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Introduction

Introduction

Integral equations are a type of equations that contain an unknown function
under the integral sign, these equations are used to model many mathematical and
physical problems, and they are an essential part of applied mathematics, given in

their general form
P (x)u(x) — )\/ k(x, t)u(t)dt = f(x). (1)

We have also many types of these equations, the most famous of which are the
Volterra and Fredholm equations of the first and second kind, based on that, we

want to solve this type of equations.

There are numerous techniques available for approximating the solution of integral
equations, with one of the most renowned being the radial basis function (RBF)
method, which was first used in 2006 and has proven its accuracy in approximating

the solution.

In this work, the RBF technique was applied to the Fredholm equation of the second

kind, our work included three chapters.

In first chapter we defined the integral equations and their types with discussing
their solvability, second chapter we introduced the concept of radial basis function
and its types, we also described principle of RBF’s interpolation, in the third
chapter we provided theoretical and practical explanations of Multiquadric (MQ)-
RBF technique in approximating the solution to Fredholm’s second kind integral

equation.

Lastly, we’ll evaluate the accuracy of this method by comparing it to the exact

solution.

vii



Chapter 1

Preliminaries and Integral

equations

1.1 Preliminaries

1.1.1 Normed space
Definition 1.1.1 Let E be a vector space on K, a norm on E is an application

N:FE—R,

z — N(z),

satisfies the following properties:
» N(z) =0 < z=0forallz € E, (Positively).
» N(Az) =| A | N(z) for all z € E, A € R, (Homogeneity).

» N(x+y) < N(z)+ N(y) for all z,y € E, (Triangle inequality).

The norm N will be designated by the symbol || - || and (E, | - ||) is called normed
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vector space.

1.1.2 Metric space
Definition 1.1.2 Let (E,|| . ||) a norm space, the following application

dEXE—>R+

(z,y) —d(z,y) =[x =y,

is called the distance associated with the norm, it checks the following properties:
> V(r,y) € E?:d(z,y) =0 x =y, (Positivity).

> V(z,y) € E*:d(z,y) = d(y,x), (Symmetry).

> V(z,y,2) € E? 1 d(x,2) <d(x,y) +d(y,z), (Triangle inequality).

We then call (E,d) Metric space.

1.1.3 Bounded and Compact Operator

Definition 1.1.3 Let A be operator from X a linear space into a linear spaceY is

called linear if

Alap + Bp) = adp + BAY, @, e X, a,B €R.

Theorem 1.1.1 A linear operator such that A : X — Y we say A bounded operator

if there exists a positive number C' such that

[Agll < Clle]-
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In other words, the aid of the linearity ofA,we say A is bounded if and only if
[A]] == sup || Agp]| < oo.

Theorem 1.1.2 [J] (finite dimensional domain)

Let A be a bounded operator defined from FE into F, with the domain F has a finite

dimension, dimFE < oo then the operatorA is compact.

Proof. m

The space E has a finite dimension, dimFE < oo implies the finite dimensional range
A(E), say
dimA(E) < dimFE |

it follows that, A is a compact operator.
Theorem 1.1.3 [//(Continuous Kernel)

The integral operator A defined from C(2) into C'(2)

Ap(z) = /Q Ko )o(t)dt, tz €,

with continuous kernel k(z;t) is a compact operator.

1.1.4 Numerical Integral

There are many ways that calculate the approximate values of their integration

Trapeze Method

Let f a continuous function over an interval [a,b], the approximate value of the

integral of fab f(t)dt such as ©o =0, h = (b—a)/N, ;11 = x9+ih,i=1,...N.

3
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By Trapeze method is then given by

= [ rdr=3 (f<a> NORE)S f<u->) .

=1

Trapeze Method error

If f € C?, error is increased

b
Iy = [ F(0de|< - @) <152, My = max]| f(0) ]

Quadratic Gauss Method

The quadratic Gauss formula that is given in the form

1 Q
[ oz~ Y Wage)

1 e

the integral range can be transformed with formula ¢ = (a;b) + 57 = h(e).

