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Symbols

Rt = {zx € R;z > 0}.

N={1,2,3,---} : The sets of natural numbers.
Ny = NU {0}.

C : The set of complex numbers.

[z] : The integer part of z.

||.]|: Denotes the norm on a Banach space.

Q : Closure of €.

C'10,1] : Space of continuous functions on [0, 1].
I'; : The g-gamma function.

B, : The g-beta function.

Re (B) : Real part of the complex number .
P,(z) : The Legendre polynomial.

I3 : Fractional g-integral of Riemann-Liouville.
Dy : Riemann-Liouville g-fractional derivative.

“Dg : Caputo g-fractional derivative.



Introduction

Many branches of mathematics and physics, including number theory, combinatorics, poly-
nomial orthogonal, fundamental hypergeometric functions, quantum theory, and mechanics,
all have relevance for the topic of quantum computation. This subject has drawn a lot of
interest, thus it is regarded as falling somewhere between physics and mathematics.
AlSalam begin fitting the g-fractional calculus notion. He([3],[4]) and Agarwal [1| contin-
ued by studying some g¢-fractional integrals and derivatives after that.Recent developments,
possibly as a result of the increase in study with the fractional calculus setting,
Particularly, the theory of fractional g-difference calculus was developed. The g-calculus
and the h-calculus are the two types of quantum calculus. We are interested in the ¢-calculus

in this paper. the g-calculus, which is based on the notion of a g-derivative:

f(x) = flqz)
(1-qux ~’

The g-derivative measures the rate of change with respect to a dilatation of the function’s

(Do f)(z) =

argument by a factor ¢, as opposed to the classical derivative, which measures the rate of
change of a function of an incremental translation of its argument. It is clear that if f is

differentiable at « = 0, then it follows that ¢ is a fixed number other than 1, and x = 0.

lny(D,) ) = L = — ),

This memory is organized as follows:

In the first chapter, we state the basic deffinitions and properties concerning fractional
g-calculus (g-derivative of a function, ¢g-Exponential Function, g-special Functions, Riemann-
Liouville, Caputo, ¢-fractional integral and derivative), which are used throughout the thesis
to obtain our results.

In the second chapter, we introduce some fixed point theorems and detail the work sub-
mitted by Ferreira [5]), we prove the existence and uniquense of solutions for a ¢-fractional
boundary value problem, by tow fixed point theorems, Banach fixed point theorem and

Krasnoselskii fixed point theorem



Dgu(t) + f(t,u(t)) =0, 0<t<1
u(0) = 0,u(l) =0,
where 1 < a < 2,f :[0,1] x R — R is a nonnegative continuous function, Dy is the
Riemann-Liouville fractional ¢-derivatives of order a.

Finally, in the last chapter we will study the existence of inverse Probeme solutions for

the g-Fractional partial differential equation, in the sense of Caputo is written as:
c o _ 2
DUt 2) = [(1 - e)U], + h(z), (t,2) €]0,T[x] - 1,1]
DSU(t,xﬂt:O: vg(x), k=0,1,2,---,m— 1.

Where m = [a]+1 and *D3U (t, x) is the Caputo g-fractional derivative of order (0 < o < 1)

of U(t,z) ,D¥ is the q-fractional derivative of order k and vy (z) given function.




CHAPTER 1

BASIC DEFINITIONS OF ¢g-FRACTIONAL

CALCULUS

In this chapter we present some preliminary concepts, definitions, theorems and properties.

These concepts will be used in next chapters.

1.1 Preliminaries on fractional ¢-calculus

See ([8],]6],[5]), we will give the basic definitions and properties of the quantum calculus.

For a real parameter ¢ € R*\{1}, we introduce a g-real number [a], by:

la], = -y a€R. (1.1)
For examples:
e If a = 1, we have:
1= =2 =1
x For ¢ = 1/2, we have:
=1 =1
2
x For ¢ = 1/3, we have: 1
y=ii=
o If a = 2, we have:
2, ==L~ 14y
1T 1—gq
* For ¢ = 1/2, we have: .
PIRELE
* For ¢ = 1/3, we have: .
ST



1.1. PRELIMINARIES ON FRACTIONAL ¢-CALCULUS

e If a = 3, we have:

1—¢q 9
Bl =7y =1+a+a.
e For a = n, we have:
1—q"
[n]q_ 1_q
=l4+q+¢++4¢"", neR.

Then:

The g-analog factorial:

For a € R and ¢ € (0,1), we have:

a=1+1+---4+1), a times

IERT 2 a—1
—£111_1>1%(1+q+q +...4+¢")

So:
The g-analog factorial is defined by :

[a],t=11],- 2], [a—1],[a],
_1_q 1_q2 1_qa—1 1_qa
1l-q 1—g¢ l—q 1-—¢q

=11+¢q) - Q+q+@+ - +¢" DA +q+ ¢+ +¢7).

Example 1.1 Let a =3, Then
31=3-2-1=6.




1.1. PRELIMINARIES ON FRACTIONAL ¢-CALCULUS >

o 31,1 = [3], 2, 1),
B 1-¢1—-¢>1—¢q
C1l—-g¢gl—gql—gq
=(1+q+¢)(1+q).

For k € N, and a,b € R, The g-analog of the power function (a — b)* is :

k-1

(@a=0)f=(a=b0)® =]](@a=bg"), (a—b)"=1. (1.2)

n=0

Example 1.2 Let k=2, ¢ =3. Then
(a=b3=(a—b)®

n=0
= (a —b)(a — 3b).
More generally, if & € R | then
NGRS § Sl
(a—b)™ =gq an—bqwn’ a#0. (1.3)

Remark 1.1 .
1. If b=0, then al® = a*.
2. 0 =0 for a > 0.
Proposition 1.1 [8] For a,b,a € Rt and k € N, the following property are valid:
(a —bg") @ = a*(1 — bg* /a). (1.4)

Proof. Using the formula (1.3), we have:

T a— (bg")g"
a — bqk (a) — aa - - 7
( ) st a — (bqk)qa—i-n
_ |O°| 1— (bqkqn/a>

B 1 — (bghq>+ /a)

n=0
o T L~ (0d"/a)q"
=a
L —aaes
= a®(1 —bg"/a)®.

