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Abstract 

Currently, there is significant interest in finding efficient materials with favorable optoelectronic 

and thermoelectric properties for power generation. 

This study employs first-principles computations to investigate the structural, thermodynamic, 

optoelectronic, and thermoelectric characteristics of potassium tin halide vacancy-ordered double 

perovskites K2SnX6 (X = Cl, Br, I). Using the density functional theory (DFT) method and 

Boltzmann transport theory, we conduct a thorough analysis. We utilize the Perdew-Burke-

Ernzerhof functional for bulk solids and their surface for generalized gradient approximation 

(PBESol- GGA) with and without the mBJ correction, employing a LAPW base-set.  

Our electronic analysis indicates that the electronic band structures depicts direct band gaps for 

K2SnCl6 and K2SnBr6, while K2SnI6 exhibits an indirect band gap., with band gaps ranging from 

1.70 eV to 4.126 eV (utilizing PBESol-mBJGGA), suggesting their potential for solar cells and 

optoelectronic applications.  

Analysis of dielectric functions, absorption coefficients, and refractive indices calculations of the 

investigated compounds show excellent agreement with theoretical band gaps, validating their 

precise prediction. K2SnI6 demonstrates superior light absorption in the visible range compared 

to K2SnCl6, owing to its narrower band gap, rendering it suitable for solar cells. Refractive index 

analysis further confirms their applicability for solar applications.  

Thermoelectric properties, including electronic and lattice thermal conductivities, Seebeck 

coefficients, and power factors, are evaluated. The studied compounds exhibit p-type 

conductivity, and their power factor values indicate promise as efficient thermoelectric materials. 

At 500 K, maximum ZT values of 0.58, 0.69, and 0.65 are achieved for K2SnCl6, K2SnBr6, and 

K2SnI6, respectively.  

These results underscore the promise of these materials for use in solar cells and thermoelectric 

devices, particularly noting their efficacy even under high-temperature conditions. 

 

Keywords: Vacancy ordered double perovskites; Solar cell; Figure of merit; Seebeck coefficient; 

Power factor. 

 

 

 

 



 
 

Resumé 

Actuellement, il existe un intérêt considérable à la recherche des matériaux avec des propriétés 

optoélectroniques et thermoelectriques favorables pour la production de l’énergie.  

Cette étude utilise des calculs de premiers principes pour étudier les caractéristiques structurales, 

thermodynamiques, optoélectroniques et thermoelectriques des double pérovskites ordonnées 

par des lacunes de potassium étain halogénure K2SnX6 (X= Cl, Br, I). En utilisant la méthode de 

la théorie de la fonctionnelle de la densité (DFT) et la théorie du transport de Boltzmann, nous 

menons une analyse approfondie. Nous utilisons la fonctionelle de Perdew-Burke-Ernzerhof et 

l'approximation de gradient généralisé (PBEsol-GGA) avec et sans la correction mBJ, en 

employant l’ensemble de base LAPW. 

Notre analyse électronique indique que les structures de bandes électroniques étudiées révèlent 

des gaps directes pour K2SnCl6 et K2SnBr6, tandis que K2SnI6 présente un gap énergétique 

indirecte, avec des bandes interdites de largeurs allant de 1,70 eV à 4,126 eV (en utilisant 

PBESol-mBJGGA), suggérant leur potentiel pour les cellules solaires ainsi que pour d’autres 

applications optoélectroniques. 

L'analyse des fonctions diélectriques, des coefficients d'absorption et des calculs des indices de 

réfraction montre un excellent accord avec les gaps d’énergie théoriques, validant leur prédiction 

précise. En raison de son gap plus étroit, K2SnI6 démontre une absorption lumineuse supérieure 

dans la gamme visible par rapport à K2SnCl6, le rendant approprié pour les cellules solaires. 

L'analyse de l'indice de réfraction confirme leur applicabilité pour les applications solaires. 

Les propriétés thermoélectriques, y compris la conductivité thermique électronique et celle du 

réseau, les coefficients de Seebeck et les facteurs de puissance, sont évaluées. Ces composés 

présentent une conductivité de type p, et leurs valeurs du facteur de merit indiquent un potentiel 

prometteur en tant que matériaux thermoélectriques efficaces. À 500 K, des valeurs maximales 

de ZT de 0,58, 0,69 et 0,65 sont obtenues pour K2SnCl6, K2SnBr6 et K2SnI6, respectivement.  

Ces résultats montrent que les matériaux étudiés sont prometteurs pour une utilisation dans les 

cellules solaires et les dispositifs thermoélectriques, en notant en particulier leur efficacité même 

dans des conditions de haute température. 

 

Mots clés : Pérovskites doubles ordonnées par lacunes; Cellule solaire; Figure de mérite; 

Coefficient de Seebeck; Facteur de puissance. 

 

 



 
 

 ملخصال

إلكترونية وحرارية مواتية لتوليد الطاقة. -اهتمام كبير بالبحث عن مواد فعالة ذات خصائص بصريةفي الوقت الحالي، هناك 

أثارت البيروفسكيتات المزدوجة المرتبة بالفجوات اهتماماً كبيراً في الأوساط البحثية بسبب إمكانية استخدامها كمواد امتصاص 

لك، لا يزال هناك نقص في الفهم الشامل لخصائصها المادية على الضوء في خلايا الطاقة الشمسية البيروفسكيتية. ومع ذ

 .المستوى الذري

لدراسة  (FP-LAPW)طريقة الأمواج المستوية المتزايدة خطيا  المعتمدة على  (Ab-initio)طرقتستخدم هذه الدراسة 

 6SnX2K (X= Cl, Br, I)للبيروفسكيتات المزدوجة و الديناميكية  والحرارية والبصرية و الالكترونية البنيويةالخصائص 

 التدرج المعممفيه نقوم بتنفيذ تحليل شامل نستخدم  .بولتزمانلنظرية النقل و  (DFT)دالة ثافة الكاستخدام طريقة نظرية ب

(GGA)  تعديلمع وبدون mBJ. 

 6SnCl2K عن فجوات باند مباشرة لـ تكشف )band structure(يشير تحليلنا الإلكتروني إلى أن الهياكل الإلكترونية 

 4.126إلكترون فولت إلى  1.70فجوة باند غير مباشرة، مع فجوات باند تتراوح بين  6SnI2K ، بينما يظهر6SnBr2Kو

-في الخلايا الشمسية والتطبيقات البصرية ية استخدامهاإمكان، مما يشير إلى (PBESol-mBJGGA)باستخدام إلكترون فولت

 .الإلكترونية

 الطاقويةيظهر تحليل الدوال الكهروبصرية، ومعاملات الامتصاص، وحسابات معامل الانكسار اتفاقًا ممتازًا مع الفجوات 

، نظرًا  6SnCl2Kامتصاصًا للضوء متفوقاً في النطاق المرئي مقارنة بـ 6SnI2K النظرية، مما يؤكد التنبؤ الدقيق بها. يظهر

 .لديه، مما يجعله مناسباً للخلايا الشمسية ةأضيق الطاقويةلفجوة لأن 

الحرارية الإلكترونية والشبكية، ومعاملات سيبيك، ومعاملات القوة. يزيد  الناقليةالكهروحرارية، بما في ذلك  الخصائص قيمت

  ركبات توصيلًا من نوعاستبدال اليود من القدرة الكهربائية، بينما يقل نقل الحرارة الفونونية مع ارتفاع الحرارة. تظهر هذه الم

pوتشير قيم معامل القوة ، ZT كلفن، تتحقق قيم 500فعالة. في درجة حرارة . كهرو حرارية-الوعد كمواد حرارية إلى ZT   

 .على التوالي 6SnI2K ، و6SnCl2K  ،6SnBr2Kلـ .650، و 0.69، 0.58القصوى لـ 

للاستخدام في الخلايا الشمسية وأجهزة التحويل الحراري، مع الإشارة بشكل خاص  واعدة المدروسة الموادأن تؤكد هذه النتائج 

 .إلى كفاءتها حتى في ظروف درجات الحرارة العالية

 

 .عامل القدرة ,معامل سيبيك ,معامل الجدارة ,الخلية الشمسية ,لبيروفسكايتات المزدوجة المرتبة بالفراغاتا : كلمات مفتاحية
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  General introduction 

1 
 

General introduction 

The scientists are actively exploring alternative power generation methods in response 

to the escalating global energy demand. While photovoltaic modules  play a crucial role in 

harnessing renewable energy, there is a growing interest in the field of thermoelectricity as an 

efficient alternative power generation method. The quest for more efficient materials with 

suitable optoelectronic and thermoelectric characteristics holds significant promise.  

In the field of optoelectronics, perovskite solar cells have garnered significant interest 

since 2009 due to their exceptional power conversion efficiency, affordability, and simple 

manufacturing techniques. [1-4]. 

The popularity of hybrid organic-inorganic Pb-based halide perovskites, featuring the 

prototype CH3NH3PbI3, has been increasing, with perovskite solar cells achieving a certified 

power conversion efficiency of 25.2%. However, two major challenges currently impede the 

commercialization of large-scale devices: material instability and the environmental toxicity 

associated with lead. [5,6]. Consequently, there is a notable research focus on exploring novel, 

stable, and lead-free perovskites [7]. 

In 2014, Lee et al. conducted a study [8] highlighting the optical and electrical suitability 

of cesium tin (IV) iodide (Cs2SnI6) for photovoltaics, reigniting interest in the vacancy-ordered 

double perovskite family A2BX6. Cs2SnI6 possesses a direct optical gap of 1.3 eV, and Lee et 

al. demonstrated its application in constructing a solar cell with a 7.8% power conversion 

efficiency. Additionally, research by Chen et al. [9] emphasized the exceptional intrinsic and 

environmental stability, as well as long and balanced carrier-diffusion lengths of Cs2TiBr6 thin 

films, with a favorable bandgap of 1.8 eV. They reported an initial power conversion efficiency 

of 3.3% for Cs2TiBr6 thin films-based perovskite solar cells [9]. Cs2TeI6 [10], Cs2PdBr6 [11], 

and Cs2TiBr6 [12] are also recognized as potential perovskite materials due to their acceptable 

optical bandgaps and stability. However, the limited availability of cesium in the Earth's crust 

poses a drawback. 

In the field of thermoelectronics, thermoelectric generators (TEGs) hold promise for extracting 

usable energy from diverse sources, including industrial operations, power production, and 

transportation systems. Extensive research has been conducted on various thermoelectric 

materials such as tin selenide [13], chalcogenides [14-16], Half-Heusler alloys [17,18], Zintl 

phases [19], perovskites [20-22], and other materials [23-25]. The extensive industrial 
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application of these materials has been hindered by issues like as high working temperatures, 

cost per watt, and structural complexity, despite notable advancements in their efficiency.. 

Next, focus turns to halide perovskites, which have garnered attention because of their 

advantageous phononic and electronic transport characteristics [26–28]. Furthermore, 

theoretical investigations have demonstrated their robust Seebeck coefficients [32] and very 

low lattice thermal conductivity [28–31]. However, the challenges of lead toxicity and 

structural instabilities of CsMX3 (M = Pb, Sn, and X = halide) in ambient air pose significant 

obstacles, limiting their commercial viability. 

Recently, vacancy-ordered double perovskites with the formula A2BX6 have attracted 

considerable interest due to their numerous advantages over lead halide perovskites, including 

enhanced stability, scalability, and non-toxicity [33]. Their tunable band gaps, long carrier 

diffusion lengths, air stability [34], and flat band structure [35] make them ideal candidates for 

efficient solar cells and thermoelectric power generation. Researchers have investigated 

specific compounds within the vacancy-ordered double perovskite family, such as: 

Cs2GeCl/Br6 [36], Cs2SnI6, Rb2SnI6 [37], K2OsCl6, K2OsBr6 [38], and Cs2NbI6 [39], reporting 

promising optoelectronic and thermoelectric capabilities based on experimental evidence or 

theoretical calculations. 

For thermoelectric applications. Despite the existing comprehensive research, there is 

an unavoidable necessity for an enhanced comprehension of the factors influencing the figure 

of merit (ZT). 

The present study underscores the ongoing dedication to advancing research and 

development in the progression of photovoltaic cells and thermoelectric materials, signalling a 

hopeful trajectory for the future of sustainable energy. 

Regarding VODPs, defined by the formula A2BX6, their vacancy-ordered structure, stemming 

from the conventional perovskite archetype, provides substantial adjustability in composition, 

presenting opportunities to modify structural, compositional, and dynamic attributes. Elements 

like the halogen choice at the X-site, interactions with the B-site cation, and the orbital nature 

at the band edges collectively impact the band gap and optical characteristics of VODPs. 

The thermoelectric and optoelectronic properties of the K2SnX6 (X=I, Br, and Cl) vacancy 

ordered double perovskite compounds, which fall under the K2PtCl6-type category, have not 
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been substantially investigated. When K2SnBr6 and K2SnCl6 were first described in 1970, very 

few studies had concentrated on their structural characteristics [40, 41]. Notably, neither 

theoretical nor experimental research has been done on the thermoelectric and associated uses 

of these substances. For the potassium tin halide vacancy-ordered double perovskites K2SnX6 

(X=I, Br, and Cl), more research is therefore required. 

By providing essential thermoelectric and optoelectronic parameters for vacancy-ordered 

double perovskites K2SnX6 (X=I, Br, and Cl), this work seeks to close this gap. Thermal 

conductivity, electrical conductivity, power factor (PF), figure of merit, dielectric function, 

absorption coefficient, reflectivity, refractive index, and optical conductivity are all included in 

this set of characteristics. Moreover, the full potential linearized technique based on density 

functional theory (DFT) and Boltzmann transport theory implemented in Wien2k code are used 

to determine a number of additional key parameters, including structural and thermal properties 

as well as band-related characteristics. The anticipated results of these calculations are expected 

to lay the foundation for extended research on K2SnX6 (X=I, Br, and Cl) perovskites, with the 

ultimate objective of fostering their future industrial applications.  

The thesis is organized into four chapters: the initial chapter offers an overview of the 

fundamental physical effects exploited in the functioning of solar cells, thermoelectric 

generators, and hybrid systems. It also traces significant historical milestones in their 

development. Moreover, this first chapter discusses the properties of the materials which 

provides the best functioning solar cells or thermoelectric generators. In the second chapter, a 

comprehensive literature review is presented, providing insights into the structural, 

optoelectronic, and thermoelectric features of the studied compounds. Then, the first section of 

the third chapter delves into the theory of density functional theory (DFT), introducing the 

Kohn-Sham equations and discussing two widely recognized approximations for the exchange-

correlation potential: local density approximation (LDA) and generalized gradient 

approximation (GGA). The latter part of the third chapter introduces the ab-initio method (FP-

LAPW) and the Wien2k code. The fourth chapter is dedicated to showcasing and analyzing the 

obtained results concerning the structural, electronic, optical, thermoelectric, and 

thermodynamic properties of the K2SnX6 compounds (X= Cl, Br, I). Lastly, a comprehensive 

summary of the key findings is provided in the general conclusion. 
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I.1. Introduction 

Because of the recent decades' sharp increase in energy use, scientists have been actively 

looking for fossil fuel substitutes. Because sunlight is a clean, endless energy source, it has 

become a vital replacement [1]. As a result, considerable efforts are being made to create 

ecologically benign and economically viable technological systems that utilize the sun spectrum 

to power thermoelectric generators and photovoltaic cells. It is considered necessary to 

investigate mechanisms like photovoltaic and the thermal electric conversion processes of 

Seebeck and Peltier. [2,3]. At present, the primary challenge lies in identifying suitable 

materials for these applications, prompting extensive research to assess their efficacy in energy 

conversion. 

In this chapter, we are going to give an overview on the principal physical effects used 

in the working mechanisms of solar cells, in thermoelectric generators and in hybrid systems. 

Furthermore, we will summarise some important historical steps in the development of these 

applications. 

I.2. Solar cells 

I.2.1. Photovoltaic effect 

In semiconductors, electrons can be excited to higher energies by photons with 

sufficient energy. Stimulated electrons can be useful if they are dragged to an external circuit 

before relaxing to the ground state. In this way, light energy is transformed into electrical 

energy. Such a device is a photovoltaic cell, which uses semiconductors as light-absorbing 

materials and generates electron-hole pairs from incident photons from the sun. The device's 

inherent spatial asymmetry then separates and collects electron and hole at each of its two 

contacts [4]. When a load is connected, the charges go to the external circuit and can produce 

voltage and current. 
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Figure. I. 1: Photovoltaic effect 

 

In solar cell devices, when electrons are elevated to higher energy levels across the band 

gap, they quickly lose their excess energy through thermal relaxation, which occurs within 

femtoseconds. However, radiative recombination, where electrons emit photons and return to 

their ground state, takes a longer time, typically in the order of microseconds. This time delay 

allows for the collection of excited electrons. The difference in chemical potential between the 

excited and ground state populations creates an electrical potential difference between the 

device's two terminals. 

The incoming solar flux causes an increase in photon absorption when the solar cell is 

exposed to light. However, emission also rises since a large number of electrons are already 

excited. This indicates that radiative recombination causes energy loss in solar cell devices at 

all times. 

The net current density of a photovoltaic cell in the device is given by: 

 

                                                         𝐽(𝑉) = 𝐽𝑠𝑐 − 𝐽𝑑𝑎𝑟𝑘(𝑉)                                                   (I-1) 

𝐽𝑠𝑐  is the photocurrent density resulting from the net absorption of light. In an ideal situation 

where the material absorbs light perfectly without reflecting, and where charge separation is 

flawless, then: 

 

                                                           𝐽𝑠𝑐 = 𝑞 ∫ 𝑏𝑠(𝐸)𝑑𝐸
∞

𝐸𝑔
                                                    (I-2) 
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Where: 𝐸𝑔  represents the band gap of the absorbing material, and 𝑏𝑠(𝐸) represents the spectrum 

of sunlight. 

Jdark(𝑉) : The dark current derived from spontaneous emission, specifically radiative 

recombination loss. This current varies depending on the applied bias voltage, V, to the device 

 

                                                              𝐽𝑑𝑎𝑟𝑘 = 𝐽0(𝑒
𝑞𝑉 𝑘𝐵𝑇⁄ − 1)                                                       (I-3) 

When 𝐽(𝑉) equals zero, it means that the applied bias voltage is at the open-circuit voltage 

(𝑉𝑜𝑐), and the photocurrent and dark current are perfectly balanced, cancelling each other out. 

The power output of the solar cell device and its power conversion efficiency (PCE) are then 

determined by the applied bias voltage. PCE also relies on the band gap (𝐸𝑔) of the absorbing 

material, as absorption is influenced by 𝐸𝑔 . If 𝐸𝑔  is too small, the absorbed energy is wasted 

through carrier thermal relaxation. On the other hand, if 𝐸𝑔  is too large, the photocurrent will 

be low because most low-energy photons won't be absorbed. Therefore, there is an optimal 

value of 𝐸𝑔  for a given incident spectrum. For the solar spectrum, the ideal 𝐸𝑔  is 1.4 eV, 

resulting in a PCE of 33% [5]. 

In real-world solar cell devices, there are additional losses apart from radiative 

recombination. Auger recombination is one such loss that occurs when the carrier density is 

high. It involves an excited electron transitioning to the ground state, transferring its energy to 

another carrier, which eventually dissipates as heat during relaxation to the band edge. Another 

loss mechanism is Shockley-Read-Hall (SRH) recombination [6], which is associated with trap 

states or defects in semiconductors. SRH recombination can be minimized by controlling the 

density of defects in semiconductors. It occurs when a trap state captures one carrier and later 

captures another carrier with the opposite charge. If shallow defects near the band edge capture 

carriers, there's a chance for thermal activation before the capture of the opposite-polarity 

carrier, preventing recombination. However, deep defect states near the center of the band gap 

lead to energy loss as heat. In practical materials, SRH recombination is the primary source of 

loss. 

I.2.2. Different generations of solar cells 

The concept of photovoltaic cell generations serves as a way to trace the historical 

development of solar cell technology. Over the past few decades, since the invention of solar 

cells, these generations can be broadly categorized into four main stages [7]: 
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Figure. I. 2: Exemples of solar cells efficiencies 

 

 First Generation of Photovoltaic Cells 

The first generation of photovoltaic cells is primarily based on silicon, which has been 

a dominant force in the solar cell market for decades. These silicon-based PV cells make up 

over 80% of the world's installed capacity and hold a 90% market share due to their relatively 

high efficiency. There are different types of first-generation photovoltaic cells, including 

monocrystalline silicon (m-si), polycrystalline silicon (p-si), and gallium arsenide (GaAs) cells 

[8,9]. 

-Monocrystalline Silicon (m-si): 

 Efficiency: 15% to 24% 

 Band gap: Approximately 1.1 eV 
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 Lifespan: 25 years 

 Advantages: High stability, excellent performance, long service life 

 Limitations: High manufacturing cost, sensitivity to temperature, absorption issues, 

material wastage. 

- Polycrystalline Silicon (p-si): 

 Efficiency: 10% to 18% 

 Band gap: Approximately 1.7 eV 

 Lifespan: 14 years 

 Advantages: Simple manufacturing process, cost-effective, reduces silicon waste, better 

absorption compared to monocrystalline silicon 

 Limitations: Lower efficiency compared to monocrystalline silicon, still sensitive to 

temperature. 

- Gallium Arsenide (GaAs): 

 Efficiency: 28% to 30% 

 Band gap: Approximately 1.43 eV 

 Lifespan: 18 years 

 Advantages: High stability, reduced temperature sensitivity, superior absorption 

compared to monocrystalline silicon, excellent efficiency 

 Limitations: Extremely expensive. 

In summary, the first generation of photovoltaic cells encompasses various materials, with 

silicon-based cells dominating the market due to their efficiency and longevity. While 

monocrystalline silicon offers high performance and stability, it comes at a higher cost. 

Polycrystalline silicon is more cost-effective but sacrifices some efficiency, while gallium 

arsenide provides exceptional efficiency but is prohibitively expensive. Each type of cell has 

its unique advantages and limitations, allowing consumers to choose the best option based on 

their specific needs and budget. 

Second Generation of Photovoltaic Cells 

The second generation of photovoltaic cells introduced thin-film technologies such as 

cadmium telluride (CdTe), gallium selenide (CIGS), and amorphous silicon (a-si) cells as 

lower-cost alternatives to crystalline silicon cells [8]. These thin-film technologies offered 

improved mechanical flexibility, making them suitable for various applications. However, this 

flexibility came at the expense of reduced efficiency. 

- Amorphous Silicon (a-si): 
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 Efficiency: 5% to 12% 

 Band gap: Approximately 1.7 eV 

 Lifespan: 15 years 

 Advantages: Cost-effective, abundant supply, non-toxic, high absorption coefficient 

 Limitations: Lower efficiency, challenges in selecting dopant materials, poor minority 

carrier lifetime. 

- Cadmium Telluride/Cadmium Sulfide (CdTe/CdS): 

 Efficiency: 15% to 16% 

 Band gap: Approximately 1.45 eV 

 Lifespan: 20 years 

 Advantages: High absorption rate, less material required for production 

 Limitations: Lower efficiency, toxicity of cadmium (Cd), limited availability of 

tellurium (Te), sensitivity to temperature fluctuations. 

- Copper Indium Gallium Selenide (CIGS): 

 Efficiency: 20% 

 Band gap: Approximately 1.7 eV 

 Lifespan: 12 years 

 Advantages: Reduced material requirements for production 

 Limitations: High cost, instability, sensitivity to temperature changes, and reliability 

concerns. 

In summary, the second-generation photovoltaic cells, including CdTe, CIGS, and a-si, 

were designed to offer cost-effective alternatives to crystalline silicon cells while maintaining 

flexibility for various applications. Each technology has its unique advantages and limitations, 

such as varying efficiency levels, material toxicity concerns, and temperature sensitivity. These 

technologies represent an important step in expanding the possibilities for solar energy 

generation and addressing specific needs in the photovoltaic industry. 

Third Generation of Photovoltaic Cells  

The third generation of solar cells represents a diverse range of approaches, including 

tandem, perovskite, dye-sensitized, organic, and emerging concepts. These technologies vary 

widely in terms of cost, efficiency, and application [8], spanning from low-efficiency yet cost-

effective systems to expensive, high-efficiency options suitable for space applications. 

- Dye-Sensitized Photovoltaic Cells: 

 Efficiency: 5% to 20% 
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 Advantages: Lower cost, operation in low light and at wider angles, lower internal 

temperature, robustness, extended lifetime 

 Limitations: Temperature stability issues, use of poisonous and volatile substances. 

- Quantum Dot Photovoltaic Cells: 

 Efficiency: 11% to 17% 

 Advantages: Low production cost, low energy consumption 

 Limitations: High natural toxicity, degradation concerns. 

 Organic and Polymeric Photovoltaic Cells: 

 Efficiency: 9% to 11% 

 Advantages: Low processing cost, lighter weight, flexibility, thermal stability 

 Limitations: Lower efficiency compared to other technologies. 

- Perovskite Photovoltaic Cells: 

 Efficiency: 21% 

 Advantages: low-cost and simplified structure, lightweight, flexibility, high efficiency, 

low manufacturing cost 

 Limitations: Stability issues. 

- Multi-Junction Solar Cells: 

 Efficiency: 36% and higher 

 Advantages: High performance 

 Limitations: Complex and expensive. 

These third-generation photovoltaic cells, also known as "emerging concepts," [10] 

offer a wide range of possibilities for solar energy generation. They cater to various 

applications, from building integration to space missions. While some of these technologies 

have been in development for over 25 years [11], they are still in the process of gaining market 

acceptance. Ongoing research and development efforts aim to improve their efficiency, 

stability, and overall performance, making them a promising area for the future of solar energy. 

I.3. Thermoelectricity 

Thermoelectricity consists of the direct conversion of thermal energy into electricity, 

and vice versa, in appropriate materials. 

There are three thermoelectric effects which result from the coupling between the phenomena 

of electrical and thermal conduction: the Seebeck, Peltier and Thomson effects. 
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I.3.1. Thermoelectric effects 

I.3.1.1. Seebeck effect 

The Seebeck effect, discovered by Thomas-Johann Seebeck in 1821 [12], describes the 

occurrence of an electric potential difference within a material when exposed to a temperature 

gradient. When two metallic materials, labelled A and B, are connected and a temperature 

difference exists between their junctions even when the circuit is open, a potential difference 

(∆V) is created between these junctions (Figure. I. 3). This phenomenon is known as the 

Seebeck effect. 

                                                                       𝑆 =
∆𝑉𝐴𝐵 

∆𝑇𝐴𝐵
                                                           (I-4) 

Where S is called Seebeck coefficient or thermoelectric power. 

 

 

 

 

Figure. I. 3: A schematic diagram of Seebeck effect 

I.3.1.2. Peltier effect 

In 1834, the French physicist Jean Peltier discovered the second thermoelectric effect, 

which involves the generation of heat within a circuit when an electric current is applied. 

Specifically, when an electric current flows through the circuit, one junction releases heat (𝑄⃗ ), 

while the other junction absorbs heat. This phenomenon can be observed at the junction 

illustrated in Figure. I. 4. Notably, the amount of heat (𝑄⃗ ) absorbed or released is directly 

proportional to the magnitude of the injected current density (𝐽 ). The Peltier coefficient Π𝑎𝑏 is 

then defined by : 
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                                                                                 𝑄⃗ = Π𝐴𝐵. 𝐽                                                                         (I-5) 

𝑄⃗ : surface heat flux. 

Π𝐴𝐵: Peltier coefficient. 

𝐽 : the charge flow. 

 

 

 

 

 

Figure. I. 4: A schematic diagram of Peltier effect 

 

I.3.1.3. Thomson effect 

In 1851, the English physicist William Thomson (also known as Lord Kelvin) identified 

the third thermoelectric effect, known as the Thomson effect. This effect becomes prominent 

when there exists both a temperature gradient and an electric current simultaneously within a 

material. It involves the generation or absorption of heat in each segment of the thermocouple. 

