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ABSTRACT. In this paper, we introduce the notion of (g, p)-mixing operators from the injective tensor prod-
uct space EQF into a Banach space G which we call (g, p, F)-mixing . In particular, we extend the notion of
(9, p, E)-summing operators which is a special case of (g, p, F)-mixing operators to Lipschitz case by study-
ing their properties and showing some results for this notion.
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1. Introduction

Farmer and Johnson in [9] have introduced the notion of Lipschitz p-summing operators and
justified that it is good generalization of the concept of linear p-summing operators between
two Banach spaces (see[9, Theorem 2]). Next, several authors have developed the summability
theory for Lipschitz mappings. They studied the class of Lipschitz summing mappings where
linear analogue has found its natural place in the linear operator theory (see [2], [8], [7], [18],
[1], [3], [13] and the references therein).

By analogy with the notion of mixing operator between Banach spaces was introduced by
Pietsch [17], we will define the notion of (g, p)-mixing linear operators from the injective tensor
product space EQF into a Banach space G which we call (g, p, F)-mixing operators and give
some results concerning this notion. Also, we extend the notion of (g, p, E)-summing (it is
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a special case of (g, p, F)-mixing operators) that introduced by Maurey in [12] and Kislyakov
in [11] to Lipschitz case. Furthermore we will show the domination theorem for Lipschitz
(p, E)-summing operators. Other results, in the same vein as Blasco and Signes in [4], are also
obtained.

The organization of this paper is as follows. After the introductory one, in the second section,
we recall some basic definitions and notations concerning the linear and Lipschitz operators,
some facts on sequence spaces, tensor product of Banach spaces and Lipschitz tensor product
of pointed metric space and Banach space (see [6]). In section 3, the notion of (g, p, F)-mixing
operators from the injective tensor product space E®F into a Banach space G is introduced,
and its fundamental properties are investigated. Finally in the last section we generalize the
notion of (g, p, E)-summing, which is a special case of (g, p, F)-mixing operators to the Lip-
schitz case that we call Lipschitz (g, p, E)-summing operators by giving Pietsch-domination
theorem and inclusion type theorems for this class of operators. Some properties related to
this class are also presented.

2. Notations and preliminaries

We introduce some concepts and notations that will be used in this paper. The letters E, F
and G will denote Banach spaces. The letters X and Y stand for pointed metric spaces with
a base point denoted by 0. The closed unit ball of a Banach space E is denoted by Br. The
dual space of E is denoted by E*. The class of all bounded linear operators between arbitrary
Banach spaces E and F will be denoted by £ (E, F). The symbols R, R, and IN stand for the
set of all positive real numbers, of all real numbers and of all natural numbers, respectively.
For a Banach space E, denote by Lip,(X, E) the space of all Lipschitz mappings T : X — E
vanishing at 0, that is T(0) = 0. Equipped with the norm,

x#y dx (x/ y )

Lipy(X, E) becomes a Banach space. For E = K, we put X* = Lip,(X,K) (K =R or C) this
Banach space of Lipschitz real functions is called also Lipschitz dual of X ( see [19]) and we
denote by By for its closed unit ball which is a compact Hausdorff space for the topology of
pointwise convergence on X. The symbols W(Bg+) and W(Bx+) stand for the set of all Borel
probability measures defined on B+ and By, respectively. Let 0 < p < co . The Banach space
of all absolutely p-summable sequences x = (x;);en, where x; € E, is denoted by ¢,(E). The
norm is defined by

1
0 P
i = (S i) <o
]:

The Banach space of all weakly absolutely p-summable sequences x = (x;)jen C E, is
denoted by (i(E). The norm is defined by

1
o) P

||X||e;f;(15): sup ( ‘”*(xj)‘p) :
j=1

u*EBE*
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If we have E = K, then £, (K) and ¢} (K) coincide and we denote £, (K) by £,. If 1 < p <
g < oo, we determine the real number ¢’(p) by m + % = % A family x = (x;); of elements of
E with j € N, is called mixed (g, p)-summable if it can be written in the form

