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( Abstract )

In this memory we study the interpolations method presented by Jarchow and Matter

in ordre to get a new scale of operators ideal, as (p,o)-absolutely continuous operators.

Domination and factorisation theorems of Piesch about this class are presented.

Keywords : Linear operator ideals, p-summing operators,Piesch domination and factoriza-

tion theorems ,(p, o)-absolutely continuous operators .
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Notaions

The field of real or complex numbers.

The field of non negative real numbers.

The conjugate of the number p (1 < p < 00), that is % + z% =1
The topological dual of F.

The closed unit ball of £

The set of all linear operators.

The sets of all continuous linear operators.

The weak topology.

The weak * topology.

The ideal of all linear operator.

The closed injective of the linear operators ideal Z.
The adjoint operator of T

The set of all compact linear operators.

The set of all weakly compact linear operators.

The set of all finite rank linear operators.
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Introduction

n this memory we study the interpolative ideal procedure, that was introduced by Matter and

Jarchow in 1987 in order to give a new operator ideal from two operators ideals [3]. Let Z and

7’ be two linear operators ideals, 0 < 0 < 1 and r = . A linear operator T' € (Z,7'),(E, F)

-0
if there are Banach spaces G, H and two linear operators S € Z(E,G), and R € 7'(E, H) such
that

|T(z)|| <e™"||S(x)]| +c||R(z)||, Vo € E, Ve >0 (1)

It is well known that (1) is equivalent with

IT(@)Il < CAS@)I7 | R@)II7, Yz € E,

where C' is a constant depending only on o.
After that, Matter in [9, Definition 3.1] defined the interpolative space (Z),, that is, a linear

operator T € Z,(E, F) if there exist a Banach space G and an operator S € L(E, F') such that

IT@) < [S@)II [l=]|7, Vo € E.



If we take 7 = 11, , the Banach space of absolutely p-summing operators, we obtain the injective
operator ideal, (p, o)-absolutely continuous operators (1 < p < oo, 0 < o < 1), were defined by
Matter [9, 8] by applying an interpolative ideal procedure. The interpolated operator ideal II,, , of
all (p, o)-absolutely continuous operators was defined as an intermediate operator ideal between
the ideal II, of the absolutely p-summing linear operators and the ideal of all continuous operators,
and shares similar properties with absolutely p-summing operators.
So our memory is divided into three chapters :

In the first chapter we recall some fundamental notions and definitions concerning the linear
operator ideals and Injective Ideal .

In the second chapter , we present the interpolative construction for operator ideals .

The final chapter is devoted to study The ideal of (p, o)- absolutely continuous linear operators.



CHAPTER 1

Preliminary

1.1

1.2

1.3

Basic notions ans terminologies . . . . . . . . ...
Linear operator ideals . . . . . ... ... ... ..
1.2.1 Ideal of p-summing linear operators . . . . .

Injective ideal and the injective of an ideal operator




1.1. BASIC NOTIONS ANS TERMINOLOGIES 4

1.1 Basic notions ans terminologies

n this chapter, we present some concepts which will use in the sequel of this Memory.We will
write K for the real field R or the complex field C. For 1 < p < oo, by p/ we denote the
conjugate of p, that is % + 1% = 1. Along this memory the letters £, F' and G denote Banach
spaces. Given a Banach space Z, Z* denotes its topological dual, and By is its closed unit ball.

By L(E, F') we denote the Banach space of all continuous linear operators between E and F' with

the norm

1T = sup [[T(x)].

z€BER
IfT e L(E,F), T": F* — E* is the adjoint operator of T" with ||T|| = || 7|
Two norms ||.||, and ||.||, on a linear space Z are equivalent if there exist positive numbers C, K
such that

Cllelly < llzlly < Ky, Vo € 2.

For a linear operator T' € L(FE, F'), the linear operator S : F' — E that satisfies T 0 S = idp and
S oT =idg is called the inverse of 7" and is denoted here by 7.

A linear operator T : Z; —> Zy between two normed spaces Z; and Z, is an isomorphism if
T is a continuous bijection whose inverse 7! is also continuous. In such case the spaces Z;
and Zy are said to be isomorphic. T is an isometric isomorphism when ||T(x)|| = ||| for all
x € Zy. In particular, any linear operator between normed spaces of the same finite dimension is
an isomorphism.

