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Introduction

It has been a century since the appearance of the Schrodinger equation.
It has caused a very great scientific revolution, as it is considered the first
bridge that gradually transports us from the macroscopic scale to the micro-
scopic scale. The first signs of her success were clearly evident in her re-
markable success in studying the spectrum of the hydrogen atom, which sur-
passed Bohr’s atomic model. The exact solutions of the Schrodinger equation
contain all the necessary information for a quantum system. The reason for
this is that the eigenfunctions connected to these problems include highly rel-
evant details about the quantum systems. In modern natural science, which
includes cosmology, atomic physics, molecular science, materials science, and
other fields, quantum mechanics is an essential research tool. The Schrédinger
equation is the foundational concept known as quantum mechanics [1]. The
Schrodinger equation is defined as a linear differential equation of second or-
der. Researchers currently use several methods to obtain exact or approximate
solutions to the Schrodinger equation such as the asymptotic iteration method
(AIM), exact-quantization rules, the Nikiforov—Uvarov method, supersymmetric
quantum mechanics, Wentzel-Kramers-Brillion Jeffery approximation method,
the Nikiforov— Uvarov-functional analysis method [2, 3, 4, 5, 6, 7, 8, 9, 10] and
so on. Schrodinger’s equation has achieved success in many fields such as parti-
cles, light mesons, atomic and nuclear physics, in addition to various problems
in chemistry. It is known to researchers and specialists in physics that quantum
mechanics, known in the literature, is based on the following postulates [11, 12]:

{ (i, pj] = hdj,
[zi, 2] = [pi, pj] = 0.

Quantum mechanics on noncommutative space was first proposed by Heisenberg
in 1930 [13] and then developed by Snyder in late 1947 [14]. The proposal
of extended quantum mechanics came as a possible solution to many physical
problems that non-relativistic and relativistic quantum mechanics were unable
to find solutions to the divergence problem in the standard model, string theory
and quantum gravity [15, 16, 17, 18].

We will reserve this study to obtain a master’s degree in theoretical physics
from Mohammed Boudiaf University in M’sila to study the inversely quadratic
Yukawa and inversely quadratic Hellmann potential in the context of nonrel-
ativistic noncommutative quantum mechanics symmetries for the promotion
2024-2025 because noncommutative quantum mechanics includes larger physi-
cal symmetries than the quantum mechanics known in the literature.

This master memory is organized as follows. In chapter one, the noncom-
mutative quantum mechanics is represented. In chapter two, the Schrodinger
equation is revised under the inversely quadratic Yukawa and inversely quadratic
Hellmann potential. In chapter three, we study the effect of phase-space non-
commutativity deformation on the inversely quadratic Yukawa and inversely
quadratic Hellmann potential.



Chapter 1

The noncommutative
phase-space formalism

1.1 Introduction

This chapter will cover the postulates and hypotheses that define the quantum
and physical structures of the noncommutative (phase-space/ phase-phase and
space-space) and its physical structures. The fundamental ideas that will be
covered are as follows:

-A standard quantum structure representation,

-The postulates of the noncommutative (phase-space/ phase-phase and space-
space),

-The Star product and its characteristics,

1.2 Review of structure of ordinary quantum

mechanics

The beginning of the nineteenth century witnessed a radical in the traditional
view of light. The prevailing belief was that light had only wave behavior. The
wave nature of light was well established among scientists of that period and
those before it, and they demonstrated this through well-known interference
and diffraction experiments. The fundamental change in knowledge of other
behavior of light began convincingly through experiments on the photoelectric
effect. In 1900, Planck quantifies the energy of light:

E,=hv

which consider the beginning of quantum physics, here h ~ 6,6262.1073* js.
Currently, ordinary quantum mechanics is formulated on the commutative space
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of the coordinates of variable and the canonical moment of hermetic operators
(z4,p;), as follows [19, 20]:

[.Ti,pj] = zhéij
[xi,xj] =0 (11)
[pispj] =0

Here, i is the reduced Plank constant h , and the usual Kronecker symbol §;;

is:
s [ 1ifi=j
0T 0ifi#
The above algebra (in Eq. (1.1)) can be generalized to the Dirac and interaction
pictures as follows:

(1) =0 (1.2)
0

where the usual canonical coordinates (x;, p;) and the corresponding time-dependent
x; (t) and p;(t) are determined from the projection relations:

zd (t) = exp (£ H(t—to))m exp (—+H (t — to))
pi (8) = exp (. H (¢ — to)) pi exp (—3 H (t ~ to)) (1.3)
zl (t) = exp E +Ho (t — to)) § exp (— Ho (t—to))
pl(t) =exp (+Ho (t — to)) p exp (— HO (t—to))
The two indices (s, d,I) reprebent the Shrodinger, Dirac and joint interaction

representations, ({z; (t)},{p: ®)}), {z¢ @)}, {p? (®)}), ({=! ()}, {p! (t)}) and
H/Hj are (total/free) Hermltlan operators on a Hilbert space of physical states,
which, each, satisfy the Heisenberg equation of motions. We get the following:

dwtl =7 [H’ xl(t)]
{%—iw%w (14

Both related concepts relating to energy E and impulsion p; are satisfied by the
quantization procedure:

/;, ol (1.5)

pl_)iaml

It is well known that the classical energy E of a particle of mass mg subjected
to the external forces produced by a potential V(7,t), in a classical mechanic is
given by:

—2

E=L_ 41V (1.6)

2m0

The quantization process in Equation (1.5) made it possible to derive the Shrodinger
equation, which is well-known in the literature’s framework for quantum me-
chanics:
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: 7
<;A+V(F, t)) 0 (7 1) = mw (1.7)

Here A is the well known Laplacian operator in spherical coordinates 7 (7,6, ¢)
as follows:

10 0 1 0 0 1 0?
A= ——(rP= —— — | sinf— —_— 1.8
r2 or <T 87") +7‘sin930 (sm 80) +r251n98<p2 (18)
which can be expressed in Cartesian coordinates 7 (z,y, 2) as follows:

0? 0? 0?
A=+ 4 — 1.9
Oz + Oy? * 072 (1.9)
while ¢ (7°,t) denoting the complex wave function. The probability of finding
the particle at time ¢ in an elementary volumes (d3r, d3p), rounding the point
(r,p) as follows:
[y (7, t)|2 d®r : In the configuration space
ap={ WD 4 (1.10)
| (D', t)|” d*p : In the momentum space

where (d3r, d3p) equals (r2 sin 0dfdpdr, p? sin 9d9d<pdp), respectively.
1.3 Noncommutative (phase-space/ phase-phase

and space-space):

One of the most essential aspects of quantum physics is dealing with non-
commuting operators, specifically the commutation relations between positions
x; and corresponding momenta p;. Noncommutative quantum mechanics (NCQM)
symmetries is a concept that implies that operators do not commute; for ex-
ample, consider a situation in which the coordinates and moment operators
are noncommutative. During 1930, a hot topic was how to solve the infin-
ity problem in the newly found quantum field theory (QFT). Heisenberg was
the first to propose that noncommutativity be extended to coordinate systems.
Then, the concept of NCQM was extended to generalize the usual conception
of space-time, in which the noncommutativity of some normally commuta-
tive variables is assumed, leading to the formation of different Lie algebras.
Connes in 1980 revived the ideas of noncommutative geometry while Woronow-
icz and Drinfel’d, were generalized the notion of a differential structure to
the noncommutative setting [21, 22, 23, 24]. The simplest commutation rela-
tion that described the noncommutativity idea satisfying the following algebra
[25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]:

