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Abstract: The context of this thesis falls within the framework of functional analysis
and more precisely in nonlinear geometry. The ideas of this work were inspired from the
article of J.D. Farmer and W.B. Jonhnson entitled ”Lipschitz p-summing operators” and
from the paper of R. Khalil and W. Deeb entitled ” ¢-summing operators in Banach spaces”;
also that of K. Saadi entitled ”On the composition ideals of Lipschitz mappings”.

In the first part, our contribution consisted in the following idea: from a linear ¢-summing
operator between Banach spaces, where ¢ is a modulus function, we have introduced the
notion of Lipschitz ¢-summing operator between metric spaces giving a nonlinear version of
Pietsch domination theorem for these operators and some properties concerning this class.

In the second part, from the notion of Lipschitz strictly p-summing operators we have
given new characterizations of this class, where we have adapted this definition for con-
structing other class of Lipschitz mappings which are called M-strictly lipschiz p-summing
operators and strictly Lipschitz p-nuclear operators and strictly Lipschitz (p, r, s)-summing
operators, in addition to all that, we obtained also some interesting results for these new

classes.

In the end of this thesis, we present a short section collecting some interesting open
problems.

Key-words: ¢-summing linear, Lipschitz p-summing operator, Lipschitz (p, r, s)-summing
operator, Lipschetz tensor norm, Pietsch Domination theorem, strictly Lipschitz p-summing

operator, tensor norm.
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Résumeé: Le contenu de cette these s’inscrit dans le cadre de I’analyse fonctionnelle et
plus précisément dans la géométrie non linéaire. Les idées de ce travail nous ont été inspirées
de l'article de J.D. Farmer et W.B. Johnson intitulé ”les opérateurs Lipschitz p-sommants”
et de l'article de Roshdi Khalil et W. Deeb intiulé "les opérateurs ¢-sommants dans les
espaces de Banach”, ainsi du papier de Khalil saadi intitulé ”Sur la composition des idéaux
d’opérateurs lipschitiziens”.

Dans la premiere partie, notre contribution se consiste dans l'idée suivante ,a partir d’un
opérateur linéaire ¢-sommant entre espaces de Banach ou ¢ est une fonction modulus, on
introduit la notion d’opérateur Lipschitz ¢-sommant entre espaces métriques en donnant une
version non linéaire du théoreme de domination de Pietsch pour ces opérateurs et quelques
propriétés concernant cette classe.

Dans la deuxieme partie, a partir de la définition d’opérateur Lipschitzien stricterement
p-sommant et lipschitzien (p, r, s)-sommant, nous avons donné des nouvelles caractérisations
de ces classes, ou nous adaptons ces définitions pour construire d’autres classes d’opérateurs
lipschitziens qui sont appelés opérateurs M-strictement Lipschitziens p-sommants, et de la
définition d’un opérateur p-nucléaire dans le cas lineaire, on a introduit la notion d’opérateurs
strictement lipschitziens p-nucléaires et aussi opérateurs strictement lipschitzien (p,r,s)-
sommant, en plus nous avons obtenu encore quelques importantes propriétés et factorisa-

tions pour ces nouvelles classes.

A la fin de cette these, nous presentons une breve section contenant certains problemes
ouverts.

Mots-clés: opérateur lipschitzien p-sommant, opérateur linéaire p-sommant, opérateur
lipschitzien strictement p-sommant, norme tensorielle, norme lipschitzienne tensorielle, théoreme

de domination de Pietsch.
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Notation

K
R,

*

p
E.F
X,Y

Tt = T#\ E*
Jp(1 <p < o0)

The field of real or complex numbers

The set of non negative real numbers

The conjugate of the number p (1 < p < o0), that is ]% + z% =1
Banach spaces

Metric spaces

The topological dual of E

The closed unit ball of £

The set of all linear operators

The set of all bonded linear operators

The weak topology

The weak * topology

The set of all Lipschitz operators between X and Y that vanish
at 0

The Lipschitz dual of the pointed metric space X

The linear space of all molecules on the metric space X

The molecule defined by m... = x,, for x, 2’ € X, where

~ Xy
X, is the characteristic function of the set A
The space of all strictly Lipschitz p-summing operators
The Arens-Eells space of X

The Lipschitz free space of X

The adjoint of linear operator T'

The Lipschitz adjoint of Lipschitz operator T

The linearization of the Lipschitz operator T’

The Lipschitz transpose of Lipschitz map T : X — E
The canonical inclusion map defined from C(K) to L,(p)
The formal inclusion map defined from L., (p) to L,(p)

for (1 <p < o0)

il



B The isometric embedding, ig : E — C(E*) given by

ip(z) = (z,.)

11, The set of all linear p-summing operators (1 < p < o)

L . . .
L The set of all Lipschitz p-summing operator (1 < p < c0)
L, The set of all (p,r, s)-summing operators

(1<p,rs<oo)

L . . .
s The set of all Lipschitz (p, r, s)-summing operators
(1<p,rs<0o0)
D, The set of all strongly linear p-summing operators (1 < p < 00)
DsLt,p The set of all strongly Lipschitz p-summing operators
(1 <p<o0)
N, The set of all p-nuclear linear operators (1 < p < c0)
./\pr The set of all Lipschitz Cohen p-nuclear operators (1 < p < o0)
SL . . . .
1 The set of all strictly Lipschitz p-summing operator (1 < p < 00)

E®F The tensor product between two Banach spaces

EF®,F The tensor product £ ® F' endowed with the tensor norm «
EQ.F The completion of £ ®, F

« The transpose of the tensor norm «

o and o The dual and the conjugate of the tensor norm «

d, and g, Chavet-Saphar tensor norms

cand 7 The injective and projective tensor norms

XNXY Lipscitz tensor product between X and Y

X @EE The injective Lipschitz tensor product of X and F

X @WE The projectiv tensor product of X and E.
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Introduction

The beginning point of the theory of linear summing operators is the fundamental work of
A.Grothendieck [17]. His work was done in the middle of the last century, just in 1955, he
had introduced the notion of p-summing operators (for p = 1) , but also in 1967 and 1968,
the classical works of Pietsch [26] and Lindenstrauss-Pelczyniski [23] clarified Grothendieck’s
precious ideas and contributed clearly to the vigorous development of this notion, for (p > 0),
especially, the book [27] of A.Pietsch which constitues a culminating point in the progress
of this theory. After that a lot of authors have interested to study this notion by other ways
and giving results in the linear case like Cohen Strongly and p-nuclear operators, also in
the multilinear case like p-dominated and Cohen Strongly p-summing operators. The same
procedure happened in the polynomial and sublinear cases.

A linear operator T' between two Banach spaces E and F' is called p-summing (1 < p < o0)

if there exists a positive constant C' such that for all x4, ...,z, in F/, we have

(Znﬂmnp)p <C su <Z|<xi,x*>|p>p.

w*€Bpe \ o3
The infimum of such constants is denoted by 7,(T") and the space of all p-summing operators
denoted by IL,(E, F) which is a Banach space under the norm ,(7T").
In 1987 Roshdi Khalil and Wassim Deeb have given in [20] the notion of ¢-summing operators.
A linear operator T € L(E, F) is called ¢—summing if there exists a constant C' > 0 such
that for all (z;)"  in B

Y ol <C sup > olfat @)
i=1 ve

B* =1
where ¢ is a modulus function.
The smallest constant C' > 0 such this inequality holds is called the metric of T', and
denoted by 74(T"). This class of mappings is denoted by I1,(E, F'). A nonlinear generalization



of p-summing operators, was introduced by Farmer and Johnson in [14]. Recall that a
Lipschitz mapping 7' : X — Y between two metric spaces is Lipschitz p-summing (1 < p <

o0) if there exists a constant C' > 0 such that for all (x;);<n, (2})i<, in X and all (a;);<, C RT

(Z aid<T<xi>,T<x;>>p)p <C sup (Z ailf (@) —f(x2)|”>p-

fGBX# i=1

This notion had already played a role in earlier works of several others, so the Lipschitz
p-summing operators are expected to play a similar important role for applications in the
nonlinear case as the linear p-summing operators for the linear theory.

J.D.Farmer and W.B.Johnson proved that this is true extension of the linear concept and
obtained a nonlinear counterpart of interesting fundamental characterization theorem with
this theorem, they proved that the Lipschitz p-summing norm or a linear operator is the
same as its p-summing norm.

In 2017, Khalil Saadi has introduced in [4] the notion of strictly Lipschitz p-summing, Let
1 < p < o0, a Lipschitz operator T : X — FE is said to be strictly Lipschitz p

-summang if there exists a positive constant C' such that for every zy, yx € X and s; € E*

(1 <k <) we have
D AT (x) = T (i), s3)| < Cdl(u),

where u = Y% (s, ) B 55, We denote by II5% (X, E) the Banach space of all strictly Lip-

schitz p-summing operators from X into £ which its norm 5% (T') is the smallest constant

C verifying the above inequality.

The aim of this thesis is the generalization and the extending of some results and proper-
ties from linear ¢-summing operators to new notion of Lipschitz ¢-summing operators and
Lipschitz strictly p-summing operators to M-strictly Lipschitz p-summing operators, and
from Lipschitz p-nuclear and strictly Lipschitz (p, r, s)-summing .

J.D.Farmer and W.B.Johnson in their paper [14], titled(The Lipschitz p-summing oper-
ators)have put six open problems, in problem six they have posed the following question.
What results about p-summing operators have analogues for Lipschitz p-summing operators?
some have answered this question by generalizing some notions from linear case to the lips-
chitz case, for example: p-integral, p-nuclear, Lipschitz strongly p-summig operator,compact

operator and weakly compact operator.



This work is divided in two important parts, in the first we based on our paper [3] which
is titled by ” Lipschitz ¢-summing operators, using this notion, our aim is to show some
properties of these operators and to prove the domination theorem of such class.

In the next part of this thesis, we have based on the second paper [4] (submitted) presented
by M. Belaala and K. Saadi which is called ”Further results on strictly Lipschitz summing
operators”. The main focus of this article is giving some new characterizations of strictly
Lipschitz p-summing operators which have been introduced in order to improve the Lipschitz
p-summing operators. Therefore, we adapt this definition for constructing other classes of
Lipschitz mappings which are called strictly p-nuclear and strictly Lipschitz (p, r, s)-summing
operators. Some properties and factorizations results are obtained for these new classes (see
[4]).

This thesis is organized as follows:

In chapter 1, we remained some basic definitions and properties which will be used
throughout this paper: sequence Banach spaces, linear operator ideal, linear p-summing
operator, Lipschitz maps, Lipschitz spaces, the Lipschitz dual of metric spaces, Arens-Eells
space, injective operator ideal, molecule space, adjoint of Lipschitz mappings, ideal property,
Lipschitz operator ideal, Lipschitz p-summing operator and linear ¢-summing operator.

The second chapter is one of answers to Farmer’s open problem 6 posed in [14].

The basic idea here is to extend as many notions as possible from the linear ¢-summing
operators to the Lipschitz ¢-summing operators. Therefore, we start by recalling the defini-
tion of a modulus function and its properties and a linear ¢-summing operators defined by
R. Khalil and W.Deeb in [20] and their Domination Theorem see also [3].

In this chapter, we introduce a new notion which is called Lipschitz ¢-summing operator
between metric spaces, which is the nonlinear version of linear ¢-summing operators between
Banach spaces. We prove a nonlinear Pietsch domination theorem for such operators and it
is shown that this class of operators is a Lipschitz operator ideal in the sense of [1]. Showing
that the class of Lipschitz p-summing operators (0 < p < 1) given by M.A.S. Saleh [31] is a
particular case of this class. In the end, we prove some properties, giving also some results
concerning the same class.

In the chapter 3, first we recall the notions of Lipschitz tensor product and strictly Lips-
chitz p-summing operators and some characterizations theorems. In the second, the notion

of M-strictly Lipschitz p-summing operator is introduced and also some characterizations



theorems, in the third we have introduced the notion of strictly Lipschitz p-nuclear operators,
giving some characterizations theorem.

In the last chapter, we recall the notions of the linear (p, r, s)-summing operators, Lipschitz
(p, 7, s)-summing operators and we have also introduced a new notion which is the strictly
Lipschitz (p, r, s)-summing operators and some characterizations theorems for this class.

In the end of this thesis, we present a short section collecting some interesting open

problems.



