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Lipschitz (q, p, E)-summing operators on injective Lipschitz
tensor products of spaces
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Abstract. In this paper, we introduce the notion of (q, p)-mixing operators from the injective tensor prod-
uct space E⊗̂εF into a Banach space G which we call (q, p, F)-mixing . In particular, we extend the notion of
(q, p, E)-summing operators which is a special case of (q, p, F)-mixing operators to Lipschitz case by study-
ing their properties and showing some results for this notion.
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1. Introduction

Farmer and Johnson in [9] have introduced the notion of Lipschitz p-summing operators and
justified that it is good generalization of the concept of linear p-summing operators between
two Banach spaces (see[9, Theorem 2]). Next, several authors have developed the summability
theory for Lipschitz mappings. They studied the class of Lipschitz summing mappings where
linear analogue has found its natural place in the linear operator theory (see [2], [8], [7], [18],
[1], [3], [13] and the references therein).

By analogy with the notion of mixing operator between Banach spaces was introduced by
Pietsch [17], we will define the notion of (q, p)-mixing linear operators from the injective tensor
product space E⊗̂εF into a Banach space G which we call (q, p, F)-mixing operators and give
some results concerning this notion. Also, we extend the notion of (q, p, E)-summing (it is
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a special case of (q, p, F)-mixing operators) that introduced by Maurey in [12] and Kislyakov
in [11] to Lipschitz case. Furthermore we will show the domination theorem for Lipschitz
(p, E)-summing operators. Other results, in the same vein as Blasco and Signes in [4], are also
obtained.

The organization of this paper is as follows. After the introductory one, in the second section,
we recall some basic definitions and notations concerning the linear and Lipschitz operators,
some facts on sequence spaces, tensor product of Banach spaces and Lipschitz tensor product
of pointed metric space and Banach space (see [6]). In section 3, the notion of (q, p, F)-mixing
operators from the injective tensor product space E⊗̂εF into a Banach space G is introduced,
and its fundamental properties are investigated. Finally in the last section we generalize the
notion of (q, p, E)-summing, which is a special case of (q, p, F)-mixing operators to the Lip-
schitz case that we call Lipschitz (q, p, E)-summing operators by giving Pietsch-domination
theorem and inclusion type theorems for this class of operators. Some properties related to
this class are also presented.

2. Notations and preliminaries

We introduce some concepts and notations that will be used in this paper. The letters E, F
and G will denote Banach spaces. The letters X and Y stand for pointed metric spaces with
a base point denoted by 0. The closed unit ball of a Banach space E is denoted by BE. The
dual space of E is denoted by E∗. The class of all bounded linear operators between arbitrary
Banach spaces E and F will be denoted by L (E, F). The symbols R+, R, and N stand for the
set of all positive real numbers, of all real numbers and of all natural numbers, respectively.
For a Banach space E, denote by Lip0(X, E) the space of all Lipschitz mappings T : X −→ E
vanishing at 0, that is T(0) = 0. Equipped with the norm,

Lip (T) := sup
x 6=y

‖T(x)− T(y)‖
dX(x, y)

,

Lip0(X, E) becomes a Banach space. For E = K, we put X# = Lip0(X, K) (K = R or C) this
Banach space of Lipschitz real functions is called also Lipschitz dual of X ( see [19]) and we
denote by BX# for its closed unit ball which is a compact Hausdorff space for the topology of
pointwise convergence on X. The symbols W(BE∗) and W(BX#) stand for the set of all Borel
probability measures defined on BE∗ and BX# , respectively. Let 0 ≤ p ≤ ∞ . The Banach space
of all absolutely p-summable sequences x = (xj)j∈N, where xj ∈ E, is denoted by `p(E). The
norm is defined by

‖x‖`p(E) =

(
∞

∑
j=1

∥∥xj
∥∥p
) 1

p

< ∞.

The Banach space of all weakly absolutely p-summable sequences x = (xj)j∈N ⊂ E, is
denoted by `w

p (E). The norm is defined by

‖x‖`w
p (E) = sup

a∗∈BE∗

(
∞

∑
j=1

∣∣a∗(xj)
∣∣p) 1

p

.
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If we have E = K, then `p (K) and `ω
p (K) coincide and we denote `p (K) by `p. If 1 < p ≤

q ≤ ∞, we determine the real number q′(p) by 1
q′(p) +

1
q = 1

p . A family x = (xj)j of elements of
E with j ∈N, is called mixed (q, p)-summable if it can be written in the form

xj = τj · x0
j , (2.1)

where τ = (τj)j ∈ `q′(p) and x0 = (x0
j )j ∈ `ω

q (E). The class of all mixed (q, p)-summable
families is denoted by `m

(q,p)(E) which is a Banach space with the norm

m(q,p) (x) = inf ‖τ‖`q′(p)

∥∥∥x0
∥∥∥
`ω

q (E)
,

where the infimum is taken over all possible representations of x in the form (2.1). The rela-
tionships between the various sequence spaces are given by `p (E) ⊂ `m

(q,p) (E) ⊂ `ω
p (E) , with

‖x‖`ω
p (E) ≤ m(q,p) (x) ≤ ‖x‖`p(E) , for all x ∈ `p (E) .

