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Notations

In what follows, we will use the following notations.

RM Euclidean, n-dimensional space.

X Vecteur de R”, x = (x1,x,...,X,), x; € R, 1 <i < n.
du or dx Lebesgue measure N-dimensional.

|Q| Measure of the set Q).

Q Open setin R".

Q The closure set of in IR".

0Q The border of Q.

B(x, ) Open ball with center x and radius r > 0.

Bg The closed unit ball of E .

Bk = {x € E with ||x|| = 1}.

WkP(Q) = {u € LP(Q) : D*u € LF(Q) Yo € IN" such that |a| < j}.

Wi (Q) = {u e L/(Q) : D*u € [P(Q) Ya € N” such that |a| < j with u = 0 on 9Q).
W=#'(QQ) Dual space of Wg’p Q).

Diu = g—; The partial derivative of u with respect to x;.

p

p
C®(Q))  The set of functions in C*(Q) for all k.

C(Q) or D(Q) The space of smooth functions with compact support in Q.
D’(Q) The space of real distributions on Q.
suppf :{x €Q: f(x) # 0} The support of f.

’

The dual exponent of p.

*

=NN—_";, The Sobolev conjugate of p.

Vu The gradient of u.

Au The Laplacian of u.

C(Q) The set of functions continuous in Q.

C(Q) The set of functions continuous in Q.

CHQ) The set of functions which have derivatives of order < k that are continuous in Q).

CH(Q) The set of functions in C(Q) which have derivatives in Q of order is lass than or equals k.

L(Q) Musielak-Orlicz spaces
[PY(Q)  Generalized Lebesgue spaces
W0(Q) Generalized Sobolev spaces



p :=inf,eq p(x)

I=SUp, . P(X)

WL9(Q) Musielak-Orlicz-Sobolev spaces
M(Q) The set of Measurable functions

Peo The modular functional associated with O(x, .) i,e po(u) = fQ O(x, u)dx
— Continous embedding

I[.1] Norm of a function

div(f) =) 1 5—32 The divergence of the vector f

— Weak convergence

C.(Q) ={peC@) : inf5p) > 1

leg (QQ) Log-Hélder continous function.
(N-Dp) -
p() =1 N if p(x) <N,
if p(x) > N.




Introduction

The Orlicz spaces were introduced by Z.W.Birnbaum and W.Orlicz (1931) as a natural
generalization of the classical Lebesgue spaces L with 1 < p < 400 (see [1], [6], [9], [17], [24],
and [33]). Subsequently, these spaces were extended to Musielak-Orlicz spaces (also known
as generalized Orlicz spaces), which have become an area of growing interest in recent years
(for more details, see [9]). The Musielak-Orlicz-Sobolev spaces are particularly essential
tools for studying the existence and uniqueness of solutions to a class of nonlinear PDEs,
especially the double phase problem with variable exponent as investigated in [5], [7], [27],
and [37].

This work is devoted to studying some properties of the Musielak-Orlicz-Sobolev spaces

W9(Q) and using them to solve the following Dirichlet problem:

{—div (IVulP®2Vu + (@) Vuli®2Vu) = f(x,u,Vu), in Q "

u=0, on dQ

Where Q ¢ RN (N > 2) is a bounded domain with Lipschitz boundary 9Q, p, g € C(Q) satisfy
1 < pkx) <N, p(x)<qg(x) for all x € Q, p € L*(Q), and f is a Carathéodory function.
The problem (1) does not have variational structure because the gradient dependence of the
convection term f, so variational methods cannot be applied in this case.

The primary aim of this work is to investigate the existence and uniqueness of solutions to
problem (1) using non-variational methods, following the approaches developed in [3], [6],
[17], [30], [31], and [32].

The essential feature of this kind of work is the imposition of the following log-Holder

continuity condition onp : Q — R:

Co = 1
lp(x) = p(y)l < Y Vx#yeQwith|x -yl < 2’

where ¢y > 0 is a constant. This condition allow to state some essential embedding as in
[1,13]. It is worth mentioning that the authors of [23] have generalized the problem (1) to
multi-phase setting in a Anisotropic Musielak-Orlicz-Sobolev Spaces using the log-Holder
continuity condition.

The memory contains some essential properties of Musielak-Orlicz spaces and Musielak-
Orlicz-Sobolev spaces such as the generalized N-function, the (A;) condition, modular,

Luxemburg and Orlicz norms, reflexivity, separability, and embedding theorems. These

6



properties are crucial for the analysis of the problem (1), as discussed in [3], [17], [24], and
[29].

Another key contribution is the study of the existence and uniqueness of weak solutions
for the problem (1), which involves double-phase operators with variable exponents. The
analysis is based on monotone operator theory following the approach in [6].

Furthermore, the findings demonstrate the versatility of Musielak-Orlicz-Sobolev spaces in
addressing complex mathematical problems, such as (1), with non-standard growth condi-
tions. These results have potential applications in various fields, including materials science

and image processing.

The first chapter deals with some fundamental facts about Lebesgue and Sobolev spaces. It
serves as a reminder and presents important tools in functional analysis that are essential
for studying spaces used in partial differential equations. These spaces are examined in [2],
[3], [4], [11] and [22] as well as in [8] for their theoretical foundations.

In the second chapter, we study some definitions and basic properties of Musielak-Orlicz
spaces (also known as generalized Orlicz spaces), including convergence, completeness,
separability, uniform convexity, reflexivity, and density of smooth functions. These aspects
have been investigated by [17] and [18].

The third chapter recalls Lebesgue spaces with variable exponents and provides some exam-
ples following [3]. We then examine Musielak-Orlicz-Sobolev spaces including an equivalent
norm, uniform convexity, Radon-Riesz property with respect to the modular. These spaces
represent the general case of LFV(Q) and W#0(Q)) .

In the fourth chapter, we employ two distinct approaches to study nonlinear boundary value
problems. First, using variational methods following [23], we investigate the existence and
uniqueness of solutions to:

—Apytt = f(x,u), inQ,
u=20, on dQ),

where QO ¢ RY (N > 2) is a bounded domain with Lipschitz boundary, A, denotes the
variable exponent p(x)-Laplacian operator with p € C.(Q) = p e cQ) : p(x) > 1forall x €
Q}, and f satisfies some appropriate growth conditions.

Second, adopting non-variational techniques from [14], we study the properties of the double
phase operator such continuity, strict monotonicity, (S+)-property as well as we examine the
double-phase problem with variable exponent in Musielak-Orlicz-Sobolev spaces under very

general assumptions on the data:

~div (|VuP®2Vu + p()|Vuli®2Vu) = f(x,u, Vi), inQ,
u=0, on dQ),



Where Q ¢ RY (N > 2) is a bounded domain with Lipschitz boundary 0Q, p,q € C(Q) satisfy
1<p(x) <N, px)<g(x)forallxe Q, p € L*(Q), and f is a Carathéodory function verifies
some appropriate growth conditions.

Taking all aspects into consideration, this study aims to provide a comprehensive analysis of
Musielak-Orlicz-Sobolev spaces, with particular focus on their contributions to improving
the properties of solutions to nonlinear partial differential equations of double-phase type.
Special attention is given to critical cases that require careful handling of data regularity and
non-standard growth conditions. The study also seeks to bridge theoretical insights with
practical applications, offering new perspectives on solution behavior within generalized

functional frameworks.



Chapter 1

Mathematical background

In this chapter, we recall some fundamental facts about Sobolev spaces and present their
key properties. For further details on both Lebesgue and Sobolev spaces, we refer to the
comprehensive treatments in [9], [10], [11], [18], and [25].

1.1 Lebesgue spaces

Definition and elementary properties of L, spaces

Definition 1.1.1.

Let1 <p < oo; we set
LP(Q) = {f Q- R | f is measurable and |f[F € Ll(Q)}
with
1/p
i =t = [ 1 an)
o

Definition 1.1.2.

We set
Q) ={f: Q>R | f is measurable and Jc > 0 : |f(x)| < c for p-a.e. x € 3}

with
Iflls = lIfll = inf{c > 0 | |f(x)| < c for p-a.e. x € Q}.

Definition 1.1.3.

Suppose that 1 < p < co. Then:

(i)
L (Q) ={v: v e LF(K) for every compact subset K C Q)}.

loc

(ii) A function v is said to be locally integrable in Q if v € L}OC(Q).



(iii) Let v and w be locally integrable functions defined in ). We define v as the weak

derivative of u with respect to the multi-index « if, for every test function ¢ € C°(Q)),
f vD%pdx = (=1)¥ f w @ dx.
Q 0
In this case, we say that D*v = w in the weak sense.

(iv) Leto,w € Lfoc(Q). We define w as the strong derivative of v with respect to the multi-
index a if, for every compact subset K C Q, there exists a sequence {¢;} ¢ C(K) such
that:

pi—v inl’(K) and D%; - w in LF(K).

Theorem 1.1.1.

If D*u = v and DPv = w in the weak sense, then D***1 = w in the weak sense.

Proof. m]

Let i € C;(Q), and set ¢ = DFy. Then, by the definition of the weak derivative,

qu“*ﬁt,bdx:(—1)'“'vaﬁtpdx:(—1)'“'fv(pdx.
0 0 0

since, Dfv = w, we have:

d=_|ﬁ| ﬁd:-lﬁl dx.
Lv(px (=1) LQDDUX -1 LFWUX

D¥Py dx = (1)1 dx.
fgu Ydx = (-1) Ll,bw X

This shows that D**fu = w in the weak sense.

Hence,

Definition 1.1.4.
Let u € C3(RY) be such that:

1. supp p € B1(0), (recall that supp denotes the support of a function, and B,(c) denotes

an open ball of radius r and center c),

2. f]RN ux)dx =1,

3. u(x)>0.
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if € > 0 then we set (provided that the integral exists)

]gu(x)=$ fQ u(x_y Ju(y)dy.

&

J-u is called a mollifier of u. Note that if u is locally integrable in Q and if K is a compact
subset of Q then J,u € C*(K) provided that ¢ < dist(K, dQ)).Suppose now that u € LfOC(Q).

Jeu(x) = u(y)u(x — ey)dy,

B1(0)

soforp>1wehave(if%+%:1)

|Jeu(x)| < fB o (L) (uW) lu(x - ey)ldy

<(| Quwirydoic| () ue - ey))rdy).

B1(0) B1(0)

Hence |J.u(x)P < fl31 0 p()lu(x — ey)lPdy, and this trivially holds if p = 1 too. Integrating this,

we see that

fK Jeu(0Pdx < fB R fK e — ey)Pdxdy

< f uy) | lu@)lPdxdy
B1(0)

Ko
_ f ()P,
Ko

where Kj is a compact subset of Q, K C Interior(Ky) and ¢ < dist(K, dKy) i.e. we have

”]eu”U’(K) < ”u”LP(KO)‘ (1.1)
Lemma 1.1.1.

Letu e LfOC(Q), and let K C Q) be a compact subset. Then
Weu — ullpp@y > 0 ase — 0.
Proof. Let Ky C Q) be a compact set such that K C Int(Kj), and choose ¢ > 0 such that
¢ < dist(K, dKp).
Let 6 > 0. Since C*(Kj) is dense in LP(Kj), there exists a function w € C*(Kj) such that
[ — wllpky < O.
Applying inequality (1.1) to the function u — w, we obtain

Weu = Jewllrx) <O

11



Moreover, we have

Jew(x) — w(x) = uy) [wlx - ey) — w(x)] dy,
B1(0)
and since w € C%, the integrand tends uniformly to zero as ¢ — 0, so:
Jew(x) = w(x) uniformly on K.

Therefore, for ¢ sufficiently small,

lJew — wllpx)y < 6.

Now, combining the above estimates:

Weu — ullipy < llu = wllppwy + 1w = Jewllp) + IIJew — Wil

<0+06+0 =306
Since 6 > 0 was arbitrary, we conclude that

lJeu —ullpxy — 0 ase—0. =
Theorem 1.1.2.

Suppose that u,v € L (Q). Then D*u = v in the weak sense if and only if D*u = v in the

strong LF(Q) sense.
Proof. m]

Suppose that D*u = v in the strong LP(Q) sense. Let ¢ € C°(Q2), and let K = supp(¢p). Let
¢ > 0, and take ¢ € C(K) such that

lu —Yllpxy <& and |[[D*Y — || < e.