A linear operator T is an embedding of E into F if T is an isomorphism onto its image T(E). In

this case we say that E embeds in F'. If T : E — F' is an embedding such that ||T'(z)| = ||z for

Refice. N Interpolative construction for operator ideals



1.2. LINEAR OPERATOR IDEALS >

all z € E, then T is said to be an isometric embedding.

1.2 Linear operator ideals

Recall that a linear operator 7' € L(F, F') is said to have finite rank if T'(F) is a finite dimensional
subspace of F'. The class of all finite rank linear operators between Banach spaces is denoted by

L;(E,F). An operator has rank one if and only it has the form
TRy :xr— (r, ")y

ie. if u e Ly(E, F) we have
U = Z$: X Yi,
i=1
where (z})!, C E* and (y;)7-, C F' (see [10, Page 25]).

Definition 1.1. An operator ideal T is a subclass of the class L of all continuous linear operators

between Banach spaces such that for all Banach spaces E and F' its components
I(E,F):=L(E,F)NT

satisfy:
i) Z(E, F) is a linear subspace of L(E, F) which contains the finite rank operators.

it) The ideal property: if v € L(G,E), u € Z(E,F) and w € L(F, H), then the composition

wovouwisinZ(G,H). If ||.|l; : Z — RT satisfies:

i’) (Z(E,F),||.ll;) is a normed (Banach) space for all Banach spaces E and F,

Refice. N Interpolative construction for operator ideals



1.2. LINEAR OPERATOR IDEALS 6

i) |lidx |l = 1,
iwi’) If v e L(G,E), w € Z(E,F) and w € L(F,H), |wouowvl|; < ||w||v|||u|, then

(Z,].l7) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(FE, F') is a closed subspace of L(E, F) for the

sup norm.

1.2.1 Ideal of p-summing linear operators

The theory of p-summing operators is based on a crucial criterion due to Pietsch [10]. We mention
that the linear p-summing operators are the starting point in the study of Lipschitz p-summing
mappings.

Let 1 < p < oo. A linear operator T : E — F is said to be p-summing if there exists a

constant C' > 0 such that for all finite sequence(x;)1<i<, in £

(ZHT(%‘)HP> <C sup ( |§(5’?¢)|p> :
i=1 €l m=<1 \ ;=

The infmum of all such constants C' > 0 is denoted by m, (7). The collection of all p-summing

operators between E and F' is denoted by II, (E, F').

Theorem 1.1. If1 <p < ¢ < oo, then I, (E, F) C I1, (E, F). Moreover, 7, (T) < m, (T)
for every w € 11, (E, F).
The following basic result about p-summing operators is due to A. Pietsch, and it characterizes

the p-summability by means of a domination theorem.

Theorem 1.2. (Pietcsh Domination Theorem,)

Refice. N Interpolative construction for operator ideals



1.2. LINEAR OPERATOR IDEALS 7

Let 1 <p<oocandT € L(E,F). Then T is p-summing if and only if there exist a constant

C' and a regular Borel probability measure p on Bg« (with the weak star topology) so that

@< [l au@),  wck. (1.1)

Bp=

In this case, 7, (T) is the least of all the constants C such that (1.1) holds.
In order to adapt the previous result into a factorization theorem, we present basic examples of

p-summing linear operators.

Example 1.1. (1) Let K be a compact Hausdorff space, let u be a positive reqular Borel measure

on K , and let 1 < p < oo. The canonical inclusion
Jp: C(K) — Ly (n),

is p-summing with m, (J,) = ||Jp|| = p (K)% .

(2) Let (Q, %, p) be a finite measure space and let 1 < p < co. The formal inclusion map

Ioo,p : LOO (:u) — Lp (:u) )

B =

is p-summing, with m, (I ,) = 1 (€2)

We denote by ig the isometric embedding E — C (Bg+) given by ig (x) = (z,.).

Corollary 1.1. (Pietsch Factorization Theorem)
Let 1<p<ooandT € L(E,F). The following are equivalent
(i) T is p-summing.

(i) There exist a reqular Borel probability measure p on Bgs (with the weak star topology), a

Refice. N Interpolative construction for operator ideals



1.3. INJECTIVE IDEAL AND THE INJECTIVE OF AN IDEAL OPERATOR 8

closed subspace E,of L, (1) and a linear continuous operator u : E, — F such that J, oig (F)
CE,anduoJ,oig(x) =T (x) forallz € E.