Xj =T x]Q, (2.1)

where T = (7j); € Ly, and x0 = (x?)]' € (7 (E). The class of all mixed (g, p)-summable

families is denoted by 6’(1; ») (E) which is a Banach space with the norm

Mg () = inf |7, |x°

(£’
where the infimum is taken over all possible representations of x in the form (2.1). The rela-

tionships between the various sequence spaces are given by £, (E) C E’(Z ») (E) C ¢5 (E), with

||X||e;;f(E) < mygp) (X) < ||X||£,,(E) ,forall x € ¢, (E).
Let 0 < p < g < oo where the real number g’ (p) satisfying % = %—l— m. Following [17,
Theorem 2.4], a sequence (x;);cn in E is mixed (g, p) -summable if and only if

]Zl (B/ !x*(xj)"du(X*)> < o,

for every y € W(Bg+). In this case

NG
sup | ) / |x* (%) " dp(x¥) =m(y ) ((%})jen)- (2.2)
HEW(Bgx) \ j=1 =
We define E®F to be the completion of the algebraic tensor product E ® F with the norm

N
epor (1) = sup |} x"(x)y" (ve)|, (2.3)

x*€Bpx |k=1

Y*EBpx

N A~
where u = ) x; ® yx and E®cF is so-called injective tensor product. We denote its weakly

k=1
p-norm by
m , ;
u;)"™ = su u;, x* Qy* i
H( iz G (E@CF) x*eB}; ];K J vl
y*GBF*
N; N,

j j

where (uj, x* @ y*) = k§1 x* (xx;) y* (yx;) for any u; = kgl Xk @ Yi,jin E® F.
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By u [x*] € F is denoted the action of an element u of the tensor product X ® E on vectors
in X*. We denote its weakly (p, F)-norm by

1
14
(F(EBF) sup <ZH”] ]Hz}z) /

| sy
x*€B E*
N; N;
where uj[x*] = g * (k) Yk j, for u; = 2 Xk, ® Ykjs Xk; € E and yi; € F. The following

relationship proved by Blasco and Slgnes in [4] as follow

We will denoted by X X E for the Lipschitz tensor product of a pointed metric space X and
a Banach space E, it can be constructed as a subspace of the linear functionals on Lip,(X, E*)

1

(¥ (EQcF) H J (T (EGeF)

and their completion denoted by XX.E under the injective Lipschitz cross norm e, defined by

N
exmEe(u) = fSUP kZ: (f(xk) _f(xllc)) v (e,
EBX# =1

where u = Z O(x,x) Ky and XX.E is so-called Lipschitz injective tensor product (see [6] ).

xkx

The notlon of Lipschitz (q, p)-summing operators introduced by Johnson and Schechtman in
[10]. For q,p > 1, a mapping T € Lip,(X, E) is called Lipschitz (g, p)-summing if there exists
a constant C > 0 such that for all xy, ..., X, ¥}, ..., x}; in X and for all Ay, ..., A, € R4 we have

(Euireo-6l) <o (Eulrma-rr). oo

fEBy

==

We denoted by 7'[5/ »(T) for the infimum of such constants in the previous inequality and by

H,Ii’p (X, E) the space of all Lipschitz (g, p)-summing operators in X into E. Note that if we take
q = p we find the definition of Lipschitz p-summing operators of Farmer and Johnson (see[9]).

3. (g, p, F)-mixing operators

Recall that, from [17], a normed (Banach) operator ideal Z is a subclass of the class £ of all
continuous linear operators between Banach spaces such that for all Banach spaces E and F its
components Z(E, F) := L(E, F) N T satisfy the following conditions:

(OIp) Z(E,F) is a linear subspace of L(E,F) and the function ||-||; : Z — R satisfies that
(Z(E,F), ||-||7) is a normed ( Banach) space for all Banach spaces E and F.