{ (23 (1) 53 (8)] = [83385] = thes 61 (1.11)
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where (Hij, 9”-) = — (0]-2-, 9;‘1') = € (9, @) are constants anti-symmetric tensors
of dimensions [z]* and [p]?, ((6,0) are the non-commutative parameters and
€;; is just an antisymmetric number (e;; = —e€;; = 1 with ¢ # j and €;; = 0) and
hepy = h <1 + %) is the effective constant of Planck. The noncommutative

coordinates (&;,p;) take the form:

{ pi — i = f (zi, pi) (1.12)

In this work, we interred by the phase-phase has three dimensions N = 3,
therefore the indices take the values (7,5 = 1,3). In this particular case, the
rules of canonical commutations become:

[AlaﬁZ] =0
[AlvﬁB] =0
[Z2,p3] =0
(&1, &2] = i012 (1.13)
[£1, %3] = 1013
(T2, 23] = 023
and
[Z1,P1] = ihesy
(T2, 2] = ihesy
[£3,P3] = ihesy
A = 1.14
[P1,P2] = 19_12 ( )
[P1,P3] = ibh3
[P2, P3] = 1023

1.4 Weyl’s quantization:

The fundamentals of quantum physics inspired many of the broad principles be-
hind noncommutative geometry. Weyl proposed an elegant formulation for map-
ping quantum operators to classical functions of phase-space variables within
the framework of canonical quantification. This method establishes a system-
atic approach to modeling noncommutative spaces in general and examining
ancient ideas based on them [38]. Weyl quantization is a technique for describ-
ing quantum physics using classical mechanics’ phase space. It is a rule that
allows a quantum operator to be associated with a classical function that is
dependent on phase space variables. The Weyl quantification also applies to
commutative relations in a general form. Consider a f (z,p) and g (x,p) a gen-
eral two functions, their product in the notion of noncommutative phase-space
can be expressed as a new product called the star product or the Weyl-Moyal
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star product defined on phase space,

f(z,p) xg(z,p) =

Z mn a a
3. Zmn O dg (map) 2 32
+5>0 gy (027) S5 40 (9 N ) (1.15)

m

The formalism of the star product initiated by Weyl and Wigner to allow a
description of quantum mechanics in terms of phase space, is articulated not
around non-commuting operators, as in the operational approach, but around
the deformation of the product between the phase space variables. We will see
how this formalism can be used in the context of noncommutative quantum
mechanics (NCQM) symmetries. In the symmetries of non-commutative space-
space symmetry, the above equation will reduced to the form:

f(z,p)*g(z,p) =
i mn a 3 fI,"
f(z,p)g(z,p) + 529 g (z,p)

2
o @) L 1 0 (%)

In the symmetries of non-commutative phase-phase symmetry, the above equa-
tion will reduced to the form:

f(z,p) xg(z,p) =

) amn a a 3 —
F@pg )+ 530 5 en M5 0 (7)

1.5 Properties of the star product

The formalism of the star product was initiated by Weyl and Wigner to allow
a description of quantum mechanics in terms of phase space, the properties of
the star product are presented as follows: [39, 40, 41, 42, 43, 44]:

-When (6,6) = (0,0)

Lim  (f(z)*g(z)) = f(z)g(x) (1.16)
(0,8)—(0,0)

-The star product between exponential :

1kx % eld%

e = ethtare=3(kha) with kA ¢ = k'¢70,; (1.17)

-Not commutative property:

f(x,p)*g(z,p) # g(z,p) * f (z,p) (1.18)
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-Associative property:

(f (z,p) * g (x,p)) * h (z,p) = f (z,p) * (9(x,p) * h(z,p)) (1.19)
-The relation of the complex conjugate property:
(f (z,p) * g (2,p)" = g (z,p)" * f (2,p) (1.20)

-The integral relation property:

/quu»:/#%@*ﬂumra/&%ﬂamg@m> (1.21)

-Cyclic permutation property:

/dD:c(f*g*h):/dD(g*f*h):/dDm(g*f*h) (1.22)

-Satisfies the Leibniz’s rule property:

O(fxg) _(Of dg
8xa_<3xa>*g+f*<a$a> (1.23)

1.6 Boop’s shift method

In his study, physicist Fritz Bopp was the first to examine pseudo-differential
operators derived from a symbol using quantization methods:

1,70
AR (1.24)
p—p— gihg
Instead of the usual correspondence (a? —x, p— —%zh%), the operators x —
x+ %zha% and p — p— %zha%are known as Bopp’s shifts, and this quantization
procedure is known as the Bopp quantization procedure. This quantization
leads us to obtain the following:

2
I
8,
|
(]
—~
>
S
3
<
~—

(1.25)

j
3

P=p+)] (677%)
i

To write the Schrodinger equation in the noncommutative phase-space, we follow
these steps:

1- The ordinary three-dimensional Hamiltonian operators H (pi,x;) will be
replace with new Hamiltonian operator H (p;, &;) .

2- The ordinary complex wave function (7) become a new complex wave

function 4 (7).
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3- The ordinary energie E,,; will be replacing with new values EJ%Y.

4- We replace the ordinary product with the star product.

Hence, we get the following Schrédinger equation in the noncommutative
space :

H (/x\l’p) 12) (’F’ t) = E"C’lz (F, t) =4 FI (as,p) * {ﬁ (Fy t) = Enc’lz) (F7 t) (125)

The Bopp’s shifts method allows to reduce the above deformed Shrodinger equa-
tion to the new translated form:

H (Zv\zvﬁ) * &J (Fv t) = Enc{p (7, t) = Enc"/}(F) (1'26>

So the Hamiltonian operator takes the three varieties forms as follows [44, 45,
46, 47, 48, 49, 50]:

3 2 3
~ A ~ 07, 5 ~ 91 1 .
H(Pi»xi)=H<Pi:Pi+Z(2]:5])’ xi:xi—Z(szJD
j=1
For noncommutative phase-space

H (pi, &) = H <ﬁi =Di,  Ti=Ti— 23: (?pj)> (1.27)

Jj=1
For noncommutative space-space

3 _.A .
H (ps, ;) = H (ﬁi =pi+ > (%xj) , Ty =
=1

For noncommutative phase-phase

The first variety corresponds to noncommutative phase-space (NCPS in short)
symmetries which correspond to the new Hamiltonian operator H (ﬁi =p; + %xj, T =x; — %pl)

in Eq. (1.27):

3
A~ 07, .
T — Ey=wp— ) (2]pﬂ>
j=1

3 (1.28)
Pi = Pi=pi+ > (%xg
i=1

The second variety corresponds to noncommutative space-space (NCSS in short)
symmetries which correspond to the new Hamiltonian operator H (f)i =pi,T; = T; — %pj)
in Eq. (1.27):

A 9
Li = Ty = Ti — 5 Pj

{ Pi = Di = Pi (1.29)
The third variety corresponds to noncommutative phase-phase (NCPP in short)
symmetries which correspond to the new Hamiltonian operator H (p; = p; + %xj, T; = mi)

in Eq. (1.27):
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L g
{ Pi = Pi =DPi = 5 Pj (1.30)
Z’j — Ty =X

In our current master memoir, we are interested in applying the following gen-
eral procedure to NCSS symmetries which correspond to the first variety of
Eq. (1.27). The three-generalized coordinates (& = &1, = 22,2 = Z3) in the
noncommutative phase-space were depended on corresponding three-usual gen-
eralized positions (z,y, z) and three momentum coordinates (p, py,ps):

=1 21 =2y =ps
ig =2 Lﬁz = i‘pz =Py (1.31)
i3=3 I3=2=Ip, =p;.