Then:

qu“godx—(—l)'“'fv(pdx
K K

_ _ a a _ (_1)\ll
= fK(u Y)D godx+£ng pdx —(-1) ﬁvgodx
= —)D@dx + (-1)% | pD*¢dx — (-1)" d

- f (u—Y)D*pdx + (=) f o(D*Y — v) dx
K K
122 = Yllr D@l + ID“Y = 0l ll@llLa)

IN

< ¢ (ID* Pl + lplliacey)

12



where g is the conjugate exponent of p, i.e., % + % = 1. Since ¢ is arbitrary, the left-hand side

must be zero. Therefore, D*u = v in the weak sense.

Conversely, suppose that D*u = v in the weak sense. Let K C Q be compact. Then for
e < dist(K, dQ2), the mollification J.u € C*(K) satisfies:

D u(x) = %Di ( fQ u(x ; y)u(y) dy)-

By differentiating under the integral and changing variables:

D) = 57 [ D[ (E)udn = [ w () oty = ot

&

since D*u = v in the weak sense. Hence D*J.u = J,v, and so D*u = v in the strong L’ sense

by approximation. m]

but by lemma1.1.1/,

WJeu = ullp@y = 0 and  [[DJeu — 0llpw) = IJev = 0llp@y — 0 ase — 0.
Thus, D*u = v in the strong sense.
Theorem 1.1.3 (Young’s Inequality).

Suppose thata,b > 0and 1 < p,q < oo with

1 + 1 — 1,
P4
the Young inequality is expressed by
P
ab< =+ v
p 4

Theorem 1.1.4 (Holder Inequality).

Assume that f € LF(QQ) and ¢ € L7 (Q), with % + % =1, where1 <p < .
Then fg € L}(Q) and
f &l < 1l - 111l - (1.2)

Theorem 1.1.5 (Minkowki Inequality).
Let1 < p < oo, we assume that f, g € LP(Q).Then,f + g € LF(Q2) and

1F+ sll, < 1], + llsfl, (13)
Remark 1.1.1.

13



In case of p = co we have:
I + sl < 1AL+ lsll

Definition 1.1.5 (Continous Embedding).

Suppose that E and F are Banach spaces. If E C F, we say that E is continuously embedded in F

(denoted E — F) if there exists a constant C > 0 such that
llx|lr < Cllx|lg  for all x € E.
Exemple 1.1.1.
Let (X, T, u) be a finite Measure space, for all 1 < p,g < co Where p < g .Then,
LIX, T, 1) — LP(X, T, 1)

And |[f]|, < w@7 7 |I£],

In the fact, since p < q Then ,+ + & = 1, by (1.2) we get the result.
P q-p

Theorem 1.1.6 (Riesz-Fréchet). [11]

L? is Banach space forall 1 <p < oo

1.2 Sobolev spaces

Motivation and definition of Sobolev spaces

Let C°(Q) be the set of infinitely differentiable functions with compact support, that is,
p:Q->R, ¢eCr(Q).

A function ¢ € C’(Q) is often called a test function.
For each u € CY(Q), and taking into account that every ¢ € CX(Q) has compact support,
Green’s identity yields

fuaxj(pdx:—f&ciuqodx YoeCl(Q), Vi=1,...,n.
Q Q

This motivates the definition of Sobolev spaces as follows:
Definition 1.2.1. [4]

For each 1 < p < o0, the Sobolev space W'#(Q) is defined by
W(Q) = {u € LF(Q) ‘ Agy,...,gn €LF(Q): Lu&xi(p = —ngi(p Vo € CX(Q), Vi= 1,...,N}.

14



We denote d,,u = g; as the weak derivative of u € W'?(Q), which is unique, as we will see

shortly. The gradient of u is defined as
Vu = 9yt . .., 0 ).

If p = 2, we write
H'(Q) = W"(Q).

Definition 1.2.2.

For each u € W'?(Q), we define the norm of u by

N
lallprs = llly + Y 102t (14)
i=1

Moreover, H(Q) is a Hilbert space equipped with the following scalar product:

N
(1, 0)ip = (u,0)p2 + Z(&xiu, 05, 0)12. (1.5)

i=1

Since H'(Q) is a Hilbert space, (1.5) induces a norm in H(Q),

N

2 2

el = (nuan + ) I9ul,
i=1

This norm is equivalent to (1.4) for p = 2.

1/2

Some properties of Sobolev spaces

Proposition 1.2.1.
Let Q c RN be an open set. Then, the following statements hold:
(i) Foreach1 < p < oo, W'?(Q) is a Banach space.
(i) Foreach1 < p < oo, W'P(Q) is reflexive.
(iii) For each 1 < p < oo, W'#(Q) is separable.
Proof. ]

1. Let {uy}nen be a Cauchy sequence in W#(Q), with 1 < p < oo. Then, from (1.4) it
follows that {u,}.en and {(1,)y,}nen, with 1 < i < N, are Cauchy sequences in LF(Q).
Thus, since LP(Q) is a Banach space, it follows that u,, — u and (u,,),;, — g; in LP(Q) with

u, gi € L(Q)). Therefore, since

fun(pxi dx = —f(un)x,.(p dx VYo e Cj(Q),
Q Q

15



letting n — +00, we get

fu(pxl. dx = —fgigodx Yo € Ci(Q).
Q Q

Therefore, we obtain that u € W'?(Q), u,, = g; and thus

N

it = oy = i = wllipey + Y Metn)e, = gilliriey = O,
i=1

as desired.

. Consider the space E = LF(Q)xL"(Q2) which is reflexive since it is the product of reflexive
spaces. Set the operator
T:WY(@Q) > E

defined by
Tu = (u, Vu).

Then, T is an isometry, and since W'#(Q) is a Banach space,
M = T(W'"(Q))

is a closed subspace of E since E is reflexive, Br is compact in the weak topology
o(E,E"), and M is closed in the topology o(E, E*). Therefore, By is compact in o(E, E),

and therefore T(W'?(Q)) is reflexive. As a consequence, W'#(Q) is also reflexive.

. Under the notation of (2) ,and taking into account that E is separable,it follows that
T(W'#(Q)) is separable and therefore W?(QQ) is also separable.

Theorem 1.2.1 (Poincaré Inequality).

Let QO c RY be a bounded, open , and let 1 < p < co. Then there exists a constant C > 0 such
that for all u € W,"(Q),

[l < ClIVullp ).

In particular, for p = 2, we have:

lulli2q) < CliVulli2) forallu € Hé(Q).

O

Assume the inequality is false. Then, for every integer n, there exists u,, € Wé’p (Q)) such that

[nllr ) > nllVuullirq).-

Define normalized functions

16



Uy
Up= ————.
”un”LP(Q)
Then [|v,r) = 1, and
Vil 1
Vol ) = ——— < —.
el ) n

Hence,

”an”LP(Q) — 0 asn — oo.

Because v, € Wé’p (Q) and Q is bounded, by compactness (Rellich-Kondrachov theorem),
there exists a subsequence (still called v,) that converges in L7(€2) to some function v.

But since ||Vv,|[;r — 0, the limit v must have zero gradient, i.e., v is constant.

Moreover, v € Wé’p(Q) implies v = 0 on the boundary, so v = 0.

On the other hand, since [|v,|;7) = 1, we must have

1]l = 7111_1)1})10 [Onllr) = 1,

which contradicts v = 0.

Therefore, the assumption is false, and the Poincaré inequality holds.

[l < ClIVullr @)

Lax-Miligram and Stampacchia Lemma

Lemma 1.2.1 (Lax-Miligram Lemma).

Let A : HXH — R be a continuous and coercive bilinear mapping. Then, for every bounded

linear functional F : H — R, there exists a unique element v € H such that
A(v,w) = F(w), forallw € H.
Lemma 1.2.2 (Stampacchia Lemma).

Let H be a Hilbert space and let A : H X H — R be a mapping that is continuous and linear
in the second variable.

Assume that there exist two constants K; > 0 and K, > 0 such that:
(1) For all v;,v, € H and for all ¢ € H, we have:

|A(v1, ) = A(v2, @)| < Killor — 22| - llpl.

17



(2) For all v1,v, € H, we have:

A(v1, 01 — 12) — A(v2, 01 — 1) 2 Kollog — 05

Then, for every bounded linear functional F € H*, there exists a unique v € H such that

A(v,w) = F(w), forallw e H.

1.3 W™P(Q)) spaces

After defining the spaces W'#(Q), we can define the general W™# spaces recursively.

Let m > 2 be an integer and 1 < p < co. Then, we define
W™ (Q) = fu € W"#(Q) | du € W"#(Q) foralli=1,...,N}.

An equivalent way of defining the Sobolev spaces is by using multi-index notation. We

define

W"P(Q) = {u € Q) | Ya,la| < m, Ag, € LF(Q) : f uD*p = (1) f 2up Y€ C§°(Q)}.
Q Q

Here, multi-index notation is used. That is, @ = (a1,...,ay) € NV, and the order of the

N
la| = Z a;.
i=1

Moreover, the differential operator D* is defined as

multi-index is defined by

a'“l(P
D'p=—t
L4 ox{ -+ IxyY

We denote D*u = g,. It can be shown (although the proof is omitted here) that W"*(Q) is a

Banach space when equipped with the norm

lallwns = ) 1D 2l (1.6)

la|<m

Just as in the case of W'2(Q), the space W"2(Q), denoted by H™((Q), is a Hilbert space with

the scalar product

(11, 0)ggn = Z(D“u, D).

ler|<m

The norm induced by this scalar product is equivalent to the norm in (1.6).
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1.4 Monotone operator

Definition 1.4.1.

Assume that X is a real Banach space and W : X — X" is an operator. Then:
1. W is monotone & (W(u) - W(v),u —v) >0, forall u,v € X.
2. W is strictly monotone & (W(u) — W(v),u —v) > 0, for all u,v € X, with u # v.
3. W is strongly monotone < there exists ¢ > 0 such that

(Y(u)—Y@),u—-v)>clu-1ol? foralu,veX

4. W is uniformly monotone <
(W) —-Y@),u—-ov)y=>s(lu—-2ol)|u-ol, forallu,velX,
where the continuous function s : R, — IR, is strictly increasing with
s(0)=0 and s(t) —» +ocoast — +oo.
For instance, we may choose s(t) = c|f’"! with p > 1 and ¢ > 0. In this case, we have

Wu)-Y@),u—ov)y>cllu-olff, forallu,veX

5. W is hemi-continuous if for all u,v € X, the mapping t — (W (u + tv), v) is continuous

from R into R.

6. W is bounded if it maps bounded subsets of X into bounded subsets of X°.

(Y (©),0)

7. W is coercive &
ol x

— +00 as ||[v||x — +oo.

8. W is weakly coercive & ||W(v)|| — +oco as |[v|lx — +o0.
Remark 1.4.1.
Obviously, we have:

strongly monotone = uniformly monotone = strictly monotone = monotone.

Definition 1.4.2.
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Suppose that A : X — X" is an operator on the real reflexive Banach space X with value in X*

its dual space and denote by (-, -) its duality pairing.

1. The operator A is called pseudomonotone if for every sequence {u,} C X such that

U, = u inX

and

lim sup{Au,, u, —u) <0,

n—-o00

it holds that for all w € X,

(Au,u — w) < liminf(Au,, u, — w).

2. The operator A satisfies the (S.)-property if for every sequence {u,} C X such that

U, = u inX,

and

lim sup{Au,, u, —u) <0,

n—oo
imply
u, — u inX,
3. The operator A coercive if there exists some function ¢ : [0, o) — R such that ;.. 1(t) =

+00 and
(W(u),u)

llullx

Theorem 1.4.1. (Minty-Browder Theorem)[1]

> Y(lullx), forall ue X

Assume That X is a real reflixive Banach space. We take ¢ : X — X" is a bounded, monotone,
hemicontinous, and corecive operator. Then ¢ is surjective, that is for every h € X* there exists
u € X such that (1) = h. We need the following surjectivity result for pseudomonotone

operators.
Theorem 1.4.2. [26]

Let X be a real, reflexive Banach space, let i : X — X" be a pseudomonotone, bounded, and

coercive operator, and /1 € X*. Then, a solution of the equation yu = h exists.