Let 0 < p < q < ∞ where the real number q′ (p) satisfying 1
p = 1

q +
1

q′(p) . Following [17,
Theorem 2.4], a sequence (xj)j∈N in E is mixed (q, p) -summable if and only if ∞

∑
j=1

 ∫
BE∗

∣∣x∗(xj)
∣∣q dµ(x∗)


p
q


1
p

< ∞,

for every µ ∈W(BE∗). In this case

sup
µ∈W(BE∗ )

 ∞

∑
j=1

 ∫
BE∗

∣∣x∗(xj)
∣∣q dµ(x∗)


p
q


1
p

= m(q,p)((xj)j∈N). (2.2)

We define E⊗̂εF to be the completion of the algebraic tensor product E⊗ F with the norm

εE⊗F (u) = sup
x∗∈BE∗
y∗∈BF∗

∣∣∣∣∣ N

∑
k=1

x∗(xk)y∗(yk)

∣∣∣∣∣ , (2.3)

where u =
N
∑

k=1
xk ⊗ yk and E⊗̂εF is so-called injective tensor product. We denote its weakly

p-norm by ∥∥∥(uj)
m
j=1

∥∥∥
`w

p (E⊗̂εF)
= sup

x∗∈BE∗
y∗∈BF∗

(
m

∑
j=1

∣∣〈uj, x∗ ⊗ y∗
〉∣∣p) 1

p

,

where
〈
uj, x∗ ⊗ y∗

〉
=

Nj

∑
k=1

x∗
(
xk,j
)

y∗
(
yk,j
)

for any uj =
Nj

∑
k=1

xk,j ⊗ yk,j in E⊗ F.
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By u [x∗] ∈ F is denoted the action of an element u of the tensor product X ⊗ E on vectors
in X∗. We denote its weakly (p, F)-norm by

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
= sup

x∗∈BE∗

(
m

∑
j=1

∥∥uj[x∗]
∥∥p

F

) 1
p

,

where uj[x∗] =
Nj

∑
k=1

x∗
(
xk,j
)

yk,j, for uj =
Nj

∑
k=1

xk,j ⊗ yk,j, xk,j ∈ E and yk,j ∈ F. The following

relationship proved by Blasco and Signes in [4] as follow∥∥∥(uj)
m
j=1

∥∥∥
`w

p (E⊗̂εF)
≤
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
.

We will denoted by X � E for the Lipschitz tensor product of a pointed metric space X and
a Banach space E, it can be constructed as a subspace of the linear functionals on Lip0(X, E∗)
and their completion denoted by X�̂εE under the injective Lipschitz cross norm ε, defined by

εX�E(u) = sup
f∈B

X#
y∗∈BE∗

∣∣∣∣∣ N

∑
k=1

(
f (xk)− f (x′k)

)
y∗(yk)

∣∣∣∣∣ ,

where u =
N
∑

k=1
δ(xk,x′k)

� yk and X�̂εE is so-called Lipschitz injective tensor product (see [6] ).

The notion of Lipschitz (q, p)-summing operators introduced by Johnson and Schechtman in
[10]. For q, p ≥ 1, a mapping T ∈ Lip0(X, E) is called Lipschitz (q, p)-summing if there exists
a constant C ≥ 0 such that for all x1, ..., xn, x′1, ..., x′n in X and for all λ1, ..., λn ∈ R+ we have(

n

∑λi
i=1

∥∥T (xi)− T
(

x′i
)∥∥q

E

) 1
p

≤ C sup
f∈BX#

(
n

∑
i=1

λi
∣∣( f (xi)− f

(
x′i
))∣∣p) 1

p

. (2.4)

We denoted by πL
q,p(T) for the infimum of such constants in the previous inequality and by

ΠL
q,p(X, E) the space of all Lipschitz (q, p)-summing operators in X into E. Note that if we take

q = p we find the definition of Lipschitz p-summing operators of Farmer and Johnson (see[9]).

3. (q, p, F)-mixing operators

Recall that, from [17], a normed (Banach) operator ideal I is a subclass of the class L of all
continuous linear operators between Banach spaces such that for all Banach spaces E and F its
components I(E, F) := L(E, F) ∩ I satisfy the following conditions:
(OI0) I(E, F) is a linear subspace of L(E, F) and the function ‖·‖I : I −→ R+ satisfies that

(I(E, F), ‖·‖I) is a normed ( Banach) space for all Banach spaces E and F.
(OI1) I contains the mappings of the form x∗ ⊗ y : x 7−→ 〈x, x∗〉 y where x ∈ E, x∗ ∈ E∗

and y ∈ F. In addition, ‖x∗ ⊗ y‖ = ‖x∗‖ ‖y‖ .
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(OI2) The ideal property: if u ∈ L(E, K), v ∈ I(K, G) and w ∈ L(G, F), then the composition
w ◦ v ◦ u is in I(E, F) and ‖w ◦ v ◦ u‖I ≤ ‖w‖ ‖v‖I ‖u‖ .

The class of (q, p, F)−summing operators is studied in [12, 11, 4].

Definition 3.1. Let E, F and G be Banach spaces and let 1 ≤ p ≤ q < ∞. A bounded operator T
from the injective tensor product E⊗̂εF into G is said to be (q, p, F)-summing if there exist a positive
constant C such that, for any finite sequence (ui)1≤i≤n in E⊗ F, we have

(
n

∑
i=1
‖T (ui)‖

q
G

) 1
q

≤ C sup
a∗∈BE∗

(
n

∑
i=1
‖ui[a∗]‖

p
F

) 1
p

, (3.1)

where ui[a∗] =
Ni
∑

j=1
a∗
(
aj,i
)

bj,i, for ui =
Ni
∑

j=1
aj,i ⊗ bj,i, bj,i ∈ F and aj,i ∈ E. We put

πF
q,p (T) = {inf C : satisfying (3.1) } ,

which is called the (q, p, F)-norm of T, and by ΠF
q,p
(
E⊗̂εF, G

)
the space of all (q, p, F)-summing

operators which is Banach space endowed with such norm. In the case q = p we simply with
ΠF

p
(
E⊗̂εF, G

)
and πF

p (T) . For F = K we have ΠK
q,p
(
E⊗̂εK, G

)
= Πq,p (E, G) the space of

(q, p)-summing operators between E and G.
The next results can be found in [11, 12, 17], and will be used in the sequel.