It is important to notice that the new operators z; and p; in three-dimensional

phase-space noncommutativity was depended on ordinary operator z; and p;
from the projection relations:

1 =11 — %m 5 Ds
To =Ty — %pl - %ps (1.32)
&3 =3 — G5p1 — Gpo

and
P1=p1
}52 = D2 (133)
D3 = p3

The non-vanish 9-commutators in three-dimensional phase-space noncommuta-
tivity can be determined as follows:

[i',ﬁz] = [Aaf) ] = [éaﬁz] =1
[Z, 9] = 1612,
[Z, 2] = 1013,
[9, 2] = 1023, (1.34)
[Z:)yalfy] =0,
L?ya]jz] =0,
v Pz =0
The square of (7, p) are given by :
—2 —2 —2 —2
Fo=F,+ 7P, + 7,
HCTENNE SR S (1.35)

ﬁ :ﬁx +ﬁy +ﬁz

To get the solution to the noncommutative Schrodinger equation, we added
the star product introduced by Bopp’s shift method. That is a consequence of
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the star product between the potential operator 1% (Z) and the complex wave
function U7 :

V)| 80 = Bl (20)
=
BEL +V (f)} U (7) = E¥(7) (1.36)

The two operators & and p, when on a noncommutative three-dimensional space-
phase, can be written as follows :

-
P =7r2—-LO 137
i B2 ( : )
2mg ~ 2mo

Where the two couplings L© is given by the following relations respectively:

L8 = L1y + Lyfos + L6013 (1.38)
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Chapter 2

Review of the inversely
quadratic Yukawa plus
inversely quadratic
Hellmann potential

2.1 Introduction

The inversely quadratic Yukawa and inversely quadratic Hellmann’s poten-
tial is an exponential potential. It consists of the sum of two potentials, the
first is Yukawa potential (7;/—3 exp (—20r)) that proposed by Yukawa itself in
1935 [51] while the second part is the inersely quadratic Hellmann potential
(—2+ T% exp (67)). Thus, the inverse quadratic Yukawa plus inversely quadratic
Hellmann potential is as follows [52, 53]:

Ve b
V(r) = —r—g exp (—20r) — % + 3 oxXP (or) (2.1)

where V,a, b and § are the dissociation energy, the strengths of the Coulomb
and Yukawa potentials and the screening parameter. We expend the two expo-
nential functions exp (—2dr) and exp (dr) to obtains:

exp (—20r) = 1 — 267 + 5;46%r2 + O (5°) (22)
exp (6r) = 1+ 0r + £6°r2 + 0 (5%) :
Substitution of Egs.(2.2) into Eq. (2.1) yields:
1 1 ,
V(r)=—-=(b-Vy) — =(2Vo — o — bd) — (b — 2Vp)6 (2.3)
r r

19



20CHAPTER 2. REVIEW OF THE INVERSELY QUADRATIC YUKAWA PLUS INVERSELY QUAI

Using the expansion approach and the Nikiforov-Uvarov method, Ita [54] has
solved the Schroédinger equation for the Hellman potential and derived the en-
ergy eigenvalues and their accompanying wave functions. Additionally, Hamzavi
and Rajabi [55] obtained relativistic spin and pseudospin symmetries of the
Dirac equation with the Hellmann potential and tensor coupling using the para-
metric Nikiforov-Uvarov approach. Using the asymptotic iteration method, Ko-
cak et al. [56] solved the Schrodinger equation with the Hellmann potential and
produced the wave functions and energy eigenvalues. Inyang et al. [57] (2024)
applied the exact quantization rule approach to solve the radial Schrodinger
equation analytically using the class of inversely quadratic Yukawa potential
and predicted the mass spectra of heavy mesons, including charmonium and bot-
tomonium and investigated the energy spectra of homonuclear diatomic mole-
cules, like nitrogen Ny and hydrogen Hy. Inyang et al. [58] (2025) used the
Nikiforov-Uvarov method to solve the Schrédinger equation for the class of in-
versely quadratic Yukawa potential and deriving both the energy equation and
the normalized wave function. Onate (2013) [59] by using the concept of su-
persymmetric quantum mechanics, obtained the Klein-Gordon and Schrédinger
equations solutions for the inversely quadratic Yukawa potential. [Maireche,
(2021) [60] present approximate and analytical solutions of the deformed Klein—
Gordon containing an interaction of the equal vector and scalar potential newly
generalized modified screened Coulomb plus inversely quadratic Yukawa poten-
tial. This study is realized in the relativistic noncommutative 3-dimensional
real space symmetries. Chang et al. [61] (2022) studied the effects of hydrosta-
tic pressure, temperature, Al-concentration and other structural parameters on
the optical absorption coefficients in inversely quadratic Yukawa-Herman poten-
tial (IQYHP) GaAs/AlnGal-nAs spherical quantum dots using the Nikiforov-
Uvarov to solve the Schriodinger equation and obtained the energy levels and
wave functions. Maireche (2022) [62] determined the bound state solutions of
the deformed Dirac equation (DDE) with the improved generalized inversely
quadratic Yukawa potential including Coulomb-like tensor interaction under
the condition of spin symmetry and pseudospin symmetry in the deformation
Dirac theory symmetries for with the arbitrary spin-orbit quantum number k
using the parametric Bopp’s shift method and standard perturbation theory
to obtain the relativistic and nonrelativistic energy eigenvalues. Now we will
study the structure resulting from the combination of the two potentials the
inversely quadratic Yukawa potential and the inversely quadratic Hellmann po-
tential. Hitler et al. (2017) [63] obtained the exact energy spectrum for inversely
quadratic Yukawa plus potential plus inversely quadratic Hellmann potential,
via the WentzelK ramers-Brillouin (WKB) approach. Ita et al. (2013) [64]
presented the solutions to the Schrédinger equation with inversely quadratic
Yukawa and inversely quadratic Hellmann (IQYIQH) potential for any angular
momentum quantum number 1 using the Nikiforov-Uvarov method and obtained
the bound state energy eigenvalues and the corresponding unnormalized eigen-
functions are obtained in terms of the Laguerre polynomials. It is worth noting
that there were previous studies, including: modified inversely quadratic Hell-
mann plus inversely quadratic potential [65] in the context of three-dimensional
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non-commutative phase-space. The investigation of an extended relativistic
shell model of mirror Nuclei 17O and '"F under spin and pseudo-spin symme-
tries conditions using the modified quadratic Hellmann potential model within
Bopp’s shift method and standard perturbation theory framework within the
framework in 3-dimensional relativistic non-commutative space symmetries[66].
A new look at a nonrelativistic shell model: study of the mirror nuclei !7O and
I7F in the symmetries of non-commutative quantum mechanics.