20



1.5 Function of Carathéodory

The Carathéodory functions are used in solving problems in partial differential equations,

so we have the following definition:
Definition 1.5.1. [28] A function f(t, x) defined on
R:t—1l<a, |x=&<b
is called a Carathéodory function if:
1. f(x,t)is continuous in t for almost every x
2. f(x,t) is measurable in x for every t
3. |f(t, x)| < m(t) for some integrable function m(t)

Theorem 1.5.1 (Carathéodory’s Existence Theorem). [28] Under the above conditions, there

exists an absolutely continuous function u(t) satisfying:
u'(t) = f(t,u(t)) ae., u(t) =&
Remarks 1.5.1. A functiona: Q x Rx RYN — RN is called a Carathéodory function if:
1. a(x,s, &) is continuous in s, & for almost every x

2. f(x,s, &) is measurable in x for every s, &
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Chapter 2

Musielak-Orlicz spaces

In this chapter, we recall some fundamental definitions and properties of Musielak-Orlicz
spaces. For further details, we refer to [6], [15], [17], [24] and [26]

2.1 Generalized N-function

Definition 2.1.1.

Let Q be an open subset of RN.A function 0 : Q xR — R is called a generalized N-function

if it satisfies the following conditions:

1. For a.e x € QO , O(x,t) is even,continous,nondecreasing and convex in t,and for each
t € R O(x, t) is mesurable in x.

2. lirr})w =0foraexeQ
t—>

0(x.f)
t

3. lim =oo,foraex e Q)

t—>+o0

4. O(x,t) > 0forallt > 0 and all x € Q and 6(x,0) = 0,for all x € Q)
Exemple 2.1.1.
We Consider Q = ]0, 1[ and we have:
0:]10,1[ xR — R
(x,t) — O(x,t) = xt?
Satisfying The following conditions:

1. It’s Clear that (x,t) — 0(x,t) is even it t,Continous,nondecreasing and Convex in t
(Since 07 (t) > 0)

2. limxt=0

t—0

3. lim xt = +o0

t—+o00

4. it’s Clear O(x, t) is Positif and we have 6(x,0) = 0 for all x € Q

We have Other Exemples satify Generalized N-function:
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e O(x,t) = t*log(1l +1t)
o O(x,t) = t(log(t + 1))*
e O(x,t) = (&) - 1.

Remark 2.1.1.

We give an equivalent definition of a generalized N-function that admits an integral repre-
sentation .For x € Q and t > 0 ,we denote by h(x, t) the right-hand derivative of O(x, .) at t,and
define h(x,t) = —h(x, —t) for t < 0.Then for each x € Q),The function h(x, .) is odd,h(x, t) € R for
t € Rh(x,0) = 0,h(x,t) > 0 for t > 0,h(x,.) is right-continous and nondecreasing on [0, +o0),
h(x,t) — +oc0 ast — +oo, and

I£]

O(x,t) = fh(x, s)ds, forx € 3, andt € R

o

Exemple 2.1.2.

By The Exemple 2.1.1/we have:
1] 1]
O(x, t) = f 2xsds = 2x f sds = xt?
0 0
Such That The function (x,s) — h(x, s) = 2xs verify Remark 2.1.1

Definition 2.1.2.

We say that a generalized N-function 0 satisfies the A,-condition if there exist Cy > 0 and a

nonnegative function m € L'(Q) such that:
O(x,2t) < CoO(x,t) + m(x), foraex € Qandallt >0
Exemple 2.1.3.

We have Q = 10, 1[,let O(x, 2t) = 4xt* such that:

16 + (xt%)?
O(x, 2t) = 4xt? #, By Young s Inequality
(xt?)?
<
< 8+ >
t2
< —xt?+8

2
< CoB(x,t) + m(x)
Such that AC, = % > 0 and m(x) = 8 Satisfy:
1

f8dx:8<+oo:>meL1(Q)

0
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Definition 2.1.3.
Let 0, and 0, be two generalized N-functions,

1. We say that 0, increas essentially slower than 0, near infinity and we write 0; << 0,,if

forany k > 0:

O1(x, kt ) .
Lim 612((9;, t)) = (0, uniformly in x € Q

2. We say that 0, is weaker than 0,,denoted by 0; < 0,,if there exist two positive constants

C1,C, and a nonnegative function m € L1(Q) such that

01(x, t) < C105(x, Cat) + m(x), foraex €, andallt >0
Exemple 2.1.4.

1. We put Q =10, 1[ and we have 6, (x, kt) = k?xt?, O2(x, t) = xt* forallk > 0, and t € R, x €
Q) Such that 0;,i € {1, 2} satisfying The Conditions of Generalized N-function Then:

Gl(x,kt) s k2 3 . .
t—+o0 O(x, 1) - tl_>f+rlo 7= 0, uniformly in Q

2. Let O4(x, t) = xt*,By Young's Inequality ,We obtain that:

1+t

O1(x, 1) = xt? = x1? < x( )

<

< 1xt4+E
2 2

< %62(9(, t) + m(x)

Where 3C; = 1 > 0,3C, =1 > 0 and m(x) = % Such that:

Definition 2.1.4.
For any generalized N-function 0,the function 0 : Q x R — R defined by:
O(x, t) == sup(tt — O(x, 7)), forallx e Qand allt > 0 (2.1)

>0

is called the complementary function of 0.

In view of the definition of the complementary function O ,we have the following Young’s
type Inequality:
10 < O(x,7) + O(x, 0) (2.2)
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Proposition 2.1.1.

Let 6, ¢ are Generalized N-function Then:

The estimate O(x, T) < ¥(x, 7) holds for all T > 0 and all x € Q Then,We have i(x,t) < O(x, t)

forallt>0,x € Q
Proof.

Let O(x,7) < ¢Y(x,7) forall T >0 and all x € Q.Then,
U(x, 1) = sup(tt — ¥(x, 7)) < sup(tt — O(x, 7)) < O(x, 1)
=0 >0

Remarks 2.1.1.
1. Note that the complementary function 0 is also a generalized N-function.
Now, we define the Musielak-Orlicz space as follows (Important):
L9(Q) := {u : Q — R; u measurable such that pg(Au) < oo}

where

po:L°Q) — R
u — p@(u):fe(x,u)dx

Q

The space L9(Q) is endowed with the Luxemburg norm

. u
lullLo) := inf {A >0: pg(x) < 1}

Definition 2.1.5.

(2.3)

Let X be a real vector space. A function p : X — [0, +0) is said to be a semi-modular on X if

the following properties are satisfied:
1. p(0) = 0.
2. p(Ax) = p(x), forall A >0and all x € X
3. p Satify the condition p(ax + py) < p(x) + p(y),Va,p > Owitha + =1
4. p(Ax) =0, forall A > 0, implies x =0
A semimodular p is called a modular if
e p(x) =0, implies x = 0
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On the other hand, if X is a real vector space and the functional p : X — [0, o) is a modular
on X, then the space
X, = {x €X; 1A1—I>ISP(AX) = O}

is a modular space. The modular space X, is a subvector space of X.
Exemple 2.1.5.
forl <s < oo ,py(f) = fQ | f (x)|S dx define a Modular Continous function
Proposition 2.1.2.
The Musielak Orlicz (L°(Q), ||.|lg) is a norm
Proof. O
1. if u = 0, we have pg(0) = 0 < 1 Then,We obtain That [|u||; = 0.Conversly
ully =0 = inf{/\ > O;pg(%) < 1} =0
- pg(%) <1, forallA >0
On other hand, we have that
po(it) = pg(/\%) < /\pg(%) <A =0, when A — 0
And Since pg(u) > 0,We Conclude That pg(u) = 0,Implies that u = 0

2. Leta € R, u € L9(Q) we have:

llavuellg

inf{/\ > o;pe(%”) < 1}

— inf {/\ > 0; pol~) < 1}

la]

= inf{lal/\’ > O;pg(%) < 1}, weput A’ = |;\_|

_ Ialinf{/\’ > 0;po(+) < 1}

= lafllullo

3. let f,¢ € R, and u,v € LYQ), such that f > |lully, g > [lvll¢ and By The Convexity of
Modular function we have
u+ v) f u § oy _ f

f+g pe(f+g f+g)_p9(f+gf f+gs T f+g
< f+g

u
po( Pe(?) f+gp9( )

Then,||u + vllg < |lully + 9]l
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Definition 2.1.6. (Luxemburg norm)

Let u € L9(Q) Then:
lully = inf {1 > 0;po(7) < 1}

is Called Luxemburg norm
Definition 2.1.7. (Orlicz norm)

Let u € L9(Q) Then:
nwe=am{j\mwmwwxveL%Q§
Q

is called orlicz norm
Lemma 2.1.1. (Unit ball Property)
Let O is Generalized N-function Then
lulloy <1 = po(u) <1 = |lullo) <1
If 0 is Left Continous,then pg(u) < 1 & |lullpoq) < 1
Proposition 2.1.3. Let 0 be a generalized N-function satisfy (A;) condition, Then
LY(Q) := {u: Q — R, measurable ; py(u) < oo}
Proposition 2.1.4.

Let O be a generalized N-function satisfies (1-4),then the following assertions hold:

min{)\m,/\l} O(x,t) < O(x, At) < max {Am,/\l} O(x,t), foraexeQandallA,t >0

: ) I
min {llu”zn@(g) ’ ”u”L@(Q)} < PG(”) < max {”u”T@(Q) 7 ”u”LG(Q)} ’ fOI' allu € LQ(Q)

let(i1,)nen € LY(Q) and u € LO(Q), then

e, — ullLo) — 0 © po(uy, —u) — 0, asn —> +oo
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Lemma 2.1.2 (Holder Inequality).
Let Q be an open subset of RN and 6 be generalized N-function, then:

f uodx

Q

Proof. ]

< 2 lullyoqy ol , for all u € LO(Q) and all v € LO(Q) (2.4)

Letu e L and v € LY, with u > f? and v > ¢%. By the unit ball property,

po(7=— / ) <1, and po(7=) <1
11l ||g||

Thus, using Young ’s inequality (2.2), we obtain

1 ju ) ( [l )] 2
ullo|————— du < 7} X, +0 X, + =2
ff;l | l”””L@(Q)IIvIILe(m ¢ j(;[ ( |l oy ||U||L9(Q) s PB( el Q)) pQ(HU“LQ(Q))

Multiplying both sides by uv, we get The Result

Exemple 2.1.6 (showing the constant 2 cannot be omitted).

Let O(x, t) = %tz. Then, a short calculation gives

A _ Lo, _ 1,
O(x, t) = sup(ut 2u)—zt.

u=0

1
f uvdy = 1.
0

Letu =v =1. Then,

On the other hand,
{ 11012 1
inf A>O:f —(—) d §1}=—.
o 2\1) Y V2
Thus,
1
”u”L@(O,l) = ”U”LO(QID = ﬁ;

and

1
1l Logo,1) - ||U||Lé(0,1) = 2"

The subsequent proposition deals with some topological properties of the Musielak-Orilicz

space
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2.2 Uniform convexity and reflexivity

In this section, we prove the reflexivity of LY by means of uniform convexity, since it is well
known that the latter implies the former.

Note that there is no reason to work with non-convex functions in this context, since mid-
point convexity implies convexity for increasing functions.

A uniformly convex function need not be left-continuous: for example, the function ¢t —

00 - X[1,00)(t) is uniformly convex.
Definition 2.2.1.

We say that 0 is uniformly convex if for every ¢ > 0 there exists 6 € (0,1) such that

6( ’S_—H)S (1_6) Q(X/S);'Q(x,t)

for p-almost every x € (3, whenever s, t > 0 and
|s — t| > € - max{|s|, |t]}.
Definition 2.2.2.

A vector space X is said to be uniformly convex if it has a norm || - || such that for every ¢ > 0,
there exists 6 > 0 with

Ix=yll>¢e or |x+yll<2(1-0)

for all x, y € X with [|x|| = [|yl| = 1.
The next technical lemma allows us to have absolute values in the inequality from the

definition of uniform convexity.
Lemma 2.2.1.

Let O is Generalized N-function be uniformly convex. Then for every ¢ > 0, there exists

(32 > 0 such that
+ t
(C’ : +'2 t) < (1 - 62) ’ Q(x’ |S|) 2 e(x,l l)

for all s, t € R with |[s — t| > ¢ - max{|s|, ||} and for every x € Q.

Proof. ]

Fix € € (0,1) and let 6 > 0 be as in the Definition 2.2.1 Let |s — t| > ¢ max{|s|, |t|}. If |s| — |t| >
e max{|s|, |t|}, then the claim follows by the uniform convexity of 9, |s + t| < [s| + |t|, and the

choice 6, := 6. So assume in the following that
Is| = It] < e max{ls], [¢}.
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Since |s — t| > e max({]s|, |t|}, it follows that s and t have opposite signs, and that

s+t |s|— |t

2 2

Then, it follows from convexity that

0(x, 2 < 5 maxilsl I} < 500c, max(lsl, 1) < £0(x, Is) + 00, )

Therefore, the claim holds with 6, := min{d, 1 — &}.