Theorem 3.1. Let 1 ≤ p < ∞. An operator T ∈ ΠF
p
(
E⊗̂εF, G

)
if and only if there are a probability

measure µ on (BF∗ , ω∗) and a constant C > 0 such that for all u ∈ E⊗ F we have

‖T (u)‖p
E ≤ C

∫
BE∗

‖u[a∗]‖p
F dµ (a∗) . (3.2)

Moreover,
πF

p (T) = {inf C : satisfying (3.2) } .

The definition of (q, p)-mixing operators is due to Pietsch [17].

Definition 3.2. An operator T : E −→ F between Banach spaces is called (q, p) -mixing if there is a
constant C ≥ 0 such that for all n ∈N and all x1, ..., xn ∈ E we have

m(q,p)(
(
Txj
)

j) ≤ C
∥∥∥(xj

)
j

∥∥∥
`ω

p (E)
.

The class of all (q, p)-mixing operators from E to F is denoted by M(q,p) (E, F). In this case, the
(q, p)-mixing summing norm m(q,p) (T) of T is the infimum of such constants C.

Now, we introduce the notion of (q, p, F)-mixing operators from the injective tensor product
E⊗̂εF into the Banach space G.
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Definition 3.3. Let 1 < p ≤ q ≤ ∞ and q′ (p) > 1 such that 1
p = 1

q +
1

q′(p) . A bounded operator T
from the injective tensor product E⊗̂εF into G is called (q, p, F)-mixing if there is a constant C ≥ 0
such that

m(q,p)((Tuj)
m
j=1) ≤ C

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
,

for arbitrary sequence (uj)
m
j=1 in E⊗ F and m ∈ N. Let us denote by MF

(q,p)(E⊗̂εF, G) the class of all
(q, p, F)-mixing operators from E⊗̂εF into G with

mF
(q,p)(T) = inf C.

Note that if F = K, then MK
(q,p)(E⊗̂εK, G) = M(q,p)(E, G). Also, we have the inclusion

M(q,p)(E⊗̂εF, G) ⊆ MF
(q,p)(E⊗̂εF, G), for every 1 < p ≤ q ≤ ∞.

The next proposition and its proof are similar to [17, Theorem 20.1.4] and will be omitted.

Proposition 3.1. The operator T ∈ L(E⊗̂εF, G) is (q, p, F)-mixing if and only if there is a constant
C ≥ 0 such that m

∑
j=1

(
n

∑
k=1

∣∣∣〈gk, Tuj
〉
(G∗,G)

∣∣∣q)
p
q


1
p

≤ C
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

p (E⊗̂εF)

∥∥(gk)
n
k=1

∥∥
`q(G∗)

,

for every sequences (uj)
m
j=1 ⊂ E⊗ F, (gk)

n
k=1 ⊂ G∗ and m, n ∈N. In this case mF

(q,p)(T) = inf C.

Remark 3.1. Obviously MF
(∞,p)(E⊗̂εF, G) = ΠF

p(E⊗̂εF, G) and MF
(p,p)(E⊗̂εF, G) = L(E⊗̂εF, G).

In section 4, we generalize this result to the Lipschitz case.

It is easily seen that
‖T‖ ≤ mF

(q,p)(T), (3.3)

for all T ∈ MF
(q,p)

(
E⊗̂εF, G

)
.

Proposition 3.2. If 1 ≤ p ≤ q ≤ ∞, then
(

MF
(q,p), mF

(q,p)

)
is a normed operator ideal.

Proof. It is not difficult to show that the condition (OI0) is true. To prove the condition (OI1).
Let x∗ ⊗ y∗ ∈ (E⊗̂εF)∗ and g ∈ G. By using (2.2), for all (uj)

m
j=1 ⊂ E⊗ F we have m

∑
j=1

 ∫
BG∗

∣∣〈(x∗ ⊗ y∗)⊗ g(uj), g∗
〉∣∣q dµ(g∗)


p
q


1
p

=

 m

∑
j=1

 ∫
BG∗

∣∣〈〈uj[x∗], y∗
〉

g, g∗
〉∣∣q dµ(g∗)


p
q


1
p

≤
(

m

∑
j=1

∥∥〈uj[x∗], y∗
〉

g
∥∥p
) 1

p

≤ ‖g‖ ‖y∗‖ ‖x∗‖ sup
a∗∈BE∗

(
m

∑
j=1

∥∥uj[a∗]
∥∥p

F

) 1
p

.
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By taking the supremum over all µ ∈W(BG∗) we obtain

m(q,p)

((
(x∗ ⊗ y∗)⊗ g(uj)

)m

j=1

)
≤ ‖g‖ ‖y∗‖ ‖x∗‖

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
.

Since (uj)
m
j=1 is arbitrary it follows that

mF
(q,p) ((x∗ ⊗ y∗)⊗ g) ≤ ‖g‖ ‖y∗‖ ‖x∗‖ .

Hence (x∗ ⊗ y∗)⊗ g ∈ MF
(q,p)(E⊗̂εF, G). Now, show the reverse inequality, by (3.3) we have

‖g‖ ‖y∗‖ ‖x∗‖ = ‖(x∗ ⊗ y∗)⊗ g‖ ≤ mF
(q,p) ((x∗ ⊗ y∗)⊗ g) .

