)(x)np(x)dx < cf
R

< et aly |l

(]” (x) ‘lxl ko il x

< Cz—k(ko-}—(loo—l’l—p?),

where ¢ > 0 is independent of k. If we set

Akzk(m+l—a(0)+n—p%) if k < 0
bk = n
b G =) BT )

then

& - 1/4(0) = 1/4
0 00 o
> b < D IATO) T+ e (DAl )T <
k=—00 k=0

k=—00

Therefore,
Z A J p(x)dx.

This means that holds in the sense of distribution.

Step 2. We prove the sufficiency part of the Theorem Let f = Zf:_oo Aja; where if
1 <0, a;is a central (a(-), p(+))-atom, supported on B; and if [ > 0, g, is a central (a(-), p(-))-
block. Take ¢ € #(R"), fw ¢ (x)dx =1, with suppy C By. According to Theoremit
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suffices to prove

By Proposition 2.6} we have

90 ||K NH{Zka 90+ )Xk}”gz(m(m(-))—i'||{2kaoo¢>i(f))(k}”eﬂw(m(d)

SE+E+E+E,+E;,

where . .
Elz{ Z (zka(O Z |)L1|Hg0+ a )(k” ) } ,
k=—o00 |=—
2 _
B={ 3 (2 wilgriand,,)"} "
k=—00 I1=k—1
-1
{ Z (Zka ZMHHS‘% a; Zk” ) }Uq
k=—00
E, = {i(zkam Z 2l || % (ay )(k” ) }1/%0’
k=0 1=
and

={> (2> e @zl )"}

k=0 1=0
To estimate E,. Let m € N such that m > a* + n(% —1)—1,. Denote by P,, the m-order

Taylor expansion for ¢ at x/¢. For x € R, with k > [ 4+ 2, by m-order vanishing moment of

a;, we have

|al *Q (x)| ="

fwaz(y)sf?(x;y)dy‘
[ o (52)-n(2)ar

S [l e oy ay
Rn

S 21(m+1) |x|—(n+m+1) |

= [_n

]l

where 0 < 8 < 1. This implies that
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k ~ l k
2 a(O)(pi(al)(x)s (m+1)+ka(0 |x| n-ﬁ-m+1)||alH1

~

Here we used that fact 2/@0) n 21a(¥), y € B, and [ <0, since

log(e+i)

[x]

—l|a(x)—a(0)| < Sc, x€B;, I1<0.

Applying Holder’s inequality and the fact that a; is a dyadic central (a(-), p(-))-atom, we

obtain

(lcfl)a+2l(m+1) (n+m+1)

ol ],

||P(')

24017 (@) ]y 2

”}(Bl
5 2(k—l)a+21(m+1) (n+m+1) ”)(Bz

n

S2( )(m+1+n a+—p—_)

)

where in the last estimate we have used Lemma Since m+1+ n—a+—p—”_ >0, by Lemma
[2.3lwe obtain that

{ Zl: (Z |2, 2!~ i))”’“’)}l/q(m

—00 [=—

(S 1ao)

k=—00

For E, and E;. We use the fact that ¢* (a;)(x) S . (a;)(x) and the LPY) boundedness of ./,

we get

oo o
20 a8 @ 52 il o]

This term is bounded by

(01 _ — _ - 1/doo
c2 a(O)Z |Al|2—la ||21a(~)al ||p(.) < Zka(o)z |Al|2—la < 2ka(0)(z |Al|q°° ) )
[=0 =0 =0
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This implies that
(Z 12,9 ) /%o

Again, be ¢* (a;)(x) S A (a;)(x), the LPY boundedness of ./ and the fact that fact 2/“®
2la(y), (y € B; and I <0), it follows that

-1
2XO || @) xS Z | A 2k

I=k—-1 I=k—1

So by Lemma|2.3} we get

Ezs( Z Mqu(o))l/q(m.

For E, . By the same argument as E,;, we have

2| g (@) 7, S 200, k05 1.

Hence
2o Z || @ (@) |, & 274 =iE) Z |4, 2! (et =3)
|=—00
-1
< 2—k(m+1+n—a+—p%) |A |q(0) 1/4(0)
L2 )
Thus we get

—1
1/4(0)
Es( D 117?)
1

=—00

For E;. We use the fact that ¢* (a;)(x) S .# (a;)(x) and the L") boundedness of ./, and

supp@ (a;) € By, we have

Dotk g @) zel = D 25|t @) x|
=0

I=k—1

o0 oo
S Dl fal| S D A2t
=k

I=k—1 I=k—-1

Thus, from Lemma[2.3] it follows that
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— Goo \ /e
Ess(;w =)

This finishes the proof of Theorem [2.24 O

Remark 2.25. In the necessity part of the Theorems[2.23 and|2.24, the atoms in the decom-
positions (2.15) and [2.16) can be taken to be supported in dyadic annuli.

2.5 Pseudo-differential operators onlocal variable Herz-type

Hardy spaces

Recently, the boundedness of pseudo-differential operators on variable function spaces

was studied by many authors (see [55} 60} [18]). In this section is to show the boundedness

of pseudo-differential operators of order zero on local variable Herz-type Hardy spaces
al) -a)

hKp) g0 and hK) g0

Theorem 2.26. Let g € Z,(R") and p € Z'°5(R") with1 < p~ < p* < 00, and let a and q are

log-Holder continuous, at infinity such that a € L*°(R") and a o, 2 n(l — p%.o) If

Tf(x)=J f(x)o(x,8)e*™ e dE,
R~
witho € 8°, that iso € €°° (R" xR") and|5{8§ﬁa(x,§)| <cp(l+ |§|)_|ﬁ|, then

T || <c“|| .o
H (f) Ky ! 2 s

Theorem 2.27. Letq € PZ(R") and p € 2'°§(R"), and let a and q arelog-Hélder continuous,
both at the origin and at infinity such that a € L°°(R") and a(-) > n(l - p—l,) IfT beas in
theorem|[2.26, then

N7 Mk <l g -
Proof. By similarity we only consider the homogeneous case. Let f € hK;(()) 40 (R™), by
Theorem [2.24}, we have i,
= ha, (2.18)

[=—00
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in the sense of distributions, where for [ <0, a; is a central (a(:), p(-))-atom, while for / > 0,

a; is a central (a(-), p(+))-block, with suppa; € B; and

-1 1/9(0) oo 1/qoo
ca) A inf 2,110 + Ag|e :
1 gy {(Z_ZOJ 1 ;| 1

In view of Proposition[2.6] it suffices to estimate

{2"¥ @3 (T (£))

For k <0, we have

0)] and H{zkaw(ﬁj—(T(f))xk}”gzoo(yi('])'

25 @ (T () e oy S B+ Bt By

where
B o q(0)y 70
F1=( Z (zktx(o)z |;\l|||g5j(Tal);(k||p(_)) ) ’
k= [=—c0
B . q(0)\ 70
e 2 [ S lesraind, | )
[ I=k—1
and

B - q(0)\ 7
B =(Z (zka@;w||¢_*;(Taz)xk||p(->) ) '

k=—00
For E, by the LPY)-boundedness of ., we get
2O Wl @t (Ta gl S DMl 25 O (T
1=0

250 Ta]

2ka O)ZM |2—la ||21a p ”

<2ka (ZM[W ) /qoo

Therefore, we conclude that
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— oo |1/ o0
ng(;w =)

For E, similar to the estimate of F; and applying Lemma[2.3] we obtain

I=k—1

FZS(Z(ZWW )) (wa Dl

For F. By Theorem 4 in [29], we can write

%*(Tal)(x)=f K (x;x—y)a(y)dy,
R~

then we expand K; (x; x— y) in a Taylor series about y = 0. By the vanishing moment of

a;, we get that
v, *(Ta;)(x)= f 8 K xx Oy)yﬁal(y)dy
|B|=N+14 R

where 0 < @ <1 and N € N satisfying that N +1> a* + n(p—l, —1). Noting that x € R, with
k > 1 +2, by Theorem 4 in [29], we have

Isot*(Tal)(x)|5|x|—<"+N+”J v a(y)dy
Rn

< 2l(N+1)2—k(n+N+l) ||(11 ”1

~

Applying Holder’s inequality and the fact that q; is a central (a(-), p(-))-atom, we obtain

||p(~)
||p(~)

||2ka(0)@i(Tal)Zk”p(,) S Z(k—l)a+21(N+1) (n+N+1) ||)(Bl

s 2(k—l)a+2l(N+l) (N+n+1) ||XBI

< 2(1—k)(1v+1+n—a+—pi_)

)

where in the last estimate we have used Lemma|2.4] Then, we obtain
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k=2 k—2
~ _ ot
oka(0) Z |/11|||801(sz)){1¢||,?(_)5 Z Ml|2(l k)(N+1+n—a p,).
l=—00 l=—00

Therefore, by Lemma|2.3} we have

—1

F S( Z Mqu(o))l/q(m.

k=—00
For k = 0, we choose a radial smooth function 1) such that suppn c B(0,1) and n = 1 near

the origin. We split T = T, + T, by decomposing K(x; y) =K, (x; y)+K2(x; y) = nK(x; y)+
(1—n)K(x;y). Then T, and T, are of order zero. We have

2" @i (T () 2}

oo o0 oo\ o5
eiw(Lp(-))S(Z(zkam Z |7“'”"51(Tlal)}(’cup(-)) )

k=0 I=

00 -1 oo q%oo
+(;(2k0‘°" IZZ Ml|H¢’i(Tzal)Zk||p(,)) )
Goo\ 7o5
@i(Tzdl))(k”p(,)) )

+ (i (2’“’“’

k

- o oo q%.o
{Z@%ZWWWWMM))

k—2
Al
0

=0 1=
k=0 I=k—1
:H1+H2+H3+H4.

To estimate H;, since supp@* (T1a;) C By, and L*Y boundedness of ./, we deduce that

oo o
2 M@ Tan gl S D 12l (Tap,
[=—00 I=k—1
o
S D, k= (ITa
I=k—1

The last term is bounded by

o0 oo
e Dk lla] S D 1Al
=k—

l 1 I=k—1
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Therefore, by Lemma|2.3} we obtain

- 1/qoo
Hy s (D1l )

k=0

For H,, it is obvious that

Again by Lemma|2.3} we get

oo
M2 (Ban) ge| S D Il
l

l 1 =k—1

> 1/qoo
Hys (Do l™) "
k=0

For H,, it will know that
(), (%, 7)| S em (1+]y]) " (2.19)

for any m > n see [23, Theorem 4] . If x € R, and [ < 0 < k, by (2.10) we obtain that

Py *(Tzaj)(x) =

f (K, (x,x—y)a (y)dy|
Rn

< f L)y

n (1+|x—y|)

5 21(N+1)|x|—(N+n+1)f |al (y)| dy
Rn

s 21(N+1)2—k(N+n+1) ”al ”1 .

So by the fact that 2“0~ 2!%() (y € B, and I < 0), we get

2kaoo(’0t *(’Iédl)(X) s 21(N+1)+kotoo |x|—(n+N+1) ||al||1

S 2(k—l)a+21(N+1)—k(n+N+l)||2la(')al ||1’ k>0>1.