2.3 The weight condition (Ap) and density of smooth func-
tions

In this section we introduce a new assumption on the 0-function and study its implication.
The assumption means that we restrict our attention to the essentially unweighted case: if
O(x, t) = t'w(x), then (Ap) holds if and only if w ~ 1.

Definition 2.3.1.
We say that 0 is N-function satisfies (AO0) if there exists a constant € (0, 1] such that
B<O7'(x,1) < % for p-almost every x € Q.
Equivalently, this means that there exists g € (0, 1] such that
O(x,f)<1<0 (x, %) for u-almost every x € Q.
Lemma 2.3.1.
Let O satisty (A0). Then there exists 1 is Generalized N-function with 6 = 1) and
Y(x,1) =97 (x,1) =1 for u-almost every x € Q.
Proof. O
there exists y; with 0 = ;. Since 0 satisfies (A0), so does ;. We set
Pa(x, 1) 2=y (x, 7 (x, D)t

By [34, Lemma 2,5,12], the map x — t;'(x,1) is measurable. Since (x,t) — ¥1(x,1) is
measurable, it follows that x = 1,(x,t) is measurable for fixed t, by the definition of a
generalized prefunction. Then v, satisfies the measurability condition of s(A, i) by [34,
Theorem 2.5.4]
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We show that 1, € s(A, u). The function 1), is increasing since 1) is increasing. By [34,

Lemma 2.5.7], 1, is a prefunction. Since t — 11(x, t) is convex, we obtain

Pa(x, 0t + (1 = 0)s) = n (x, 7' (x, 1) (Ot + (1 - 0)s))
= 1 (v, 097 (x, Dt + (1 - O)yp; ' (x, 1)s)
< 0y (%, 97" (x, 1) + (1= Oy (x, 97 (x, 1)s)
= O0Yn(x, t) + (1 — O)a(x, s)
forevery 0 € [0,1] and s,t > 0.
Since t + 11(x,t) is continuous into the compactification [0, o] for p-almost every x, and
since 1,01‘1(x, 1) is independent of t, we obtain that ¢t — 1,(x, t) is continuous for p-almost

every X.
Since Y satisfies (A0), we have {1 = 1.

Pao(x,1) = Yn (x, vil(x, 1)) =1 for y-almost every x € A.
This implies ¢, (x, 1) = 1 for y-almost every x € A.
Corollary 2.3.1.

Let 0 is Generalized N-function. Then 0 satisfies (A0) if and only if there exists § € (0, 1] such
that
O(x,p)<1<0 (x, %) for u-almost every x € A.

Proof. ]

Assume first that (A0) holds. By Lemma 3.7.3, there exists ¢ € s(A, u) with 1(x,1) = 1 and
Y =~ 0. This implies the inequality.
Assume then that the inequality holds. By the definition of 67!, the inequality 6 (x, %) >1
yields

07'(x,1) <

R =

By (alnc); and O(x, 8) < 1, we obtain

7 x,ﬁ
<‘B Za) <a- G(X,ﬁ) < E,
L p p
so that ;
1
Il =
Q(x’ 2a) =2
This yields
s B
67 (x,1) > o
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Corollary 2.3.2.

Let 6 is Generalized N-function. If there exists ¢ > 0 such that 8(x,c) = 1, then O satisfies
(A0).

Proof. m|

Let m < O(x,c) < M. We may assume that m € (0,1] and M > 1. By (alnc); we obtain

c c O(x, c) m Q(x,%)
— )< —<ag- =L < — < <a- ,
G(X’ aM) ==t T = M and c” O, c) <a ac/m

Thus, 6 (x, ﬁ) <land (x, j’ﬂ—c) > 1, and the claim follows from corollary 2.3.1
Lemma 2.3.2.

If O satisfies (A0), then O satisfies (AO0).

Proof. m]
By (A0) of 6, we obtain
1 -1 1 #\—1 1
— Y = <= N — >
@)@ D 07 (x,1) < 3 and (0) (x,1) EEE B

for p-almost every x € Q.

We next characterize the embeddings of the sum and the intersection of generalized Orlicz
spaces. Let us introduce the usual notation. Recall that for two normed spaces X and Y
(which are both subsets of a vector space Z) we equip the intersection XY and the sum
X+Y:={g+h:geXheY}with the norms

Il fllxy := max{l|fllx, llflly} and ||f||x+yt=f_ inf  {ligllx + [1hlly}.

=g+h, geX, heY

In the next lemma, we use the convention that every 0 satisfies (aDec)., with constant 1.
Hence, we always have L'L* — L% — L! + L.

Notice that the first embedding requires only O(x, %) > 1, whereas the second requires only
O(x,p) < 1.

Lemma 2.3.3.
Let O satisty (A0), (alnc),, and (aDec),, p € [1,0) and g € [1, o). Then
LP(QLY(Q) — LYQ) — [P(Q) + L(Q).
and the embedding constants depend only on (AO0).
Proof. m]
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Let us first study L9(Q) — LP(Q) + L1(Q). Let f € L%Q) with f? < 1 so that 6(f) < 1 by the
unit ball property. We may assume that f > 0 since otherwise we may study |f|. We assume
that p,q € [1, 00). The case g = o follows by simple modifications.
Define f; := fX{Ost;;} and f, := f)({f>%}. (aInc), and (aDec),, we have

pr < 0(x, 1) 1 <al(x,t) t

PP

and
BT < O(x, 1) g af(x,s) s
PP

fors < § <t. Using these, we obtain that

fﬁpafffdxsl and ﬁ%szjdxgl.
A A Q

Thus, we have f € ¥ + L1 < a'/Pf + a'/1B, and the claim follows by the scaling argument, i.e.,
by using this result for f/(f? + €) and then letting e — 0.

Then we consider the embedding LP(Q)L7(QQ) — L?(QQ) and assume that f € [PL7 < % min{fs?, f7}.
Define f := fxj<f<p and f, := fx(r>p- (alnc), and (aDec),, we have

O(x,t) <ab(x,p) pF <ap’

and
O(x,s) <ab(x,B) BT <ap

for t < p <s. Using these, we obtain that

fAQ(x,fl)dx <apt j;ff dx<1 and L O(x, o) dx < ap’ ij dx < 1.

Thus, we have f € L? < 1 and the claim follows by the scaling argument.

Next, we give an example which shows that assumption (A0)

Let O(x, t) = t?|x|>. Then 0 € s(RR) satisfies (Inc), and (Dec), but not (A0).

First, we show that L°(R) — L?(R) + L*(RR) does not hold. For that, let f(x) := Ich_I X(-1,1)- Then

1
f O(x, f)dx = f —|xPdx ~ 1.
R (-1,1) |x|

and thus f € L%(R). Let f; € L*(R) and f, € L*(R) be such that f = f; + f,. Then we find r > 0
such that f(x) = fi(x) for all x € (=7, 7), and we obtain

f12 dx = f |x|? dx
(-r,r) (-1,7)

and thus such a decomposition does not exist.
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Next, we show that L}(R)L?(R) — L%(R) does not hold. Let g(x) := min {1, x|~/ 4}. A short
calculation shows that ¢ € L!(R). Since 0 < ¢ < 1, this yields that ¢ € L?*(R). On the other

hand, for every A > 0, we have

f O(x, Ag)dx > f Al |x? dx =~ Azf |x|712 dx = oo,
R\(-1,1) [x|>1 1

and thus ¢/A ¢ L(R).
When the set A has finite measure, the previous result simplifies, and we get the following

corollaries.
Corollary 2.3.3.

Let A have finite measure and let 6 satisfy (A0) and (alnc),. Then L%(Q) — LF(Q) and there
exists § such that

1
fA P dp < f O, )+ 0 < 11l < ).

Corollary 2.3.4.

Let A have finite measure and let 0 € w(A, u) satisfy (A0). Then L*(4, 1) — LA, u).

The next example shows that the previous result need not hold if 6 does not satisfy (A0).
Exemple 2.3.1.

Let (0,1) € R and O(x,t) := t|x|. Then O € 5(0,1) and 6 does not satisfy (A0). Let f =2 €
L*(A, u). We obtain

1
f O(x, f)du < oo
0
forall A > 0 and hence f € L9(0,1).

Lemma 2.3.4.
LI(Q) is dense in LY(Q).
Proof. O

Let f € Ly and let A > 0 be such that

f@(x,Af)dx < 0.

Define
fi:= fxwop-
Then
L O(x, Alf = fil)dx = f O(x, A|f])dx — 0.

Q\B(0,1)

34



As i — oo, by the absolute continuity of the integral, we have

f@(x,)\lf — f)dx > 0.

Hence, (f;) is modular convergent to f.

If we also have (Ay), then a stronger result holds.

2.4 Properties of Musielak-Orlicz spaces

Lemma 2.4.1. [5]],

Let O is Generalized N-function.Then,all cauchy sequences (f,), . C L%(Q) has a subse-

quences converge almost everywhere to measurable function f

Theorem 2.4.1.

The Musielak Orlicz L%(Q) is a Banach space

Proof. |

by Lemma 2.4.1/ There exists a subsequenes (f,, ), and a measurable function f : QO — R

such that (fu), converge to f,for all x € Q Then:

lim 0(x, |f, (@) = f@)) =0 ae
— 400
Let A > 0,since (f,), is Cauchy sequneces We have that:

Ye > 0,dANy > 0;Vm,n > Ny;

A(fm _mn)

g S€
We take that 0 < € <1 by Lemma 2.1.1 we obtain that:

pG(A(fm - fn)) <€

And by Fatou’s lemma [10],we have:

poA (= £2) fQ O, A(f, — f.))du

f lim O(x, A(f — fu,)du
Qk—>+oo

< liminff 00, A(fm = fu)du <€
k—+o0 O
Then:
lim pe(A(fm — f)) =0,YA >0
So:

fo=fl=0

lim
n—o00
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Separability
Theorem 2.4.2.

Let 6 be Generalized N-function if,Satifies The (A;) Condition Then, L%(Q) is a Separable

space
Proof. ]

To show that L?(Q)) is separable, we need to construct a countable set of functions {f,} ¢ L¢(Q)

such that for any f € L9(Q) and any € > 0, there exists an f, such that

If = fullo <e.

The strategy involves approximating functions in L%(Q) by simple functions (functions tak-
ing only finitely many values), which are dense in the space, and then showing that we can

construct a countable dense subset.
To start with, simple functions are functions of the form

p) = ) aixa(x),

k
i=1
where 4; € Q (rational numbers), A; C () are measurable sets, and x,, is the characteristic
function of A;.

The simple functions are dense in L?(Q) because any measurable function f can be approx-
imated by simple functions. This is a standard result in measure theory: any measurable
function can be approximated in the L’-norm (and hence in the Musielak-Orlicz norm) by
simple functions.

Now, we want to construct a countable set of simple functions that are dense in LY(Q). The
idea is to construct simple functions with rational coefficients and rational approximations

to the characteristic functions of measurable sets.

a.

Since Q) is a measurable space, we can consider a countable collection of measurable sets
{A,} € Q that form a dense set in the sense that any measurable set in () can be approximated
(in measure) by some set from this collection.

For example, if QO = [0, 1], then the collection of intervals with rational endpoints forms a
countable dense set of measurable sets. In general, we can always find a countable collection

of measurable sets {A,} that densely approximate any measurable set A C () in measure.
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b.

Next, we approximate the values of the function f by rational numbers. For each function
f € L%(Q), the values f(x) can be approximated by rational numbers because the rationals
Q are dense in the real numbers R. This means that we can approximate f(x) by a rational-
valued function f,(x), where f, is a simple function with rational values {f,(x)} C Q.

Thus, we approximate f by simple functions f, that take only rational values.

C.

To approximate the Musielak-Orlicz norm, we use the fact that 0 is a continuous, convex
function (under mild regularity conditions on 0) that grows as t — co. This means that for
any function f € L%Q) and for any € > 0, there exists a simple function f; (with rational

coefficients) such that
Ilf = fallo <e.

This approximation works because we can make the simple function f, arbitrarily close to f
both pointwise and in terms of the 6-norm.