1.1.5 Fourier and Laplace Transform
Fourier transform

Definition 1.1.4 Let f € L'(R), we call the Fourier transform of f the complex

function of the real variable & such that
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Laplace transform

Laplace transform of a function is defined by
+oo
LU =F6) = [ e
0

such that s is a complex variable, and F'(s) is a complex function.

1.1.6 Conditioning and stability of matrix
Conditioning

Definition 1.1.5 Let R" be attached with a norm || - || and M,(R) with the induced
norm, let A € M,(R) be an invertible matriz, the conditioning of A with respect to

the norm || - || is the positive real number Cond(A) defined as:
Cond(A) =[| Al A7 | -

Stability

when using radial basis functions on dense data sets, with small fill distance, the
condition of the matrix used will get extremely large if the separation distance of
points X = {xy, ..., z,} gets small:

S(X) = §1§I}l§1jn§n||$i — zj2-



Chapter 1.2 : Integral equations

1.2 Integral equations

1.2.1 Definition

An integral equation is characterized by having the unknown function wu(z) that
needs to be solved for appearing within the integral sign, and the most standard

form of integral equation is given as follows:

h(zx)

u(z) = f(x) + )\/ k(x, t)u(t)dt. (1.1)

g(x)

In this context, k(z,t) represents a familiar function with two variables z and ¢
termed as the kernel of the integral equation, the limits of integration g(x) and
h(z) can be constants, or a combination of constants and variable, A is a real and a

constant value, f(z) is a known function.

The unknown function u(x) that will be determined appears inside and outside the

integral sign.

1.2.2 Classifications of integral equations

Integral equations can be classified into the following classes:

» Volterra integral equation (VIE).

» Fredholm integral equation (FIE).

» Volterra-Fredholm integral equations.

Let is outline these equations using fundamental definition and properties of each

type.
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Volterra integral equation (VIE)

We say about each equation written from the shape
h(zx)
O(z)u(z) = f(z) + )\/ k(x, t)u(t)dt, = € [a,b

It’s Volterra equation, so that the last limit of integration are function of z, and

there are two cases:

1-First kind(VIE)

o f(x) = A [" Kz, yult)dt, TED(x) =0 .
2-Second kind(VIE)

o u(z) = f(x) + A [ k(x, yu(t)dt, Tt S(z) =1 .

Fredholm integral equation (FIE)

When the integration limits are fixed, the integral equation is called a Fredholm

integral equation given in the form
b
O (z)u(z) = f(x) + )\/ k(xz, tyu(t)dt, x € |a,b].

There are two cases

1-First kind(FIE)

o f(z) =X ["k(z,t)u(t)dt, when B(z) =0 .
2-Second kind(FIE)

o u(z) = f(x) + /\ff k(x,t)u(t)dt, when ®(x) =1 .
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Volterra-Fredholm integral equations

An integral equation of Volterra-Fredholm comprises separate Volterra and Fredholm
integrals, which appear together within the context of an integral equations defined

as

h(x) b
u(z) = f(x) + )xl/ iz, t)u(t)dt + )\2/ ko(z, t)u(t)dt, z € la,b].

1.2.3 Linearity and Homogeneity
Linearity

Definition 1.2.1 [}/ Let the integral equation be defined as given in the following
equation

h(zx)

u(z) = f(x) + )\/ k(x,t)F(u(t))dt. (1.2)

9(x)
Equation [1.2|is classified as a linear integral equation when the function F'(u(t)) is
linear, which means it takes the form of either F'(u(t)) = a (where ’a’ is a constant)
or F'(u(t)) = u(t).
Equation becomes nonlinear when the function F' is nonlinear, such as in the

case where F(u(t)) = u™(t) for n > 2.

Homogeneity

We say about Volterra and Fredholm integral equations of the second kind are

e homogeneous: if f(x) =0, like u(z) = Ob‘w(l —x — t)uP(t)dt .

e inhomogeneous: If f(x) # 0, like u(z) = sinx + f0b|x ztu(t)dt, f(x)=sinz.
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1.2.4 Existence and Uniqueness of solution of integral equa-

tions

For operator integral equations of second kind

o—Ap=f.