2.2 Reviewing the eigenfunctions and the en-
ergy eigenvalues for inversely quadratic Yukawa
and inversely quadratic Hellmann potential

Schrédinger equation is a fundamental equation of quantum mechanics which
describes the evolution of the wave function of a physical system over time. It
is a first-order partial differential equation concerning time and a second-order
partial differential equation concerning the coordinates of ordinary space. It
takes the following form:

Hy (?,t) = By (?,t) (2.4)

here ¢ (?) is the complex wave function that satisfies the stationary Schrodinger

equation and FE is a nonrelativistic eigenvalue of the Hamiltonian H, which is
written in the form :

52
H = QPWO - %exp(—%r) - % + T%exp (6r)
Gy e a2 (25)
T 2mg  r? r '
where P represents the impulse 1_3) = —ihe, and ? represents the operator of

partial derivatives (Nabla). In Cartesian coordinates, it is defined by:
0
V=Tt 4+ k= (2.6)
x z

Hence, Schrodinger’s equation becomes:

LOu (7T, 1)
ih o

h? 1 1
_< A+ 2(bV0)+r(2VOab6)+(b2V0)52)1/)(?’,t)

2mg r
(2.7)
Since the inversely quadratic Yukawa and inversely quadratic Hellmann poten-
tial does not depend on time, solutions can be written separately as a part that
is only position-dependent and an only time-dependent part:

v (?,t) — exp(—iB/ht)¥ (?) (2.8)
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And by substituting into Schrodinger equation, we find:

—h? 1 1 2 — —
<2mA—|—T2(b—Vo)—|—T(2V0—a—b6)+(b—2V0)5 )\I/(r ) _E\I!(r )
(2.9)
Using the spherical coordinate system 7 (r,6,¢), the complex wave function
v (7) can be written as:

W (r,0,90) = X1 (1) Yim (6, ¢) (2.10)

where x,,;(r) is the radial part of the wave function that depends only on

radius 7, ¥7.,,(0, ¢) represented the angular part depends on the angles (6, ¢)

and n is the principal quantum number, [ the orbital quantum number and m

the magnetic quantum number (—! < m < +1). The Schrédinger equation in
the spherical coordinate can be expressed as:

_ T2
<2mh (15 (P5) = % - - Vo) -~ 1V —a - 19) - - 2%)52» Xo(r) = B (1)
(23.11)

—

In quantum mechanics, the classical momentum obtains the forms L is the

orbital angular momentum. The total moment J is given by:
J=L+S (2.12)
T AD

here S is the spin. The components L, , L, and L, of L which are expressed
in Cartesian coordinates (z,y, z) as:

Ly=2(:2-a2Z (2.13)
L, = % (a:a% — y%

In the spherical coordinate system o (r,6,¢), he components L, , L, and L,

=
of L are expressed as:

L, = % (— sin(p% — cos ¢ cot 9%)

L, = ELL (cos cp% — sin ¢ cot 0%) (2.14)
_ Lo
LZ = 7%

Note that the operators H, L? and L, commute with each other and they have
formed a common set of eigenfunctions v (r, 0, ¢); however, the three compo-
nents of the angular momentum (L, Ly, L.) do not commute with each other:

{ [H,1?] = [H,L.] =0
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here L? is the square of the angular momentum :
1 92 1 0 0 0?
LP= 0| ——-=+——= (sinf= h?—— 2.16
n (sin203g02 +sin9€)9 <bm0 )>+ 7 (2.16)
the eigenvalues of L?and L. are determined from:
Lo (r,0, ) = mhy (1,0, @)

We introducing the wave function: we have:

le (T‘)

. (2.18)

Xn,l (T‘) =

Thus, the new radial part u,,; (r), will be satisfying the following equation:

d*un g (1) 2my 1 1 o L(I+1)
T“r‘? En[ — ﬁ(b — VE)) — ;(2‘/;) - — b(S) — (b — 2‘/;))5 — 7"2 Rn,l (7’) =0
(2.19)

The energy eigenvalues E,; and corresponding eigenfunctions in closed forms
were obtained using the parametric Nikiforov-Uvarov approach by the authors
of Refs. [55, 56]. They further show that these results are consistent with those
obtained previously in other studies using different approaches:

11 (2Vod — a — bd)? /212

(/24 20— 12) + 0+ (1/2))

(2.20)
The corresponding radial part y (z) of the complex wave function of the
inversely quadratic Yukawa and inversely quadratic Hellmann potential [55, 56]:

En=—(2Vy—b)6* -

2

X (2) = an(—1+\/1+4'y/2)62\/az£ (nz(’rb+\/1+4w)e—2\/az) (2.21)

dz"

Here N,, is the normalization constant and -y is as follows:

v=2u(b—Vo)+I1(+1) (2.22)
Thus, the complex wave function ¥ (7) can be written as:
Xnl (T)

v (Ta 97 P t) = NTLIT(T)YVI’HL (9, QD) eXP(—iszlt) (223)

Allow us to obtained, the complex wave function ¥ (7) can be written for

fundamental state as:
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TZ(—1+\/W/2)62\/5an\/1+4V (2\/&7"2)

v (Z, 0, P, t) = Ny Yim (97 90) eXp(_iEnlt)

(2.24)

r

which take the complete expression:

PV exp (2y/@r?) LT (2y/ar?)

r

v (T'v 97 ®, t) = Ny Yim (9, (p) exp(—iEnlt)

(2.25)
The bound state solutions of the Schrédinger equation have been successfully
revised for the combined inversely quadratic Yukawa and inversely quadratic
Hellmann potential.



Chapter 3

The effect of space
noncommutativity on the
energy spectrum produced
by the inversely quadratic
Yukawa and inversely
quadratic Hellmann
potential

3.1 Introduction

The purpose of this chapter is to study the modified Schrédinger equation of
the inversely quadratic Yukawa and inversely quadratic Hellmann potential in
noncommutative three-dimensional space-space (NCSS). Accordingly, we use
Bopp’s shift method instead of solving the modified Schrédinger equation di-
rectly and the perturbation theorem to find the corresponding energy correction
instead to apply the star product in the context of NCSS symmetry.

3.2 The Schrédinger equation on a Noncommu-
tative NCSS symmetry:

We simply replace the wave function products (or fields) with the star product
or the Moyal product. The Schrodinger equation for a NCSS symmetry has the

25
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form:

H(py, &)U (7) = ot (7)
_ = (3.1)
[m n m)} b (7.4) =g (7.0)
In the symmetries of non-commutative space and according to the method of

Bopp’s Shift, which we have seen in the first chapter, the above equation can
be simplified into the following form:

. . 0i; — —
anfith (pl =Di,Ti = T; + 9 pj> \Il( r ) = Enc\Ij( r ) (32)
where
2
A . R oY P R
H(pi,2:) = H | pi=pi, & =Tt i) = TmOJrV(r)
and

2 P2 (3.4)

{ V() = &b Vo) + 2(2Vh — a — b3) + (b — 2Vy)5”
2mo - 2mo

By using Eq.(1.37), we can obtain both <—M) and (—(b;izv")) as the

sum of corresponding values (— M) and (— w) in the symmetries of

6

nonrelativistic quantum mechanics plus the induced terms —(2Vp — a — b6) 575

and —(b — Vo)ﬁ—? with the effect of deformed proprieties of space-space, as
follows:

11, L6
F=5 1T 33
T s T 5(1
1 _ 1L6 )
72 = 2,4
Which gives
B (QVO_;X_bé) _ (2Vo—;x—b5) _ (2‘/0 —a— b&)gg (3 5(2))
_Ve) _ (Vo) (g y) L8

Allow us to get the inversely quadratic Yukawa and inversely quadratic Hell-
mann potential in the noncommutative space-space symmetry as follows:

A 1 1 1 1\—=
V(#) = T—Q(b—Vo)+;(QVo—a—b5)+(b—2Vo)52+ (Alr?, +A2r4) Lo (3.6)

The parameters A; and As are given by:
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_ _(2‘/070171)6)
{ A= (3.7)

2
Ay =—(b-W)

And the coupling Zé is equal to Ly012 4+ Ly023 + L.013 (see Eq. (1.38)). Thus,
the modified potential V() for the modified the inversely quadratic Yukawa
and inversely quadratic Hellmann potential:

V(#) = %(b — Vo) + %(QVO —a—b6)+ (b—2Vp)d* + Vi (r,0)  (3.8)

with the supplementary additive part V'4%" (r, ©):

per
vieh (@) = (A, = + A, ) 16 3.9
per (7" ) 1ﬁ + 27‘*4 ( . )