Chapter 1

Preliminaries

This chapter is dedicated to recalling some previews concepts that accompany us during the
completion of this work to exploit and use them as a means of clarifying the new notions.
Let E and F' be Banach spaces. We denote by L(F, F') the Banach space of all bounded
linear operators from E into F' with the usual norm. As usual, E* stands for the dual space
of £ and Bp for the closed unit ball of F.
For x € X, we shall write (z,z*) (or (z*,x)) for the action of the functional z* on x. The

norm of x* € X* is given by
|z*[| = sup {|{z,2")| : * € Bx}.

A linear operator u : X — Y between two normed spaces X and Y is an isomorphism

1'is also continuous. In such case the spaces

if u is a continuous bijection whose inverse u~
X and Y are said to be isomorphic. Such a mapping u is an isometric isomorphism when
|u(z)|| = ||=|| for all z € X.
A linear operator u is an embedding of X into Y if u is an isomorphism onto its image
w(X). In this case we say that X embeds in Y. If u : X — Y is an embedding such that
|lu(z)|| = ||z|| for all x € X, then w is said to be an isometric embedding.
Given the continuous linear operator v : X — Y, the continuous linear operator u* : Y* —
X* defined as

u*(y")(x) =y (u(x)),
for every y* € Y* and o € X is called the adjoint of u and has the property that ||u*|| = ||u]| .
Some sequences Banach spaces Consider 1 < p < oo and n € N*. We denote by [ (£)

the Banach space of all sequences (e;);_, in E with the norm



n 1
||(ei)i||l$(E) = (Die leil[”)?,

and by I3 (E) the Banach space of all weakly sequences (e;);—, in £ with the norm
1€l oy = sup (S0, Hew €))7,
e*€Bps
If £ =K, we simply write ;.
The C(K) space. If K is a topological space, then by C'(K) we mean the space of all scalar
valued (i.e. real or complex valued), bounded, continuous functions on K. This is a Banach

space with the norm
1/l = sup [ f(z)].
zeK

Clearly, if K is a compact space then C'(K) consists of all continuous, scalar valued functions.
The dual of the space C(K) equals the space M (K) of all regular Borel measures (scalar

valued, but obviously not necessarily positive) on K. The duality is defined as

(Fo) = ulf) = /K fdu, feC(K), ueM(K).

A Banach space Z is injective if whenever Y; is a subspace of a Banach space Y , any

u € L(Yy, Z) has an extension @ € L(Y, Z) with ||u|| = ||@]|

1.1 Linear operator ideals

Recall that, a linear operator 7' € L(F, F) is said to have finite rank if T(F) is a finite
dimensional subspace of F'. The class of all finite rank linear operators between Banach

spaces is denoted by L;(E, F'). An operator has rank one if and only if has the form
rRy:xr— (x, ")y
ie. if u e L¢(E, F) we have
U= ix;‘ ® Yi,
where ()", C E* and (y;)I,; C F (see [2;,1Page 25]).

Definition 1.1. An operator ideal Z is a subclass of the class L of all continuous linear

operators between Banach spaces such that for all Banach spaces E and F' its components

I(E,F) = L(E,F)NT satisfy:



(i) Z(E, F) is a linear subspace of L(FE, F') which contains the finite rank operators.
(i) The ideal property: if v € L(G,E), u € Z(E, F) and w € L(F, H), then the composition
wowuow isinZ(G,H).
If ||.|l7 : Z — R satisfies:
() (Z(E,F),||.|l7) is a normed (Banach) space for all Banach spaces E and F,
(i) lidel = 1.
(i13°) if ve L(G,E), u e Z(E, F) and w € L(F, H), we have

lwowo vy < flwl{|vllg [l
then (Z,||.|l7) is called a normed (Banach) operator ideal, for all Banach spaces G, H.

The ideal Ly of finite rank linear operators is the smallest operator ideal and £ the largest
one [27, Theorem 1.2.2].
The operator ideal Z is said to be closed if each Z(E, F') is a closed subspace of L(E, F) for

the sup norm.

Definition 1.2. (injective operator ideal)
A normed operator ideal (Z, ||.|| ;) is said to be injective if for every metric injectioni : F — G

and every u € L(E, F) it follows from iou € Z(E,G) that u € Z(E, F). Moreover

lioully = [lullz

1.2 Ideal of p-summing linear operators.

The theory of p-summing operators is based on a crucial criterion due to Pietsch [27]. We
mention that the linear p-summing operators are the starting point in the study of Lipschitz
p-summing mappings.
Let 1 < p < oco. A linear operator 7' : E — F is said to be p-summing if there exists a
constant C' > 0 such that for all finite sequence (z;)1<i<, in F
1 1
n P n P
M AT@)P) <C sup [ Y [g)l ) (1.1)
i=1 €l p=<1 \ ;5
The infimum of all such constants C' is denoted by m,(7"). The collection of all p-summing
operators between E and F' is denoted by IL,(E, F'). We mention that (II,, 7,) is an injective

Banach operator ideal.



Theorem 1.3. [13, Page 39] If 1 < p < q < oo, then IL,(E, F) C II,(E, F). Moreover, for
T e Il,(E, F) we have m (T) < mp(T).

The following basic result about p-summing operators is due to A. Pietsch, and it char-

acterizes the p-summability by means of a domination theorem.

Theorem 1.4. (Pietsch Domination Theorem) [13, page 44/
Let 1 <p<ooand T € L(E,F), then T is p-summing if and only if there exist a constant
C' and a regular Borel probability measure g on B« (with the weak x-topology) so that

r@n<c( [ P ) (1.2

In this case, m,(T') is the least of all constants C' such that (1.2) holds.

1.3 Lipschitz spaces

A pointed metric space X is a metric space with a base point denoted by 0. If X is a normed
space, its base point will be its origin. If there is no place to confusion, we will denote by d
the distance in any metric space.

The natural morphism between metric spaces are Lipschitz functions like linear operators

between Banach spaces.

Definition 1.5. Let X and Y be pointed metric spaces. Let us recall that a map
T: X — Y s Lipschitz if there exists a real constant C' > 0 such that

d(T'(x), T(y)) < Cd(x,y) (1.3)
forall x,y € X.

For a Lipschitz map T : X — Y we define its Lipschitz constant by

d(T(z), T(y))
dwy) " # y}'

i.e. the smallest constant C' such that the inequality (1.3) holds. By Lipy(X,Y) the set of all
Lipschitz maps f from X into Y for which 7'(0) = 0. If Y is a Banach space, Lip,(X,Y) is a

Lip (T') = sup {

Banach space with the Lipschitz norm Lip(.). It is known that Lip,(X, R) denoted frequently
as X7, It is a dual Banach space and By« is a compact Hausdorff space endowed with the
pointwise topology. We denote by C(Byx#) the Banach space of all bounded continuous

real-valued functions with the supremum norm.



Proposition 1.6. Let X,Y and Z be metric spaces and let f: (X,dx) — (Y,dy),
g:(Y,dy) — (Z,dy) be Lipschitz maps. Then go f: (X,dx) — (Z,dy) is Lipschitz and
Lip (g o f) < Lip (g) Lip (f).

Proof. For x,y in X, we have

dz(go f(z),90 f(v))

IN

Lip (g) dy (f (z), f (y))
< Lip(g)Lip (f)dx (z,y)

and this shows the proposition. O

Now, we are going to present some concepts about the space of molecules, the reader can

see [35] or [2] for more details.

Definition 1.7. Let X be a metric space. A molecule on X is a scalar valued function m

on X with finite support that satisfies . m(x) = 0. We denote by M(X) the linear space
zeX

of all molecules on X.

For xz, 2’ € X the molecule m,, is defined by m,, = X{z} — X{a'}, Where x4 is the charac-

teristic function of the set A. For m € M(X) we can write

n
m = g /\jmxjm}
=1

for some suitable scalars A;, and we write

HmHM(X) = inf {Z A d(%‘?%;’)v m = Z)‘jm%xﬁ} ’
j=1 Jj=1

where the infimum is taken over all representations of the molecule m. Denote by & (X) the
completion of the normed space (M(X), |[.|[ 4(x)). This space was first introduced by Arens
and Eells [2] in 1956. The terminology of Arens-Eells space A(X) is due to Weaver [35]. A
different notations were used in [16] by Godefroy and Kalton . It is the Lipschitz-free space
denoted by F (X) that is the closed linear span of the linear forms 4, of Lipy (X)" such
that

Sy (f) = f(x) = f(y), for every f € Lipo (X),

ie.,

Lipo(X)*
F (X) = span {5(%) ST,y € X} "



We have X# = F (X)" holds isometrically through the mapping

Qx (f) (m) =m(f), for every f € X* and m € F(X).

We can see F (X) as the completion of the set of all measures p of finite support under

the norm

2l = sup { [ fdp - Lip (f) <1},

Let X be a pointed metric space
1. The map éx : X — & (X) defined by
5x<$) = Myo

is an isometric embedding of X into A(X) (see [35, Theorem 2.2.4]).

2. The map Qx : X# — /B (X)" defined by
Qx(f) = fr, where fr(m) = _ f(z)m(z),
zeX
establishes an isometric isomorphic between X# and AE(X)*. On a bounded subsets

of X# its pointwise topology (see [35, Theorem 2.2.2]).

3. |||l g is @ norm on the space of molecules and ||mg,|| 5 = d(z,y) for all z,y € X.
4. For any molecule m and by Hahn-Banach theorem we have |m| = sup [(m, f)]
EBX#

The Banach space & (X) has some remarkable properties. We mention the following ones.

Theorem 1.8. ([35, Theorem 2.2.4 ])
Let T : X — E be a Lipschitz map which preserves the base point; that is T(0) = 0. Then
there is a unique bounded linear map T, : A(X) — E such that T = Tpo 0x, i.e. the

diagram

X T E,
N A
B(X),
commutes. Furthermore ||Ty|| = Lip(T)
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The operator T7, is referred as the linearisation of 7. The correspondence
T <+— 17,

establishes an isomorphism isometric between the vector spaces Lipy(X, E) and L(£E (X)), E).

Theorem 1.9. ([16, Lemma 5.1])
LetT : X — 'Y be a Lipschitz map which preserves the base point. Then there is a unique

bounded linear map T +AB(X) —s A(Y) such that Téx = 6yT and the diagram

X Y
dx Léy
E(X) L~ B(Y)

commutes. Furthermore HTH = Lip(T).

If X is a Banach space and T': X — F is a linear operator, then the corresponding linear
operator T is given by

f:TOBX7

where Sy : F (X) — X is linear quotient map which verifies Sx o dx = idx and ||Sx]|| < 1,

see [16, p 124] for more details about the operator fx.

Theorem 1.10. Let XY be two metric spaces. Let T : X — Y be a Lipschitz operator,

then there is a unique linear operator T such that the following diagram commutes

X 1 Y

I ox I oy
F(X) T, F(Y)

’i.@., 5YOT:TO(Sx.

1.4 Adjoint of Lipschitz mapping

Let X, Y be pointed metric spaces. Sawashima in [33] defined the Lipschitz adjoint (or dual)
T# : Lipy(Y) — Lipy(X) of a Lipschitz map T € Lip,(X,Y’) by the formula

T#(g9)=goT, g€ Lipy(Y)

11



He showed that 7% is a continuous linear operator and

|1T#]| = Lin(T) = || 7%

y+|| (if Y is a Banach space).
If Y = F is a Banach space, the restriction of 7# on E* is called the Lipschitz transpose
map of 7" and is denoted here by T".

T# = Q3 o T" 0 Qy and T' = Q3 o T*. (1.4)

The correspondence

T +— Tt

establishes an isomorphism between the vector spaces Lipy(X, E) and L((E*, w*), (X7, w*)),
where w* denote the weakx-topology (see [18, Theorem 3.1]).

1.5 Lipschitz p-summing operators

The nonlinear version of p-summing operators (1 < p < 0o) was introduced by J.D. Farmer
and W.B. Johnson in [14]. Let X,Y be metric spaces. In the sequel, we consider (X, dx)
a pointed metric space. A mapping T : X — Y is Lipschitz p-summing if there exists a
constant C' > 0 such that for all (x;)1<;j<n, (2})1<i<n in X and all (a;)1<i<p C RT

> aud(T(w). TP < C7 sup > alf(a) = F)P.
i=1 FeBx# i
The infimum of all such constants C' > 0 is denoted by 7T:£’<T ). The class of all this mappings
is denoted by II}(X,Y).
Notice that the definition is the same if we restrict to a; = 1, we can find it implicitly in

[14].