To prove the condition (OI2), let A ∈ L(E0⊗̂εF0, E⊗̂εF), T ∈ MF
(q,p)(E⊗̂εF, G), and B ∈

L(G, G0), where A = R⊗ S, R ∈ L(E0, E), and S ∈ L(F0, F). Then by applying Proposition 3.1
we have (

m
∑

j=1

(
n
∑

k=1

∣∣∣〈g0,k, BTA(u0,j)
〉
(G∗0 ,G0)

∣∣∣q) p
q
) 1

p

=

(
m
∑

j=1

(
n
∑

k=1

∣∣∣〈g0,k ◦ B∗, TA(u0,j)
〉
(G∗,G)

∣∣∣q) p
q
) 1

p

≤ mF
(q,p)(T)

∥∥∥(Au0,j)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)

∥∥(g0,k ◦ B∗)n
k=1

∥∥ `q(G∗)

≤ ‖B‖ ‖R‖ ‖S‖mF
(q,p)(T)

∥∥∥(u0,j)
m
j=1

∥∥∥
`w,F

p (E0⊗̂εF0)

∥∥(g0,k)
n
k=1

∥∥
`q(F∗0 )

.

Hence BTA ∈ MF
(q,p)(E0⊗̂εF0, G0) with mF

(q,p)(BTA) ≤ ‖B‖ ‖R‖ ‖S‖mF
(q,p)(T).

We will present in the following proposition a composition formula for (q, p, F)-mixing op-
erators which is a natural generalization of [17, Proposition 20.2.1].

Proposition 3.3. Let 1 < p ≤ q < ∞. Then

Πq(G, H) ◦MF
(q,p)(E⊗̂εF, G) ⊆ ΠF

p(E⊗̂εF, H).

Proof. Take T ∈ MF
(q,p)(E⊗̂εF, G) and S ∈ Πq(G, H). For u1, ..., um ∈ E⊗F and ε > 0, we have

Tuj = τjyj where∥∥∥(τj)
m
j=1

∥∥∥
`q′(p)

∥∥∥(yj)
m
j=1

∥∥∥
`w

q (G)
≤ (1 + ε)m(q,p)((Tuj)

m
j=1)

≤ (1 + ε)mF
(q,p)(T)

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
,

with 1
q′(p) +

1
q = 1

p . Using the assumption we have that∥∥∥(STuj)
m
j=1

∥∥∥
`p(H)

≤
∥∥∥(τj)

m
j=1

∥∥∥
`q′(p)

∥∥∥(Syj)
m
j=1

∥∥∥
`q(H)

≤ πq(S)
∥∥∥(τj)

m
j=1

∥∥∥
`q′(p)

∥∥∥(yj)
m
j=1

∥∥∥
`w

q (G)
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≤ (1 + ε)πq(S)mF
(q,p)(T)

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
.

Which means that ST ∈ ΠF
p(E⊗̂εF, H) and πF

p(ST) ≤ πq(S)mF
(q,p)(T).

The proof of the following proposition is inspired to [17, Theorem 20.1.7].

Proposition 3.4. Let 1 ≤ p ≤ q < ∞. An operator T ∈ L(E⊗̂εF, G) is (q, p, F)-mixing if and only
if there is a constant C ≥ 0 such that for all ν ∈W(BG∗) we can find µ ∈W(BE∗) such that ∫

BG∗

∣∣∣〈g, Tu〉(G∗,G)

∣∣∣q dν(g)

 1
q

≤ C

 ∫
BE∗

‖u[x∗]‖p
F dµ(x∗)

 1
p

(3.4)

For every u ∈ E⊗ F. In this case mF
(q,p)(T) = inf C.

Proof. If (3.4) is hold we get m

∑
j=1

∫
BG∗

∣∣∣〈g, Tuj
〉
(G∗,G)

∣∣∣ p
q dν(g)

 1
p

≤ C

 m

∑
j=1

∫
BE∗

∥∥uj[x∗]
∥∥p

F dµ(x∗)

 1
p

≤ C
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
.

This imply m(q,p)

(
(Tuj)

m
j=1

)
≤ C

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
. Hence T ∈ MF

(q,p)(E⊗̂εF, G) and mF
(q,p)(T) ≤

C. If q ≥ 1, for every ν ∈ W(BG∗) consider the mapping Jν ∈ Πq
(
G, Lq(BG∗ , ν)

)
defined by

Jν (x) = fx for all x ∈ G where fx(g) = 〈g, x〉. It follows from Proposition 3.3, πq(Jν) = 1
and T ∈ MF

(q,p)(E⊗̂εF, G) that JνT ∈ ΠF
p
(
E⊗̂εF, Lq(BG∗ , ν)

)
and πp(JνT) ≤ mF

(q,p)(T). Then by
Theorem 3.1, there exists µ ∈W(BE∗) such that ∫

BG∗

∣∣∣〈g, Tu〉(G∗,G)

∣∣∣q dν(g)

 1
q

= ‖(JνT)u‖Lq(BG∗ ,ν) ≤ mF
(q,p)(T)

 ∫
BE∗

‖u[x∗]‖p
F dµ(x∗)

 1
p

,

for all u ∈ E⊗ F.

As an immediate consequence of the preceding proposition we arrive an interesting multi-
plication formula which is a generalization of [17, Proposition 20.1.8].

Proposition 3.5. If 0 < p ≤ q ≤ s ≤ ∞, then

MF
(s,q)(E⊗̂εF, G) ◦MF

(q,p)(E⊗̂εF, G) ⊆ MF
(s,p)(E⊗̂εF, G).

The following inclusion follows immediately from the Proposition 3.4.

Proposition 3.6. If p1 ≤ p2 ≤ q2 ≤ q1, then

MF
(q1,p1)

(E⊗̂εF, G) ⊆ MF
(q2,p2)

(E⊗̂εF, G).
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Proposition 3.7. If
1

q′ (p)
+

1
q
=

1
p

, then

MF
(q,p)(E⊗̂εF, G) ⊆ ΠF

q′(p),p(E⊗̂εF, G).