The global Hamiltonian operator H:v" (pZ Di, Ty = x; + %pz) in the non-

commutative three-dimensional space-space symmetries can be written in the

following form:
- 0"
" (ﬁi =pi,Ti = T + 2pi> =

)

P 1 1 9 1 1\ ==

%+T—2(b—Vo)+;(2vo—a—b5)+(b—2vo)6 +<A1T3+A2T4 Lo
(

10)

1-The first two terms in the Hamiltonian operator Hv" (p =pi,T; = T; — ;j pi) ,
which corresponds to the inversely quadratic Yukawa and 1nversely quadratic

Hellmann potential in Eq. (2.1) and the Kinetic term or dynamic 2p

commutative space which formed the usual Hamiltonian operator:

in ordinary

2

1
! b—Vo) + ;(21/0 —a—bd)+ (b—2Vp)6% (3.11)

. . P
H(p; =pi, T = ;) = %4‘7?2(

2- The effective Hamiltonian operator HWJ;J;, which corresponds to the in-

versely quadratic Yukawa and inversely quadratic Hellmann potential is the
sum of Hamiltonian operator in Eq. (3.11) in ordinary commutative plus the

centrifugal term 71(1%1):
71 1 l(l+1)
effin o oA _ . N_ P _ < o _ 2
LD = =) =5Vt

and the corresponding effective Hamiltonian operator ngzhef ! ( i = Di, &5 = T — %jpi)

in the noncommutative three-dimensional space-space symmetries
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) 0" avh [ - A a“ L6
H;Izzheff ( i pla$1$lpz) :H:chyh <p2p271"2m1 l(l+1)7

2
(3.13)
3-The perturbed effective new Hamiltonian operator H, " eff or the additive
created term H/9%" which is represent the contributions of the noncommutative
space-phase:
nc—eff Al A3
H 0, V9,0,6,0) = | — + 23 16 (3.14)

per

with

A=A —1(1+1)

According to the mathematical form of the g)gplings f_@:_}that observed in
Eq.(3.14), it is physically possible to replace L © by a©® S L as:

—— —>6 —
LO=0L—=0L
S}
With E) denote to the spin of the particle which interacted with inversely
quadratic Yukawa and inversely quadratic Hellmann potential and § is a new
constant of proportionality. This enables rewriting Eq.(3.14) as follows:

——
—aOL S (3.15)

| wn|

i 1 1\ —=>—
HWY" = 3O <A1r3 + A3T4> LS (3.16)
The parameter O is given by:

0 = (61, +03; + 01;)° (3.17)

In ordinary quantum mechanics, we have the sets of operators A, B, C....
which form a complete set of complete observable are commute (ECOC). We

: T2 Q2 1.2 :
apply this rule to the sets of operators ( J°, S*, L= and J, ), i.e.:

T2, L2 =0
72,82 =0 (3.18)
T2, =0

And the corresponding eigenvalues are j(j+1) and I(I + 1), s(s + 1) and
m (=l <m < +1) in the system (c=h=1), so

—
J_?\I]n,l,ml (Ta 03 90) (j =+ 1) n,l,mg (Ta 07 90)
£ Q\Ijn,l,mz (7”, 9, ) (l + 1) n,l,m (Ta 97 90) (3.19)
SQ\II’ﬂJ,mz (7‘,6,(,0) (5 + 1) n,l,m (T7'97(P)

Jz\I/n,l,ml (’/‘, 95 90) m\I/”JﬂVLl (’/‘ '9 90)
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With 7 being the geometric sum of the moments T and E), this allows us to
——
find the spin-orbit coupling L S as follows:

— 11— — —
fS:f[Jz—S2—L2] (3.20)
2
An immediate result is:
1
LSu= 5 0+ 1) =10 +1) = s(s +1)] ¥ (3.21)

With j € [|l — s|, |l + s|], this permuted us to obtain j to be equal the values
(It =s|,]l—s|4+1,....., [l + s|). For the two extreme values of the total angular
1

momentum, we can write for s = 5:

f?wz{ %{(l+s)(l+s+1)—l(l+1)—3/4}\11Ek+\IJ it j=1+1/2|
sil=8)(l—=s+1)—=1(1+1)=-3/4} ¥ =k if j=11-1/2]

(3.22)
The inversely quadratic Yukawa and inversely quadratic Hellmann potential
Hamiltonian H(p; = p;, &; = z;) is extended by including new additive pertur-
bative Hamiltonian H!%" (r,©) expressed to the radial terms:

per
1 1
{ 7“73 and 7“74 }

to become the modified inversely quadratic Yukawa and inversely quadratic Hell-
mann potential Hamiltonian H¥" (ﬁi =D, T; = x; — %pi) in noncommuta-
tive three-dimensional space-space symmetries. The generated new Hamiltonian
H;,g-’;h (r,b,Vh,,6,0) is also proportional to the infinitesimal parameter O.
This allows us to consider the new additive part of the potential H ;‘éﬂh (r,b, Vo, ,0,0)
as perturbation potential compared with the main Hamiltonian H (p; = p;, &; =
x;). That is all physical justifications for applying the time-independent per-
turbation theory become satisfied to calculate the expectation values of pre-
vious radial terms. This allows us to give a complete prescription for de-
termining the energy level of the generalized (n,l,s)th excited states. The
exact spectrum produced by the spin-orbit effect for the generalized inverse
quadratic Yukawa potential in the three dimensional noncommutative space-
space AEMY (n,b,Vy, a, §,0) is the sum of the energy corresponding to ordi-
nary space E,,; (n,b,Vy,,§) and the corrections EY" (n, b, Vy, a, d, 0):

per

B (n,b,Vo,@,6,0) = By (n,b, Vo, ,8) + AEM" (b, V), 0,6,0)  (3.23)
The perturbation theorem allows to obtain the first-order corrections as follows:
AEM™ (n,b, Vo, a,6,0) = (WP (7)| H' " (r,b, Vo, @, 6,0) [P (7)) (3.24)

We can write the equation (3.26) in the form:

ABI (0, b, Vi, 0, 5, 0) = / W) (F) HIOP (1,1, Vo, 0,6, 0) (1, 0,0) W) (7) dr
(3.25)
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where d7 represent the volume element in spherical coordinates (r, 6, ¢), which
is given by:

dr = rdrdQ (3.26)
With the solid angle

dS) = sin 0dOdy
and the nonperturbative complex wave function , the wave function is defined
by :
VP (7) = Rt (1) Y™ (6,9) (3.27)

So, we can write the equation (3.27) in the form:

AEY (b, Vo, a,5,0) =

nc

T 2w

/ r) H)%" (5,0,0) Ry ( rdr//Y*"” (0,0) Y™ (6, ¢) d
0
(3.28)
The normalized wave function W (7°) allows us to write :
T 27T
[ [y 0oy @.0a0 =1 (3.29
00
This reduces the corrections found by (3.28) to the form:
AB (., Vi.0,0.0) = (TS ) / r) Hi® (5,0,8) Ry (r) r2dr
0
(3.30)

We substituted the spin-orbit coupling term H!%" (r b, Vy, o, 5, 0), and we find:

AEiwh (b Vo, a,8,0) = 8 <f§>

oo

(3.31)
A1/Rnl it (1) r2dr + Ag/RjLJ (r) ,,‘%Rn,l (r)r2dr
0
If we replace the radial part R, (r) which is expressed as:
2(—2+vI+4y) 9 2) [ VIFHY (9 2
Rt (r) = Nt exp (2var?) L (2ver?) (3.32)

r

We obtain the corrections in Eq. (3.31) as follows :
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nc