(OI1) Z contains the mappings of the form x* ® y : x — (x,x*)y where x € E, x* € E*
and y € F. In addition, ||x* @ y|| = ||x*|| |y|| -
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(OI,) The ideal property: if u € L(E,K), v € Z(K,G) and w € L(G, F), then the composition
wovouisinZ(E,F) and [[wovoul; < |w| vz ||ul-
The class of (g, p, F)—summing operators is studied in [12, 11, 4].
Definition 3.1. Let E, F and G be Banach spaces and let 1 < p < q < oo. A bounded operator T

from the injective tensor product EQ.F into G is said to be (g, p, F)-summing if there exist a positive
constant C such that, for any finite sequence (;),<;<, in E® F, we have

(ZHT(W)H%) < C sup < ||ui[ﬂ*]|\§> : (3.1)
i=1 1

Q*GBE* 1=

Z

N;
where u;[a*] = Y, a* (a]-/i) bji, foru; =% a;;®bj;bj; € Fand a;; € E. We put
j=1 j=1

7'(5,;7 (T) = {infC : satisfying (3.1) },

which is called the (g, p, F)-norm of T, and by H;p (E®cF, G) the space of all (g, p, F)-summing
operators which is Banach space endowed with such norm. In the case g = p we simply with
[T, (E®eF,G) and 71}, (T). For F = K we have 1T, (E®K,G) = Tl;, (E,G) the space of
(9, p)-summing operators between E and G.

The next results can be found in [11, 12, 17], and will be used in the sequel.

Theorem 3.1. Let 1 < p < oo. An operator T € Hg (E®¢F, G) if and only if there are a probability
measure y on (Bp«,w*) and a constant C > 0 such that for all u € E ® F we have

IT @ <C [ fule)fdp (@) 62
B
Moreover,

7'(5 (T) = {inf C : satisfying (3.2) }.

The definition of (g, p)-mixing operators is due to Pietsch [17].

Definition 3.2. An operator T : E — F between Banach spaces is called (q, p) -mixing if there is a
constant C > 0 such that for all n € N and all x4, ..., x, € E we have

me ((T%;),) < C |(x),

($(E)

The class of all (q, p)-mixing operators from E to F is denoted by M, ) (E, F). In this case, the

(q, p)-mixing summing norm mg ) (T) of T is the infimum of such constants C.

Now, we introduce the notion of (g, p, F)-mixing operators from the injective tensor product
E®.F into the Banach space G.
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Definition 3.3. Let 1 < p < g < oo and q' (p) > 1 such that % = %—i— q’(lw A bounded operator T
from the injective tensor product EQF into G is called (g, p, F)-mixing if there is a constant C > 0
such that

migp(T)f) < € | e
for arbitrary sequence (u]-)]’.”:1 in E® Fand m € IN. Let us denote by qu,p) (E®¢F, G) the class of all
(g, p, F)-mixing operators from EQ¢F into G with
m(F )(T) = infC.

q.p
Note that if F = K, then MI([; p)(E®€]K,G) = M, ) (E,G). Also, we have the inclusion
M(q,p)(E@)eF,G) C qu p)(E®eP,G), forevery 1 < p < g < oo.

The next proposition and its proof are similar to [17, Theorem 20.1.4] and will be omitted.

Proposition 3.1. The operator T € L(E®.F,G) is (g, p, F)-mixing if and only if there is a constant
C > 0 such that

P

(i (Z <g"’T”f><G*,G>‘q>q) < cfwr,

i=1 \k=1 (9 (EGCF) H (8k)ic—1 HE[;(G*) ’

for every sequences (u]-)]f.”:1 CE®F, (gk);_; C G*and m,n € IN. In this case m(Fq p)(T) = infC.
Remark 3.1. Obuviously Mfw p)(E®€P,G) = I, (E®cF, G) and pr p)(E®€F,G) = L(E®.F,G).
In section 4, we generalize this result to the Lipschitz case.

It is easily seen that

IT|| <mf,,(T), (3.3)

forall T € M, ) (E®cF,G).

(@p) " (ap
Proof. Tt is not difficult to show that the condition (Oly) is true. To prove the condition (OIy).