In addition, the set of all simple functions of the form

k
{@n : pu(x) = Z aixa(x), a; € Q, A e A}
=1

1

where A is the countable collection of measurable sets, is countable. Furthermore, by
approximating any function f € LY(Q) by these simple functions, we conclude that the

Musielak-Orlicz space L%(Q) is separable.
Remarks 2.4.1.

We see that the separability of the Musielak-Orlicz space follows from the density of simple

functions with rational coefficient.
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Chapter 3

Musielak-Orlicz-Sobolev spaces

In this chapter, we recall some known results and introduce a new function space needed in
our approach, providing some of its essential properties.

For the study of equations with variable exponent double phase phenomena, we need to
recall the definition of Lebesgue and Sobolev spaces with variable exponents. Most of these
results can be found in the book [15]. See also [13], [14],[16],[17],[18],[21], [34],[35], [36], and

[38]. We will present these concepts in a simplified framework that suits our specific needs.

3.1 The variable exponent Lebesgue spaces

Definition 3.1.1.

Let Q be an open domain in RN. For any p € C,(Q), the variable exponent Lebesgue space
LPY(Q) is defined by

r(Q) = {u e M(Q), f lu()lP® dx < +oo}.
Q

The norm on LFY(Q), called the Luxemburg norm, is given by

. 1u(x) P®
oy = llullyey = inf {A >0: f % dx < 1}-
Q

The modular o, : L'(Q) — R of LFY(Q) is defined by

Op(y (1) = f lu(x)P® dx  for all u € LFO(Q).
Q
Then, the norm of the space L")(Q) can be rewritten using the modular as

. u
llullpey = inf {A >0 0y (K) < 1},

Let us recall that the functional 0, is a convex modular on the set LFO(Q), since it satisfies

the convex modular conditions. For simplicity, we use the notation

o(u) = ap()(u).

Below is the proposition expressing the relations between the norm and the modular of the

variable exponent Lebesgue space LF1(Q).
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Proposition 3.1.1.

Let u, uy € LFO(Q) for k = 1,2,.... Then the following properties hold:

(i)
: P~ p* P~ i
min {[[ull, [l | < o) < max{llull,, l1ulf,},

where p~ := inf,cq p(x) and p* := sup,_, p(x).

(ii)
min (o()"7, 07"} < ully < max {o(w)!7, o))
(iif)
o( u )—1 if [[ull,) # O
[l A
(iv)
IIukllp(,) -0 & G(uk) — 0.
(v)

lfullycy = 00 & o(ug) — oo.

Here, we give an example of determining whether a function belongs to the variable exponent

Lebesgue space LFO(Q).
Exemple 3.1.1.

Let u(x) =57, Q = [1,2], and p(x) = 1. Then
0,() (1) = f (P dx
Q
2 1
= f 57|¥ dx
1
2
:f 5* dx
1

20
~ log(5)

Thus, the result is =
3(5)

Therefore, the function u(x) = 5 € LFV(1, 2).

An example related to the Luxembourg norm is given below.
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Exemple 3.1.2.

The [[u]l,) norm of the function u(x) = % for p(x) = x, Q =[1,2], is calculated as

lull,) = inf {/\ >0 0y (%) < 1}
2 2 \*
=inf{/\>0:f (—) del}
1 \Ax
2
= inf {/\ >0 f @AY dx < 1}
1

2
:inf{A >0,A#1 :f 2AMdx < 1}
1

22772 =21z
<1

:1nf{/\>0,)\¢1: e/

(Numerical evaluation or simplification leads to:)

=inf{A >0,A #1: 1> 159708}

~ 1.59708
Definition 3.1.2.
Let Q ¢ RN be a domain, and let p : Q — [1, %) be a continuous function.

If there exists a constant Cy > 0 such that

Ip(x) — p(y)| < forall x, y € Q with [x — y| < 1,

-0
—loglx —yl’

then the function p(-) is said to be log-Hdlder continuous.

Definition 3.1.3.

A measurable function u in the domain Q c RY is said to be almost bounded if there exists

a non-negative constant M > 0 such that

[u(x)| <M almost everywhere in Q.

The space of all almost bounded functions in Q is denoted by L*(€), and it can be charac-

terized as the limit of Lebesgue spaces LF(€2) as p — oo, that is,

L*(Q) = lim L/(Q).

p—o0
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In addition to the previous spaces, we define the space of functions that are elements of the

space of almost bounded p-functions in the domain (2 and satisfy the condition
essinfp(x) > 1.
xeQ)
This space is denoted by L(€2), and it is defined as
15(Q) = {u € L™(Q) : essinf p(x) 1}.
xXe
Proposition 3.1.2.

Let p € LY(Q)). The conjugate exponent function p’(x) is defined for almost every x € Q by

the relation
1 1

— + =1
p(x)  p'(x)
Then, the dual (or conjugate) space of L'V(Q) is LP O(Q).

The following inequality holds for all u € LPO(Q) and v € L' O(Q):

f u(x)v(x) dx
Q

which is known as the Holder-type inequality for variable exponent spaces.

< 2fJullpeyl[vllpr ey,

(ii) Let py, p2 € C+(5) with p1(x) < pa(x) for every x € Q. Then, the embedding
LPz(x)(Q) PN Lm(X)(Q)
is continuous. That is, there exists a constant C > 0 such that
l[ullp, ¢y < Cllully,y forallu e L29(Q).

Proposition 3.1.3.

Assume that 7 € L(Q) and p € C*(Q). If [u]'©) € L')(Q), then the following inequality holds:

rt r
[y = max{llullcy o, il

. rt r r(+)
onin {{aly, Wl ) < [l b =

where

r*i=esssupr(x), 1 :=essinfr(x).
xeQ xeQ)

In particular, if (-) = r is a constant function, then

r

el My = IHuel 1y,
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3.2 The variable exponent Sobolev spaces

The corresponding variable exposent Sobolev spaces can be defined in the same way using

the variable exposent Lebesgue spaces (for more details see [19]).
Definition 3.2.1.

For r € C,(Q) the variable exposent sobolev space W'0(Q) is defined by
WHO(Q) = {u € L'(Q) : |Vu| € L'V(Q))

endowed with the norm

lllly, = Ml + IVl
Where [|Vull,) = [[[Vullly

Proposition 3.2.1. [13]

{1,

1,7(.) _ o)
W, (Q) = C(Q) (3.1)
Proposition 3.2.2.

The spaces Wé’r(')(Q) and W0(Q) are both separable and reflixive Banach spaces,in fact

uniformly convex Banach spaces.
Proposition 3.2.3. [14]

In the space W1 "0(Q),the poincaré Inequality holds,namely
l[ull,, < ColIVully, for all u € W)"(Q)

with some C, > 0.Therefore,we can consider on W(l)’r(')(Q) the equivalent norm
l[ully 0 = IVUlly, for all u € W"(Q)

Definition 3.2.2.

We denote by " st (Q) the set of all functions /1 : Q — R that are log-Holder continous, that

is ,there exists C > 0 such that

|n(x) - h(y)| < | | forall x,y € Qwith |x—y| < % (3.2)

|
Remark 3.2.1.

We can state the embedding from W0(Q) into L"(Q). Let us note that the space W(l)’p(')(Q)
is essential when investigating the solutions of Dirichlet problems for elliptic-parabolic type

equations involving the p(-)-Laplacian.
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Definition 3.2.3.

The space Wé’p (')(Q) denotes the closure of C;’(€2) with respect to the norm

eellwrro@y = ullpey + (IVaellye),
where Vu denotes the weak gradient of 1, and both u and Vu belong to LP)(Q).
Theorem 3.2.1 (Poincaré Inequality).

Let Q c RN be a domain with a smooth boundary and let p(-) € LY(Q2). Then there exists a

positive constant C > 0 such that
1,0(:
l[ullyiy < CliVullyy  for all u € W(Q).
Hence, by the Poincaré inequality, we can define an equivalent norm on Wé’p(')(Q) by

el 50y = IVt
Moreover, the functional
A:WP(Q) - R
defined by
Aw = [ Wu s

is the modular corresponding to the norm || - || 150, for all u € Wé’p (')(Q).
0

(o)

Proposition 3.2.4.

L, Ll )WY, |1]l,) are separable, Reflexive, Banach spaces.
The following proposition expresses the relations between the norm and the modular of the

variable exponent sobolev space W'?0(Q) for m = 1
Proposition 3.2.5.

For u, u; € W0O(Q) (k=1,2,...), we have

(i)
: pP- P+ P- P+
min {Jlull] o, Il ) < A < max{ludf] ol
(ii)
min {A} (), AL (1)) < llulh ) < max {A (), AT ()],
(iii)

u
A =1 if |[ulle # 0,
(nunl,p(.)) 1r0)
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(iv)

lurllip) = 0 &= A(ux) — 0,

v)

||ukl|1’p(,) - 0 A(Mk) — 0.

Exemple 3.2.1.

Let
1, x€]1,2),

u(x) = x2, Q=1[1,4], and p(x)= {2 xe[2,4].

Let us show that u(x) = x> € W"?0(Q). Indeed,

Py (1) = f ()P dx = f 2P .
Q 1

Using the definition of p(x), we split the integral as

2 2
Ppiy(u) = f I?|* dx + f I dx = f x?dx + fx‘l dx.
1 2 1 2

Calculating the integrals, we have

2 39 8 17
Zd :x— ==—--==-=
flx *T3,737373
and A
[ra-Z £ 2 1o 2 o
) 5|, 5 5 5 5 5°
Therefore,

o7 92 3 297 s
ProW) =357 =957 15 T 15 ’

which shows that u € L70(Q). Now consider the gradient of u(x) = x2, which is Vu(x) = z—z =

2x. We compute the modular:

Py (Vi) = f IVu(x)P® dx = ‘[A 12xP® dx.
Q 1
Using the definition of p(x), we split the integral:

2 2
Py (Vi) = f |12x| dx + f 12x|* dx = f 2xdx + f 4x* dx.
1 2 1 2

Compute each part:




So the total modular becomes:

224 9 224 233
ProVi) =3+ =37 = g+ =57 = 5~ <
This confirms that Vu € LF9)(Q), and thus
e WPOQ).

Exemple 3.2.2.

Let us compute the norm |[ul|; . for u(x) = x2, where

)1, x€[1,2), 3
p(x) = {2, re 4], on Q) =[1,4].

We compute:

v
I/\
W—/

where the modular is

Compute each part:

f“ x—22dx—if4x4dx—l (1024—32)_992
, \A A2, S A2 5 572

Therefore,

We now solve:

7 992
— + 2= <1,
31  5A2
and take
7 992 3011
el = mf{A TR 1} =15
and

v
Vit = inf{/\ >0 00 () < 1}

= inf {/\ >20 : f (Zf)pm dx < 1}
=inf{A>o:(f1 (2%)1dx+£(27x)2dx)§1}
:inf{/\>0 (A‘ 3A2'4)<1}
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:inf{/\>0:(4;1+4.(64_8))$1}

3A2
3 224
=i f{ -+ == < 1}
inf{A >0 1t 3
Solving this inequality gives:
233
IVull,) = —
Thus, we get:
3011 233
||u||1,p(~) = ”u”p(~) + ||Vu||p(~) = ? + T = 1392

Proposition 3.2.6.

Let r € C*7(Q)C,(Q) and let s € C(Q) be such that
1<s(x) <r(x)forallx € Q
Then,we have the continous embedding
WO s LS(')(Q)

ifr € C.(Q),s € C.(Q)and 1 < s(x) < #*(x) forall x € Q,Then the embedding above is compact.
In the same way we have the embedding into the boundary Lebesgue space,see Fan [17] and

Ho-Kim-Winkert-Zhang for the continous and Fan for the compact embedding.
Proposition 3.2.7. Suppose that r € C.(Q)W'9(Q) for some y > N.Let s € C(Q) be such that:
1 <s(x) <r.(x) forall x € Q
Then,we have the continous embedding
W0 s [50(90Q))
ifre C.(Q),s € C(Q) and 1 < s(x) < r.(x) for all x € Q,then the embedding above is Compact.
Remark 3.2.2.

Note that for a bounded domain Q ¢ RY and y > N we have the following inclusion:

Q) ¢ W (Q) c Y (@Q) ¢ T (Q).

3.3 Musielak-Orlicz-Sobolev spaces

Before addressing this space, it is necessary to first consider the Musielak-Orlicz space, which

was studied in Chapter 1
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Definition 3.3.1.