Proposition 1.11. (Ideal property)

Let X,Y be metric spaces and E, F' be Banach spaces. Let v: F — X, w:Y — F
be Lipschitz functions and T : X — Y be a Lipschitz p-summing operator. Then wTv is

Lipschitz p-summing operator and 7} (wT'v) < Lip(w)r) (T) Lip(v).
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Proof. According to the definition of Lipschitz function and the definition of Lipschitz p-

summing operator, we can find

iil dr (wTv(x;), wTo(y;))" < Lip(w)? Zil dy (Tv(z;), Tv(y;))?

< Liplwpm ()" suw z F(o() — Foly)P
< Lip(w)Prk (T Lip(v v sup ZIL{;&( i) = phis ()P
< Lipw)rk (T Lip(w) sup 3 |f(x:) — F(y:)lP.

gEBE# =1

The following theorem is a characterization of the Lipschitz p-summing operators.

Theorem 1.12. [14, Theorem 1] Let 1 < p < oo. The following properties are equivalent,
for a mapping T' € Lipy(X,Y) and a positive constant C.

1. W]f (T) < C.

2. There 1s a probability pn on Bx# such that

RS

d(T'(x),T(y)) <C (/B |f(x) = f(y)I” dp (f))

(Pietsch domination theorem).

The domination theorem immediately implies the monotonicity of the Lipschitz p—summing

norm.
Theorem 1.13. If1 < p < ¢ < oo, then II}(X,Y) C IX(X,Y). Moreover, 7} (T) < w} (T).

For a linear operator T € L(E,F), it is clear that =/ (T) < m,(T). J.D. Farmer and
W.B. Johnson proved that the reverse inequality is true. This justifies that the notion of
Lipschitz p-summing operator is really a generalization of the concept of linear p-summing

operator.

Theorem 1.14. [14, Theorem 2] Let T be a bounded linear operator from E into F and
1 <p<oo. Then ) (T)=m,(T).
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1.6 Lipschitz operator ideals

Definition 1.15. [1] A Lipschitz operator ideal Iy, is a subclass of Lipy such that for every

pointed metric space X and every Banach space E the components
ILip(Xa E) = Llpo(X, E) N ILip

satisfy:
(i) Zrip(X, E) is a linear subspace of Lipy(X, E).
(i) vg € Zpip(X, E) forv € E and g € X¥.
(i1i) The ideal property: if S € Lipg(Y,X), T € Zp;,)(X,E) and w € L(E,F), then the
composition wT'S is in Lr;,(Y, F).
A Lipschitz operator ideal Iy, is a normed (Banach) Lipschitz operator ideal if there is
Iz, + Zeip — [0, +00[ that satisfies
(i’) For every pointed metric space X and every Banach space E, the pair (Zr,(X, E), ||. HILip)
is a normed (Banach) space and Lip(T) < ||T||z,,, for all T € Try(X, E).
(i7’) ||Idg : K — K, Idg(\) = /\”Iup =
(11i°) If S € Lipo(Y,X), T € I1;p(X, E) and w € L(E, F), then

[wTS|z,, < Lip(S) [Tz, lwll

1.7 Some definitions

In what follows we recall some important definitions which we need in the sequel. We refer
to [12, 13, 22] for more details about the following notions. Let 1 < p < oo and p* its

conjugate, i.e., = + # = 1. Let E, F' be two Banach spaces and R : £ — F' be a linear

1
p

operator. Then,

- The linear operator R is Cohen strongly p-summing if there exists a constant C' > 0

such that, for any 1, ...,x, € E, and any yj, ...,y € F*, we have

Z! D Ol @)y 1) g

The class of Cohen strongly p-summing operators from E into F', which is denoted by

D,(E, F), is a Banach space for the norm d,(R), i.e., the smallest constant C' such that the
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above inequality holds. If 1 < p < oo, we have by [12, Theorem 2.2.2]

R e IL,(E; F) < R* € D,.(F*; E*).

- The linear operator R is p-nuclear if there exists a constant C' > 0 such that, for any

Z1,...,%, € F, and any v, ...,y € ¥, we have

Z! < Cll@) e oy 1153 limg

v -

The class of Cohen p-nuclear linear operators from E into F', which is denoted by N,(E, F),
is a Banach space for the norm N, (.), i.e., the smallest constant C' such that the above
inequality holds. We have by [12, 21]: R is p-nuclear if and only if, R = R; o Ry where R;

is Cohen strongly p-summing and R, is p summing.

Let 1 < p < oo. Lipschitz p-nuclear operators from metric spaces to Banach spaces are
introduced in [9]. A map T € Lipo(X, E) is Lipschitz p-nuclear if there are two Lipschitz
mappings A : {, — E and B : X — ( and A = (\,), € ¢, such that the following

diagram commutes:

where M ((2n)n) 7= (Ann)n, for all (z,)n € lo. Let }(T') denote the infimum of
Lip(A) || M| Lip(B) over all factorizations as above; note that |[My|| = [|All¢,. The set of all
such T is denoted by N} (X, E).
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Chapter 2

Lipschitz ¢-summing operators

The results obtained in this chapter have been published in Annals of Oradea University
- Mathematics Fascicola [3]. In this chapter we contribute to the theory of absolutely p-
summing Lipschitz mappings by studying the class of Lipschitz ¢-summing mappings. we
have shown that this class of operators is a Lipschitz operator ideal in the sense of [1]. After
giving the domination Theorem of this class, we have studied the relationships between a

Lipschitz operator 71" and its linearization T.
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2.1 Introduction

Our purpose in this chapter is to extend this concept to a more general setting introducing
the notion of Lipschitz ¢-summing operator between pointed metric spaces. Our notion
generalizes that of Lipschitz p-summing operator given by M. A. S. Saleh in [31] for 0 < p < 1.
The study of Lipschitz p-summing operators with p > 1 between metric spaces was initiated
by J. D. Farmer and W. B. Johnson in [14]. They stated a nonlinear version for such operators
of the celebrated Pietsch factorization-domination theorem of p-summing linear operators
[27]. In [5], G. Botelho, D. Pellegrino and P. Rueda proved an abstract version of the Pietsch
domination theorem (improved in [24] by D. Pellegrino and J. Santos) which gives a unified
proof for the Pietsch domination theorem, for the result of J. D. Farmer and W. B. Johnson
and for other known Pietsch domination theorems in classes of mappings that generalize
the ideal of p-summing linear operators. We study in this chapter the basic properties
of Lipschitz ¢-summing operators and establish a nonlinear version of Pietsch domination
theorem for such operators which is not covered by the general Pietsch domination theorem

stated in [24].

2.2 Modulus function

Definition 2.1. A function ¢: [0,00[ — [0, 00[ is called a modulus function if
1. ¢ is a continuous function on [0, 00|
2. $(0) = 0.
3. d(x+y) <o)+ o(y),Va,ye [0, 00] (subadditive)
4. strictly increasing.

Properties :

From the definition of modulus function, we can find:
1. If ¢ a modulus function then
e ¢ is bijective

e ¢! is not modulus function
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2. The composition of two modolus functions is a modulus function and is not commuta-

tive. Vn € N*: ¢" = ¢ o ... 0 ¢ is a modulus function whenever ¢ is a modolus function
—_———
n times
and ¢"(az) < (n+ @)™ (z), > 0.

3. The composition of modulus functions is associative

4. There is a modulus function e such that for every modulus function ¢ : Vz € [0, +-o00]:

poe(x) =¢(x) and e o ¢p(x) = ¢(x) where e(x) =z

Example 2.2. The functions ¢(t) = t*, ¢(t) = max{t,t*} and ¢(t) = In(1 +1t) , ¢(t) =
t/(1+1t) (t >0) fort >0 when 0 < p <1 are modulus. We prove that ¢(t) =t/(1+1t) is a

modulus function.

e ¢ is continuous on [0, +ool.
e »(0)=0.

o ¢ is strictly increasing on [0, 4o00].

¢($ +y) = 1<xkjr_iy X, Y € [07 +OO[

—_ T Y
T l4a+ty + 1+z+y

_T_ Y
S 14z + 1+y

i.e p(x +y) < o) + d(y)
Remark 2.3. From the property 2 and the above example, we note for example that ¢(t) =

¢

51 s @ modulus function.

In(1 4 t?) is modulus function, also if ¢ a modulus function then

Through this Chapter, we will use the important inequality

¢(at) < (1+a)o(t)

for all £ > 0 when a > 0, which can be deduced of the properties of ¢.

2.3 Linear ¢-summing operators

For Banach spaces X and Y, a bounded linear operator T': X — Y is called ¢-summing if

there exists a constant C' > 0 such that

Z o (IT@)l) <€ sup > ¢ (2" (@)

X* =1
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for all finite set (z;)7_; in X. The infimum of such constants C' is denoted by m4(7") and the
set of such maps 1" by I1;(X;Y).

This concept was first considered with the preceding definition by B. Rosenberger [28]
and R. Khalil and W. Deeb [20], and more generally by N. Tita [34].

The following results can be found in [28].

Theorem 2.4. (ideal property)
Let S € L(Y,X), T € lI,(X,E), and w € L(E,F), then wTS is linear ¢p-summing and
7y (wT'S) < (1 + [lw]])my (T)(1 + Lip(5)).

Theorem 2.5. The followings are equivalent for a bounded linear operator T : E — F and

a positive constant C'.
(1) m (T) < C.

(ii) There is a probability 1 on Bg« such that
TN C [ lew)due).
B+

Theorem 2.6. Let X a Banach space with the metric approximation property and ¢ a

modelus function , then I1,(X, X) =11,(X, X) , for 0 <p <1.

2.4 Lipschitz ¢-summing operators

Definition 2.7. Let ¢ be a modulus function and X,Y be pointed metric spaces.
A Lipschitz map T € Lip(X,Y') is called Lipschitz ¢-summing if there exists a constant
C' > 0 such that regardless of the choice of points (x;)P_,, ()i, in X and the choice of

numbers (a;)"_, in RY, we have the inequality

>_aid (d(T(z:), (@) < C sup Y aier(|f(w:) = fa)).

f€Bx# i1
The infimum of such constants C is denoted by 7r£(T), and the set of such maps T by
Hé(X Y.

Remark 2.8. Definition 2.7 is the same if we restrict to a; = 1 (see [14]).
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Taking the modulus function ¢(t) =t (0 < p < 1) for allt > 0, Definition 2.7 covers the
notions of Lipschitz p-summing operators with p € (0,1) introduced by M. A. S. Saleh [31],
and of Lipschitz 1-summing operators given by J. D. Farmer and W. B. Johnson [1}].

Lemma 2.9. If (X,d) is a pointed metric space and ¢ a modulus function then dy = ¢ od

1s a distance on X.
Proof. For all z,y € X we have

dg(z,y) =0 & ¢od(z,y)=0
< d(z,y) =0

< T =
And
do(z,y) = ¢od(z,y)
= ¢od(y,z)
= ds(y, @)
Finally for all z,y, 2 € X, we have
d(z,z) < d(z,y) + d(y,2) = ¢od(z,2) < pod(z,y) +pod(y,z)
ie. dyg(x,2) < dy(z,y)+ dy(y, 2). O
From this lemma we can define Lip,(X,Y) = Lip((X, ¢ o d), (Y, ¢ o d)) and

¢(d(T(x), T (y)))
¢(d(z,y))

Lip¢(T):Sup{ :x,yEX,a:#y}

for all T € Lipy(X,Y).
Note that when ¢(z) = z, we find Lip,(T) = Lip(T).

The following assertions can be checked easily.

Proposition 2.10. Let ¢ be a modulus function and X,Y are pointed metric spaces, then
1. Lip(X,Y’) C Lip4(X,Y) and Lipy(T) < 1+ Lip(T') for all T' € Lip(X,Y).
2. TIZ(X,Y) C Lip4(X,Y) and Lipy(T) < 7j(T) for all T € TIH(X,Y).

Proof. (1) If T € Lip(X,Y), then d(T(z),T(y)) < Lip(T)d(x,y) for all z,y € X, and thus

¢(d(T(x),T(y))) < ¢(Lip(T)d(x,y)) < (1 + Lip(T))o(d(z,y))
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for all z,y € X, and this proves (1).
(2) I T € IE(X, Y), we have
> 0(dr(), 7)) € 7H) s S o17(w) = S
for all (z,)",, ()", C X. Tn particular,
T(). T) < 7HT) sup (510 = J(0) = 7T dr.0)
for all z,y € X, and thus we obtain (2). For the last equality above, notice that
o)) = 6 (yla) = W) < sup (1)~ F)) < o),

where h is the function in By# defined by h,(z) = d(z,y) — d(0,y) for all z € X and we
have h,(z) — hy(y) = d(z,y). O

We now study the relation between a Lipschitz ¢-summing operator and its linear version.