The Neumann series can confirm both the existence and uniqueness of a solution

when provided that A is a contraction || A ||< 1.
Theorem 1.2.1 [7/(Neumann series)

In a Banach space X, suppose A : X — X is a bounded linear operator, with
| A|l<1,and I : X — X represent the identity operator.

Then (I — A) has a bounded inverse on X that is given by the Neumann series

(I—A)lziiAk

and satisfies
1

(=)t < — 1
A I< =7

Given the assumptions of the theorem above, for any f € X the consecutive approx-

1mations

Ong1 = App + f

Converge to the unique solution ¢ of ¢ — Ay = f.

Corollary 1.2.1 Let k be a continuous kernel satisfying

max/ | k(z,t) | dt < 1.
G

zeG
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The integral equation of the second kind
o) — / k(z,t)p(t)dt = f(z) , for each f € C(G), and = € G,
Q

has a unique solution ¢ € C(G).
Example

Consider Fredholm’s integral equation of the second kind.

Mela) = [ bla.0g0dt = ) (1.3)

The function K : Q2 x €2 — R is continuous we rewrite this equation as follows

(Al —k)p = f
and from it

1 1

(I —A)p=—f, suchthat A= —Fk,

A A
and based on Naiman’s theory

1

||A\|=m!|k||<1

Ry ALCUIE SRy

in this case the operator (Al — k) 'exist, and we have

1

A= RS
[ A= 11Rl

10
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we have for all f € C'(Q2) Fredholm’s integral equation of the second kind (1.3) admits

a unique solution ¢ € C(Q).

11



Chapter 2

Radial basis function

Radial basis function are areal valued function that depends on calculating the dis-
tance between inputs and some fixed points called centers, it serves as a computa-
tional method to approximate complex and multi-variable functions into simpler and

more understandable functions.

2.1 Radial function

Definition 2.1.1 [2] A function ® : RY — R is said to be radial if there exist a
function ¢ : [0,00) — R such that ® (z) = ¢ (||z||2), for all x € R? where || - || is the

FEuclidean norm.

2.2 Radial basis function
Definition 2.2.1 [3/

A radial basis functions on R? is a function of the form ®(|| x—x; ||) where z, x; € R?

and r =|| x — x; || notes the Euclidean distance between z and z;, if one chooses N

12
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points{z;},, in R? then by custom
N
S(z) =) Co(|z—=z]), CieR,
i=1

is called a radial basis functions as well.

2.3 Types of RBF and their classifications

Name of RBF O(r), r=0
Gaussian(GA) e~ (or)’
Multiquadric(MQ) \/ a? +
Inverse Multiquadric(IMQ) \/ 5 1 >
a” 4+ T
Linear(LI) r
Cubic(CU) 3
Thin plate spline(TPS) r?log(r)

Table 2.1: some types of RBFs

There are many functions that generate RBF, some of them are explained in the

table above, and we categorize them based on the parameter ”«” into two classes:

2.3.1 First Class:Infinitely smooth RBFs

In this class the basis function ®(r) heavily depends on the free shape parameter ”o”,
and that is what we notice in these functions like:Gaussian (GA), and Multiquadric

(MQ), Inverse Multiquadric (IMQ),...etc.

2.3.2 Second Class:Piecwise smooth RBF's

The key advantage is that the basis function of this category are shape parameter

free, and that is what we notice in these functions like: Linear (LI), Thin plate spline

13
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(TPS),...etc.

2.4 The scattered data interpolation problem

Scattered data problem can be described as follows:

Let X € R%, consider m distinct points as X = {x1, s, ...z, } in this space at which
the function to be approximated is known and real scalers (f(z1), f(x2),...f(zm)),

we desire to construct a continuous function S:

S:RY S R.