Proof. Suppose that T ∈ MF
(q,p)(E⊗̂εF, G). From Proposition [17, Theorem 16.4.5] we obtain∥∥∥(Tuj)

m
j=1

∥∥∥
`q′(p)(G)

≤ m(q,p)

(
(Tuj)

m
j=1

)
≤ mF

(q,p)(T)
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
.

The next proposition and its proof are similar to [17, Proposition 20.1.13]. We write the proof
for the aim of completeness.

Proposition 3.8. We consider G is an intermediate space of {G0, G1} admitting J-type θ. Let 0 <

p ≤ q0, q1 ≤ ∞ and
1
q

=
1− θ

q0
+

θ

q1
. If T ∈ L(E⊗̂εF, G), then T ∈ MF

(q0,p)(E⊗̂εF, G0) and

T ∈ MF
(q1,p)(E⊗̂εF, G1) implies that T ∈ MF

(q,p)(E⊗̂εF, G). Furthermore

mF
(q,p)

(
T : E⊗̂εF −→ G

)
≤ mF

(q0,p)
(
T : E⊗̂εF −→ G0

)1−θ mF
(q1,p)

(
T : E⊗̂εF −→ G1

)θ .

Proof. Let r = q′ (p). We pose
1
r
=

1
p
− 1

q
,

1
r0

=
1
p
− 1

q0
, and

1
r1

=
1
p
− 1

q1
, then

1
r
=

1− θ

r0
+

θ

r1
.

Let u1, ..., um ∈ E⊗ F where
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

q (E⊗̂εF)
≤ 1. Taken ε > 0, we have Tuj = τ0jy0j and

Tuj = τ1jy1j such that∥∥∥(τ0j)
m
j=1

∥∥∥
`r0

≤ (1 + ε)mF
(q0,p)(T : E⊗̂εF −→ G0) and

∥∥∥(y0j)
m
j=1

∥∥∥
`w

q0 (G)
≤ 1,∥∥∥(τ1j)

m
j=1

∥∥∥
`r1

≤ (1 + ε)mF
(q1,p)(T : E⊗̂εF −→ G1) and

∥∥∥(y1j)
m
j=1

∥∥∥
`w

q1 (G)
≤ 1.

Otherwise, we can assume that τ0j > 0, and τ1j > 0. Put τj = τ1−θ
0j τθ

1j and yj =
1
τj

Tuj. Hence∥∥∥(τj)
m
j=1

∥∥∥
`r
≤
∥∥∥(τ0j)

m
j=1

∥∥∥1−θ

`r0

∥∥∥(τ1j)
m
j=1

∥∥∥θ

`r1

.

Conversely, it follows from∣∣b(yj)
∣∣ ≤ ∣∣b(y0j)

∣∣1−θ ∣∣b(y1j)
∣∣θ for all b ∈ G∗.

That ∥∥∥(yj)
m
j=1

∥∥∥
`w

q (G)
≤
∥∥∥(y0j)

m
j=1

∥∥∥1−θ

`w
q0
(G)

∥∥∥(y1j)
m
j=1

∥∥∥θ

`w
q1 (G)

≤ 1.

Thus

m(q,p)((Tuj)
m
j=1) ≤

∥∥∥(τj)
m
j=1

∥∥∥
`q′(p)

∥∥∥(yj)j=1m

∥∥∥
`w

q (G)

≤ (1 + ε)mF
(q0,p)(T : E⊗̂εF −→ G0)

1−θmF
(q1,p)(T : E⊗̂εF −→ G1)

θ.
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As an improvement of Proposition 3.3 and by investing the proof of [17, Theorem 20.3.1] we
have the following proposition.

Proposition 3.9. For 1 ≤ q ≤ ∞. Then

MF
(q,p)(E⊗̂εF, G) = Π−1

q (G, `q) ◦ΠF
p(E⊗̂εF, G)

.

Proof. We consider T ∈ L(E⊗̂εF, G) belongs to Π−1
q (G, `q) ◦ΠF

p(E⊗̂εF, G). Let u1, ..., um ∈ E⊗ F
and b1, ..., bn ∈ G∗. Let S be in L(G, `q) define by

Sy =
(
〈y, b1〉(G∗,G) , ..., 〈y, bn〉(G∗,G) , 0, 0, 0, ...

)
.

Hence S ∈ Πq(G, `q) where πq(S) ≤
∥∥(bk)

m
k=1

∥∥
`q

and thus

 m

∑
j=1

(
n

∑
k=1

∣∣∣〈bk, Tuj
〉
(G∗,G)

∣∣∣q)
p
q


1
p

=

(
m

∑
j=1

∥∥STuj
∥∥p
`q

) 1
p

≤ πF
q (ST)

∥∥∥(uj)
m
j=1

∥∥∥
`w,F

p (E⊗̂εF)

≤ π−1
q ◦ πF

p(T)
∥∥∥(uj)

m
j=1

∥∥∥
`w,F

p (E⊗̂εF)
‖(bk)

m
k=1‖`q

.

Then, relating to Proposition 3.1, we find T ∈ MF
(q,p)(E⊗̂εF, G) where mF

(q,p)(T) ≤ π−1
q ◦πF

p(T).
This shows that

MF
(q,p)(E⊗̂εF, G) ⊇ Π−1

q (G, `q) ◦ΠF
p(E⊗̂εF, G).

The reverse inclusion follows from Proposition 3.3.