[ |
Proposition 1.2 [8] For « € R" and k,n € N, the following property are valid:

("= ¢ =0, (k<n). (1.5)
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1.2 The fractional g-derivative

Definition 1.1 [9] For a given ¢ € R, a subset A C R is called q-geometric if qr € A
whenever x € A. That is, Vo € A, set A includes all geometric sequences {xq"} . A

typical q-geometric set is T, = {q" : n € Z} U{0}, where 0 < q¢ < 1,7 is the set of integers.

Definition 1.2 [9] Let f(x) be a real-valued function on the set T, and 0 < g < 1. Define
the q-derivative of f(x) by

dof(x) _ f(x) — flgz)

(qu)(ff): dqx - (1—(]).1' ,  Jor l‘ETq—{O}_
(0,)(0) = B om i LEOIZIO

Remark 1.2 If f is differentiable at x # 0, then

lim(D, f)(x) = f(x) — flgz)

lim A—qgz f'(@),

Example 1.3 The g-derivative of f(x) = 2,

(Dyf) (@) = &= (02"

If g = 1/2, we have:

Proposition 1.3 [6] The g-derivative of the function product f(x) and the function g(x),

East as following:

Dqo(f(2)g(x)) = f(2)Deg(x) + g(qx) Do f(2). (1.6)
If ¢ — 1, we have:

lim D, (f (x)g(x)) = D(f(x)g(x)) = f(x)Dg(x) + g(x) D f (x).

qg—1
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Proof.
e
_ f@)glx) +f (x)g(qx)l— f(@)g(qz) — f(qz)g(q)
f@ﬂfﬁ%f”—i@i%ﬁﬁf?
So:
Dy(f(2)g(x)) = f(x)Dag(x) + g(qz) Dy f ().
|

1.
Dy(x —a)y = [n], (z — a) . (1.7)

Dyfa— ) =~ [n], (a - qz); . (18)

q

Proof. We reason by induction : The property is true for n = 0, because [0] , =0, and it is

assumed to be true for some rank k, i,e :

D,(z — a)]; = [k]q (x — a)k_l.

q

We check the property for k + 1, knowing that

(x — a)fj“ = (v — a)’;(a: — ¢*a).

Using the derivative of the product (1.6), we get
Dy(x —a)* = Dyfa - a)i(x — ¢*a)
s+ (az = ¢"a)Dy(z — a),

(
= (z—a)s +qlz —q¢""a) [k], (z —a)i™"
(

L+q[k])(x —a)

= (x —a)

= [k+1],(@—a);

p
2. According to the formula (1.2), For n > 1, we have
(a—a)y = (a—=)(a—qz)(a—q°z) - (a—q" 2)
= (a—2)q(q la—2).¢*(¢*a—x)---¢" (¢ a—x)
= (1) — ) (2 — g ) (@ — g ') (@ — )
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From where :

(a— ) = (~1)"q" D2 (g — g, (L9)

Using the formula (1.9) and the proposition (1.7), we get

Dyfa—a)! = (—1)"q""D/2D,(z — g

(—1)"q"" D2 [n] (x — ¢ )y

. [n]q qnfl‘(_1)n71q(n71)(n72)/2($ . qfn+2(q 1a>)n 1

n—1

= —[n],¢" (¢ a - x);
= —[n], (a—qz);~".
| |

And the ¢-derivatives of higher order are given by

(Daf)(t) = f(t),
and

(Dgf)(t) = Dy(Dg~" f) (1), ke N.

The g-integral of a function f defined on the interval [0, ] is given by

0= [ 16 =t1-0) 3 ) ted (L0
and
(Ly.af)(t /f ds-/f ds—/f (1.11)
If a = tq"™ we have:
/f =t(1—q))_f(ta)d" (1.12)

If a € [0,0] and f is defined in the interval [0, b], then its integral from a to b is defined by

AU@M:AU@M—A%@M. (113
iEL%@“:AV@@—Awa

From formula (1.13), it holds that

If ¢ — 1, we have:

b b
F(5)dys g/ ()| dys, b0, (1.14)
0 0
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Similar to derivatives, an operator I é“ is given by

(19)(6) = (1),
and
Ly ))(t) = L(I;7 (@), keN
. The fundamental theorem of calculus applies to these operators D, and I, i.e:
(Dol f)(E) = f(2),
and if f is continuous at t = 0, then
(14D f)(t) = f(t) — f(0).

Proposition 1.5 [6] Are f and g are two g-derivable functions on |a,b], q-integration by

parts is defined by :
b b
/ f(@)Dyg(x)dyr = f(b)g(b) — fla)g(a) — / 9(qz) Dy f(2)dyz. (1.15)
Proof. Using the derivative of the product (1.6), we get

f(2)Dyg(x) = Dy(f(x)g(x)) — g(qr) Dy f(2),

b b b
= / F(2)Dyg(x)dye = / D, (f(2)9(z)) - / 9(q2)Dof (x).

we put h(x) = f(x)g(x), and using the formula (1.10) and definition (1.2) we have:

b 0 00
/ Doh(z)dgx = Z (7(bg") — h(bg™)) — Z (h(ag") — h(ag™™))

=0 1=0

Consequently,
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1.3 The ¢g-Exponential Function

Definition 1.3 [6] A g-analogue of the classical exponential function e® is

e = 2l B 1
K D% Rl e e (110

Such that,
> xd

(1—a: Z 1-q¢)(1—=¢*---(1—¢)

Jj=

Definition 1.4 [6] Another g-analogue of the classical exponential function is

I
Zq =0/ g = (141 —q)x)g. (1.17)
Such that,
(1+z)° s —.
; 1—q)(1—q2)---(1—q3)
And
B = 1. (1.18)
We note that by (1.17):
0
EY =1,
and by (1.16),(1.18)
E;* = lim — =0
z—o00 eL

Proposition 1.6 [6] We have tow following propriety :

L.
Dyet = e?. (1.19)

2.
D,E* = E. (1.20)

Proof.
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1. Using definition (1.16) and definition (1.2), we have:

. e Do
D,E? = qu(y /27 '
= 7],
00 . 1
_ N g il +
i,
=Y guDG-D2gict o
= i —1],!
ek
= 7!
— B,
|
1.4 The g-special Functions
1.4.1 The ¢-Gamma function
Definition 1.5 [8] The q-gamma function is defined by
(1—gtV

and for any t >0 , [6]

L,(t) = /0 ' E % dg. (1.22)
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Example 1.4
r,(1) = / E-d,x
0
= [_egﬂo
1 ]Oo
€l
= [_E;x]o
_ 0 —00 __
=E, - E;/ >~ =1,
So:
r,(1)=1

Proposition 1.7 [6]
L Tyt +1)=[t],y(t); t > 0.