In other words, z'pr is the map ig(E) — E, induced by J,, then the following diagram commutes:

E L F
ipd +T
. Jp
ZE(E) — Ep
N N

C(Be) % Lyp).

In addition, we may choose p and T so that Hf” =m,(T).

1.3 Injective ideal and the injective of an ideal operator

Definition 1.2. (/2, page 421 ]) An ideal T is called injective if , for all Banach spaces E, F,G
and every homeomorphic embedding J € L (F,G) , we have that T € L (E, F) belongs to Z(E, F)

whenever JoT isin Z(E,G) .

Notation 1.1. Let us introduce the Banach spaces

E® =l (Bg) and E' := |, (Bg).

Recall that there is a canonical linear and isometric embedding Jg : £ — E* and also E*
has the extension property that is, if F' be a subspace of the normed space (E, ||.||), then every
continuous linear operators T : F' — E*° extend to a continuous linear operators T:E— E>

such that |7 = ||T|

Definition 1.3. Let Z be an ideal . For arbitrary Banach spaces E and F ,the injective of an

Refice. N Interpolative construction for operator ideals



1.3. INJECTIVE IDEAL AND THE INJECTIVE OF AN IDEAL OPERATOR 9

operator ideal denoted by ™ is defined by

T (B, F) = {S € L(E,F):JpoSeT(E F*)}.
I be an ideal and I is contained in it .
Proposition 1.1. Z" is the smallest injective ideal . Consequently , T is injective iff T™ =T .

It is for this reason that named Z*% is the injective hull of Z.

Proof. Let E,F,G be Banach spaces , and let J € (F,G) be a homeomorphic embedding .Let
S € (E, F) be such that JoS €Z™ (E,G). This means JgoJoS €Z(E, G™) .By extension property
of F*>° | thereis a Jp € (G*°, F*°) such that jFoJGoJ = Jp. From JpoS = ijJgOJOS €L(E, F>)
we conclude that S is in Z" (E, F) .Thus Z™ is injective .

If Z, is injective ideal containing Z , then S €Z™ (E, F') implies JpoS €Z(E, F*>) CZ, (E, F*>)
, hence S €Z, (E, F) by injectivity of Z;. This proves Z® CZ,. The remaining assertion is trivial.

]

Refice. N Interpolative construction for operator ideals
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2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 11

n this chapter we present the interpolative ideal procedure, that was introduced by Matter

and Jarchow in 1987 in order to give a new operator ideal from a linear operators ideal [3]

2.1 Interpolative Constructions for operator ideals

Theorem 2.1. ([2, Theorem 3 ]) Let Z be an ideal and E and F Banach spaces . T € (E, F)
belongs to 7" (E, F) if for each € > 0, a Banach space G and an operator S. € Z(E,G.) exist
such that

IT(2)| < IS=(x)| +e- |zl ,  Ve>0,Vze€E. (2.1)
Proof. We take T € T (E,F) = JpoT € I(E,F®), then 3(S,), CZ(E,F>) such that
S, — JpoT when n — oo. that is
Ve >0,AN eNn>N:||S, —jroT| <e.

For all x € E we have

1T (@)l p = [[Jr o T (@)l g = [IJpoT (x) = Sp () + Sn ()] poe
< [JpoT () = Sp (@) pee + 1150 (2)] oo
S MroT = Sallpee - ll2] 4[5 (#)]] poe
< e @l #1190 (@)l poe

= e[l + 115 (@)l pee -

< Let us prove that the validity of (2.1) conversely implies T' € 7" (E,F) . Given € > 0,

Refice. N Interpolative construction for operator ideals



2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 12

consider the Banach space H. := (G. @ E),, and define

R. :F— H.

r—  (S:(x);e.x)

R, is linear , continuous, and injective.

By virtue of (2.1), the map

A. :R(R) — F
R.(z)— T(x)
is a well-defined ; it is again linear and continuous , with ||A.|| < 1. Since F**>° has the extension

property , Jg o A, is the restriction of some A, € £ (H., F*) such that H/L = ||Jp o A||. Define

now B. €Z(E, F>) by
B. :E— Fee

and C. € Z(E, F>) by

C. :E— e
z— A (0,e-2)

Then JpoT = B. + C. and ||JpoT — B.|| = ||C]] < €. Since ¢ > 0 was arbitrary |,

TeT" (E, F) is proved .