4. Lipschitz (q, p, E)-summing mappings

In theory of Lipschitz tensor product ([6]) we have that X � E is a subspace of Lip0(X, E∗)′.
In [6, Proposition 5.7], it was shown that the mapping J : X �ε E −→ F ((X#, τp); E), defined
by

J(u)( f ) =
n

∑
i=1

( f (xi)− f (yi))ei,

for u =
N
∑

i=1
δ(xi,yi)

� ei ∈ X � E and f ∈ X#, is an isometric isomorphism where F
((

X#, τp
)

; E
)

the space of all finite rank continuous linear operators from
(
X#, τp

)
to E, where τp denotes the

topology of pointwise convergence of X# and a consequence X�̂εE (the completion of X�ε E) is
isometrically isomorphic to the closure in the operator norm topology of F ((X#, τp); E). Thus,
we can identify u with J(u) and to define Lipschitz (q, p, E)-summing mappings as follows.
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Definition 4.1. Let X be a pointed metric space and E, F be Banach spaces. Let 1 ≤ p ≤ q < ∞. A
Lipschitz mapping T from the injective Lipschitz tensor product X�̂εE into F is said Lipschitz (q, p, E)-
summing if there exist a positive constant C such that, for any finite sequences (ui)1≤i≤n ,

(
u′i
)

1≤i≤nin
X � E and all positives numbers (ci)1≤i≤n we have

(
n

∑
i=1

cq
i

∥∥T (ui)− T
(
u′i
)∥∥q

F

) 1
q

≤ C sup
f∈BX#

(
n

∑
i=1

cp
i

∥∥ui [ f ]− u′i [ f ]
∥∥p

E

) 1
p

, (4.1)

where

ui [ f ] =
Ni

∑
j=1

(
f
(
xi,j
)
− f

(
yi,j
))

ei,j and u′i [ f ] =
Mi

∑
k=1

(
f
(
x′i,k
)
− f

(
y′i,k
))

e′i,k,

for ui =
Ni
∑

j=1
δ(xi,j,yi,j)

� ei,j, u′i =
Mi
∑

k=1
δ(x′i,k,y′i,k)

� e′i,k ∈ X � E, xi,j, x′i,k, yi,j, y′i,k ∈ X and ei,j, e′i,k ∈ E.

We denote by πL,E
q,p (T) = inf {C : satisfying (4.1)} which is called the Lipschitz (q, p, E)-norm

of T, and by ΠL,E
q,p

(
X�̂εE, F

)
the space of all Lipschitz (q, p, E)-summing mappings which is a

Banach space under the norm πL,E
q,p (T). In the case q = p we simply write ΠL,E

p

(
X�̂εE, F

)
and

πL,E
p (T). For E = K we have ΠL,K

q,p

(
X�̂εK, F

)
= ΠL

q,p

((
X#)∗ , F

)
, since X�̂εK ≡

(
X#)∗ (see

[6, Proposition 5.7]). It is easily seen that Lip(T) ≤ πL,E
q,p (T) for all T ∈ ΠL,E

q,p

(
X�̂εE, F

)
.

We present the domination theorem for this class of operators for p = q by using the tech-
niques found in [5, 15, 16]. For the proof of this domination theorem we use the full general
Pietsch domination theorem proved in [15], is an improved version of a similar result in [5]
(see also [16]).

Let X, Y and V be (arbitrary) non-void sets, H (X; Y) be a non-void family of mappings from
X to Y, G be a Banach space and K be a compact Hausdorff topological space. Let

R : K×V × G −→ [0, ∞) and S : H (X; Y)×V × G −→ [0, ∞)

be arbitrary mappings and 1 ≤ q < ∞. According to [5, 15] a mapping f ∈ H (X; Y) is
RS-abstract q-summing if there is a constant C ≥ 0 such that(

m

∑
j=1

S( f , xj, bj)
q

) 1
q

≤ C sup
ϕ∈K

(
m

∑
j=1

R
(

ϕ, xj, bj
)q
) 1

q

, (4.2)

for all x1, . . . , xm ∈ V, b1, . . . , bm ∈ G and m ∈N.
Suppose that R is such that the mapping

Rx,b : K −→ [0, ∞) defined by Rx,b(ϕ) = R(ϕ, x, b) (4.3)

is continuous for every x ∈ V and b ∈ G. The Pietsch Domination Theorem from [15] reads as
follows.
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Theorem 4.1. Suppose that S is arbitrary, R satisfies (4.3) and let 1 ≤ p < ∞. A mapping f ∈
H (X; Y) is RS-abstract p-summing if and only if there is a constant C ≥ 0 and a Borel probability
measure µ on K such that

S( f , x, b) ≤ C
(∫

K
R (ϕ, x, b)q dµ(ϕ)

)1/q
, (4.4)

for all x ∈ V and b ∈ G.

Theorem 4.2. Let 1 ≤ p < ∞.An mapping T is belongs to ΠL,E
p

(
X�̂εE, F

)
if and only if there are

Borel probability measure µ on (BX# , ω∗) and a constant C > 0 such that for all u, u′ ∈ X � E we have

∥∥T (u)− T
(
u′
)∥∥

F ≤ C

(∫
BX#

∥∥u [ f ]− u′ [ f ]
∥∥p

E dµ

) 1
p

. (4.5)

Moreover, πL,E
p (T) is the least of the constants of inequality (4.5).

Proof. Choosing the paraments V = X�̂εE × X�̂εE, G = R, K = BX# , which is a compact
Hausdorff space in the topology of pointwise convergence on E, H is the set of all Lipschitz
mappings from X�̂εE to F and R, S are defined by

R : BX# × (X�̂εE× X�̂εE)×R −→ [0, ∞), R( f , (u, u′), c)) = |c|‖u [ f ]− u′ [ f ] ‖E

S : H× (X�̂εE× X�̂εE)×R −→ [0, ∞), S(T, (u, u′), c) = |c|‖T(u)− T(u′)‖F

As R(u,u′),c(·) := R(·, (u, u′), c)) is continuous for all ((u, u′), c) ∈ (X�̂εE × X�̂εE) × R, by
Theorem 4.1 we have that T : X�̂εE −→ F is Lipschitz (p, E)-summing if and only if there is a
Borel probability measure µ on BX# and a constant C ≥ 0 such that

∥∥T (u)− T
(
u′
)∥∥

F≤ C

(∫
BX#

∥∥u [ f ]− u′ [ f ]
∥∥p

E dµ

) 1
p

,

for all u, u′ ∈ X � E.