And that’s what we notice in these curves

05 : : : RN
: : o 09 : i
- . : 4] 0. - K -
_ s o0 90 o na% . 5 o
"o oo #%% 0% Q%0 0
o 0 g0 9 g
- 0 0 T B
2 @ g oo o o0 g a
5 % 0p o0 @ Trg¥ 0
D o o099 o ’
02 S [+ CP 2
04 I 0
., ) - 0z
06 : e 04 4
il oe
11
)-8 X

Figure 2.1: Data points
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0.5.

=

Figure 2.2: Data values

Figure 2.3: Interpolation function

15
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2.4.1 Radial basis function interpolation

Using a Radial basis function (RBF) expansion for scattered data interpolation in

R? can offer improved results compared to simple distance matrices.

The RBF approach involves expressing the interpolation function as a sum of radial

basis functions centered at scattered data points, then S can be as the following form
N
S(x) =Y Cio(|lz — zil2), =R
i=1

Where C; are parameters which should be chosen so that sapproximates f in point

x; based on the interpolation, we determine the following linear system AC = F

spch that o i i i
O(lzr — z1ll2) P([|z1 — 2ll2) oot O(|lzy — znll2) Cy f(x1)
O([Jwz — x1l[2) P([Jw2 — 22[[2)00reve ([|r2 — znll2) Cy f(z2)

| Oy —2ill2) @(flzy = w2l2) o ey —anl2) | | Ov | | flan) |

Ay = (|l — i),

The solution to the problem will exist and be unique, if and only if The matrix A is

non singular, this is related to the positively of the matrix A.

2.4.2 The Haar Maurhuber -Curtis Theorem

Definition 2.4.1 (Haar space) Suppose that 0 C RY contains at least N points,

let V.C C(R2) be an N dimensional linear space, then V is called a Haar space of

16
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dimension N on Q if for arbitrary distinct points{xi,zs,...,xx} € Q and arbitrary

{fi.fas ., N} € R, there exists exactly one function S € V' with

Theorem 2.4.1 [1/(Haar-Mairhuber-Curtis)

If O ¢ R%d > 2 contains an interior point, then there exist no Haar spaces of

continuous functions except for the 1-dimensional case.

Remark 2.4.1 So as a result of this theorem, if we pick basis functions without
considering the data, we can not ensure a well-defined problem.

The Haar-Mairhuber-Curtis theorem states that for a successful multivariate scattered
data interpolation, we can not pre-determine the basis functions, they must vary based

on the data’s location.

2.4.3 Positive definite matrices and functions
Positive definite matrix
Definition 2.4.2 [1)

A real symmetric matrix A is called positive semi-definite, if its associated quadratic

form CTAC > 0 for all C € RV,

that is

ZZQCJ»AU >0, (2.1)

i=1 j=1
If the quadratic form ((2.1)) is zero only for C' = 0, then A is called positive definite.

Positive definite functions

Definition 2.4.3 [

17
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A continuous function ® : R* — C is called positive semi- definite if for all N € N,
all sets of pairwise distinct centers X = {z1,7,....,2x} C R% and all C € C¥, the

quadratic form

> (i — ay) >0, (2.2)

i=1 j=1

is non negative.

The function @ is called positive definite if the quadratic form ([2.2)) is positive for
all C € CM\ {0} .

2.5 Example

We take two simple examples in 1Dimension to explain the phenomenon of interpo-

lation using the RBF function.

Consider three distinct points as X = {x1, xe, 23} = {1, 3, 3.5} in this space at which
the function to be approximated is known and real scalers (f(z1), f(z2), f(x3)) =
(1,0.2,0.1) respectively.

» We choose Multiquadric (MQ) function ®(r) = Va2 +r2, a = 1.

Firstly to calculate our interpolant S(z), we need to calculate C' for the matrix as

N
S(x) =) C(||z — ill2).
i=1
We have

1 V5 V7.25 Cy 1
VvVE 1 V1.25 Cy, | =102
V7.25 V125 1 Cy 0.1

After calculating C' values of this system, we find that

18



Chapter 2: Radial basis functions

Cy = —0.118798
Cy = 0.015169
C3 =0.402913

This means that our interpolant S is

S(x) = —0.118798®(| 2 — 1 |) + 0.015169%(| = — 3 |) + 0.402913®(| = — 3 |).