Applying Holder’s inequality and the fact that g, is a dyadic central (a(:), p(:))-atom, we
obtain the term ||2k“°° o, *(TLap) yr ||p(.) is bounded by

1-k)(N+1+n—a*—1L)

2(k—l)a+21(N+1)—k(n+N+1)||XBI le(.)”ka ||p(.) s 2( ),

c
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where in the last estimate we have used Lemmal2.4] We take N € N satisfying that N +1 >
at+ n(# —1), then

-1 1
zkaoo Z |)Ll| ||¢j_(T2al)Zk||p() S Cz—k(N+1+n—a+—p%) Z |Al|2l(N+1+n_a+_nL’)_

|=—00 |=—00

The last term is bounded by

-1
n 1/4(0)
Cz—k(N+1+n—a+—p—,)( E MAQ(O)) a .
I=—00

Therefore,
—1
1/4(0)
Hys( D 17@)
[=—00

For H;, by similar argument in the estimate H,, we obtain

k—2 k—2

zkaoo Z |)Ll| ||¢i (Tzal))(k”p(‘) < Zz(l—k)(N+1+n—a+_p%).
1=0

1=

Again by Lemma|2.3} we get
s 1/qoo
H35(Z|Ak|‘7°°) :
k=0

The proof is complete. O

Remark 2.28. Corresponding statements to Theorems[2.26 and[2.27, with a, p and q con-
stants, can be found in [41], while with a and q constants Theorems|2.26land|2.27 are proved
in [60], under the assumption that the maximal operator ./ is bounded on LPY(R") (both in
the homogeneous and the inhomogeneous situation). Here we are requiring the log-Hdblder

continuity at two points only (zero and infinity).
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CHAPTER 3

BOUNDEDNESS OF SINGULAR INTEGRAL
OPERATOR OF CONVOLUTION TYPE ON
VARIABLE HERZ-TYPE HARDY SPACES

In recent years, it turned out that atomic and molecular decomposition of some function
spaces are extremely useful in many aspects. This concerns, for instance, the investiga-
tion of (compact) embeddings between function spaces. But this applies equally to ques-
tions of mapping properties of some operators, such as Calder6n-Zygmund operators, the
commutator of Calderén-Zygmund operator with a BM O function and to trace problems,
where arguments can be equivalently transferred to the sequence space, which is often
more convenient to handle. In this chapter, we shall give the boundedness of singular inte-
gral operators of convolution type on H K;‘(()) 40 (R"). To do this, we establish the molecular

decompositions of inhomogeneous Herz-type Hardy spaces.

3.1 Molecular decompositions of H K ;(()) a0) (R"™)

The main goal of this section is to prove an molecular decomposition result for variable in-

homogeneous Herz-type Hardy spaces H K:’(()) 4 (R™). Firstwe give the notation of molecule.

Definition 3.1. Letp € 2 (R"),a:R" =R witha € L*°(R") and a > n(l—p%.o). Letl €N,

1
$Z2|0s +n(——1)|.

o0
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Let
S Qoo 1 1
esmax(2, 22+ L) p=1-Lo,
n o n Poo Poo
and
1 Ao
eo=1————
Po n

A function M, € LPY(R") is said to be a dyadic central (a(-), p (-); s, £),-molecule of restricted
type if it satisfies

@ Ml < 1,

() 2,00 (M) = I 555 170 by 5" < oo,

(ifi) [, M (x)xPdx =0 forany p with |B|<s.

In the next statement we shows that the molecular is a generalization of atom.

Lemma3.2. Leta,p, s, ¢, oo, boo beasin Deﬁnition Letl eN,. If M, iscentral(a(-),p(-))—

atom of restricted type supported on B(0,2"), then M, is a central (a(-) ,p();s, e)l -molecule

of restricted type.
Proof. We only need to verify
Ry (M) = M |22/ (|17 by ||
oo (M) = M2 7o (|11 My |, 57 < o0
We have
Ry (M) < c2"P0= /D gy || o) < 2/ = ¢,
where the positive constant c is independent of /. O
We immediately arrive at the following result.

Lemma 3.3. Let @, S$,¢€,000, boo, | € Ny be as in Deﬁnition andp € 93;2g (R™) with 1 <
p- < pt < o0o. Leta and q be log-Hdlder continuous, both at the origin and at infinity.
Then there exists a constant C such that for any dyadic central (a(-), p();s, 8) ,-molecule of
restricted type M,
) <C,
M ”HKn((-)),q(-) ¢

where C > 0 is independent of 1.
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Proof. We follows the idea of [45] and [64]. Let M; be a dyadic central (a(-),p(-);s,s)l—

molecule. Assume that 2" < ||M,||;(?F <24+, 1, > 0. Recall that
Byl:{xeRn:|x|<2V[_l} and Rk+yl:{xeRn:2k+Ul_1<|x|<2k+vl}

for any k € N,. Therefore

oo
Mi(x)= D M), (x), x€R",
k=0
where y,,,, and y,, are respectively the characteristic function of Ry, ,, and B, , k > 0. Let
M = M, X k+,,- We denote by 2 the class of all real polynomials of degree less than s. Let
Pp M, € 2 be the unique polynomial satisfying

J (Ml,k(x)_PRle,k(x))xﬁ:0, |ﬂ|<s.
Ry

Let erk = (PRle,k)XIH—vl) k>o0.
Step 1. In this step we prove that there is a positive constant C and sequences of numbers
{A I, k} beN, such that

(i|/11,k|%° )”%"’ <c, 3.1)
k=0

and
M =21+ Qs

where each a; ;. isa (a(-) N (-))—atom and the constant C is independent of /. Without loss

of generality, assume that %,,,(M;) = 1, which leads to
nbeo _ ~Tootess Vidoon
” § Ml||p(~) - ||Ml||p(~) S c2en,
where ¢ > 0 is independent of /. Let {goj.'k : |]| <s}e . (R™) be such that

1
(ent oy ., = P e (0)dx =6,

Rk+vl B |Rk+l/l|

Rk+vl
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Then

Qz,k(x):Z<Ml,90é’k>Rk”l W;jk(x)» X € Ry. 3.2)
|ﬁ|<s

In addition by Holder’s inequality

1

|Ql,k(x)| N |M,,k(x)|dx

|Rk+l/l | Rk+yl

< ||){Rk+vl

~

p’()
W” l’k||p(~)

)

p()

for any x € R, where the last estimate follows by Lemma|2.2] Therefore

HMl,k_Ql,k”p(.) S ||Ml,k||p(.)
s || Hnbc><> Ml,k||p(,)2_(k+vl)nboo
5 Zvlaoonz—(k+vl)nboo

_ —nkas —Ooo /N
- C2 |Bk+l}1|

Consequently M; . —Q, . =71 a; ., where 7 = ¢27"k%~ and q, ; is a central (a(-), p(-))-atom

of support contained in By, k > 0. The constant c¢ is independent of k and /. Let

Yk if k> 0,
A’k ==
0, otherwise.

Therefore we obtain the estimate (3.1).
Step 2. In this step we prove that Z,ZO Q; rhasa (a (),p (-))-atorn decomposition. Let {cpj.'k :
|j| < s} e P (R") be the dual basis of{xV : |y| < s} with respect to the weight W on Ry,
that is

1

Lk v\ _ 1,k Y _
oxT)= (x)x"dx=6;,.
<SOJ > |Rk+yl| (10] Y

Rk+vl

If set gaj.’k(x) => /ji'fx” and wé’k(x): > Tf,’f(p’v’k(x), then we have

lv|<s lv|<s
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Lk _ L,k Lk\ _ l,k I,k L,k
Ty =Wt er) = DB et aT)= D B,

|r|<s |r|<s

So Lp => ﬁw ¢b*(x). For x € Ry,,,, we have

lv|<s

(M1, 0% k>Rk+V, ()= (M, Zﬂjfx”)Rkwl i (x)
lv|<s
- Z<Ml'k’ xv>Rk+v ﬂ”] 90] ’
v|<s
which together with implies that
Quel®)= D (Mo xl),  ¢["x), if xeRy,. (3.3)
[il<s
Weset E={xeR":1<|x|<2}, F={xeR":|x| <1}, {e |]| s}e@ R") satisfying
1
— | e (x)x"dx=06;,,
|E| JE J Y
and {éj : |]| < s} € Z;(R") satistying
1
— | é;(x)x"dx=0;,.
|F| JF J Y
Noting that
1 1
Sip=T—| W @xTdx = f 2ty (2Fy) yrdy,
|Rk+vl| Ricyy, |E| E

we get e; (y) = 2’“|7|¢§.'k (Zky). Thus in turn leads to that for k > 0,
P (x)= okrwlile, (2t y), x € Ry,

Similarly, we have
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YU (y)=2Me (2 x), xe F.
Let C = sup {||ej||oo , ||éj||oo}' Then we have
jililss
¥ (x)| < c27®lil, - for k>0, (3.4)

where the constant C is independent of /. Let
oo
Lk _ 5 '
NP= IR (Mip 7)o k0.
i=k

First observe that

o0 oo
NP =D R (M xT)g = 3 f ~ Ml(x)xfdx=f M (x)xdx=0.
i=0 i=0 J Risy, R"

Now by Holder's inequality and Lemma 2.2)it follows

oo
|
i=k JR

By Lemmal|Z2.2|we get

oo
M4 o < 2 Ml 2
1=

i+vg

1

1_
¢ ~ |Ri+vl| Peo,

||1Ri+ul

p/

which yields that

o0
Ile’k| < Czyl(|j|_nbw_%w+n)Zzi(ljl—nbw—p%wm)” |,|nboo Ml”p(.)
i=k

o

< 2vl(|j|—nboo—p%.o+n+aoon) Zzi(|j|—ns)
i=k

S 2vl(|j|—nboo—p%o+n+aoon)2k(|j|—ne)’

with the implicit constant not depending on i and [, which yields that

K| 20l rm gk -ne
T )
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Consequently, with the help of (3.4),

|NSFk () i ()

< 2vl(—nboo—p’T’o+aoon)z—kn(s-i—l), (35)
|Rk+l}l|

which tends to zero if k tends to infinity. Using Abel’s transform and (3.5) we obtain

in,k(x),
k=0

can be rewritten as

Z Z <Mk’xj>fek+v P (x)
k—0|j|<s :
e & . P Far () ) g (1)
= R M, x'). ] ! _rj - 1
MZQ;@ el (Mo )y, =5 ol )

S Z isz,kH(wi"k(x)){km (x) ~ w?kﬂ (X) X k1 (x)).

(7]<s k=0 | Ricty)| | Ritvy41

On the other hand, we have

)

‘le,kﬂ( @D;’k (%) X ko, (%) l/J;’kH (%) X kw1 (x))

| R, | | Rty
can be estimated by
CINI b () | Ry |

< szl(—nboo—p%o+aoon)2—k(ns+n)

1 oo

< C2H Ry 727,

for some positive constant ¢ independent of / and k. Let

o= C2 knaco, if k 3.6)
bE 0, otherwise '

V
A
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and

(—Nj"’““)(wﬁr"(x)xml(x) w§'k*‘(x)xk+vl+1(x))

(4) Air -

if k=20and |j|<s,
o) = i an |]| s

|Rk+ul| |Rk+1/l+1|

0, otherwise.

Then we have

i Qi(x)= Z i Al,kal(']].c);
k=0

7 +=0

(/)

where a;  is an (a(-), p(-))-atom supported on By,,,. In addition we obtain the estimate

GI. 0

Now we come to the molecular decomposition theorems.

Theorem 3.4. Leta,p,q,s,€, 00, bso be as in Lemma Then f € HK;(.’))’L](,) (R") if and

only if f can be represented as
f= Z A My,
k=0

where the series converges in the sense of distributions, A;. 2 0, each M, is a dyadic central

(a(.) ()5S, s)—molecule of restricted type, and

0 1
q doo
(lekl oo) S ”f”HK““ '
= P(.q0)

Moreover,
oo 1
. doo \ oo
”f”HK““ (R")Nlnf(E :Mk' ) ’
P()q() =0

where the infimum is taken over all the decompositions of [ as above.