Unlike the first two thermoelectric effects, the Thomson effect pertains to a single material and 

does not necessitate the presence of a junction. To quantify the heat flux emitted or absorbed 

per unit volume in this effect, a specific formula is utilized [5] 

                                                                        𝑄𝑇 =  𝜏. 𝐽 . ∇⃗⃗ 𝑇                                                                     (I-6) 

With 𝜏 the Thomson coefficient. 

The Kelvin relations establish a relation between the thermoelectric transport coefficients, 

including the Seebeck, Peltier, and Thomson coefficients. 
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                                                                           {
𝚷 = 𝑺. 𝑇

𝝉 = 𝑇
𝑑𝑆

𝑑𝑇

                                                                        (I-7) 

I.3.2. Thermoelectric modules 

Thermoelectric (TE) modules are semiconductor devices have the ability to directly 

transform thermal energy into electrical energy. When subjected to a temperature gradient, they 

utilize the Seebeck effect to produce a voltage, or they employ the Peltier effect to produce a 

gradient of temperature when they are given electricity. 

TE modules have versatile applications and can be used for either cooling or power 

generation, as depicted in Figure. I. 5. 

These TE modules consist of arrays of both N and P type semiconductors. By applying 

a heat source to one side and a cooling heat sink to the other side, they produce electric power. 

Conversely, when the current direction is reversed, electric power can be converted into cooling 

or heating [13]. 

 

 

 

 

Figure. I. 5: Applications of thermoelectric devices [14]. 

 

I.3.3. Important parameters of TE materials 

The optimal performance of thermoelectric (TE) modules relies on various factors, with 

material selection being a crucial consideration. When choosing Thermoelectric Generators 

(TEGs) for specific applications under varying conditions, it's essential to pick a semiconductor 

material that performs well within the temperature range of that application [15]. 
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In general, to achieve the highest efficiency, the key characteristic of a thermoelectric material 

is its dimensionless thermoelectric performance Figure of merit, denoted as ZT [13] :  

                                                                             𝑍𝑇 =
𝑆2𝜎𝜋𝑇

𝜅𝐿+𝜅𝑒
                                                                       (I-8) 

This parameter depends on the Seebeck coefficient (S), electrical conductivity (s), absolute 

temperature (T), and thermal conductivity (λ). To maximize thermoelectric efficiency, it's 

important to have a high ZT value. Figure. I. 6 shows the variation of these parameters as 

function of carrier concentration [44]. In the other hand, figure. I. 7 depicts temperature 

dependence of figure of merit ZT of a number of TE materials. 

This implies that one way to enhance the efficiency of TEGs is to either discover materials with 

properties that result in higher ZT values or modify existing materials to improve their ZT value. 

 

 

Figure. I. 6: Thermoelectric parameters variation in terms of carrier concentration (Source: 

Snyder and Toberer [44]). 

I.3.4. Thermoelectric materials 

Considerable progress has been reached in the field of thermoelectric materials, 

encompassing a wide range of materials such as, silicides, chalcogenides, Zintls, skutterudites, 

Heusler alloys, clathrates, oxides, composites, and organics . This progress has been facilitated 

by various approaches, including electronic band engineering, nano-engineering, the phonon-

glass electron-crystal strategy, and the utilization of magnetic effects, among others [16,17]. 

A recent noteworthy development is the report by C. Zhou et al. [18], highlighting a high ZT 

value of 3.10 for polycrystalline SnSe, achieved at 783 K by eliminating oxide impurities. This 
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discovery not only exceeds the ZT ceiling of 3 for thermoelectric materials, but it also shows a 

noteworthy average ZT of about 2 in the 400–700 K temperature range. 

Such achievements have become increasingly common over the past two decades, with 

extensive literature available on various thermoelectric materials and techniques to enhance 

their properties. 

Reviews by X. Shi et al. [19] and D. Beretta et al. [16] have comprehensively covered 

advancements in thermoelectric materials, structures, and device design, both from a 

contemporary and historical perspective. Additionally, a great deal of other reviews have 

examined particular facets of thermoelectric materials, such as flexible and wearable 

thermoelectric materials and devices [21], carbon allotrope hybrids [20], and fiber-based 

thermoelectric materials [21]. and flexible and wearable thermoelectric materials and devices 

[19,22,23].  

It's important to note that while enhancing the thermoelectric properties of materials is 

crucial, there are additional challenges to address for practical applications. These include 

factors such as machinability, the availability of raw materials, thermal stability, mechanical 

stability, toxicity, and the chemical stability of the utilized materials. Research, such as the 

investigation of TE materials' fracture toughness conducted by G. Li et al. [24], is exploring 

strategies to improve the mechanical strength of TE materials, helping to create high-

performing TE devices with superior mechanical dependability. 

Overall, the advancements in thermoelectric materials hold great promise and are 

essential for expanding the practicality and viability of thermoelectric devices. 

 

Figure I. 7: Temperature dependence of ZT for some TE materials (Source: C. Bera, 

Thermoelectric properties of nanocomposites materials, Engineering Sciences, Ecole Centrale 

Paris, 2010). 
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I.4. Hybrid systems thermo-photovoltaic 

Hybrid systems thermo-photovoltaic devices represent innovative solutions for 

harnessing a broader spectrum of solar radiation, leveraging the capabilities of both solar 

converters and Thermoelectric Generators (TEGs) for power generation. To improve the 

usability and reliability of these systems, researchers have been working actively. 

To take use of the broader sun spectrum, the idea of solar-based thermoelectric devices 

has emerged. The integration of thermoelectric materials with solar electricity conversion 

technology has been the subject of recent research efforts, yielding two primary categories: 

Two types of devices are (i) hybrid photovoltaic-thermoelectric (PV-TEG) systems and (ii) 

solar thermoelectric generators (STEGs). 

For usage in solar thermoelectric applications, a variety of classes of TM materials with 

varying temperature ranges are available. As an example, alloys containing bismuth telluride 

can be used in low-temperature applications (30° to 200 °C) [25,26]. For medium-temperature 

applications (200 to 500 °C), half-Heuslers, skutterudites, and PbTe/PbSe alloys are suitable 

[25]. SiGe alloys demonstrate the capacity to function at high temperatures for prolonged 

periods of time with no material deterioration [25,27]. 

A TEG module can receive a broad range of photons when a PV module is coupled with it, 

enabling the generation of electricity through the thermoelectric effect [28]. This approach 

enhances conversion efficiency and reduces heat dissipation through the PV module.  

A hybrid PV-TEG system effectively utilizes the thermal losses associated with a PV module 

to generate electricity. This innovative approach represents a promising avenue for more 

efficient and sustainable solar power generation. 
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Figure. I. 8:  Hybrid systems [26] 

I.4.1. STEG device structure & optimization 

A Solar Thermoelectric Generator (STEG) consists of a Thermoelectric Generator 

(TEG) placed between a solar absorber and a heat sink. The solar absorber concentrates sunlight 

onto a specific focal point, while the heat sink removes excess heat, maintaining a thermal 

gradient across the TEG. The solar absorber is larger than the STEG setup's cross-sectional 

area. The TEG converts heat from the PV module into electrical energy, effectively utilizing 

generated heat and enhancing hybrid system performance. Strategies to improve STEG 

performance include increasing the temperature gradient across the TEG legs, enhancing the 

ZT of thermoelectric elements, using concentrators, heat pipe arrays, and evacuated enclosures. 

Efficient thermoelectric materials, along with TEG management and thoughtful thermal design, 

play crucial roles in enhancing generator performance. 

 

I.4.2. PV-TEG hybrid device structure & optimization 

In 2008, Vorobiev et al. explored the concept of coupled Photovoltaic and Thermal 

Converters (PV-TEG) [29], which laid the foundation for the development of new PV-TEG 

devices. These hybrid systems can be configured in two main designs. In the first arrangement, 

a solar cell is positioned above a concentrator that concentrates solar radiation onto a 

Thermoelectric (TE) module. Alternatively, in a different setup, the solar cell is placed between 

the concentrator and the TE module and can operate at higher temperatures [30]. The overall 
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efficiency of the PV-TEG hybrid system is estimated based on the efficiencies of the TE 

generator and an ideal solar cell. 

In this hybrid system, a series of TE converters are mounted on a heat sink attached to 

the rear of the PV module. These thermoelectric converters facilitate the conversion of heat 

generated within the PV module into electrical energy. Researchers, such as Kraemer et al. in 

2008 [30], have developed optimization methodologies for these hybrid systems. 

Furthermore, in 2011, Sark reported module temperatures of approximately 80°C under 

high irradiation and varying ambient temperatures, depending on the system design [31]. This 

arrangement generates a maximum temperature difference in the range of 50–60°C, prompting 

the use of low-temperature thermoelectric materials. Ongoing research efforts aim to enhance 

the efficiency of PV-TEG hybrid systems, exploring various avenues to maximize their 

performance. 

 

I.4.3. Applications of STEGs and PV-TEG hybrid generators 

The demand for Solar Thermoelectric Generators (STEGs) and Photovoltaic-

Thermoelectric (PV-TEG) hybrid generators has been steadily increasing due to their rising 

conversion efficiencies. These technologies are scalable and suitable for both small and large-

scale applications [33]. STEGs find use in diverse applications such as micro power generation 

[34], mobile computing [35], terrestrial applications [36-38], space applications [39], electricity 

and heat supply [40], automotive [28], air pre-heating, pre-cooling [41], water-pumping [42], 

and battery energy storage [43]. 

Key factors for enhancing the overall performance of STEGs and PV-TEG hybrid systems [32] 

include utilizing thermoelectric materials with high ZT values, high-efficiency PV modules, 

and effective heat dissipation systems. Researchers are actively exploring various aspects, 

including novel thermoelectric materials with high figure-of-merit, modern solar energy 

collection and transfer techniques, and advanced optimization designs for STEG and PV-TEG 

systems. 

 

 



Chapter I  Solar cells and thermoelectricity 

23 
 

 

 

Figure. I. 9: .Some Solar based TEG devices applications [32] 

 

By focusing on materials with improved figure-of-merit at higher temperatures and 

optimizing module designs, solar thermoelectric systems have the potential to become 

economically viable solutions for small-scale PV-based power generation technologies. 

Predictions indicate that STEG system efficiency will continue to improve, potentially reaching 

values around 25% for zT values greater than 2. 

I.5. Conclusion 

In conclusion, a comprehensive exploration of the evolution of photovoltaic cells, 

categorizing them into three generations, each with its unique set of materials, advantages, and 

limitations. The first generation, dominated by silicon-based cells, emphasizes efficiency and 

longevity, while the second generation introduces thin-film technologies as cost-effective 

alternatives with improved flexibility. The third generation explores emerging concepts, 

showcasing a diverse range of technologies with varying efficiency levels and applications. 

 Moreover, the significant progress in thermoelectric materials, highlighting 

achievements such as the remarkable ZT value for polycrystalline SnSe. The advancements in 

this field, facilitated by various approaches, hold great promise for enhancing the practicality 

and viability of thermoelectric devices, though challenges related to material properties and 

practical applications persist. 

Overall, the discussion underscores the continuous efforts in research and development 

across generations of photovoltaic cells and thermoelectric materials. The ongoing pursuit of 

increased efficiency, stability, and overall performance reflects a promising trajectory for the 

future of sustainable energy. 
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II.1. Introduction 

Although lead-based halide perovskites and organic-inorganic hybrid perovskites  have 

high PCE, appropriate optical absorption, and tunable band gaps, their commercial applications 

have been limited due to the toxic effects of lead in the former and instability in the latter. As a 

result, scientists have been seeking for acceptable substitutes. In this regard, lead-free vacancy 

ordered double perovskites, have come to light as fascinating alternatives with potential 

qualities. 

II.2. General presentation of the structure of vacancy ordered perovskite compounds 

Before discussing vacancy ordered double perovskite compounds structure, a basic 

understanding of the simple perovskite structure is essential. Perovskite, originally, is a mineral 

composed of calcium oxide and titanium with the formula CaTiO3, which was discovered in 

the Ural Mountains in Russia. It was first described in 1839 by the German geologist Gustav 

Rose, who named it in honor of a prominent Russian mineralogist, Count Lev Aleksevich von 

Perovski. 

II.2.1. The structure of simple perovskite 

Currently, perovskites constitute one of the primary families of crystalline oxides, 

characterized by a general formula ABX3. In this formula, 'A' can represent an alkali metal, 

alkaline earth metal, or a rare earth element (lanthanide), 'B' denotes a transition metal, and 'X' 

is typically oxygen, although it can occasionally be replaced by sulfur, nitrogen, a halogen, or 

hydroxide. 

The ideal structure of a perovskite is a high-symmetry, face-centered cubic structure 

with a lattice parameter of a0 (approximately 4 Ångströms), belonging to the space group 

𝐅m3m [1]. This is the case for barium titanate (BaTiO3). Its structure can be described as 

follows (Figure II. 1a): it consists of a cubic lattice of Ba+2 cations at the corners (site A), with 

O-2 anions located at the centers of the faces, and a Ti+4 cation occupying the octahedral site 

(site B) at the center of the cube. 

Alternatively, this structure can be described (Figure II. 1b) as a cubic lattice of TiO6 

octahedra connected by corners, with Ba+2 cations occupying the centers of the cuboctahedra. 

Site A, in a cuboctahedral environment with a coordination number of twelve, is connected to 

the twelve nearest oxygen anions (Figure II. 1c). Site B, in an octahedral environment with a 

coordination number of six, is connected to the six nearest oxygen anions. In an octahedral 
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environment, oxygen has four cations A and two cations B as nearest neighbors, resulting in a 

coordination number of 6. 

Perovskites can exhibit a wide variety of lower symmetries because they often deviate from 

this ideal cubic structure. This can occur in several ways, including: 

 Distortion of the entire unit cell, such as elongation along a specific crystallographic 

direction. 

 Displacement of ion A from the center of the cuboctahedron or ion B from the center of 

the octahedron. 

 Rotation of the octahedra around an axis (referred to as "tilting"). 

 Deformation of the octahedra. 

 

 

 

Figure. II. 1: Structure of an ideal cubic perovskite ABO3 viewed in two different ways: (a) 

Site A at the origin (0,0,0); (b) Site B at the origin (0,0,0); (c) Coordination 12 of site A. 

II.2.2. Vacancy ordered perovskite properties 

II.2.2.1. The structure 

The ABX3 formula, which specifies the perovskite crystal structure, is precursored by 

CaTiO3 [2]. The exceptional electrical properties of lead-based halide perovskites are largely 

attributed to their strong Oh symmetry, which is thought to be a critical component of the crystal 

structure of these materials [3]. Through cation transformation, the ordinary cubic perovskite 

archetype ABX3 yields the ideal crystal structure of highly degenerate perovskites (HDP) with 

the general formula A2B2X6 (Figure II. 1a) [4]. As a result, HDP crystal structures and 

traditional halide single perovskites have a number of traits in common. Two non-toxic B-

cations, such as B(I)X6 and B(III)X6, that are separated in ABX3 are commonly found in HDPs. 
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This happens when the same A-site cation, such as CH3NH3+ (MA+) or Cs+, occupies the 

center of the cuboctahedral cavity [5]. This results in a network structure of alternating B(I)X6 

and B(III)X6 octahedra at the shared corners, which is referred to as rock-salt ordering [6]. 

Halogens can be substituted at the X-site, metal cations in different oxidation states at the B-

site, and both inorganic and organic compounds at the A-site thanks to its crystal structure.  

When one B-site cation is missing, HDP A2B2X6 adopts a vacancy-ordered structure, as 

shown in Figure II. 1b. The A2BX6 structure bears many similarities to cubic ABX3 

perovskites. The three sites (A, B, and X) in vacancy-ordered HDPs can have their compositions 

changed, opening up a large phase space with lots of possibilities to change their dynamic, 

structural, and compositional characteristics [7]. Its tunability makes it possible to achieve 

desired optical and electrical characteristics. For example, the band gap of vacancy ordered 

double perovskite can be changed by the selection of X ions and the strong covalent contact 

between B and the X site [8]. Large halides generate a closely packed lattice that allows 

significant orbital overlap between neighboring isolated octahedra, which can lead to better 

carrier mobilities and lower effective weights of carriers. To obtain the necessary 

characteristics, the structure can accept a broad variety of tetravalent ions at the B site. The 

choice of B site in vacancy-ordered double perovskite greatly affects the features of charge 

transport and defect chemistry. All-inorganic cesium halide perovskites are interesting options 

because of their exceptional thermodynamic stability and moisture resistance when Cs+ is 

substituted for MA+ or CH(NH2)2+ (FA+). [9,10]. 
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Figure. II. 2: Diagram  of the relationship between the simple perovskite (ABX3) and 

vacancy-ordered double perovskite (A2BX6) structures [4,7]. 

II.2.2.2. The band gap  

The band gap and optical properties of vacancy-ordered double perovskites are 

influenced by the electronic states of the B- and X- site ions. Initially, let's examine the impact 

of the X-site halogen on the band alignment and optical gap. When smaller halogens (I− → Br− 

→ Cl−) are incorporated, it leads to a progressive increase in the band gap, as shown in a 

computational study by Cai et al [11]. This trend is consistent with experimental data for the 

Cs2SnX6 and Cs2TiX6 series. For instance, Cs2SnI6 has an experimental optical gap of 

approximately 1.3 eV [12-15], while replacing I− with Br− and Cl− increases the optical gap to 

2.7 and 3.9 eV [14,16], respectively. This pattern holds for various members of the vacancy-

ordered double perovskite family as long as the A- and B-site cations remain constant. 

The influence of the X site halogen on the optical gap primarily arises from the presence 

of halogen states at the valence and conduction band edges. In most cases, the valence band 

maximum (VBM) is primarily composed of the halogen p states, making the choice of halogen 

a significant factor in determining the valence band energy. This is evident in the Cs2SnX6 

series, where the highest occupied states originate from halogen nonbonding p states. When 
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smaller halogens are incorporated, these states move to lower energies due to the decreasing 

ionization potential of the halogen p orbitals, resulting in a wider experimental optical gap [14]. 

By interacting with the B site cation at the octahedra's center and affecting the energy 

of the conduction band minimum, the X site halogen likewise influences the band gap. In the 

Cs2SnX6 series, the conduction band minimum is a hybrid of Sn 5s and X p states [12-14], 

[17,18]. As the halogen p states approach the energy of the Sn 5s states, the energy of the lowest 

unoccupied states rises due to increased covalent interactions. This combined effect of lowering 

the valence band and raising the conduction band minimum contributes to the increased band 

gap observed with smaller halogens. 

Interestingly, the change in band gap across the Cs2SnX6 series is more significant than 

in the CsSnX3 perovskites [19]. This is because the CsSnX3 compounds have valence band 

maxima derived from hybridized Sn 5s/halogen p states [20], and the effect of incorporating 

smaller halogens on the valence band energy is less pronounced compared to the nonbonding 

halogen states in Cs2SnX6. 

The molecular orbital theory diagrams provided in Figure. II. 3 offer a useful tool for 

predicting the impact of X-site substitution on the band gap. These predictions align with 

experimental data and reported band alignments for various vacancy-ordered double 

perovskites. For instance, bromide-based vacancy-ordered double perovskites have lower 

ionization potentials compared to their iodide counterparts, resulting in lower energy valence 

band maxima and larger band gaps. 

The interaction between the B-site and the halide ligands within the octahedra further 

influences the band gap's nature and magnitude. For example, replacing Sn with Te at the B-

site in Cs2TeI6 leads to a larger, indirect band gap compared to Cs2SnI6. This is due to covalent 

interactions between Te 5p and I 5p states, affecting the conduction band energy while the 

valence band maximum remains associated with the iodine 5p states. 

In summary, the band gap and optical properties of vacancy-ordered double perovskites 

are determined by a combination of factors, including the choice of halogen at the X site, 

interactions with the B site cation, and orbital character at the band edges. The trends observed 

in computational and experimental data are consistent with molecular orbital theory predictions 

and provide valuable insights into these materials' electronic structures and optical behaviors. 
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Figure. II. 3 : Molecular orbital theory perspective of the frontier states of (a) Cs2SnI6, (b) 

Cs2SnBr6, and (c) Cs2SnCl6 considering the interactions between the Sn and X orbitals [7]. 

 

II.3. State of the art 

II.3.1. Optoelectronic properties of VODPs 

The family of inorganic vacancy-ordered double perovskites (IVODPs) has recently 

gained significant attention within the scientific community due to their promising band gap 

suitability for solar cell applications, superior stability, long carrier diffusion lengths, and 

versatile applications such as catalysts, alpha particle and UV detectors. The chemical formula 

for VODPs is generally 𝐴2
+1 𝐵+4 𝑋6

−1, derived from the standard 𝐴2
+1𝐵+1 𝐵+3 𝑋6

−1 double 

perovskite lattice by periodically incorporating vacancies at B sites [21-23]. The resulting 

A2BX6 lattice structure resembles a check-board pattern between vacancies and isolated BX6 

octahedra.  

Vacancy-ordered double perovskites (HDPs) exhibit the potential to tailor the 

composition, structure, and dynamics at the A, B, and X sites, allowing for desired optical and 

electronic properties. The choice of X ions and the utilization of strong covalent B–X 

interactions enable the adjustment of the band gap. The use of large halides facilitates low 

carrier effective masses and potentially higher mobilities. Incorporating tetravalent ions at the 

B site and Cs+ at the A-site contributes to achieving the desired properties of thermodynamic 

stability and resistance to humidity. The tunable optical and electronic properties, coupled with 
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the high stability and non-toxicity of vacancy-ordered double perovskites, position them as 

promising candidates for use in photovoltaic applications. 

Over the past few years, various research groups have explored the distinctive features 

of VODPs. Faizan et al. [24] conducted theoretical investigations on a diverse range of vacancy 

ordered double Perovskites (VODPs) with the formula A2BX6 (A = Rb, Cs; B= Sn, Pd, Pt; X = 

Cl, Br, I) to comprehend their structural, electronic, and optical properties. Diao et al. delved 

into the stability and efficiency of a series of VODPs A2BX6 (A = Cs, Rb; B=Ge, Zr, Sn, Hf, 

Se, Te, Pd; X = I, Cl, Br) [22]. Chen et al. provided a review of properties of various inorganic 

perovskites with a focus on solar cell applications [21]. Zhou et al. synthesized highly stable 

Cs2PdX6 (X = Br, I) perovskite nano-crystals with 1–2 unit cell thickness, showing promise for 

optoelectronic applications [25]. Sakai et al. developed a new semiconductor, Cs2PdBr6, for 

optoelectronic applications [26]. Han et al. reported the facile solution synthesis of high-quality 

stable Cs2SnX6 (X = Br, I) perovskite crystals for use in optoelectronic devices [27]. Kaltzoglou 

et al. investigated the optical and vibrational properties of defect perovskites Cs2SnX6 (X = Cl, 

Br, I) to study hole transport efficiency in dye-sensitized solar cells [14]. Ju et al. explored 

titanium-based Vacancy Ordered Double Perovskite (VODP) halides A2TiI6 (A = Cs, Rb, K, 

In) as promising photovoltaic materials, with a tunable band-gap in the range of 1.0–1.8 eV, 

employing a combination of experimental and theoretical investigations [28]. The study of Cs 

and Ti based halide VODP Cs2TiI6 was also reported by Zhao et al., examining their 

applications as ultra-high-performance photovoltaic cells and alpha particle detectors [29,30]. 

In recent years, a diverse range of Vacancy Ordered Double Perovskites (VODPs) has been 

extensively studied by Ali et al. and Berri et al. to explore various physical properties and 

potential applications in electronics, magneto-electronics, spintronics, thermoelectrics, and 

optoelectronics. 

Recent research has shown that Cs2PtI6 perovskite attained the highest  energy 

conversion efficiency of 13.88% in the field of vacancy-ordered HDP solar cells [31]. Scholars 

are presently investigating several modifications to augment the efficiency of power conversion 

of A2BX6 perovskites. 

However, Due to both intrinsic and external flaws, the efficiency of photovoltaic solar cells 

(PSCs) using vacancy-ordered HDP materials has been comparatively inferior than that of their 

lead-based equivalents. Lead-free vacancy-ordered HDPs are difficult to synthesize because of 

their quaternary structure, limited solubility of precursors, and high annealing temperature 
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requirements. It is difficult to obtain high-quality HDPs in thin-film or crystal form, and limited 

precursor solubility remains a significant factor. 

II.3.2. Thermoelectric properties of VODPs 

The crystal structure and promising electronic and thermoelectric properties of vacancy-

ordered double perovskites (A2BX6), such as Cs2SnX6 (X = Br, I), have garnered increased 

attention [32-34]. Notably, Cs2SnX6 exhibits exceptionally low lattice thermal conductivity 

near room temperature, with ZT values reaching 0.32 for X = Br and 0.9 for X = I [35]. Li et 

al. conducted a comprehensive computational study on A2BX6 and other semiconductors [36] , 

identifying 532 materials with a lattice thermal conductivity (𝜅ɩ) of <  2 𝑊.𝑚−1. 𝐾−1 out of 

1171 investigated  . The 'vacancy ordered' double perovskite Rb2SnI6, in particular, 

demonstrated a remarkably low 𝜅ɩ of 0.1 𝑊.𝑚−1. 𝐾−1 at room temperature. 

Bousahla et al. explored Pd-based vacancy-ordered double perovskites (A2PdBr6) and revealed 

their potential for optoelectronic and thermoelectric applications, showcasing a broader 

absorption coefficient and high Seebeck coefficient [37]. Additionally, Zeng and co-workers 

investigated the thermoelectric performance of Cs2SnBr6, finding an ultralow lattice thermal 

conductivity (𝜅ɩ) of 0.17 𝑊.𝑚−1. 𝐾−1   with a glass-like heat transport mechanism through 

first-principles DFT calculations [38]. 

While extensive research has focused on the thermoelectric properties of pristine materials, 

various strategies, including atomic doping, nanostructuring [39,40], and oxygen vacancy 

modulation [32], have been employed to modulate these properties. To advance the field of 

thermoelectrics, there is a need for innovative material designs, thermoelectric devices, and 

transport theory. Established thermoelectric materials typically have ZT values around 2 for 

enhanced power generation [41,42], but there is a push to synthesize materials with even higher 

ZT values [43]. The ongoing search for novel thermoelectric materials, particularly halide 

perovskite compounds, has become a crucial research direction [44-46]. However, substantial 

efforts are required to enhance their performance and make them competitive with traditional 

thermoelectric materials. This pursuit demands decades of research and optimization, similar 

to the extensive efforts invested in traditional thermoelectric materials. 

II.4. Conclusion 

VODPs, with the general formula A2BX6, exhibit a vacancy-ordered structure derived 

from the conventional perovskite archetype. This structure allows for a wide range of tunability 

in composition, providing significant opportunities to adjust structural, compositional, and 



Chapter II  Vacancy Ordered Double Perovskites 

37 
 

dynamic properties. The choice of halogen at the X-site, interactions with the B-site cation, and 

orbital character at the band edges collectively determine the band gap and optical properties 

of VODPs. 

The optoelectronic properties of VODPs, including their band-gap suitability for solar 

cell applications, superior stability, long carrier diffusion lengths, and versatility in applications 

such as catalysts and detectors, have attracted considerable attention. Recent studies have 

explored the structural, electronic, and optical properties of various VODPs, showcasing their 

potential in photovoltaic applications. However, challenges remain in synthesizing high-quality 

lead-free VODPs, and their performance in photovoltaic solar cells still lags behind lead-based 

counterparts. 