Remark 2.1. /2, page 473]

If T admits a complete ideal-quasinorm , then we may choose in addition G. = G and

Refice. N Interpolative construction for operator ideals



2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 13

Se =N (¢)- S for some S €Z(E,G) and some N () >0,i.e we may replace (2.1) by

IT(@)| < N () IS@)| +¢-|lzll,  Ve>0,¥xe E. (2.2)

Proposition 2.1. The equality :

1T ()| < N (e) - IS (@) +& - ], Ve >0,Vz € E.

implise :

IT @)l <ellS @)1 llall” Vz € E.

with0 <o <1, N(e)=¢e",r=1% andc € R,.

Proof. Let f the function defined by f(¢) =7 - ||S (z)|| + ¢ - ||z||, the derivative of f is

fe)=—re IS @) + [l -

So,

fE)z20 = —re - S@)] = |l
. ]l
et £ r—1 < - - @
T[S ()]l
e me < 1( ] )
1S ()]l
= —(r+1)lne < ln(ﬂ)
1S ()]l
—1 ||| ) 1S ()| o
- 1 > 1 =1
" Gy “(rusmu ()
_ i N (rnsmu)m:&
[l

Refice. N Interpolative construction for operator ideals



2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 14

Now we construct the sign and variation table .

€ 0 €1 +o00

f'(e) - 0 +

“+00 +00
7(6) T ( >/
f €1

1 —-r 1

We have £,_ <7"||S(56)||>m then f (61) _ <r||S(x)||> o HS(:U)H + <7"||S(av)||>m . ||$|| )

[l [l [l

o
If we put r = ——, we get :
1—0

—0
T 1-0 —0 B
r+1 %9 41 o+4l-0
1—0
and
1 B 1 B 1 _1—0_1
r+1 _©° +1_U+1_0_ 1 g
l—o l—0o
So
o ||S@)||~° rl=o|IS(2)||*~°
fle) = roolSET g ) 4 PIS@IT

= Yl NS @I S @)1 el
- (= + =) S @) - "
= @)@ TS @I el

= cllS @) -l

where ¢ is a constant depending only on o
_ (1—0\© o \1-0o
(C = (57)" + (%) ) :

We have f (e1) < f(¢) and ||T (2)|| < f(e) foralle >0 and all x € E, then

IT (@) < f (1) = €IS (@) - [l

Refice. N Interpolative construction for operator ideals



2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 15

]

Definition 2.1. [9, Definition 1.2 | Let 0 < o < 1. and (Z,«a) be a normed operator ideal.
An operator T : E — F belongs to I, (E, F) if there exist a Banach space G and an operator
S eI (F,G) such that

IT @)I| < IS (@)1 - ll2ll” Va: € B (2.3)

For each T € 7, (E, F), we set

oy (T) == infa (S)7

where the infimum is taken over all operators S admitted in (2.3). Note that ||T|| < o, (T), by

definition .

Theorem 2.2. [0, Theorem 3.2/ [Z,, .| is an injective complete quasinormed operator ideal . If

« s even a norm, then the same is true for a,.

Proof. We verify only the triangle inequality .Let T}, Ty € Z, (E, F) .Given € > 0 ,there is a Banach

space G; and an operator S; € Z, (E, G;) (i = 1,2) such that

IT3(x)|| < || (S:)~° Si(:c)Hl_a |a(S)7z]|” VzeE

and o (9;) 77 < (1 +¢) a, (T}) (i = 1,2) . Introducing the ¢;-sum G := G1&G5 and the operator
S :=a(S1) 7 J1S1+a(Ss) 7 JoSy € I (E, Q) (Ji, Jo the canonical injections )and applying Holder

inequality , we get for all z € F

Refice. N Interpolative construction for operator ideals



2.1. INTERPOLATIVE CONSTRUCTIONS FOR OPERATOR IDEALS 16

(T + 1) (0] < Tu()]| + [[Ta(2)]

o

o (577 Si(@)|| 7 [lev (S ()

IA IA
NIV

Sl s@]) () @)
= (@S +a () ) IS@I )

Hence Ty + T € Z, (E, F') and furthermore , if § is the quasinorm constant of «,

a, (11 +T2) < (a(5)"7 +a(s)' ) a(s)"
< B (a(8) 7 a()' )
< B (1 +e) (e (Th) + ay (Ty)) .