Remark 3.5. Corresponding statement to Theorem|3.4 were proved by Liu and Wang [59],
with a and q constants, under the assumption that the maximal operator ./ is bounded
on LPY(R") (both in the homogeneous and the inhomogeneous situation). Also Here we are

requiring the log-Hoélder continuity at infinity.
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3.2 Main result

The target of this section is to show the boundedness of a convolution type singular integral

operator on H K;(()) a0 (R™). The main theorem of this chapter is the following.

Theorem 3.6. Let a and q are log-Holder continuous at infinity and p € 2 '°8(R") with
l<p <pT<ooand0<q <q*<oo. Let

Tf(x)= f K(x;y)f(y)dy, x¢suppf, (3.8)
R~

for any central (a(-), p(-))-atom f with the kernel K satisfies

y[’

|x|n+5’

|k (x;y)—k(x;0)|<c |x|>2[y],

where c is a positive constant and 0 < 6 < 1 such that

1 1
n(l——)<aw<n(1——)+5.
Poo Poo

If T is bounded on LPY(R") and satisfying fRn Tf(x)dx = 0. Then T is bounded on
H Ko R

Proof. Let fe H K;(()) o) (R"), by Theorem 2.11} we have

f :iklaz,
1=0

in the sense of distributions, where each q; is a central (a(:), p(-))-atom of restricted type

with suppa, C B; and
[e%S) 1/qoo
Ay| e <c «@ .
(;}] 1 ) <ellfllger

By Theorem it suffices to show T f is a central (a(-), p(-);0, 8) ,-molecule of restricted type
Ao 1 [ 1 : — 1 oo —
where (7— 1+ pTo) < € < 5+, to be determined later, doo =1— 5= — 2 +¢6, boo =

1— p%.o + £. Obviously, we only need to verify the size condition for molecules, that is

(T )= [T ™ e (1" < o
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We first estimate || |2 . In fact, we have

Mo

7%= 7 () S Tl

Ll ¥

nbeo—a
sr (o) &)

||LP(~)(B(0 2r))

On the other hand, for any x with |x| > 2r the vanishing moment of f and the regularity

of K, we have

Nl=| [ ks

= |JRn(k(x;y)—k(x;o))f(J’)dJ’|

6
<f bl

S P X f (x)
and since nb,, —n—06 <0, we have

Hl'lnbw T(f) < rn+5 |||_|nboo—(n+5)%

||Ln(-)(Rn/B(O,2r)) ~
sl (),

s rnboo ||f“p( S rnboo—aoo'

”LPU(R"/B(O,Zr))

Thus, we get
Ry (T (f)) S 1o teolboo plnbootteol1=teolboc) < 1

This finishes the proof. O

Remark 3.7. Corresponding statement to Theorem|[3.6, with a, p and q constants, can be
found in [45, Theorem 6.2.3], while with a and q constants Theorem 3.6 is proved in [59,
Theorem 3.3].

51



CHAPTER 4

BESOV-TYPE SPACES WITH VARIABLE
SMOOTHNESS AND INTEGRABILITY

In this chapter, we introduce Besov-type spaces with variable smoothness and integrabil-
ity. We show that these spaces are characterized by the p-transforms in appropriate se-

quence spaces. Moreover the Sobolev embeddings for these function spaces are obtained.

4.1 Some properties of Besov-type spaces of fixed exponents

The B 5 spaces have been studied extensively in recent years. When 7 = 0 they coincide
with the usual function B}j' 7 studied in detail by Triebel in [53]. When s € R,0 < 7 < oo and
1< p,q < oothe B spaces were firstintroduced by El Baraka in 2002, see [20,21]. In these
papers, El Baraka investigated embeddings as well as Littlewood-Paley characterization of
Campanato spaces. Later Drihem gave in [17] a characterization for B, spaces by local
means and maximal functions. For a complete treatment of B spaceswe refer the reader
the work of Yuan et al. [68].

In this section, we first recall the concept of B;:; (R") given in [68] and we present some
fundamental properties related to these spaces.

Select a pair of Schwartz functions ® and ¢ such that

suppZ®c B(0,2) and |Z®(&)|=c if &<, 4.1)

w| o,

and

suppZ ¢ € B(0,2)\B(0,1/2) and |Z¢(&)|=c if —-<|&|<

wl o,

) (4.2)

ol w
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where ¢ > 0. We put ¢, =2""¢(2":),v €N.

To begin with, we recall the following definitions of Besov spaces.

Definition 4.1. Lets € R,0< p,q < 00, and let® and ¢ satisfy @.1) and [d.2), respectively.
The Besov space B, | (R™) is the collection of all f € &' (R") such that

(o) q 1/q
= (2 et
P v=0 p

171

where @, is replaced by .

The spaces B, (R") include many classical spaces such as Lebesgue spaces, Holder
and Sobolev spaces.

The following results, can be found in [53].

Proposition 4.2. Lets€R and0< p,q < oo

(i) The space B, is quasi-Banach space.

(ii) The space B, , is monotone with respect to q, namely if q, < q,, then BB,
(iii) #(R") = B] | — '(R").

Definition 4.3. Lets €R,0< 7 <00 and0 < p,q < 00. The Besov-type space B, (R") is the
collection of all f € S’ (R") such that

1 vsa ) qlp 7
by =SUP o 2 |g0,,*f x)|" dx < 00,

where @, is replaced by ®.

I7]

It is well-known that these spaces do not depend on the choice of the system (¢,),en,
(up to equivalence of quasi-norms) see,[68, Corollary 2.1] . If we replace dyadic cubes P in
Definition[4.3|by arbitrary cubes P, we then obtain equivalent quasi-norms. In particular
if 7 =0, the spaces B;:Z are just the classical Besov spaces.

We collect a few basic facts.

Proposition 4.4. Lets€R,0<7 <00 and0< p,q < o0

(i) The spaces B, are quasi-Banach spaces.

(ii) The spaces B T is monotone with respect to q, namely if q, < q,, then B’jf]o — B’j:jh.
(iii) L (R") — B;,; — Y’(R").
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These results can be found in [68]]. In particular, (i) can be found in Lemma 2.1, (ii) is
proved in Proposition 2.1 and (iii) can be found in Proposition 2.1.

The following proposition is given [68, Lemma 2.2].

Proposition4.5. Lets €R,0< p,q < 00 and < T < 00. Atempered distribution [ belongs

to B, ifand only if,
# 1 » q/p 7
”fHB;;; :p:@ﬁgq Pl f |<,0,, x f(x | dx) < 00.

Furthermore, the quasi-norms ||f |

# .
s and || f | s+ are equivalent.
Byg Byg

The following Theorem implies under some suitable conditions the Besov-type spaces

_1
SB;';] are just the Besov spaces Bé;rz(of ”), the proof can be found in [65, Theorem 2].
Theorem 4.6. Lets€R,0< p <oco.If T2 % >0,0< g <00 orT:% and q = oo, then

s+n(t

1
-5
ST __ 14
B, = Beo,co
with equivalent quasi-norms.

The following Proposition implies under certain conditions the definition of Besov-

type spaces B’ can be simplified, see [51, Proposition 3.1]

Proposition 4.7. LetseR,0<p<ooand0<q<oo.IfO<T< or0< 1< %andq 00,

1 a/p\
|p|T( 2ysq(J |g0v>x<f x)| dx) ) < 0.

is an equivalent quasi-norm in B ;’;

then

= sup

Further details on the classical theory of these spaces can be found in [11]}, [65] and [68],
see also [13] for recent developments.
In the following section, some important lemmas are provided in order to study the

variable Besov-type spaces.
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4.2 Technical lemmas

The following lemma is from [36, Lemma 19], see also [8, Lemma 6.1].

Lemma 4.8. Let s € Cll:cg and let R 2> ¢og($), where ci,4(s) is the constant from (1.2) for s.
Then

ZVS(X)nv,m+R(x_y) <c ZVS(Y)nu,m(x_y)
with ¢ > 0 independent of x, y € R" and v, m € N,,.

The previous lemma allows us to treat the variable smoothness in many cases as if it

were not variable at all, namely we can move the term inside the convolution as follows:
2" par* F(X)< € My % (27U f)(x),  x€R,

where ¢ > 0 is independent of v and m.

Lemma4.9. Letr,R,N >0, m>n and0,w € & (R") withsuppZ w C B(0,1). Then there

exists c = c(r,m, n)> 0 such that for all g € &’ (R"), we have
|0p* oy # g ()| < ¢ Ay m* |y *g| (X)), xeR”, (4.3)
where0r =R"0(R-), oy =N"W(N"), Ny m =N"(1+N [-|)”™ and
A=max(1,(NR)").

The proof of this lemma is given in [15, Lemma 2.2].

We will make use of the following statement, see [9], Lemma 3.3.

Lemma 4.10. Let p € 22'°8. Then for every m > 0 there exists 5 € (0, 1) only depending on m
and cy,g (p) such that

ﬂ p(x)

(o L}f(y)Idy)
1 r(v) 4

< |Q|L|f(y)| y

+min(|o|m,1)(51|f ((e+la)™ +(e+]y[]")dy),
Q
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for every cube(orball) Q CR", all x € Q CR" and all f € LPV+L* such that”fHU,(,] <1.

Lo

Let p € 22'°¢, In the proof of this lemma we need only that

f FoMay <1,
Q

and/or ||f||oo < 1. We set

fi
|| (fU)U ||M(')(L;8) =Ssup H(|p|vf(~) xp)y%;

Peo a0 (Lpv)
where, vp =—log, [(P) and v; = max(vp,0).

Lemma4.11. Let0<a<1,J€Z and0< q < 00. Let {€, },; be a sequence of positive real

numbers denote 0 = Zf: " a*Je;, k> J*. Then there exists constant ¢ >0, depending only

o <(5)"

k=J+ k=J+

on a and q such that

0g

Lemma4.12. Lets, 7€ G, v~ >0 and p,q € 2,"° with0< g~ < q* < 00. Let (fi)ren, be a

sequence of measurable functions on R". For all v e Ny and x eR", let

(e9)
g(x)=> 275 fi(x).
k=0
Then there exists a positive constant c, independent of (fi )ren, Such that

||(gV)”||1{‘7(‘)(L;8) s H(fv)v ”M(')(L;g)’ 6>0.

Proof. We follow the details given in the proof of [15, Lemma 2.10] and [36, Lemma 8] : let
( fv)v el q(')(L;E';), the problem can be reduced to the case when £79(LPV) is a normed space.

Then we have

vi o
(2 Ly g lkrld f
07 st o S I 22 TTBEG 22 )it o e
|P|*() v} [|gatyLrt) P |P|*() v2vy [|gatyLrt)
v oo
+H(§ ...)U>U+ ., U+‘(§ ...)U>U+ I (4.4)
fmoy P IR oy U7 L)
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The first norm is bounded by

+

2(vr—v)o

Up
Z(ku;)su '
; ( |P|T(‘) %P)U>U; £40)(LPL))
<) + +
Let Qy., beadyadic cube such that P C Qy.;,. Obviously Ugm = k and since IQ“'?ﬁI(q S 2(ve—k)n7*,
Then the last sum is bounded by
fj
2 k Vg )(5 n*rJr ¥
Z (leh|T Qkh)P Yun | a0 Lr0)
sz
< z(k—v;)(é—rw*) NS .
S 2 (o), leaoguzy S N0 sz
Leta>max(q+,%) andH(f,, ||M )—1 Then
— q()
i ZZ:U;ZUC 06 f. Z Zk +2k Vﬁfu
] |P|T() XP - 1 |P|T XP
k_yP j20] k= Up ap()
q0) 40)
g
oo v q()/o
k=vsg= ||| f
< T v
= Z Z 2 |P[0 xp
k=vy \ k=v} ‘7;’7(5‘)
3] E et
0

(,

Q

by Lemma[4.11] The desired estimate is completed by the scaling argument. Now the last

norm in is bounded by

i ’5f,+vx
i |P|V) :
=0 230 (Lp()
0o
Sre|(on),
i=0 |P|T VR Ui +i £90(LPV)
oo
<2 ( ) $|(4)
> 2| ()L ST
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This finishes the proof of Lemmal4.12 O

Let L;E:)) be the collection of functions f € Ll’;(c')(R”) such that

fxr
[PI0

<oo, pe?, 1:R"->RY,
p()

If

=]
Ly
where the supremum is taken over all dyadic cubes P with |P| > 1. Notice that

f
P[0

q()
Xp

<1. (4.5)
p()/q()

If

=0 <1< sup
p() Peg,|P|>21

Recall that 68, =2""0 (2"-),v € Z.

o5, T">0,p€E Qolog and 0, w € S (R") withsuppZ w C B(0,1).
For any f € &'(R") and any dyadic cube P with |P|> 1, we have

|

such that the right-hand side is finite, where ¢ > 0 is independent of v and [(P).