Additionally, the thermoelectric properties of VODPs, such as their low lattice heat 

conductivity, which makes them excellent choices for thermoelectric uses. 

 Research efforts have focused on exploring materials like Cs2SnX6 for their exceptional 

thermoelectric performance, with strategies such as atomic doping and nanostructuring being 

employed to further enhance their properties. 

While the potential of VODPs in both solar cells and thermoelectrics is evident, ongoing 

research and optimization efforts are crucial to address challenges and improve their 

performance. The pursuit of novel materials, coupled with innovative design strategies, holds 

the key to realizing the full potential of VODPs in sustainable and efficient energy conversion 

technologies. 
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III.1. Introduction 

An explanation of many-electrons systems' behavior and structure is one of the 

fundamental issues in theoretical chemistry and physics. Density Functional Theory is one of 

the most popular and effective quantum mechanical approaches to describe matter in use today. 

It can be used to nuclei, molecules, solids, atoms, and both quantum and classical fluids. These 

days, DFT is frequently used to calculate a wide range of features in physics and chemistry, 

such as solids' band structures and molecular structures and reaction pathways. 

III.2. Many body Schrödinger equation 

The solution of the time-independent, non-relativistic Schrödinger equation is the 

ultimate aim of the majority of methods used in solid-state physics and quantum chemistry in 

order to obtain all available information of system. 

Consider a system of N particles interacting with each other via Coulomb potential. The 

Schrödinger equation for it is:  

 

                                                                     𝐇𝚿 = 𝐄𝚿                                                        (III-1) 

Where: 

 The many body wave function, denoted by 𝚿, is dependent on the locations of every 

electron and nucleus within the system. For N electrons and M nuclei, we have: for N 

electrons with coordinates 𝑟1⃗⃗⃗  , 𝑟2⃗⃗  ⃗, … , 𝑟3⃗⃗  ⃗and M nuclei with coordinates, 𝑅1⃗⃗⃗⃗ , 𝑅2⃗⃗ ⃗⃗ , … , 𝑅𝑀⃗⃗ ⃗⃗  ⃗ we 

have: 

 

                                                 Ψ = Ψ(𝑟1⃗⃗⃗  , 𝑟2⃗⃗  ⃗, … , 𝑟𝑁⃗⃗⃗⃗ ;  𝑅1⃗⃗⃗⃗ , 𝑅2⃗⃗ ⃗⃗ , … , 𝑅𝑀⃗⃗ ⃗⃗  ⃗)                                  (III-2) 

 

 E : the system's total energy in the designated quantum state Ψ. 

 H : the Hamiltonian operator of the system : 

 

                                              𝑯 = 𝑻𝒆 + 𝑻𝒏 + 𝑼𝒆−𝒆 +𝑼𝒏−𝒏 + 𝑼𝒆−𝒏                                 (III-3) 

 

1. 𝑇𝑒 is the kinetic energy of electrons: 

                                                    𝑇𝑒 = ∑
𝑃𝑖
2

2𝑚𝑒

𝑁
𝑖=1 = ∑

−ℏ2

2𝑚𝑒

𝑁
𝑖=1 △𝑖                                         (III-4) 

2. 𝑇𝑛 is the kinetic energy of nuclei: 
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                                                     𝑇𝑛 = ∑
𝑃𝑖
2

2𝑚𝑛

𝑀
𝑖=1 = ∑

−ℏ2

2𝑚𝑛

𝑀
𝑖=1 Δ𝑖                                        (III-5)  

3. 𝑈𝑒−𝑒 is the Coulomb interaction of electrons: 

                                                        𝑈𝑒−𝑒 =
1

2
.

1

4𝜋𝜀0
∑

𝑒2

|𝑟𝑖⃗⃗⃗  −𝑟𝑗⃗⃗  ⃗|

𝑁
𝑖≠𝑗                                             (III-6)  

4. 𝑈𝑛−𝑛 is the Coulomb interaction of nuclei: 

                                                      𝑈𝑛−𝑛 =
1

2
.

1

4𝜋𝜀0
∑

𝑍𝛼𝑍𝛽𝑒
2

|𝑅𝛼⃗⃗ ⃗⃗  ⃗−𝑅𝛽⃗⃗ ⃗⃗  ⃗|

𝑀
𝛼≠𝛽                                          (III-7) 

5. 𝑈𝑒−𝑛 is the Coulombien interaction between electrons and nuclei: 

                                                       𝑈𝑒−𝑛 = −
1

4𝜋𝜀0
∑

𝑍𝛼𝑒
2

|𝑟𝑖⃗⃗⃗  −𝑅𝛼⃗⃗ ⃗⃗  ⃗|

𝑁,𝑀
𝑖,𝛼                                            (III-8) 

𝒓𝒊⃗⃗  ⃗: electrons coordinates 

𝑹𝜶⃗⃗⃗⃗  ⃗: nuclei coordinates 

III.3. Born-Oppenheimer approximation (clamped nuclei approximation) 

As it stands, the resolution of Schrödinger equation, which is partial differential 

equation, poses an exceedingly complicated technical problem. 

The nuclei in solids usually stay in or close to specific locations. As a result, we can presume 

that the nuclei are kept stationary (clamped) in predetermined locations. This option suggests 

that the Coulomb repulsion between nuclei is just a constant and that we can ignore the kinetic 

energy of the nuclei in equation (III-3). By an adequate choice of the potential reference we 

have 𝑈𝑛−𝑛 = 0. 

Hence, the standard first step towards a solution of equation (III-1) is a partial decoupling of 

the electrons from the nuclear motion. 

So that we can break up the many-electron Hamiltonien as fallows:  

                                                               H𝑒Ψ𝑒 = E𝑒Ψ𝑒                                                       (III-9) 

                                                       𝐻𝑒 = 𝑇𝑒 +𝑈𝑒−𝑒 + 𝑈𝑒−𝑛                                             (III-10) 

This is archived by the Born-Oppenheimer approximation [1]  . 

III.4. Independent electrons approximation (Mean field approximation)   

We state that each individual electron is said to move independently of the others, 

perceiving only the average electric field generated by the nucleus and all of the other electrons. 
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Stated differently, this is the potential resulting from the ionic lattice and electron density 

distribution, excluding the effects of exchange and correlation. Hence, every electron engages 

with the crystal separately from the others. 

The multi-electronic wave function (N electrons) Ψ𝑒 is simply the product of the N 

single-electron wave function 𝜙𝑖: 

                   𝚿𝒆(𝒓𝟏⃗⃗⃗⃗ , 𝒓𝟐⃗⃗⃗⃗ , … , 𝒓𝑵⃗⃗ ⃗⃗  ) = 𝝓𝟏(𝒓𝟏⃗⃗⃗⃗ ).𝝓𝟐(𝒓𝟐⃗⃗⃗⃗ )……… .𝝓𝑵(𝒓𝑵⃗⃗ ⃗⃗  )                     (III-11) 

III.4.1. Hartree potential  

A distribution of electronic charge generates an electrostatic potential Φ(𝑟 ) through 

Poisson’s equation (Jackson, 1998):  

                                                         ΔΦ(𝑟 ) = 4𝜋 𝜌(𝑟 )                                                    (III-12) 

The electrons immersed in this electrostatic potential have a potential energy  

                                                         𝑈𝐻(𝑟 ) = −𝑒Φ(𝑟 )                                                     (III-13) 

Which is called the “Hartree potential” [2]. 

The formal solution of this equation is:  

                                                      𝑈𝐻 = −𝑒 ∫
𝜌(𝑟′⃗⃗⃗⃗ )

|𝑟 −𝑟′⃗⃗⃗⃗ |
𝑑𝑟 ′                                                   (III-14) 

                                                  𝜌(𝑟 ) = ∑ 𝜙𝑗
∗(𝑟 )𝑗 . 𝜙𝑗(𝑟 )                                                  (III-15) 

Since the potential 𝑈𝐻 is the ‘average’ potential experienced by each electron, we call this 

approach the “mean-field approximation”. 

III.4.2.  Schrödinger equation of a single electron 

Thus, the electronic Hamiltonian of equation (III-9) becomes: 

                          𝐻𝑒 = ∑ (
−ℏ2

2𝑚
Δ𝑖)

𝑁
𝑖=1 +∑ 𝑈𝐻(𝑟𝑖⃗⃗ )

𝑁
𝑖=1 +∑ (∑ 𝑈𝑖𝛼

𝑀
𝛼=1 )𝑁

𝑖=1                             (III-16) 

                                                           𝑈𝑖𝛼 =
𝒁𝜶𝒆

𝟐

|𝒓𝒊⃗⃗  ⃗−𝑹𝜶⃗⃗ ⃗⃗  ⃗|
                                                           (III-17) 
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Thus,                                               

                                                                𝐻𝑒 = ∑ 𝐻𝑖
𝑁
𝑖=1                                                      (III-18) 

                                               𝐻𝑖 = (
−ℏ2

2𝑚
△𝑖) + 𝑈𝐻(𝑟𝑖⃗⃗ ) + 𝑈𝑖(𝑟𝑖⃗⃗ )                                      (III-19) 

With:   

                                                             𝑈𝑖 = ∑ 𝑈𝑖𝛼
𝑀
𝛼=1                                                       (III-20) 

So the wave function of each electron is solution of the equation: 

                                         [
−ℏ2

2𝑚
△𝑖+ 𝑈𝑛(𝑟𝑖⃗⃗ ) + 𝑈𝐻(𝑟𝑖⃗⃗ )]𝜙𝑖 = 𝜀𝑖𝜙𝑖(𝑟 )                                (III-21) 

III.5. Hartree-Fock approximation 

The description in the Hartree approach is incomplete. In fact, electrons are not 

independent. Hartree – Fock approximation takes into account the exchange interaction. 

Exclusion principle (Slater Determinant) 

The Pauli’s exclusion principle states that, since electrons are ‘fermions’, the many-

body wave function,𝜓, must change sign if we exchange the variables of any two electrons, so, 

the wave function of the system can not be a simple product of the single wave functions (anti 

symmetricity of the wave function). This principle is equivalent to the statement that no two 

electrons can occupy the same electronic state [3].  

Hence, Hartree-Fock approximation, which defines the wave function as a “Slater determinant” 

(anti symmetric product of single electronic Hartree functions): 

 

 

       Ψ(𝑟1⃗⃗⃗   𝜎1⃗⃗  ⃗, 𝑟2⃗⃗  ⃗ 𝜎2⃗⃗⃗⃗ , … , 𝑟𝑁⃗⃗⃗⃗  𝜎𝑁⃗⃗ ⃗⃗  ) =
1

√𝑁! |

|

𝜙1(𝑟1⃗⃗⃗   𝜎1⃗⃗  ⃗) 𝜙1(𝑟2⃗⃗  ⃗ 𝜎2⃗⃗⃗⃗ ) ……… 𝜙1(𝑟𝑁⃗⃗⃗⃗  𝜎𝑁⃗⃗ ⃗⃗  )

𝜙2(𝑟1⃗⃗⃗   𝜎1⃗⃗  ⃗).
.
.

𝜙2(𝑟2⃗⃗  ⃗ 𝜎2⃗⃗⃗⃗ ).
.
.

……….
.
.

𝜙2(𝑟𝑁⃗⃗⃗⃗  𝜎𝑁⃗⃗ ⃗⃗  ).
.
.

𝜙𝑁(𝑟1⃗⃗⃗   𝜎1⃗⃗  ⃗) 𝜙𝑁(𝑟2⃗⃗  ⃗ 𝜎2⃗⃗⃗⃗ ) ……… 𝜙𝑁(𝑟𝑁⃗⃗⃗⃗  𝜎𝑁⃗⃗ ⃗⃗  )

|

|
      (III-

22) 
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𝜙𝑖  : single electron wave function 

N : electrons number 

𝜎𝑖⃗⃗⃗   : electrons spin  

𝑟𝑖⃗⃗  : electrons coordinate 

Using a “variational principle”, Fock obtains the so-called Hartree-Fock equations: 

               [
−ℏ2

2𝑚
△𝑖+ 𝑈𝑛(𝑟𝑖⃗⃗ ) + 𝑈𝐻(𝑟𝑖⃗⃗ )]𝜙𝑖 + ∫𝒅𝒓⃗ 

′ 𝑽𝑿(𝒓⃗ , 𝒓⃗ 
′)𝝓𝒊(𝒓⃗ 

′) = 𝜀𝑖𝜙𝑖(𝑟 )                  (III-23) 

                                                   𝑉𝑋(𝑟 , 𝑟 
′) = −∑

𝜙𝑗
∗(𝑟 ′).𝜙𝑗(𝑟 )

|𝑟 −𝑟′⃗⃗⃗⃗ |
𝑗                                            (III-24) 

 The application of this approximation (Hartree-Fock approximation) leads to good 

results. However, it always gives an upper bound to energy. It does not take into account the 

effects of electronic correlations. Processing large systems, such as solids, remains difficult. An 

attempt to its improvement by including correlation effects made it extremely expensive in 

computation by depending on the number of electrons. Despite everything, this Hartree-Fock 

method remains an essential benchmark. 

III.6. Differential functional theory (DFT) 

We have observed that the challenge of finding the quantum states of a system with N 

electrons is very complicated since the many-body wave function  𝛹(𝑟1⃗⃗⃗  , 𝑟2⃗⃗  ⃗,· · · , 𝑟𝑁⃗⃗⃗⃗  ) involves 

3N  

The fundamental principle of DFT consists in describing an interacting electronic system by its 

density and not by its wave function. This idea finds its origin mainly in Thomas [3] and Fermi 

[4] works, but it has not given any proof until 1964, by the two theorems of Hohenberg and 

Kohn [5] which connect a whole system with N electrons evolving in an external potential 𝑉𝑒𝑥𝑡   

to the electrons density of the real system. 

III.6.1. Thomas-Fermi theory  

 Just after the publication of the original Schrödinger article, Thomas [3] and Fermi 

[4] suggested an alternate approach to solving the Schrödinger equation in 1928, based solely 

on the electronic density. This approach makes the assumption that there is no correlation 

between the electrons' movements and that the energy kinetics may be adequately represented 

by a local approximation based on findings from the situation of free electrons. . A little later, 
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Dirac [6] proposed to take into account exchange effects by incorporating a term from the 

exchange energy density into a homogeneous gas of electrons. This method has been 

successfully applied in the field of physics plasma, although it was rudimentary and did not 

allow the study of molecules. 

III.6.2. Hohenberg-Kohn theorems [5] 

The approach developed by Pierre Hohenberg and Walter Kohn allowed for the 

reformulation of the density functional theory proposed by Thomas and Fermi into an exact 

theory for a many-body system. The reformulation is applicable to any system of interacting 

particles evolving in an external potential. It is based on two essential theorems that were stated 

and proven by Hohenberg and Kohn in their 1964 article. 

Theorem 1: 

“The total energy of the ground state 𝐸0 is a single functional of the density of particles 𝜌(𝑟 ) 

for a given external potential Vext (r)”. (1964) 

A unique relationship between the electron density and the external potential is shown by this 

first theorem. The wave function and, thus, the system's electrical characteristics are then 

uniquely determined by it. 

. Thus, for a given system, the total energy is written as following: 

 

           𝐸[𝜌] = 𝑇[𝜌] + 𝐸𝑒𝑒[𝜌] + 𝐸𝑁𝑒[𝜌] = 𝐹𝐻𝐾[𝜌] + ∫ 𝜌(𝑟 )𝑉𝑁𝑒(𝑟 )𝑑𝑟                   (III-25) 

                                          𝐹𝐻𝐾[𝜌] = 𝑇[𝜌] + 𝐸𝑒𝑒[𝜌]                                               (III-26) 

𝑇: kinetic energy  

𝑉𝑁𝑒 : potential of nuclei 

𝐸𝑒𝑒: electron-electron interaction 

The ultimate goal in density functional theory is to find the functional 𝐹𝐻𝐾[𝜌]. Actually, we 

would have precisely solved the Schrödinger equation if we had known. 

Theorem 2: 

“The ground state density 𝜌0  is precisely the function that minimizes the total energy E”. 

 

                                                       
𝜕𝐸

𝜕𝜌
|
𝜌0

= 0                                                        (III-27) 
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 With these two theorems proposed by Hohenberg and Kohn, the problem posed by 

the solution of the multielectronic Schrödinger equation is shifted. Instead of trying to get a 

good approximation on the wave function of the ground state of the system, we seek to express 

the energy of the system as a functional of the density, without worrying about the function 

wave, unlike the Hartree-Fock method for which the initial knowledge of the the system's wave 

function is needed to assess its physical or chemical properties. 

Therefore, in principle, knowing the charge density, we can deduce 𝑉𝑒𝑥𝑡 (𝑟) and determine the 

operator Hamiltonian and through this operator, all the properties of the ground state of the 

system, in particular its energy and therefore all the associated derived quantities can be 

calculated. 

The problem which arises is then the formulation of the functional 𝐹𝐻𝐾[𝜌] and in 

particular the kinetic energy expression 𝑇[𝜌]. Indeed, it is not possible, for a multi-electronic 

system in interaction, to find an analytical expression for the function of kinetic energy. Strong 

fortunately, we know how to write it very well, in the absence of interaction. 

III.6.3. Kohn-Sham equations  

The solution of that problem was found by Walter Kohn and Lu Sham thought in 1965 

[7]. In fact, they got around the problem by replacing the system of N-electrons in interaction, 

impossible to solve analytically, by an auxiliary system whose kinetic energy is explicitly 

calculable. For this, they imagined a model system of N fermions without interactions, evolving 

in an effective potential, which makes it possible to guarantee that the system has, in the ground 

state, the same density as the real system of electrons. These fermions have the same spin as 

electrons and respect the Pauli Exclusion Principle. However, by eliminating interaction, each 

fermion can be treated independently, which allows to reduce the question to a single body 

problem. The kinetic energy of this fictitious system differs from that of the real system, but 

has the advantage of being able to be expressed itself directly from orbitals, 𝜙𝑖 (𝑟), that we can 

directly relate to density: 

                                            𝑇𝑠 =
ℏ2

2𝑚
∑ ⟨𝜙𝑖|Δ|𝜙𝑖⟩
𝑁
𝑖=1                                              (III-28a) 

                                     𝜌𝑠(𝑟 ) = ∑ ∑ |𝜙𝑖(𝑟 , 𝑠)|𝑠
𝑁
𝑖=1 = 𝜌(𝑟 )                                   (III-28b) 

Where: 𝜙𝑖 are the orbitals of the non-interacting system. Undoubtedly, TS is not equal to the 

true kinetic energy of the real system. Kohn and Sham accounted for that by introducing the 

following separation of the functional 𝐹𝐾𝑆[𝜌] 
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                                            𝐹𝐾𝑆[𝜌] = 𝑇𝑠[𝜌] + 𝐸𝑆[𝜌]                                            (III-29) 

To guarantee an equal density between the real system and the model (fictitious system), the 

effective potential should be chosen as follows: 

                                      𝑬𝒔 = 𝑬𝒆𝒆[𝝆] + (𝑻[𝝆] − 𝑻𝒔[𝝆])                                        (III-30) 

This reformulation makes it possible to define a single electronic Hamiltonian and to write the 

equations of single electronic Kohn-Sham that can be digitally solved: 

                         𝐻𝑠 = ∑ ℎ𝑠(𝑟𝑖⃗⃗ )
𝑁
𝑖=1 = ∑ (−

ℏ2

2𝑚
∆𝑖 + 𝑉𝑒𝑓𝑓(𝑟𝑖⃗⃗ ))

𝑁
𝑖=1                             (III-31) 

This Hamiltonian presents, for solution, a Slater determinant 𝜳𝒔 (III-22). Orbitals molecules in 

this determinant are obtained after solving the equation: 

                               ℎ𝑠(𝑟𝑖⃗⃗ )𝜙𝑖(𝑟 ) = (−
ℏ2

2𝑚
∆𝑖 + 𝑉𝑒𝑓𝑓(𝑟𝑖⃗⃗ ))𝜙𝑖(𝑟 ) = 𝜀𝑖𝜙𝑖(𝑟 )                      (III-32) 

These orbitals, in turn, determine the value of the kinetic energy functional without interaction 

𝑻𝒔[𝝆] of equation (III-28a) and the density of equation (II-28b). This density is the same as 

that of the original multi-electronic system  

                       𝑽𝒆𝒇𝒇(𝒓⃗ ) = 𝑽𝒆𝒙𝒕(𝒓⃗ ) + 𝑽𝑯[𝝆(𝒓⃗ )] + 𝑽𝑿𝑪[𝝆(𝒓⃗ )]                                (III-33) 

The second term, commonly known as the Hartree potential 𝑽𝑯, expresses the conventional 

Coulomb interaction between a two of electrons, where 𝑽𝒆𝒙𝒕 is the exterior potential generated 

by nuclei. The exchange-correlation potential, or 𝑽𝑿𝑪, is the final term and includes the kinetic 

energy corrections (𝑻[𝝆] − 𝑻𝒔[𝝆]). 𝑽𝑿𝑪is the only term for which there isn't an explicit form 

available.The electron density, which is determined from the wave functions of independent 

fermions, which in turn depend on the potential determined from the density, etc., is what 

determines the potential of equation (III-32). This method produces what is known as a "self-

consistent field (SCF)" processing, also termed the self-consistent field method.  

III.6.4. Numerical resolution of Kohn-Sham equations 

 The Kohn-Sham equations represent a set of single electronic Schrödinger equations. 

They can be solved numerically using an iterative process, in a self-coherent manner (Figure. 

III. 1). The self-coherent cycle is initialized by an arbitrary starting density value 𝜌𝑖𝑛  to 

calculate the various density functional. This allows us to find the value of the effective 

potential 𝑉𝑒𝑓𝑓 using equation (III-33). We then solve the single electronic system of equations 
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(III-32). The solutions allow to obtain a new value of the density. The processing cycle is 

repeated until the convergence of the various calculated quantities. 
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III.7. Exchange – correlation potential 

 To solve the Kohn and Sham equations various exchange -correlation functional were 

considered. 

III.7.1. Local density approximation LDA  

 The local density approximation assumes that the electron density can be processed 

locally as a uniform electron gas. In other words, this approach consists of making the following 

two assumptions: 

1- The exchange-correlation effects are dominated by the density at point 𝑟 . 

2- The density 𝜌(𝑟 ) is a function varying slowly with 𝑟 .  

Thus, the fundamental hypothesis contained in the formalism of the LDA consists in 

considering that the contribution of 𝜀𝑋𝐶
𝐿𝐷𝐴[𝜌] to the total energy of the system can be added in a 

cumulative manner from each portion of the non-uniform gas as if it were locally uniform. 

The LDA exchange-correlation functional assumes that the exchange-correlation part of the 

total energy of the fundamental state of the electronic system can be written according to the 

expression: 

                                       𝐸𝑋𝐶
𝐿𝐷𝐴[𝜌] = ∫ 𝜌(𝑟 ) 𝜀𝑋𝐶[𝜌(𝑟 )]𝑑𝑟                                      (III-34) 

in which 𝜀𝑋𝐶[𝜌(𝑟 )] represents the exchange-correlation energy per electron in a system of 

interacting electrons of uniform density 𝜌(𝑟 ). 

The quantity 𝜀𝑋𝐶[𝜌(𝑟 )] can be further split into exchange and correlation contributions 

                                                 𝜀𝑋𝐶[𝜌(𝑟 )] = 𝜀𝑋[𝜌(𝑟 )] + 𝜀𝐶[𝜌(𝑟 )]                                     (III-35) 

In this case, the form of exchange energy is exactly known: 

Figure. III. 1: Diagram describing the iterative process (SCF) for solving 

Kohn-Sham equations 
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                                             𝜀𝑋 = −
3

4
(
3

𝜋
)

1

3
(𝜌(𝑟 ))

4

3                                                (III-36) 

The total exchange energy in a volume Ω : 

                                            𝐸𝑥
𝐿𝐷𝐴[𝜌(𝑟 )] = −

3

4
(
3

𝜋
)

1

3
∫ (𝜌(𝑟 ))

4

3𝑑𝑟 
(Ω)

                                   (III-37) 

                                                         𝐸𝑥
𝐿𝐷𝐴 = −

3

4
(
3

𝜋
)

1

3
𝜌
4

3 Ω                                                (III-38) 

 An exact solution for the correlation energy of uniform gas is not known, but we know 

approximations for low and high electron densities. The correlation contribution was first 

estimated by Wigner [8], then corrected by a quantum Monte-Carlo simulation by authors such 

as CEPERLEY [9] and more recently BECCA and SORELLA [10]. The search for analytical 

functions that come as close as possible to experimental results leads to the development of 

various functional with different degrees of success. 

Since real systems are far from the model of a homogeneous electron gas, the LDA 

approximation only works well enough where the charge density varies slowly; the case of 

covalent systems and simple metals.  

On the other hand, it has a bad asymptotic behavior which leads to a bad description of the ionic 

systems and an erroneous description of dissociations. It doesn’t work also for strongly 

localized electrons (d and f). The improvements of the LDA approach must consider the 

electron gas in its real form, which is non-uniform and non-local. The GGA, meta-GGA and 

hybrids approximations allow us to gradually approach the consideration of these two effects. 

III.7.2. Approximation of the local spin-polarized density (LSDA) 

 The generalization of the LDA is extended to the LSDA to support systems with 

polarized magnetization. For these systems, the electron density 𝝆(𝒓⃗ ) can be split into two spin 

densities: up and down (Equation III-39) [11,12] and a new variable can be defined: the 

magnetization density 𝒎(𝒓⃗ ) (Equation III-40) [13]. 

The exchange-correlation energy, and therefore the total energy becomes functional of the two 

spin densities (Equations. (III-41) and (III-42)) 

                                                        𝝆(𝒓⃗ ) = 𝝆↑(𝒓⃗ ) + 𝝆↓(𝒓⃗ )                                                (III-39) 

                                                        𝒎(𝒓⃗ ) = 𝝆↑(𝒓⃗ ) − 𝝆↓(𝒓⃗ )                                              (III-40) 
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                                                     𝑬 = 𝑬[𝝆,𝒎] = 𝑬[𝝆↑, 𝝆↓]                                              (III-41) 

                             𝐸𝑋𝐶
𝐿𝑆𝐷𝐴[𝝆↑, 𝝆↓] = ∫ 𝜌(𝑟 ) 𝜀𝑋𝐶[𝝆↑(𝑟 ), 𝝆↓(𝑟 )]𝑑𝑟                             (III-42) 

Here: 𝜀𝑋𝐶[𝝆↑(𝑟 ), 𝝆↓(𝑟 )] is the functional of the exchange-correlation energy per particle of a 

uniform electron gas. The equation of Kohn and Sham (III-32) for the two spin is written: 

                                             [−
1

2
∇2 + 𝑉𝑒𝑓𝑓

↑ (𝑟 )]𝜙𝑖(𝑟 ) = 𝜀𝑖
↑𝜙𝑖(𝑟 )                                     (III-43) 

                                             [−
1

2
∇2 + 𝑉𝑒𝑓𝑓

↓ (𝑟 )]𝜙𝑖(𝑟 ) = 𝜀𝑖
↓𝜙𝑖(𝑟 )                                   (III-44) 

Within the effective potential of equation (III-33), only the exchange-correlation contribution 

depends on the spin. On the other hand, the other terms of Coulomb energy remain functional 

of the total density. We then write: 

                                         𝑉𝑒𝑓𝑓
↑ (𝑟 ) = 𝑉𝑒𝑥𝑡(𝑟 ) + 𝑉𝐻[𝜌(𝑟 )] +

𝛿𝐸𝑋𝐶(𝝆↑,𝝆↓)

𝛿𝜌↑(𝑟 )
                              (III-45) 

                                          𝑉𝑒𝑓𝑓
↓ (𝑟 ) = 𝑉𝑒𝑥𝑡(𝑟 ) + 𝑉𝐻[𝜌(𝑟 )] +

𝛿𝐸𝑋𝐶(𝝆↑,𝝆↓)

𝛿𝜌↓(𝑟 )
                           (III-46) 

III.7.3.  Generalized gradient approximation (GGA) 

 In order to take into account the inhomogeneity of the electronic density of real 

systems to improve the estimation of the exchange-correlation functional, some authors had the 

idea of taking into consideration not only the local density within a unit of volume but also its 

variation, estimated from other neighboring volumes. The exchange-correlation energy will 

therefore be expressed as a function of the electron density 𝝆 (𝒓 ) and of the gradient of this 

one 𝛁𝝆 (𝒓 ) also: 

                       𝐸𝑋𝐶
𝐺𝐺𝐴[𝜌] = ∫𝜌(𝑟 ). {𝜀𝑋

𝐺𝐺𝐴[𝜌, ∆𝜌], 𝜀𝐶
𝐺𝐺𝐴[𝜌, ∆𝜌]} 𝑑𝑟                          (III-47) 

 GGA functional are built according to two different procedures. The first one is of an 

empirical nature and consists of a numerical interpolation of the experimental results like the 

exchange functions denoted B (Becke88) [14], PW (Perdew-Wang) [15] or even mPW 

(Modified Perdew-Wang) [16]. The second procedure consists of building the functional on the 

basis of the principles of quantum mechanics (they are more rational), such as functional 

exchange P (Perdew86) [17] or PBE (Perdew-Burke-Ernzerhof) [18]. 
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 Compared to the LSDA approximation, the GGA approximation can improve the 

precision on the total energy value [18], the atomization energies [19], the barrier energies or 

deviations of energy between different bands [20,21]. It also makes a correction on the chemical 

links. It tends to make them weaker and longer [22]. However, this correction is sometimes 

overestimated compared to the LSDA approximation [23]. As expected, the GGA 

approximation gives relatively better results for materials with spatial variations in electron 

density; this is particularly the case of oxides of transition metal, such as perovskites which 

have very localized electrons. 