In particular , if « is a norm , then so is a. [

The ideal Z; is just the injective hull of Z and the quasinorms are equal . Further

properties are given in .

Proposition 2.2. [9, Proposition 3.3 | Let 0 < 0,01,09 < 1. Then the following holds :

(a) Ty, CLy, if o1 < o0y
(b) i T, cT™.
(C) (Ial)o‘g - IUI‘HTQ*UIO'Q'

Here all inclusion maps have norm 1.

Proof. To verify (a), let T' € Z, (E, F') and € > 0 .Then

IT@)I < IS@)I7" - =™, ¥z € B,

holds for a suitable Banach space G and an operator S € T (E, G) with a ()™ < (1 +¢) a, (T).

Since

Refice. N Interpolative construction for operator ideals



2.2. AN GENERALE INTERPOLATIVE IDEAL PROCEDURE 17

IT@) < [1SI7~ IS@)IT7 - 2|, ¥z € B

we get T € Z, (F, F') and

ar (T) < S a(s)77 < a(9)7" < (1+e)a, (1) -

For (¢)and (b) see [9]. O

2.2 An generale interpolative ideal procedure

In this section we present An generale interpolative ideal procedure introduced by Matter and
Jarchow in [3]. Along of this section we use the reference|7] .

Let us now consider the function ¢ : RY — Ry given by ¢ (s,t) = s777¢°,0 < 0 < 1. The
following lemma showing the superadditivity of ¢ . This property will be frequently used in the

sequel.
Lemma 2.1. For any a;,b;> 0 the following inequality holds

n

Z@(aiabi) < <Zai7zbi) .

=1

Proof. By the definition of concavity the inequality

z”: i (a;, b)) < ¢ (i i, zn: )\ibi>
i=1 i=1 i=1

holds for every A; > 0 with Y " ; A\; = 1. The homogeneity of ¢ gives

zn:c/\icp (a;,b;) < ¢ (i: A\, z”: c/\ibi> for every ¢ > 0.

=1 =1 i=1

Refice. N Interpolative construction for operator ideals



2.2. AN GENERALE INTERPOLATIVE IDEAL PROCEDURE 18

Taking cA; = 1 for every ¢ = 1, ..., n gives the claim . [
The following notion gives a generalization of the procedure introduced by U. Matter in [9].

Definition 2.2. Let A and B be a two Banach ideals. An operator T € L(E,F) belongs to
(A,B),(E, F) if there exist Banach spaces Z,W and operators S € A(E,Z), R € B(E,W) such
that

IT@) <@ (IS 1 R@)) - for allx € E. (2.4)

It is easy to see that the above defined class possesses the ideal property.

Proposition 2.3. LetV € L(X,E),T € (A, B),(E,F) andU € L(F,Y), then VoToU € (A, B),
and

IV oToU(x)| <o ([UIIIS o V@)l [U[[[RoUx)) |l

Proof. We take U € L(X,E),T € (A,B),(E,F) and V € L(F,Y), then for all x € X we get

[UeToV(x)| < [U[TeV(z)]

VAN

[Ulle (S e V()| |ReV(x)]),S € A(E, Z), R € B(E, W)
< Ul (1S"@)I [[R'(@)]]) , 8" = SoV and B = Ro V

< @ (IUIIS" @) U 1R (2)]]) , By homogeneity of ¢.

So,UoToV e (A, B), and

[U T oV(x)|l <o ([U[IS o U@, |U[[[RoV(x)) |

In order to see that (A, B), is a linear space, we provide the following alternative

Refice. N Interpolative construction for operator ideals



2.2. AN GENERALE INTERPOLATIVE IDEAL PROCEDURE 19

characterization of operators for this class.

Proposition 2.4. An operator T' belongs to (A, B),(E, F') if and only if there exist some n € N,

Banach spaces Z;, W; and operators S; € A(E, Z;) R; € B(E,W;),i =1,2,....,n, such that

1T ()] < Zs@ Ss@)I [[Bi)l])  for all x € E. (2.5)

Proof. The only if part is obvious. In order to prove the converse implication let
Z = (@ Zi> and W := (@ Wi>
i=1 0 =1 A

We define operators S: E — Z and R: E — W by

S::ZR:JZZiSi and R := Xn:JV%Ri,
i=1 1=1

where J7 : Z; — Z denotes the canonical injection. By Lemma (2.1) we obtain

1T ()] < Zw(HSi(fc)ll H)]) <@ (Z 15i () Z ||Ri($)|!> = e IS@)IL [[RE@)]),

which finishes our proof. ]

Remark 2.2. Now it follows from Proposition ( 2.4) that with operators Ty, T, € (A, B), and

numbers A1, Ay also \T1 + M1y € (A, B),. Hence (A, B), is an operator ideal.