Let x* ® y* € (E®.F)* and g € G. By using (2.2), for all (4j)L; € E® F we have

Proposition 3.2. If 1 < p < g < oo, then <M1C mf )> is a normed operator ideal.

p

1
P\ b
q q

3 (B/ |<(x*®y*)®g(uj),g*>}qdﬂ(g*)) - (B/ <<uj[X*],y*>g,g*>qdﬂ(g*))
=1 \g. =1 \ge
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By taking the supremum over all y € W(Bg-) we obtain

mn (2 @y @) ") < gl Iy 1) a2

Since (uj);.”:l is arbitrary it follows that
m(, ) (¥ @) @g) < llgll Iy [l 1x*]|.
Hence (x* @ y*) ® g € qu,p) (E®¢F, G). Now, show the reverse inequality, by (3.3) we have
gl ly* x| = [[(x* @ y*) @ gl| <m, ) (" @y*) @ g).

To prove the condition (OIy), let A € L(Eq®cFo, EQF), T € M(Fq p)(E@)EF,G), and B €

L(G,Gp), where A=R®S, R € L(Ey,E),and S € L(Fy, F). Then by applying Proposition 3.1

we have 1
m n 1 % !
(,Z (Z <8O,szTA(u0J)>(GE§,Go)‘ ) >

1
P\ b
m n q\ 19
= (2 <2 <g0,koB*/ TA(MO,]')>(G*/G)‘ > )
0y (1) || (A0 )1 | o 1Bk 0 B 44(6)

(q.p
(uolj);l/l:l ET;J;,F(E()@eFO) || (golk)zzl qu(Fg) :

IBI IR S| m, ) (T)
Hence BTA € My,  (Eo®cFo, Go) with m{,  (BTA) < |[B||||R|| [|S| mf, ,(T).

We will present in the following proposition a composition formula for (g, p, F)-mixing op-
erators which is a natural generalization of [17, Proposition 20.2.1].

(F(EeF)

IN

Proposition 3.3. Let 1 < p < g < co. Then

I14(G, H) o M{, ) (E®eF, G) C IT,(E®F, H).

Proof. Take T € qu p)(E@)eF,G) and S € I1,(G, H). For uy, ..., u,; € EQF and ¢ > 0, we have

Tu; = tjy; where

[, okl = aromn @
< (L+epml, (T)|| )y T
with q,(lp) + % = %. Using the assumption we have that
STl < l@ial,, Tl
< m®) @], o]
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< L+ e)my(S)mf, ) (T) || (w)y

9 F(EReF)

Which means that ST € IT}(E®eF, H) and 71}, (ST) < nq(S)qu,p)(T).

The proof of the following proposition is inspired to [17, Theorem 20.1.7].
Proposition 3.4. Let 1 < p < g < co. An operator T € L(E®¢F,G) is (g, p, F)-mixing if and only
if there is a constant C > 0 such that for all v € W(Bg+) we can find y € W(Bg«) such that

1

(B/ s T”>(c*,c)qdv(8))q <C (B/ Iu[x*]i?dﬂ(x*)) (3.4)

G*

SIS

For every u € E® F. In this case m(Fq p)(T) = infC.
Proof. If (3.4) is hold we get

1

(T) <

1
m P m P
(2 / ‘(g, Tuj>(G*’G)‘q dv(g)) < C (Z / || [x*] ?dy(x*))
]:1BG* ]:1BE*
= ¢ H(uj)f:l (OF(E®CF)
This imply m, ((Tuj);”:1> <C H (uj)}”:l BF (BB er) Hence T € qu,p)(E@)eF, G) and qu’p)

C. If g > 1, for every v € W(Bg-+) consider the mapping J, € I1, (G, Ly(Bg-,v)) defined by
Ju(x) = fx for all x € G where fx(g) = (g, x). It follows from Proposition 3.3, 71,4(J,) = 1
and T € qu,p)(E@)eF,G) that J,T € I1}, (E®cF, Ly(Bg+,v)) and 7, (), T) < qu,p)(T). Then by
Theorem 3.1, there exists y € W(Bg-) such that

1

(B/ <g,Tu><G*,G>]qdv<g>) = |(WT)ull, (5. ) < mE, ) (T) (B/ u[x*]fsdu(x*)) ,

forallu € EQF.