Lemma4.13. Letv €7, 1 € C°8

0,xw,xf
P 47

< c||co,,>|<f 0
) 20|

p(:

Proof. We claim that

27w, * fO| S @, x f (4.6)

g
for any x € R”, any 0 < r < p~ and any v € N,. Indeed, by Lemma[4.9} we have

lw, * F(X) < € (N *lw, * FI7 ()Y,

forany x eR"”,any m > n,0<r < p~ and any v € N,. We write

o)
ny,m*lwv*f|r(x)sZz_l(m_n)MB(x,ZFV)(lwv*flr)r

i=0
where the implicit constant independent of x and v. Holder’s inequality leads to

r

r .
co,,*f{ )52(1/ t)n||(a),,>l<f)){3(x,2i7u) h()

—in+i +
52(1) i)n+inrt

MB(x,Zi*V)(

r
p() HZB(x,Zi*V)

L_/ r
Wy *f”LT‘(‘; ||X3(xv2i)||h(-)’
ol
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where 1 = -5 + 7. Making m large enough [@.8) follows. Let P be any dyadic cube. We

use again Lemma[4.9} in the form

|6, %, % f (x)| < € (g *le0, % fI" (X)),

(pr)” :
P22), m > n large enough and x € P. By the scaling argument, we

for any dyadic cube P, with I(P) > 1, whenever ||col, xf
1(Q,)=2""and x €Q, C P. Asin Lemmal5.1

where 0 < r <min(p~,

see that it suffices to prove that

0,xw,*f <1
P[0 ~

Xp
p()

0 < 1. Let Q, C P be a cube, with
20l

Nom |0, # [l (X) <T@y I za )+ D T2, f1 7g8)x).

kezn ||kl oo >2

Thus we obtain

’M P M@k 1 2s0,)
|P|*0) Xp o Pl PR "
ol f1"xo8)
+kezn% >2 |P|”’(') XP pr)' (47)

Let us prove that the first norm on the right-hand side is bounded. We have

]v1(|wv*f|rXSQ,,)(x)SMng(|COU*f|r).

Letd >0besuchthattt<d < @. We have

d_
(-

Mg (0,4 11) _ 00 (Mo (2"l 2717 5
ECHR |PJdr :

d vnd

By (4.6), Lemma}4.10/and the fact that 27T n 2 0, x,y €3Q,,

2/ (Msg, (27" o, | ) 5 Mg ([0, £ )+ 22 i),
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for any s > 0 large enough and any x € Q,, where the implicit constant is independent of

x and v. Hence

|wv*f~%X3Q,,
P )

Ii|woxf| 150) %
H( s 3Q ZP) 0)

sl

400
dr

dr
W, % |7”

SH| o*f
|P|rd

X3P || ey

after using the fact that ./ : %@ — 1" is bounded. The last norm is bounded by 1 if
and only if
‘ w,xf
|P[70)

)(3p . Sl

Notice that 3P = U}"_ P, where {P,}}_ are disjoint dyadic cubes with side length [(P,) =
I(P). Therefore y5p = Zz":l 2p, and

‘ w *f
|P[70)

w *f
<oty
snwv*fn;fg

S

~

p()

Using a combination of the arguments used in the corresponding case of the proof of

Lemma and those used in the estimate of J Ul above, we arrive at the desired estimate.

O

s(-),7()
4.3 The spaces ‘B (a0

In this section, we present the Fourier analytical definition of Besov-type spaces with vari-
able smoothness and integrability and we prove their basic properties in analogy to the

Besov-type spaces with fixed exponents.

Definition 4.14. Lets :R" - R, 7 : R" — R* and p,q € P,. Let® and ¢ satisfy (4.1) and
@.2), respectively. The Besov-type space% , is the collection of all f € &'(R") such that
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< 00, (4.8)

su
D £a0)(LpP0)

Pe2

(2”(')90u*f )
PO AP )usu

]

where @, is replaced by ®.

s()7() =
sBn(-)yq(-)

One recognizes immediately that if s, 7, p and g are constants, then

s(h7t() _ ps,7
%p(-),qt) - prq’

()

o0 CONSISt

in the sense of equivalent quasi-norms. When g = oo the Besov-type space SB;(('_))’
of all distributions f € &’(R") such that

2"0¢, % f

< 0Q.
P[0

p()

sup
Pe2,v2vf

P

Let B; be any ball of R” with radius 27/, J € Z. In the definition of the spaces ‘B;(('.))’fq((',)) if we
replace the dyadic cubes P by the balls B;, then we obtain equivalent quasi-norms. From
these if we replace dyadic cubes P in Definition[4.14] by arbitrary cubes P, we then obtain
equivalent quasi-norms.

The Besov space of variable smoothness and integrability B;E:i 4() 1s the collection of all
f € ¥’(R") such that

7]

< 0O,
£40)(LpL)

_ ()
= e,
which introduced and investigated in [1], see [36] for further results. Taking s € R and

g € (0, 00) as constants we derive the spaces B;(,)y q studied by Xu in [63]. Obviously,
5,0 _ s

in the sense of equivalent quasi-norms. We refer the reader to the recent paper [69]] for fur-
ther details, historical remarks and more references on embeddings of Besov-type spaces
with fixed exponents. We mention that the variable Triebel-Lizorkin version of our spaces
introduced on this paper is given in [19]. Variable Besov-Morrey spaces are given in [3], see
(28] and [62] for the variable 2-microlocal Besov-Triebel-Lizorkin-type spaces.

()

Sometimes it is of great service if one can restrict suppc, in the definition of ‘B;((’,))' a0 to
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a supremum taken with respect to dyadic cubes with side length <1

log —_ log

Lemma 4.15. Lets,7 € =0 andp q €2, with(fp—1)7>0 and0< qgt<oo. A
tempered distribution f belongs to % zf and only if,
# 2vUp, % f
00 = Sup (—U.)(P) < 00.
phat)  peg,|PI<1 |P|T() v=2vp [|ga0)(LrO)
are equivalent.

Proof. We follow the scheme of the proof of [14}, Lemma 3.6]. Let P be a dyadic cube such
that |P| = 277", for some —J € N. Let {Qm m=1, ...,2*’”} be the collection of all dyadic
cubes with volume 1 and such that P = Ui; Q,,. In view of the definition of %Z%'.Z(&’ it

suffices to show that || f IIB <||f II# ,. By the scaling argument, it suffices to consider
0/(-)
the case || f II# =1and show that the modular of f on the left-hand side is bounded. In
() ()
particular, we wall show that

. q()
i 2] <1
TR P
v=v} 0]
q()

for any dyadic cube P, with |P| > 1. We set

max 22 euxs I | 5
Qm Qm -
m=1,....2-Jn |Q,,|™0) % m=1,...,2=/n |Qmo|T() 0 20
q0)
Thus it remains only to prove that
21,5(.)(101} q()
v =) <
|P|T(') Xp <0.
p()
q()
This claim can be reformulated as showing that
5—* 2VS Spv * f 1
[Pt ’
p()

which is equivalent to
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/
=

(x)
o |2V % P
5_% Y f| dx <
» |p|r(x)p(x)

This integral can be rewritten us

2-Jn p(x)
S [ e,
e | P[P0

2—Jn (x) p(x)
q |2V *
I e 2o x/ | dx<1.
0 |Qm|T(x)P(x)

m=1

where the second inequality is obtained from the estimate |P|*P") > 2777 the last inequal-
ity follows from the fact that

<1,

H 52",k f
p()

~70
° QI %

forany m =1,...,27/", which follows immediately from the definition of . (combined with,

if ||g||,,(4) <1, then g, (g) < Hg”;(.), where ¢ < p~, which completes the proof. O

Remark 4.16. Welike to point out that this result with fixed exponents is given in [68, Lemma
2.2].

The following conclusion implies under some suitable conditions the variable Besov-
s()70) . sCHn(T()=55) o
type spaces B, ., are just the Besov spaces Beo,c0 """, whose proof is similar to that of

[14], Theorem 3.8], the details being omitted.

Theorem 4.17. Lets,T € Cof, T~ > 0 and p,q € 2,°% with p*,q* < co. If(tp—1) >0 or

loc’

(tp—1) >0andq= oo, then

with equivalent quasi-norms.

Proof. We consider only (Tp — 1)_ > 0. The case (Tp — 1)_ > 0 and g = oo can be proved
analogously with the necessary modifications. Since (T p— 1)_ > 0, then we use the equiv-

alent norm given in the previous lemma. First let us prove the following estimate
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£ e S I gsmeiarmen

s(Hn(t()-55)
forany f € Beg.oy = "

that

. Let P be a dyadic cube such that |P| =27"",v, € N;. We obtain

2059, f (x)|
[P
< 2V (s@rn(e0-1/p(0) +n(vp—v)(t(x)-1/p(x))+nvp/p(x) |‘Pv *f(x)|

< 2" wp=v)(7(x)-1/p(x))+nvp/p(x ||f|| /0t

for any x € P and any v = vp. Then

21/3(-)(,0'} q()

on(p=0)(=0-1/p0)envn/p)| "
1P|

Ap S

()

=

2|

< gn(r=v)(z=1/p) 4~ H PRz

P .
q()

The norm on the right-hand side is bounded by 1. To show that, we investigate the corre-

sponding modular:
QL (|2nvp/p()|‘7 :J |2nyp/p(x)|P(x)dx :2nvpf dx=1.
a0 P P
Hence
) AT [ PR
271 UVp—U)\T—L/p S 1,
v=vj |P|T % v=v}

T()

340 Wlth

since (’L’ p— 1) > 0. We are now going to prove the converse inequality. Let f € EB

||f||% =0 =1.By Lemma.we have forany x eR",m>n,5 < p~

22l | s £ ()

< 2v(s(x)+n(f(x)—1/p(x))) (nv,m % |(70U *f(x)|5 (x))l/ﬁ
< ||2U x)+nt(x )(;01) *f()(1+2v |x_.|)—M/25||p(‘) ||2Un/t(X)(1 + 2V |x_.|)_m/25”t(.),
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by Holder’s inequality, with 3 = -5 + 73. The second quasi-norm on the right-hand side
is bounded if m > n o 4+ Ciog (1/ ) (this is possible since m can be taken large enough). To

show that, we investigate the corresponding modular:

v)/26

Q (Zvn/t (1+2 |x |)—m/26):J 2vnt() 1+2v|x y| dy
Rn7

<2””f (1427
Rn

< 00,

)—(m—qogu/r))r/z& dy

x—y|

where we used Lemmal4.8 Again by the same lemma the first norm is bounded by
||2U(S(.)+M(.))‘pv *f()(l +2° |x - 'l)_h”p(') ’

where h = 55 — o4 (5 + 7). Let now prove that this expression is bounded. We investigate

the corresponding modular:

o (270 g f (YA +2" [x =) ")

@
f 2 DL OO g O (12t ey )y
R~
:f dy+2f (.)dy
|x—y|<2-v i=0 J 2i-v<|x—y|<2i-v+1
<> o f 200 [, 6 £ (). wo)
i=0 |x y|<21 v+l

Then the right hand side of is bounded by

00
Z 2(m'+p+—hp_)i f
i=0

B(x’zifl}#»l)

zvs(y)p(y) |(py *f()|p(J’)

1B (x,2i—v+1)P(r)e(r)

oo
2(m'+ + hp
Zo 2. waren |Bx, 200 P0F0)

j=(v—i—-1*

oo f 2is(y)p(¥) lo; *f(.)|”(y)d
yr\ /B

and since || f || zs0-0 = 1, we obtain
p()a()
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zjs(.)(ﬂj*f q()
|B]|T(-)

J=J*

and
2Js()
|B] |T(~)

f 2Js(y p(}/)M 15,
By

|B,|*(»)e(y )

for any ball B; and j > J*. Therefore,

0 (21/ J+nt(- Spv*f (1427 |x —- | ZZ(nTJr p*—hp~)
forany h > nt*p*/p~. The proof is completed by the scaling argument. O

Remark 4.18. From this theorem we obtain

2 v(s(x)Hn(T p\c |80v*f(x (4.10)

forany f € % ,x€R", 5,7 €C8, 7 >0and p,q € 2,°, where ¢ > 0 is independent

loc”’

of v and x.