Corollary 4.1. If 1 ≤ p ≤ q < ∞, then

ΠL,E
p

(
X�̂εE, F

)
⊆ ΠL,E

q

(
X�̂εE, F

)
.

In the paper [16] the authors show a version abstract of Inclusion Principle it follows the line
of general version of the Pietsch Domination Theorem.

For technical reasons the present abstract setting is slightly different from the one of the
noted above. Let X, Y, V, G, W be (arbitrary) non-void sets, Z a vector space and H (X; Y) be
a non-void family of mappings from X to Y. Consider the arbitrary mappings

R : Z× G×W −→ [0, ∞) and S : H (X; Y)× Z× G×V −→ [0, ∞).



LIPSCHITZ (q, p, E)-SUMMING OPERATORS 139

Let 1 ≤ p ≤ q < ∞ and λ ∈ R. Suppose that

sup
w∈W

m

∑
j=1

R
(
zj, gj, w

)p
< ∞ and sup

v∈V

m

∑
j=1

S( f , zj, gj, v)q < ∞,

for every positive integer m and z1, ..., zm ∈ Z and g1, ..., gm ∈ G. A mapping f ∈ H (X; Y) is
say (q, p)-abstract (R, S)-summing (notation f ∈ RS(q,p) (X; Y)) if there is a constant C > 0 so
that (

sup
v∈V

m

∑
j=1

S( f , zj, gj, v)q

) 1
q

≤ C

(
sup
w∈W

m

∑
j=1

R
(
zj, gj, w

)p
)1/p

,

for all z1, . . . , zm ∈ Z, g1, ..., gm ∈ G and m ∈ N. We will say that S and R are multiplicatives
in the variable Z if

R (λz, g, w) = |λ| R (z, g, w) ,

S ( f , λz, g, v) = |λ| S ( f , z, g, v) .

Theorem 4.3. If
pj ≤ qj for j = 1, 2,
1 ≤ p1 ≤ p2 < ∞,
1 ≤ q1 ≤ q2 < ∞,
1
p1
− 1

q1
≤ 1

p2
− 1

q2
,

(4.6)

and S, R are multiplicatives in the variable Z. Then

RS(q1,p1) (X; Y) ⊂ RS(q2,p2) (X; Y) .

Theorem 4.4. If pj and qj (j = 1, 2), be as in (4.6), then

ΠL,E
q1,p1

(
X�̂εE, F

)
⊂ ΠL,E

q2,p2

(
X�̂εE, F

)
.

Proof. Let X be a pointed metric space, E, F be Banach spaces and 1 ≤ p ≤ q < ∞. Then taking

Z = R, G = X�̂εE× X�̂εE, W = BX# , V = {0}

and H is the set of all Lipschitz mappings from X�̂εE to F and R, S are defined by

R : R× (X�̂εE× X�̂εE)× BX# −→ [0, ∞),

R(c, (u, u′), f ) = |c|‖u [ f ]− u′ [ f ] ‖E

S : H×R× (X�̂εE× X�̂εE)× {0} −→ [0, ∞),

S(T, c, (u, u′), 0) = |c|‖T(u)− T(u′)‖F.
We have that T is Lipschitz (q, p, E)-summing if and only if it is (q, p) -abstract (R, S)-summing.
By Theorem 4.3 we obtains inclusion theorem for this class of operators.

Let us give an example of a Lipschitz (q, p, E)-summing mapping.
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Example 4.1. Let X be a pointed metric space, E, F be Banach spaces and 1 ≤ p ≤ q < ∞. Let
S ∈ Lip0 (E, F). Fix f0 ∈ BX# and consider Tf0,S : X�̂εE → F given by Tf0,S (u) = S (u [ f0]) for all
u ∈ X � E. Then Tf0,S is Lipschitz (q, p, E)-summing mapping with πL,E

q,p (Tf0,S) ≤ Lip(S). Indeed,
we show that Tf0,S is Lipschitz (1, E)-summing. First, Tf0,S is Lipschitz mapping because,∥∥Tf0,S (u)− Tf0,S (u′)

∥∥
F

= ‖S (u [ f0])− S (u′ [ f0])‖F
≤ Lip (S) ‖u [ f0]− u′ [ f0]‖E
≤ Lip (S) sup

f∈BX#

‖u [ f ]− u′ [ f ]‖E

≤ Lip (S) sup
f∈BX#

sup
x∗∈BE∗

| 〈x∗, u [ f ]− u′ [ f ]〉 |

≤ Lip (S) ε (u− u′) .

Hence
∥∥Tf0,S (u)− Tf0,S (u′)

∥∥
F ≤ Lip (S) ε (u− u′) . Now, we prove that Tf0,S is Lipschitz (1, E)-

summing mapping,
n
∑

i=1
ci
∥∥Tf0,S (ui)− Tf0,S

(
u′i
)∥∥

F

=
n
∑

i=1
ci
∥∥S (ui [ f0])− S

(
u′i [ f0]

)∥∥
F

≤ Lip (S)
n
∑

i=1
ci
∥∥ui [ f0]− u′i [ f0]

∥∥
E

≤ Lip (S) sup
f∈BX#

n
∑

i=1
ci
∥∥ui [ f ]− u′i [ f ]

∥∥
E .

So by inclusion theorem Tf0,S is Lipschitz (q, p, E)-summing and πL,E
q,p (Tf0,S) ≤ Lip(S).