AE" (n.b, Vs, 0,5,0) = BN (LS )

Al/r2(72+\/1‘+4v)—3 exp (2/ar?) [L;L/HM (2\/&r2)rdr
0

(oo}

_~_AS/T2(72+\/1+4’Y)74 exp (2\/57"2) [L;L/HM (2\/&42)}2 o
0

(3.33)

We have replace 2y/a and 72 by w and t , respectively. This allows us to rewritten
Eq. (3.33) in the new form:

nc

AB™ (n,b, Vo, 0,6,0) = “3a (T'F)

o0

2
Ay / t(VIFI=9/2) 1 oy (wt) [an T+ (wt)} dt
(3.34)
OOO
2
+A3/t( VIFI-11/2) =1 oy (wt) [an T+ (wt)} dt
0
We have replace dr with corresponding values%dl%. The integrals referred to

in Eq. (3.34) can be accomplished by applying the special integral formula[68]:

—+oo

£ exp (—wt) LA, (wt) LF (wt) dt = e L L=+ B+ DT (m A+ 1)

minlT (1— ¢+ B)T (A+ 1)

X 3By (—m,e,e — Bi—n+e—B,A+1;1) (3.35)

here Re (€))0 A Re (w))0 A (m,n) € N? while T' (¢) denotes the usual Gamma
function while 3 F» (—m, e,e — 8; —n + e — §, A + 1; 1) obtained from generalized
confluent hypergeometric function pFq(ay, ..., ap; b1, ..., bg; x):

() @Bl (Ja-bo)!
3Fy (a,b,¢;d,e;1) = al (3a—0b)!(3a—c)!(a—b—c)!

(3.36)

After detailed calculation, we arrive at the following results:

AB™ (n,b, Vo, 0,6,0) = 23at (T'F)

nc
—(VIFay—-9/2) D(VIFE—9/2)0(n+11/2)T (n4vT+37+1)
A ) ()T (149/2)T (VIF Ay +1) (3.37)
o D(VIFIy—11/2)T (n+13/2)T (n+v/TFay+1)
(n))2r(13/2)T (VI+4v+1)

+A3w_
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Thus, the energy correction that produced with the modified inversely quadratic
Yukawa and inversely quadratic Hellmann potential for the ground state n = 0
reduced to the following simple form:

AB™ (1 = 0,b, Vo, ,6,0) = £5a (T'F
A w_(\/m_g/g)F(\/W—g/z)r(u/z)r(\/mﬂ)
! D(14+9/2)0(VIFay+1)
e D(VIFAy—11/2)T(13/2)T (VIFIy+1)
r(13/2)T (vI+4y+1)

(3.38)

+Asw™

The global energy Eflqcyihm (n=0,b,Vy,,d,0) for the ground state n = 0 is the
energy spectrums:

Elavh = EW (n = 0,b, Vo, a,8) + AEMY" (n = 0,b, Vy, v, 8, ©) (3.39)

nc_0

Where E}/ is determined from Eq.(2.20) which we have seen in the second
chapter:

EOl (TL = 07b,‘/0704,6) =
11 (2Vod — a — bd)* /2h2

(1/2 o —vo) 1)+ (1t <1/2>>2)2

—(2Vh — b) &% — (3.40)

——
here <L S > is determined from:

HU+s)(+s+1)—10+1)—3/4)
22\ _ =ky ifj=l+1/2
<LS>7 %{(l—s)(lisfl)—1(1+1)_3/4} (3.41)

It is clear that the following physical limit procedure:

ém%Ej;gy’ﬁ)l (n=0,b,Vo,,8,0) = Eo; (n = 0,b, Vo, v, 6)
éin})AEﬁﬂCyh (n,b,Vp,,6,0) =0 (3.42)

Gives us all the results of physical treatments which we have seen in the standard
references [64, 65].

Conclusion

Through this master’s memory in physics, theoretical specialty: Promotion
2024-2025,

The nonrelativistic study of the energy spectrum producing from a central
potential in the extended quantum mechanics symmetries: the case of inversely
quadratic Yukawa and inversely quadratic Hellmann potential as a model,

This memory aims to study physical systems within the framework of the
modified Schrodinger equation with the modified inversely quadratic Yukawa
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and inversely quadratic Hellmann potential, in three-dimensional non-commutative
space-space.

In the first chapter, we have represented the mathematical and physical
formalisms of the noncommutative three-dimensional (phase-phase/phase-phase
and space-space).

In the second chapter, we reviewed the Shrodinger equation under the in-
versely quadratic Yukawa and inversely quadratic Hellmann based on many
works.

In the third chapter, we studied the effect of the noncommutativity of the
three-dimensional space-space, by applying the Bopp shift method and standard
perturbation theory at the first order of parameter ©, the modifications on the
energy corresponding to the any excited states and in particularly the ground
state are obtained. We can conclude that the application of the noncommu-
tativity in this work on the modified inversely quadratic Yukawa and inversely
quadratic Hellmann potential, includes the spin-orbit coupling effect automat-
ically. This is in contrast to what we observe in the framework of quantum
mechanics known in the literature, where the spin-orbit interaction appears by
external addition and not through spontaneous birth as a result of space defor-
mation.



34CHAPTER 3. THE EFFECT OF SPACE NONCOMMUTATIVITY ON THE ENERGY SPECTRUM



Bibliography

[1]

8]

[9]

Hotta, S. (2020). Schrodinger Equation and Its Application. In: Mathemat-
ical Physical Chemistry. Springer, Singapore. https://doi.org/10.1007/978-
981-15-2225-3 1

Okoi, P., Edet, C., Magu, T., and Inyang, E. (2022). Eigensolution and
expectation values of the Hulthen and generalized inverse quadratic Yukawa
potential. Jordan Journal of Physics, 15(2), 137-148.

Inyang, E.P., Inyang, E.P., William, E.S. and Ibekwe, E.E., Jordan. J.
Phys., 14 (2021) 345.

Edet, C.O., Okorie, K.O., Louis, H. and Nzeata-Ibe, N.A., Indian J. Phys.,
94 (2020) 243.

Louis, H., Ita, B.I., Akakuru, O.U., Nzeata- Ibe, N.A., Tkeuba, A.I., Magu,
T.O., Amos, P.I. and Edet, C.O., Oriental J. Phys. Sci., 3 (2018) 1.

Okoi, P.O., Edet, C.O. and Magu, T.0., Rev. Mex. Fis., 66 (2020) 1.

Edet, C.O., Amadi, P.O., Onyeaju, M.C., Okorie, U.S., Sever, R. and Ram-
pho, G.J., J. Low Temp. Phys., 12 (2020) 23.

William, E.S., Inyang, E.P., Akpan, 1.O., Obu, J.A., Nwachukwu, A.N.
and Inyang, E.P., Indian J. Phys., (2022). https://doi.org/ 10.1007/s12648-
0222-02308-0.

William, E.S., Inyang, E.P. and Thompson, E.A., Rev. Mex. Fis., 66 (2020)
730.

Omugbe, E., Osafile, O.E., Okon, I.B., Inyang, E.P., William, E.S. and
Jahanshir, A., Few-Body Syst., 63 (2022) 7.

Ibekwe, E.E., Okorie, U.S., Emah, J.B., Inyang, E.P. and Ekong, S.A., Eur.
Phys. J. Plus., 87 (2021) 136..

Nouredine Zettili, Quantum Mechanic Concepts and Applications, Second
Edition. Jacksonville State University, Jacksonville, USA. A John Wiley
and Sons, Ltd., Publication.