In the following theorem we have the possibility to define these spaces by replacing
v > v} by v €N, in Definition[4.14} where the main arguments used in its proof rely on [14,
Theorem 3.12] and when 7 = 0, was obtained by Sickel [51].

Theorem 4.19. Let s, 7 € GoF, 7~ > 0 and p, q € 2,°° with p*,q* < 00. If(tp—1)* <0 or

(tp—1)"<0andq =00, then

2 (pv*f )
|P|T veN,

= Sup H
(‘)

),q eq(')(Ln('))’

. . . . s(),7()
is an equivalent quasi-norm in %p(,)’q(,)-

Proof. Clerly, it suffices to prove that

|

s()T()
()a(
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In view of the proof of previous theorem, we have
pv(sCeren(z0Up)) | f (x)] < e,

for any x € R". Then forany0< v < v,

2"V, x f wll < ‘2(vp—v)(r(~)—1/p(-))+nvp/pw“7() P
|P|T(.) P 0]
a0 q()
wp—v)(z=1/p) a~ |||onvp/p()|10)
P R [ R
q()
< 2(vp—v)(f—1/p)+tf_
Therefore,
Up 2,,3(.)80”*]0 q()
— o | Xl SL
o | P o0

q()

The proofis completed by the scaling argument. The case g = oo can be easily proved. [

For any y € Z, we put

(2”(')<Pu*f )
PO AP ) sy

7]

< 00,

*
s(e() = SUp
%p(‘)vq(ﬁ P £a0(LpL)

€

where ¢_, is replaced by ®_,.

Lemma 4.20. Let s, 7 € C°®

loc ’

* . . . .

|| f B0 and || f | 00 are equivalent with equivalent constants depending ony.
pLgl pLhgls

T=>0,pq € P and0 < gt < co. The quasi-norms

Proof. The proof is a straightforward adaptation of [15, Lemma 3.9] and [68, Lemma 2.6].
We will present the proof into two steps. Step 1. In this step we prove that

If

*
s/
SO0~
SBP(-MC)

s()() -
‘Bn(ﬂ,q(ﬂ

We need only to consider the case y > 0. By the scaling argument, it suffices to consider the

case
1 0 <1, (4.11)
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and show that the modular of f on the left-hand side is bounded. In particular, we will

show that
oy

for any dyadic cube P. Asin [68, Lemma 2.6], it suffices to prove that for all dyadic cube P
with [(P)>1

*f‘

2US
|P[*0)

2”3()30 * f1a(
e et e
P[0 g
and for all dyadic cube P with [(P) <1
200, % f |40
Z H |P|+0) vadipe

a0
The estimate of I, clearly follows from the inequality

)‘wy*f
|P|70)

0 X
q()

for any v =—7,...,0 and any dyadic cube P with [(P) > 1. This claim can be reformulated
as showing that
poxf

[,
From (£.1I) and (#.2), we find w, € ¥ (R"), v =—7,...,—1 and n,,n, € & (R") such that

(4.12)

Y, =w,x®, v=—r,.,—1 and Q=@ =1 *xP+1),*xp;.

Therefore
(pv*f:w,/*cb*f for V:—')’,---,_l;

and
Qoxf=m*®x f+1,%xpxf.

Using Lemmaf4.13} (@.5) and (.I1) to estimate the left-hand side of by

Cllex £l +Cllonx fll
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To estimate Jp, denote by P(y) the dyadic cube containing P with I[(P(y))=2"1(P). If vp =
v +1, applying the fact that vp,) = vp —7, and P C P(y), we then have

2vst %*f
Z H " XP(V) w S €
| q()
If 1 < vp <7, we write
]P:]}}_i_];)
where
= 3
P ]
vp—Y |P|T %
and
ZIH aust sov*f’
o |P[*0) 2

Let P(2"7) the dyadic cube containing P with [(P(2"7))=2"[(P)= 1. By the fact that

|P(2v7)|T) .
o S2T s el
we have )
Vp— A
2”()(,0
2 < a2l <
]PN Z H |P(2UP)|T( ZPZP PO C.
U=Up(yvp) q()

By the arguments similar to that used in the estimate for I, , we obtain J, < c. Step 2. We

will prove that

1 e S
s()7()
%p('],q(-)

It suffices to show that

\H‘D*f
|P[*0)

forall Pe 2 with [(P)>1andall f ‘B w1th

(4.13)

This claim can be reformulated as showing that
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”(I)*f
|P|0)

There exist p, € (R"), v =—7,..., 1, such that

ZP”

1
Orf=0 40 xf+ D 0,49, %],

v=1—y

see [25} p. 130]. Using Lemma we get

sty xflm s oy sl <,

and

v=1-r,..,1,

||Qu*30u*f||z;f’g S ||30v

by using (4.5) and @.13). The proof is complete. O

s(),7()
4.4 The p-transformfors ) '

Let ® and ¢ satisfy, respectively (4.1) and (4.2). By [25| pp. 130-131], there exist functions
U e & (R") satisfying (4.1) and ¢ € (R") satisfying (@.2) such that for all £ € R"

95(5)3‘7‘1’(5)+29¢(2_j€)3z¢(2_j€)=1, (4.14)
j=1

where ® = ®(—) and § = (—). Furthermore, we have the following identity for all f €
S'(R"); see [25) (12.4)]

f:lIl*E)*f+Zl/J,,*§5,,*f
v=1

= > B f(m)u( m)+22 "N G fRT MY (—27 m),

mezn mezn

Recall that the ¢ -transform S, is defined by setting (S, )y, = (f, ®,,,) where ®,,(x) = ®(x—m)
and (S,)y,m = (f’ ¥v,m) where
Yymlx)=2" z ¢(2"x—m)and v €N. The inverse g-transform T, is defined by
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TlpA: Z Aoymlpm +§ Z A'v,mlpv,m’

mezn v=1 mezn

where A={A, ,,},en, mez» C C, see [25].

Definition 4.21. Letp,q € Z), 7 :R" - R" and let s : R" — R. Then we define

s()T
bp()

{A A, )(<oo}

hq()

where
ou(s(H+4) ),

meZn

vmXv,m

If we replace dyadic cubes P by arbitrary balls B; of R” with J € Z, we then obtain

Zv)

|P|T(') v2Uh

—sup”

o) a0y’

equivalent quasi-norms, where the supremum is taken over all / € Z and all balls B; of R".

log —_

Lemma422 Lets,T€C, >0,p,g€P,®,0<q" <00, veEN, meL", x €Q,,, and

Ae b q() Then there exists ¢ > 0 independent of x, v and m such that
Al < € 277ETDQ,,,, 7
Proof. Let)teb veNo,meZ” and x €Q, ,,, with Q, ,, € £. Then

Ayml” = |Qv,m|_1f Avml” 2om(y)dy.

Using the fact that 2/6=(*) < ¢ and 2*(") < ¢ for any x, y € Q,,, we obtain

vis(y)+5)p™

|7ty ml” S1Quml™ f mmy,mwilu,m(ﬂd
va v,m

2u(s(x)+3)p~
O L

Applying Holder’s inequality to estimate this expression by

n

v(s()+3)p~

CIQUmI‘1

o Nl

l’

Q7 =g Aeml” Lo

o lamll 2
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where we have used (I.3). Therefore for any x €Q, ,,

Aml S 27| Q,, [T

which completes the proof. O
As in [15], and using Lemma[4.22we obtain the following statement.

Lemma 4.23. Lets,7 € G5, 7~ >0, p,q € P, and ¥, y € #(R") satisfy, respectively, @)
and @.2). Then forall A €b ((

TWA: Z Aoqu}m-i_i Z Av,mwv,m,

mezn v=1 mezn

s(~),r((~?) — J’(R™") is continuous.

converges in &'(R"); moreover, T, : b,

For a sequence A ={A, ,,}yen, mezn CC,0 <1 <00 and a fixed d > 0, set

. s i
Komra = ( Z (1+2v|2—vyhh—2—vm|)d) '

and A5, ={A;} . }venymezn CC.

Lemma 4.24. Lets,T€ Co%, 7 >0, p,q € 2,%,0< q* < 00 and 0 < r < "2 Then for d

loc’

large enough
Pl
Proof. Obviously,
| s(< ,T -) T(-) o
) ).q(-)
We will prove that
Il
)q

For each k € N, define
Q. ={heZ": 2" <227 h—2""m| < 2F},

and
Qo={heZ":2"127"h—2""m| < 1}.
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Then forany x €Q,,,NP,

(1+2v|2- vh—z vm|)d’ '

can be rewritten as

2vr(s(x)+%) A

v,h|
&l (1+2v|2-vh—2-vm])*

o—dk Z ovr(s(x)+3) | 3

heQy

2(n d)k+(v—k)n+vr(s(x)+%) J Z |Ayh|r)(vh(y)dy (4.16)

hEQk
Uzeﬂk v,z

v,h|

A
8 I[8 I[]8

=~
Il

0

Letx€Q, ,NPand y €U, Q,.. Theny € Q,, forsome z € 2, and2¥1 <2727z —27"m| <
2k, From this it follows that y islocated in the cube Q(x,2%~"*3). Therefore, .16) does not

exceed

2(n—d+a)k+(v—k)n f 2 )+3)r Z |)'yh| Xvh Y)dy

hGQk
Q(x'zk—lH—S)

—d+a)k
o(n—d-+a) Moy pk-43) (gv) ,

NG Nk

td
Il
o

for some positive constant ¢ independent of v and k and

g, =2"t las s Z |7L v,
hezn
Observe that
MQka v+3 (gu) sznv,L*gu(x)r

forany x € Q, ,,NP and any L > n large enough, where the implicit constantis independent

of x, k and v. Therefore (@.15) is bounded by

cNyr*8y(x), x€Q,,NP
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Thanks to Lemmal5.1}, we have

1 1

*
Az alls

,74 N“ T’UL*gU) TL N||(gl/ rL ) N
)a(0) T (T

,,
\:‘E A

&
&

provided that d is sufficiently large such that d > n+a + L. The proof of the lemma is thus

complete. O

By this result, Lemma and by the same arguments given in [15, Theorem 3.14] we

obtain the following statement.