» We choose Gaussian (GA) function ®(r) = e~(®")’ o = 1 with the same previous

data,

we have

S(x) = Z Ai®([lz = will2).

we need to calculate )\ for the matrix as

D(0) D(2) P(2.5) 1 0.02 0.002 At
®(2) ®(0) @(05) |A=1] 002 1 0.78 A2
d(2.5) ®(0.5) @(0) 0.002 0.78 1 A3

A1 = 0.995
Solving this equation directly we find that Ao = 0.268

A3 = —0.111

This means that our interpolant is

1
=102
0.1

S(x) = 0.995®(|z — 1|) + 0.268®(|z — 3|) — 0.111®(|z — 3.5])

19
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10

(L]

(LIS

[LE

L]

—_ s(x)

e of,i=1233
== M|z —xi)
== Agi(|r —mra|)
== .5.3@(_1’ = 13|}

Figure 2.4: Gaussian(GA) Interpolation
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Chapter 3

Application of RBF to integral

equations

In this chapter, we show how to solve Fredholm’s integral equations using Radial

basis function method, we also demonstrate the method with an example.

3.1 Radial basis function for Fredholm integral

equation

3.1.1 Theoretical model

Let’s examine this integral equation of Fredholm type
b
() — A / k(o u(t)dt = f(x), o € a,b]. (3.1)

We're trying to approximate the function u(x) using the RBF approximation, which

21
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can be represented as a linear combination like this.

N

u(z) =Y C;0;(x). (3.2)

J=1

We compensate [3.2] in [3.1] we find

XXWM@—A/k@ﬁE:@%WﬁZf@%

—_—
and for any x; € [a,b] we choose M collocation points i.e:i = 1: M, moreover by

using the linear property of integral, equation becomes

N b N
ZC’j@j(xi) — /\/ k(xi,t)zcj%(t)dt = f(x)

> ¢ [cpj(xi) ) / bk(xi,t)fbj(t)dt] = f(x;).

Jj=1

So we translate the above equation into a linear system of shape

[® = AK][C] = [F],

such that C' = [C},Cy,.......CN]" , F = [f(21), f(22), oo f(zn)]

we also know the matrix as follows [® — AK] such as:

Di; = Pj(xi)

22



Chapter 3:Applications

And to simplify the term K we put
b b
Ky = / K, £); (1)t = / o(t)dt

So that, the integration of the g function can be calculated using Trapeze’s Method

that is given in the form

Iy = / g(t)dt = g <g(a) +9(b) +2 Z_: 9(%))

q=1
we find
N-—1
h
KZ] = § (k’(l‘l, a)q)j<a) + k)(l‘l, b)q)](b) +2 Z ]{?(l’“ tq)q)j(tq))
q=1

3.1.2 Numerical model

After we applied the radial basis function to second kind Fredholm’s integral equa-
tion, we're going to do a numerical experiment using two types of RBF on this

equation.

Example

Consider the following linear Fredholm integral equation of the second kind

u(z) + A(z)u(h(x)) + /\/b k(z,t)u(t)dt = f(z), a=0,b=1, and A\ = 1.

Where A(z) = z, k(z,t) =z —t, h(z) =z, and f(z) =2 + 2° + 30 — 1.
The exact solution is u(z) = z?, the collocation points are the same as the center

points N = 10.

23



Chapter 3:Applications

Thus, the Fredholm integral equation is given the following form

u(z) + zu(z) + /O (z — tyu(t)dt = 2 + 2* + éx — ;1

First, we take Multiquadratic-RBF’s ®(z) = \/a?+ |z — z; |2, a = 0.9.

N
u(x) = ZC’j\/a2—|— |z —z; |?
j=1

We find

N N 1 N
ZC'j\/a2—|— | — x; |2—|—xZC’j\/a2—|— | © —x; |2—|—/ (m—t)ZC’j\/az—l— | t —x; |2dt
j=1 Jj=1 0 J=1

1 1
_ .3 2, + 4
—a:+x+3x 1

and for any x; € [0, 1]

N 1
e [\/(o.9>2+ | @i = 24 200 (0924 | 7 — ;2 + / (21— 1)1/ (0.9)2+ | t — x; [2dt
j=1 0

1 1
:x?—f-x?—i-—xi——

3 4

we get a system

AC = F.