We investigate the idea of Montgomery-Smith and Saab in [14], let X be a pointed metric
space and E, F be a Banach spaces. Then every Lipschitz mapping T : X�̂εE −→ F induces a
Lipschitz mapping Φ (T) = T4 : E −→ Lip0(X, F) define by

T4(e)(x) = T(δ(x,0) � e).

Since T is Lipschitz map and ε is Lipschitz cross norm (see [6]), This is clearly to see that T4 is
Lipschitz mapping. Next we will study the relation between T and T4 such that T is Lipschitz
(q, p, E)−summing.

Proposition 4.1. Let X be a pointed metric space, E, F be Banach spaces and 1 ≤ p ≤ q < ∞. We
have

(i) Φ
(

ΠL,E
q,p

(
X�̂εE, F

))
⊆ Lip0

(
E, ΠL

q,p (X, F)
)

.

(ii) If Φ
(

ΠL,E
q,p

(
X�̂εE, F

))
⊆ ΠL

q,p
(
E, Lip0 (X, F)

)
. Then Lip0 (E, F) = ΠL

q,p (E, F) .

Proof. (i) Let T : X�̂εE −→ F be a Lipschitz (q, p, E)−summing. We must to show that T4 (e) ∈
ΠL

q,p (X, F) for all e ∈ E. Let x1, ..., xn, x′1, ..., x′n in X and e in E, then
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(
n
∑

i=1
cq

i

∥∥T4 (e) (xi)− T4 (e)
(
x′i
)∥∥q

F

) 1
q

=

(
n
∑

i=1
cq

i

∥∥∥T
(

δ(xi,0) � e
)
− T

(
δ(x′i ,0)

� e
)∥∥∥q

F

) 1
q

≤ πL,E
q,p (T) sup

f∈BX#

(
n
∑

i=1
cp

i

∥∥∥(δ(xi,0) � e
)
[ f ]−

(
δ(x′i ,0)

� e
)
[ f ]
∥∥∥p

E

) 1
p

= πL,E
q,p (T) sup

f∈BX#

(
n
∑

i=1
cp

i

∥∥〈 f (xi)− f
(
x′i
)

, e
〉∥∥p

E

) 1
p

≤ πL,E
q,p (T) ‖e‖E sup

f∈BX#

(
n
∑

i=1
cp

i

∣∣ f (xi)− f
(
x′i
)∣∣p) 1

p
.

Then T4 (e) ∈ ΠL
q,p (X, F) and πL

q,p(T4 (e)) ≤ πL,E
q,p (T) ‖e‖E .

(ii) Let x0 in X and f0 ∈ X# such that f0 (x0) = 1. Let S ∈ Lip0 (E, F) . Fix f0 ∈ X# and we
consider Tf0,S : X�̂εE → F given by Tf0,S (u) = S (u [ f0]) for all u ∈ X � E, which is Lipschitz
(1, E)-summing. By inclusion theorem, Lipschitz(1, E)-summing implies Lipschitz (q, p, E)-
summing, hence T4f0,S ∈ ΠL

q,p
(
E, Lip0 (X, F)

)
. Therefore T4f0,S is Lipschitz mapping. Now, we

prove that S is Lipschitz (q, p)-summing mapping,

πL,E
q,p (T4) sup

f∈BE#

(
n
∑

i=1
cp

i

∣∣( f (ei)− f
(
e′i
))∣∣p) 1

p

≥
(

n
∑

i=1
cq

i

∥∥∥T4f0,S (ei)− T4f0,S

(
e′i
)∥∥∥q

Lip0(X,F)

) 1
q

≥
(

n
∑

i=1
cq

i

∥∥∥Tf0,S

(
δ(x0,0) � ei

)
− Tf0,S

(
δ(x0,0) � e′i

)∥∥∥q

F

) 1
q

=

(
n
∑

i=1
cq

i

∥∥∥S
((

δ(x0,0) � ei

)
[ f0]
)
− S

((
δ(x0,0) � e′i

)
[ f0]
)∥∥∥q

F

) 1
q

=

(
n
∑

i=1
cq

i

∥∥S (ei f0(x0))− S
(
e′i f0(x0)

)∥∥q
F

) 1
q

=

(
n
∑

i=1
cq

i

∥∥S (ei)− S
(
e′i
)∥∥q

F

) 1
q

.

This yields the result.

Acknowledgments. The author is grateful to professors, J. Santos (Universidade Federal da
Para ba, Brazil) and M. A. S. Saleh (University Baghdad Iraq) for their help in setting up this
paper and to an anonymous referee for many important suggestions and guidelines in order
to make this paper more coherent. The author acknowledges with thanks the support of the
General Direction of Scientific Research and Technological Development (DGRSDT), Algeria.



142 ABDELHAMID TALLAB

References

[1] D. Achour, E.Dahia and M. A. S. Saleh, Multilinear mixing operators and Lipschitz mixing operator ideals, Oper-
ators and matrices. 12 (4) (2018), 903-931.

[2] D. Achour, E. Dahia and P. Turco, The Lipschitz injective hull of Lipschitz operator ideals and applications, Banach
J. Math. Anal. (2020). https://doi.org/10.1007/s43037-020-00060-3.

[3] D. Achour, P. Rueda, and R. Yahi, (p, σ)-Absolutely Lipschitz operators, Ann. Funct. Anal. 8 (1) (2017), 38-50.
[4] O. Blasco and T. Signes, Remarks on (q, p, Y)-summing operators, Quaestiones Mathematicae. 25(2002), 97-103.
[5] G. Botelho, D. Pellegrino and P. Rueda, A unified Pietsch Domination Theorem, J. Math. Anal. Appl. 365 (2010),

269-276.
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