Using the definition of ¢-summing operator, the following proposition can be checked easily.

Proposition 2.11. Let ¢ be a modulus function, X,Y are Banach spaces andT: X — Y be

a ¢-summing bounded linear operator. Then T is Lipschitz ¢-summing and Wé(T) < my(T).

Proof. Let (x;)P,, (25)", C X. We have

n

Z ¢ (1T (i) = T@)) =Y ¢ (IT (i = 2)])

=1

< 7y(T) sup Zcb(kc*(xz—wi)l)

J)*GBX*

i=1
= 7o(T) sup Y ¢ (ja" () — a*(a})])
T*EBx* i—
<mo(T) sup > ¢ (| f () — f@)]),
feByy o3
and the proposition follows. n

We next show that Hé(X ,Y') has the ideal property.

Proposition 2.12. Let ¢ be a modulus function, X,Y, Z, W be pointed metric spaces,
BeLip(X,Y), T ell}(Y,Z) and A € Lipy(Z,W). Then ATB € I5(X,W) and w};(ATB) <
Lip,(A)75(T) (1 + Lip(B)).
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Proof. For all (x;)I,, (z})", in X, using the definition of Lipschitz ¢-summing operator, We

have

n

> Od(ATB(x,), ATB(x}))) < Lip¢(A)Zsb(d(TB(:ri),TB(Ii)))

=1

< Lip,(A) 5 Zd) 9(B(x:)) — 9(B(x})))),

we use the inequality ¢(at) < (1 + a) ¢(t), we find

¢(l9(B(x:)) — g(B(x7))]) = ¢(Lip(B) |75

Then, the above inequality can be estimated as

> (AT B(x;), ATB(x))) < Lipy(A)rf(T) (1 + Lip(B)) sup > o(|f(x:) = f(a})])-
i=1 -

Then AT B € I15(X, W) and (AT B) < Lip,(A)x}(T) (1 + Lip(B)). O
It is clear that Hé(X ,Y') also enjoys the injectivity property. More specifically, we have:

Proposition 2.13. Let ¢ be a modulus function and let X,Y, Z be pointed metric spaces. If
v Y = Z is an isometry, then T € TI5(X,Y) if and only if «T € 1I5(X,Z). In this case,
Ty () = nh(T).

Proof. 1t suffices to observe that
Zcb (T(x:),0T(77))) = Z ¢ (d(T'(z;), T(x})))
for all (z;),, (z})~, C X. O

Proposition 2.14. Let X be a pointed metric space and E be a Banach space .The space
Hé(X, E) is a Lipschitz operator ideal.
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Proof. (i) Let T € Hé(X, E), a € K. Let ¢ be a modulus function . Then given xy, ..., z, €
X;x),...,x, € X we obtain

> o (laT(z) —aT(@)) = > ¢ (allT(x:) = T()])

i=1 =1

< (T4 laf) Z ¢ (1T (:) — T()]))

< (1+|a|C’sup Z¢’fxz fla)l.

EBx# =1
50, aT is Lipschitz ¢—summing and 7} (aT') < (1 + |af)7(T).

n

Let T1, T, € Hé’(X, E), ¢ be amodulus function . Then given x4, ...,z, € X;2}, ..., 2, € X

and from the definition of Lipschitz ¢p—summing operators 17, T5, we obtain

Y ST + Do) () — (Ty + To)(2)])

=1

= 60T ()~ Ti) + (Tafes) ~ (el

< Zcb (ITa(z:) — Ta@)]) + Z¢(HT2(SU¢) = Ta(2)|))
< k(m) ) s Z¢|f — f(a)] + 75 (1) o Zcb!f — f(af)].
< (7T¢(T1)+7T¢ T2 SU.p Z¢|f :L‘z Z)|

so, T} + Ty is Lipschitz ¢—summing and 7T¢[;(T1 + 1) < WdL)(Tl) + 7T¢L5(T2).
(i) Now let 0 # g € X#, and v € E. For all (2;)" , («})"  in X we have

2

Z O(llvg(x:) —vg(zp)ll) = Z o(llvllg(z:) — g(a7)])

IN

(1 + [vll) Lip(g) Sup Z¢ |f (i) = f(@)])

X#zl

then vg is Lipschitz ¢—summing and 7} (vg) < (1 + [Jv]]) Lip(g).
(iii) Now we prove Hé having the ideal property. Let S € Lipy(Y, X), T € Hé (X, E), and
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w e L(E,F). For all (z;)" ,(z;)" in X we have

(2

Z O(lwTS(x;) —wTS(l) < (14 [lwl) Z S| TS (i) = TS()])

< (1 +[lwlhmg (T fsup Z¢ 1f o S(x:) = f o S()))

X#zl

= (14 [lwl)mg(T)(1 + Lip(S)) sup Z¢ l9(x:) — g(7)])

9€By# i=1
which means that wT'S is Lipschitz ¢-summing and 7} (wT'S) < (1+|Jwl|)7%(T)(1+ Lip(S)).

Finally, IT%(X, E) is a Lipschitz operator ideal. O

We next state a version of Pietsch domination theorem for Lipschitz ¢-summing operators,

which is inspired by [14, Theorem 1].

Theorem 2.15. Let ¢ be a modulus function, let X,Y be pointed metric spaces and let
T € Lip(X,Y). Then T is Lipschitz ¢p-summing if and only if there exist a constant C' and

a regular Borel probability measure . on Bx# such that
ST (@) T@) <C [ ()~ Fa)) due (1)
By

for all z,2" € X. In such a case, wy(T) is the minimum of all the constants C' for which

such a measure exists.
Proof. Assume that T € II5(X,Y). For any (z;)i,, («}){-; in X and (X\;)j~; in RT, define

the function p(y, ;2 @ Bx# — R by

Prvsrsal)? Zw ) — w5 (T Zw |f (i) = f@)]).

Let A be the set consisting of all such functions.

A is a convex subset of the vector space C(Byx#) indeed let (g, 4, and

7O‘i)1§i§n
Pty 058 1< em € Asuch that a; >0, 7,7, € X (1 <i<n)B;>0,y;,y; € X (1 <j<m).
We have

P ot ) Z%Cqﬁ |f (i) = f(f)]) — Zai¢(”T($i) — T(z)l)-

Ployansy),... )= Z_;ﬁjoéb(\f(yj) — fy)]) - Z_;BM(HT(%) —T,)|)-
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S0,

SO(QJ%%Q,%) (f> + Sp(lﬁﬂ;-ﬁj) (f> -

1<i<n 1<j<m
n+m n+m
> wCo(| f(2r) Z WOl T (1) = T()ll) € A, > 0,22, € X,
k=1
which

, 1<k<n

{ T(Yr—n), l+n<k<n+m
, 1<k<n

,14n<k<n+m ’
{ ap, 1<k<n

Bk n 1+n<k<n+m .

n

Let A> 0, Xp(, ) = 3 2a,Co(1f(2) = F)) - 3 dasa(IT ) - T()]) € A

g 1<1<n

Consider now the set
B= {QD € C(Bx#)i go(f) >0, Vf e Bx#} .

Clearly, B is a convex open subset of the Banach space C'(Bx#). Moreover, A and B are
disjoint. Indeed, for otherwise, we could find (z;)%,, ()", in X and (\)"; in R™ such

that o\, z;2n  (f) > 0 for all f € By, that is,

ST D No(1f (@) = f@)l) < D Nd(d(T (i), T(a))

for all f € By#. But since By is weak™ compact and f — > " o(|f(x;) — f(])]) is a

7

continuous function from (By#,w*) to R, we would have

7r¢ sup Z)\qu |f(z;) — f(x))]) < ZA@(d(T(Ii)aT@;)),

fGBX# —

and this is impossible because T is in TI5(X,Y).
Then, by the Hahn—-Banach separation theorem and the Riesz representation theorem,

there exists a regular Borel probability measure o on By# and a scalar ¢ € R such that

/ Onaiar, dp < ¢ < / m
BX# BX#
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for all p(x e;2r , € A and all ¢ € B. Observe that ¢ = 0. Indeed, 0 < ¢ since the zero
function (5, z;2n , is in A; and ¢ < 0 since all positive constant functions are in B. It

follows that
/B otuman(F)du(f) < 0

X#
for all z, 2" € X, and since p is a probability measure, we conclude that

¢ (d(T(z), T(«")) S?Té(T)/B ¢ (If(x) = f(@)]) dpa () .-

for all z, 2" € X.

Conversely, assume that the second statement of the theorem holds and let (z;)";, (x}), C

X. We have
6 (d(T(x;), T(2}))) < C / b (1f () — F())]) dpe (f)
BX#
fori=1,...,n. It follows that

Z¢(d(T(xi)7T(x2))) < C/B Y o f ) = fa)) du(f)

x# =1

<c / sup 36 (1f (i) — F()]) du ()

FE€Bx# =1

=C sup Zqﬁ(!f(%) — f(z3)]).

feBx# 1
Hence T € II}(X,Y) and 7(T) < C.

Finally, it is clear from the proof that 7T¢l; (T') is the minimum value of C. O]

Remark 2.16. Theorem 2.15 extends a nonlinear version of Pietsch domination theorem

gwen in [31, Corollary 6.14] for Lipschitz p-summing operators with 0 < p < 1.

The Lipschitz-free Banach space F(X) over a pointed metric space X is the closed linear
span in (X#)* of the evaluation functionals 6,: X# — R with z € X, where 6,(f) = f(2)
for all f € X#. It is known that the Dirac map dx: X — F(X), given by dx(x) = 6, is a

*

(nonlinear) isometry, and F(X)* is isometrically isomorphic to X# via the evaluation map
Qx: X7 — F(X)* given by Qx(f)(7) = ~(f) for all f € X# and v € F(X).

Let us recall (see [19, Lemma 3.1]) that if X and Y are pointed metric spaces and T €
Lip(X,Y), then there exists a unique operator 7' € L(F(X), F(Y)) such that Téy = oy T.
Furthermore, ||T|| = Lip(T).

We can now study the relationship of a Lipschitz ¢-summing operator 7" in Lip(X,Y") and

its linearization 7' in £(F(X), F(Y)).
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Proposition 2.17. Let ¢ be a modulus function, let X,Y be pointed metric spaces and let
T € Lip(X,Y). If T is ¢-summing, then T is Lipschitz ¢-summing and Ty (T) < 7T¢(f).

Proof. Notice first that
d(T (), T(y)) = |l6r@) = Srll = IT(5:) = TGl = 1T = 6,)]]
forall z,y € X. If T is ¢-summing, we have
iaﬁ(llf(%)ll) <mg(T) sup Y d(|F ()
i=1

for any set (v;);_, C F(X). Then

>_ 0T (), T(wi) S mo(T) s 36 (F (0, = 8,)])

FeBrx)» 121

= 7T¢(f) sup Z (b (‘QX(f>(5ﬂiz - 5%) )
feBx# 1
= 7r¢(f) sup Z ¢ (|f(x:) = f(w)l) -
feBx# 1
Consequently, T is Lipschitz ¢-summing and 7 (T") < 7T¢<f)- =
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Chapter 3

Characterization of strictly Lipschitz

p-summing operators.

The results obtained in this chapter have been submitted for publication (see [4]). we give
some new characterizations of strictly Lipschitz p-summing operators ( 1 < p < oo ), which
have been introduced in order to improve the Lipschitz p-summing operators. Therefore,
using the notion of p-neclear in the linear case, we adapt this definition for constructing
other classes of Lipschitz mappings which are called strictly Lipschitz p-nuclear operators,
and introduce a new strong notion which is M-strictely Lipschitz p-summing giving its

caracterization.

28



3.1 Introduction and preliminaries

In the last years, many concepts of the theory of p-summing operators have been developed
in several ways, namely the multilinear and Lipschitz settings. The fundamental purpose of
nonlinear theory of Lipschitz mappings is an attempt to borrow linear properties in order to
make an analog in the nonlinear case. Let X be a pointed metric space and E be a Banach
space. It is well known that each Lipschitz operator T': X — E can be factorized through
a Lipschitz map and a linear operator. Let Z be a linear operator ideal, when we want to
form an analogous class of Lipschitz operators, it is natural to think how to preserve the
connection between their linearization operators, which appear in the factorization, and the
original ideal Z. If this property holds for a given Lipschitz class, then it can be represented
by [1] as follows
ZoLipy(X;E)=TZ(F(X);E).