2. VneN;Ty(n+1)=[n],

q

Proof.

1. For proposition one we have tow method:

Method 1: Using formula (1.22) and g-integration by parts (1.15), we have:
L t+1)= / ' B %d
0
= —/ a'd B dgx
0

= [1], / 2 E; % d
0

= [t], Tq(t)-

Method 2: The definition is applied (1.21), Then we use the formula (1.2), We obtain:

_®
T (t+1) = <(1 _qq))t
(=) =gt
(I—gq)!
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2. Using item (1.)of proposition (1.7), We obtain:

Ly(n+1) = [n], Ty(n)

q

= [n]g[n = 1], Tg(n —1)

1.4.2 The ¢g-Beta function

Definition 1.6 [6] For any t,s > 0, The q-Beta function is defined by
1
B,(t,s) = / 271 - gz)¥ M, (1.23)
0
Proposition 1.8 6]

1. ift > 0 and n a positive integer, we have

(1-¢q)(1—- Q)Z_l'

B,(t,n) = 1.24
alt:m) (1—q"); 2
2. Fort,s >0, we have
(1-q)(1 -1 —qg")F
B,(t,s) = g 2 (1.25)
R (R (ol
3. Fort,s >0, we have
r,(t)r
By(t,s) = LatLals) (1.26)

Ly(t+s)

Proof.

1. First, using the property (1.8) and g-integration by parts,

we have, for allt > 1, s> 0,
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Consequently,

B,(t,s) = ! [;]ql]qu(t —1,5+1). (1.27)

On the other hand, we have:
1
B,(t,n+1) = / 21— qx)) (1 — ¢"x)dg
0

1 1
= / o1 — qx);‘_ldqx - q”/ z'(1— qx)f;_ldq:n,
0 0
and so:
B,(t,n+1) = B,(t,n) — ¢"By(t+ 1,n). (1.28)
Combining (1.27), (1.28) we get

B,(t,n+1) = By(t,n) — q”@Bq(t, n+1)

(]
_ (=g N
T

For t > 0 and n a positive integer, we have:

1
B,(t,1) :/ o'
0

| -

~+

—

[

q

So:
(1-¢"")---(1-q)
(1 —gHn=1) - (1= gt

(1—q)(1— Q)Z’l.

B,(t,n) =

1—q");
2. Using the following two definitions :
N G
l—g)t=—21 1.29
(=0 = g (1.29
1 1 _ At+ny\oo
_d=gme (1.30)

1-q¢);  (A=a)F
In (1.24), we have:
(I-a) - g —¢"™)F
(1—¢)5F(l—g¢)y
3- Using (1.29) in the definition (1.21), We obtain

(1 —=q)
(1-q) (1 —g")y

By(t,s) =

Ly(t) =
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(1—q)° (1-q)
Ly (t)Ty(s) = (1—¢) 11— qt)go (1—q)1(1— qs)go
B (1-¢)(1—q)y
(A=)l =)l — 7))
B (1 -9l —q)F (1-q¢")F
(1 —q)*s2(1 —¢")ge(1l — ¢®)° (1 — ¢'*s)e
(1= =g — gy (1—-q)

(I-g)r(l—g¢)r (=gt 11— gty
= B,(t,s)[,(t + s).

So:
B Fq(t>rq(5)
Q(ta ) Fq(t S) .

1.4.3 The ¢-Mittag-LefHler function

Definition 1.7 (See|2|) The q-Mittag-Leffler function is defined by

o0 )\k(z _ Zo)ak
E? (N z—2) = _
# ; Ly(ak+6)
Where {\, z, 29,0, 6} € C and Re () > 0, Re () >
Example 1.5 :
1- When =1 we simply use :
00 >\k<Z o Zo)ak
Ei(\ z—2) =FEl (\z—2)= —— 4
a kz:; L (ak+1)
2-Ifa=1,6=1,A=1and 2o =0,z € R, we have:
q S 2
El(1,2)= _—
1,1( ,Z) qu(k+1)

iy
=)

Il [l

D x>

<+ T3
(en)
RS

1.4.4 The Legendre polynomials

Consider the second-order differential equation with variable coefficient

(1 —22)y"(x) — 229/ () + \y(z) = 0. (1.31)

Is called the Legendre equation .
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Lemma 1.1 [7] Let -1 <z <1,ifA=n(n+1),(n=0,1,2,---), then Legendre’s equation
admits a solution Under the form

1 d"(z? —1)"
~ onpl dzm

pn(x) is called the Legendre Polynomial.

Example 1.6 From the relation (1.32) and puttingn =0,1,2,---. we find

1. po(z) = 1.
2. pi(z) = .
1
3. po(x) = 3 (322 —1).
4. p3(x) = % (52® — 3x) .

—_

5. pa(z) = = (352 — 3022 + 3).

W

6. ps(z) = % (63z° — 7023 + 15x) .

Proposition 1.9 [7| Let P,(x) be the Legendre polynomial, we have:
L Pp(@) = Poy(z) = (20 + 1) Py(2), (n > 1),
2. L1 —-2?)P)(x)] 4+ n(n+1)P,(z) =0,

3. pu(l) = 1,pu(—1) = (=1),

5. [1, Pu(2)Pp(x)dz = 0, (n # m),
6. [ P de =

1.5 The fractional ¢-integral of Riemann-Liouville

Definition 1.8 [8] Let a > 0 and f be a function defined on [a,b]. The fractional q-integral

of Riemann-Liouville type is given by

(I () = / (t —qs) Y f(s)d,s, a>0, tEe€/la,bl. (1.33)

[y(a)
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and

(Ig.f)(t) = f(2).
Lemma 1.2 [8] For o, f € RT, we have
/a (t — qs)(ﬁ_l)(I;af)(s)dqs =0, (0<a<t<b). (1.34)
0

Proof. For n € N, using definitions (1.12),(1.5) and (1.6), we have

n

a ") = s [ " =09 p(0)s
= Fq_(a> (1-a), (0" — ag™) e f(agh)
o ) DU A oY
= 0.