35



36

[13]

[14]

[15]

[16]

[17]

[18]

BIBLIOGRAPHY

Rudan, M. (2017). From Classical Mechanics to Quantum Mechanics.
Physics of Semiconductor Devices, 143-170. https://doi.org/10.1007/978-
3-819-68154-7_7

W. Heisenberg, ”Letter to R. Peierls (1930), in Wolfgang Pauli, Scienti-
fic Correspondence, Vol. III, p.15, Ed. K. von Meyenn“, (Springer Verlag
1985)

H. S. Snyder, Quantized Space-Time, Phys. Rev. 71 (1947) 38-41.
https://doi.org/10.1103/PhysRev.71.38; 1947; The Electromagnetic Field
in Quantized Space-Time. 72, 68. https://doi.org/10.1103 /PhysRev.72.68

A. Kempf, G. Mangano and R. B. Mann, Hilbert space representation of
the minimal length uncertainty relation, Phys. Rev. D 52(2), 1108-1118
(1995). https://doi.org/10.1103/physrevd.52.1108.

R. J. Adler and D. I. Santigo, On gravity and the uncer-
tainty principal, Mod. Phys. Lett. A 14 (20), 1371-138 (1999).
https://doi.org/10.1142/s0217732399001462.

T. Kanazawa, G. Lambiase, G. Vilasi and A. Yoshioka, Noncommutative
Schwarzschild geometry and generalized uncertainty principle, Fur. Phys.
J. C. 79(2) (2019). https://doi.org/10.1140/epjc/s10052-019-6610-1

F. Scardigli, Generalized uncertainty principle in quantum gravity from
micro-black hole Gedanken experiment, Phys. Lett. B 452(1-2), 39-44
(1999). https://doi.org/10.1016/s0370-2693(99)00167-7

J. L. Basidevant, Mécanique Quantique, ellipses, ISBN 2-7298-8614-1
(1986), Paris, France.

E. Elbaz, Quantum, The quantum theory of particles, Fields, and Cosmol-
ogy, Springere, ISBN 3-540-62093-1 (1995), New York, USA.

Szabo, R. J. (2003). Quantum field theory on noncommutative
spaces. Physics Reports 378, 207-299. hitps://doi.org/10.1016/S0370-
1573(03)00059-0

A. Connes, Noncommutative diMerential geometry, Inst. Hautes Etudes
Sci. Publ. Math. 62 (1985) 257

S.L. Woronowicz, Twisted SU(2) group: an example of a noncommutative
diMerential calculus, Publ. Res. Inst.

Math. Sci. 23 (1987) 117

S.L. Woronowicz, Compact matrix pseu dogroups, Commun. Math. Phys.
111 (1987) 613

Gouba, L. (2016, July). A comparative review of four formulations of non-
commutative quantum. International Journal of Modern Physics A, 31(19),
1-15. https://doi.org/10.1142/50217751X16300258



BIBLIOGRAPHY 37

[26]

[27]

[29]

[30]

A. Maireche, (2020). Nonrelativistic treatment of hydrogen-like and neutral
atoms subjected to the generalized perturbed Yukawa potential with cen-
trifugal barrier in thesymmetries of noncommutative quantum mechanics.
International Journal of Geometric Methods in Modern Physics, 17(05),
25. https://doi.org/10.1142/5021988782050067X

O. Bertolami, J. G. Rosa, C. M. L. Dearagao, P. Castorina and D. Zappala,
Scaling of variables and the relation between noncommutative parameters
in noncommutative quantum mechanics, Mod. Phys. Lett. A 21(10), 795-
802 (2006). hitps://doi.org/10.1142/s0217732306019840

P. M. Ho and H. C. Kao, Noncommutative quantum mechanics from non-
commutative quantum field Theory, Phys. Rev. Letters 88(15) (2002).
https://doi.org/10.1108/physreviett.88.151602

J.  Gamboa, M. Loewe and J. C. Rojas, Noncommuta-
tive quantum mechanics, Phys. Rev. D. 64, 067901 (2001).
https://doi.org/10.1108/PhysRevD.64.067901.

Maireche, A. (2024). Heavy-light mesons and diatomic molecules with
improved Eckart-Hellmann potential model in a deformation space-
space background: New bound states and the effect on thermodynamic
properties. Jordan Journal of Physics, 17(5), 587—-611. Retrieved from

https://jjp.yu.edu.jo /index.php /jjp/article /view/18

E.F. Djemai and H. Smail, On quantum mechanics on noncommutative
quantum phase space, Commun. Theor. Phys. 41(6), 837-844 (2004).
https://doi.org/10.1088/0253-6102/41/6/837

Y. Yi, L. Kang, W. Jian-Hua and C. Chi-Yi, Spin-1/2 relativistic particle
in a magnetic field in NC phase space, Chinese Physics C. 34(5), 543-547
(2010). hitps://doi.org/10.1088/1674-1137/34/5/005

O. Bertolami and P. Leal, Aspects of phase-space noncommu-
tative quantum mechanics, Phys. Lett. B. 750, 6-11 (2015).
https://doi.org/10.1016 /7. physletb.2015.08.024

C. Bastos, O. Bertolami, N. C. Dias and J. N. Prata, Weyl-Wigner formu-
lation of noncommutative quantum mechanics, Journal of Mathematical
Physics 49(7), 072101 (2008). https://doi.org/10.1063/1.2944996

J. Zhang, Fractional angular momentum in non-
commutative spaces, Phys. Lett. B. 584(1-2), 204-209 (2004).
https://doi.org/10.1016/j.physletb.2004.01.049

M. Chaichian, Sheikh-Jabbari and A. Tureanu, Hydrogen atom spectrum
and the Lamb Shift in noncommutative QED, Phys. Rev. Letters 86 (13),
2716-2719 (2001). https://doi.org/10.1108/physreviett.86.2716.



38

[37]

[38]

[39]

[43]

[44]

[47]

BIBLIOGRAPHY

M. Lefrancois. Theories des champs topologiques et mecanique quantique
en espace non-commutatif. Physique Nucléaire Théorique [nucl-th]. Univer-
sité Claude Bernard - Lyon I, 2005. Francais. tel-00012196

Tadafumi Ohsaku, Moyal-Weyl Star-products as Quasiconformal Map-
pings, arXiv:math-ph/0610032 (or arXiv:math-ph/0610032v1 for this ver-
sion) https://doi.org/10.48550/arXiv.math-ph/0610032

Man’ko, O. V., Man’ko, V. L., and Marmo, G. (2000). Star-Product of
Generalized Wigner-Weyl Symbols on SU(2) Group, Deformations, and
Tomographic Probability Distribution. Physica Scripta, 62(6), 446—452.
https://doi.org/10.1238 /physica.reqular.062a00446

Hawkins, E., & Rejzner, K. (2020). The star product in in-
teracting quantum field theory. Letters in Mathematical Physics.
https://doi.org/10.1007/s11005-020-01262-4

Tosiek, J.; Przanowski, M. The Phase Space Model of Nonrelativistic Quan-
tum Mechanics. Entropy 2021, 23, 581. https://doi.org/10.3390/e23050581

L. ROMAN JU AREZ and Marcos ROSENBAUM, On deformed
quantum mechanical schemes and star-value equations based on the
space-space noncommutative Heisenberg-Weyl group. Journal of Phys-
ical Mathematics Vol. 2 (2010), Article ID P100803, 22 pages
https://doi.org/10.4308/jpm/P100803

A. Maireche, (2021). A Theoretical Model of Deformed Klein-Gordon Equa-
tion with Generalized Modified Screened Coulomb Plus Inversely Quadratic
Yukawa Potential in RNCQM Symmetries. Few-Body Systems, 62(1), 17.
https://doi.org/10.1007/s00601-021-01596-2

A. Maireche, (2021). The Investigation of Approximate Solutions
of Deformed Klein-Gordon and Schrodinger Equations Under Mod-
ified More General Exponential Screened Coulomb Potential Plus
Yukawa Potential in NCQM Symmetries. Few-Body Systems, 62(3), 20.
https://doi.org/10.1007/s00601-021-01639-8

A. Maireche, (2016, October). New Exact Energy FEigen-values for
(MIQYH) and (MIQHM) Central Potentials. African Review of Physics,
11(1), 175-184. hitps://doi.org/10.4172/2572-0813.1000115

A. Maireche, “Investigating the effects of phase-space non-commutativity
coordinates on the modified Deng-Fan Yukawa potential model and ther-
modynamic properties in 3D(NR-NCPS) and 3D(NR-QM) symmetries”,
Rev. Mex. Fis., vol. 71, no. 2 Mar-Apr, pp. 020401 1-, Mar. 2025.