Then, the above representation, that we consider interesting, expresses good relation
between Lipschitz operators and their linearizations. To make the relation above attainable,
it has been improved in [30] the definition of Lipschitz p-summing by introducing the strictly
Lipschitz p-summing operators whose original ideal is II,, the Banach space of p-summing
operators, and admits a similar representation of the same relation. The goal of this chapter
is to explore more properties of the class of strictly Lipschitz p-summing by showing some
characterizations of these operators by means of fundamental inequalities and the Pietsch
domination theorem. We give a strong version of this concept, called M-strictly Lipschitz
p-summing, when we consider the class of Lipschitz operators defined on metric spaces.
Furthermore, we will introduce the class of strictly Lipschitz p-nuclear by generalizing the

linear definition introduced by Cohen [12].

This chapter is organized as follows.

First, we recall some standard notations which will be used throughout this chapter. In
section 2, we study some characterizations of strictly Lipschitz p-summing operators which
are defined from a metric space into a Banach sapce. We will give the definition for a general
case, called M-strictly Lipschitz p-summing, where X and Y are metric spaces for which there
is a beautiful equivalence between T" and its corresponding linear operators for the concept

of p-summing. In Section 3, the definition of strictly Lipschitz p-nuclear operators is given.
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This class has surprising properties namely their connections with linearization operators.
A representation through a Lipschitz tensor product is given for this class. We end this

section by investigating certain relations with other classes.

3.2 Lipschitz tensor product

The elements of this subsection are derived from an important new article [7] of Cabrera-
Padilla et al. which help us to treat the rest of paragraphs of this chapter. Let X be a
pointed metric space and let E¥ be a Banach space. The Lipschitz tensor product of X, F is
denoted by X X E and defined as the vector subspace of Lip,(X, E*)" (the algebraic dual of
Lipy (X, E*)) which is spanned by the set

{0y Be: (z,y) € X? e € B}
where

(0w ®e) (f) = (f(x) = f(y),e), Vf € Lipy(X, E).

We say that, d¢,,) X e is an elememntaty Lipschitz tensor. We have u € X X E if, and

n
only if, u = > X\id(4,4,) M e; and this representation is not unique. Note that each element
i=1

u € X X E can be represented as u = ) §(, 4,y X €; since Mz, M e = 6,y X Ae. In other
i=1

word, for all f € Lip,(X, E*) we have

n

w(f) =Y (f(z:) = fly), e)

i=1
Denote by F ((X #,Tp) ;E) the space of all finite rank continuous linear operators from

(X#,7,) to E, where 7, denotes the topologie of pointwise convergence of X#.

Theorem 3.1. [7] The map J: XX E — F((X#,Tp) ;E), given by

n

JW)(f) =Y (f(z:) = f(v) e

i=1

forue XK E u=3 N0 y) Xe; and f € X#, is a linear isomorphism.
i=1
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Lipschitz injective norm

Let E be a Banach space and X be a metric space. In what follows we present the definition

of Lipschitz injective norm on X X FE.

Definition 3.2. [7|For each u =) (3,4, Ne; € X X E, we define the injective norm of u
i=1
by

n

> (fla) = fw) (prea)

i=1

s(u):sup{ IfGBX#,QDGBE*}.

Notice that the supremum on the right side in the previous definition exists since

n

< 2 (@) = () (s e

=1
n

> Lip(f)d(wi, ui) o]l leil]

=1

Zd(%yi) lledl]

=1

IN

IN

for all f € By# and ¢ € Bg«. Note that

Z!(f(%)—f(w))(so,ez (fRe) (Zéwl &el>

and, consequently, e(u) does not depend on the representation of u by [7, Lemma2.2|, so €

defines a map from X X E to R.

¢ is a dualizable Lipschitz cross-norm on X X F.
Cross-norm, i.e., € (83,4 M e) = d(z,y) ||e]| ,Va,y € X,Ve € E.

Dualizable, i.e.,

gwi) — f(y:)) (pe)| < Lin(f) [l e (z 5o > e XFpe B

¢ is the least dualizable Lipschitz cross-norm on X X F.

The completion X @:E of X X, F is called the injective Lipschitz tensor product of X
and E. We can identify X @;E with the space of approximable bounded linear operators of

(X#,7,) (= (X#,0 (X#,X))).
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Proposition 3.3. [7The map J : X K. E — F((X#,71,); E), defined by

n

JW)(f) =Y (f(z:) = f(y) e

i=1
n —~
foru="73" 0,y Xe; and f € X7 is an isometric isomorphism. As a consequence, XX, F

i=1
is isometrically isomorphic to the closure in the operator norm topology of F((X#,71,); E).

Proof. By Theorem 3.1, J is a linear bijection. If u =} 0(5,4,) X €;, we have
i=1

1@l = supdl /) (£ < F € Bro}
= supd o (55 () = )0 ) [+ € B @ B}
= sup{| 3 (/@) = Fw) (g.e0)| ] € Brep € i)
~ c(u).
The consequence is immediate. 0

Let F(X) be the Lipschitz-free Banach space over a pointed metric space X. Let us recall
that F(X) is the closed linear subspace of (X#)* spanned by the set {d, : ¥ € X}, where
for each z € X, §, is the evaluation functional at the point x defined on X#. It was prove
that if X is a pointed metric space, then X @;K is isometrically isomorphic to F(X); in fact,
much more is true. We show below that the space X @;E can be identified with the injective
tensor product F(X)®.E.

Proposition 3.4. [7)The map I : X K. E — F(X) ®. E, defined by

n

I(u) = Z (6331 - 53/1) ®e;
i=1
foru =73 0@,y Me; is a linear isometry. As a consequence, XR.E is isometrically iso-
i=1

morphic to F(X)®.E.

Proof. Let u = Z O(wsy) M e;. Since F(X)* = X#, note that the norm of Y (6, — d,,) ® ¢
i=1
in F(X) ®. Fis glven by

sup{Z fi60, = 040 (0,e)| s f € Bx#, ¢ € Bp:}.
=1
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Since (f, 04, — 0,,) is precisely f(z;) — f(vi), [7, Proposition1.7] shows that I is well defined
(and thus linear) and moreover a quick glance at Definition 3.2 shows that I is an isometry.

]

Recall that the linear span of {J,}.cx is dense in F(X), hence the tensors of the form

n

> (04, — 0y,) @ €, with x;,y; € X and e; € E are dense in ]—"(X)Q/?\EE. This shows that the
i=1
map I has dense range, and thus XX_F is isometrically isomorphic to F(X )@;E :

Lipschitz projective norm
We introduce the Lipschitz projective norm on X X E.

Definition 3.5. [7]For each u € X X E, we define the projective norm of u by

= inf{>  d(wi, i) lleill u =" 0y Rei}
i=1 i=1
the infimum being taken over all representations of .

The completion X @;E of X X F is called the projective Lipschitz tensor product of X
and F.

Theorem 3.6. [7] The Lipschitz projective norm m is the greatest Lipschitz cross-norm on

XX E.

Proof. We have seen in the precedent Theorem that 7 is a Lipschitz cross-norm on X X FE.
Now, let a be a Lipschitz cross-norm on X X E and let u € X X E. If 3 64,4, Me; is a
i=1

representation of u, we have

n

)=« (Zémzyl &el> < Za xzyl)&ez) :Zd(xi,yi) lle:|| -

i=1 =1
Now the definition of 7 gives a(u) < m(u). O

3.3 Characterization of strictly Lipschitz p-summing
operators

Let X be a pointed metric space and E be a Banach space. In order to establish a relation

between a Lipschitz operator T': X — F and its linearisation T:F (X) — E for the concept
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of p-summing, K. Saadi has introduced in [30] the notion of strictly Lipschitz p-summing
operators. Indeed, both operators are related in the sense that: T is strictly Lipschitz p-
summing if and only if, T is p-summing. In fact, that report was not true for the class
of Lipschitz p-summing operators which is introduced by J. D. Farmer and W. B. Johnson
[14], see [29, Remark 3.3]. In this section, we give some characterizations of the class of
strictly Lipschitz p-summng operators and we adapt its definition to the general case where
the spaces are metric for which we obtain a good relation between the Lipschitz operator T’
and their corresponding linear operators T and T#. Now, we start by the definition of dzf ,
the corresponding Lipschitz cross-norm of the tensor norm d,, see [30] for more detail about
this norm. Recall the definition of the norms of Chevet-Saphar d, and g, [10, 32| defined on

Banach spaces,
dy (1) = inf {10), iy 1),y |
and
gp (u) = inf {H(xi)iHZ;I(E) ||(yi)z‘||l;’;w(p)} '
where the infimum is taking over all representations of u of the form u = " | z;®y; € EQF.
We have g, = d},, where d, is defined as folows: d!(u; E ® F) = dy(u"; F ® E) and the
transpose u’ of Y x; @ y; is given by uf =3 " | ;i @ x;
For every u = 22:1 O(apye) M sk € X K E, we put

n l

i=1 k=1

Since the linearization T can be seen as a linear form on F (X) ® E*, then for every m € A,

we have
it (T (@k) = T () 55) = Ty O @ 55) = T (m)
=5 (T (my), e;-*> (3.2)
= 20 R N (2]) =T (y]), ef)
where

Jj=1

k;
mi = N2y =D N0 ,);
j=1
with ny = maxk;(1 < i < n) and the terms between k; and ny are zero. Now, Let « be

a tensor norm defined on two Banach spaces, by [30, Theorem 3.1], there is a Lipschitz
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cross-norm o which is defined on Lipschitz tensor product X X E by

l l

a"(u) = () Sap g B k) = ) Sapu) ® sk)- (3.3)

k=1 k=1

where u = Y%, 0app0) @ sk € F (X) ® E. So, we have

L _ .
at () = inf {lmallge o 1€l )} -

Lemma 3.7. /8] When X is a finite metric space and E a Banach space then the spaces
L *k L sk . . . . . . .
IL(X, E)** and IL;(X, E**) are isometrically isomorphic. Moreover if E is a reflexive then

the spaces I1L(X, E)* and II}(X, E) are isometrically isomorphic.

Definition 3.8. [30/. Let 1 < p < oo. A Lipschitz operator T : X — E is said to be strictly
Lipschitz p-summing if there exists a positive constant C' such that for every xp,yr € X and

sy € E* (1 <k <) we have

I
D AT (@) = T (ya)  s3) | < Oy (u), (3.4)
k=1

where u = Y k| Oapa) X 55 We denote by 155 (X, E) the Banach space of all strictly

Lipschitz p-summing operators from X into E which its norm w57 (T') is the smallest constant

P
C' wverifying (3.4).

If we consider linear operators defined on Banach spaces, Khalil Saadi has shown in [30,
Proposition 3.8] that the notions of p-summing, Lipschitz p-summing and strictly Lipschitz

p-summing are coincide. The following characterization is the main result of this section.

Theorem 3.9. Let 1 < p < oo. Let X be a pointed metric space and E be a Banach space.
Let T : X — E be a Lipschitz operator. The following properties are equivalent.

1) T is strictly Lipschitz p-summing.

2) T is p-summing.

3) There ezists a constant C' > 0 and a Radon probability pn on Bx# such that for all
(7)1, (¥)j—y € X and (M)}, CK; (n € N*), we have

sO(/B

p

SN (F ()~ £ ()] (). (3.5)

j=1

D (7 () - T ()
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4) There is a constant C > 0 such that for every ( )Z . (yl)n1 n X

and ()\j) C K; (1 <j <mng) and ny,ns € N*, we have

Z ZAJ xl) = T(y))) ZAJ Fll))

=1 =

p

)P

3=
—~
w
D
~—

p
)%<C sup Z

fex# 44

Proof. (1) = (2) : Theorem 3.5 in [30].
(2) = (3) : We apply Pietsch Domination Theorem for p-summing linear operators [13,

Theorem 2.12], there is a Radon probability g on By# such that for any m € F (X) we have

[T <] 1rmranm:.