Then, according to the definition of the g-integral, we have

/0 (t — 45)F DI, ) (5)dgs = a1 — ) St — ag™* V)2, ) (ag")g"
n=0

= 0.

n
Lemma 1.3 [8] For a, 8, n € RT we have:

o 1 o ( —1) 1 — gitn (B-1) 1— (a+B-1)
Z 1~ (=g )77 on _ (L= pq) ‘ (1.35)
= 1 — q )(1 — q)(ﬂ—l) (1 — q)(a-i-ﬁ—l)

Proposition 1.10 [8] For a, € R*, we have
The application of the fractional q-integral of order o of Riemann-Liouville on the function

f(z) = (x —a)® is given by:

r,(p+1)
I° (z—a)P) = —22 2 _(z— )t . z>a, o f>0.
q,a( ) Fq<a+ﬁ+1)( ) /8

Proof. For  # 0, according to definition (1.33) and definition (1.11), we have

e =0 = i [ @ = a0 e - )7y

=T [/ (x — qt)(o‘_l)(t — a)(ﬁ)dqt - / (x — qt)(a—l)(t _ a)(ﬁ)dqt .
0 0
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Also, the following is valid according to the definition (1.10) and the definition (1.5):
/ (= qt)* V(t —a)Pdt = a(1 — ) Y (z — ag"")* V(ag" — ) Ig*
0

=" (1—-q) ) (z—agd"™) V(" —1)P¢*

By the definition (1.10) and the lemma (1.3), we get:

/ (—gt)* V(t —a)Pdgt =2(1—q) Y (x — 2¢d"")* D (2g" — ) Pg*
0 k=0

> _ a
=2 (1—q) ) (1= gD (gh - =)Dk

X
k=0
o B a B
_ :L‘OH—ﬁ(l —q) Z (1— qk+1)(a 1)(1 _ _ql k)(ﬁ)qk(1+ﬁ)
k=0 4
wo+(1 )(1 — %)(Ot-i-ﬁ)(l — )@ (1 —¢)®
q 1— gD
(- ba-g® .
={=g (1 —gq)leth) (z =),

Using the definition (1.21), we get the result.

Particularly, for = 0, using a g-integration by parts, we have

1 X
- — o)y ¢t
Fq(@) /a (Q’I q ) q

-1 * D, ((:B — t)(‘"))
= T / o,

7. 1=

Using Proposition (1.7), we have:

—1 2 D, ((x_t)(a)) a1 - e
Fo(@) /“ [], it = [y(a+1) /a Dy ((@ = 1)") dyt

-1 N
"R

Example 1.7 Let f(x) = x, applying a g-integration by parts and using the formula:

Dy(z =)™ = — o], (z — qt) ™.
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we get

139)) = g [ (o= an) Ve

:—Fq(;—O— 1)/0 tDy(x — 1) @d t
—1 a)lz ’ a
~ oy (o= 0% = [ an@ae)

—1 vl a+1
RPCERY (‘/o RS W)

Then:
x(a—l—l)

I f)(z) = ——..
D0 = 5y
Theorem 1.1 [8] Let o, € RY. The g-fractional integration has the following semi- group
property
(Igaleal) (1) = gl f)(8) = (Igd? F)(2)

Proof. 1.Using the definition (1.33) and the definition (1.11), then we apply the Lemma(1.34)

1

Ly(8)
1

_ ' (6-1) t s — qu) Y f(u)d ud, s
_Fq<a)rq(ﬁ)\/a (t Q) / ( q ) f( )d df]

:WU;HS A t‘qsﬁl}

(Ipalgaf)(t) =

¢
/ (t — qs)(ﬂ_l)_f;faf(s)dqs

e, / (5 — ) f(u)dyud
Fq(a)Fq(ﬁ)/ U f(u )dq d
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Using the result from [1],
(Lo 80 f) () = (155" ()

In addition ,
IO f(t) = Igg (1) — I35 f (a) (1.36)

It is concluded that,

N 1 t B a o
Tiulaf O = 153750 = s [ (=097 [ (s =) ).
q
After the formula (1.36), we can write

(10, 10,0 () = ISP F (0105 £ (a)
1

N t —gs)B-D as_ ) f(u)d ud,s
rq<a>rq<5>/0<t ) /D< q0) @ f (u)dgud,
O / (t — q)@5D £ (s)dys
1

—_

Fy(a+

L a6 [ e o@D f)dud. s,
rq<a>rq<5>/o“ )77 [~ sy,

Then,
(Igalgal)(t) = I527F(1) + M

_ Yt et
M=o [ = a0 (s

L a0 [ e )@ Fd . s
Fq(&)Fq(ﬁ)/o(t as) /0( qu) ) f(u)dyudys.

Using the definition (1.10), we can write

= M0 i(f ag"*") Y f(ag® )qk—t(l ! i tg’ )Y

[y(a+B) =0 Ly(a@)ly(8) =0
x Y a(l—q)(tg — ag"™™) "V f(ag")q"q
- _ ggk @D
—a(i-g Y Y Fqéi)ﬁ) f(ag")q"
& tl—q)* ) & 1y (5= N agt1y@b kY o g
_a(l_Q)ZWZ( q’ DN "t flag®)qg" ¢’
k=0 1 E §=0 k=0

k+1)(o¢+,37 )

- t—aq
a(l —q)
ZO Ty(a+B)

_ g)(e—1) , , A
e Yt O~ o | fad )
q q =0
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Therefore,
=a(l—q)) af(ag")d"
k=0
_ k+1\(a+p-1 _ a—1)
o = (t —aq"™ )( A1) . t(1 Q)( : Z<t . tqj+1)(ﬁ—1)<tqj . aqk+1)(a—1)qj'
Ly(a+5) Ly(a)Ly(B)

=0
After the definition (1.21) ,we have

(1-¢) (1 -q"Y

FQ(Oé)Fq(ﬁ) = (1 . q)a_l (1 . Q)B_l (137>
— g)letB-1)
Fq(OZ + ﬁ) = %_(Zw (138)