From now on, we assume that «, 8 are quasinorms on A, B, such that A and B,
respectively, become quasinormed Banach ideals. We now consider the following
maps, which are connected to part (2.4) and (2.5), respectively: For each operator T' € (A, B),,

we put
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()

V(T) = info(a(S),B(R)),

where the infimum ranges over all operators S, R such that inequality (2.4) holds.
(i)
F(T) :=inf> o (a(S),B(R)),
i=1

where the infimum ranges over all n € N and all operators S;, R; such that inequality (2.5)
holds.

We recall that a mapping « : A — R, (in particular we can consider a quasinorm) is said
to have the ideal property if for V € L(Xo, X),T € A(X,Y) and U € L(Y,Yy) the following
inequality holds

a(UTV) < [|U][e(T) V]

Proposition 2.5. Both maps v and 7 possess the ideal property. Moreover, the map 7 is a norm

on (A, B),.

Proof. We prove the first statement only for . The proof for 7 is similar. Let

Ve L(Xy,X)and U € L(Y,Yy). Let S, R be operators such that
IT(@) | < @ (IS [[R)]])
holds. Observe that

IOTV) @I < NUITIT V)< [Tl S V) TRV @)D

= e lIUISV @I RV ()] -
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So S := ||U]| SV and R := ||U|| RV are admissible operators in the definition of

v(UTV). We obtain
YUTV) < @ (a (U] SV), B(IUIBV)) < [Ull¢ (a(S),B(R) [V

Taking the infimum over all operators S and R gives the claim.
We only have to show the triangle inequality in the second statement. For that reason, let

T, T, € (A, B), and assume that S, ..., Sp; R, ..., Ry, are such that

m

e |<Z¢ 1S IR @) and [T < S @ (1S [ B:(@)])) for some n < m.

i=n-+1

Obviously

m

173 () + Ta(x Z USa(@)I[ s [[Ri)]]) -

We then have

¥ +1T3) < Z@(a (5i), B8 (R:)) + Z @ (a(Si), B (Ri))-

i=1 i=n+1
Turning to the infimum on the right hand side gives the claim. [

Theorem 2.3. [7, Theorem 6.5] We Assume that o and (8 are ideal norms. Then

In other words, both maps 7, are equivalent.

Notation 2.1. Let us define the class AC consisting of all continuous, positively homogeneous,
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concave functions ¢ : RL — Ry, with ¢(0,0) = 0,¢(s,0) = ¢(0,t) = 0 and ¢(1,1) = 1. Taking
into account the homogeneity of ¢ we put often p(s,t) = sp(t/s) with p : [0,00) — Ry. The

function p is also non-decreasing, concave and continuous with p(0) =0 and p(1) = 1.

Theorem 2.4. Let ¢ €AC and p : [0,00) — R, be given by ¢(s,t) = sp(t/s). Let A and B be
operators ideals. Then (A, B), is an operator ideal. If, moreover, (A, ) , (B, ) are quasinormed

Banach ideals and p is submultiplicative, then [(A, B),,7] is a Banach ideal.

2.2.1 Factoring through interpolation spaces

Let us start this section by recalling some basic notation and results from interpolation theory. A
pair of Banach spaces (Xg, X;) is said to be an interpolation couple (or compatible couple) if both
spaces are continuously embedded into a certain Hausdorff topological vector space V' . For an
interpolation couple (X, X7) we

put

A(Xo, X1) = {x € XoN Xy ¢ [|J] o = max (|lzoll x, , |21l x1) < OO} :