Let Q an bounded open in RY.The Musielak-orlicz-sobolev spaces defined by:

WH(Q) = {u € M(Q),u, Vu € LQ(Q)} ’

with the norm

llullwro) = llull,e = llullo + IVullg ,
Remark 3.3.1.
O(x,t) = '™, the space W?(Q) becomes the variable exponent Sobolev space W*0(Q).
Theorem 3.3.1. Let O is Generalized N-function be locally integrable such that
,1(25 O(x,1) >0 (3.3)

Then the spaces W9(Q) and Wé’Q(Q) are separable Banach spaces which are reflixive if L(Q) is

reflixive.

Proposition 3.3.1. [14]

Let p*(x) = I\I]\f_p;g) , P.(x) = U\I]\]__l;g;‘ ) for all x € Q be the critical exponents to p. Then the

following embeddings hold:

(i) LYQ) — L'O(Q), WH(Q) — W"O(Q), W°(Q) — Wé’r(’)(Q) for all r € C(Q) with
1 <r(x) <p(x) forall x € Q.

(i) if p € C+(Q)C|01f1’g (Q), then W9(Q) — L'0(Q) and W, %(Q) < L'V(Q) are continuous
forr € C(QQ) with 1 < r(x) < p*(x) for all x € Q.

(it)) WH9(Q) — L'0(Q)and W¥(Q) — L"(Q) are compact for r € C(Q) with 1 < r(x) < p*(x)
for all x € Q.

(iv) if p € C*(Q)W(Q) for some y > N, then W9(Q) — L'0(9Q) and W,"(Q) <> L'I(9Q)

are continuous for r € C(Q2) with 1 < r(x) < p*(x) for all x € Q.

(v) WH(Q) — L'0(9Q) and W)?(Q) — L™(9Q) are compact for r € C(Q) with 1 < r(x) <
p*(x) for all x € Q.

Proposition 3.3.2. [14] We assume that p(x) = p and q(x) = q,where p,q are two constants such

that 1 < p < q < 00.Then the following embedding hold:
1. if p # n,then Wé’e(Q) — L'(Q) is continous for all r € [1,p"]
2. ifp = n, then Wy(Q) < L'(Q) is continous for all r € [1, +o0]

47



3.

4.

if p < n,then Wé’G(Q) — L"(Q) is compact for all r € [1,p*)

if p > n,then W(l)’e(Q) — L*(Q)) is compact.
Next,we consider the following assumptions:
(Hi):p, g€ C(Q),1 < p(x) < n,p(x) < g(x) < p(x), forall x € Q,and 0< u(.) € L=(Q)

—_ +

(Hy) : p,q € C°YQ),1 < p(x) < n,p(x) < q(x), forall x € QL <1+ Loand 0 < u() e
CoY(Q)

=

Where C%(Q) refers to the space of functions that are Lipschitz continous on Q

Proposition 3.3.3.

[14] Let hypotheses (Hy) be satisfied.Then,the following sobolev embedding hold:

1.

L9(Q) — L'Y(Q), W(Q) —, W(Q), W(l)'e(Q) —, W(l)’r(')(Q) are continous for r(.) €
C(Q)

. Letp € C%(Q) and p*(x) := 2% forall x € Q) then,

n—p(x)’

(@) W(Q) — L(Q) and Wy°(Q) — L(Q) are continous for r(.) € C(Q) with
1 <r(x) <p*(x), forall xeQ

(b) WH(Q) — L'0(Q) and W)°(Q) < L'O(Q) are compact for r(.) € C(Q) with
1<r(x) <p(x), forall xeQ

. Letp € W'7(Q) for same y > n and p.(x) := @2P® ¢or all x € Q,then

n—p(x) ’
(@) WY(Q) < L'0(@Q) and W,%(Q) — L'O(JQ) are continous for r(.) € C(Q) with
1 <r(x) < p.(x), forall xeQ
(b) WH9(Q) — L'OQ) and Wé’Q(Q) — L'V(dQ) are compact for r(.) € C(Q) with
1 <r(x) < p.(x), forall xe Q

. if p € L*(Q),then L1Y(Q) — L9(Q) is continous.
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Chapter 4

Dirichlet problem with variable exponent

The variational method and non-variational method are widely used in the study of Dirichlet
problems involving the p(-)-Laplacian and partial differential equations (PDEs) with non-
standard growth conditions. In this chapter, we investigate the existence and uniqueness of
solutions for both the p(x)-Laplacian problem using variational method as in [23], and the

double-phase (see ,[27, 30, 31,32, 36, 37]) problem using non-variational method as in [14].

4.1 Variational Approach for the p(x)-Laplacian Problem

Problem Setting

Let Q c RN (N > 2) be abounded domain with Lipschitz boundary. We consider the variable

exponent Sobolev space:

W) = fu € O(Q) : IVul € PO(Q), e = 0)

0
(x)
’ )dxs 1}.

{—Ap(x)u = f(x,u), inQ,

equipped with the norm:

llull = inf{?\ >0: L(

We study the boundary value problem:

Vi [P

A

+[5
A

4.1
u=0, on 0dQ, 1

where Ayu = div([Vul'®=2Vu) is the variable exponent p(x)-Laplacian operator, and p €
C.(Q) = {p e CQ): p(x) > 1forall x € Q}.

Assumptions

We make the following assumptions:

1. The exponent p(-) satisfies:

p*=supp(x) <co, p-=infp(x)>1

xeQ)

2. f: QxR — Ris a Carathéodory function, meaning;:
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e f(,s)is measurable for all s € R

e f(x,-)is continuous for a.e. x € Q

3. There exists C >0and g € C+(§) with g(x) < p*(x) for all x € Q such that
f(x,9)] < C(A + [s7071)

where p*(x) is the Sobolev critical exponent:

) = voy ifp) <N
+oo  ifp(x) > N

4. The antiderivative F(x,s) = fos f(x, t)dt satisfies

F(x,s)
|s]—00 |S|p+

=0 wuniformly in x € Q

Energy Functional

The associated energy functional @ € Cl(Wé’p(’)(Q), R) is given by

(I)(u):L%Wul’”‘x)dx—fglf(x,u)dx,

forall u € W(l)’p(')(Q). Its Fréchet derivative at u in direction v is:
(D' (u),v) = f IVulP®=2Vy - Vo dx — f f(x, uyvdx.
o o
Definition 4.1.1. A function u € Wé’p Q) is called a weak solution of (4.1) if it satisfies
f IVulP®=2Vy - Vodx — ff(x, wyodx =0
o o
forallv e Wé’p(')(Q)L""(Q).
Remarks 4.1.1. The weak solution of (4.1) corresponds to critical points of the energy functional ®.

Existence Theorem
Theorem 4.1.1.

[Existence of Weak Solutions] Under assumptions (A1)-(A4), problem (4.1) has at least one

weak solution u € Wé’p 9Q).
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Proof. We proceed via the direct method of calculus of variations [38].

Coercivity of ®: From (A4), for any € > 0, there exists M, > 0 such that
|F(x,s)| < elsf”  for |s| > M..
Combined with (A3), we have for some C; > 0:
|F(x,s)| < <—:|s|"’+ + C;.

Thus,
1 .
D) > — f VuWdx — e f juf"dx = Gl
P" Ja Q

By the Poincaré inequality and the embedding Wé’p Q) — L' (Q), we obtain for ||ul| large
enough:

D(u) = CIVull,, - Ca.

This shows ®(u) — +oo as ||u]| — oo.

Weak Lower Semicontinuity: The functional

quLNuIP(")dx
o p)

is convex and continuous, hence weakly lower semicontinuous. The term fQF(x, u)dx is
weakly continuous due to the growth condition (A3) and the compact embedding W(l)’p(')(Q) —
L1O(Q).

Existence of Minimizer: Since ® is coercive and weakly lower semicontinuous, by the
Weierstrass theorem it attains its infimum at some u € W(l)’p(')(Q).

Critical Point Condition: The minimizer u satisfies (®’(u),v) = 0 for all v € Wé’p (')(Q)L""(Q).

A density argument extends this to all v € Wé’p 0 (Q), making u a weak solution. O

The condition g(x) < p*(x) in (A3) ensures the compact embedding needed for the weak
continuity of the nonlinear term. The subcritical growth condition (A4) guarantees the
coercivity of ®.

While the existence theorem guarantees at least one solution, additional conditions are

needed to ensure uniqueness. We have the following result:
Theorem 4.1.2.
[Uniqueness of Weak Solutions] Under assumptions (A1)-(A4), if additionally:

1. The nonlinearity f(x, -) is strictly decreasing for almost every x € (), i.e,,

(f(x,s) = f(x,1))(s—t) <0 foralls #t,
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then the weak solution of (4.1) is unique.

Proof. Suppose uy,u; € Wé’p(')(Q) are two weak solutions of (4.1). For each i = 1,2, we have:
f Vi P92V, - Vodx = f fx,uyvdx  forallv e W'(Q).
Q Q

Take v = u; — u, as a test function for both equations and subtract them to obtain:

f (|Vu1|p(x)_zvu1 - |Vuz|p(x)_zvu2) - (Vuy = Vup)dx = f(f(xz uy) — f(x, uz))(u1 — up) dx.
Q Q

We analyze both sides separately:
Left-hand side: The p(x)-Laplacian operator is strictly monotone, meaning there exists C > 0
such that for all &, € RN:

(EPD72E = P@2n) - (E = 1) = CIE =P if p(x) > 2,

and

Ll
(€] + Inl)>7e
In both cases, the left-hand side is non-negative and equals zero if and only if Vu; = Vu, a.e.
in Q.

Right-hand side: By assumption (A5), we have:

(EPDI2E = POy - (E =) = C if1<p(x) <2.

(f(x, u1(x)) = f(x, u2(x)))(u1(x) — u2(x)) <0 a.e. in Q),

with equality if and only if u;(x) = ux(x).

Combining both sides, we obtain:
0< L (V21 P92Vuy = [VugP®2Vasy) - (Vity = Vaag) dx < 0.
This implies:
1. Vu; = Vu, almost everywhere in Q
2. f(x,u1(x)) = f(x, up(x)) almost everywhere in Q
From the first conclusion and the Poincaré inequality (since u; — u; € Wé’p(')(Q)), we get:
1 — ooy < ClIVur = Viallpo) = 0,

which implies 1, = u, almost everywhere in Q).
Alternatively, from the second conclusion and the strict monotonicity (A5), we directly obtain

u1(x) = uy(x) almost everywhere in Q. O

52



4.2 Non-variational Approach for Double phase problem

Assumptions and Problem Setting

Assume that Q ¢ RN (N > 2) is a bounded domain with Lipschitz boundary dQ, and we
suppose that the exponents p, g satisfy the following hypotheses.

(Ho): p,g € C+(Q),1 <p(x) <N, p(x)<g(x) <p'(x) forall x € Q,and 0 < u(-) € L=(Q).
Under the condition (Hy), we consider the following Dirichlet double phase problem:

(4.2)

—div (IVuIP(x)‘2Vu + y(x)quIq(x)‘ZVu) = f(x,u,Vu), inQ
u=0, on JQ.

where f is a Carathéodory function, thatis, x — f(x, s, &) is measurable for all (s, ) € RXRN
and (s, &) — f(x,s, &) is continuous for a.a. x € Q and satisfies the following hypothesis:
(H) Let f : Q X RX RN — R be a Carathéodory function such that:

(i) There exists a € qu_l‘l(Q) and constants a;,a, > 0 such that
-1
G5, O < el T +alsin™ + a(x) 43)

fora.e. x € Q, foralls € R and all £ € RN, where 1 < g; < p*, and p" is the critical

Sobolev exponent .
(ii) There exists w € L'(Q) and constants by, b, > 0 such that
f(x,s,8)s < bilEP + balsf + w(x) (4.4)
fora.e. x € Q, forall s € R and all £ € RN. Moreover,
by + bzA;}, <1, (4.5)
where A, is the first eigenvalue of the Dirichlet eigenvalue problem for the p-Laplacian.
Exemple 4.2.1.
We remark that, if
f(s,8) = —dy|s|" 25 + dy|Ef7Y,  foralls e Rand all £ € RV,
with1l <¢q; <p*,dy >0, and

0< dz < L—l
p—1+AW
This function satisfies the hypothesis (H).
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Remark 4.2.1.

Note that, due to the gradient dependence of f (often called convection term), problem (4.2)

does not have variational structure, so variational methods cannot be applied.

Musielak-Orlicz space W9(QQ)

To define the Musielak-Orlicz space that related to problem (4.2), we consider the function
0 : QX [0, +00) — [0, +o0) defined by:

O(x, t) = #© + u(x)t'™, forall x € Qand all t > 0

It is clear that 0 is a generalized N-function which satisfies (3.3), locally integrable, and it
fulfills the A,-condition.