Using the formula (1.37)and the formula (1.38), We therefore obtain

(1 o q>(a+,3—1)(t . aqk+1>(a+,3—1)

Ck = (1— q)oti—t
_ —Q)(l —q )2 & FH D o1 A jiiy(a—1)

(1 o q>a+,3—lxoz+,3 (1 _ %qk—s-l)(a—i-ﬁ 1)
(1— q>(a+6—1)

a:a‘f'ﬁ_l 1 _ q O‘+B_1 o a . _ X
( ) Z (1 . q]-i-l)( 1)(1 . _qk+1 j)(a l)qa]

B ) e x

If we take y = %qk, We find

B ) i U pg) oY

(1 _ q)(a+571)
a+,8— (1 o cx—f—ﬁ 1 e
+1 (8B-1) _ i\(a—1) o

Jj=

The Lemma is applied (1.3), we obtain

o L= @)™ et (1 — pg) Pt — g) (1 — pg) Y
o (1 —g)leti=b (1—g)ltr=b

=0.

1.6 The fractional ¢g-derivative of Riemann-Liouville

Definition 1.9 see|9]|Suppose that a € R and n = [a], f(t) is a real-valued function on

(0,00). The a-order Riemann-Liouville type fractional g-derivative of function f(t) is defined
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as follows
(1, H@), <0,
(D2 )(t) = b
(Dglg‘af)(t), a >0,

Where o] represents the smallest integer which is greater than or equal to .

For a > 0, we have

Def(t) = —— ; /Ot(t—qs)”alf(s)dqs. (1.39)

y(n—a
Lemma 1.4 [8] For a € R\Ny, No = NU {0}, the following is valid:
(DD 1)(8) = (D2 1) (0), O<a<t<p)

Proof. We will consider three cases. For a < —1, according to Theorem (1.1), we have

(DyDgof)(t) = (Dol g f)(t)

DI )(t)

La™ D )()

(

= (

= (Dylyalss™ (1)
= (

= (Dga' F)(2).

In the case —1 < a < 0,1ie, 0 <a+ 1< 1, we obtain

(DyDgof)(t) = (Dol g f)(t)
= (Dol "™V H)(®)
= (Dga' N)().

For a > 0, we get

(DyD3of)(t) = (Dy DY I~ f) (1)
= (DY IR f)(1)
= (Dga ().

]
Lemma 1.5 [8] Let f(t) be a function defined on an interval (0,b) and o« € RT. Then the

following is valid:

(DS IS )() = f(t), (0<a<t<b).

g,a”4,a
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Proof. For o > 0, we have:

(Dialgaf)(t) = (DL 15, F)()
= (DIE e f)(1)
= (Dgulgaf)(t) = f(t).

]
Lemma 1.6 (seel9]) Let f(t) € C[0,b],0 < ¢ <1 and 0 <t <b, then we have:

L D,Lf(t) = (0.

2. 1,Dyf(t) = f(t) — f(0).

Proof.
1. Using definition (1.2) and the formula (1.10) we have:
fo — 3 f(s)dys
Dy,
=) 3 ftg)d — (1 —q) 307, ftg )
(1—-q)t

Mg

tq q __zz:j‘ z+1 z+1

I
<)

7

f ).

2. Using the formula (1.10) and definition (1.2) we have:

1D, f(¢) /f f

_ (1 . q) Zqif(tqi> — f(tqurl)

t(1—q)q’

= 30 - 1(ta)

= f(t) — lim f(tq")

1—00

= [(t) = £(0).

]
Theorem 1.2 [5|Let o > 0 and n be a positive integer. Then, the following equality holds:

[y

n—

(Ig Dg )(t) = (DGIf)(t) —

ta—n+k

rq(a+k_n+1)(D§f)(0)- (1.40)

e
i

0
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Proof. We prove the theorem by induction. For the case n = 1, we have

/ (1= 48) "Dy ) (5)dys, (1.41)

(I;qu)(t) = Fq(Oé)

Using formula (1.8) we get:

Dy [(t =)V f(9)] = (t =) VDyf(s) = [a = 1], (t — g5) " f(s).
So:
(t —s) @YD, f(s) = D, [(t— S)(a_l)f(t)} + o —1], (t - qs) D f(1).

Put this on (1.41) we have

(I Daf)(t) =

- Ly(a)
(a—1)
=)0+ (0~ 5 70))

tla=1)
Ty(@)
Suppose now that (1.40) holds for n € N, For n + 1 we have:

(I Dy f)(t) = (I3 Dy D, f)(t)

= (Dglg f)(t) = £(0).

n—1 a—n+k
= (D1 DA)0 = Y ey P4 H00)
n o' _t s = toc—n+/€ k+1
= 0 {010 - [y O] = X g P50
w1 tla—1-n) n to—(n+1)+k N
= OP N0 - 1= O - s e 0

n to—(n+1)+k
=@ EN0 =) e 2O

The theorem is proved. m

1.7 The fractional ¢-derivative of caputo type

Definition 1.10 see|9| Let n = [a], f(t) is a real-valued function on (0,00). The a-order

caputo type fractional q-derivative of function f(t) is defined by

I« , a <0,
D) - { (I F)(2)
(I;“”Dgf)(t), a >0,
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Where [a] represents the smallest integer which is greater than or equal to .
For a > 0, we have

! ) /Ot (t —qs)" 7 'd] f(s)dys. (1.42)

CDa —
9 1) Ly(n—a
Lemma 1.7 (See|9]) Let 0 < o < 1 and f(t) € C[0,b] such that D,f(t) € C|0,b]. Then

tfa
Ie(1—a)

Lemma 1.8 (See|9]) For 0 < a <1 and f(t) € C[0,b], it holds

‘Dyf(t) = Dy f(t) — f(0), t>0.

DIz f(t) = f(t), DGIGf(t) = f(b).
Proof. By Definition (1.9) and Lemma (1.6), we see that
DI f(t) = DI I0 (1)
= D,I,[f(t)
= f(t).

Then, the first equality holds. From Lemma (1.7) and noting I3 f(0) = 0,

DTS f(t) = DTS f(1)
= f(0).