Theorem 4.25. Let 5,7 € C%, = > 0, p,q € 2,°% and 0 < q* < 0. Suppose that ®, ¥ €
S (R") satisfying (]ﬂ[) and ¢,y € S (R") satisfy (4.2) such that (4.14) holds. The operators
S, : %;(('.))’,Tq( — b ) cmd Ty bt 0 67(('?) — %;((',))’;((',)) are bounded. Furthermore, T, oS, is the
identity on B p(.), q( )

. . s()7()
From Theorem|4.25{ we obtain the next important property of spaces B | ..

log log

Corollary4 26 Lets,1€ C,., 7 >0,p,qg € Py " and0 < q* < 0o, The definition of the

spaces ‘B ) 1S mdependent of the choices of ® and ¢.

4.5 Embeddings

For the spaces ‘B 1ntroduced above we want to show some embedding theorems. We

begin with the followmg elementary embeddings.

Theorem 4.27. Lets, 7€ C,°%, v~ >0 and p, q, Go, 1 € 2,®.

loc’
(i) If g, < q,, then

(ii) If (so— $1)~ >0, then

50(),70) $0)70)
B 00 T B

The proof can be obtained by using the same method as in [1, Theorem 6.1]. We next

consider embeddings of Sobolev-type. It is well-known that

BSO,T N N
Po.q g’
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ifSO_%:Sl n

2.2]). In the following theorem we generalize these embeddings to variable exponent case.

2 where 0< py < p; £00,0< 7 <00 and 0< g < oo (see e.g. [68, Corollary

Theorem 4.28. LetS(), $,TE CIOC , T > 0 and Po» P1,q (S 90105; with q+ < 0Q. I]CS()(-) > Sl(-) and
30(.)_% - 31(')—ﬁ with (p—‘l’) <1, then

so(),7() s1(),7()
B 0.0 7 B0

Proof. Let f € ‘BS" Wlth Hf| w070 < 1and P be any dyadic cube of R”. Case 1. [(P)> 1.
LetQ, C Pbea cube with E(Qvljo— 27 and x € Q, C P. By Lemma 4.9 we have for any
m>n,d>0

(o % ) < €m0 % f14(x))7.

We have
No.m *1900 % f14(x)
d
_ |0, f(2)| 4
ge (1 +2V|x—2])
d d
:f o, f(2)| S f |0, % f(2))
3Qu (1+2v]x—z)™ kez [Klloo>2 J QF (1+2v|x—2])"

where Q¥ =Q, +k1(Q,). Let z € Q¥ with k € Z" and |k| > 4y/n. Then |x —z| > |k|27"~! and

the second integral is bounded by

c k™ Mg (1, f1),

where the positive constant ¢ independent of x, k and v. Fix r,d > 0 such that

pra T
e e

O<r<min(1,(pof)_) and O<d<mln(2 eyl

Then
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We have
et
|p|*V) P} yen, a(Ln0)’
can be estimated by
vsi() rd
S a1
H(|P| ( 3Qu |SOU*f| )VGNO éq (LPl ) ( 7)
+ Z |k|0'rd
keZn, [kl oo >2
2030 k| PV e rd
—_— d
H P[0 (Mag(lp * f17)) xp)yeNO . (4.18)
where ol .
nt(- 1 n nt(-
b()=— —2C o (—)T( )= Clpol $ —— | ————Kk, k>0,
() dr log(qT) () log( 1 pl) -

and o =(—b)"— 7 with .75+ % =1, where 6 will be chosen later. Estimate of (4.17). We
will prove that @I7), with power -, is bounded by

21/51(')
c”(ﬂ (4.19)

P[0 Xsp)veNo

LPI

By the scaling argument, we see that it suffices to consider the case when the left-hand side

of (4.19) is less than or equal 1. Therefore we will prove that

Cc 2”51(') ) q0)
|P|T() (MSQv(lgav*fld))d%P

for some positive constant ¢ > 0. This clearly follows from the inequality

pe H

a0y

q()

2=,
T

q()
X3p

N

c 2”51(')
|| s, 0w £10 2

|P|T(')

P

This claim can be reformulated as showing that

(MSQU(lsov*fld))

1
c 6 a2vsl)
1= Rz

|

“B

q(-
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which is equivalent to

1(x

p1(x)
& o 2vsi(x)py(x) p1(x)
f (Msg, (Io, % f19)) © dx S 1. (4.20)
P

|P|T(x)P1(x)

Since s, and p, are log-Holder continuous, we can move 2" 5®) jnside the integral by

Lemmal4.3|

—

V(51 (3)=5t) Y G

— L aya

(Maq, 2" n5 I, 5 £14))", @21)

for any x € Q, C P. Observe that 0 < d < ;. The right-hand side of (#.2I) can be rewritten

us

T(x)

(|Pl|r(5—%Msoy(2”““')‘vf'w)"’lsov ef 1)) (422)

By Lemma(4.10, Remark(4.18/and since 7 and 7 are log-Holder continuous,

5o f 2" o, (N dy)
3Q

3Q, ]

can be estimated by

)r

UG =
c _ r ry) _r_ 0
f o 12 =(y) |g0,,*f(y)|f(y)dy+|Qy| g(x)
3Qy
v(

3Q,]

n
Sl(y)*m)

SJ 2§ 2 0 |, x f() VI dy + h(x)
3Qy

for any 6 > 0 large enough, where
gx)=(e+]x])" + Mg (e +)), xeR",6>0,

and
h(x)=(e+|x)+.4(e+])?)(x), xeR"80>0.

These two functions will be used throughout in the squeal. Therefore (4.22), with power
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=, is bounded by

1
T

Q)
Cua—wmz“%Wwy*fH»

1
|P|’ zsr TR

)
[290%0) |2 s,
by Holder’s inequality, with m + % =1. The second norm is bounded and the first norm

is bounded if and only if

<1

~ )

po()

H g 2vsl) |S‘7v *f| X3p
|P|7()

which follows immediately from the definition of 6. Now, we find that the left-hand side of

(4.20) can be rewritten as

1 n

5—m2v(51(X)*m) et 21 (o)

J( |P|T(x) (M?’Qy(l(pv*fl ))d)
P

1 n___n
(6_M2V(Sl(x)+po(x) ) 1

(Mag, (1, % £1% )" dx

po(x)

1 _d_ ,
Sf |p|f(x)p0(x)(5 Mg, (27N, 5 fI) * dx.
p

The last expression is bounded if and only if

1 _d i L
H |p|r(5 q('JMB»Qv(ZUSO()qu *f|d))(P)d E

<
po)z() 1

T

This norm is bounded by

)

__r___vsUr o
O W20 |, * f|70
‘ﬂ( |P|r SP)

po()e()
r

where we have used again Lemma [4.10]and Remark[4.18] Since the maximal function is
bounded in LY when p € 22'°¢ and p~ > 1, this expression is bounded by

__ 1 _vsol) 1
H O 900 2 7=0) |90U *f|r(-) X3p
|P|

r

+c.
po()()
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The last quasi-norm is bounded if and only if

S

~

po()

5702v50] 0, % 30
|P|T(')

due to the choice of 6. Estimate of (4.18). The summation in (4.18) can be rewritten as

S o Y

keznr | k|<4v/n kezn | k|>4v/n

The estimation of the first sum follows in the same manner as before. Let us prove that

<1, (4.23)
£4a0(LP10)

2vsi() |k|b(.) (MQ[,‘USOU *f|d))$
H |Qk|70) ZP),,ENO

for any k € Z" with |k| > 44/7, where Q¥ = Q(cp, 2| k| I(P)). Therefore we will prove that

o
v=0

This clearly follows from the inequality

2vsi() |k|b(-)—nr(-)
|P|T(~)

q()

(Mo, % 197 yp

c 2vsl(~) |k|b(')—m’(‘)
‘H |p|*0)
2v0¢, x f

|Qk|70

d 1 q()
Mosllove [V 2|
)

q()

- —v
Xk (]+2

pol-
q()

=9,

for some positive constant c. This claim can be reformulated as showing that

nx)

f 51w 2usXIp () || (bE—nT()pi(x)
p

)
|P[FIn(x) (Mor(lpy x fI°) T dx S 1.

— ). . .
Since, again, s; and p, are log-Holder continuous, we can move 26155 inside the inte-
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4.5. Embeddings Chapter 4

gral by Lemma}4.8

|k|—61og(s1—ﬁ)—% PSS re))

P

Mg (1K1 270750 o, 5 £14))°,

(Mgl % f17)

U~

1
< ol
TP

where the implicit constant is independent of x, v and k. We have

|k|b(-)—nf(-) 5‘% |(;0y *fld 1

(MQ]C( = )
|P|T(-) v |k|n 2_U(51(.)_m)d

_ ( [P0 §artn N o, % flé d%)fg)

1P’ G | 2l ’

(4.24)

As before, let us prove that this expression, with power % is bounded. Observe that Q ,’f -
Q(x,|k|2'7") = Q,’f We have

1

1 1 B
5ifi(x)17(x) = (2V5)_q(x]7(x)+q(y)f(y) (2V5)_q(y)r(y)zvm, xe QU c P, y c Qllf

From Lemmal4.8]it follows that
1
ZVW < |k|%g(%)21’m,

and
1 1
(2U5)_ﬂ(x)r(x)+7q(y)1(y) S |k|qog(%),

foranyx€Q,,y € 0 f, where the implicit constant is independent of x, y, k and v. Again
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by Lemma combined with Remark|4.18/and since ; and 7 are log-Holder continuous,

| kl( (el ey 2 & T
1 __n_ Trx
X (@ 21/(81()’) p1(y))d|(py *f(y)|ddy)d )
Ak
14
LG ey .
S M e
v (o}
et lxl)? 4 — ¥
e+ | el
|| e M)

M2 0 Wy&fyn ldy + h(x),

for any 9 large enough with po(ST() g = 1. Therefore the left-hand side of (.24), with

power -, is bounded by

Hlkl"”é T2 |, % f|7

1 n
e ror ke

()

T VL
10} ~
po)T() |2 x 5
r

by Hélder’s inequality. As before the second term is bounded and the first norm is bounded

if and only if

J‘ 5 pngVSo(y W, *f( )|po(y)
o |Qk[P=()

dy 31,

which follows immediately from the definition of 0. The desired estimate, follows using
similar arguments as above, with suitable choice of k, and by taking m large enough. Case

2. I(P)< 1. Since 7 is log-Hoélder continuous, we have
|P|—T(x) <c |P|—T(J/)(1 4 2Up |x_y|)clog(f) <c |P|—T(J/)(1 +2 |x_y|)clog(f)
for any x, y € R” and any v = vp. Therefore,

(78 *f|d)(3QV)

1 d
|P|T dnum (|S0v*f| XBQ,,)Snv,m—clog(r)*( |P|T(.)d
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4.5. Embeddings Chapter 4

and | £
1 d Py * 4 QFk
Wﬁy,m*(lwv*fl XQﬁ)Snv,m—qog(T)*(W)-
The arguments here are quite similar to those used in the case I(P) > 1, where we did not
need to use Lemma|4.10, which could be used only to move |P|"" inside the convolution

and hence the proof is complete. O

Remark 4.29. We would like to mention that similar arguments give

" !T(')

30(')‘@

() ()
% OO,q() ’

) B

if s5,7€C% t~>0and py, q,7 € 57’01°g, with g+ < co.

loc”’

Lets, 7€ C% >0, p,q € 2'°8. From [@.10), we obtain

loc’

s(-)+nt(-)—

B o Boea o (R,
Similar arguments of [68, Proposition 2.3] can be used to prove that
n s(),7()

SR =B 40
Therefore, we obtain the following statement.
Theorem 4.30. Lets, 7 € G5, 7~ > 0 and p,q € 2,° with q* < 0o. Then

n s(),7() /(on

SR =B, =S (RY).