A. Maireche, New Nonrelativistic Quarkonium Masses in the Two-
Dimensional Space-Phase using Bopp’s shift Method and Standard Per-
turbation Theory. Journal of Nano-and Electronic Physics, Vol. 9 No 6,
06006(8pp) (2017). https://doi.org/ 10.21272/jnep.9(6).06006



BIBLIOGRAPHY 39

[48]

A. Maireche, Investigations on the Relativistic Interactions in One-
Electron Atoms with Modified Yukawa Potential for Spin 1/2 Parti-
cles, International Frontier Science Letters, Vol. 11, pp. 29-44, 2017.
https://doi.org/10.18052/www.scipress.com/IFSL.11.29

A. Maireche, (2017). The exact nonrelativistic energy eigenvalues for mod-
ified inversely quadratic Yukawa potential plus Mie-type potential. Vol. 9
No 2, 02017(7pp) (2017). hitps://doi.org/ 10.21272/jnep.9(2).02017

Maireche, A. (2025). Complete solutions of the Schrodinger equation with
improved exponential Kratzer—Feus potential. Modern Physics Letters A,
40(13n14), 2550030.

H. Yukawa, Proc. Phys. Math. Soc. Jap. 17, 48 (1935).

M. Hamzavi, S. M. Ikhdair, and B. I. Ita, Approximate spin and pseudospin
solutions to the Dirac equation for the inversely quadratic Yukawa potential
and tensor interaction, Physica Scripta,vol.85,n0.4,ArticlelD045009,2012.

B. I. Ita, Solutions of the Schrédinger equation with inversely quadratic
Hellmann plus Mie-type potential using Nikiforov- Uvarov method, Inter-
national Journal of Recent Advances in Physics,vol.2,no.4,pp.25-233,2013.

B. I. Ita, “Arbitrar y angular momentum solutions of the Schrodinger equa-
tion for Hellmann potential energy function ~ using Maclaurin’s expansion
and Nikiforov-Uvarov method, Ultra Science,vol.21,pp.573-578.

M. Hamzavi and A. A. Rajabi, “Tensor coupling and relativistic spin and
pseudospin symmetries with the Hellmann potential,” Canadian Journal of
Physics,vol.91,n0.5,pp.411-419, 2013.

G. Kocak,0. Bayrak,and I. Boztosun, Arbitrary l-state solution of the
Hellmann potential, Journal of Theoretical and Computational Chem-
istry,vol.6,n0.4,article893,2007

Inyang, E. P., Nwachukwu, I. M., Ekechukwu, C. C., Ekong, I. B., William,
E. S., Lawal, K. M. et al., ANALYTICAL SOLUTION OF THE CLASS
OF INVERSELY QUADRATIC YUKAWA POTENTIAL WITH APPLI-
CATION TO QUANTUM MECHANICAL SYSTEMS.

Inyang, E. P., Aouami, A. E. L., Ali, N., Endut, R., Ali, N. R., & Aljunid,
S. A. (2025). Determination of probability density, position and momentum
uncertainties, and information theoretic measures using a class of inversely
quadratic Yukawa potential. Scientific Reports, 15(1), 10565.

Onate, C. A. (2013). Relativistic and non-relativistic solutions of the in-
versely quadratic Yukawa potential. The African Review of Physics, 8.

Maireche, A. (2021). A theoretical model of deformed Klein-Gordon equa-
tion with generalized modified screened Coulomb plus inversely quadratic
Yukawa potential in RNCQM symmetries. Few-Body Systems, 62, 1-17.



40

[61]

[62]

[63]

[66]

[68]

BIBLIOGRAPHY

Chang, C., Li, X., Duan, Y., Zhao, Z., and Zhang, L. (2022). Optical
absorption coefficients of spherical quantum dots system with inversely
quadratic Yukawa-Hellmann potential. Physica B: Condensed Matter, 639,
414009.

Maireche, A. (2022). Approximate arbitrary k state solutions of Dirac equa-~
tion with improved inversely quadratic Yukawa potential within improved
Coulomb-like tensor interaction in deformation quantum mechanics sym-
metries. Few-Body Systems, 63(3), 54.

Hitler, L., Ita, B. I., Isa, P. A., Nelson, N. L., Joseph, I., Ivan, O., and
Magu, T. O. (2017). Wkb solutions for inversely quadratic Yukawa plus
inversely quadratic Hellmann potential. World Journal of Applied Physics,
2(4), 109-112.

Ita, B. I.; & Ikeuba, A. 1. (2013). Solutions to the Schrodinger Equation with
Inversely Quadratic Yukawa Plus Inversely Quadratic Hellmann Potential

Using Nikiforov-Uvarov Method. Journal of Atomic and Molecular Physics,
2013(1), 582610.

Maireche, A. _New Exact Non-Relativistic Energy Eigen Values for Mod-
ified Inversely Quadratic Hellmann Plus Inversely Quadratic Potential; J
Nanosci Curr Res 2017, 2:2. hitps://doi.org/10.4172/2572-0813.1000115

MAIRECHE, A. (2024). A Theoretical Investigation of an Extended Rela-
tivistic shell model of Mirror Nuclei 17O and "F under Spin and Pseudo-
spin Symmetries Conditions using the MQHP Model within the Framework
of 3D-RNCS Symmetries. Annals of the University of Craiova, Physics, 34.

A. Maireche, A New Look at a Nonrelativistic Shell Model: Study of the
Mirror Nuclei 17O and '7F in the Symmetries of NCQM, To Physics Journal
Volume 5 (2020) 51.

S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products,
Tth. ed.: eds. Alan Jeffrey Daniel Zwillinger (Elsevier, 2007).



BIBLIOGRAPHY 41

Abstract

In our work on this master memory, in theoretical physics (2024/2025): A
study of a nonrelativistic energy spectrum produced with an isotropic poten-
tial in the framework of extended quantum mechanics symmetries: the case of
inversely quadratic Yukawa and inversely quadratic Hellmann potential. We
have studied the Schrodinger equation with the inversely quadratic Yukawa and
inversely quadratic Hellmann potential in noncommutative three-dimensional
spaces, by applying the Boop’s Shift method to the first order of the parame-
ters O, in addition to the standard perturbation theory, to obtain the spectrum
of energy of the system, which is changing radically, and replaced by degenerate
new states depending on the discrete atomic quantum numbers (j,n,1, s). This
result was produced by the spin-orbit interaction.

Keywords: Schrodinger equation, inversely quadratic Yukawa and in-
versely quadratic Hellmann potential, noncommutative quantum mechanics,
star product, Boop’s shift method.