]
Lemma 1.9 (seel9]) For0<a<landn—1<pf<n,n—1<a+<nandn>1, we

have:

‘DY “DIf(t) =D f(t).
Proof. Applying Theorem(1.1) and Lemma (1.8), it yields that
‘DS DI f(t) = DI} " Dy f(t)
= DSIS I Dy f(t)
= DgIg DI f(t)
= DIt f(t).

]
Lemma 1.10 (See|9]) The following properties hold

() If (5] < M, then I2£(0) = 0,0 > 0,
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(i1) If [Dof(t)| < M, then <D f(0) = 0,0 < a < 1.

Proof. For property (i), using (1.14) we can obtain

001 < iy [ 0= 0 )l s
< ija) /Ot (t —gs) @ Vd,s
= Fj\(/{x)ta /01 (t —qr) @ Vd,r
_ Fi‘é)t&qu, 1)
= ﬁ — 0,t — 0.

Next, from (i) and °Dg f(t) = 1;-*D, f(t), we see that the property (ii) holds. m

Theorem 1.3 (See|2|) Let a > 0 and n = [a]. Then, the following equality holds:

—_

n—

(1D ) (E) = [ - =

W(D’; £)(0). (1.43)

£
Il

0
and if 0 < a <1 then

(Lg°DgN)(t) = f(t) = f(0).




CHAPTER 2

NONLINEAR ¢-FRACTIONAL DIFFERENTIAL

EQUATIONS OF RIEMANN-LIOUVILLE TYPE

In this chapter, we will study the existence and the uniqueness of solution of a ¢-fractional
boundary value problem (we will detail the work submitted by Ferreira see |5]) by tow fixed

point theorems, Banach fixed point theorem and Krasnoselskii fixed point theorem.

Dgu(t) + f(t,u(t)) =0, 0<t<1

w(0) = 0,u(1) = 0, 1)

Where 1 < a < 2,f : [0,1] x R — R is a nonnegative continuous function, D is the

Riemann-Liouville fractional g-derivatives of order a.

2.1 Fixed point theorems

Fixed point theorems concern maps f of a set X into itself that, under certain conditions,
admit a fixed point, that is, a point * € X such that f(x) = = . The knowledge of the

existence of fixed points has relevant applications in many branches of analysis and topology.
Definition 2.1 Let (E,d) a complete metric space and F : E — E a continue mapp.
i) We say that u € E is a fized point of F if F(u) = u.

i1) We say that F' is contractante if F' lipschiz raport 0 < L < 1, i.e, there is 0 < L < 1,
such that
Vu,v € E: d(F(u), F(v)) < Ld(u,v),0 < L < 1.

Definition 2.2 (completely continuous) Let X and Y two Banach space and
F: X —Y amapp define X a value in F'. We say that F' is completely continuous if she
1s continuous and transform any bounded of Y in a relatively compact set in'Y . F is said to

be compact if F(X) is relatively compact in Y .

27
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Theorem 2.1 (Banach ) Let X a Banach space, and a contractant operator

F:.: X — X. So F admits a unique fized point.

i.e. Au € X such that Fu = u.

Lemma 2.1 (Krasnoselskii ) Let E be a Banach space, and let P C E be a cone. Assume
01, Qy are open subsets of E with € Q C Q; C Qy and let F : PN (Q\Q1) — P be a

completly continous operator such that
| Ful|> |Jull,w € p N OQ, and|| Ful||< ||ul|,u € p N 0Qs.

Then F has at least one fived point in PN (Q\Q1).

2.2 Fundamental lemmas

Lemma 2.2 [5| Let 1 < a < 2 and h : [0,1] — R is a nonnegative continuous function,

then the boundary value problem

Dgu(t) + h(t) =0, 0<t<1

(2.2)
u(0) = 0,u(1) =0,
has a unique solution
1
u(t) = / G(t,qs)h(s)dys. (2.3)
0
Where
Gt.o) 1 [t(1—s)) bV —(t—s)V 0<s<t<I,
’S -
La(@) | (1 — ), 0<t<s<l.

Proof. Let us put n = 2. using Lemma(1.8) and theorem (1.40) we have:

D¢u(t) = —h(t) & (10D u)(t) = —ITh(t),

L t — qs)“ Yh(s)d,s
Fq(Oé)/o (t q ) h( )dq .

When certain constants c1,c; € R . Using the boundary conditions given in (2.2) we

<~ U(t) = Clta_l + CQta_2 —

take ¢; = % f01 (1 —gs) @ Yh(s)d,s and c; = 0 to get

ult) = - /0 (1 - )@ D1 h(5)d,s — ﬁ /O (t — g5) @ Vh(s)dys

Uot ([t(1 = )] = (t =) V) h(s)dys + /tl[t(l —qs)] " Vh(s)dys

= [ G(t,qs)h(s)dys.
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If we define a function GG by

1 t1—s)eV_(t—g) D 0<s<t<1,
Clt.s) = [t( )] (t—s)

Lo(@) | 1 = s))e, 0<t<s<l.

Lemma 2.3 [5|Function G defined above satisfies the following conditions:
1) G(t,gs) > 0,0 <t,s <1,

2) G(t,qs) < G(gs,qs),0 <t,s < 1.

Proof. First we define two following functions:
gt s)=@t1—s) bV —(t—s)eVo<t<s<1

go(t,s) = (t(1 —s) @D 0<t<s< 1.

Clear that ¢o(¢,¢s) > 0, and
gi(t,qs) = (t(1 — gs)) @V — (t —gs) @D, 0<t <s < 1.

Using the following remark:

Remark 2.1 [5] We note that if a >0 and a < b < t, then (t —a)® > (t — b)),

We get:

gi(t,gs) = (H(1 —gs)) 7V — (£ —gs) V0 <t <5 <1
Z t(afl)(l . qs)(afl) . Zf(ozfl)<1 . q5>(a71)

=0.
Therefore,G(t, ¢s) > 0. Moreover, for fixed s € [0, 1]:

Dygi(t,s) = Dy [(H(1 =)@ — (t — 5) Y]
= [a —1], te=2(1 — )@ ) _[a — 1, (t— s)(@=2
= [a—1] t@? [(1- s)@b (1 - s/t)(a’Z)]

ta=2) [(1 _ 3)(a—1) —(1- S)(a—2)}

q

<fa-1],

<0.
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Which implies that g;(¢, s) is decreasing with respect to ¢ for all s € [0, 1]. Therefore,
91t qs) < g1(gs,qs),0 < t,s < 1. (2.4)

Now note that G(0,¢gs) = 0 < G(gs, ¢s) for all s € [0,1].
Therefore, by (2.4) and the definition of g (it is obviously increasing in t) we conclude that
G(t,qs) < G(gs,qs) forall 0 <t,s < 1. m

Let X = ([0, 1] be a Banach space endowed with norm ||u||y = maxo<i<i [u(t)].