X#

Now, let (27)7_;, (7);_, € X and (M)|_; C K, we put

m=> N6, € F(X),

j=1

gO(/B

SR ) -Tw)| <

(3) = (4) : Let (x )Z . (yl) ™ in X and ()\{)?:11 C K(1 <j <mny), by (3.5) we have for

Then
p

du (f))”

T(Z Ajé(wj,yﬂ'))
j=1

FO N6 )
j=1

thus

.
=
=
=

SN (F () - £ (o))

J=1

every 1 <1 <mny

S (M) =T | <o SN () = £6)]| du(h)?
Therefore,
721)‘5 ( ) (yf)
<OfB S SR N (@) = F ()] dn ()
< supyep, z;-;a S NS () = £ ()]
Finally, we have
Z ZAJ - T(y)) )fl’<0fs€1;p#( DN () = ) )
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(4) = (1) : Let u = 22:1 O(apyn) M sp € X X E*. Let A, the set as defined in (3.1). Let
m=3 0 mi®@ef € Ay(mi =302, )\35( >), by (3.2)
S (T (o) = T ) 51)
- \Z’“ i (M (T (=) -

T (yj)) >‘ (by Holder)
-7

(T (@) = T ()[R (S e
n n P n £ 11P*N =
<C. SqueX#(zi:l1 2]21/\5 (f (fvf) —f (yz))‘ )P (22:11 e P )P
< Cl(ma)ll e 7 xy lI(€]) " (B)
By taking the infimum over all representations of m € A,, we obtain
!
» (T T (yx),sp)| < Cdy(u).
k=1
Then, T is strictly Lipschitz p-summing. O

If we put ny = 1 in the formula (3.6), we obtain exactly the definition of Lipschitz
p-summing operators. Now, let X and Y be two metric spaces, J. D. Farmer and W.
B. Johnson [14] have introduced the general case of Lipschitz p -summing between metric
spaces. Inspired by the definition of strictly Lipschitz p-summing, we give the following

general setting.

Definition 3.10. . Let 1 < p < oo. Let X and Y be two metric spaces. A Lipschitz operator
T : X =Y s said to be M-strictly Lipschitz p-summing, if there exists a positive constant

C such that for every xy,yr € X and g € Y# (1 < k <) we have

l

D gk (T (wx) — gk (T (n)| < Céli (w),

k=1

where u = 22:1 Sopye) Mg € X KYH.

Note that if Y is a Banach space, for every y* € Y* we have Lip (v*) = |ly*|| , then

”(yi)ng*(y#) = ||(y;)] I (Y*)

Therefore, the above definition leads to that of strictly Lipschitz p-summing. As an inter-

esting characterization of M-strictly Lipschitz p-summing operators, we have the following

result.

For the proof of the following proposition, we need the following lemma.
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Lemma 3.11. . Let X be a pointed metric space and E, F be two Banach spaces. Suppose
that E and F' are isometrically isomorphic via the application Q). Let u = 22:1 O,y Sk €
XX FE, then

where w = Y Otapye) X Q (5p) € XK F.

Proof. The identification F (X) ® £ = F (X) ® F holds via the transformation
Zmi ® e; — Zmz ® Q (€).
i=1 i=1

Let m=3" ,m;®e € A,, then > "' m; ® Q (e;) € A,. We have

dy (W) < lmillgereoy 1@ (€0l (p)

< miallipe ey (e
P

l7L (E

by taking the infimum on A,, we find df (w) < df (u) . With the same argument, the inverse

inequality is immediate. [

Proposition 3.12. Let 1 < p < oco. Let X and Y be two metric spaces. The following
properties are equivalent.

1) T : X =Y is M-strictly Lipschitz p-summing.

2) The linearization operator T : F (X) — F (V) is p-summing.

3) The Lipschitz adjoint T# : Y# — X# is Cohen strongly p-summing.

Proof. (1) = (2) : Let (z4),_, € X and (f;):_, € F(Y)". We will show that dy o T is
strictly Lipschitz p-summing. So, there is (gk)zzl C Y# such that f; = Qy (gi) for every
1 <k <. We have

1 l
> Gy oT (k) = dy o T (wi) fi)| = D rwnrom @y (9x))
k=1 k=1

- ng (T (&) — g (T (yr))

< Cd(u) = Cd(w),

where u = 30 0pu) M ar € XRY# and w = Yk, 0appn) B fi € X K F(Y)". Then,

dy o T is strictly Lipschitz p-summing. Now, by the factorization (??) we have

Sy oT =T oy,
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this shows that the linearization of dy o T is T. Then T is p-summing.
(2) = (3) : We have by (1.4)
T# = Q5 o T 0 Qy,
hence, by the ideal property, T# is Cohen strongly p*-summing.
(3) = (1) : Suppose that T# is Cohen strongly p*-summing. Let u = 22:1 Oz X gk €

X XY# then
(it 90 (T (@) = 9 (T (1)

!
- ’Zk’ZI <T# (gk) aé(azk,yk)>‘
< Cgp(Zﬁg:l Gk ® (2, 4,)) (We know thatg, = d;))

!
< Cdp(Zk:I 5(%7%) ® gk)
_ L
= Cdy; (u).
Therefore, T' is M-strictly Lipschitz p-summing. O

The definition of Lipschitz dual of a given operator ideal Z is given in [1] as follows

ILZ’pofdual (X, E) — {T € LZPO (){'7 E) : Tt c I(E*7X#)} .

Corollary 3.13. . Let D, be the linear operator ideal of Cohen strongly p-summing opera-
tors. Then, we have

P (X, ) SE (X, E).

Proof. Let T e IIJ' (X, E), by Theorem 3.9 its linearization T is p*-summing. By
(3.1) and the ideal property, T* is Cohen strongly p-summing, then T € Dﬁipo*d““l (X,FE).
Conversely, let T € D}#o~dul (X E), then T* : E* — X# is Cohen strongly p-summing. We
have

T =QxoT,

then 7' is p*-summing by (1.4) and the result follows by Theorem 3.9 W

3.4 Strictly Lipschitz p-nuclear operators

In this section, we adopt the same procedure of the previous section for defining the strictly
Lipschitz p-nuclear operators. Then, we obtain a nice class that has many interesting prop-

erties with good relations with other classes of Lipschitz mappings where the linearisation

39



operators play the key of all obtained results. Among the results of this section, we obtain
an analog of Pietsch domination theorem and then the same factorization result to Cohen-
Kwapieni which is given for p-nuclear linear operators. Let p € [1,00] and E, F be two

Banach spaces. The definition of tensor norm w, on £ ® F' is given in [12] by

w () = inf { [} 20) oo i 130

l;”;“’(F)} ’
where the infimum is taken over all representations of u of the form u = Z?:l iRy, € EQF.
Then by [12, Lemma 2.5.1], we have the following identification

N, (E,F) = (E®,,F*)". (3.7)

Next, we will give an analog approach for the class of strictly Lipschitz p-nuclear operators.
Let X be a pointed metric space and £ be a Banach space.

Let u=Y}_; Oapan) X 55 € X K E* and A, be the set as in (3.1). We consider

wa(

u) = inf {H(mz‘)iuzg’w(f()()) I(e7) l;j;’““(E*)}'

meAy

The following Proposition shows that waL is nothing else than the corresponding Lipschitz

cross-norm to the tensor norm w,,.

Proposition 3.14. . Let X be a pointed metric space and E be a Banach space. For every

u € XX FE we have

where wﬁ is the Lipschitz cross-norm corresponding to the tensor norm w,.

Proof. Let u = 22:1 Oz M sp € X W E, we have

wst (u) = infmea, {110ma) e (o 1D ey }

l
= wp(Dp—1 O(aran) © Sk)

=wl (u).

It is not difficult to prove the following results.
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Proposition 3.15. Let X be a pointed metric space and E be a Banach space.
(1) For every u € X X E we have wy* (u) < df (u) .

(2) If p =1, we have wy (u) = dF (u).

Now, we give the following definition of strictly Lipschitz p-nuclear operators for which

we use the Lipschitz cross-norms.

Definition 3.16. . Let 1 < p < oo. The Lipschitz operator T' : X — E s strictly Lipschitz

p-nuclear if for every xp,yr € X and sy € E* (1 <k <) we have

l
ST () = T () 53) | < Cush(u), (3.8)
k=1

where u =Yk 8wy X .

The class of all strictly Lipschitz p-nuclear operators from X into F is denoted by
NPE (X, E), which is a Banach space with the norm N*(T) which is the smallest con-
stant C' such that the inequality (3.8) holds.

As an immediate consequence of the Proposition 3.15, the following assertions can be

checked easily.

Proposition 3.17. Let X be a pointed metric space and E be a Banach space.

(1) For every 1 < p < oo we have
SL SL
./\/p (X,B) CIL™ (X, E).

(2) If p=1, then
NPH(X,B) =TIT" (X, E).

In the following result, we connect between a Lipschitz operator and its linearization for
the concept of p-nuclear. So, this connection helps in considering the space of these operators

as a Lipschitz ideal generated by the composition method from the linear ideal N,

Theorem 3.18. Let 1 < p < oco. Let X be a pointed metric space and E be a Banach space.
Let T : X — E be a Lipschitz operator. The following properties are equivalent.
1) T is strictly Lipschitz p-nuclear.

2) The linearization operator T is p-nuclear.

41



On the other hand
/\/;,SL (X, E) =N, (F(X),E) holds isometrically.

Proof. Suppose that T is p-nuclear. Let x4,y in X and ef € E*(1 <k <), we put u =
22:1 O(apye) X 57 Let A, the set as defined in (3.1). For every m € A,, by (3.2) we have

l ni

ST ) =T () st = D (T i) e )

i=1

—_

Now, let us prove that T is strictly Lipschitz p-nuclear. Let m = Y "', m; ® ef € A,, by (?7)
we have

d AT T (yr), 57

k=1

> (T m).ei)
< Ny (T) 1)l e €D e

(B

By taking the infimum over all representations of m € A,, we obtain

< 8 (F) (3 oy @ 50

k=

< N (T) st (w).

l

D AT (@) = T (y) 57

k=1

[y

Then, T is strictly Lipschitz p-nuclear and
NSE(T) < N, (f) .
Conversely, let m; € F (X) and ef € E* (1 <i <ny). Then
S (T (mo) e )
= SUP(),eBm doim & <f (m;) a€f>
= SUP(¢,),eB,n, ‘Z:L:ll i <Z?21 N (T (= ) T (yl)) ) z>
= SUP(g),eB,m, ‘<Z7:11 Zj:l (xz) ( z) gl >

< Sup(&)ieBlg NEL (T) wi (u),

p

where

ny n2

u = 0 @)\j&
2.2 et
i=1j

ni no
i=1  j=1
=1
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Therefore,

IA

sup N (T) [ (€mi) s
i=1 (gl)leBlg&

< NZE(T) [l

x) D lim -y
x Dl

(E*)
Then T is p-nuclear and
N, (f) < N5L(T).
O

The Pietsch domination theorem is one of the interesting characterizations which is verified
by the class of strictly Lipschitz p-nuclear. It can be proved by means of the linearization
operators. Consequently, there is an equivalent definition in which we use only fundamental

inequalities.

Theorem 3.19. Let X be a pointed metric space and E be a Banach space. LetT : X — FE
be a Lipschitz operator. The following properties are equivalent.

1) T is strictly Lipschitz p-nuclear.

2) There exist a constant C' > 0, a Radon probability 1 on Bx# and n € Bg« such that for
every (27)°_y, (y7);_y C X, (W)_; CK and e* € E*, we have

n n p
<Z>\j (T (27) =T (v")) ,e*> < C(/B DN E) = F@))] du ()P el o
j=1 x# | j=1
(3.9)
3) For any (x )Z 1,(yl)n C Xj, ()\5)21 CK, (G =1,..,n) and any (e}) ., C E*, we
have
P
Z <Z>\‘7 T(y))), z> <C sup ZZAJ W))| )7 llCe i
=1 7=1 fGBX# =1 | j=1
(3.10)
In this case, we have
NYE(T) = inf{C: verifying (3.9)}
= inf{C: wverifying (3.10)} .
Proof. (1) = (2) : Let (2/)7_,, (')}_, C X, (N);_, C K and ¢* € E*. We put
m = Z)‘jé(ﬂﬁjvyj%
j=1
L]

43



By the previous theorem, the linearization operator T is p-nuclear. Then, by [21, Propo-

sition 2|, there exist a Radon probability i on Byx# and n € Bg« such that

(S ¥ <T<wﬂ')—T<yj>>,e*> = (T (m).e)

< ([, 1F )P (D)7 ey, .
p #(ijl < )= £ @ A () 1l
(2) = (3) : Let (x )1 . (yf)?:ll C X, ()\]) CK(1<j<ny) andej,...e; € E*

By (3.10) we have for every 1 <i < mny4

<Zw )= T() e > <0</BX#

So, we have

ik <Z§‘21AZ (T () —T(yi')),e;‘)
<O (fp, [N (f@ ')—f(yf)
< CO(f5, SE S0 N (@) = FOD)| din (D)7 (fy, S e () dy (7))
< 0supfeBx#<z?;1 SN (S () - (yf)) CH]
(3) = (1) : Let a4,yx in X and ¢f € E*(1 <k <1), we put u = Y k_; 0wy X 55 Let
m=>" m;®ef €A, By (3.0)

D AT (@) = T (y) , s7)

p

1 *
dp ()7 €3]l

ZAJ fh)

7j=1

p

dp ()% el . by Holder

ny,w .
(B

S (St -0 )

k=1 =1 =
p
< C sup (Z ZAz (f (22) = £ @D)] )7 el ey
FeBx# i=1 |j=1 !
< Cllmallym» oy 1D iy

By taking the infimum over all representations of m € A,, we obtain

ST (@) — T (o) , 1)

k=1

< waL (u).