Although the GGA approximation and its various variants have largely shown their efficiency 

in calculations (magnetism in metals, cohesion, electronic properties of metals surface and 

semiconductors, etc.), they do not always give satisfactory results. They still fail to determine 

the width of the gap. The underestimation of the gap can reach 50% compared to experimental 

data [24-26]. 

III.7.4. Potential of Becke-Johnson (BJ) and its modification (mBJ) 

 A revised version of the exchange potential, initially proposed by Becke and Johnson 

[42], was subsequently presented by Tran and Blaha [27]. Tran and Blaha [28] conducted tests 

on the Becke-Johnson (BJ) exchange potential, designed by Becke and Johnson to replicate the 

shape of the exact exchange potential, i.e., the optimized effective potential (OEP). They 

observed that employing the BJ potential in conjunction with the correlation potential of LDA 

consistently led to underestimated gap energies. To enhance these outcomes, Tran and Blaha 

[27] introduced a straightforward modification to the original BJ potential, resulting in 

improved agreement with more computationally intensive approaches such as hybrid 

functionals [26,29,30], and the GW method [31-33]. 

This modified potential is known as the mBJ potential (or TB potential: Tran-Blaha) and has 

been incorporated into the ab-initio Wien2k code. The mBJ potential is formulated as follows:  

                                    𝑉𝑥,𝜎
𝑇𝐵−𝑚𝐵𝐽(𝑟 ) = 𝑐. 𝑉𝑥,𝜎

𝐵𝑅(𝑟 ) + (3𝑐 − 2)
1

𝜋
√
5

6
√
𝑡𝜎(𝑟 )

𝜌𝜎(𝑟 )
                        (III-49) 

Where 

The electron density for a given spin 𝜎 =−
+ 1

2
: 

                                                           𝜌𝜎(𝑟 ) = ∑ |𝜙𝑖,𝜎(𝑟 )|
2𝑛𝜎

𝑖=1                                          (III-50) 

The density of kinetic energy: 
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                                                  𝑡𝜎(𝑟 ) =
1

2
∑ ∇𝜙𝑖,𝜎

∗𝑛𝜎
𝑖=1

(𝑟 ). ∇𝜙𝑖,𝜎(𝑟 )                                 (III-51) 

The potential of Becke-Roussel 

                                      𝑉𝑥,𝜎
𝐵𝑅(𝑟 ) = −

1

𝑏𝜎(𝑟 )
(1 − 𝑒−𝑥𝜎(𝑟 ) −

1

2
𝑥𝜎(𝑟 ). 𝑒

−𝑥𝜎(𝑟 ))                     (III-52) 

Becke-Roussel (BR) [34] is suggested as a representation for the Coulomb potential generated 

by the exchange hole. 

xσ in equation (III.52) is determined from 𝜌𝜎(𝑟 ), ∇𝜌𝜎(𝑟 ), ∇
2𝜌𝜎(𝑟 ), and 𝑡𝜎(𝑟 ); while 𝑏𝜎(𝑟 ) is 

calculated using the following relation: 

                                                            𝑏𝜎(𝑟 ) = [
𝑥𝜎
3(𝑟 )𝑒−𝑥𝜎(𝑟⃗⃗ )

8𝜋𝜌𝜎(𝑟 )
]

1

3

                                            (III-53) 

In equation (III-49), (c) was chosen to depend linearly on the square root of the mean of 

∇𝜌(𝑟 )/𝜌(𝑟 ) [43]: 

                                                 𝑐 = 𝛼 + 𝛽 (
1

Ω𝑐𝑒𝑙𝑙
∫

∇𝜌(𝑟′⃗⃗⃗⃗ )

𝜌(𝑟′⃗⃗⃗⃗ )
𝑑3

Ω𝑐𝑒𝑙𝑙
𝑟′⃗⃗  ⃗)

1

2

                                (III-54)  

α and β are adjustable parameters (α = -0.012 (dimensionless) and β = 1.023 Bohr1 / 2) and 

𝛺𝑐𝑒𝑙𝑙 is the volume of the unit cell. 

Equation (III-49) was chosen so as to restore the exchange potential of LDA for a density 

electron constant (regardless of the value of parameter c): 

       .                                          𝑉𝑥
𝐿𝐷𝐴[𝜌(𝑟 )] = −(

3

𝜋
)

1

3
(2𝜌𝜎(𝑟 ))

1

3                                    (III-55) 

This formulation is highly appealing since obtaining the exchange potential at a specific point, 

denoted as 𝑟 , only requires knowledge of the density at that same point, represented as 𝜌(𝑟 ). 

Although the expression for the correlation potential is somewhat more intricate, it similarly 

relies solely on the local density. In other words, determining the correlation potential at a given 

point is solely contingent on the density value at that specific point. 

In addition, the potential 𝑉𝑥,𝜎
𝐵𝑅(𝑟 ) is considered equal to the Slater potential, 𝑉𝑥,𝜎

𝑆𝑙𝑎𝑡𝑒𝑟(𝑟 ) which 

represents the mean of the Hartree-Fock potential [35]: 

                                                          𝑉𝑥,𝜎
𝐵𝑅(𝑟 )  ≈ 𝑉𝑥,𝜎

𝑆𝑙𝑎𝑡𝑒𝑟(𝑟 )                                               (III-56) 
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As a result, the BR potential is reduced to (3/2) of the potential 𝑉𝑥
𝐿𝐷𝐴 , and the second term of 

equation (III-49) (without the term (3c-2)) is reduced to −
1

2
𝑉𝑥
𝐿𝐷𝐴  since  

                                                      𝑡𝜎 = (
3

20
) . (3𝜋2)

3

2. (2𝜌𝜎)
5

3                                            (III-57) 

For a constant density  

When c=1, the original Becke-Johnson (BJ) potential is replicated. Through varying c for a 

particular material, it was observed [27] that for several solids, the gap energy consistently 

increases with c. Specifically, for solids with small gaps, the optimal value Copt (the value of c 

leading to perfect agreement with experimental results) falls within the range of 1.1 to 1.3, while 

for solids with larger gaps, Copt is higher (varying from 1.4 to 1.7). 

Drawing inspiration from the screened hybrid functional (HSE14) [36] principle, Tran and 

Blaha [27] utilized equation (III-49) to adjust c relative to Copt. Therefore, this equation (III-49) 

is considered a type of hybrid potential in which the "Exact" exchange potential value is 

determined by c. 

III.8. Calculation method 

III.8.1. Introduction 

 In the framework of the Kohn-Sham equations (III-32), the exchange-correlation 

component can be determined through approximations like Local Density Approximation 

(LDA) and Generalized Gradient Approximation (GGA), as discussed earlier. Defining the 

remaining portion of the effective potential in the system becomes necessary.  

Given the option to separately address valence and core electronic states (refer to Section III.3: 

Born-Oppenheimer Approximation), various choices emerge. Two major classes of potentials 

are identified: "all-electron" potentials and "pseudo-potentials."  

 An all-electron potential may be either comprehensive (FP: Full Potential), 

encompassing all electrons in the system without any simplification, or of the Muffin-

Tin (MF) variety, assuming a spherical potential within each atom of the crystal and a 

constant value in the region between these atoms (see Figure. III. 2). 

 In the context of a pseudo-potential, only valence electrons are explicitly considered 

during the computation, while other core states are held fixed within a constant 

potential.  
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The selection of an appropriate potential for the specific type of calculation being conducted 

significantly influences the accuracy of the obtained results. 

Much like the decision regarding the potential, the careful selection of the "wave function basis" 

is crucial as it directly impacts the efficiency of the calculation, depending on the properties 

under investigation. Various methodologies utilizing diverse types of basis have been 

established within the context of Density Functional Theory (DFT). Despite the method 

employed, a commonality is the self-consistent resolution of the Kohn-Sham equations. 

 In a crystal characterized by a periodic potential 𝑉(𝒓⃗ + 𝒂⃗⃗ ) = 𝑉(𝒓⃗ ), where 𝒂⃗⃗  

represents the crystal's periodicity), the solutions to the Kohn-Sham equations adopt the form 

of Bloch waves [37] 

 

 

 

Figure. III. 2: Crystalline potential in SrTiO3: (a) total potential and (b) muffin-tin potential. 

 

III.8.2. Bloch theorem 

One of the fundamental characteristics of a crystal is translation symmetry. In a crystal, 

the ions are arranged in such a way that the crystalline structure repeats periodically and 

infinitely in space. The infinitely sized system can therefore be described finitely through the 

concept of periodicity. If 𝑅⃗  denotes a vector of the crystal lattice, the effective potential 𝑉𝑒𝑓𝑓(𝑟 ) 

the electron density 𝜌(𝑟 ), and the wave functions ∅(𝑟 ) obey to : 

                                                         𝑉𝑒𝑓𝑓(𝑅⃗ + 𝑟 ) = 𝑉𝑒𝑓𝑓(𝑟 )                                              (III-58) 

                                                              𝜌(𝑅⃗ + 𝑟 ) = 𝜌(𝑟 )                                                  (III-59) 

                                                              𝜙(𝑅⃗ + 𝑟 ) = 𝜙(𝑟 )                                                 (III-60) 
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Applying this condition of translation symmetry invariance to the solutions of the Kohn-Sham 

equations allows us to write the wave functions ∅𝑖(𝑟 )in the form of Bloch functions [37]. 

                                                              ∅𝑖(𝑟 ) = 𝑓(𝑟 )𝑒𝑖𝑘⃗ .𝑟                                                  (III-61) 

Where, 

𝑘⃗ : vector belonging to the reciprocal space and characterizing the wave function. Due to 

translation symmetry, only vectors belonging to the first Brillouin zone are considered.  

𝑓(𝑟 ): periodic function, which can be expanded in a Fourier series, i.e., on a basis of plane 

waves whose wave vectors G are those of the reciprocal lattice 

                                                            𝑓(𝑟 ) = ∑ 𝐶𝑖,𝐺𝑒
𝑖𝐺 .𝑟 

𝐺                                                  (III-62) 

One can then write the wave function 𝜙(𝑟 ) as a sum of plane waves: 

                                                       ∅𝑖(𝑟 ) = ∑ 𝐶𝑖,𝑘+𝐺𝑒
𝑖(𝑘⃗ +𝐺 ).𝑟 

𝐺                                           (III-63) 

At this stage, the only unknowns are the coefficients 𝐶𝑖,𝑘+𝐺  In principle, expressing a periodic 

function as a Fourier series requires an infinite number of terms. However, here we can truncate 

the series defined by a cutoff kinetic energy. The kinetic energy is defined as: 

                                                             𝐸𝑐𝑖𝑛(𝑘⃗ + 𝐺 ) =
ℏ2

2𝑚𝑒
(𝑘⃗ + 𝐺 )

2
                                                (III-64) 

Where 𝑚𝑒 is the mass of the electron. Thus, when a wave function is expanded over a basis of 

plane waves for each k point, the sum will be truncated from a certain kinetic energy 𝐸𝑐𝑢𝑡−𝑜𝑓𝑓 

                                                               𝐸𝑐𝑖𝑛(𝑘⃗ + 𝐺 ) < 𝐸𝑐𝑢𝑡−𝑜𝑓𝑓                                                      (III-65) 

This truncation will introduce an error in the calculation of the total energy; however, this error 

can be reduced by increasing the value of 𝐸𝑐𝑢𝑡−𝑜𝑓𝑓. The more oscillatory the wave function 

𝜙(𝑟 ) is, the more significant the truncation energy and consequently the number of plane waves 

must be to provide an accurate description. Thus, Bloch's theorem allows one to transition from 

N Kohn-Sham equations, where N is the infinite number of electrons, to Ncell*Nk equations 

(where Ncell is the number of electrons in the unit cell and Nk is the number of reciprocal space 
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vectors chosen to sample the first Brillouin zone, following, for example, the Monkhorst and 

Pack method). 

III.8.3.   Linearized augmented plane waves (LAPW or FP-LAPW) 

III.8.3.1. Augmented Plane waves (APW) 

A stationary plane wave is a periodically repeating wave in physical space, with 

periodicity defined for any wave vector 𝑘⃗  in reciprocal space. 

                                                               𝑓(𝑟 ) = 𝐶𝑘⃗ 𝑒
𝑖𝑘⃗ .𝑟                                                      (III-66) 

Here, 𝐶𝑘⃗  represents the complex amplitude of the wave. 

Opting for a basis comprising plane waves offers advantages owing to the 

straightforward nature of these functions, negating the requirement for assumptions regarding 

the ultimate wave function's structure. The formulation of the system's equations becomes 

considerably simpler in comparison to employing localized basis localized around atoms. 

In 1937, Slater [38] suggested an improvement to this model by partitioning space into 

two regions: discrete "Muffin-Tin" spheres with a radius Rα surrounding atoms and an 

interstitial region between atoms (Figure. III. 3). These two regions are addressed separately.   

 

 

 

 

 

 

 

 

 

 

Figure. III. 3: Diagram illustrating the distribution of the elementary cell into atomic spheres 

and interstitial regions. 
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In regions proximal to the atomic nucleus (where 𝑟 < 𝑅𝛼), electrons exhibit behavior 

akin to being within isolated atoms, subject to a spherically symmetric potential. The wave 

functions in these areas serve as solutions to the radial component of the Schrödinger equation. 

Conversely, in the interstitial regions between the spheres (where 𝑟 > 𝑅𝛼), electrons are 

relatively "free", and the potential is treated as constant. 

                                      𝑉(𝑟 ) = {
𝑉(𝑟)              𝑟 ≤ 𝑅𝛼
𝑉0                   𝑟 > 𝑅𝛼

                                            (III-67) 

 In this scenario, the wave functions utilized to describe them adopt the form of plane 

waves. 

The augmented plane waves (APW) wave functions embody both characteristics, acting as 

plane waves in the interstitial region and having a radial envelope in the spherical portion: 

                          {
𝜙(𝑟 ) = ∑ 𝐴𝑙𝑚𝑌𝑙𝑚(𝑟 )𝑈𝑙(𝑟 , 𝐸𝑙)                  𝑝𝑜𝑢𝑟 𝑟 < 𝑅𝛼

𝜙(𝑟 ) =
1

√Ω
∑ 𝐶𝑘⃗ 𝑒

𝑖(𝑘⃗ +𝐾⃗⃗ ).𝑟
𝐾                         𝑝𝑜𝑢𝑟 𝑟 > 𝑅𝛼

                        (III-68) 

Here, 𝜙(𝑟 ) represents the wave function, Ω is the unit cell volume, 𝑌𝑙𝑚 denotes spherical 

harmonics, 𝐴𝑙𝑚 are coefficients, and 𝑈𝑙(𝑟 , 𝐸𝑙) signifies the radial solution to the Schrödinger 

equation: 

                                     [−
𝜕

𝜕𝑟 2
+

𝑙(𝑙+1)

𝑟 2
+ 𝑉(𝑟 ) − 𝐸𝑙] 𝑟 . 𝑈̇𝑙(𝑟 , 𝐸𝑙) = 0                                (III-69) 

𝐸𝑙: energy parameter 

𝑉(𝑟 ): the spherical component of the potential in the sphere 

The radial functions defined by the preceding equation are orthogonal to any eigenstate of the 

core, but this orthogonality disappears at the boundary of the sphere [38].As shown in the 

following equation: 

                                        (𝐸1 − 𝐸2)𝑟𝑈1𝑈2 = 𝑈2
𝑑2𝑟𝑈1

𝑑𝑟2
− 𝑈1

𝑑2𝑟𝑈2

𝑑𝑟2
                                     (III-70) 

𝑈1, 𝑈2: are the radial solutions for energies 𝐸1and 𝐸2, respectively. 

Slater made a particular choice for the wave functions, showing that plane waves are solutions 

of the Schrödinger equation in a constant potential. Meanwhile, radial functions are the solution 
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in the case of a spherical potential. Therefore, he proves that 𝐸𝑙 is equal to the eigenvalue E. 

This approximation is very good for materials with a cubic face-centered structure and becomes 

less satisfactory as the material's symmetry decreases [38]. To ensure the continuity of the 

function 𝜙(𝑟 ) at the surface of the MT sphere, the 𝐴𝑙𝑚 coefficients must be expanded in terms 

of the 𝐶𝐺  coefficients of plane waves existing in the interstitial regions. Thus, after some 

algebraic calculations : 

                               𝐴𝑙𝑚 =
4𝜋𝑖𝑙

Ω1 2⁄ 𝑈𝑙(𝑅𝑀𝑇)
∑𝐶𝐺𝐽𝑙(|𝑘 + 𝐺|𝑅𝑀𝑇)𝑌𝑙𝑚

∗ (𝑘 + 𝐺)                           (III-71) 

𝐽𝑙: Bessel function 

Where, the origin is taken at the center of the sphere and 𝑟𝑙 is its radius. Thus, the 𝐴𝑙𝑚 

coefficients are completely determined by the coefficients of the plane waves, and the energy 

parameters 𝐸𝑙 are variational coefficients in the (APW) method. The wave functions behave 

like plane waves in the interstitial region, and they increase in the core region and behave like 

radial functions. For the energy 𝐸𝑙, the APWs functions are solutions of the Schrödinger 

equation, with 𝐸𝑙 equal to the energy band indexed by G. This meant that the energy bands 

cannot be obtained by simple diagonalization, and this implies treating the secular determinant 

as a function of energy. The function appearing in equation (III.68) depends on 𝐸𝑙, and may 

become zero at the surface of the MT sphere, leading to the separation between radial functions 

and plane waves. To solve this problem, several modifications have been made to the APW 

method. Among these, we mention the work of Anderson [39], as well as that of Koelling and 

Abrman [25]. 

III.8.3.2. All-electron methods (FP-LAPW) 

LAPW, which ensures the continuity of the potential at the surface of the muffin-tin 

sphere MT, expands the potential in the form: 

                                                           𝑉(𝑟 ) = {
∑ 𝑉𝑙𝑚(𝑟)𝑌𝑙𝑚(𝑟)𝑙𝑚

∑ 𝑉𝐾𝑒
𝑖𝑘𝑟

𝐾
                                            (III-72) 

In 1975, Anderson proposed a method in which the basis functions and their derivatives 

are continuous for a given energy 𝐸𝑙. This choice resolves the issues encountered in the APW 

method, thus providing a flexible and accurate band structure method. This method is called 

the Linear Augmented Plane Wave (LAPW) method. 
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The modification consists of representing the wave function 𝜙(𝑟 ) inside the sphere by a linear 

combination of the radial functions 𝑈𝑙(𝑟 ) and their derivatives 𝑈̇𝑙(𝑟 ) with respect to energy 

multiplied by spherical harmonics 𝑌𝑙𝑚.  

The basis functions inside the sphere are linear combinations of the radial functions) 

𝑈𝑙(𝑟)𝑌𝑙𝑚(𝑟) and their derivatives) 𝑈̇𝑙(𝑟)𝑌𝑙𝑚(𝑟) with respect to energy.  

The functions 𝑈𝑙(𝑟) are defined as in the APW method, and the function) 𝑈̇𝑙(𝑟)𝑌𝑙𝑚(𝑟) must 

satisfy the following condition: 

                         [−
𝜕

𝜕𝑟 2
+

𝑙(𝑙+1)

𝑟 2
+ 𝑉(𝑟 ) − 𝐸𝑙] 𝑟 . 𝑈̇𝑙(𝑟 ) = 𝑟 . 𝑈𝑙(𝑟 )                           (III-73) 

The combination of the radial functions 𝑈𝑙(𝑟) and 𝑈̇𝑙(𝑟) ensures continuity with the plane 

waves of the interstitial region at the surface of the muffin-tin sphere. The augmented wave 

functions are then used as the basis functions of the FP-LAPW method, thus we have: 

                           {
𝜙(𝑟 ) = ∑ 𝐴𝑙𝑚𝑈𝑙(𝑟, 𝐸𝑙)𝑙𝑚 + 𝐵𝑙𝑚𝑈̇𝑙(𝑟, 𝐸𝑙)          𝑝𝑜𝑢𝑟 𝑟 < 𝑅𝛼

𝜙(𝑟 ) =
1

√Ω
∑ 𝐶𝐺𝑒

𝑖(𝑘⃗ +𝐺 ).𝑟 
𝐺                                 𝑝𝑜𝑢𝑟 𝑟 > 𝑅𝛼

               (III-74) 

Where: 

 𝐴𝑙𝑚  are coefficients corresponding to the function 𝑈𝑙(𝑟). 

 𝐵𝑙𝑚  are coefficients corresponding to the function 𝑈̇𝑙(𝑟). 

The FP-LAPW functions are plane waves only in the interstitial regions as in the APW 

method. The radial functions can be expanded around 𝐸𝑙 as follows [59]:  

                                 𝑈𝑙(𝐸, 𝑟) = 𝑈𝑙(𝐸𝑙 , 𝑟) + (𝐸 − 𝐸𝑙)𝑈̇𝑙(𝐸, 𝑟) + 𝑂(𝐸 − 𝐸𝑙)
2                   (III-75) 

With: 

 𝑂(𝐸 − 𝐸𝑙)
2 denotes the quadratic error committed. 

The FP-LAPW method results in an error on the wave functions of the order of 

𝑂(𝐸 − 𝐸𝑙)
2and another one on the band energy of the order 𝑂(𝐸 − 𝐸𝑙)

4 [60]. 

. Despite these minor drawbacks, LAPW functions form a good basis, allowing, with a single 

𝐸𝑙, to obtain all valence bands within a fairly wide energy range. However, it is sometimes 

necessary to divide the energy interval into several energy windows, each corresponding to an 
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energy 𝐸𝑙 where the solution will be obtained separately [40]. Summarizing some advantages 

of the LAPW method compared to the APW method, we note: 

 In the LAPW method, the band energy at the k point is obtained with a single 

diagonalization, whereas in the APW method, it is necessary to compute the energy for 

each band. 

 The asymptote problem in the APW method is resolved by introducing the derivative 

of the radial function with respect to energy, which ensures that plane waves do not 

decouple from radial functions. 

 The basis of the LAPW method has greater flexibility compared to that of the APW method 

inside the sphere. This stems from the fact that the basis functions of FP-LAPWs have more 

variational freedom than those of the APWs method where the parameter 𝐸𝑙  is fixed instead 

of being variational. When transitioning from the LAPW method to the APW method, the 

introduced error is of the order 𝑂(𝐸 − 𝐸𝑙)
2 for the wave functions and 𝑂(𝐸 − 𝐸𝑙)

4for the 

band energies. 

III.8.3.3. The roles of the linearization energies 𝑬𝒍 

As seen previously, the error incurred on the wave function (charge density) is of the 

order (𝐸 − 𝐸𝑙)
2 , and for the band energy, it is of the order 𝑂(𝐸 − 𝐸𝑙)

4. Therefore, the optimal 

choice for 𝐸𝑙 should be at the center of the energy band. One can optimize the choice of the 

parameter 𝐸𝑙 by computing the total energy of the system for several values of 𝐸𝑙 and selecting 

the parameter that gives the lowest energy. 

Unfortunately, while these strategies work well in many cases, they fail miserably in several 

others, especially in alkali metals, rare earths, recently transition metals, and actinides. The 

reason for this failure is described in the presence of high core levels and the extent of core state 

(only known as semi-core state) in several elements. 

Within the muffin-tin sphere, the augmented functions 𝑈𝑙(𝑟)𝑌𝑙𝑚(𝑟) and 𝑈̇𝑙(𝑟)𝑌𝑙𝑚(𝑟) 

are orthogonal to any strictly limited core state. However, this orthogonality requirement is only 

met when there aren't any core states that have the same l. Consequently, there is a chance that 

valence states and semi-core states will be confused. While the FP-LAPW technique demands 

a careful selection of 𝐸𝑙.  due to the non-orthogonality of some core states, the APW method 

does not address this issue. In this instance, changing 𝐸𝑙. would prevent the computation from 

being completed. 
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The most critical case is where there is an overlap between the FP-LAPW basis and core 

states, introducing spurious core states into the energy spectrum 𝐸𝑙, known as ghost bands. 

These possess a core-state character, a very limited dispersion, and are highly confined within 

the sphere, making them clearly identifiable. The energy parameter 𝐸𝑙 can be adjusted to the 

energy of the core state in order to remove ghost bands from the spectrum. Using a local orbital 

extension is the best course of action in these situations. For a given l, this adds more variational 

freedom by enabling the precise treatment of core states and valence states in a single energy 

window. Not all applications have this choice, so in that instance, the biggest sphere radius must 

be selected. 

 

III.8.3.4. Construction of radial functions 

 In the FP-LAPW method, the basis functions 𝑈𝑙(𝑟 ) are radial functions inside the 

spheres, with the condition that they and their derivatives 𝑈̇𝑙(𝑟 ) are continuous at the boundary 

of this sphere, and plane waves in the interstitial region. Thus, the construction of basis 

functions involves determining:  

1- The radial functions 𝑈𝑙(𝑟 ) and their derivatives 𝑈𝑙̇ (𝑟 ). 

2- The coefficients𝑎𝑙𝑚 and 𝑏𝑙𝑚  that satisfy the boundary conditions.  

The boundary conditions provide a simple way to determine the cutoff of the angular 

momentum 𝑙𝑚𝑎𝑥and to represent the 𝑐𝑢𝑡𝑜𝑓𝑓 − 𝐺𝑚𝑎𝑥 of the plane waves in the muffin-tin 

sphere for a radius𝑅𝑀𝑇. A reasonable strategy is to choose these cutoffs such that 𝑅𝑀𝑇𝐺𝑚𝑎𝑥 =

𝑙𝑚𝑎𝑥, which is achieved in practice. Since FP-LAPW calculations are generally very convergent 

for 𝑅𝑀𝑇𝐺𝑚𝑎𝑥 in the range 7.5-9, this is a result of the value of 𝑙𝑚𝑎𝑥 ≈ 8. 