()

Now we establish some further embedding of the spaces %;((',))" a0

Theorem 4.31. Lets, T € C\°

loc’

7> 0and p,q € 2,° with q* < co. If (p,— p)* <0, then

s(-)+nT(.)+%—ﬁ,0 o %s(.)jf(. N

Proof. Recall that
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4.5. Embeddings Chapter 4
in the sense of equivalent quasi-norms. Using the Sobolev embeddings
S('H’”('Hﬁ—ﬁ s(+nt()
P(),q0) = By0q0)
.. . s(-)+nt() s(),7()
see [1, Theorem 6.4] it is sufficient to prove that Bp1(~). a0 %pm. a0 We have
2"V, x f
P€£’2,|gl>l |P|T() ZP y}y; £90(LP10) = ”( (’OV f)UGNO ||N()(Lp1())
In view of the definition of B;l(g) 4() Sbaces the last expression is bounded by
s(- < s()H+nT()
1 < W e
Now we have the estimates
2"V, % f
Sup ( 0 X P) "
Pe2,|P|<1 |P|™ v2vg || ga0Lmo)
v(s(-)H+nt()+nt()(vp—v)
< Sup (2 F (pv *f)y>yp ||gq(~)(yo1(-))
Pe2,|PI<1
< v(s()+n7()
h Pezl:ll}I’)Kl ”(2 Purf )veNo”W(m('))
< s()+nt()y
<l
which completes the proof. O
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CHAPTER 5

ATOMIC DECOMPOSITION FOR VARIABLE
BESOV-TYPE SPACES

The idea of atomic decompositions leads back to M. Frazier and B. Jawerth in their series of

papers [24]], [25]. The main goal of this chapter is to prove an atomic decomposition result
s(),7()

for sBp(-),q(d'

5.1 Maximal function characterization

In this section, we establish the Peetre maximal function characterization of 53 ;(())Z(()) Recall
that the Peetre maximal function of f € &/(R")is defined by setting, foralla >0, s : R” - R

and x e R"

200 5
o120 )= sup 212/ O)

yeRn (1+2V|x—y|)a’ <Fo.

where g, is replaced by ®.

The following lemma plays an important role in this chapter and it is the £ "(')(L;E';)—
version of Lemmal[l.19|(we use it, since the maximal operator is in general not bounded on
299(LPY), see [T, Example 4.1]).

Lemma5.1. LetT € C¥, 7~ >0, p € 2%, g € 2, with0< g~ < q* < 00 and v+ < (tp)

loc’

For any m large enough, there exists ¢ > 0 such that
17 % £ ”M(-)(L;fj) <c|[(£) ”M(-J(L;((‘_;)’

31 T0)
forany(f,), €L7(L).
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5.1. Maximal function characterization Chapter 5

Proof. By the scaling argument, we see that it suffices to consider when

G ez 6.1

and show that for any dyadic cube P

C Nym* |fv
2

for some constant ¢ > 0. We distinguish two cases: Case 1. [(P)> 1. Let Q, C P be a cube,
with /(Q,)=2""and x € Q, C P. We have

<
0 1

a0

P

)

Ny,m * |fv|(x)

re (1 +2V|x—2])

|£,(2)| f |£,(2)|
= da
J,, o e T2

Jfors )+ D0 T foxes)x)

kezn,||k|loo>2

where QF = Q, + k1(Q,). Let 0 < r < 3min(p~,¢~,2) and define p = £ and § = . Then

clearly, 3 + z < 1. Thus we obtain

|P|T(.) P VENy || gat)(LPO)
fl(fulsQ ) r
< || A== |
H( |P|T(') XP)VENO 2a0)(LP0) (5 2)
]Ek(fv)(o{;) r
" Z (W—THXP)VGNO 2a0(LPOy’ (5.3)

kezn | klloo>2

Estimate of (5.2). We will prove that (5.2) is bounded by a constant independent of P.

Clearly, we need to show that

+2_ =0,

L <l ],

P[0

o <[l
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5.1. Maximal function characterization Chapter 5

for some positive constant c. This claim can be reformulated as showing that

1
”5_%) ¢ 1,(fox3q,)
|P|*0)

<1. (5.4)
p()

P

Let d >0 be such that t* < d <(tp) . We have

Mso, (£)) _ ((Mwy (£))" )fﬂ
P[0 .

Hence, we will prove that

A‘g

H5 7 (Mg, (£,))

< 1
P Je) ~ L
|P|d pI=t)
By Holder’s inequality,
|Qu|MsQu fv H 30, |)(3Qu |||3Qu|)(30y

where 7 = 55+ 13- The second quasi-norm is bounded, while the first is bounded if and

only if

HIQ 04|,

Notice that3Q,cU3" Q", where {Q"}" | are disjoint dyadic cubes with side length [(Q") =
1(Q,). Therefore y;q, < thl Xor and

SL

roxs Q4]

ZHIQhIT xa 0]

where we used (5.1I). We can use Lemma to obtain that

L
7(x)

(M3Qu (fv)) ’

can be estimated by
d
Mo, (| £,])+13Q,1° g(x),
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5.1. Maximal function characterization Chapter 5

for any x € Q, and any 6 > 0, where g is the same function as in Theorem Taking into
1 .. . _ _ y
account that 7 and 7 are log-Holder continuous, 0 €[27Y,1+27"], by Lemma

67 (Mag, (1)),
does not exceed

e My, (157 £, )+ 27559 10,17 () § Mag, (|57 £, ) + h(x),

where the positive constant ¢ is independent of v and x and we used the fact that

rxré%xzvd/q(x)f(x) |Qu|9 <1,

since 6 > 0 can be taken large enough. Here h is the same function as in Theorem [4.28

Therefore,
1 = d a4
(6771Ms0, (£)) 5~ |,
(- s 'ﬂ(—x?’Qy) JT(
|P|d 20470 |P|d pOT0)
d d
d a_
& a0 | £,
< ||l ¥
o] el PR

. = [Qi30)] 070 . . .
since 2 € 28, (25> 1and .# : L7 — L"7 is bounded. The last norm is bounded if

and only if

ST

H 57 |f,| zsp
p()

P[0

which follows immediately from the definition of 6. Estimate of (5.3). We will prove that

(5.3) is bounded by a constant independent of P. The summation in (5.3) can be rewritten

Yo Y 5.5)

kezn |k|<4vT kezn |k[>4v7

das

The estimation of the first sum follows in the same manner as in the estimate of /' (f, 130, ),
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5.1. Maximal function characterization Chapter 5

so we need only to estimate the second sum. Let now prove that

J(epodsdezed ) ) ]

P[0 XP)UGNO

ao(Lrt)
where Q* = Q(cp,2|k|I(P)) and

Clog(%)T(') QT()
d  d’

b(:)=m—n(1+ tl )t =2

and 0 will be chosen later. Again, by the scaling argument, we see that it suffices to consider
when thelast normisless than or equal 1 and show that the modular of a constant times the

function on the left-hand side is bounded. In particular, we will show that for any dyadic

cube P
o0
2
v=0

for some positive constant c. This estimate follows from the inequality

Clkl yk fv}(Qk)
|P[70)

1
P

q()

)(P

[ el sl
XQk
IPIT “llzg T QEw &
for any v € N,. This claim can be reformulated as showing that
(|k|b() 2 (f ))%
__a K"V o Xot))™
H5 00 il zp %Sl. (5.6)

Let z € Q%, x € Q, with k € Z" and |k| > 44/n. Then z = h + k27" for some h € Q,, |x —z| >
|k|2=v~'. Hence

K" 12, (f, 1 op () S 6779 e[ mh%dﬁ)
<§77 |k|b —m+n(l+-= (|k| )T(~) fV
<6‘%M|”m%+9dw%0k|l* 0f,),

2

2

for any x € Q, and any v € Ny, where = 55+ 575. Observe that QF c Q(x, |k[2'~") = QF,
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5.1. Maximal function characterization Chapter 5

By Holder’s inequality,

H|f

o ke el

QM1 £, |0

The second quasi-norm is bounded, while the first is bounded if and only if

51, v EN,

TR
which follows by (5.1). Again by Lemma[4.10]

_d_

l‘ r 71 T(Xx
( Qz’f(lkl_n(1+ [('))T(.) }U)) ( )7
does not exceed

1 d_
e Mae(| 1l £170) 4+ ¢ min(1, || 2070 )((e + |x ) + Mgx((e + -))),

for any 6 > 0 large enough. Hence,

_d_

5_W(MQE(|k|—n(l+ﬁ)r(-)fy))r(x),
is bounded by

_vd
¢ |27 Mgy (60 || 0+ 75 )+26" min(1, [k|"? 21"k (x)

d R — — T
 Vel20us%) Mgy (6700 || 0470 |fy| )+ k" h(x),

(q )
bounded by

O 07
c [l-(1er

|P|d )

p0)T()
d

C
J0L0) +C
d

__d_ 4
< H b IGO0, | fy|f“ X ok
~ |Qkl|d
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5.1. Maximal function characterization Chapter 5

after using the fact that ./ : L"7" — L"%"

is bounded. The last norm is bounded if and

only if

)

67 f, 200
S
which follows immediately from the definition of 6. Since m can be taken large enough,

then the second sum in (5.5) is bounded by

> kT

kezn |k[>4v7

p()

r

—b~r r
£40(LpL) Z |k| H(fU)V 2a0(L

kezn | k|>4v/n

N

fo
(|Qk|T(') )(Ok)veNo

()
p())

<.
Case 2. [(P) < 1. As before,

Do * [ L] VS TN a0+ D0 T2 dpkie)(x).

kezn ||kl oo>2

We see that
I3 foxsp)X) =0y x(|fy| 23p)(x),  x€P,

and since 7 is log-Holder continuous, we have
P < c|P[T W (142" |x — y )% < ¢ | P
forany x € P any y € 3P and any v > vp. Hence
P17 10 (f 232 )(0) S Numeage* (1P| fo] 23p)(x),  x€P.
Also, we have

1P 12 (o 2kt (%) S Nom—ag)* (IPU7O | £o] 2 pasicen ) ().

As before, we obtain

P <1,

p)
q0)

c num*fv
(S

where we did not need to use Lemmal4.10, which could be used only to move |P|"" inside
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5.1. Maximal function characterization Chapter 5

the convolution. The proof is complete.

We now present a fundamental characterization of spaces under consideration.

Theorem 5.2. LetT,s € Cllé’cg,f_ >0andp,q € g’olog. Let m be as in Lemma a> (T;)t
and ® and ¢ satisfy @1) and @2)), respectively. Then

) vs(-)f

M =sup H(—(p” x )
s()T() — K P
Ba)  peo |P |T( ) vEUd

(5.7)

171

a0(LrOy

. . . . s(-)7()
is an equivalent quasi-norm in ‘Bp(.)'q(.).

Proof. We divide the proofin two steps. Step 1. It is easy to see that for any f € &/(R") with

7]

v
w00 < 00 and any x € R" we have
p(ha()

zus(x) |30v *f(X)~ < (pz,azvs(Jf(x).

This shows that the right-hand side in (4.8) is less than or equal (5.7).