As an immediate consequence of the preceding proposition we arrive an interesting multi-
plication formula which is a generalization of [17, Proposition 20.1.8].

Proposition 3.5. If 0 < p < q < s < oo, then
F 5 F 5 F 5
M(s,q) (E®ReF,G) o M(W) (EQ¢F,G) C M(S,p) (EReF, G).
The following inclusion follows immediately from the Proposition 3.4.
Proposition 3.6. If p1 < p2 < q2 < q1, then

Ml(tql,m)(E@eF’ G) c M(qu,pz)(E®€F’G>'
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1 1 1
Proposition 3.7. If ——— + — = —, then
P / 9 q p
F S F S
M(q,p)(E®eF,G) - Hq,(p)lp(E@)eF,G).

Proof. Suppose that T € M‘(tq ») (E®¢F, G). From Proposition [17, Theorem 16.4.5] we obtain

[, = mam (i) < mfy (1) )

CF(EReF)

The next proposition and its proof are similar to [17, Proposition 20.1.13]. We write the proof
for the aim of completeness.

Proposition 3.8. We consider G is an intermediate space of {Go, G1} admitting J-type 6. Let 0 <

1 1-0 0 A ~
p < qo,q1 < c0and — = +—. IfT € L(E®R:F,G), then T € M(F )(E®€F,GO) and
R q qo q1 R qo.p
Te M(qu p) (EQeF, G1) implies that T € Ml(:q p)(E®cF, G). Furthermore
E CES F LTS 1-6 _F PN 0
mf  (T:E&F —G) <mf (T:E&F— Go) 'ml  (T:E®F— Gi)'.
1 1 11 1 1 1 1 1 1 1-6 6
Proof. Letr = q' (p). Wepose - =~ —~, — = ~—— and — = — — —, then -~ = + 7
r p q 1o p q0 r p q1 r o r
Let uq,...,u, € E® F where H(uj);-":l O (B8P < 1. Taken ¢ > 0, we have Tu]- = TojYo; and

Tu; = 11jy1; such that

| (o] , S0+ eymf, (T : E&F — Go) and | (yo))jy o) SV
H(Tl].);":l , S(+eml, \(T:E&F — G)and H(yl,-);-":l i) ST
r an
Otherwise, we can assume that 1p; > 0, and 7y; > 0. Put 7; = ng_erlej and y; = %Tu]-. Hence
1-6 0
ol < bl ol

Conversely, it follows from

b(y;)| < |b(yop)|"° |b(y))|° forall b € G*.

That o 9
H(yj);'ﬂ:l () < H(yoj)}nﬂ @ () H(ylj)}nzl & (6) <1
Thus
mgp) (Tup)iy) < H(Tj)?ﬁugw) H(yj)j:w @)

< (1+e)my (T:EQF — Go)' ’my, (T : E&F — Gi)’.
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As an improvement of Proposition 3.3 and by investing the proof of [17, Theorem 20.3.1] we
have the following proposition.

Proposition 3.9. For 1 < g < co. Then

qufp)(E@’Ep' G) =11, (G, £y) o IT,(EQcF, G)

Proof. We consider T € L(E®F,G) belongs to H;l(G, ly)0 HI;(E@)EF, G). Letuy, ..., u, € EQF
and by, ..., by € G*. Let S be in L(G, ;) define by

Sy = <<]/; b1>(G*,G) Jeees <y/ b”>(G*,G) ,0,0,0, ) .
Hence S € I1;(G, ¢;) where 71,4(S) < H(bk)zizlnéq and thus

< mp(ST) || (i

0T (E®CF)
~1_ _F
S TR EACON [C 0 P (37 PR
Then, relating to Proposition 3.1, we find T & M(Fq ») (E®cF, G) where m(Fq ) (T) < 7Tq_1 o n;(T).