Then, T is strictly Lipschitz p-nuclear.
In the following proposition, we give new examples of strictly Lipschitz p-nuclear opera-

tors.

Proposition 3.20. Let 1 < p < o0. Let X be a pointed metric space, E and F be Banach
spaces. Letv € L(E,F) and T € Lipy (X, FE).
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(1) If T is strictly Lipschitz p-nuclear, then v o T is strictly Lipschitz p-nuclear. We have
NJEw o T) < ol NJH(T).

(2) If Le Y (X, E) and v € D, (E, F), then v o L is strictly Lipschitz p-nuclear and
NEH(wo L) < d, (v) 75" (L)

Theorem 3.21. Let X be a pointed metric space and E be a Banach space. LetT : X — E
be a Lipschitz operator. The following properties are equivalent.

1) T is strictly Lipschitz p -nuclear.

2) There exist a Banach space G, a strictly Lipschitz p-summing operator R : X — G and a
Cohen strongly p-summing linear operator S : G — E such that T'= S o R.

Proof. The second implication is immediate by Proposition 3.20. For the first, let T" be a

strictly Lipschitz p-nuclear operator. Since T is p-nuclear, it factors as follows

T: F(X) — E
L\, S
G
where L is p-summing and .S is Cohen strongly p-summing linear operators. Consequently,

T admits the following factorization

T X = FE

ox | T8
FIX) L G

On the other hand, T'= S o R where R = L o dx. So, as R = L which is p-summing, the
mapping R is strictly Lipschitz p-summing by Theorem 3.9. O

According to the last results and by applying [30, Corollary 3.2], we can identify the space
of strictly Lipschitz p-nuclear operators with the dual of the space X X E endowing with the

norm wy”. This identification views as a Lipschitz analog of (3.2).

Definition 3.22. [18] Let X be a pointed metric space and E a Banach space. The mapping
f € Lipo(X, E) is said to be Lipschitz compact (Lipschitz weakly compact) if its Lipschitz

image is relatively compact (respectively, relatively, weakly compact) in E.
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Corollary 3.23. . Let X be a pointed metric space and E be a Banach space. Then
NFE (X E) = (XB,s0E*)" = (F (X) @, B7)".

Now, we survey some relations between certain classes of Lipschitz operators basing on
linear results and by using the linearisation operators. First, in the linear case we know that
a p-nuclear operator is compact whenever its domain or range is reflexive. In [18], there is

an equivalence between a Lipschitz map and its linearisation, so we have the following fact.

Corollary 3.24. Let 1 < p < oo. Let X be a pointed metric space and E be a reflexive

Banach space. Then, every strictly Lipschitz p-nuclear operator is Lipschitz compact.

Definition 3.25. [23] Let be 1 < p < oo and A > 1. A Banach space X is said to be
L,-space if for every finite dimension subspace E' C X included in finite dimension subspace

F C X | there exist an isomorphism u : ' — (3™F verifies || u ||| u™" [|< A.

Definition 3.26. [6/ Let X a pointed metric space and let E a Banach space. A Lip-
schitz operator f € Lipy (X, E) is called a Lipschitz Grothendiek-integral (G-integral for
short) operator if there exists a finite measure space (0,3, 1) a bounded linear operator
A € L(Ly(pn), E**) and Lipschitz operator b € Lipy (X, Leo(pt)) such that the following dia-

gram Commutes

x L B ‘5 pe

B T A
Ioo,l
Loo(p) — — — Li(p)
where kg : E — E** is the canonical isometric embeding, I 1 @ Loo(pt) —> Li(p) is the

formal inclusion operator and Lipgr(f) =inf || A || Lip(B)u(Q).

Corollary 3.27. Let 1 < p < oo. Let X be a pointed metric space and E be a Banach space.
Then

(1) /\/;JSL (X,FE) C Dﬁ (X, E).

(2) NSP (X, E) c TIZ* (X, E) C I} (X, E) .

Next, we have the same linear inclusion and a good relation with Lipschitz G-integral
operators which introduced in [6]. By [6, Proposition 2.4], [12, Theorem 2.5.2] and Theorem

3.11, we have the following inclusion.
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Corollary 3.28. Let 1 < p < oo. Let X be a pointed metric space and E be a Banach
space. Then

Lipocr (X, E) C NPV (X, E) .
If E is an L,-space, we obtain by [12, Theorem 3.3.3] the following coincidence.

Corollary 3.29. Let 1 < p < oo. Let X be a pointed metric space and E is an
L,--space. Then, the class of Lipschitz G-integral operators and the class of strictly Lipschitz

p-nuclear operators are coincide.
As a particular case, every Hilbert space H is an Lo-space, we have
NZE (X, H) = Lipoar (X, H).

Corollary 3.30. Let X, E be two Banach spaces and N, the linear operator ideal of p-nuclear

operators. Then we have,
Lipo—dual o SL
/\/ppo (X,E)—./\fp* (X, E).

Proof. Let T € ./\fpS*L (X, E), then by Theorem 3.19, its linearisation T is p*-nuclear. By the

ideal property and (3.1), T* is p-nuclear, then
SL Lipo—dual
N2 (X, E) C NP (X, E).
Let T € Np“pofd“al (X, E), then T* : E* — X# is p-nuclear, then
Tt = V1 © Vg

where v; is Cohen strongly p-summing and vy is p-summing. Therefore, Q)_(l oT* = V1 O Vg,
and then

T*:QXOU1OU2,

which is p-nuclear by the ideal property. So, T is p*-nuclear by [12, Theorem 2.2.4]. Finally,
T is strictly Lipschitz p*-nuclear. ]
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Chapter 4

Strictly Lipschitz (p,r, s)-summing

operators
The results obtained in this chapter have been submitted in [4]. In this chapter we contribute
to the theory of Lipschitz (p,r, s)-summing operators by studying the class of strictly Lips-

chitz (p,r, s)-summing operators, some properties and factorization results are obtained for

these classes.
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4.1 Introduction and Preliminaries

In the same circle of ideas, we study the strong version of Lipschitz (p, r, s)-summing linear
operators. The linear class has been stated by Lapreste in [22] and generalized to Lipschitz
case by Chévez-Dominguez [8]. The results of this section are analogous of the setting of
strictly Lipschitz p-nuclear operators.

Next, we will naturally define the class of strictly Lipschitz (p,r, s)-summing. In analogy
with the definition of strictly Lipschitz p-nuclear, some interesting results are obtained for
the class of strictly Lipschitz (p,r, s)-summing.

Now, we recall the following definition as stated in [22].

- The linear operator R is (p,r, s)-summing if there exists a constant C' > 0 such that, for

any ri,...,r, € X, and any yj, ...,y € F, we have

IR (i), i Dl < C @)l iy 1) e (4.1)

The class of (p, r, s)-summing linear operators from E into F, which is denoted by II,, . s(E, F),
is a Banach space for the norm m,, ;(R), i.e., the smallest constant C' such that the inequality
(4.1) holds. We have by [22]: R is (p,r, s)-summing if and only if, R = R; o Ry where R;
is Cohen strongly s*-summing and R, is r-summing. In a particular case when p = 1 and
%—l—%:l,wehave

N.(E,F)=1,,(E, F).

Definition 4.1. For a molecule m € M(X, E),

p

tp.rs (u) = inf {H()\j)j erip((kj_l’ )\j_l’l'j,ﬁg-)j) tm = Z Vimg,o A, kj > O}
J

Recall that for 0 < 8 < 1, a non-negative positively homogenous functional p defined on
a vector space U is called a B-seminorm if (u; + u)? < p(ur)? + p(ug)? for all uy,uy € U.
In addition, if pu vaniscges only at 0, it is called a S-norm. Suppose % = %%— % +% > 1, then

tpr,s 1S S-norm.

Definition 4.2. Let X be a pointed metric space and E be Banach space. LetT : X — E
be a Lipschitz map. T is Lipschitz (p,r, s)-summing if there is a constant C > 0 such that
for any n € N*, (z;),, (v:); in X; (), in Y* and (N\;),, (k;),

K3 1

in RY (1 <i<n), we have

IN AT () = T (i), €))ilyy < Crop™ (N i wi),) Il (i) (4.2)

1 (B*) 0
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where wkP (()\,-k:i_l, Xy, ei);;) 1s the weak Lipschitz p-norm defined by

1

sz (()‘vauyz)z 1) = Sup Z’)‘ ( l))| )7

f€Bx% '

- H (Aia(ftivyi)) HZZ}’“’(]-‘(X)) :

We denote by IT1Z (X, E) the Banach space of all Lipschitz (p, r, s)-summing operators with

(
D,T,S
the norm 7l (T) which is the smallest constant C' such that the inequality (4.2) holds.

p,r,s

Theorem 4.3. ([8, Theorem 5.2]) Suppose % +2+1=1andletT € Lips(X,E*), C > 0.
The following are equivalent:
(a) (T,m)| < Cuprs(m) for allm e M(X, E).

(b) There exists reqular Borel probability measures p and v on the unit balls Bx#, Bp+

(f } |<v*<v>\8dv<v*>)‘1 .

(c) There ezists a Banach space Z, a Lipschitz r-summing operator R : X — Z*and a

with weakx-topology such that for all x,2' € X andv € F,

S =

(T (z) =T(2"),v)| <C (/B (1f(z) - f(m/)l)’"du(f)>

linear s-summing operator S : E — Z such that 7% (R) .7, (S) < C and
(T'(x),v) = (R(z),S(v)) forallz € X,v € E;

and

that is the following diagram commutes

4.2 Strictly Lipschitz (p,r, s)-summing operators

In this subsection, we give a new definition of Strictly Lipschitz (p,r,s)-summing operators,
giving in the end some characterizations of these operators and presenting also some remarks

concerning this class.
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Definition 4.4. Let 0 < p,r,s < oo such that % < % + % Let X be a pointed metric space
and E be a Banach space. The Lipschitz operator T : X — E is strictly Lipschitz (p,r,s)-
summing if there is a constant C' > 0 such that for any n € N*, (xf)?:ll , (yf):il C X,
(/\‘Z)?:ll CK(@=1,..,n3) and any €3, ...,e;, € E*, we have

<ZM T(yl)),e > )p<C osup (Y

feBx# i=1
The class of all strictly Lipschitz (p,r, s)-summing operators from X into E is denoted by

r

SN = £ el

j=1

p

zl

(4.3)

5L (X, E), which is a Banach space with the norm 75L (T) which is the smallest constant

p,T,S p,T,S

C' such that the inequality (4.3) holds.

Remark 4.5. (1) If we put ny = 1 and X\ = 1, we obtain

(oI T~ T I <€ s (32107 )~ £ G el

feBys
1.e.,
SL L
Hp?"s (X E) C Hprs (X7 E) *

(2) If p=1, r and s verify - 14 % =1, the definition coincides with the definition of strictly
Lipschitz r-nuclear. i.e, 1YL (X, E) = N3 (X, E)

1,7,s

The following theorem characterizes the strictly Lipschitz (p,r, s)-summing operators by

their adjoints (p, r, s)-summing operators.

Theorem 4.6. Suppose that % = %+ % Let X be a pointed metric space and E be a Banach
space. Let T : X — E be a Lipschitz operator. The following properties are equivalent.

1) T is strictly Lipschitz (p,r, s)-summing.

2) T is (p,r, 8)-summing.