(X0, X1) = {z =20+ 21 € Xo+ X1 : 2|5, = infymsytay {llzollx, + 21|, } < o0}

The linear spaces A(Xo, X;1) and X(Xo, X;) equipped with the norms |||, and ||.||s, respec-
tively are Banach spaces. A Banach space X is said to be an intermediate space with respect to
(Xo, X1) if A(Xo, X7) — X — X(Xo, X1) (continuous inclusion). If additionally for every linear
operator T': Xg + X7 — Xo + X such that the restrictions Ty : Xg — Xp and 77 : X7 — X,
are bounded we have that T': X — X is bounded , then we refer X to as interpolation space
with respect to (Xo, X71). Let (Xo, X1) and (Y, Y1) be interpolation couples. From now on, the
notation 7' : (Xo, X7) — (Yo, Y1) means that T : %(Xo, X;) — (Yo, Y)) is a linear operator

such that the restrictions of T given by Ty : Xg — X7 and 77 : Yy — Y are bounded. A
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functor F from the category of all compatible couples into the category of all Banach spaces is
called interpolation functor (or interpolation method) if for any couple (Xy, X;) the Banach space
F(Xo, X1) is an intermediate space and T : F(Xg, X1) — F(Yp, Y1) is bounded for all couples
(X0, X1), (Yo,Y1) and any T : (X, X7) — (Yo, Y1). The closed graph theorem implies that for

any interpolation functor F there exists a constant C' > 0 such that we have

T : F(Xo, X1) — F(Yo,Y1)|| < Cmax (||T: Xo — Yo, |7 : X1 — Y1]]).

If C' can be chosen equal to one then we say that F is an exact interpolation functor. Fundamental
examples of the exact interpolation methods are the real method of interpolation ( -, - ),, with
0 <o <1land1 <p < oo which takes its origins from the classical Marcinkiewicz theorem and the
complex method of interpolation |-, - ],. The idea of this method goes back to the Riesz-Thorin
theorem. The most important notion of real interpolation theory is the K-functional. Let (X, X7)

be a Banach couple. The K-functional is given by

K (z,t) = inf{||m0||X0 + |z, c =20+ 21} for x € B(Xo, X1) and ¢ > 0.

Thus K (z,1) is simply the usual norm of the sum space. Moreover the mapping = — K(x,t)
provides an equivalent norm on Y (X, X;) for which it becomes an exact interpolation space. In
the sequel for ¢ > 0 let tR denote the real line R equipped with the norm ||z||,, = t|z| .If F is an

exact interpolation functor, its characteristic function ¢ is defined by

v (s, t) R := F(sR,tR).

In particular we may work with a function from the class AC. For a compatible pair (Xg, X;) of
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Banach spaces, we define (Xo, X1),1 as the space of all z € Y (Xy, Xy) for which there exists a
sequence (z,) C A(Xo, Xi)suchthatx =3z, in) (Xo, X1)and anl o (|lznllg, lzall;) < oo

Equipped with the norm

lall,., = mf{Zwuxnuo Neall)) 2= an}
n=1

n>1

(X0, X1)y,1 becomes a Banach space. It can be shown, that the space (Xo, X1),,1 is an inter-
polation space . Moreover the interpolation functor (-, ), turns out to be exact and ¢ is its
characteristic function. In addition, the interpolation functor ( -, -),; possesses a certain mini-
mal property in the following sense. If F is an arbitrary exact interpolation functor and ¢ is its

characteristic function, then for any Banach couple (Xy, X;) the following inclusion holds
(Xo, X1)p1 C F(Xo, Xq).

In addition, the embedding constant is less than one, i.e the above inclusion is a contraction.
In the sequel we also consider the interpolation space (Xo, X1), 0o consisting of all z € > (X, X1)

such that

is finite. Here * : (0,00) x (0,00) — R, is given by ¢*(s,t) = (¢(1/s,1/t)) " . Again,
the functor (-, )00 is exact and ¢ is its characteristic function. Moreover, it possesses the
following maximality property. For an arbitrary exact interpolation functor F with characteristic

function ¢ and for any interpolation couple (Xy, X;)

‘F(X(%Xl) g <X07X1)<P300
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and the embedding constant is smaller than one.
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3.1 The ideal of (p,o)-absolutely continuous linear opera-

tors

Let 1 < p < oo and 0 < 0 < 1. The interpolated operator ideal II,, of the (p,o)-absolutely
continuous operators was introduced by Matter [9]. Essentially, it is defined to be an intermediate
operator ideal between the ideal II, of the absolutely p-summing linear operators and the ideal
of all continuous operators (see [3]). In the nineties, several papers describing and analysing the
properties and applications of this interpolated class appeared. They were mainly devoted to the
study of the factorization properties and the trace duality for these operators, finding in partic-
ular the class of tensor norms that represent these operator ideals (see [I1],[1],[5] ). It must be
said that, due to the interpolative procedure that was used for defining them, (p,o)-absolutely
continuous operators preserve some of the characteristic properties of the absolutely p-summing
linear operators. However, the emergence of new classes whenever 0 < ¢ < 1 | different from ab-
solutely p-summing linear operators, yields that the theory of p-summing linear operators cannot
be applied. Therefore, these new classes are a useful tool to deal with summability properties of

operators weaker than absolutely p-summability (see for instance [11],[5]).