This shows that

M (E®CF,G) D I1;(G, {y) o ITh(E&.F, G).

The reverse inclusion follows from Proposition 3.3.

4. Lipschitz (g, p, E)-summing mappings

In theory of Lipschitz tensor product ([6]) we have that X X E is a subspace of Lip,(X, E*)".
In [6, Proposition 5.7], it was shown that the mapping | : X X, E — F((X*,1,); E), defined
by

n

Jw)(f) = Y_(f(xi) = f(yi))ei,

i=1
N
foru =Y 0(y,y,)Ne; € XKEand f € X*, is an isometric isomorphism where F ((X*,1,);E)
i=1

the space of all finite rank continuous linear operators from (X", 7,) to E, where T, denotes the
topology of pointwise convergence of X* and a consequence XKX.E (the completion of X K, E) is
isometrically isomorphic to the closure in the operator norm topology of F((X*, 1,); E). Thus,
we can identify u with J(u) and to define Lipschitz (g, p, E)-summing mappings as follows.
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Definition 4.1. Let X be a pointed metric space and E, F be Banach spaces. Let 1 < p < g < 0. A
Lipschitz mapping T from the injective Lipschitz tensor product XX E into F is said Lipschitz (g, p, E)-

summing if there exist a positive constant C such that, for any finite sequences (1;)1;<, , (ul) L<icyl
XX E and all positives numbers (c;),;, we have o
1 1
n q n P
(Letiron-rut) <csw (Selun-wing) @
i=1 fGBX# i=1
where
N; M;
wi[f] =3 (f (xij) = f (vij) eijand wi [f] = ) (f (xix) = f (vix)) €
j=1 k=1

N; M;
. — .. / f— / .. / .. / .. /
fOI’ u; = ];1 (S(xi,j/]/i,j) X €ij, U = kgl 5(xz{,k'3/§,k) X €k € XKXE, Xijr X Yijr Yi i € X and €ijr € k € E.

We denote by 7'(5{’;,5 (T) = inf {C : satisfying (4.1)} which is called the Lipschitz (g, p, E)-norm
of T, and by HL%E (X@;E, F ) the space of all Lipschitz (g, p, E)-summing mappings which is a
Banach space under the norm 7'(5,'5 (T). In the case g = p we simply write HI;;’E <X®\SE, F ) and
7y (T). For E = K we have [T (XSK, F) = 11k, ((X*)", F), since XRK = (X*)" (see

[6, Proposition 5.7]). It is easily seen that Lip(T) < né’f(T) forall T € Hgl’;,s (X@;E, F) .

We present the domination theorem for this class of operators for p = g by using the tech-
niques found in [5, 15, 16]. For the proof of this domination theorem we use the full general
Pietsch domination theorem proved in [15], is an improved version of a similar result in [5]
(see also [16]).

Let X, Y and V be (arbitrary) non-void sets, H (X;Y) be a non-void family of mappings from
X to Y, G be a Banach space and K be a compact Hausdorff topological space. Let

R: KxVxG—1[0,00)and S: H (X;Y) xV x G — [0,00)
be arbitrary mappings and 1 < g < oo. According to [5, 15] a mapping f € H (X;Y) is

RS-abstract g-summing if there is a constant C > 0 such that

1
q

<i S(f, x]‘, b})‘]) < Csup (iR ((p, x]-, b])q) , (4.2)
j=1

pekK j=1

forall x1,...,xp, € V,by,...,by,, € Gand m € IN.
Suppose that R is such that the mapping

R, p: K — [0,00) defined by R, ;(¢) = R(¢,x,b) (4.3)

is continuous for every x € V and b € G. The Pietsch Domination Theorem from [15] reads as
follows.
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Theorem 4.1. Suppose that S is arbitrary, R satisfies (4.3) and let 1 < p < oo. A mapping f €
H (X;Y) is RS-abstract p-summing if and only if there is a constant C > 0 and a Borel probability
measure u on K such that

1/
S(f,x,b)<C (/KR ((P,x,b)qd#(qv)> q, (4.4)

forallx € Vand b € G.