First, let us introduce some certain properties in W9(Q).
Proposition 4.2.1. [14] Let hypothesis (Hy) be satisfied.Then,
1. WH9(Q) < L9Q) is compact embedding,
2. There exists a constant C > 0 independent of u such that:

”u”LH(Q) < C ||V1/l||LH(Q) , for ﬂll uc WS'G(Q) (46)

Proof. The proof of first assertion follows directly from Proposition 3.3.1.
The proof of second assertion is based on contradiction, we suppose that there exists a
sequence

{Untnen C Wé’H(Q)

such that

llunlle > nllVuylln.

Let us define
Uy

lltalle”

Yu

then it follows that
1
1 =1lyalle > ;llvynlle, foralln e N,

i.e., the sequence {y,},en is bounded in Wé’Q(Q).

Therefore, there exists a subsequence and a function

Y€ Wé’Q(Q) such that y, =y in WL(Q).
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Using the weak lower semicontinuity of the mapping v = ||Vo||p on W(l)’e(Q) (as it is convex

and continuous), we have:
. 1
IVylle < liminf|[[Vy,llo < lim . 0,
n—oo n—00

thus y = c € Ris a constant function.
we have that y € Wé’p (')(Q), where it is known that the only constant function in Wé’p (')(Q) is
y=0.

However, this leads to a contradiction, since by the compact embedding
yo =y inLQ),

hence
lylle = %g{)lollynlle =1,

so y # 0, which contradicts the conclusion that y = 0. m| m|
Proposition 4.2.2. [14]
Under the hypothesis (Hy), we have.

(i) The norm || - ||1,00 O W(l)’e(Q) is uniformly convex.

(ii) For any sequence {u,},en C Wé’e(Q) such thatu, — uin Wé’e(Q) and pg(Vu,) = po(Vu),
it holds that u,, — u in Wé’e(Q).

Now, according to [38], the compactness-type result reads as:

Lemma 4.2.1. [14] Let {u,} C Wé’e(Q) and u € Wé’H(Q).Moreover,we assume that:

1<p <pulx) <p* < +o0,

1<g <gu(x) <g",neN foraexe) (47)
Pn — P, qn — qaein ), asn — +oo (4.8)
(V2" + () IVunI"”(x)>n is bounded in LY(Q). (4.9)
and

Vu, = Vuin (Ll(Q)), asn — 400 (4.10)

Then,Vu € (LQ(Q)) and
lim inf f (IV2l"® + 1) [Vt |7) dx > f (IVul® + p(x) [Vul"™) dx. (4.11)

Q Q

Proof. m|
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We use some ideas coming from. By Young’s inequality one has for a,b;,b, € R" and
1<rs<oo,
a.by < al.|by| < lal” + 2L,
o (4.12)
aby < la].|b| < laf + 2L,
If now b; and b, are two function in(L*(Q)) and we take s = g, and r = p, in (4.12) and use

assumption (4.7) ,one derives

()
f,u(x) [Vun.bz - |b, | - ]dx 3 f‘u(x) - |qn(x) N "
¢ Fn(x) [qn(x)]qnm

by |P;(x)
f Vu,.by — dx<f|Vu ) e, (4.14)

o L) (Ol
Using assumptions (4.8) and (4.10) and passing to the hrmt in (4.13) and (4.14) as n — oo, we

deduce that

and

q'(x)
fy(x) [Vu.bz — 102 ()de < hmmffy(x) Vi, | dx .= L, (4.15)

o (%) [ (x)] " B
and
by |P’(X)
f Vb, — ———— |dx < liminf f IV, "™ dx = L, (4.16)
0 () [peo]
Afterward, we consider the following functions,
1 Vu
P(x
= po) V|
and
Vu
— Vu @(X)l
by = q(x) [Vul] Vil

with |Vul, := min {|Vu|, k}.Inserting b, into (4.15),0one gets:

AW
f”(x) (qu|k q(x) |Vu|‘1(x) Vi |q<x> T {;7(( ))) <1,

Which Implies:
4@
fy(x) IVul! ™ dx < Ly.

Thus
f () V™ dx < Ly. (4.17)

Simirlarly,if we insert in b; in (4.16),we achieve that:

f V™ dx < L,. (4.18)

Ultimately,the inequality (4.11) follows by letting k — oo in (4.17) — (4.18),and Vu € (LQ(Q))

due to assumption (4.9).The proof of the lemma is complete.
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Properties of the double phase operator

We take the double phase operator, denoted by A, associated to problem (4.2). For this
purpose, we define
A:WYQ) - (WQ)

as follows:
(A(u),v) = f [VulP9-2Vy - Vo + y(x)qulq(")_ZVu -Vodx = fa(x, [Vu|)Vu - Vo dx,
Q Q

forall u,v € WS’G(Q), where (-, -) signifies the duality pairing between Wé’Q(Q) and its dual
space (Wé’G(Q))*.
The energy functional I : WS’G(Q) — Rrelated to A is defined by

|Vu|p(x) |Vu|q(x)) 1,0
I(u) := — + u(x dx, forallue W "(Q).
) ~L(P@) ”()mw o )

Proposition 4.2.3.

Let the hypothesis (Hy) holds true. Then the functional I is well defined and belongs to
! (Wy“(Q), R), with
I'(u) = A(u).

Proof. First, we have

. P q* < < p- q* 1,0
min {0 T b < 1000 < max {ll il b, € WQ)

Thus, the functional I is well-defined.

Next, letu,v € Wé’e(Q) and t € [-1, 1]. Note that

I(u+to) — () a(x,|Vu + tVo|) —a(x, [Vul|) P
-l fQ t N

(3.23)
By the mean value theorem, for some t € R, there exists 0(x, t) € [0, 1] such that
a(x, |Vu + tVo|) — a(x, |[Vul) = a(x, |Vu + 0(x, H)tVo|)(Vu + O(x, t)tVo) - tVo.

Therefore, for almost every x € Q, one has

a(x,|Vu + tVo|) — a(x, [Vul)
t

=a(x,|Vu + 6(x, )tVo|)(Vu + O(x, t)tVo) - Vo e a(x, |Vul|)Vu - Vo.
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Using the generalized Young inequality, for 0 < [t| < t;, we obtain

a(x,|Vu + tVo|) — a(x, [Vu|)
t

=a(x,|Vu + 0(x, t)tVo|)(Vu + O(x, t)tVo) - Vo
<a(x,|Vu + 0(x, H)tVo|)|Vu + O(x, H)tVo||Vy|
< O(x, h(x, |Vu + 6(x, H)tVo])) + O(x, Vo)

< 0(x, h(x, |[Vul| + to|Vol)) + 6(x, | Vo))

< (g7 = 1)O(x, [Vul + t|Vo]) + O(x, Vo)
g -1
2

< (O(x, 2|Vul) + O(x, 2to|Vol)) + O(x, |Vol).

It follows, by (3.23), the pointwise convergence, and the dominated convergence theorem,

that
lim I(u + tv) — I(u) _
t—0 t

f a(x, |Vu|)Vu - Vo dx,

and hence I'(u) = A(u). ;

For the Cl-property, let {u,}hen C Wé’e(Q) be a sequence such that u,, — u in WS’G(Q), and let
v € Wy(Q) with [[vlly10, = 1. We have

(A(u),v)zfa(x,qul)Vu-Vvdx.
0

Since

IVu,| = [Vu| in LY(Q),

it follows that
[Vu,| = |Vu| in measure in Q,a(x, |Vu,|) — a(x,|Vu|) in measure in Q. (4.19)

Then, according to the converse of Vitali theorem , the sequence {a(x, [Vi,|)},en is uniformly

integrable. On the other hand, by Young inequality, we find that

fa(x,qunl)Vun-Vvdxsfa(x,a(x,IVunl)IVun|)+a(x,|Vv|)dxS(q+—1)fa(x,|Vun|)dx+ a(x, |Vo]) dx.
0 0 Q

0
(4.20)
It follows, by (4.20), that the sequence of functions
{a(x/ |Vun|)vun ’ VU}neIN
is uniformly integrable, and by (4.20), we have convergence in measure:
a(x, |Vu,|)Vu,, - Vo — a(x, [Vu|)Vu - Vo in measure in Q. (4.21)

Therefore, applying Vitali s theorem, in combination with (4.21), we obtain
(A(u,),v) = fa(x, Vu,|)Vu,, - Vodx — fa(x, [Vu|)Vu - Vodx = A(u),v, asn — +oo.
Q o)
Thus, the proof is completed.
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Proposition 4.2.4. [14] Let hypothesis (Hy) holds true. Then:
(i) The operator A : Wé’Q(Q) — (WS’Q(Q))* is continuous, bounded, and strictly monotone.
(ii) The operator A : Wé’Q(Q) - (Wé’Q(Q))* satisfies the (S, )-property, i.e., if

U, = u in W(l)’e(Q) and  limsup{A(u,), u, —u) <0,

n—oo

then w, — u strongly in Wy°(€Q).
(iii) The operator A : Wy%(Q) — (Wy°(Q))" is a homeomorphism.

(iv) The operator A : Wé’Q(Q) — (W(l)’Q(Q))* is strongly coercive, that is,

(Au),u) _

||u||WlH(Q)_’+°° ||u||wé,e(Q)

Proof. (i) According to [13| Proposition 3.16], we know that A = I’, where [ is of class C'.
Hence, the operator A is continuous.

From [13, Lemma 2.5] and [13] Proposition 3.5], we obtain:

(A() — A@),u — v) = f (IVup eV D-2vy — Vol eVD=2vy) - V(u - v) dx
Q

+ f p(x) (IVuIQ(""V“D_ZVu — IVUIq("'N”')_ZVU) -V(u —v)dx
o)
= f (a(x, [Vu)Vu — a(x, |[Vo|)Vo) - V(u — v) dx.
o)

Using the growth and monotonicity properties of a, we get:

(x, IV(uZ——v)I) dx > 4m1n{||u —olf

M =l 0,

Wl )

(A(u)—A(v),u—v)Zélfa

) M) >

for all u # v. Thus, the operator A is strictly monotone.

To prove the boundedness of A, let us take u,v € Wé’e(Q) \ {0}. In light of Young inequality.

we see that
(Aw), o) _ L fa(x [Vul|)Vu - Vodx
”Ullwér@(g) ”Ullwér@(g) Q ’
< ”—fa(x,a(x, Vul)|Vul) + a(x, |Vo|) dx
U”Ww(Q)
< f(q — Da(x, |[Vul) + a(x, |Vov|) dx
||v||W19(Q
A%
S(q+—1)fa(x,|Vu|)dx+ als, Vo) .
Q Q ”Ullw(l)ﬂ(g)

<(q" = DIu) + 1.
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Therefore, by [14, Proposition 3.5], it follows that

(A(u),v)
”A(u)”(wéﬁ(g))* = sup L

< g = DI+ 12 " = Dmax (Il 0 |41
vewt o 19130

Wyl @ [ 0ad(e)

Hence, A is bounded.

(ii) Let {u,,},en C Wé’G(Q) be a sequence such that

U, = u in Wé’Q(Q), and  limsup{A(u,), u, —u) <0. (4.22)

n—-oo

Exploiting the weak convergence u, — u, we get
lim(A(u), u, —u) = 0.
Thus, from (4.22), we obtain

lim sup{A(u,) — A(u), u, —uy < 0.

n—00

Then, by the strict monotonicity of A, we conclude

0 < liminf(A(u,) — A(u), u, — uy < limsup(A(u,) — A(u), u, —uy <0.

n—00

Hence,
lim(A(u,) — A(u), u, —u) = 0 = im{A(u,), u, — u). (4.23)

On the other hand, by (4.23) and [13, Lemma 2.5], we find

. |vun - vul
lim _

0 (x, )dx =0. (4.24)
n—co ) 2

Then, it yields
|Vi,| = [Vu| in L9(Q). (4.25)

Thus, {[Vu,|},en converges in measure to [Vu| in Q. Therefore, there exists a subsequence,
still denoted by {|Vu,l}.en, that converges to [Vu| almost everywhere in Q.

Since t — 0(x, t) is convex for all x € Q, the functional I is convex. Hence,
I(u) > I(un) + (A(un), u — uy).

This is equivalent to
(A(uy), wy —uy > I(uy,) — I(u).