3.1.1 (p,o)-absolutely continuous linear operators

Definition 3.1. [9, Definition 3.1] Let 1 < p < 0o and 0 < o < 1. Recall that a linear operator

T € L(E,F) between two Banach spaces E and F is called (p,o)-absolutely continuous if there
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exist a Banach space G and a linear operator S € 11,(E, Q) such that
IT@) < 2|7 [IS@)|"7, =€k (3.1)

Let 7, o (T) = infm,(S)' =7, where the infimum is taken over all Banach spaces G and S € 11,(E, G)
such that (3.1) holds. By1Il,,(E, F) we denote the Banach space of all (p,o)-absolutely continuous

operators between E and F'.

Note that it T € I, ,(E, F) then ||T|| < 7, (7). The class (II, ,, 7, »(.)) is an injective Banach
operator ideal (see [, Theorem 3.2]). By the inclusion theorem for the class II,, (see Theorem

1.1), we have the result

Proposition 3.1. Let 1 <p < qg < oo and 0 < o < 1. Then the following holds
1L, ,(E, F) CIl,,(E,F)

for all Banach spaces E and F.

Theorem 3.1. [0, Theorem 4.1]
For a linear operator T € L (E, F) the following statements are equivalent.
(i) T ell,, (E,F)

(ii) There are a constant C' > 0 and a reqular Borel probability measure p on Bgs, such that

1—0o

HT(INISC( / <|<x,x*>\1—”qu“w”cfdu(a:*)) Ty (3.2)
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(1ii) There is a constant C' > 0 such that for all (x;)!, in E we have

l—0o 1—0o

(Z HT(%)HIE"> p < C sup (Z (| (", i) ['7° ||leO—)lfa> ’

In addition, m,,(T) is the smallest number C' for which (ii) and (iii) hold.

3.1.2 (p,p)-absolutely continuous linear operators

By applying the Definition 2.2 to the ideals [A, a] = [IL,, w,] and [B, 8] = [L, ||.||] we may consider
the Banach ideal [II,,, 7, ] = [(Hp,ﬁ)w,ﬂ of all (p,¢)-absolutely continuous operators. By

Theorem 2.3, the ideal norm m, , is equivalent to
e (T) = inf{ (m, (5), A) = [Tzl < @ (15[, Al -

Definition 3.2. Let 1 < p < oo and 0 < ¢ < 1. A linear operator T € L(E, F) between two
Banach spaces E and F is called (p, p)-absolutely continuous if there exist a Banach space G and

a linear operator S € IL,(E, G) such that
1T <@ zlllS@)), e B (3:3)

Let

e (T) = it {p (1, (), A) : [T < o (|152]], Alz])}

By 11, ,(E, F') we denote the Banach space of all (p, ¢)-absolutely continuous operators between E

and F.

Remark 3.1. Using defintions 3.1 and 3.2 we get that 11, ,(E, F) =11, ,(E, F)
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The follwing theorem characterizes (p, ¢)-absolutely continuous operators by a special factor-
ization property through a suitable space given by the interpolation method (.,.) ol
Theorem 3.2. [7, Theorem 6.10] For every operator T' € L(X,Y) , the following statements are
equivalent

i) T is (p, p)-absolutely continuous .

it) There ezist a regqular probability measure p on Bx: and a constant C' > 0 such that

1Tzl <@ (CllJuzl; [l2l]) Vo e X,

where J, : X — L, (1) is the restriction of the canonical map J, : C (Bx/) — L, (p) and

is given by v — (x,.).

i11) There exist a regular probability measure p on Bx: and a constant C' > 0 and an operator

R:(X/ker (Ju), Ly (), — Y such that [|[R|| < C and T = RJ,,Q.

In other words , the following diagram commutes :

X T Y

o |

X/ker(Ju) — (X/ker (Ju), Ly (1))

;1
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