A-Non-relativistic radial functions 

 In the non-relativistic case, the radial functions 𝑈𝑙(𝑟 ) are solutions of the Schrödinger 

equation with a spherical potential and a fixed energy 𝐸𝑙. 

                             {−
𝑑2

𝑑𝑟2
+

𝑙(𝑙+1)

𝑟2
+ 𝑉(𝑟 ) − 𝐸𝑙} 𝑟𝑈𝑙(𝑟 ) = 0                                   (III-76) 

Where 

 𝑉(𝑟 ): is the radial part of the lattice harmonic for l=0. The boundary condition 𝑟𝑈𝑙(𝑟 ) =

0 having been imposed. 



Chapter III                                                Density Functional Theory (DFT) and FP-LAPW method 

65 
 

The derivative with respect to energy 𝑈̇𝑙(𝑟 ) according to [60] is: 

                        {−
𝑑2

𝑑𝑟2
+

𝑙(𝑙+1)

𝑟2
+ 𝑉(𝑟 ) − 𝐸𝑙} 𝑟𝑈𝑙̇ (𝑟 ) = 𝑟𝑈𝑙(𝑟 )                               (III-77) 

The normalization of 𝑈𝑙(𝑟 ) and 𝑈𝑙̇ (𝑟 ) according to [60] is given by: 

                                              ∫ 𝑟2
𝑅𝛼

0
𝑈𝑙
2(𝑟 )𝑑𝑟 = 1                                                  (III-78) 

The function 𝑈𝑙̇ (𝑟 ) is normalized. 

                                        𝑁𝑙 ≡ ∫ 𝑟2
𝑅𝛼

0
𝑈̇𝑙
2(𝑟 )𝑑𝑟 = 1                                               (III-79) 

This normalization condition in the FP-LAPW method can be replaced by the following 

equation: 

                        𝑅𝑀𝑇
2 [𝑈𝑙

′(𝑅𝑀𝑇)𝑈̇𝑙(𝑅𝑀𝑇) − 𝑈𝑙(𝑅𝑀𝑇)𝑈̇𝑙(𝑅𝑀𝑇)] = 1                         (III-80) 

With:      

                        𝑈𝑙
′(𝐸, 𝑟) = (

𝜕𝑈𝑙(𝐸,𝑟)

𝜕𝑟
) and 𝑈̇𝑙(𝐸, 𝑟) = (

𝜕𝑈𝑙(𝐸,𝑟)

𝜕𝐸
)                            (III-81) 

This equation is used to numerically determine the functions 𝑈𝑙(𝑟 ) and 𝑈𝑙̇ (𝑟 ). With this 

normalization, 𝑈𝑙(𝑟 ) can be expanded in the form: 

                                  𝑈𝑙(𝐸 + 𝛿) = 𝑈𝑙(𝐸) + 𝜕𝑈̇𝑙(𝐸) + ⋯                                      (III-82) 

Choosing the norm of 𝑈̇𝑙(𝑟) indicates the range for which the linearization of energy 

will be a good approximation. In particular, the errors on the linearization energy are deemed 

acceptable according to Anderson [39]. 

                                           ‖𝑈̇𝑙(𝑟)‖. |𝐸𝑙 − 𝐸| ≤ 1                                                  (III-83) 

Where: 𝐸𝑙 is the energy parameter and E is the band energy. If such a choice is not 

possible, several options are available: 

1. Divide the energy ranges into windows, and each of these windows is treated separately. 

2. Use a development in the form of local orbitals (this is effectively the quadratic method). 
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3. Reduce the size of the sphere. Thus, reduce the norm of the derivative. In the following, 

we will discuss the first two methods, the third option was applied by Goedeker [41]. 

B- Relativistic radial functions 

In the case of heavy elements with high atomic numbers, relativistic effects need to be 

considered. Relativistic effects only concern the radial functions within the muffin-tin spheres. 

To introduce this effect, equations (III-76) and (III-77) need to be replaced by the Dirac 

equations and their derivatives with respect to energy. In order to solve these equations, 

Koelling and Harmon [42] devised a technique that neglects the spin-orbit effect, as done by 

Roskey [61], Wood and Boring [43], Tekeda [44], Macdonald et al. [45]. The solutions of the 

Dirac equation are. 

                                                          𝜓𝑘𝑣 = [
𝑔𝑘𝜒𝑘𝑣

−𝑖𝑓𝑘𝜎𝑟𝜒𝑘𝑣
]                                                  (III-84) 

Where k is the relativistic quantum number given by l and j. 𝜒𝑘𝑣  represents the spin operator 

(the radial coordinate has been suppressed). Koelling and Harmon [42] use a new function: 

                                                               𝜙𝑘 =
1

2𝑀𝐶
𝑔𝑘                                                          (III-85) 

With 

                                                     𝑀 = 𝑚 +
1

2𝐶2
(𝐸 − 𝑉)                                                   (III-86) 

 

g is the radial derivative of k times g. m is the mass and C is the speed of light in vacuum. We 

rewrite the solution at the energy level E, with the usual quantum numbers lm [39], while 

neglecting the spin-orbit term: 

                                           𝜙𝑘 = [
𝑔𝑙𝑌𝑙𝑚𝜒𝑠

𝑙

2𝑀𝐶
𝜎𝑟 (−𝑔

′ +
1

𝑟
𝑔𝑙𝜎)𝑌𝑙𝑚𝜒𝑠

]                                        (III-87) 

Where 𝜒𝑠 is the non-relativistic spin-orbit component (spin up, spin down).  

Defining 𝑃𝑙 = 𝑟𝑔𝑙 and 𝑄𝑙 = 𝑟𝐶𝜙𝑙, the relativistic secular equation becomes: 

                                                        𝑃𝑙
′ = 2𝑀𝑄𝑙 +

1

𝑟
𝑃𝑙                                                        (III-88) 
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                                            𝑄𝑙
′ =

1

𝑟
𝑄𝑙 + [

𝑙(𝑙+1)

2𝑀𝑟2
+ (𝑉 − 𝐸𝑙)] 𝑃𝑙                                          (III-89) 

This last equation can be numerically solved similarly to the case of the non-relativistic 

Schrödinger equation using, for example, the predictor-corrector method, by providing the 

boundary conditions. 

                                                lim
𝑟⟶0

𝑄

𝑃
= 𝐶

[𝑙(𝑙+1)+1−(2𝑍 𝐶⁄ )]
2
−1

(2𝑍 𝐶⁄ )
                                             (III-90) 

The spin-orbit term is then added to equation (III-88). The derivative with respect to energy 

leads to equations similar to those in the non-relativistic case, namely: 

                                                   𝑃̇𝑙 = 2(𝑀̇𝑄𝑙 +𝑀𝑄𝑙̇ ) +
1

𝑟
𝑃𝑙                                             (III-91) 

                             𝑄̇𝑙 = −
1

𝑟
𝑄𝑙 + [

𝑙(𝑙+1)

2𝑀𝑟2
+ (𝑉 − 𝐸𝑙)] 𝑃̇𝑙 − [

𝑙(𝑙+1)𝑀̇

2𝑀2𝑟2
+ 1] 𝑃𝑙                        (III-92) 

We determine the components 𝑔𝑙 and 𝑓𝑙 from the solutions of 𝑃𝑙 and 𝑄𝑙. These same 

components will be used for the calculation of the charge density and the matrix elements. Thus, 

the quantity 𝑈2is replaced in equation (III-78) by 𝑔𝑙
2 + 𝑓𝑙

2. However, at the boundary of the 

sphere, the 𝑓𝑙 component disappears, leaving only the 𝑔𝑙 component and its derivative. 

C- Determination of 𝑨𝒍𝒎 and 𝑩𝒍𝒎 coefficients 

The coefficients 𝐴𝑙𝑚 and 𝐵𝑙𝑚 are determined for each wave vector and for each atom by 

imposing that the basis functions, as well as their first derivatives, are continuous at the 

boundaries of the MT spheres. The basis functions are plane waves in the interstitial region. 

                                                           𝜙(𝑘𝑛) = Ω−
1

2𝑒𝑖𝑘𝑛𝑟                                                    (III-93) 

With 𝐾𝑛 ≡ 𝐾 +𝐾𝑛, they are written in the form of a linear combination of spherical solutions 

within the MT spheres. 

                                    𝜙(𝑘𝑛) = ∑[𝐴𝑙𝑚𝑈𝑙(𝐸𝑙) + 𝐵𝑙𝑚𝑈̇𝑙(𝐸𝑙)] 𝑌𝑙𝑚(𝑟)                                 (III-94) 

In this equation, 𝛺 is the volume of the cell, k is the wave vector, and Kn is a vector of the 

reciprocal lattice. In contrast to the formalism of the standard APW method, in which the energy 
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𝐸𝑙 is constant, the FP-LAPW method allows for choosing different values of the parameter El 

depending on the angular momentum value. 

The boundary condition at the surface of the MT sphere allows for the use of a Rayleigh plane 

wave expansion. 

                        𝜙(𝐾𝑛 + 𝑅𝑀𝑇) = 4𝜋Ω
−
1

2 ∑ 𝑖𝑙𝑗𝑙𝑙𝑚 (𝐾𝑛 , 𝑅𝑀𝑇)𝑌𝑙𝑚
∗ (𝐾𝑛)𝑌𝑙𝑚(𝑅𝑀𝑇)                  (III-95) 

Taking into account the continuity of the angular momentum, we obtain: 

                                        𝐴𝑙𝑚(𝐾𝑛) = 4𝜋𝑅𝑀𝑇
2 𝛺−

1

2𝑖𝑙𝑌𝑙𝑚
∗ (𝑘𝑛)𝑎𝑙(𝑘𝑛)                                    (III-96) 

                                       𝑎𝑙(𝐾𝑛) =
𝑈̇𝑙(𝑑 𝑑𝑟⁄ )𝑗𝑙(𝐾𝑛𝑅𝑀𝑇)−(𝑑𝑈̇𝑙 𝑑𝑟⁄ )𝑗𝑙(𝐾𝑛𝑅𝑀𝑇)

𝑅𝑀𝑇
2 [(𝑑𝑈𝑙 𝑑𝑟⁄ )𝑈̇𝑙−𝑈𝑙(𝑑𝑈̇𝑙 𝑑𝑟⁄ )]

                              (III-97) 

                                          𝐵𝑙𝑚(𝑘𝑛) = 4𝜋𝑅𝑀𝑇
2 𝛺−

1

2𝑖𝑙𝑌𝑙𝑚(𝑘𝑛)𝑏𝑙(𝑘𝑛)                                  (III-98) 

                                        𝑏𝑙(𝐾𝑛) =
(𝑑𝑈𝑙 𝑑𝑟⁄ )𝑗𝑙(𝐾𝑛𝑅𝑀𝑇)−𝑈𝑙(𝑑 𝑑𝑟⁄ )𝑗𝑙(𝐾𝑛𝑅𝑀𝑇)

𝑅𝑀𝑇
2 [(𝑑𝑈𝑙 𝑑𝑟⁄ )𝑈̇𝑙−𝑈𝑙(𝑑𝑈̇𝑙 𝑑𝑟⁄ )]

                             (III-99) 

And considering equation (III-79), (III-99) becomes: 

                                                     𝑏𝑙(𝐾𝑛) = 𝑈𝑙
′𝐽𝑙(𝑛) − 𝑈𝑙𝐽𝑙

′(𝑛)                                        (III-100) 

Where 𝑗𝑙(𝐾𝑛𝑅𝑀𝑇) is replaced by 𝐽𝑙(𝑛). 

This procedure in the FP-LAPW method has thus eliminated the asymptote problem that 

appeared  

III.8.3.5. Potential determination 

A- Poisson equation resolution 

 

The potential used in the Kohn-Sham equations contains the exchange-correlation term and 

the Coulomb term 𝑉𝑐(𝑟). The latter is the sum of the Hartree potential 𝑉𝐻(𝑟) and the nuclear 

potential. 

𝑉𝑐(𝑟) is determined by the Poisson equation from the charge density (electronic and nuclear). 

                                                            ∇2𝑉𝑐(𝑟 ) = 4𝜋𝜌(𝑟 )                                                 (III-101) 
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One can solve this equation in reciprocal space. To do this, Hamann [46] and Weinert [47] 

proposed a resolution method called "pseudo-charge", which is essentially based on the 

following two observations: 

1. The charge density is continuous and varies slowly in the interstitial regions. However, 

it varies rapidly in the core region. 

2. The Coulomb potential in the interstitial region depends not only on the charges in that 

region but also on the charges in the core region. 

The charge density is described by a Fourier series in the interstitial region as follows: 

                                                              𝜌(𝑟 ) = ∑ 𝜌(𝐺)𝐺 𝑒𝑖𝐺𝑟                                           (III-102) 

and the plane waves 𝑒𝑖𝐺𝑟 are calculated using the Bessel function j. 

                                   ∫ 𝑟𝑙+2𝑗𝑙(𝐺𝑟)𝑑𝑟 = {
𝑅𝑙+3

𝑗𝑙(𝐺𝑟)

𝐺𝑟
        𝐺 ≠ 0

𝑅3

3
𝜎𝑙,0                  𝐺 = 0

𝑅

0
                                  (III-103) 

Then, 

                       𝑒𝑖𝐺𝑟 = 4𝜋𝑒𝑖𝐺𝑟𝛼 ∑ 𝑖𝑙𝑗𝑙(|𝐺|. |𝑟 − 𝑟𝛼|)𝑙𝑚 𝑌𝑙𝑚
∗ (𝐺)𝑌𝑙𝑚(𝑟 − 𝑟𝛼)                       (III-104) 

Where r is the radial coordinate, rα is the position of sphere α, and RMT is its radius. The 

Coulomb potential becomes: 

                                                            𝑉𝑐(𝐺) =
4𝜋𝜌(𝐺)

𝐺2
                                                       (III-105) 

Integrating equation (III-103), we find: 

                                  𝑉𝑝𝑤 = ∑ 𝑉𝑙𝑚
𝑝𝑤(𝑟)𝑌𝑙𝑚(𝑟)𝑙𝑚 = ∑ 𝑉𝑉

𝑝𝑤(𝑟)𝐾𝑉(𝑟)𝑉                               (III-106) 

Where: 𝑉𝑝𝑤  is the interstitial potential. 

Let: 

                                                𝐾𝑉(𝑟) = ∑ 𝐶𝑉𝑚(𝑟)𝑌𝑙𝑚(𝑟)𝑚                                              (III-107) 

So, 
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                                            𝑉𝑉
𝑝𝑤(𝑟) = ∑ 𝐶𝑉𝑚(𝑟)𝑙𝑚 𝑉𝑙𝑚

𝑝𝑤(𝑟)                                           (III-108) 

The potential inside the MT sphere is determined by using the Green's function. 

𝑉𝑉(𝑟) = 𝑉𝑙𝑚
𝑝𝑤(𝑟) [

𝑟

𝑅
]
′

+
4𝜋

2𝑙+1
{
1

𝑟𝑙+1
∫ 𝑑𝑟′𝑟′𝑙+2𝜌𝑉(𝑟

′)
𝑟

0
+ 𝑟′ ∫ 𝑑𝑟′𝑟′𝑙−1𝜌𝑉(𝑟

′)
𝑅

𝑟
−

𝑟′

𝑅2𝑙+1
∫ 𝑑𝑟′𝑟′𝑙+2𝜌𝑉(𝑟

′)
𝑅

0
}                                                                                                 (III-109) 

Where: 𝜌𝑉(𝑟
′) are the radial parts of the charge density. 

 

B- Exchange and correlation potential 

In the local density approximation (LDA) and generalized gradient approximation 

(GGA), the exchange-correlation potential is linear unlike the Coulomb potential. Therefore, it 

needs to be calculated in real space where it is fortunately diagonal. The representation of the 

interstitial charge in real space is obtained directly from the Fourier transformation [48,49]. In 

the case of magnetic materials, the procedure mentioned above is generalized with the 

introduction of polarized spins. This involves transforming both the up-spin and down-spin 

densities into real space, computing the two components of 𝑉𝑥𝑐 , and subsequently transforming 

them into the LAPW representation. 

The fast Fourier transform (FFT) allows obtaining the real space representation of the 

interstitial charge, from which we construct the coefficients of the plane waves defined by this 

equation: 

                                                      𝐷(𝑟) = (−1)𝑙𝑝𝐷(𝛼, 𝛽, 𝛾)                                           (III-110) 

The exchange-correlation potential is calculated at each point of the mesh. Fast Fourier 

transform is then used to transform 𝑉𝑥𝑐  from real space to the plane wave representation, from 

which the star coefficients are obtained. 

Mattheiss [40] used the Wigner formula [50] to obtain the exchange-correlation interstitial 

potential as follows: 

                                            𝑉𝑥𝑐 = −𝜌
1

2 [0.984 +
0.943656+ 8.8963𝜌

1
3

(1+12.57𝜌
1
3)

2 ]                              (III-111) 
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Inside the spheres, the same procedure is applied with different values of ρ and a spherically 

symmetric potential. 

III.8.4. Improvement of the FP-LAPW method 

The energy of linearization 𝐸𝑙 is of great importance in the FP-LAPW method. Near 𝐸𝑙 

, one can compute the band energy with very acceptable precision, and in most materials, it 

suffices to choose these energies near the band center. However, this is not always possible, 

and in some cases, choosing a single value of 𝐸𝑙 is not sufficient for the calculation of all energy 

bands. This problem is encountered, for example, with materials with 4f orbitals [51,52], as 

well as with transition metal elements [53-55]. This is the fundamental problem of the so-called 

semi-core state: an intermediate state between the valence state and the core state. 

However, in semi-core states, it is useful to use one of two methods: the use of multiple energy 

windows or the development of local orbitals. 

III.8.4.1. Multiple energy windows 

The most commonly used technique to address the semi-core problem is to divide the 

energy spectrum into windows, each corresponding to an energy 𝐸𝑙 [62,39]. This processing 

procedure is illustrated in Figure. III. 4. 

In this windowing treatment, a separation is made between the valence and semi-core 

states where a set of 𝐸𝑙 is chosen for each window to handle the corresponding states. This 

amounts to performing two independent FP-LAPW calculations, but still with the same 

potential. 

The FP-LAPW method is based on the fact that the functions 𝑈𝑙(𝑟) and 𝑈̇𝑙(𝑟) are 

orthogonal to any core eigenstate and, in particular, to those located at the surface of the sphere. 

However, semi-core states often satisfy this condition, except in the presence of "ghost" bands 

between the semi-core and valence states. 
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Figure. III. 4: Diagram representing multiple energy windows 

 

III.8.4.2. LAPW+LO method 

In the linearization of the secular equation, a problem arises: for a given value of l, only 

states with a given principal quantum number can be described. This can be a significant 

limitation for treating low-energy valence states (i.e., semi-core states). For example, consider 

the p-states of iron [56]: One solution is to treat the low-energy 3p states as core states by 

constructing a basis that includes 4p states among the valence states. However, in this case, 

there will be a portion of the total charge outside the MT sphere because the 3p states have 

energies that are too high. This occurs especially when bond lengths are too short and do not 

allow the MT sphere to be enlarged sufficiently. This is particularly evident when the compound 

is under pressure or subject to lattice vibrations. If both 3p and 4p states are considered as 

valence states, the basis will be less flexible in handling such situations. This difficulty is 

apparent in calculating electric field gradients at copper positions in superconductors, such as 

YBa2Cu3O7-x [57]. 

To overcome this drawback of the LAPW method, two energy windows are used, and the 

resulting secular equations are solved separately. However, this method suffers from the risk 

that the corresponding eigenfunctions for the two windows may not be orthogonal. 

Another method, called LAPW+LO [55], uses a third category of basis functions. These 

functions are local orbitals, denoted as (LO):. 

            ∅(𝑟) = {
0                                                           𝑟 > 𝑅𝛼                                                  

∑ [𝐴𝑙𝑚
𝐿𝑂𝑈𝑙(𝑟, 𝐸1,𝑙) + 𝐵𝑙𝑚

𝐿𝑂𝑈̇𝑙(𝑟, 𝐸1,𝑙) + 𝐶𝑙𝑚
𝐿𝑂𝑈̇𝑙(𝑟, 𝐸2,𝑙)]           𝑟 < 𝑅𝛼𝑙𝑚

(III-112) 
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With this choice, we can treat all bands from a single energy window. A local orbital is defined 

for a given atom for each l and m. 

III.8.4.3. APW+lo method 

The problematic issue of the APW method is its basis dependence on energy. In the 

LAPW+LO method, this dependence is eliminated, but the price to pay is a significant increase 

in the basis set used, which imposes limitations on both APW and LAPW+LO methods. 

Sjöstedt, Nordström, and Singh [58] recently introduced a further improvement by introducing 

a basis that combines the advantages of the APW method and those of the LAPW+LO method. 

This new method is called APW+lo and corresponds to an energy-independent basis similar to 

the LAPW+LO method, but it only requires a very slightly higher plane wave cutoff energy 

than that needed in the APW method. It involves using a standard APW basis but considering  

for a fixed energy 𝐸𝑙 to retain the advantage provided by the linearization of the eigenvalue 

problem. Since it has been demonstrated previously that a fixed-energy basis does not provide 

a satisfactory description of eigen functions, local orbitals are also added to ensure variational 

flexibility in radial basis functions. 

An APW+lo basis is defined by the combination of the following functions: 

 

1) APW functions for a set of fixed energies 𝐸𝑙,  

                                                   ∅(𝑟) = {

1

Ω
1
2

∑ 𝐶𝐺𝑒
𝑖(𝐺+𝑘)𝑟

𝐺

∑ 𝐴𝑙𝑚𝑈𝑙(𝑟)𝑌𝑙𝑚(𝑟)𝑙𝑚

                                        (III-113) 

2) Local orbitales 

                                               ∅(𝑟) = {
0

∑ [𝐴𝑙𝑚
𝐿𝑂𝑈𝑙(𝑟, 𝐸1,𝑙)𝑌𝑙𝑚(𝑟)]𝑙𝑚

                                  (III-114) 

The local orbitals are no longer denoted as (LO) as in the LAPW+LO method, but as (lo) to 

distinguish them. The local orbitals (lo) are relatively similar to the (LO) orbitals, but they differ 

in that the coefficients Alm and Blm no longer depend on k and are now determined by the 

condition that these orbitals (lo) are zero on the sphere and normalized. Thus, both the APW 

orbitals and the (lo) orbitals are continuous at the sphere boundary, while their first derivatives 

are discontinuous. 
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This basis provides results as satisfactory as those of the LAPW+LO method while allowing to 

reduce the product  𝑅𝛼
𝑚𝑖𝑛 ∗ 𝑘𝑚𝑎𝑥to a value approximately equal to one. 

III.8.5. Valence charge density 

The wave function of a valence electron in a crystal is not an observable entity, but it allows 

obtaining the values of observable physical quantities. The wave function obtained from solving 

the Schrödinger equation is used to calculate the electronic charge density of a material. The 

square of its modulus represents the probability of finding the electron in a given volume: 

                                                             ∑ |𝜓𝑛𝑘(𝑟)|
2𝑑Ω𝑛𝑘                                                   (III-115) 

This concept of electron presence probability was first considered in the study of the hydrogen 

molecule: it was observed that the charge distribution of electrons largely depends on the 

considered state. Consequently, the bonding orbital in molecules always presents a maximum 

electronic charge density at the center of the bond between the two atoms. Conversely, the 

antibonding orbital is characterized by a maximum charge density between the nuclei. 

The total charge density is obtained by summing over all occupied orbitals: 

                                                       𝜌(𝑟) = 2𝑒∑ |𝜓𝑛𝑘(𝑟)|
2

𝑛𝑘                                             (III-116) 

Where 𝜓𝑛𝑘(𝑟) is the wave function of the valence electron, n is the band index, and k is the 

wave vector. 

The valence charge density calculated by the LAPW method has two components: 

1. The interstitial charge density, expanded in plane waves, given by: 

                                   𝜌(𝑟) = ∑ 𝑊(𝑘, 𝑗)∑ 𝜙𝐺,𝑘,𝑗
∗

𝐺𝐺′𝑘𝑗 𝜙𝐺,𝑘,𝑗𝑒
𝑖(𝐺−𝐺′).𝑟                            (III-117) 

 

where the vector 𝒓⃗  is limited to interstitial regions, 𝜙𝐺,𝑘,𝑗 are the coefficients of the band 

eigenvector, 𝑖(𝐺 − 𝐺′) ∗ 𝑟 and 𝑊(𝑘, 𝑗) represent the weight associated with point k. 

2. A charge density located within the sphere, given by: 



Chapter III                                                Density Functional Theory (DFT) and FP-LAPW method 

75 
 

𝜌(𝑟) = ∑ 𝜌(𝑟)𝐾𝑉(𝑟)𝑉 =

∑ 𝑊(𝑘, 𝑗)𝑘𝑗 ∑ ∑

{
 

 
𝑎𝑙𝑚
∗ (𝐺)𝑎𝑙′𝑚′(𝐺′)𝑈𝑙(𝑟)𝑈𝑙

′(𝑟)

+𝑎𝑙𝑚
∗ (𝐺)𝑎𝑙′𝑚′(𝐺′)𝑈𝑙(𝑟)𝑈𝑙

′(𝑟)

+𝑎𝑙𝑚
∗ (𝐺)𝑎𝑙′𝑚′(𝐺′)𝑈𝑙(𝑟)𝑈𝑙

′(𝑟)

+𝑎𝑙𝑚
∗ (𝐺)𝑎𝑙′𝑚′(𝐺′)𝑈𝑙(𝑟)𝑈𝑙

′(𝑟)}
 

 

𝐺𝑙′𝑚′𝐺𝑙𝑚 𝑌𝑙𝑚
∗ (𝑟)𝑌𝑙′𝑚′(𝑟)                  (III-118) 

 

Avec 𝐴𝑙𝑚 = ∑𝐶𝐺𝑎𝑙𝑚(𝐺) 𝐵𝑙𝑚 = ∑𝐶𝐺𝑏𝑙𝑚(𝐺). The summation over k must be done over the 

entire Brillouin zone. 

The charge density within the spheres is determined in the radial mesh using the harmonic 

coefficients of the lattice. The charge densities inside the spheres are constructed from the band 

eigenvectors of the first Brillouin zone. 

 

III.9. Wien2k : code overview 

Density functional theory (DFT) can be used to compute the electronic structure of 

solids with the computer package WIEN2k. It is based on one of the most precise approaches 

for band structure calculations: the full-potential (linearized) augmented plane-wave (LAPW) 

+ local orbitals (lo) method. WIEN2k is a multi-featured all-electron system with relativistic 

effects included. More than 3600 user groups have licensed it, and according to Blaha WIEN2k, 

it has roughly 19000 citations on Google Scholar. 

Wien2k, with its predecessors WIEN95 and WIEN97, is a collection of independent 

subprograms interconnected through C-SHELL scripts. Developed in FORTRAN90 by Blaha, 

Schwarz, Madsen, and collaborators at the University of Vienna (Austria), this code has seen 

continuous enhancements and updates up to its latest version, Wien2k-2019. Wien2k is widely 

recognized for its successful application in studying various organic and inorganic systems. Its 

ab initio computation process comprises four major stages: 

In the first step, the initialization phase focuses on generating the initial electron density 

based on an atomic calculation. Several operations are executed using the following 

subprograms: 

 NN calculates distances between nearest neighbors and equivalent positions, enabling 

the determination of atomic sphere radii (Muffin-Tin spheres). 

 SGROUP identifies the space group of the structure. 
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 SYMMETRY is responsible for creating symmetry operations for the space group and 

determining the point group for individual atomic sites. 

 INSTKGEN specifies the spin polarization of each atom. 

 LSTART generates atomic densities and dictates how different atomic orbitals are 

treated in the band structure calculations (core or valence states). 