Define the cone P C {u € X :u(t) > 0,0 <t <1}

Remark 2.2 [5] It follows from the nonnegativeness and continuity of G and f that the
operator F': P — X defined by

Fu:/o G(t,qs)f(s,u(s))dys,

Satisfies F(P) C P and is completely continuous. For our purposes, let us define two

M = (/01 G(qs,QS)dq5> R
N = ( / G(qs,qs)dqs> o

Where 71 € {0,¢™} and 75 = ¢™ with m,n € No, m > n.

constants:

2.3 Results of existence and uniqueness

In this section, we will prove the existence and uniqueness of the solution of problem (2.1)in

space C'([0,1],R*), we use contraction principle of Banach.

Theorem 2.2 Let f: C([0,1],R") — R* a continuous function hold:

There exist a constant K > 0 such that
1f(s,u(s)) — f(s,v(s))| < K Ju—wv],Vs € [0,1],Vu,v € R,

and
2K

<,
F(a+1)

The problem (2.1)admits unique solution in [0, 1].
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Proof. We transform problem (2.1) into a fixed point problem Lemma (2.2), by considering

the operator :
F: C([0,1,R*) — C([0,1],R*)
(e Jo (1= s)( 70t (s, u(s))dys

[ -
- m fo (t - qs)( )f(57 U(S))dqs'

ur— Fu(t) =

Where C([0,1],R") the Banach space of continuous functions u defined from [0, 1] in R™;

equipped with the norm
[ull = maweioy [u(t)]
It is clear that the fixed points of the operator F' are the solutions of problem (2.1).
F' is well defined, indeed: if u(t) € C([0, 1], R"), then Fu(t) € C([0,1],R").
To show that F' admits a fixed point, it suffices to show that F'is a contraction, in effect if

u,v € C[0,1], for all t € [0, 1] , using the Lipschitiz condition we get:

|Fu(t) — Fo(t)| =

o [ e o

~ i | a0 e

< 1@ = a9 ) = oot dys
i a9 (o) — ool s
< klu—v| {Fq —gs) Ve d s + ﬁ /Ot (t — qs)(a_l)dqs}
< flu— o] <t0‘ 1a1++1t )
< m =l

By virtue of < 1, we can deduce that F' is a contraction, and by the theorem of

Ty(a+1)
Banach F' admits only one fixed point which is a solution of the problem (2.1). =

The next existence result is based on the Krasnoselskii fixed point theorem.
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Theorem 2.3 [5] Let f(t,u) be a nonnegative continuous function on [0, 1] x [0, 00). If there

exists two positive constants ro > 11 > 0 such that
f(t,u) < Mrg, for(t,u) € [0,1] x [0, rs], (2.5)
f(t,u) > Nry, for(t,u) € [m, 1] x [0,7], (2.6)
Then problem (2.1) has a solution ug satisfying 1 < ||ug|| < 7.

Proof. Since the operator F': P — P is completely continuous we only have to show that
the operator equation u = Fu has a solution satisfying r < ||ul| < rs.
Let @ = {ue P:||u|| <r}. Forue PNoQ , we have 0 < u(t) < ry on [0,1]. Using
Lemma (2.3) and (2.6), and the definitions of 7; and 75, we obtain
Let
1
Fu= [ Glt.45)(s.u(s))dys.
0

So:
1
IFull = mascies [ Glt,a5)1(s,ul)dys
0

> er/ G(gs,qs)dys

(/ﬁw ) (] ctmama)

> lull -

Let Qo = {u€ P:||u|| <ry}. Foru € PNoQy , we have 0 < u(t) < ry on [0,1]. Using

Lemma (2.3) and (2.5), and the definitions of 71 and 75, we obtain
1
IFull =mazocies | Glt.9)f (s u(s))dys
0

1
< Mrg/ G(gs,qs)dys
0

<n(/ 1 Glas.15)ds

<1

-1

(/ s, 051

< lull .

Now an application of Lemma (2.1) concludes the proof. m




CHAPTER 3

INVERSE PROBLEM FOR ¢-FRACTIONAL
PDES

In this chapter, we will study the existence of inverse Probeme solutions for the ¢-Fractional

partial differential equation, in the sense of Caputo is written as:
c N« . 2
DUt ) = [(1 = )., + h(x), (t,) €]0,T[x] — 1,1]
D’;U(t,x)hzoz vp(x), k=0,1,2,---;m—1.

Where DU (t, x) is the Caputo ¢-fractional derivative of order a(0 < ov < 1) of U(t, x) ,D¥

is the g-fractional derivative of order k and vg(z) given function.

3.1 Problem with Caputo ¢-derivative

Lemma 3.1 Let A € R, then the cauchy problem:

‘Dyu(t) + Mu(t) = f(t), 0<a<1,0<t<0D, 3.1)

3.1
Dhu(0) =dp, k=0,1,2,---,m—1.

Where dj, are constants, m = [a| + 1, admits a solution u(t) in the form:

m—1 t
B9 (— A )it + / (t— qs) @ VES (At — ") f(s)dys.  (3.2)
k=0 0

Proof. Using Theorem (1.3) we have:

(I3 “Dgu)(t) = u(t) —

i [ e s+ s [ = a9 s

1
Ly(a)
=T /0 (t —gs) ™Y [=du(s) + f(s)] dqs,

33
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So:

Z T P0) = i [ =09 [t + S5 dos

Then the solution of problem (3.1) satisfies the equivalent integral equation

m—1

tk 1 ! ol
dy. UESY + T.() /0 (t — qs) @™V [=Xu(s) 4 f(s)] dys. (3.3)

k=0

tk

Let d(t) = k 0 dqu (k+1) "

obtain from (3.3) that

Then by a circulative iteration and using Theorem (1.1), we

u(t) = d(t) — MSu(t) + IS f(t)
=d(t) — Mg [d(t) — Mou(t) + I3 f ()] + 13 f(t)
= d(t) — M2d(t) + NI2u(t) — N2 f(t) + 15 f(t)
=d(t) — XIZd(t) + NI [d(t) — MZu(t) + I3 f ()] + 122 F(t) + I f (1) (3.4)
= d(t) — M2d(t) + NI2d(t) — N I2u(t) + NI f(t) — N2 f(8) + 12 f(¢)
= i(—A)"I;w‘d(t) - i(—k)"lé”“)“ F(t) + Lim (=A)"[ju(t).
n=0 n=0
Since
n yno . n rna il tk
(=N Led() = (M) [Z b
Using Proposition (1.10) we have:
nogk __ Fq(k + 1) na+k
170 = Ly(na+k+1) ™
So:
m—1 m—1 )\)n[natk
—\) e Ay | = d
(=A)"L Lz; k;+1 T (k+ 1)
m—1
B (_)\)ntna+k
B kzg dqu(noz +k+1)
_ m—1 (_/\)ntna N
— Fy(na+k+1)
Then
i(—A)nIMd(t) _ mzl i (A | ey, = mzl 0O (35)
n=0 ! k=0 nOF(nOé—i_k—i_l) k=0 ak+1 ’ o ‘
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Next, by the identity (£ — s) ™ = (¢ — s)ff) (t — ¢%s){", we have

o

Z(_)\)n n+1 af ZF n&+a /(t_qs)(na+o¢—l)f<3)dq8

n=0

amt) N (FA)" (= g%s)
= /0 (t —gs)@V 2T (nat ) f(s)dys (3.6)

t
= [0 VB (At - 9 ()
0

Furthermore, by the argument of Lemma (1.10), and |u(t)| < M, |(—=A)b%| < 1, we have:

(=2p™)™
Fy(na+1) = Iy(na+1)

(=" g u(t)] < — 0,n — 00. (3.7)

Then, combining (3.4)(3.7), we complete the proof. m

3.2 Inverse Problem for g-Fractional PDEs with Caputo
g-derivative

Let the inverse Problem for ¢-Fractional PDEs with Caputo ¢-derivative given by the fol-

lowing equation:

DSVt ) = (1~ )UJa + h(e), () €)0,T[x] — 1,1 s
DgU(t7$>|t:0: Uk(l'), k2071727"'7m_1'
Where “DgU(t, z) is the Caputo g-fractional derivative of order a(0 < o < 1) of U(t, x) and

vg(z) given function.

3.2.1 The existence of the Solution

Theorem 3.1 The problem (3.8) admits the solution set U(t,x), h(z), given by :

Ult,x) = 32020 Un(t) Pal),
W) = 3200 haPp().
Where

m—1

t
E! k+1 (=X, t)tF Uk + /o (t — qs)(a_l)Eg’a(—)\n, t —q“s)hndys.

k=0

Is a function to be determined, P,(x) the Legendre polynomial and h,, is constant, and

A =n(n+1)
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on+1 !
n2—l— / () Py (z)dx.
-1

Vkn =

Proof. We seek the solution of Problem (3.8), in the form:

{U(t,x) = Uu(t)Pu(z), hlz)=)_ thn(x)} .

then U(t,x), h(z) is to satisfy equation (3.8), C-a-d::

DU Z P.( (1)

o0 (3.10)
(1= 2o =) (1—2°)P)(x —ZxZP’
n=0
So:
> " Pu(2)°DAUL(t) = Y (1 —2?)P)(x) - 21;213' +Zh Pu(
n=0 n=0
we obtain
Po(x)°DaU,(t) = (1 — &) Py (2)Up(t) — 22 P, (2)Up(t) + hyPol(z), n=0,1,2,---
and since P,(z) is a solution of Legendre equation, we obtain:
(1 — )P (2)U,(t) — 2z P (2)U,(t) = = AP, ().
So:
Bo() DG Un(t) = =AU (t) Po(x) + hn Po (1),
‘DyUn(t) = =AUp(t) + ho,
Then:
‘DyUpn(t) + AUp(t) = hpyn =0,1,2,---. (3.11)

and on the other hand:
Dk U(t, )= O—ZP —vk(x):ka,nPn(x).
n=0
So:
DEUL(t) = vg.-
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For n > 1 then:

DU, (t) + AU, (t) = hy,
o Unl) ) (3.12)
DU, (t) = Vg

According to Lemma (3.1) for 0 < o < 1, we have the problem (3.8) admits a solution in

the form:
m—1 t
U,(t) = B, (=, )t v, + / (t —qs) @ VEL (=X, t — q“8)hndys.
k=0 0
Then: -
U(t,z) = Un(t)Pu(2)
n=0
0 m—1
- Z < Egz,k+1(_)‘nv t)tkvk,n> Pn(x)
n=0 k=0

o0 ¢
+ Z / (t — qs)("_l)Egm(—/\n, t— qas)hndqs> P,(x).
0

n=0




Conclusion

In this memory we have presented The basic definitions and properties concerning fractional
g-calculus , and we studied the existence and the uniqueness of solution of a ¢-fractional
boundary value problem using tow fixed point theorems, Banach fixed point theorem and
Krasnoselskii fixed point theorem, in addition to we studied the existence, of inverse equation

problem solution to derivatives partial g-fractional in the sense of Caputo.
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Abstract

The purpose of this work is to study the existence of inverse problem for the partial
differential equation g-fractional and study the existence and uniqueness of the solution some
Chauchy problems of different g-fractional equations.

Keywords : Differential equation g-fractional, problem de Chauchy,Existence, Uniquence,
inverse problem,partial differential equation g-fractional.

Résumé

Le but de ce travail est d’étudier I'existence d’'un probleme inverse pour I’équation aux
dérivées partielles g-fractionnaire et étudier I'existence et I'unicité de la solution certains
problémes de Chauchy de différentes équations g-fractionnaires.

Mots clés : Equation différentielle g-fractionnaire, problem de Chauchy, "Existence,
Uniquence,probleme inverse, équation aux dérivées partielles g-fractionnaire.
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