Theorem 4.2. Let 1 < p < co.An mapping T is belongs to H]%’E (X@;E, F) if and only if there are
Borel probability measure y on (Bxs, w*) and a constant C > 0 such that for all u,u’" € X X E we have

-l <c( [, 1A -oinlax) 0

Moreover, nﬁ’E (T) is the least of the constants of inequality (4.5).

x#

Proof. Choosing the paraments V = X@E X X@;E, G = R, K = By#, which is a compact
Hausdorff space in the topology of pointwise convergence on E, H is the set of all Lipschitz
mappings from XX.E to F and R, S are defined by

R: Bys X (XBLE x XBE) x R — [0,00), R(f, (u,u'),¢)) = |c||u [f] — o' [f] |

S: H x (XK.E x XKE) x R — [0,00), S(T, (u,u'),c) = |c|||T(u) — T(u')|
As Ry c(-) == R(:, (u,u'),c)) is continuous for all ((u,u’),c) € (XW.E x XK.E) x R, by

Theorem 4.1 we have that T : XX.E — F is Lipschitz (p, E)-summing if and only if there is a
Borel probability measure y on By# and a constant C > 0 such that

r-T)le<e ([, - inlza)

X#
forall u,u’ € XX E.
Corollary 4.1. If 1 < p < g < oo, then

rL* (X@ZE, F) C TILF (X@SE,F) .

In the paper [16] the authors show a version abstract of Inclusion Principle it follows the line
of general version of the Pietsch Domination Theorem.

For technical reasons the present abstract setting is slightly different from the one of the
noted above. Let X, Y, V, G, W be (arbitrary) non-void sets, Z a vector space and H (X;Y) be
a non-void family of mappings from X to Y. Consider the arbitrary mappings

R:ZXGXW —[0,00)and S: H (X;Y) X Zx G xV — [0,00).
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m m
sup Z R (zj,gj,w)p < oo and sup Z S(f,zj,8j,v)" < oo,
werzl veV]':1

for every positive integer m and z1, ...,z € Z and g1,...,gm € G. A mapping f € H (X;Y) is
that

say (q, p)-abstract (R, S)-summing (notation f € RS(, ,y (X;Y)) if there is a constant C > 0 so
1

m q m 1/p
(sup Y S(f, zj,g]-,v)q) <C (sup YR (zj,gj,w)p> ,
veV j=1 weW j=1

forall z4,...,zu € Z, g1,....8m € G and m € IN. We will say that S and R are multiplicatives
in the variable Z if

R(Az,g,w) = AR (z,8,w),

S(f,Az,8,0) = |A|S(f,z,87)
Theorem 4.3. If

(4.6)
R TR TR P
and S, R are multiplicatives in the variable Z. Then

RS(%M) (X;Y) < RS(%PZ) (X;Y) )
Theorem 4.4. If p; and q; (j = 1,2), be as in (4.6), then

L,E Sa L,E
Mk, (XSEF) Il

L (XRLEF).
Proof. Let X be a pointed metric space, E, F be Banach spaces and 1 < p < g < o. Then taking

Z =R, G = XK.E x XK.E, W = By, V = {0}
and H is the set of all Lipschitz mappings from XKE to F and R, S are defined by

R: R x (XKE x XKE) x Bys — [0,00),

R(c, (w,u"), f) = lelllu [f] — " [f] |

S: H x R x (XK.E x XK.E) x {0} — [0, 00),
S(T, ¢, (u,u'),0) = [c|||T(u) — T(u') |-

We have that T is Lipschitz (g, p, E)-summing if and only if it is (g, p) -abstract (R, S)-summing.
By Theorem 4.3 we obtains inclusion theorem for this class of operators.