 KGEN generates a k-point mesh within the Brillouin zone. 

 DSTART produces an initial density for the self-consistent (SCF) cycle by combining 

atomic densities generated in LSTART. 

In the second step, unit cell parameters of the structure are optimized by minimizing the 

total energy. Initially, the initial structure undergoes pressure and decompression constraints 

several times, producing structures with varying volumes. The ground-state energy for each 

structure is determined through a self-consistent calculation. The minimum energy, following 

curve fitting (energies vs. volumes), reveals the most energetically stable structure. 

The third step involves calculating the energy, electron density, and magnetic moments of 

the ground state for the most stable structure (obtained in the previous step) during an SCF 

cycle. This cycle is initiated and repeated until convergence criteria are met. This stage utilizes 

another set of subprograms: 

 LAPW0 generates the Poisson potential based on the charge density. 

 LAPW1 computes valence bands, their eigenvalues, and eigenvectors. 

 LAPW2 calculates valence densities using eigenvectors. 

 LCORE determines core states and densities. 

 MIXER derives the new density value by blending the current cycle's density (i) with 

that of the previous cycle (i-1). 

For spin-polarized computations, LAPW1, LAPW2, and LCORE subprograms are run twice, 

once for each spin (↑ and ↓). 

In the final step, Upon concluding the self-consistent calculation, various properties of 

the ground state are determined, encompassing characteristics such as charge density, density 

of states, band structure, as well as mechanical, optical, thermodynamic, thermoelectric 

properties, and more. 

This summary offers a broad perspective on the key elements of the Wien2k code and 

its ab initio computational procedure. 
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Figure. III. 5: Wien2k organigram  
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IV.1. Introduction 

The vacancy ordered double perovskites (VODP) exhibit noteworthy optoelectronic 

properties, making them suitable for solar cell applications due to their superior stability, long 

carrier diffusion lengths. Although recent studies have explored their potential in photovoltaic 

applications, challenges persist in synthesizing high-quality lead-free VODPs, and their 

performance in photovoltaic solar cells still falls behind lead-based counterparts. 

Furthermore, VODPs show promise in thermoelectric applications due to properties like low 

lattice thermal conductivity. Research efforts have centered on materials such as Cs2SnX6 

leveraging strategies like atomic doping and nanostructuring to enhance their exceptional 

thermoelectric performance. 

This study aims to presenting crucial structural, thermoelectric, optoelectronic, and 

thermodynamic properties for vacancy-ordered double perovskites K2SnX6 (X=I, Br, and Cl). 

These parameters include thermal conductivity, electrical conductivity, power factor (PF), 

Seebeck coefficient, figure of merit, dielectric function, absorption coefficient, reflectivity, 

refractive index and optical conductivity….  

The electronic configuration of each element of the studied compounds is: 

[K]: 1s2 2s2 2p6 3s2 3p6 4s1 

[Sn]: 1s2 2s2 2p6 3s2 3p6 3d10 4s2 4p6 4d10 5s2 5p2 

[Cl]: 1s2 2s2 2p6 3s2 3p5 

[Br]: 1s2 2s2 2p6 3s2 3p6 3d10 4s2 4p5 

[I]: 1s2 2s2 2p6 3s2 3p6 3d10 4s2 4p6 4d10 5s2 5p5 

IV.2. Computational details 

One of the widely recognized approaches for assessing the structural properties of 

crystalline materials is density functional theory (DFT). The ground-state structural features of 

the compounds are determined through the optimization and relaxation of the unit cell design. 

The optimized structural parameters are then used to calculate the thermodynamic, electronic, 

optical, and thermoelectric properties of the compound. In this study, all computations were 

performed using first-principle methodologies, involving the iterative solution of Kohn-Sham's 

equation with the Wien2k [1] code and other integrated simulation tools. The Perdew-Burke-

Ernzerhof sol based on Generalized Gradient Approximation (PBEsol -GGA) [2,3] is applied, 

utilizing the modified Becke-Johnson potential (mBJ) [4]. Muffin-tin spheres are also 

considered to encapsulate the researched components of double perovskites. Additionally, 

muffin-tin spheres are taken into account to enclose the researched components of double 
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perovskites. To achieve the desired behaviour of atomic-like waves inside the spheres and 

wave-like behaviour outside, the linearized augmented-plane wave technique (LAPW) is 

employed .  

The Kohn-Sham wave functions are expanded in terms of spherical harmonics inside 

the muffin-tin spheres, and in a Fourier series in the interstitial region. In this region, the wave 

functions are extended into plane waves with a cutoff RMT.Kmax (RMT is the smallest radius 

of the muffin-tin spheres, and Kmax is the maximum value of the wave vector used in the plane 

wave expansion of the eigenfunctions).After conducting a convergence test, the value of 

RMTxKmax = 9 is chosen. A reduced Brillouin zone (BZ) technique is used to replicate the 

crystal structure under standard periodic boundary conditions. Integration across the Brillouin 

zone is performed with a dense mesh of 1100 k-points. The iterative process self-consistently 

terminates when the convergence conditions of 0.0001 e for charge and 0.000001 Ry for energy 

are met. For the determination of optical characteristics, up to 10,000 k-points are considered. 

Transport properties are calculated and analyzed using the BoltzTrap [5] 

IV.3. Structural description 

It is hypothesised that vacancy-ordered double perovskites K2SnX6 (X= Cl, Br, I) undergo a 

transition from a cubic (Fm3m) phase to a tetragonal (P4/mnc) phase, and finally a transition to 

a monoclinic (P21/n) phase when the temperature increases [6,7]. 

The current investigation focused on the optimisation of the crystal structures of the 

compounds K2SnX6 (where X represents the halogens Cl, Br, and I) in their three phases cubic, 

tetragonal, and monoclinic. This optimisation was carried out using the PBEsol-GGA 

functional. In the initial stage, the K2SnX6 (X= Cl, Br, I) compounds undergo complete 

relaxation through the implementation of force optimisation. This step is called ‘minimisation 

of atoms positions’. In Tables. IV. 1-3 are summarized the atomic positions specific to each 

phase. In the next stage, the total energy is calculated as a function of volume, and the results 

were then interpolated using the Murnaghan equation of state [8]: 

                                 𝐸(𝑉) = 𝐸0 +
𝐵0

𝐵′(𝐵′−1)
[𝑉 (

𝑉0

𝑉
)
𝐵′

− 𝑉0] +
𝐵0

𝐵′
(𝑉 − 𝑉0)                                   (IV-1) 

Where : 𝐸0, 𝑉0, 𝐵0 et 𝐵′ are respectively : the total energy, the equilibrium volume, the bulk 

modulus and its derivative. The bulk modulus is given by : 

                                                         𝐵0 = −𝑉 (
𝜕𝑃

𝜕𝑉
)
𝑇
                                                      (IV-2) 
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                                                             𝑃 = −(
𝜕𝐸

𝜕𝑉
)
𝑠
                                                       (IV-3) 

                                                             𝐵0 = 𝑉
𝜕2𝐸

𝜕𝑉2
                                                          (IV-4) 

The equilibrium volume is then given by the minimum of the curve 𝐸(𝑉). Subsequently, the 

structural lattice parameters are sequentially optimised.  

The calculated parameters are displayed in Table. IV. 4. The results obtained in this study 

indicate that the predicted equilibrium lattice parameters align with the existing experimental 

and computational data [6,7,9]. 

The crystallographic visualization of the structures of the three phases (cubic, tetragonal, 

monoclinic) was obtained using the 3D visualization program VESTA (Visualization for 

Electronic and Structural Analysis). The Figures. IV. 1-3 illustrate the structures of cubic, 

tetragonal, and monoclinic phases, respectively.  

Figure. IV. 4 presents the graphs depicting the optimised relationship between energy and 

volume. Upon examining the different volume optimisation graphs, it becomes evident that the 

monoclinic phase has the highest level of stability among the three phases. Hence, our 

investigation will primarily concentrate on the monoclinic phase. 

IV.3.1. The cubic phase (Fm̅3m)  

Description 

Cubic K₂SnX₆ (X=Cl, Br, I) crystallizes in Fm̅3m space group. It crystallizes in the cubic 

structure with four formula units per unit cell (36 atoms per unit cell). 

𝐾+1 forms bonds with twelve equivalent 𝑋−1 ions creating 𝐾𝑋12 cuboctahedra that share 

corners with twelve equivalent 𝐾𝑋12 cuboctahedra, faces with six equivalent KX₁₂ 

cuboctahedra, and faces with four equivalent SnX₆ octahedra. The 𝐾–𝑋 bond lengths are 3.52 

Å, 4.55 Å, 4.99 Å in K2SnCl6, K2SnBr6, and K2SnI6 respectively. 𝑆𝑛⁴⁺ is bonded to six 

equivalent 𝑋−1 ions to form SnX₆ octahedra that share faces with eight equivalent 𝐾𝑋12 

cuboctahedra. The Sn–X bond lengths are 2.45 Å, 2. 62 Å, 2.84 Å in K2SnCl6, K2SnBr6, K2SnI6 

respectively. 𝑋−1 is bonded in a distorted single-bond geometry to four equivalent K¹⁺ and one 

Sn⁴⁺ ion. 
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Figure. IV. 1: Representation of the cubic structure of K2SnX6 (X= Cl, Br, I): (a) 

without X; (b) Polyhedral structure (X atom is in green). 
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Table. IV. 1: Computed atomic positions of K2SnX6:(X= Cl, Br, I) in cubic phase. 

 

Compound atom Atomic positions (cubic) 

K2SnCl6 K (0.25000000, 0.25000000, 0.25000000) 

(0.75000000, 0.75000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

Cl (0.24541158, 0.00000000, 0.00000000) 

(0.75458842, 0.00000000, 0.00000000) 

(0.00000000, 0.24541158, 0.00000000) 

(0.00000000, 0.75458842, 0.00000000) 

(0.00000000, 0.00000000, 0.24541158) 

(0.00000000, 0.00000000, 0.75458842) 

K2SnBr6 K (0.25000000, 0.25000000, 0.25000000) 

(0.75000000, 0.75000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

Br (0.24921708, 0.00000000, 0.00000000) 

(0.75078292, 0.00000000, 0.00000000) 

(0.00000000, 0.24921708, 0.00000000) 

(0.00000000, 0.75078292, 0.00000000) 

(0.00000000, 0.00000000, 0.24921708) 

(0.00000000, 0.00000000, 0.75078292) 

K2SnI6 K (0.25000000, 0.25000000, 0.25000000) 

(0.75000000, 0.75000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

I (0.24665789, 0.00000000, 0.00000000) 

(0.75334211, 0.00000000, 0.00000000) 

(0.00000000, 0.24665789, 0.00000000) 

(0.00000000, 0.75334211, 0.00000000) 

(0.00000000, 0.00000000, 0.24665789) 

(0.00000000, 0.00000000, 0.75334211) 

 

 

IV.3.2. The tetragonal phase (P4/mnc) 

Description 

Tetragonal K₂SnX₆ (X=Cl, Br, I) crystallizes in P4/mnc space group. It crystallizes in 

the tetragonal structure with two formula units per unit cell (18 atoms per unit cell). 
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𝐾+1 is bonded in a eight-coordinate geometry to eight 𝑋−1 ions. There are four shorter and four 

longer K-X bond lengths as it is depicted in Table. IV. 2. Sn+4 is bonded in an octahedral 

geometry to six X-1 ions. There are four shorter and two longer Sn-Cl bond lengths (Table. IV. 

2). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 2: Representation of the tetragonal structure of K2SnX6 (X= 

Cl, Br, I): (a) without X; (b) Polyhedral structure (X atom is in green). 
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Table. IV. 2: Computed atomic positions of K2SnX6:(X= Cl, Br, I) in tetragonal phase. 

Compound atom Atomic positions (tetragonal) 

K2SnCl6 K (0.50000000, 0.00000000, 0.00000000) 

(0.50000000, 0.00000000, 0.75000000) 

(0.00000000, 0.50000000, 0.25000000) 

(0.00000000, 0.50000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

Cl (0.26119472, 0.22801501, 0.00000000) 

(0.73880528, 0.77198499, 0.00000000) 

(0.77198499, 0.26119472, 0.00000000) 

(0.22801501, 0.73880528, 0.00000000) 

(0.23880528, 0.72801501, 0.50000000) 

(0.76119472, 0.27198499, 0.50000000) 

(0.27198499, 0.23880528, 0.50000000) 

(0.72801501, 0.76119472, 0.50000000) 

Cl (0.00000000, 0.00000000, 0.24509595) 

(0.00000000, 0.00000000, 0.75490405) 

(0.50000000, 0.50000000, 0.74509595) 

(0.50000000, 0.50000000, 0.25490405) 

K2SnBr6 K (0.50000000, 0.00000000, 0.25000000) 

(0.50000000, 0.00000000, 0.75000000) 

(0.00000000, 0.50000000, 0.25000000) 

(0.00000000, 0.50000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

Br (0.26392305, 0.22886422, 0.00000000) 

(0.73607695, 0.77113578, 0.00000000) 

(0.77113578, 0.26392305, 0.00000000) 

(0.22886422, 0.73607695, 0.00000000) 

(0.23607695, 0.72886422, 0.50000000) 

(0.76392305, 0.27113578, 0.50000000) 

(0.27113578, 0.23607695, 0.50000000) 

(0.72886422, 0.76392305, 0.50000000) 

Br (0.00000000, 0.00000000, 0.24576359) 

(0.00000000, 0.00000000, 0.75423641) 

(0.50000000, 0.50000000, 0.74576359) 

(0.50000000, 0.50000000, 0.25423641) 
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K2SnI6 K (0.50000000, 0.00000000, 0.25000000) 

(0.50000000, 0.00000000, 0.75000000) 

(0.00000000, 0.50000000, 0.25000000) 

(0.00000000, 0.50000000, 0.75000000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

I (0.26306990, 0.22927567, 0.00000000) 

(0.73693010, 0.77072433, 0.00000000) 

(0.77072433, 0.26306990, 0.00000000) 

(0.22927567, 0.73693010, 0.00000000) 

(0.23693010, 0.72927567, 0.50000000) 

(0.76306990, 0.27072433, 0.50000000) 

(0.27072433, 0.23693010, 0.50000000) 

(0.72927567, 0.76306990, 0.50000000) 

I (0.00000000, 0.00000000, 0.24527918) 

(0.00000000, 0.00000000, 0.75472082) 

(0.50000000, 0.50000000, 0.74527918) 

(0.50000000, 0.50000000, 0.25472082) 

 

 

IV.3.3. Monoclinic phase (P21/n)  

Description 

Monoclinic K₂SnX₆ (X=Cl, Br, I) crystallizes in the monoclinic P21/n space group. It 

cristallizes in the monoclinic structure with two formula units per unit cell (18 atoms per unit 

cell). 

𝐾+1 is bonded in a 8-coordinate geometry to eight 𝑋−1 atoms. There are a spread of 𝐾 − 𝑋 

bond distances. 𝑆𝑛+4 is bonded in an octahedral geometry to six 𝑋−1atoms. There are two 

shorter and four longer 𝑆𝑛 − 𝑋 bond lengths.  
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Figure. IV. 3 : Representation of the monoclinic structure of K2SnX6 (X= Cl, Br, I): (a) 

without X; (b) Polyhedral structure (X atom is in green). 
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Table. IV. 3 Computed atomic positions of K2SnX6:(X= Cl, Br, I) in monoclinic phase. 

 

Compound atom Atomic positions (GGA) Atomic positions (LDA) 

K2SnCl6 K (0.50565964, 0.02833677, 0.24328453) 

(0.49434036, 0.97166323, 0.75671547) 

(0.99434036, 0.52833677, 0.25671547) 

(0.00565964, 0.47166323, 0.74328453) 

(0.50560257, 0.02832600, 0.24161148) 

(0.49439743, 0.97167400, 0.75838852) 

(0.99439743, 0.52832600, 0.25838852) 

(0.00560257, 0.47167400, 0.74161148) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000,0.50000000) 

(0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

Cl (0.27364449, 0.21422021, 0.97676213) 

(0.72635551, 0.78577979, 0.02323787) 

(0.22635551, 0.71422021, 0.52323787) 

(0.77364449, 0.28577979, 0.47676213) 

(0.27412822, 0.21278134, 0.97651637) 

(0.72587178, 0.78721866, 0.02348363) 

(0.22587178, 0.71278134, 0.52348363) 

(0.77412822, 0.28721866, 0.47651637) 

Cl (0.21201502, 0.72380272, 0.98028404) 

(0.78798498, 0.27619728, 0.01971596) 

(0.28798498, 0.22380272, 0.51971596) 

(0.71201502, 0.77619728, 0.48028404) 

(0.21139308, 0.72544065, 0.98053621) 

(0.78860692, 0.27455935, 0.01946379) 

(0.28860692, 0.22544065, 0.51946379) 

(0.71139308, 0.77455935, 0.48053621) 

Cl (0.04278908, 0.99966650, 0.24312417) 

(0.95721092, 0.00033350, 0.75687583) 

(0.45721092, 0.49966650, 0.25687583) 

(0.54278908, 0.50033350, 0.74312417) 

(0.04320727, 0.99921943, 0.24295356) 

(0.95679273, 0.00078057, 0.75704644) 

(0.45679273, 0.49921943, 0.25704644) 

(0.54320727, 0.50078057, 0.74295356) 

K2SnBr6 K (0.50653930, 0.02827698, 0.24213379) 

(0.49346070, 0.97172302, 0.75786621) 

(0.99346070, 0.52827698, 0.25786621) 

(0.00653930, 0.47172302, 0.74213379) 

(0.51014945, 0.05832155, 0.24810018) 

(0.48985055, 0.94167845, 0.75189982) 

(0.98985055, 0.55832155, 0.25189982) 

(0.01014945, 0.44167845, 0.74810018) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

(0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

Br (0.27720669, 0.21618793, 0.97687889) 

(0.72279331, 0.78381207, 0.02312111) 

(0.22279331, 0.71618793, 0.52312111) 

(0.77720669, 0.28381207, 0.47687889) 

(0.28756990, 0.19731922, 0.96199186) 

(0.71243010, 0.80268078, 0.03800814) 

(0.21243010, 0.69731922, 0.53800814) 

(0.78756990, 0.30268078, 0.46199186) 

Br (0.21505996, 0.72195655, 0.98125182) 

(0.78494004, 0.27804345, 0.01874818 ) 

(0.28494004, 0.22195655, 0.51874818) 

(0.71505996, 0.77804345, 0.48125182) 

(0.19331600, 0.70873863, 0.96832482) 

(0.80668400, 0.29126137, 0.03167518) 

(0.30668400, 0.20873863, 0.53167518) 

(0.69331600, 0.79126137, 0.46832482) 

Br (0.04347127, 0.99951273, 0.24512571) 

(0.95652873, 0.00048727, 0.75487429) 

(0.45652873, 0.49951273, 0.25487429) 

(0.07211840, 0.99125571, 0.24178815) 

(0.92788160, 0.00874429, 0.75821185) 

(0.42788160, 0.49125571, 0.25821185) 
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(0.54347127, 0.50048727, 0.74512571) (0.57211840, 0.50874429, 0.74178815) 

K2SnI6 K (0.50740102, 0.06480694, 0.24271751) 

(0.49259898, 0.93519306, 0.75728249) 

(0.99259898, 0.56480694, 0.25728249) 

(0.00740102, 0.43519306, 0.74271751) 

(0.50700000, 0.02500000, 0.24100000) 

(0.49300000, 0.97500000, 0.75900000) 

(0.99300000, 0.52500000, 0.25900000) 

(0.00700000, 0.47500000, 0.74100000) 

Sn (0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

(0.00000000, 0.00000000, 0.00000000) 

(0.50000000, 0.50000000, 0.50000000) 

I (0.28429956, 0.19209609, 0.95769045) 

(0.71570044, 0.80790391, 0.04230955) 

(0.21570044, 0.69209609, 0.54230955) 

(0.78429956, 0.30790391, 0.45769045) 

(0.27100000, 0.21100000, 0.97900000 

(0.72900000, 0.78900000, 0.02100000 

(0.22900000, 0.71100000, 0.52100000 

(0.77100000, 0.28900000, 0.47900000 

I (0.18542494, 0.71155300, 0.96338218) 

(0.81457506, 0.28844700, 0.03661782) 

(0.31457506, 0.21155300, 0.53661782) 

(0.68542494, 0.78844700, 0.46338218) 

(0.21800000, 0.72900000, 0.98500000 

(0.78200000, 0.27100000, 0.01500000 

(0.28200000, 0.22900000, 0.51500000 

(0.71800000, 0.77100000, 0.48500000 

I (0.08206899, 0.98539973, 0.23983421) 

(0.91793101, 0.01460027, 0.76016579) 

(0.41793101, 0.48539973, 0.26016579) 

(0.58206899, 0.51460027, 0.73983421) 

(0.04100000, 0.99900000, 0.24000000 

(0.95900000, 0.00100000, 0.76000000 

(0.45900000, 0.49900000, 0.26000000 

(0.54100000, 0.50100000, 0.74000000 
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Figure. IV. 4: Total energy of a unit cell in terms of its volume computed for the compounds 

K2SnX6 (X=Cl, Br, I), in: cubic (black line), tetragonal(red line), and monoclinic(blue line) 

phases. 
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Table. IV. 4: Computed and experimental lattice parameters values 
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Table. IV. 5: Interatomic distances 

compound phase atoms GGA LDA 

K2SnCl6 Cubic Sn-Cl 
Sn-K 
K-Cl 
K-K 
Cl-Cl 

2.450 Å 
4.323 Å 
3.529 Å 
4.991 Å 
3.465 Å 

 

Tetragonal Sn-Cl 
Sn-K 

K-Cl 
K-K 
Cl-Cl 

2x2.450 Å /4x2.448 Å 
4.325 Å 

4x3.530 Å /4x 3.65 Å 
4.998 Å 
3.463 Å 

 

Monoclinic Sn-Cl 
Sn-K 
K-Cl 
K-K 

Cl-Cl 

2x2.449 Å /4x2.457 Å 
4.308 Å 
3.192 Å -3.500 Å 
4.920 Å 

3.466 Å 

2x2.524 Å /2x2.527 Å 
/2x2.518 Å 
 
3.267 Å -3.626 Å 

 

K2SnBr6 Cubic Sn-Br 
Sn-K 
K-Br 
K-K 
Br-Br 

2.619 Å 
4.551 Å 
3.716 Å 
5.255 Å 
3.704 Å 

 

Tetragonal Sn-Br 
Sn-K 
K-Br 
K-K 
Br-Br 

2x2.612 Å /4x 2.609 Å 
4.583 Å 
4x3.734 Å / 4x3.618 Å 
5.208 Å 
3.691 Å 

 

Monoclinic Sn-Br 
Sn-K 

K-Br 
K-K 
Br-Br 

2x2.618 Å /4x2.62 Å 
4.448 Å 

3.366 Å -3.711 Å 
5.186 Å 
3.712 Å 

2x2.709 Å /4x2.707 Å 
 

3.386 Å -3.747 Å 
 
 

K2SnI6 Cubic Sn-I 
Sn-K 
K-I 
K-K 

I-I 

2.842 Å 
4.989 Å 
4.074 Å 
5.762 Å 

4.020 Å 

 

Tetragonal Sn-I 
Sn-K 
K-I 
K-K 
I-I 

2x2.844 Å / 4x2.838 Å 
4.994 Å 
4x4.067 Å / 4x3.949 Å 
5.751 Å 
4.018 Å 

 

Monoclinic Sn-I 
Sn-K 
K-I 
K-K 
I-I 

2x2.835 Å /4x2.86 Å 
4.654 Å / 4.953 Å 
3.543 Å -3.933 Å 
5.729 Å 
4.033 Å 

2x2.916 Å /2x2.989 Å / 
2x2.955 Å 
 
3.848 Å -4.098 Å 
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The lattice parameters of K2SnX6 (X= Cl, Br, I) increases from Cl to Br to I with a 

decrease in the compressibility modulus B. Interestingly, the compressibility modulus B remains 

relatively stable when transitioning from cubic to tetragonal to monoclinic phases for each of 

these compounds. 

IV.4. Electronic properties 

In this section, we present the electronic properties of the three compounds under study, which 

include band structures and density of states. 

IV.4.1. Band structure 

The discrete energy levels of isolated electrons split and form allowed bands interspersed 

with forbidden bands when these atoms are brought close together in a crystal. The most 

meaningful description of the energy bands available to the electrons is carried out in reciprocal 

space or the wave vector space k. This description is generally simplified by considering 

variations in energy E as a function of k along the directions of highest symmetry in the first 

Brillouin zone.  

One of the fundamental characteristics we can extract from the band structure is the band 

gap. It serves as a method for evaluating the suitability of materials in relation to their prospective 

use in solar power cells along with other optoelectronic equipment.  

In the current work, once the structural optimization was completed, we used the collected 

information (ground state lattice parameters) to perform a self-consistent cycle, allowing us to 

determine the energy bands of our materials. The band structures of K2SnX6 (X = Cl, Br, or I) 

were determined using the PBEsol-GGA functional [2,3]. Additionally, in order to improve the 

bandgap estimation, the modified Becke-Johnson potential (mBJ) [4] was employed. The band 

structures of the three compounds were computed using a selected k-path of  Z – C – D – Γ – Y 

– A – Γ - E within the Brillouin zone. The profiles of the band structures are depicted in Figure. 

IV. 5. 

 Table. IV. 6 presents the estimated bandgaps alongside other calculated gap energy for 

comparison. The band gaps, as determined using the mBJ-GGA potential, exhibit a descending 

trend, with values of 4.126 eV, 2.581 eV, and 1.707 eV for K2SnCl6, K2SnBr6, and K2SnI6, 

respectively. In addition, the medium values of bandgap for K2SnBr6, and K2SnI6  gives the 

compounds the property of being semiconductors material. The calculated band gaps of K2SnX6 

(X= Cl, Br, I) exhibit considerable importance for future investigations because of their strong 

agreement with the theoretical band gaps [9] of 4.04 eV and 2.57 eV to 1.16 eV, respectively.  
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The valence band maximum (VBM) and conduction band minimum (CBM) of K2SnCl6 and 

K2SnBr6 are located at the identical high-symmetry special point of the Brillouin zone Γ. This 

observation establishes that investigated K2SnCl6 and K2SnBr6 possess the characteristic of being 

direct band gap. Whereas, for K2SnI6 the valence band maximum is located at point Y of the BZ 

and conduction band minimum is located at point Γ, so that, it exhibits an indirect bandgap.  

The band gaps of K2SnX6 (X= Br, I) exhibit favourable characteristics for implementation in 

single-junction and tandem photovoltaic cells, as well as various other optoelectronic uses.  
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Figure. IV. 5: Band structure of K2SnX6 (X= Cl, Br, I) computed with GGA and mBJ-GGA 

functionals  
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Table. IV. 6: Computed band gaps 𝐸𝑔  compared to theoretical results 

IV.4.1.1. The effective mass 

The concept of effective mass and its relationship to band curvature is particularly relevant in 

the study of electronic transport properties, such as charge carrier mobility. Materials with flat 

bands (large effective masse) may exhibit unique electronic and transport behaviors, and 

understanding these properties is essential for various applications in electronics and materials 

science. 

The effective mass of a carrier (m*) denotes the mass of an electron or hole in a solid when 

subjected to an external electrostatic force. It correlates with the curvature of the valence and 

conduction bands in the electronic band structure and is expressed in units of the rest mass of an 

electron (𝑚0). Predictions about whether a material will have a light or heavy effective mass for 

electrons or holes can be made based on the curvature of the conduction band minimum (CBM) 

or valence band maximum (VBM), respectively. 