Combining (4.23), we obtain

lim I(u,) < I(u).

On the other hand, by Fatou ’s Lemma, we have
I(u) < liminf I(u,,).
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it follows that
lim I(u,) = I(u) (4.26)

This implies, together with the fact that {|Vu,|},en converges in measure to [Vu| in Q, that

{a(x, |[Vu,|)}en converges in measure to a(x, |Vul) in Q. (4.27)
According to the converse of Vitali’s theorem [13], we can see that the sequence of functions

{a(x, [Vuy,|)}nen is uniformly integrable. (4.28)
Using the monotonicity and convexity of the function t - a(-, t) , for all x € (), we get
a(x, |Vu, — Vul) < a(x, [Vu,| + [Vul) < % (a(x, 2|Vu,|) + a(x, 2|Vul))
< 29" —1(a(x, |Vu,l) + a(x, [Vul)).
Thus, from (4.28), we have the uniform integrability of the sequence of functions
{a(x, Vi, = Vul)lnen.
Again, since {|Vu,|},en converges in measure to [Vu| in (), we see that
{a(x, [Vu, — Vul)},en converges in measure to 0 in €.

Applying Vitali’s theorem [8, Theorem 4.5.4], it follows that

lim | a(x,|Vu, —Vul)dx = 0.

n—0o0
Q

Finally, we obtain

Un = Uy = 0, as n— oo,

Namely, u,, — u in Wé’Q(Q). Hence, the operator A satisfies the (5+) property. O

Existence and uniqueness results
In this section, we present the main results that can be found in [14].
Definition 4.2.1.

We say that u € Wé’Q(Q) is a weak solution of problem (4.2) if it satisfies

f (IVuP®2Vu + p(x)|Vul™2Vu) - Vo dx = f FCx,u, Vi) dx (4.29)
Q Q
. 1,0 00
for all test functions ¢ € W;"(Q) (1 L¥(Q).
Remark 4.2.2.
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Note that, the weak solution in (4.29) is well-defined due to the embedding [3],[12] and the
fact that p < ¢, along with conditions.

The main existence result reads as follows.
Theorem 4.2.1.
Under the hypotheses (Hy) and (H), the problem (4.2) admits at least one weak solution
u e WQ).
Proof. m]
Let N £ Wé’Q(Q) C L1(Q)) — L1(Q) be the Nemytskij operator associated to f, and let
i L7(Q) - (WQ))
be the adjoint operator of the embedding i : Wé’G(Q) — L1(Q). Foru € W(l)’Q(Q), we define
Ny:=ioN;, and set Au) = A(u) — Ny(u).
From the growth condition on f, we know that
A W(Q) - (W Q)

maps bounded sets into bounded sets.

Let us now show that A is pseudomonotone, see [13, Definiton 2,1]. To this end, let {1, },>1 C
Wé’Q(Q) be a sequence such that

U, = u in Wé’e(Q) and limsup(A(u,), u, —uys <0 (4.30)

From the compact embedding in [14], we obtain
u, - u in L7(Q), (4.31)
since q; < p*. Using the strong convergence in L7 (Q2), see (4.31), along with Hélder inequality

and the growth condition on f, we obtain

n—00

lim ff(x, Uy, Vi) (u, —u)dx = 0.
Q

Therefore, we can pass to the limit in the weak formulation (4.28), replacing u by u, and 0

by u, — u. This gives

lim sup(A(u,), u, — u)p = lim sup{A(u,), u, — u)p < 0. (4.32)

n—oo n—-oo
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From [13, proposition 2,3] we know that A fulfills the (S.)-property. Thus, in view of (4.32)
and (4.30), we conclude that u,, — u in Wé’e(Q). Hence, because of the continuity of A, we

obtain
Alu,) > AW in (W),
which proves that A is pseudomonotone.

Next, we show that the operator A is coercive, that is,

(AW, we _

4.33
lullo0—c0  |[ta]l1 0 433

From the representation of the first eigenvalue of the p-Laplacian, see (4.1), replacing r by p,

we have the inequality
llull, < /\1_,:,||Vu||£ forallu e Wé’p(Q). (4.34)

Since W°(Q) ¢ Wé’p (Q), and by applying (4.34), We estimate the operator A applied to

ue WS’Q(Q) as follows:

(A(u),u)gzf(IVuIP_ZVu+[,L(x)|Vu|‘7_2Vu)-Vudx—ff(x,u,Vu)udx
Q

Q

:fqul”dx+fp(x)|Vu|‘7dx—ff(x,u,Vu)udx
0 0 o)

> [Vl + lull], - by IVull, = bllull, — llwll
> (1= by = boAD) ) IVull) + llull], — llwll,
where we used the inequality (4.34):
llully, < AL IIVully,
and (4.4). Thus, we obtain:
1p

(A@), uye = min {1 = by = boAy, 1 (IVal) + lull ) = Nl

Therefore, since 1 < p < g and from assumption (4.5), it follows that

(AW, wo _

00 (3.9)
00— ||u]l1,0,0 '

which shows that A is coercive.

Hence, the operator A : Wé’e(Q) — (Wé’Q(Q))* is bounded, pseudomonotone, and coercive.

Then, by [13, Theorem 2.2], there exists
ueW?(Q) suchthat Au)=0.

By the definition of A, the function u turns out to be a weak solution of problem (4.2), which

completes the proof.
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Remark 4.2.3.

The problem (1) has a unique weak solution with the convection term f : Q x RX RN —» R

satisfies the following conditions:

(C1) There exists ¢; > 0 such that

(flx,5,8) = flx, 1, O)s = 1) <cils — 1,
fora.a.x € Q, foralls,t € R, and all £ € RN.
(C2) There exists p € L'(Q)), with 1 < r < p*, and ¢, > 0 such that & = f(x,s, &) — p(x) is linear
fora.a.x €, alls € R, and
[f(x,5,&) = p)] < café],
fora.a.x € Q), alls € R, and all £ € RN. Moreover,

aAly + 0yt <1, (3.11)

where A, is the first eigenvalue of the Dirichlet eigenvalue problem for the Laplace differ-

ential operator.
Theorem 4.2.2.

Under the hypotheses (H)), (H), (C1), and (C2), the double phase problem (4.2) has a unique

solution.

Proof. Letu,v € WS'Q(Q) be two weak solutions of equation (4.35). Testing the corresponding

weak formulations with ¢ = u — v and subtracting the resulting equations gives:

f IV(u - v)Pdx + f u() IVl 2V - |Vo"™2V0) - V(u - v) dx (4.35)
Q Q

= f(f(x, u, Vu) — f(x,v, Vu))(u — v) dx + f(f(x, v, Vu) — f(x,v, Vo)) (u — v) dx.
Q Q

The second term on the left-hand side of (4.35) is nonnegative, so we obtain the estimate:

f V(i — )P dx < f(f(x, u, Vu) - f(x,v, Vu))(u —v)dx + f(f(x, v, Vu) — f(x,v, Vo))(u —v) dx.
¢ ¢ ¢ (4.36)

Using assumptions (H), and Holder inequality, the right-hand side can be estimated as:

fQ(f(x, u, Vu) — f(x,v,Vu))(u — v) dx < c1|lu — vIIiZ(Q), (4.37)

L(f(x/ v, Vu) — f(x,0, Vo)) (u — v) dx < collu = 0llr2)lIV(u = )l 12)-

we get:
IV(u - U)||iz(Q) <o A - U||iz(9) + 025 Mt = vl IV (1 = 0)lli2y- (4.38)
Then, by a suitable application of inequality (4.38) it follows that u = v. m| m|
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Conclusion and Further Prospects

This work establishes fundamental properties of Musielak-Orlicz-Sobolev spaces and their
application to the p(x)-Laplacian problem and double-phase problem with variable expo-

nents, in particular:

~div(|(VulP®™2 Vu + u(x) [Vul"™ 2 Vu) = f(x,u, Vu), in Q
u=0, ondQ

Where Q c RN (N > 2) is a bounded domain with Lipschitz boundary 9Q, p, g € C(Q) satisfy
1<p(x) <N, p(x)<g(x)forallxe Q, p € L*(Q)), and f is a Carathéodory function.
Through non-variational analysis, we have studied the existence of weak solutions under
log-Holder continuity of exponents p,q and controlled growth of f. The solutions exhibit
enhanced regularity properties, with Vu € L70(Q) and partial Holder continuity depending
on the behavior of the weight function p(-). The Musielak-Orlicz framework provides
a unified functional setting for these non-standard growth problems, extending classical
Sobolev space theory. Practical implications include modeling of anisotropic materials with
phase transitions and adaptive image processing, where the double-phase structure captures
local variations in diffusivity.

Future research, we suggest to study the following double-phase problem:

—div (IVul®-2Vu + p()|Vul'®2Vu) = f, inQ,
u=0, on dQ),

Where Q ¢ RN (N > 2) is a bounded domain with Lipschitz boundary 9Q, p, g € C(Q) satisfy
1<p(x) <N, p) <q) forallxeQ, uel®(Q),and f € L"O(Q) with m(-) > 1.
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Abstract

This work investigates some properties of Musielak-Orlicz-Sobolev spaces W'(Q) and their

application to the nonlinear double-phase problem with variable exponents:

{—div (IVulP®9-2Vu + p(IVuli®-2Vu) = f(x,u,Vu), inQ, (4.39)

u=0, on dQ),

Where Q ¢ RN (N > 2) is a bounded domain with Lipschitz boundary dQ, p, g € C(Q) satisfy
1<p(x) <N, p(x)<g(x)forallxe Q, p € L*(Q)), and f is a Carathéodory function.

We study the existence and uniqueness results for solutions to problem (4.39) in the Musielak-
Orlicz-Sobolev space framework. The variational methods cannot be applied here due to
problem (4.39) does not have variational structure. This why our approach employs non-
variational method following [20], building on the analytical techniques developed in [12]
and [14] for studying partial differential equations with non-standard growth conditions.
These methods provide a robust framework for analyzing sequences of approximate solu-
tions and their convergence properties.

The analysis highlights the fundamental role of Musielak-Orlicz-Sobolev spaces in functional
analysis, extending the classical variable exponent Lebesgue space theory [3]. We examine
several key properties of these spaces that are essential for handling the nonlinearities and

variable growth conditions in problem (4.39).

Keywords: Musielak-Orlicz Spaces, Musielak-Orlicz-Sobolev Spaces, Double Phase Opera-

tor, Variable Exponent, Nonlinear PDEs, Existence Results, Uniqueness.
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—div (IVulP®2Vu + p(x)|Vuli®2Vu) = f(x,u,Vu),  in Q, (8.40)
u=0, on 0Q, '

L u\:& p,q € C(Q) 3 2942 Olawe (BY \geq ®B) QCRN (o>
- carathéordory &N, I f g pel®Q) 4 xeQ S 1<plx) < qx)
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Résumé

Ce travail étudie les propriétés des espaces de Musielak-Orlicz-Sobolev W'9(Q) et leur ap-

plication au probléeme non linéaire 4 double phase avec des exposants variables :

(4.41)

—div (|VuP®2Vu + p(0)|Vul'®2Vu) = f(x,u, Vi), dans Q,
u=0, sur 0Q),

oit QO ¢ RN (N > 2) est un domaine borné, p,q € C(Q) satisfont 1 < p(x) <N, px) < q(x)
pour tout x € Q, u € L¥(Q), et f est une fonction de Carathéodory.

Nous établissons des résultats d “existence et d'unicité pour les solutions au probleme (4.41)
dans le cadre des espaces de Musielak-Orlicz-Sobolev. Notre approche utilise des méthodes
non variationnelles suivant [20], s’appuyant sur les techniques analytiques développées dans
[12] et [14] pour1’étude des équations aux dérivées partielles avec des conditions de croissance
non standard. Ces méthodes fournissent un cadre robuste pour analyser les séquences de
solutions approximatives et leurs propriétés de convergence.

L “analyse met en évidence le role fondamental des espaces de Musielak-Orlicz-Sobolev en
analyse fonctionnelle, étendant la théorie classique des espaces de Lebesgue 4 exposant vari-
able [3]. Nous examinons plusieurs propriétés clés de ces espaces qui sont essentielles pour

traiter les non-linéarités et les conditions de croissance variable dans le probleme (4.41).

Mots-clés : Espaces de Musielak-Orlicz, Espaces de Musielak-Orlicz-Sobolev, Opérateur a

double phase, Exposant variable, Equations PDE non linéaires, Résultats d “existence, Unicité.
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