Step 2. We will prove in this step that there is a constant C > 0 such that for every
s()7()
FE€B 00

v
s(),7(- <C s(),7() - 5.8
”f’ B0 ||f| B0 58
We choose ¢ >0 such that a > 7 > ;. By Lemmasandthe estimates
20|, f )] < G 2 ON %l 11 ()"
< CZ (T]u,wfqgg(s) * (ZVS(.)“OV *f|)t(J’))7, (59)

are true for any y € R”, v e Nyand any w > n. Now divide both sides of (5.9) by(l +27 |x —y|)u,

in the right-hand side we use the inequality
(142" |x—y|)_a <(1+2"[x—z) " (1+2" |y—z|)a, x,y,z€R",

in the left-hand side take the supremum over y € R” and get for all f € SB;(('.))‘;(('.)), any x € P
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5.2. Atomic characterization Chapter 5

any v > vy and any w > max(n, at + Cjg(Ss))

(929270 £(x))" < Cy 1 par (27 Vip, % F1)' (),

where C, > 0 is independent of x, v and f. An application of Lemmal5.1|gives that the left
hand side of (5.8) is bounded by

H(m,m*(Z"“')l%*fl)f )
|P|T(-)t P )zt (LT

S ||(2y3(')901} *f),, HM(.)(L;E"J))

=C|7|

Csup
Pe2

s()T() -
gBlo(-).q(-)

The proof is complete. O

5.2 Atomic characterization

In this section we shall show that under certain restrictions on the parameters our spaces
%;((’.))'2(8) allow characterizations smooth atoms.

Atoms are the building blocks for the atomic decomposition.
Definition 5.3. Let K € Ny, L+ 1 € Ny and lety > 1. A K -times continuous differentiable

function a € CX(R") is called (K, L]-atom centered at Q,, ,, v € Ny and m € Z"", if

supp a S 1Qy,m (5.10)
18P a(x)|<2"¥*D for 0<|B|<K,x€R", (5.11)
and if
f xPa(x)dx =0, for 0<|B|<Landv>1. (5.12)
Rn

If the atom a located at Q, ,,, that means if it fulfills (5.10), then we will denote it by

a,,n,. For v =0 or L =—1 there are no moment conditions (5.12) required.

For proving the decomposition by atoms we need the following lemma, see Frazier and
Jawerth [24, Lemma 3.3].
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5.2. Atomic characterization Chapter 5

Lemma 5.4. Let® and o satisfy, respectively, @.1) and @.2) and let o, ,, be an[K, L]-atom.
Then

|, % Qum(x)| < € 205 (142 x—x )7,

ifv<j,and

i n ; M
|<pj>kgy,m(x)| < ¢ UmvIanERvE (4 +21|x—me|) ,

ifv > j, where M is sufficiently large, ¢ ; = 27" p(2/-) and @, is replaced by ®.
Now we come to the atomic decomposition theorem.

Theorem 5.5. Let s, 7 € G5,7~ > 0 and p,q € 2,° with0 < g~ < q* < 00. Let0 < p~ <
pt <ooandlet K,L+1eN, such that

K=2(s"+nt]+1)%, (5.13)

and

L>max(—1,[n(

——1)—s7]). (5.14)
min(1,

)

Then f € &’(R") belongs to %;(8)‘;(8), if and only if it can be represented as

(zp)
T+

f :Z Z Avm@um»  convergingin &'(R"), (5.15)

v=0 mezn

Moreover, inf||k|

where 0,,,, are [K,L]-atoms and A = {A, .} ven, mezn € B0 o0
, : o p()4() B0

where the infimum is taken over admissible representations (5.15), is an equivalent quasi-

: s(),7()
normin ‘Bp(.m(,).

Proof. The proof follows the ideas in [24, Theorem 6] and [15].

Step 1. Assume that f € %;((’,))’L((’.)) and let ® and ¢ satisfy, respectively (4.1) and (4.2).
There exist functions ¥ € . (R") satisfying (4.I) and y» € &(R") satisfying (4.2) such that
F=Usbxf+> h,xF,*f,
v=1

see Section 4.2. Using the definition of the cubes Q,, ,, we obtain for all x € R"

93



5.2. Atomic characterization

Chapter 5

fx)=> J Bx—y)wxf(y) dy+22“"ZJ B2 (x =y, * f(y)dy,

mezn mezn

with convergence in .’(R"). We define for every v e N and all m € Z"

Aym=Cy sup |y, xf(y)],

y€ v,m

where

Cy=max{sup [D*G(y)|:|s| <K}

|v]<1

Define also

1 zyan V(Z”(x—y))wy*f(y)dy if Av,m 7&0
Qv,m(x): . .
0 it 4,,=0

(5.16)

(5.17)

Similarly we define for every m € Z”" the numbers A, ,, and the functions g, ,, taking in

(.16) and (5.17) v =0 and replacing v, and @ by ¥ and ®, respectively. Let us now check

that such g, ,, are atoms in the sense of Deﬁnition Note that the support and mo-

ment conditions are clear by (4.1) and (4.2), respectively. It thus remains to check (5.11) in

Definition[5.3] We have

v(n+|B)) _
!Dﬁgy,m(x)|<zc~ f (DP@)2" (x = y))| |9 * f ()] d( sup [« f)])
¥ vm Y€Qu,m
g v(n+[B))
<= f (D B)2" (x—y))|dy
L4 vm

<zu(n+|/5|)|QUm|
<2vlPl,

The modifications for the terms with v =0 are obvious.

Step 2. Next we show that there is a constant ¢ > 0 such that ||A||b

. For

that reason we exploit the equivalent quasi-norms given in Theoremnmvolvmg Peetre s

maximal function. Let v € N. Taking into account that |x — y| <c2Vforx,y€Q,,, we
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5.2. Atomic characterization Chapter 5

obtain
Clog(s) 1% < Clog(s) 1% c
log(e+ﬁ) log(e + %)

2v(s(x)-s(¥)) ¢

if v >[log, c]+2. If0< v <[log, c]+2, then 2v(sx)1=s(v) < 2v5" =) < ¢, Therefore,

2950 |y, f(y)| < € ovs(7) [ * F(¥)],

forany x,y €Q,,,, and any v € N. Hence,

D A2 Oy m(x)=C5 D 2" sup [vh,x ()] fom(x)

mezn mezn Y€Qu,m

2vs(x—z) |wy *f(x —Z)|
(1+2v]z])

<cz sup

mezn |z|<c 2—v

<cypr 20 (x) D gum(x)

mezn

=c 2"V f(x),

(1+2"[2]) y v, m(x)

mt*t
(tp)-

where a > and we have used Y. y,,,(x) = 1. This estimate and its counterpart for

mezn
v =0 (which can be obtained by a similar calculation) give

1A

,aovs()
g0 < c|| (l/)’; 2 f),, ||M(-)(L;8)

<c||7|

s()7() »
%p(~),q(~)

by Theorem[5.2]

Step 3. Assume that f can be represented by (5.15), with K and L satisfying (5.13) and
(5.14), respectively. Similar arguments of [15, Theorem 4.3], by using Lemmas 4.12)
show that f e %;(8)‘;((',)) and that for some ¢ >0,

1 g0 < |2
s()T() N
%p(-),q[d

s()T() -
bﬁ(')-ﬂl(')

Step 4. The convergence of (5.15). Let ¢ € &(R"). Using (5.10)-(5.11)- (5.12) and the Taylor
expansion of ¢ up to order L with respect to the off-points x, , we get
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J~ > Amlum¥)(y)dy

mezn
B
:f Z Ay,mQv,m(y)((io(y)_ z (y _va,m)ﬁ ’ (p(xQ”'m))dy,
" mezn |B|<L A

for fixed v. The last factor in the integral can be uniformly estimated from the above by

¢ 271+ |y ¥ sup+(xP)E D |2 p(x),

reRre |B|<L+1

where M > 0 is at our disposal and the positive constant ¢ isindependent of x and v. From

(5.14) we obtain

1
L+1>—5()+n(——————1).
Let
0,(p()(1— ) +1)<t<1,
max(0, (p()( i ) )

and s(-)=s()+ %(t —1). Here if (%)* 2 1 then we take r =1. Then L+1 > —s(:). Since g, ,,

are [K, L]-atoms, then for every S > 0, we have

)"

|g,,'m(y)| <c2'? (142" |y —XQ,

Therefore,

f > Aunun(e(dy| 5.18)
Rn? mezn

< ¢ 2 VA Z 2% A (1+|y|2)—%
= v,m
R" mezn (1 +2v |y —XQ,

— ¢ V() ZJ Z v} (1+]y
Q

hezn J Qo mezn 1+2v)y _ny,m’)S

dy
)S

2)_%

Aum\( dy.

Applying [8, Lemma A.2] to obtain
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> | (@2 [y =50, [ 8 D | s 2o ().

mezn mezn

Since we have in addition the factor ( 1+| y | )~7, Holder’s inequality, the fact that || X Qon | vy A

1,and (1+ \y| T < +|RP) T give that the term (5.18) can be estimated by

c 27V 2(1 +1h[y %

heZ”

|P|T a2 Z|A]m|Z]mXP

nvs*[ Z ZVZ |Avm|)(vm]XQoh

| r’
mezn

S sup
Pe2,j>ji

pshT0)

M
al

) |
T

where the first inequality follows by Lemma L+1+ s(-) > 0 and by taking M large

enough. We claim that

o
2
i

o
2,
o A
o
2,
i

Then the convergence of (5.15) is now clear We prove our claim. By the scaling argument,

we see that it suffices to consider A € b e S < 1. From Lemmal4.22

|Av ml <c 2_U(S(x)_%+%)|Qv mlT(x)

forany x€Q,,,, v €Ny, m € Z". Let P be a dyadic cube and v > v;. We have

f (|P|1‘i(x) Z ) |Avm|){vm(x)) ([) dx
P

mezn

1 — ) % _p(x)
:f (|P|T(X) Z ZU(S( 2 |)Lvm|)(l/m(x))
P

mezn

1 v(s(x)+2) p(x)
x(|P|T(X) W;nz " |Avm|)(vm( )) dx

1 3 p(x)
SJ (|P|T(x) Z 2V(s(x)+2)|ly,m|)(y,m(x)) dx S 1.
P

mezn

Therefore

The proof is completed. O
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Remark 5.6. If p, q, T and s are constants, then the restriction (5.13), and their coun-

terparts, in the atomic decomposition theorem are K > ([s + nt]+1)" and L > max( —

1, [n(m —1)— s]), which are essentially the restrictions from the works of [13, Theorem

3.12].
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Résumé: Dans cette these, nous étudions la continuité des opéra-
teurs pseudo-différentiels sur certains espaces de Herz-Hardy avec des
exposants variables et nous prouvions la continuté des opérateurs in-
tégraux singuliers sur les espaces de Herz-Hardy non-homogenes avec
des exposants variables. Nous avons également introduits des espaces de
type de Besov ot nous avons montré que ces espaces sont caractérisés par
les -transforme dans les espaces de séquence appropriés et nous avons
donné la décomposition atomique de ces espaces. De plus, les inclusions
de type de Sobolev pour ces espaces fonctionnels sont obtenus.

Mots-clés: Espaces de Herz, Espaces de Herz-Hardy, Espaces de
Besov, Espace de type-Besov, Exposants variable, Fonction maximale,
Atome, Opérateurs pseudo-différentiels, Opérateurs intégraux singuliers

Abstract: In this thesis, we present the boundedness of a class of
pseudo-differential operators on local variable Herz-type Hardy spaces
and we establish the boundedness of singular integral operators on inho-
mogeneous variable Herz-type Hardy spaces. We also introduce Besov-
type spaces with variable smoothness and integrability. We show that
these spaces are characterized by the -transforms in appropriate se-
quence spaces and we obtain atomic decompositions for these spaces.
Moreover the Sobolev embeddings for these function spaces are obtained.

Keywords: Herz space, Herz-type Hardy spaces, Maximal func-
tion, Besov spaces, Besov-type spaces, Variable exponent, Pseudo-differential
operators, Singular integral operators.
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