Let us give an example of a Lipschitz (g, p, E)-summing mapping.
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Example 4.1. Let X be a pointed metric space, E, F be Banach spaces and 1 < p < g < oo. Let
S € Lipy (E, F). Fix fo € Bx# and consider Ty, s XN.E — F given by Tfo (u ) = S (u[fo]) for all

u € XX E. Then Ty, s is Lipschitz (q, p, E)-summing mapping with nq,p (Tfo, ) < Lip(S). Indeed,
we show that Ty, s is Lipschitz (1, E)-summing. First, Ty, s is Lipschitz mapping because,

HTfO/S(u) Tfos /)”F

= IS (u[fol]) - S (' [fo))ll

< Lip (S) [|u[fo] — u'[o]||g

< Lip(S )fselép [ [f] — " [f]llg

< Lip(8) sup sup | (x*,ulf] — o' [f])|
fEBux*EBEx

< Lip(S)e(u—u').

Hence || Ty, s (u) — Tf, s (u
summing mapping,

)|l < Lip (S) e (u—u'). Now, we prove that Ty, s is Lipschitz (1, E)-

2 Ci HTfo Tfo (u:) HF

= oS fo)—s(ui[fo])HF

1=

n
< Lip(S) 121 ci [[ui [fo] — uj [fol |
1=
n
< Lip(S) sup ¥ ¢ Huz’ [f] —u] [f]HE'
fEBX# i=1
So by inclusion theorem T, s is Lipschitz (q, p, E)-summing and ﬂé’f (Tr,,s) < Lip(S).

We investigate the idea of Montgomery-Smith and Saab in [14], let X be a pointed metric
space and E, F be a Banach spaces. Then every Lipschitz mapping T : XX.E — F induces a
Lipschitz mapping ® (T) = T# : E — Lip,(X, F) define by

T2 (e)(x) = T(8(x0) Ke).

Since T is Lipschitz map and ¢ is Lipschitz cross norm (see [6]), This is clearly to see that T is
Lipschitz mapping. Next we will study the relation between T and T such that T is Lipschitz
(9, p, E) —summing.

Proposition 4.1. Let X be a pointed metric space, E, F be Banach spaces and 1 < p < g < co. We
have
(i) @ (11§ (XRCE, F) ) < Lip, (E 1T}, (X, F)).

(ii) If ® (HqL;,E (X@\SE, P)) C 11k, (E, Lip, (X, F)). Then Lip, (E, F) =TIk, (E, F).

Proof. (i) Let T : XX.E —» F be a Lipschitz (g, p, E) —summing. We must to show that T (¢) €
H[Ii’p (X,F) forall e € E. Let x1, ..., X, ¥, ..., x}, in X and e in E, then
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(£ el 17 6 ) -7 0 () )

=1

1
B <i§1 C? HT (5(961',0) o e) -1 <(5(x§’0) 5 e> HZ) q

< fm sup (£ (G 2e) 1~ (500 Be) 1] )’

fEBy
= b sap (£ 00 - £ ()0E)

fEBX# =1

=

< w0 el sup (eI

feByw \Ni=l

Then T% (e) € Ik, (X, F) and 7tk (T2 (e)) < 7y (T) |lell -

(ii) Let xp in X and fo € X* such that fo(xo) = 1. Let S € Lip, (E, F). Fix fo € X" and we
consider T, s : XK.E — F given by Tf,s (u) = S (ulfo]) for all u € XX E, which is Lipschitz
(1, E)-summing. By inclusion theorem, Lipschitz(1, E)- summing implies Lipschitz (g, p, E)-
summing, hence T]%S S Hl%,p (E, Lip, (X, F )) Therefore Tf g is Lipschitz mapping. Now, we

prove that S is Lipschitz (g, p)-summing mapping,

aSIC

nqp(TA) sup (Zicf | (f (ei) —f(ef))‘p)

fEBE# =1

1
noog A N / q q
n q\a
> (£l Con o) -Tas(nm)]})
_ (v _ / Rl
= (£ Is ((stoor2er) 16]) ~ 5 (5 ) )})
= (£ s et - s @aeo)E)’
N
1
= (Lalser-sel)
s
This yields the result.
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