The parabolic model, assuming isotropy at the CBM or VBM, is a valuable tool for describing 

effective mass. The effective mass can be computed using the 𝐸(𝑘) relationship with the formula: 

                                                             
1

𝑚∗
=

1

ℏ2
𝜕2𝐸

𝜕𝑘2
                                                        (IV-5) 

Where energy and effective mass are inversely proportional at the wave vector (k). 

Effective mass calculations, detailed in Table. IV. 7, reveal that electron effective masses are 

smaller compared to hole effective masses for all the studied compounds K2SnX6 (X= Cl, Br, I).  
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Table. IV. 7: Computed effective mass using PBEsol-GGA and mBJ- PBEsol-GGA 

approximations 

 

 mBJ-GGA GGA 

𝑚ℎ
∗  (𝑚0) 𝑚𝑒 

∗ (𝑚0) 𝑚ℎ
∗  (𝑚0) 𝑚𝑒

∗  (𝑚0) 

K2SnCl6  -3.55 0.92 -2.77 0.59 

K2SnBr6 -2.5 0.62 -2.15 0.44 

K2SnI6 -3.11 1.14 -2.91 0.75 

 

IV.4.2. Density of state 

The density of electronic states (DOS) is an essential quantity for calculating the energy 

distribution of electrons in the valence and conduction bands. The DOS is used for a quick visual 

analysis of the energy band structure. It is often useful to know whether the main peaks in the 

DOS are of s, p, or d character. Analyses of partial density of states (PDOS) can address this 

issue by allowing the calculation of the contribution of each atomic orbital to a given energy 

band. 

The determination of the total and partial density of states (DOS) for the three compounds 

under investigation has been carried out using the mBJ-PBEsol-GGA functional. This analysis 

was conducted in order to gain a deeper understanding of the intricate electronic characteristics 

of these compounds, as it is depicted in Figures. 4 (a)-(c).  

The partial density of states (DOS) of K2SnCl6, K2SnBr6, and K2SnI6 exhibits certain shared 

properties. 

The three compounds' valence band maximums (VBMs) are mostly determined by the p states 

of the halogen atoms (Cl-3p or Br-4p and I-5p). 

On the other hand, the s states of Tin and the p states of the halogen atoms make up the 

majority of the conduction band minimum (CBM). 

Moreover, it is evident that potassium has very little effect on the valence band maximum 

(VBM) and conduction band minimum (CBM). 

The valence band (VB) is divided into three bands. The two lower bands (at -5.5 eV and 

-3 eV to EF approximately) are primarily formed by Sn-s and X-p states, and an upper band (at 

-1 eV approximately) is dominated by X-p states. The Sn-s electrons are closely associated with 

the X-p states, indicating sp3 hybridization within the covalently bonded complex [SnX6] 

structure. 
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Potassium (K) does not contribute to the valence band, indicating that K is ionized to K+. 

Therefore, K2SnX6 exhibits characteristics of an ionic bond between K+ ions and [SnX6] 

complex. 

The conduction band is dominated by the s states of potassium (K) atoms. The results obtained 

are in good agreement with previous studies [9]. 
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Figure. IV. 6: Total and partial density of state DOS of the monoclinic phase, computed by mBJ-

GGA functional of: (a) K2SnCl6, (b) K2SnBr6, (c) K2SnI6. 

 

IV.5. Optical properties  

IV.5.1.  Introduction 

The study of optical properties in solids holds significant importance, encompassing both 

fundamental research and practical applications in various industries. While fundamental 

research seeks to understand the origins and characteristics of different excitation processes, 

industrial applications utilize this knowledge in optoelectronic devices. This broad spectrum of 

interests necessitates a synergy between experimental observations and theoretical frameworks, 

highlighting the need for reliable theoretical concepts to support these endeavors. 
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The study of the optical properties of a material can be conducted by examining its 

response to various external stimuli. In the following, we will focus specifically on the response 

of a system to light radiation and explore the resulting optical properties. 

Interactions between radiation and matter, as is the case in optoelectronic components, 

are more appropriately described using a particle representation of radiation. Einstein suggested 

that the energy of radiation is not spread throughout space but concentrated in certain regions, 

propagating like particles that he called photons. The energy of a photon is given by: 

                                                                𝐸 = ℎ𝜈 = ℏ𝜔                                                         (IV-6) 

IV.5.2. Optical transitions 

Due to the energy provided externally, electrons move from the valence band to the 

conduction band and vice versa. A portion of this energy is brought about by the interaction of 

electrons with the surrounding electromagnetic energy, specifically with photons. Indeed, an 

electron in the conduction band with energy 𝐸1 can descend to the valence band of free states 

with energy 𝐸2 by, spontaneously, emitting a photon with energy ℎ𝜈 = 𝐸1 − 𝐸2. Conversely, an 

electron can move from the valence band to the conduction band by absorbing a photon with 

energy ℎ𝜈. The transition of an electron from one band to another through photon emission is 

commonly known as radiative recombination (recombination of an electron with a hole). During 

radiative recombination, there is conservation of energy and conservation of the wave vector. 

In the case of compounds with direct band gaps, recombination is direct without a change in the 

wave vector (Figure. IV. 7 left). For materials with indirect band gaps, when an electron emits 

a photon, it must emit or absorb a lattice vibration called a phonon with energy 𝐸𝑝ℎ . The phonon 

can have a wave vector of the same order of magnitude as that of electrons, facilitating the 

electron's transition from the bottom of the conduction band to the top of the valence band 

(Figure. IV. 7 right). In the case of materials with direct band gaps, they are much more suitable 

for optoelectronics because the rate of photon emission is much higher in these materials.  

In a direct gap, the emission process involves only a photon, unlike in a material with an 

indirect gap (Figure. IV. 7 right) where a phonon and then a photon are involved. Electronic 

transitions are thus coupled with the vibrational transitions of systems. This process is less 

probable [10]. 
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Figure. IV. 7: Transitions inter bandes a) Direct gap b) Indirect Gap [10] 

 

IV.5.3. Theoretical study of optical properties 

The optical characteristics of solids stem from how their electron system reacts to the 

changing electromagnetic field induced by incident light. Understanding these properties 

involves determining a response function. Linear optical properties are determined by the 

complex dielectric function 𝜀(𝜔). However, deriving an exact expression for this function is 

challenging, leading to the use of approximations. One common approximation within this 

framework is the Random Phase Approximation (RPA) [44].  

The dielectric function is given by the expression  

                                                  𝜀(𝜔) = 𝜀1 (𝜔) + 𝑖𝜀2 (𝜔)                                        (IV-7) 

where 𝜀1 (ω) is the real part and 𝜀2 (ω) is the imaginary part. The imaginary part 𝜀2(𝜔) reflects 

the material's absorption, while the real part 𝜀1(𝜔) is related to the polarization of the medium.  

To compute the frequency-dependent dielectric function, ε(ω), we rely on obtaining 

energy eigenvalues and electron wave functions. These quantities are typically yielded as natural 

outcomes when calculating the band structure. 

Imaginary part of the dielectric function 

The imaginary part can be computed utilizing the expression provided in Reference 

[44,45]: 

               𝜀2
𝛼𝛽(𝜔) =

ℏ2𝑒2

𝜋𝑚2𝜔2
∑ ∫𝑑3𝑘⟨𝑐𝑘|𝑃

𝛼|𝑣𝑘⟩𝑐,𝑣 ⟨𝑣𝑘|𝑃
𝛽|𝑐𝑘⟩𝛿(𝜀𝑐

𝑘 − 𝜀𝑣
𝑘 − 𝜔)        (IV-8) 



Chapter IV                                                                                                          Results and discussion 

108 
 

Real part of the dielectric function 

The real part of the dielectric function 𝜀1(𝜔) can be extracted from the imaginary part 

𝜀2(𝜔) using the Kramers-Kronig relations: [13]: 

                                   𝜀1(𝜔) = 𝑅𝑒𝜀(𝜔) = 1 +
2

𝜋
𝑃∫

𝜔′𝜀2(𝜔
′) 

𝜔′2−𝜔2

+∞

0
 𝑑𝜔′                                  (IV-9) 

Where ω is the frequency, and P is the principal part of the Cauchy integral, defined as: 

                                     𝑃 = lim
𝛼→0

∫
𝜀2(𝜔

′)

𝜔′−𝜔

𝜔−𝑎

−∞
𝑑𝜔′ + ∫

𝜀2(𝜔
′)

𝜔′−𝜔

+∞

𝜔+𝑎
𝑑𝜔′                                    (IV-10) 

2-The absorption coefficient of light (α): 

an optical medium is characterized by its absorption coefficient α. This is defined as the 

fraction of light absorbed in a unit length of the medium. If the ray propagates in the z direction, 

and the intensity at a position 𝑧 is 𝐼(𝑧), the decay of intensity over a material of thickness dz is 

given by [11]: 

                                                            𝑑𝐼 = −𝛼 𝑑𝑧. 𝐼(𝑧)                                                      (IV-11) 

This can be integrated to obtain the Beer-Lambert law: 

                                                              𝐼(𝑧) = 𝐼0𝑒
−𝛼𝑧                                                          (IV-12) 

Where 𝐼0 is the optical intensity at 𝑧 = 0. The absorption is dependent on the frequency of the 

light wave. 

The absorption coefficient α(ω) obtained directly from the relation [14,15]: 

                                     𝛼(𝜔) =
√2

𝑐
𝜔√−𝜀1(𝜔) + √𝜀1(𝜔)2 + 𝜀2(𝜔)2                                 (IV-13) 

3-The refractive index:  

If a plane wave propagates through two media with different dielectric constants, it will 

be divided into two waves: a reflected wave and a refracted wave. The complex refractive index 

𝑁(𝜔) is given by [14,15]: 

                                                        𝑁(𝜔) = 𝑛(𝜔) + 𝑖𝑘(𝜔)                                                 (IV-14)  

𝑛(𝜔): being “the real refractive index”.  

𝑘(𝜔): is the attenuation index, also called “the extinction coefficient”. 

From Fresnel equations: 
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                                                  𝑛(𝜔) = (
𝜀1(𝜔)

2
+

√𝜀1(𝜔)
2+𝜀2(𝜔)

2

2
)
2

                                      (IV-15) 

In the other hand, and using Kramer and Kronig relations, the refractive index and the 

extinction coefficient can be expressed by [46]: 

                                                 𝑛(𝜔) = 1 +
2

𝜋
𝑃∫

𝜔′𝑘(𝜔′) 

𝜔′2−𝜔2

+∞

0
 𝑑𝜔′                                       (IV-16) 

                                                    𝑘(𝜔) = −
2𝜔

𝜋
𝑃 ∫

𝑛(𝜔′)−1

𝜔′2−𝜔2
𝑑𝜔′

+∞

0
                                       (IV-17) 

To better explain the physical consequences of these relations, let's simplify equation (IV-19) by 

writing it for 𝜔 = 0 (𝐸 = 0): 

                                                 𝑛(0) = 𝑛0 = 1 +
2

𝜋
∫

𝑘(𝜔′)

𝜔′

+∞

0
𝑑𝜔′                                       (IV-18) 

The equation (IV-24) shows that 𝑛0, also known as “the zero-loss index”, is related to the integral 

over 𝑘(𝜔) across the entire spectrum, with a weighting factor of 
1

𝜔′
 From this formula, we deduce 

that the larger the compound's absorption, the stronger will be 𝑛0. Additionally, due to the 

weighting factor 
1

𝜔′
, the more this absorption is situated at a low frequency (

1

𝜔′
  large), the more 

significant the increase in 𝑛0 will be  

4- The reflectivity coefficient:  

for normal incidence of radiation on the surface of a solid, the reflectivity coefficient is 

written as: 

                                                  𝑅 = |
𝑁−1

𝑁+1
|
2

=
(𝑛−1)2+𝑘2

(𝑛+1)2+𝑘2
                                                      (IV-19) 

For 𝑘 =  0, N is real, and the reflection coefficient becomes: 

                                                     𝑅 = |
𝑁−1

𝑁+1
|
2

=
(𝑛−1)2

(𝑛+1)2
                                                         (IV-20) 
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The reflectivity spectrum 𝑅(𝜔) for normal incidence on the surface of a crystal is deduced from 

the relation: 

                                                           𝑅 = |
√𝜀(𝜔)−1

√𝜀(𝜔)+1
|
2

                                                      (IV-21) 

IV.5.4. Determination of the Dielectric Function by the Wien2k Code 

To accurately represent optical properties, it is necessary to use the finest possible 

sampling of the Brillouin zone. To achieve this, after calculating the electronic structure through 

self-consistent field (SCF) procedures, the calculation of eigenvalues 𝐸𝑖 and corresponding 

eigenvectors |𝜑𝑖𝑘⟩ is performed for a large number of k points. 

We will now detail the method used in Wien2k for calculating the dielectric function, referring 

to Figure. IV. 8. 

 The "optic" routine calculates, for each k point and for each combination of occupied/vacant 

bands, the components of the dipole moment matrix ⟨𝑐𝑘|𝑃
𝛼|𝑣𝑘⟩. 

 The calculation of the components of 𝜀2(𝜔) and the integration over the Brillouin zone are 

performed by the "joint" routine for a transition energy ranging from 0 to 14 eV. It is possible 

to choose the bands for which transitions are calculated. After determining the orbital 

character of each band, it is possible to separate the different components of the 𝜀2(𝜔) 

spectrum. This is valid only when the band characters are well-separated. 

 The application of the Kramers-Kronig formula for the calculation of 𝜀1(𝜔) components is 

performed by the "kram" routine. At this stage, the value of the "scissors operator" Δc is 

given. This value is determined by the difference between the measured optical gap and the 

calculated optical gap. It is also possible to add a Lorentzian broadening, which accounts for 

experimental broadening with the Wien2k software. The different routines of the program 

are outlined, and on the right, the formula used. 

 



Chapter IV                                                                                                          Results and discussion 

111 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 8: A diagram illustrating the various steps in the calculation of the complex 

dielectric constant. 

IV.5.5. Results of optical properties computations 

To evaluate the potential of K2SnX6 (X = Cl, Br, I) compounds as light-absorbing 

materials, we analysed several optical parameters, including dielectric function (𝜀(𝜔) ),  

refractive index (𝑛(𝜔)), light-absorption coefficients (𝛼(𝜔) ), extinction coefficient (𝑘(𝜔) ), 

reflectivity coefficient (𝑅(𝜔) ), and the energy associated with the loss function (𝐿(𝜔)), using 

the PBEsol-GGA functional with and without mBJ correction.  

IV.5.5.1. Dielectric function 

The optical properties of K2SnCl6, K2SnBr6, and K2SnI6 are primarily determined by the 

complex dielectric function 𝜀(𝜔) = 𝜀1(𝜔) + 𝑖𝜀2(𝜔), which characterizes the material's linear 

response to electromagnetic radiation. The imaginary part 𝜀2(𝜔) of the dielectric function 

represents optical absorption in the crystal. The imaginary part of 𝜀(𝜔) is calculated by summing 
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the transitions from occupied to unoccupied states across the Brillouin zone. The real part 

𝜀1(𝜔) of the dielectric function can be extracted from the imaginary part 𝜀2(𝜔) using the 

Kramers-Kronig relations. 

The monoclinic symmetry of the reported crystal structures consent to four non-zero 

components of second order dielectric tensor: 𝑥𝑥  (),𝑦𝑦  (),𝑧𝑧  (),𝑥𝑦  (). However, the 

𝑥𝑦 () component is very small, therefore, we will not include it in this dissertation. 

In order to identify all possible optical transitions, we used a dense mesh of 10000 k-points in 

the Brillouin zone, as the calculation of these properties requires a large number of eigenvalues 

corresponding to eigenvectors. 

Using the optimized lattice parameters, the calculations were performed using the 

Generalized Gradient Approximation (GGA) and its modified Becke-Johnson potential 

correction in an energy range from 0 to 14 eV. 

The imaginary part of the dielectric function 

The Figures. IV. 9-a and Figures. IV. 9-b depict the imaginary part of the dielectric 

function for the indicated materials in the directions x- crystallographic, y- crystallographic and 

z- crystallographic, denoted  𝜀2𝑥𝑥 , 𝜀2𝑦𝑦  and 𝜀2𝑧𝑧. In Figures. IV. 9-a, results are computed using 

GGA functional, and in Figures. IV. 9-b results are computed using mBJ-GGA. 

We notice that dielectric functions in x-crystallographic, y-crystallographic and z- 

crystallographic directions are almost identical, excepting at the peaks where we notice slight 

differences between 𝜀2𝑥𝑥 , 𝜀2𝑦𝑦 , and 𝜀2𝑧𝑧. Hence we can deduce that the investigating compounds 

K2SnX6 (X= Cl, Br, I) show a considerable isotropy. 

Moving from K2SnCl6 to K2SnBr6 to K2SnI6, the plots exhibit essentially 

indistinguishable trends, with a shift towards lower energy levels. The curves goes through 

several peaks and the maxima increase and reach a limit value before decreasing. 

From these curves that reflects the material's absorption, we can extract information about the 

various interband transitions. The graphs represented in Figures. IV. 9-b (mBJ-GGA) exhibit 

their peaks values for K2SnCl6 at energy levels of 5.05, 7.09 eV, 9.12 eV, 11.03 eV, 13.13 eV. 

For K2SnBr6 the different peaks are at 3.6 eV, 5.9 eV, 7.5 eV, 9.6 eV, 11.7 eV, while for K2SnI6 

the peaks are located at energy levels of 2.4 eV, 4.6 eV, 5.8 eV, 7.9 eV, 9.8 eV. 
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Moreover, it was subsequently shown in Figures. IV. 9-a and in Figures. IV. 9-b that the 

dielectric constants of K2SnX6 (X = Cl, Br, I) exhibit an increase when the ionic radius of the 

halogen anion increases. 

The intensity of K2SnI6 in the 𝜀2(𝜔) spectra is observed to be higher compared to the other 

elements within the visible range, suggesting a notable level of absorptive activity in K2SnI6.  

The real part of the dielectric function 

Employing the Kramers- Kronig transformation [13], the real component of the dielectric 

function 𝜀1(𝜔) is derived from its imaginary component 𝜀2(𝜔). The real component 𝜀1(𝜔) is a 

measure of the degree of light polarization observed as light passes through a material. 

The Figures. IV. 9-c depicts the real part of the dielectric function in the directions x- 

crystallographic, y- crystallographic and z- crystallographic, denoted  𝜀1𝑥𝑥 , 𝜀1𝑦𝑦  and 𝜀1𝑧𝑧  for the 

studied materials. The computations presented in this figure use GGA functional. 

Figures. IV. 9-d shows the real part of the dielectric function for the studied materials in the 

directions x- crystallographic and z- crystallographic, denoted  𝜀1𝑥𝑥 , 𝜀1𝑦𝑦  and 𝜀1𝑧𝑧. The 

computations presented in this figure adopt mBJ-GGA functional. 

Whether in Figure. IV. 9-c or in Figure. IV. 9-d, the curves 𝜀1(𝜔) of all compounds 

show that 𝜀1𝑥𝑥(𝜔) , 𝜀1𝑦𝑦  and 𝜀1𝑧𝑧(𝜔) are almost identical for each compound. That fact shows a 

high level of isotropy. 

The curves of the studied compounds in Figure. IV. 9-c and -d demonstrate the same 

trend with some differences, especially, in the position and height of the peaks. In fact, both 

figures show that starting from the values of 𝜀1(0), the real part of the dielectric function 

increases with the increase in photon energy, and reach the major peak before decreasing. We 

note that, when decreasing, 𝜀1(𝜔) passes through zero to become negative for higher energies.  

Considering mBJ-GGA computations, 𝜀1(𝜔) becomes null for K2SnCl6, K2SnBr6, and K2SnI6, 

at approximately 12.78 eV, 11.63 eV, and 8.80 eV, respectively. 

Moreover, when the ionic radius of the halogen anion increases in K2SnX6 (X = Cl, Br, I) 

compounds, the curves shift towards lower energy levels. 

For K2SnCl6, K2SnBr6, and K2SnI6, the static dielectric constants at the zero frequency 

limit are summarised in the Table. IV. 8. K2SnI6 exhibits a higher 𝜀1(0) than the other 

compounds under study. This fact is explained by the Penn model: 

                                                     𝜀1(0) = 1 + (
ℏ𝜔𝑝

𝐸𝑔
)
2

                                                 (IV-22) 
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In other words, a small energy gap results in a large value of 𝜀1(0). In the case of our study, the 

bandgap of K2SnI6 is smaller than that of the compound K2SnCl6, K2SnBr6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 9: Calculated components of the dielectric function of the monoclinic phase of 

K2SnCl6, K2SnBr6, K2SnI6 computed by GGA and mBJ-GGA approximations, in x- 

crystallographic (solid line), y- crystallographic (dot lines)and z- crystallographic (dashed 

lines) 

IV.5.5.2. Absorption coefficient 

An important information for the application prospects can be found in the absorption 

coefficient (𝛼(𝜔)). It represents the fraction of incident light absorbed per unit distance travelled 

through the material. It reflects the probability of a photon being absorbed as it passes through 

the material. The changes in the absorption coefficient in x-crystallographic, and z-

crystallographic directions in terms of energy 𝛼𝑥𝑥(𝜔), and 𝛼𝑧𝑧(𝜔), are shown in Figure. IV. 10-
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a and Figure. IV. 10-b. The computations in a and b were carried out using GGA and mBJ-

GGA, respectively.  

𝛼𝑥𝑥(𝜔), and 𝛼𝑧𝑧(𝜔) are almost identical showing considerable isotropy of the compounds under 

study. 

According to the figures, the absorption coefficient 𝛼(𝜔) is larger than (10 4𝑐𝑚−1) and 

increases rapidly. The absorption spectra indicates maxima throughout the energy interval from 

0 to 14 ev 

The energy band gap represents the threshold at which absorption initiates in a given 

material, as a result of the electronic transition from the valence band maximum (VBM) to the 

conduction band minimum (CBM). The optical gaps for K2SnCl6, K2SnBr6, and K2SnI6 were 

determined to be 4 eV, 2.3 eV, and 1 eV, respectively using mBJ-GGA potential. The optical 

bandgaps obtained from the calculations align with the theoretical bandgaps derived from the 

band structure analysis. Hence, validating the accuracy of the computational methodology 

employed in this study. 

Due to their narrower band gaps, K2SnI6 and K2SnBr6 demonstrate superior light 

absorption in the visible light range than K2SnCl6, leading one to conclude that K2SnBr6 and 

K2SnI6 are more suitable as light-absorbing materials for solar cells. Whereas, K2SnCl6 can also 

be investigated as a promising semiconductor material for tandem photovoltaic applications and 

other optoelectronic devices because it exhibits good light absorption under the condition of 

photon energy larger than 3 eV. 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 10: Calculated absorption coefficient of the monoclinic phase of K2SnCl6, 

K2SnBr6, K2SnI6 computed by GGA and mBJ-GGA approximations, in x- crystallographic 

(solid line) and z- crystallographic (dashed lines). 
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IV.5.5.3. Refractive index 

Figure.IV. 12-a (Figure.IV. 12-b) shows the refractive index in terms of photon energy 

(𝜔) computed using GGA (mBJGGA) functional, in x-crystallographic (𝑛𝑥𝑥(𝜔)), and in z-

crystallographic (𝑛𝑧𝑧(𝜔)). The calculated results show that the refractive index 𝑛(𝜔) is 

practically isotropic.  

The curves depicted in Figure IV.12-a and -b follow a similar pattern with slight 

variations, particularly in the positioning and intensity of the peaks. Both figures illustrate that, 

starting from the initial values of 𝑛(0), the refractive index increases with the rise in photon 

energy, reaching prominent peaks before undergoing a decrease. 

Furthermore, an interesting observation is that as the ionic radius of the halogen anion increases 

in K2SnX6 compounds (X = Cl, Br, I), 𝑛(𝜔) experiences an augmentation, and a shift towards 

lower energy levels. 

The calculated static refractive index 𝑛(0) is summarized in the same table along with 

𝜀1(0). Note in Table. IV. 8 as, an example, that K2SnI6, with its smaller energy gap compared to 

K2SnBr6 and K2SnCl6, has the highest values for both the static dielectric constant and the static 

refractive index. 

In the mBJ-GGA curve, the first peak for K2SnBr6 is located at 3 eV, whereas for K2SnI6 it is set 

at 1.9 eV. These energy levels make them well-suited for solar applications. K2SnCl6 has a 

relatively low refractive index within the visible light spectrum.  

 

 

Table. IV. 8: 𝜀1(0) and 𝑛(0) of  K2SnX6 (X=Cl, Br, I) copmputed using GGA, and mBJ-GGA 

functionals 

Compound 𝜺𝟏(𝟎) 𝒏(𝟎) 

 GGA mBJ-GGA  GGA mBJ-GGA 

K2SnCl6 
𝜀1𝑥𝑥 

𝜀1𝑧𝑧  

3.08 

3.08 

2.22 

2.22 

𝑛𝑥𝑥 

𝑛𝑧𝑧  

1.75 

1.75 

1.49 

1.49 

K2SnBr6 
𝜀1𝑥𝑥 

𝜀1𝑧𝑧  

3.91 

3.91 

2.90 

2.90 

𝑛𝑥𝑥 

𝑛𝑧𝑧  

1.98 

1.98 

1.70 

1.70 

K2SnI6 
𝜀1𝑥𝑥 

𝜀1𝑧𝑧  

4.97 

5.06 

3.76 

3.80 

𝑛𝑥𝑥 

𝑛𝑧𝑧  

2.23 

2.25 

1.95 

1.94 
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Figure. IV. 11: Calculated refractive index of the monoclinic phase of K2SnCl6, K2SnBr6, 

K2SnI6 computed by GGA and mBJ-GGA approximations, in x- crystallographic (solid line) 

and z- crystallographic (dashed lines) 

 

IV.5.5.4. Extinction coefficient 

The evolution of the extinction coefficient as a function of the energy for the studied 

compounds is shown in Figure. IV. 12-a (computed using GGA) and in Figure. IV. 12-b 

(computed using mBJ-GGA). The x-crystallographic (𝑘𝑥𝑥(𝜔)), and z-crystallographic 𝑘𝑧𝑧(𝜔) 

coefficients are almost identical except in the maxima where we notice slight differences. It is 

evident from the data presented in Figure. IV. 12-a  and Figure. IV. 12-b that the variation in 

the extinction coefficient 𝑘(𝜔) follows a similar pattern to that of the absorption coefficient 

(𝛼(𝜔) ). The spectra are similar with small differences in the details. 
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Figure. IV. 12: Calculated extinction coefficient of the monoclinic phase of K2SnCl6, K2SnBr6, 

K2SnI6 computed by GGA and mBJ-GGA approximations, in x- crystallographic (solid line) 

and z- crystallographic (dashed lines). 

 

IV.5.5.5. Reflectivity 

The reflectivity (R(𝜔)) is a fundamental optical parameter that quantifies the amount of 

light reflected from a given surface. Figure. IV. 13-a and Figure. IV. 13-b display the 

reflectivity spectra of K2SnCl6, K2SnBr6, and K2SnI6 computed using GGA and mBJ-GGA 

respectively. The reflectivity in x-crystallographic 𝑅𝑥𝑥(𝜔), and in z-crystallographic 𝑅𝑧𝑧(𝜔) are 

depicted. 𝑅𝑥𝑥(𝜔), and 𝑅𝑧𝑧(𝜔)  are almost identical showing a high level of isotropy. 

It is observed that at low energies, these compounds have a low reflectivity. According 

to Figure. IV. 13-a, It starts at 5% for K2SnCl6, approximately 10% for K2SnBr6, and about 15% 

for K2SnBr6. Then, a rapid increase in reflection occurs at intermediate and high energies. These 

reflectivity maxima result from interband transitions. 