Such that A = (I)ij + .I(I)ij -+ Kzg

We can approximate the integral in the above equation by using Trapeze Method,

24
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so we get

1
0

9
1
=5 <l’im+(l‘i_l)\/a2+ |1 — 2, |2+22(1’¢—tq)\/a2+ ¢, —a; |?

After solving the system we get the numerical results in the table and figure following

g=1

Uezact

Uapp

error

0

2.8276e — 03

2.8273e — 03

0.1

1.0000e — 02

1.2318e — 02

2.3178e — 03

0.2

4.0000e — 02

4.1893e — 02

1.8931e — 03

0.3

9.0000e — 02

9.1534e — 02

1.5338e — 03

0.4

1.6000e — 01

1.6123e — 01

1.2258e — 03

0.5

2.5000e — 01

2.5096e — 01

9.5891e — 04

0.6

3.6000e — 01

3.6073e — 01

7.2535e — 04

0.7

4.9000e — 01

4.9052¢ — 01

5.1927e — 04

0.8

6.4000e — 01

6.4034e — 01

3.3608e — 04

0.9

8.1000e — 01

8.1017e — 01

1.7234e — 04

1.0000e + 00

1.0000e + 00

2.4643e — 05

Table 3.1: Exact solution,approximaet solution and error

25

)



Chapter 3:Applications

Exact solution, approximate solution (Multiguadratic-RBF) and absolute error for N=10

: : : : : Exact solution :
12_L _____ #*  Approximate solution
’ Absolute error ]

Second, we take Gaussian-RBF’s ¢(z) = el o = 3.

we get the numerical results in the table and figure following

X;

Uegact

Uapp

error

0

0

2.8277e — 03

2.8277e — 03

1.0000e — 01

1.0000e — 02

1.2318e — 02

2.3181e — 03

2.0000e — 01

4.0000e — 02

4.1893e — 02

1.8934e — 03

3.0000e — 01

9.0000e — 02

9.1534e — 02

1.5341e — 03

4.0000e — 01

1.6000e — 01

1.6123e — 01

1.2261e — 03

5.0000e — 01

2.5000e — 01

2.5096e — 01

9.5918e — 04

6.0000e — 01

3.6000e — 01

3.6073e — 01

7.2562¢ — 04

7.0000e — 01

4.9000e — 01

4.9052e — 01

5.1954e — 04

8.0000e — 01

6.4000e — 01

6.4034e — 01

3.3635¢ — 04

9.0000e — 01

8.1000e — 01

8.1017e — 01

1.7245e — 04

1.0000e + 00

1.0000e + 00

1.0000e + 00

2.4938e — 05

Table 3.2: Exact solution,approximaet solution and error
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Exact solution, approximate solution(Gaussian-RBF) and absolute error for N=10

: : : Exact solution :
- - . ______ L _______ L _____ +  Approximate solution | |
’ ' ' Absolute error ]
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Conclusion

In this study, we relied on radial basis function(RBF) interpolation, using two types

of radial basis functions to solve the second kind Fredholm integral equation.

According to the numerical results we obtained, we conclude that the radial basis
function collocation method is an effective tool for approximating the solution to

this type of equation.
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Abstract:

In this work, an approximate solution was found for a type of
integral equation, specifically a second kind Fredholm equation.

We used the radial basis function interpolation method to
approximate the solution, the results demonstrated the accuracy
and effectiveness of this method.

Résumé:

Dans ce travail, une solution approximative d'un certain type
d'équations intégrales a été trouvée, a savoir une équation de
Fredholm du deuxieme type.

Nous avons utilisé la méthode d'interpolation par fonction de base
radiale pour approcher la solution, et les résultats ont démontré de
maniere claire la précision et I'efficacité de cette méthode.
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