In this case we have T, (f) ook (T).

p,T,8
Proof. (1) = (2) : Let T be a strictly Lipschitz (p,r, s)-summing operator. Let m; € F (X)
of the form m; = 372, A{fé(xj’yj) and ej, ...,e;, € E*. Then

S [(Tmy e = & <ZA’ —Tw) f> ?
< ﬂifs sup Z!f mz % )”z?lw
< 7L (T >H<mz>ulw<f NGl
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Then, T is (p, 7, s)-summing and we have

A

Tprs <T> <t (T).

(2) = (1) : Let (xf)j:ll , (yf)ml € X, ()\i):;ll CK(j=1,....,n2) and any €j,....e € E*

i= <o Oy

03 <2 N (1) - T() > )
= (2 (T (ma) e )[)

< s (T) 1ma)llgron e 1) e
—~ ni n2

< e (T) subper (0 ‘ () = 1)

r
1

)7l (e)

njw ,
‘ It

=1 |j=

Then, T is strictly Lipschitz (p, 7, s)-summing and we have

A

Wﬁﬁs (T) < pors (T) :
[l

The following theorem gives an integral characterization of the strictly Lipschitz (p,r, s)-
summing operators. The proof is an adaptation of the one in the last section, for this we

will omit it.

Theorem 4.7. Suppose that % =14 % Let X be a pointed metric space and E be a Banach

space. Let T : X — E be a Lipschitz operator. The following properties are equivalent.
1) T is strictly Lipschitz (p,r, s)-summing.
2) There exist a constant C' > 0 and a Radon probability ;v on Bx# and n on € Bgs« such

that for all 27, y3 € X, N € K(1 < j <n)and e* € E*, we have

(v -ro.) e

Corollary 4.8. Let p € [0,00] and r,s > 1. Suppose that Il) = %—I— % Let X be a pointed

r

Zn:” (f (@) = £ ()] dn(F)" lle]

Jj=1

Ls(n) -

metric space and E be a Banach space. Let T : X — E be a Lipschitz operator. The
following properties are equivalent.

1) T is strictly Lipschitz (p,r, s)-summing.

2) There exists a Banach space G, a strictly Lipschitz s*-summing operator R : X — G and

a Cohen strongly r-summing linear operator S : G — E such that

T=S50oR.
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Let 1 < p,r,s < oo such that 112 + % + % = 1. Let E, F' be two Banach spaces, Lapreste
[22] has defined the norm p,, s as follows

i (1) = 08 {1 g 1l 50 o }

where the infimum is taken over all representations of u = >_" | \je; ® y; € E ® F. For the
Lipschitz case, Chéavez-Dominguez in [8], has defined the corresponding Lipschitz norm g,
(with the same notation of Lapreste) on the space of molecules F (X; E) and shown that
the class II%. | (X, E*) coincides with the dual of (F (X;E*), ). Note that the space

F (X; E) plays the same role of Lipschitz tensor product X X E. Let v = Y | 0z, ) Me; €

X X E*, the norm p,, s is defined as follows

tns () = 0 1Oy 11O 57 80 o ey 120 g

where the infimum is taken over all representations of u in X X E* and \;, k; > 0. Let X be

a pointed metric space and £ be a Banach space. Let u = 22:1 O(apye) M sy € X X E* and

n l
o {m:ZAim@e: €F(X)®E": M=Zé<xk7yk>wz}'
i=1

k=1

We consider

st () = it IOl N0ma) g myy 1D pion ey -

meEAy

In fact, in the Lipschitz definition of the norm i, , s we have just used elements in X X £*

of the form " | 0(4, 4, X e which equals to v and A;, k; > 0, but in the definition of ut

p,?",S7

SL

we have to consider all elements of the set A,. Therefore, the infimum in g7

will in general
be smaller.
The following proposition shows that the Lipschitz norm and the strictly Lipschitz norm

of an element u from X X E are equal.

Proposition 4.9. . Let X be a pointed metric space and E be a Banach space. For every

u € XX FE we have
pt s (u) = pl (),

where pk is the Lipschitz cross-norms corresponding to the Lapreste tensor norm (i, , .
p7r78 p7 K
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Proof. Let u = 22:1 Otapa) X sp € XK E* Let m =" \m; ® ef € A,, we have

Sk () = i, 1O 167l e 1) ey )
l *

= MZM",S(Zkzl 5(zk,yk) ® s3)

= /L]I;,r,s (U) :

Corollary 4.10. Let 1 < p < oco. The following properties are equvalent.
1) The Lipschitz operator T : X — E strictly Lipschitz (p,r, s)-summing.
2) There exists a positive constant C' such that for every xy,yp € X and s; € E* (1 <k <)

we have

(T T (ye) s si)| < Crpyo(w),

k=1

where u =Yk 8(app) X 55
Corollary 4.11. [30] For every pointed metric space X and Banach space E, we have
XK B = F(X)R.E.
holds isometrically.
Then, by this corollary we get the following coincidence result.

Corollary 4.12. Let X be a pointed metric space and E be a Banach space. Then

*

L7 (X, B7) = <X®u§f?,sE*> = (F(X) @, 7).
Proof. pyy (u) = infmeAu{H()‘i)Hl;” [(mi)llimre (7)) Nl (€7)

D*,1,8
e )
= Np,r,S(Zkzl O(ar ) @ sp)
= Ji s (1) -
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Perspectives

In this research, we were able to achieve the following aims as mentioned in the general
introduction which are, first the extension of results about linear ¢-summing operators to
Lipschitz ¢—summing operators, second the extension of Lipschitz p-summing operators

(1 < p < o0) to Lipschitz Strictly p-summing operators and to Lipschitz p-nuclear op-
erators and Lipschitz M-Strictly p-summing operators. Third, the extension of Lipschitz
(p,r,s)-summing to Strictly Lipschitz (p,r,s)-summing operators. During our study and re-
search, we have met a number of questions that are worth mentioning here, in the form open
problems similar to those raised by the authors J.D.Farmer and W.B.johnson in their paper
[14], especially problem 6.

We expose in the following several special cases of these problems:

Problem 1 Is there a composition formula for Lipschitz ¢-summing operators?

Problem 2 We have in the linear case [[,(X;Y) = [[,(X;Y). Is it true that Hi(X; Y)=
[[(X;Y)?0<p<1

Problem 3 Is there a Pietsch factorization theorem for the class Hé(X Y)?

Problem 4 Is there a composition formula for strictly Lipschitz p-nuclear operators?
Problem 5 Is there a composition formula for M-strictly Lipschitz p-summing operators?
Problem 6 Is there a Pietsch factorization theorem for the space H(I;ms) (X;E)?

Problem 7 In the linear case R. Khalil and W. Deeb in [20] have shown that [, (E, E) =
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Hp(E, E) for 0 < p < 1 and F is a Banach space with the metric approximation property,
- L L
is it true that [[;(F, E) =[], (£, £)?

96



Bibliography

[1]

D. AcHOUR, P. RUEDA, E. A. SANCHEZ-PEREZ AND R. YAHI, Lipschitz operator

ideals and the approzimation property, J. Math. Anal. Appl. 436 (2016), no. 1, 217-236.

R. F. ARENS AND J. EELLS JR., On embedding uniform and topological spaces, Pacific

J. Math. 6 (1956) 397-403.

M. BELAALA, Lipschitz ¢-summing operators. Analele Universitatatii Oradea Fasc.

Matematica, Tom XXIV (2017), Issue No. 2, 175-180.

M. BELAALA AND K. SAADI, Further results on strictly Lipschitz -summing operators

(submitted).

G. Botelho, D. Pellegrino and P. Rueda, A unified Pietsch domination theorem, J. Math.
Anal. Appl. 365 (2010), no. 1, 269-276.

M. G. CABRERA-PADILLA AND A. JIMENEZ—VARGAS, Lipschitz Grothendieck-integral

operators, Banach J. Math. Anal. 9 (2015), no. 4, 34-57.

M. G. CABRERA-PADILLA, J. A. CHAVEZ-DOMINGUEZ, A. JIMENEZ-VARGAS AND
M. VILLEGAS-VALLECILLOS, Lipschitz tensor product, Khayyam J. Math. 1 (2015),
no. 2, 185-218.

J. A. CHAVEZ DOMINGUEZ, Duality for Lipschitz p-summing operators, Journal of

functional Analysis. 261(2) (2011), 387-407.

D. CHEN, B. ZHENG, Lipschitz p-integral operators and Lipschitz p-nuclear operators,

Nonlinear Anal. 75 (2012) 5270-5282.

S. CHEVET, Sur certains produits tensoriels topologiques d’espaces de Banach, Z.

Wahrscheinlichkeitstheorie verw. Geb. 11, (1969) 120-138.

o7



[11]

[12]

[13]

[14]

[15]

[19]

[20]

[21]

22]

[23]

S. CoBzaAs, Adjoints of Lipschitz mappings, Studia Univ. Babes-Bolyai, Mathematica,
(2003), 49-54.

J. S. COHEN, Absolutely p-summing, p-nuclear operators and their conjugates, Math.

Ann. 201 (1973) 177-200.

J. DIESTEL, H. JARCHOW AND A. TONGE, Absolutely summing operators, Cambridge

University Press, 1995.

J. D. FARMER AND W. B. JOHNSON, Lipschitz p-summing Operators, Proc. Amer.

Math. Soc. 137, no.9, (2009) 2989-2995.

J. FLOOD,, Free Topological Vector Spaces, Dissertationes Math. (Rozprawy Mat.) 221,
1984.

G. GODEFROY AND N. J. KALTON, Lipschitz-free Banach spaces, Studia Mathematica

159 (1) (2003) 121-141.

A. GROTHENDIECK, Résumé de la théorie métrique des produits tensoriels topologiques,

Bol. Soc. Mat. Sao Paulo, 20, no. 8, (1953), 1-79.

A. JIMENEZ-VARGAS, J. M. SEPULCRE, AND MOISES VILLEGAS-VALLECILLOS, Lip-

schitz compact operators, J. Math. Anal. Appl. 415 (2014), no. 2, 889-901.

N. J. KALTON, Spaces of Lipschitz and Holder functions and their applications, Collect.
Math. 55 (2004), 171-217.

R. KHALIL AND W. DEEB, ¢-summing operators in Banach spaces, J. Math. Anal.

Appl. 127 (1987), 577-584.

S. KWAPIEN, On operators factorizable through L, space, Mémoires de la S.M.F, 31-32
(1972), 215-225.

J. T. LAPRESTE, Opérateurs sommants et factorisations a travers les espaces Lp, Stu-

dia Math. 57 (1) (1976) 47-83.

J. LINDENSTRAUSS AND A. PELCZYNSKI, Absolutely summing operators in L,-spaces

and their applications, Studia Math. 29, (1968), 275-326.

o8



[24]

[25]

[20]

[27]

28]

[29]

D. PELLEGRINO AND J. SANTOS, A general Pietsch domination theorem, J. Math.

Anal. Appl. 375 (2011), no. 1, 371-374.

V.G. PESTOV, Free Banach spaces and representation of topological groups, Funct.

Anal. Appl. 20 (1986) 70-72.

A. PIETSCH, Absolute p-summierende Abbildungen in normierten Raumen, Studia

Math. 28, (1967), 333-353.
A. PIETSCH, Operator Ideals, North-Holland, Amsterdam, 1980.

B. ROSENBERGER, F-normideale von Operatoren in normierten R/Iumen, Gesellsch.

Math. Datenverarbeitung, Bonn, (1971).

K. SAADI, Some properties of Lipschitz strongly p-summing operators, J. Math. Anal.
Appl. 423 (2015), no. 2, 1410-1426.

K. SAADI, On the composition ideals of Lipschitz mappings, Banach J. Math. Anal. 11
(2017) 825-840.

M. A. S. SALEH, New types of Lipschitz summing maps between metric spaces, Math.

Nachr. 290 (2017) 1347-1373.

P. SAPHAR, Applications a puissance nucléaire et applications de Hilbert-Schmidt dans
les espaces de Banach, Annales scientifiques de L'E.N.S. 3¢ série, tome 83, 2 (1966)
113-151.

[. SAWASHIMA, Methods of Lipschitz duals, Lecture Notes Ec. Math Sust, 419, Springer
Verlag (1975) 247-259.

N. TITA (9, ¢ )-absolutely summing operators, Revista de la Real Academia de Ciencias

Exactas Fsicas y Naturales 74 (1980), no. 5, 989-995.

N. WEAVER, Lipschitz Algebras, World Scientific, Singapore, New Jersey, London,
Hong Kong, 1999.

99



	page de garde  maatougui  SOUTENANCE