It is noteworthy that, in the visible spectrum, the reflectivity of the investigated compounds is 

below 15% . 
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Figure. IV. 13: Calculated reflectivity of the monoclinic phase of K2SnCl6, K2SnBr6, K2SnI6 

computed by GGA and mBJ-GGA approximations, in x- crystallographic (solid line) and z- 

crystallographic (dashed lines) 

 

IV.5.5.6. Energy loss function 

The energy-loss function (𝐿(𝜔)) characterizes the probability of light attenuation as it 

passes through a material. In the other hand, the energy loss function helps to identify electronic 

transitions between the energetic states of a material. In fact, peaks in the energy loss function 

correspond to energies where specific electronic transitions occur. 

The energy loss function can be evaluated from the dielectric function. It can be described by the 

expression: 

                                                          𝐿(𝜔) = 𝐼𝑚 (
−1

𝜀(𝜔)
)                                                            (IV-23) 

Which can be written as : 

                                                   𝐿(𝜔) = 𝐼𝑚 (
𝜀2(𝜔)

𝜀1(𝜔)
2+𝜀2(𝜔)

2
)                                                    (IV-24) 

 

Figure. IV. 14 presents the energy loss spectrum (𝐿(𝜔)). The extinction coefficient and 

energy-loss function curves clearly exhibit similar patterns. 
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Figure. IV. 14: Calculated energy loss function of the monoclinic phase of K2SnCl6, K2SnBr6, 

K2SnI6 computed by GGA and mBJ-GGA approximations, in x- crystallographic (solid line) 

and z- crystallographic (dashed lines). 

 

IV.5.5.7. Optical conductivity 

The optical conductivity, which is a complex quantity, can be given by the following 

expression: 

                                                          𝜎(𝜔) = −
𝑖𝜔

4𝜋
 𝜀(𝜔)                                                              (IV-25) 

The optical conductivity 𝜎(𝜔) includes various elements that explain the relationship 

between the oscillating electric field 𝐸⃗  and the current density 𝐽 . Figure. IV. 15 illustrates the 

optical conductivity spectrum, which shows multiple peaks, each representing transitions 

between different bands. 

The results computed using mBJ-GGA represented in Figure. IV. 15-b shows that the 

optical conductivity for our compounds begins around the values corresponding to the material's 

gap (4.17 eV, 2.73 eV, 1.65 eV for K2SnCl6, K2SnBr6 , K2SnI6, respectively). After these points, 

it increases and reaches its maximum value, then decreases. 𝜎(𝜔)  goes through several peaks. 

Its maximum value is 6018.61 Ω−1. 𝑐𝑚−1 at 13.13 eV for K2SnCl6, 5736.64 Ω−1. 𝑐𝑚−1  at 9.59 

eV for K2SnBr6, and 6352.39 Ω−1. 𝑐𝑚−1 at 8.1 eV for K2SnI6 . The secondary peaks correspond 

to different transitions between the conduction band and the valence band. Moreover, the 
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variation in halogen in K2SnX6 from Cl to Br to I shifts the maximum values of conductivity to 

lower energies. 

In Figure. IV. 15-a, the results computed using GGA are depicted. The curves show the same 

trend than those of Figure. IV. 15-b with a shift toward lower energies. 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 15: Calculated optical conductivity of the monoclinic phase of K2SnCl6, K2SnBr6, 

K2SnI6 computed by GGA and mBJ-GGA approximations, in x- crystallographic (solid line) 

and z- crystallographic (dashed lines) 

 

IV.6. Thermoelectric properties 

IV.6.1. Introduction 

The evaluation of thermoelectric devices performance is conducted through the principal 

parameter called “the figure of merit” introduced by Altenkirch in 1911 [16,17], 

 

                                                                  𝑍𝑇 =  
𝝈𝑻𝑺𝟐

𝜿
                                                    (IV-26) 

Where, the parameters are Seebeck coefficient (S), electrical conductivity (σ), total thermal 

conductivity (κ), and absolute kelvin temperature (T). Therefore, large S and σ with a small κ are 

characteristics of a good thermoelectric device. These parameters are also called “transport 

coefficients. The calculation of the figure of merit (ZT) involves the total thermal conductivity 
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 𝜅 = 𝜅𝑒 + 𝜅𝐿 , which is the sum of the electronic thermal conductivity (κe) and the lattice thermal 

conductivity (κL).  

The intention of this study is to calculate the cited thermoelectric parameters of materials with 

ab initio methods.  

The methodology for this study is divided into two main steps: 

1) Performing a density functional theory (DFT) calculation (a detailed explanation of DFT is 

provided in Chapter III) to determine both the minimum energy structure and the ground-

state electronic structure. 

2) The application of the Boltzmann transport theory [18-20] implemented in BoltzTraP code 

[5,21], using data from a density functional theory calculation to determine the 

thermoelectric properties. 

Before presenting any results concerning the thermoelectric properties of studied 

compounds, we will, first, expose the transport coefficients derivation from Boltzmann transport 

theory, as well as the Slack equation used to determine the lattice thermal conductivity near the 

Debye temperature. Then, we will also give a simple overview of The BoltzTrap code. 

IV.6.1.1. Transport coefficients derivation  

In order to study thermoelectricity, it is crucial to be able to calculate the transport 

properties of a system. At the macroscopic level, the disturbance caused by an electric field or 

temperature gradient prompts the generation of electrical or thermal currents within the material. 

The local associations between the electric field 𝐸⃗  and the temperature gradient 𝛻⃗ 𝑇 along with 

their respective electrical current 𝐽  and heat current 𝐽 𝑄, for an isotropic solid, are as follows:  

 

                                                              𝐽 = 𝜎. 𝐸⃗ − 𝑆𝜎. 𝛻⃗ 𝑇                                                   (IV-27) 

                                                           𝐽 𝑄 = 𝑆𝜎𝑇. 𝐸⃗ − 𝜅0. ∇⃗⃗ 𝑇                                                 (IV-28) 

where 𝜎 is the electrical conductivity, 𝑆 the Seebeck coefficient. The electronic component of 

thermal conductivity, denoted as 𝜅𝑒, is defined as the heat current generated per unit temperature 

gradient in the absence of an electrical current: 

 

                                                               𝜅𝑒 = 𝜅0 − 𝑇𝜎𝑆
2                                                     (IV-29) 

 

The total thermal conductivity of the material results from combining this electronic contribution 

with the corresponding contribution from the lattice. In real materials, the currents may not align 
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perfectly with the electric field or thermal gradient, and the transport coefficients are tensor 

quantities. This adds complexity to the relations mentioned above, but the fundamental 

definitions remain unchanged. 

To assess the transport coefficients, we require a microscopic model of the transport 

phenomenon. We adopt the semi-classical approach provided by solving Boltzmann's equation 

within the relaxation time approximation. For a detailed explanation of the method, refer to the 

book by Nag. [37]. Here, we provide a concise overview. Typically, the electrical current of 

carriers (electrons or holes) is characterized as follows. 

 

                                                               𝐽 = 𝑒 ∑ 𝑓𝑘⃗ 𝑣 𝑘⃗ 𝑘⃗                                                         (IV-30) 

 

where 𝑒 is the elementary charge. The summation encompasses all quantum numbers of the 

system, which, in the scenario of a crystalline solid, correspond to the three components of the 

crystal momentum 𝑘⃗ . 𝑓𝑘⃗  represents the population of the quantum state labeled with 𝑘⃗ , while 𝑣 𝑘⃗  

 signifies the group velocity linked to that state. This velocity is defined as the gradient in 

reciprocal space of the dispersion relation (band structure) of the electrons within the crystal. 

 

                                                                 𝑣 𝑘⃗ =
1

ℏ

𝜕ℰ
𝑘⃗⃗ 

𝜕𝑘⃗ 
                                                          (IV-31) 

 

There is here a need for an analytical expression of the distribution function, which is the solution 

of the Boltzmann equation:.  

 

:                                      
𝜕𝑓

𝑘⃗⃗ 

𝜕𝑡
= −𝑣 𝑘⃗ .

𝜕𝑓
𝑘⃗⃗ 

𝜕𝑟 
−

𝑒

ℏ
(𝐸⃗ +

1

𝑐
𝑣 𝑘⃗ × 𝐻⃗⃗

 ) .
𝜕𝑓

𝑘⃗⃗ 

𝜕𝑘⃗ 
+ (

𝑑𝑓
𝑘⃗⃗ 

𝑑𝑡
)
𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔

           (IV-32) 

 

This statement suggests that the rate of change of the population depends on diffusion, the 

influence of electric field 𝐸⃗  or magnetic fields 𝐻⃗⃗ , or scattering. When fields are absent, the 

stationary solution of Boltzmann’s equation for fermions yields the Fermi distribution function 

𝑓0(𝜀𝑘⃗ ). This distribution ensures that the population remains the same for 𝑘⃗  and -𝑘⃗ , resulting in 

a cancellation in the summation in Equation (IV-30), and thus, zero net current flow. 

By linearizing the equation and employing the relaxation time approximation for the scattering 

term, and assuming the absence of magnetic fields and temperature gradients, the population can 

be expressed by: 
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                                                       𝑓𝑘⃗ = 𝑓0(𝜀𝑘⃗ ) + 𝑒 (
𝜕𝑓0

𝜕𝜀
) 𝜏𝑘⃗ 𝑣 𝑘⃗ . 𝐸⃗

                                        (IV-33) 

In this equation, 𝜏 represents the relaxation time, and the complete spatial variation of 𝑓 is 

determined by the thermal gradient. Utilizing this expression to compute the current, we obtain 

the electrical conductivity tensor: 

                                                           𝜎 = 𝑒2∑ (−
𝜕𝑓0

𝜕𝜀
) 𝑣 𝑘⃗ 𝑣 𝑘⃗ 𝜏𝑘⃗ 𝑘⃗                                          (IV-34) 

Equivalent formulas can be generated for both the Seebeck coefficient and electronic thermal 

conductivity. Nonetheless, for the sake of simplicity, we opt to delineate the transport distribution 

(TD). 

                                                                   Ξ = ∑ 𝑣 𝑘⃗ 𝑣 𝑘⃗ 𝜏𝑘⃗ 𝑘⃗                                                    (IV-35) 

The transport coefficients in a unit cell crystal of volume Ω can then be calculated, for a specific 

chemical potential µ and temperature, by integrating this conductivity distribution: 

 

                                                          𝜎 = 𝑒2 ∫ Ξ(𝜀) [−
𝜕𝑓0

𝜕𝜀
] 𝑑𝜀                                             (IV-36) 

                                                     𝑆 =
𝑒𝑘𝐵

𝜎
∫Ξ(𝜀) (

𝜀−𝜇

𝑘𝐵𝑇
) [−

𝜕𝑓0

𝜕𝜀
] 𝑑𝜀                                       (IV-37) 

                                                   𝜅0 = 𝑘𝐵
2𝑇 ∫ Ξ(𝜀) (

𝜀−𝜇

𝑘𝐵𝑇
)
2

[−
𝜕𝑓0

𝜕𝜀
] 𝑑𝜀                                    (IV-38) 

Here, 𝜇 represents the chemical potential, and 𝑘𝐵  denotes Boltzmann’s constant. Equations 

(IV-36) to (IV-38) illustrate that the transport distribution encompasses all material-specific 

details pertinent to transport properties. 

IV.6.1.2. Lattice thermal conductivity near the Debye temperature 

Near the Debye temperature, interactions among phonons themselves, via anharmonic 

Umklapp processes, are significant. Several initial approximations of the lattice thermal 

conductivity within this regime have been deliberated by Slack [23] and Berman [36]. These 

approximations can be viewed as rough representations for the thermal conductivity at 

temperatures relatively close to the Debye temperature of the solid. They all follow a similar 

structure: 

.                                                               𝜅𝐿  =  𝐴 ·  
𝑀𝑎𝜃𝑎

3𝛿  

𝛾2𝑇
                                                  (IV-39) 

where 𝑀𝑎 is the atomic mass of the atom, 𝛿3  is the volume per atom, and A is a constant. 

Leibfried and Schlömann [35] give the constant as A = 5.72 × 10−8 for δ in Angstroms and 𝑀𝑎 in 
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atomic mass units. Julian [22] pointed out an error in their calculation and determined the 

following value for A:  

                                                      𝐴 =  
2.43 · 10−8

 1 − 0.514/𝛾 + 0.228/𝛾2
                                                (IV-40) 

Slack [23] put γ ≈ 2 in this expression and used A = 3.04 × 10−8. The γ-dependence of A is slight 

and we will allow this parameter to assume its value appropriate to the value of γ used to calculate 

the thermal conductivity.  

The lattice thermal conductivity κL computation, using the Slack equation, is implemented in the 

Gibbs code [24,25]. 

Equation (IV-39) is applicable to structures with a single atom in the primitive unit cell. By 

employing a straightforward counting approach, Slack [23] expanded the model to encompass 

crystals with n atoms per unit cell: 

                                                             𝜅 =  𝐴 ·  
𝑀𝑎𝜃𝑎

3𝛿  

𝛾2𝑇𝑛2 3⁄                                                        (IV-41) 

IV.6.1.3. BoltzTrap code: a BTE based computational software 

It contains the program Boltzmann Transport Properties for calculating the semi-classic 

transport coefficients.  

The BoltzTrap code [5,21] simplifies the computation of these transport coefficients with 

minimal computational resources. This code employs Fourier expansions to solve the Boltzmann 

equation within the relaxation time approximation. Utilizing the interpolated band structure, it 

calculates the necessary derivatives for evaluating transport properties such as group velocities. 

Therefore, it is crucial to ensure accurate band energy computations through Wien2k before 

employing BoltzTrap. The BoltzTrap code operates under the Rigid Band Approximation (RBA) 

[38,39] and the Constant Scattering Time Approximation (CSTA), and these approximations 

have been successfully applied for several thermoelectric materials [40-42]. For ease of 

computing transport coefficients, BoltzTrap considers the relaxation time as constant (i.e. 

temperature and energy-independent) and the average value is taken as 1014s. However, it also 

offers the option to introduce energy and temperature-dependent relaxation times corresponding 

to specific electron scattering processes, enabling the computation of their respective transport 

properties. 

IV.6.2. Electrical conductivity 

The electrical conductivity (σ) changes with temperature are depicted in Figure. IV. 16. 

The behavior of σ as a function of T shows the increasing trends from 0.44/0.28/0.52 (104.ω-1.m-1) 
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at 50 K to 7.64/6.78/4.36 (105.ω-1.m-1) at 500 K for K2SnCl6, K2SnBr6, and K2SnI6, respectively. 

This evidences the semiconductor nature of K2SnX6 vacancy-ordered double perovskites. The 

following relationship links σ with carrier concentration n:  

 

                                                                      𝜎 =  𝑛𝑒𝜇                                                       (IV-42) 

Where: n is the electrons concentration, μ: is the mobility and e is the electrical charge. The rise 

in carrier concentration when the temperature increases is the cause of the positive temperature 

dependence of 𝜎. 

It is also notable that for temperatures larger than 200 K, the values of electrical conductivity of 

K2SnI6 are considerably less than those of K2SnCl6 and K2SnBr6, while for temperatures lower 

than 200 K, the reverse trend is observed. This fact can be explained by the high level of 

scattering which occurs in the three compounds, however, the scattering properties are influenced 

by the size and mass of the halide ions (Cl⁻, Br⁻, I⁻) surrounding the tin (Sn) ions. Generally, the 

likelihood of scattering increases with the mass and size of the ions because larger and heavier 

ions can cause more significant disruptions to the movement of charge carriers. Considering the 

trends in ion size and mass, K₂SnI₆ is has the highest level of scattering among the three 

compounds and K₂SnCl₆ has the smallest one. 
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Figure. IV. 16: The computed electrical conductivity σ in terms of temperature,  

for K2SnCl6(X=Cl, Br, I) compounds. 
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IV.6.3. Thermal conductivity 

The charge carrier's contribution to heat transfer is represented by κe. Figure. IV. 17 (a) 

displays the electronic thermal conductivity (κe) behavior against the temperature. For the three 

compounds, κe value augments as the temperature increases from 0.015/0.009/0.013 (W.m-1.K-

1) at 50 K to 1.94/1.92/0.92 (W.m-1.K-1) at 500 K for K2SnCl6, K2SnBr6, and K2SnI6, respectively. 

This trend of electronic thermal conductivity is expected, since the electrons concentration 

increases with temperature. 

On the other hand, electronic thermal conducticity decreases from K2SnCl6 to K₂SnBr6, to 

K2SnI₆. In fact, larger and heavier ions lead to increased scattering and lower carrier mobility, 

affecting the electronic thermal conductivity of the material. 

Figure. IV. 17 (b) shows the lattice contribution to thermal conductivity (𝜅𝐿) as a function 

of temperature, determined using the Slack equation [23]. The values of 𝜅𝐿 decrease with 

increasing temperature. This behavior indicates a reduction in phonon heat transfer as the 

temperature rises., from 6.02/ 2.48/ 1.97 (W.m-1.K-) at 50 K to 0.60/0.25/0.197 (W.m-1.K-1) at 

500 K for K2SnCl6, K2SnBr6, and K2SnI6, respectively. In fact, the phenomenon of decreasing 

lattice thermal conductivity with an increase in temperature is often attributed to increased 

phonon-phonon scattering at higher temperatures. As the temperature rises, thermal vibrations 

(phonons) become more pronounced, leading to increased collisions and scattering between 

phonons. This increased scattering reduces the mean free path of phonons, hindering their ability 

to transport heat through the material efficiently.  

On the other hand, thermal conductivity decrease from K2SnCl6 to K2SnBr6 to K2SnI6 . In fact, 

lighter atoms transfer heat more effectively through vibrations in the lattice. As mass increases, 

the ability of atoms to vibrate decreases, leading to lower thermal conductivity. 

Figure. IV. 17 (c) depicts the relationship between the temperature and the total heat 

transfer by charge carriers and phonons (κ). The thermal conductivity values decline until 

reaching 200 K for K2SnCl6, while they decrease until 250 K for K2SnBr6, and decrease until 350 

K for K2SnI6. After these temperatures respectively, the total thermal conductivity (κ) shows a 

little increase with increasing temperature. This increase is a result of the fact that the number of 

charge carriers augments with temperature. Whereas, in the case of low tempertaures, the 

electronic thermal conductivity is low, such as the calculated value of e accounts for less than 2 

% of . Therefore, the electronic part is negligible and the lattice thermal conductivity is 

approximately equal to the total thermal conductivity,  ≈ L. 
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Figure. IV. 17: Representation of: (a) The electrons contribution to thermal conductivity (κe), 

(b) The lattice contribution to thermal conductivity (κL), and (c) The total thermal conductivity 

(κ) in terms of temperature for K2SnCl6, K2SnBr6, and K2SnI6. 

IV.6.4. Seebeck coefficient 

The Seebeck coefficient (𝑆) quantifies the voltage generated by a material when exposed 

to a temperature gradient. Figure. IV. 18 illustrates the Seebeck coefficient (𝑆) for K2SnX6 (X 

= Cl, Br, I) compounds over the temperature range of 100-500 K. Throughout this range, the 

Seebeck coefficient (𝑆) values for these compounds remain positive, indicating p-type 

conductivity. Furthermore, the Seebeck coefficient (𝑆)decreases as the temperature rises from 

150 K onwards, which is consistent with the behavior observed in other semiconductors [26], 

[27]. Its values in this range of temperature varies from 2.33.10-4, 2.50.10-4, and 2.27.10-4 (V/K) 

100 200 300 400 500
0

1

2

3

4

5

6

 
L
(W

.m
-1

.K
-1

)

 K2SnCl6

 K2SnBr6

 K2SnI6

(b)

T (K)

100 200 300 400 500
0.0

0.5

1.0

1.5

2.0

 
e 

(W
.m

-1
.K

-1
)

(a) K2SnCl6

 K2SnBr6

 K2SnI6

T (K)



Chapter IV                                                                                                          Results and discussion 

129 
 

at 150 K to 1.97.10-4, 2.11.10-4, and 1.82.10-4 (V/K) at 500 K for K2SnCl6, K2SnBr6, and K2SnI6, 

respectively. We notice that Seebeck coefficient of our compounds is relatively high [28,29].  
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Figure. IV. 18: The computed Seebeck coefficient (S) as a function of temperature for 

K2SnCl6, K2SnBr6, and K2SnI6.. 

IV.6.5. Power factor coefficient 

The thermoelectric strength is measured by the σ and S2 whose combination is illustrated 

by σS2 termed as power factor (PF = 𝜎𝑆2). Figure. IV. 19 depicts how it changes with 

temperature for th compounds K2SnX6 (X= Cl, Br, or I). PF increases from ~2.04×10−4 W/mK2 

(at 50 K) to ~3×10−3 W/mK2 (at 500 K) for K2SnCl6, from ~9.7×10−5 W/mK2 (at 50 K) to ~3×10−3 

W/mK2 (at 500 K) for K2SnBr6, and from~1.7×10−4 W/mK2 (at 50 K) to 1.5×10−3 W/mK2 (at 

500 K) for K2SnI6. The calculated PF values assure their overall potential as effective 

thermoelectric materials [26-29].  

At temperatures exceeding 150 K, the power factor values for K2SnI6 are significantly 

lower than those observed for K2SnCl6 and K2SnBr6. However, at temperatures below 150 K, the 

power factor values for all three compounds are comparable. It is notable that this trend is similar 

to the electrical conductivity versus temperature trend. 
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Figure. IV. 19: The computed Power Factor coefficient PF as a function of of temperature for 

K2SnCl6, K2SnBr6, and K2SnI6.. 

 

IV.6.6. Figure of merit 

The calculations presented in Figure. IV. 20 depict the Figure of merit (ZT) variation in 

terms of temperature for the compounds K2SnX6 (X=Cl, Br, I) in monoclinic phase. It is observed 

that, for all studied compounds, ZT increases reasonably until reaching a maximum. This trend 

is a result of the reduction of  and the increase of power factor ,simultaneously, with increasing 

T.  

At 500 K the maximum ZT values for, K2SnCl6, K2SnBr6, and K2SnI6 are 0.58, 0.69, and 

0.65, respectively. These values are notably higher compared to those of metal and lead halide 

perovskites [43]. This indicates that the materials being studied are particularly effective for 

thermoelectric applications at elevated temperatures.It is also notable that K2SnBr6 exhibits the 

highest ZT value among the three compounds at high temperatures. 
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Figure. IV. 20: The computed Figure of merit ZT as a function of temperature, for K2SnCl6, 

K2SnBr6, and K2SnI6.. 

. 

IV.6.7. Conclusion 

The Seebeck coefficient (S) confirmed p-type conductivity for all compounds, and its 

positive values decreased with rising temperature, consistent with semiconductor behavior. The 

power factor (PF), a measure of thermoelectric strength, demonstrated an overall potential for 

effective thermoelectric materials, reaching significant values at elevated temperatures. 

However, K2SnI6 exhibited lower power factor values compared to K2SnCl6 and K2SnBr6 at 

temperatures exceeding 150 K. 

The figure of merit (ZT), a crucial parameter for assessing thermoelectric efficiency, 

exhibited a reasonable increase with temperature for all compounds, reaching maximum values 

at 500 K. Notably, K2SnBr6 displayed the highest ZT value among the three compounds at high 

temperatures. 

In summary, the investigated K2SnX6 compounds present promising thermoelectric 

properties, especially at elevated temperatures, making them potential candidates for 

thermoelectric applications. The systematic analysis of their electrical and thermal behaviors 

provides a foundation for further exploration and optimization of these materials for practical 

thermoelectric devices. 
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IV.7. Thermodynamic properties  

The determination of thermodynamic properties has a dual role: firstly, it aids in 

enhancing our comprehension and forecasting of the characteristics of established or novel 

materials, including their chemical and thermal stability, mechanical properties, phases, and 

microstructures. Secondly, it supplies crucial information for refining the manufacturing 

processes of these materials and evaluating how they will perform in their intended surroundings. 

The calculations conducted in this work were executed using an approach rooted in the formalism 

of density functional theory. 

The impact of pressure is addressed by a straightforward addition of 𝑎 (𝑝𝑉) term to the 

energy equation, whereas the influence of temperature necessitates the utilization of a thermal 

model that incorporates the crystal's degrees of freedom into the free energy. To compute the 

thermodynamic properties of materials and consider the temperature-related effects overlooked 

by the Born-Oppenheimer approximation, we applied the quasi-harmonic Debye model , which 

is integrated into the Gibbs2 software [30]. This software was developed by Blanco and his 

collaborators [25,31]. The calculation methodology employed in Gibbs2 is thoroughly detailed 

in reference [25]. The only data essential for conducting computations with this software are the 

outcomes derived from ab-initio calculations, specifically the energy as a function of volume 

𝐸(𝑉). 

IV.7.1. The quasi-harmonic Debye model 

Utilizing the energy of a solid (𝐸) as a function of molar volume (𝑉), the Gibbs2 program 

employs the quasi-harmonic Debye model to calculate the Debye temperature (𝜃𝐷), and then 

derives the out-of-equilibrium Gibbs function 𝐺∗(𝑥, 𝑉;  𝑝, 𝑇). Minimizing 𝐺∗ results in the 

determination of the thermal equation of state (EOS) 𝑉(𝑝, 𝑇), and the chemical potential 𝐺(𝑝, 𝑇) 

for the corresponding phase. Additionally, various other macroscopic properties are obtained as 

functions of 𝑝 and 𝑇 through classical thermodynamic relations. 

The out-of-equilibrium Gibbs function 𝐺∗(𝑥, 𝑉, 𝑝, 𝑇). is given in the following form 

[30,31]: 

                    𝐺∗(𝑥, 𝑉; 𝑝, 𝑇) = 𝐸𝑠𝑡𝑎(𝑥, 𝑉) + 𝑝𝑉 + 𝐹𝑣𝑖𝑏
∗ (𝑥, 𝑉; 𝑇) + 𝐹𝑒𝑙

∗ (𝑥, 𝑉; 𝑇) + ⋯            (IV-43) 

Where: 

 𝐸𝑠𝑡𝑎(𝑥, 𝑉) represents the static energy determined through ab initio calculations. 
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 𝑝𝑉 corresponds to the hydrostatic condition. 

 𝐹𝑣𝑖𝑏
∗ (𝑥, 𝑉; 𝑇) and 𝐹𝑒𝑙

∗ (𝑥, 𝑉; 𝑇) are the out-of-equilibrium vibrational and electronic free 

energies, respectively. 

As per standard thermodynamics, when a system is maintained at a constant temperature T while 

experiencing unchanging hydrostatic pressure p, the equilibrium state minimizes the out-of-

equilibrium Gibbs energy of the respective phase [32]. 

                                                  𝐺∗(𝑝, 𝑉) = 𝑚𝑖𝑛𝑥,𝑉𝐺
∗(𝑥, 𝑉; 𝑝, 𝑇)                                        (IV-44) 

Hence, the Gibbs function G*(V; p, T) can be minimized concerning the volume V, and this 

minimization is expressed as: 

                                                       
𝜕𝐺∗

𝜕𝑉
= 0 = −𝑝𝑠𝑡𝑎 + 𝑝 + 𝑝𝑡ℎ                                            (IV-45) 

Where: 

 𝑝𝑠𝑡𝑎 =
𝜕𝐸𝑠𝑡𝑎

𝜕𝑉
  signifies the static pressure. 

 𝑝𝑡ℎ =
𝜕𝐹𝑣𝑖𝑏

∗

𝜕𝑉
  represents the thermal pressure. 

 𝑝 is the externally applied pressure. 

Solving equation (IV-45) provides the thermal equation of state (EOS). 

The vibrational energy 𝐹𝑣𝑖𝑏
∗ (𝑥, 𝑉; 𝑇) is given in the quasi-harmonic approximation in terms of 

the phonon density of states (or vibrational density of states) 𝑔(𝜔). 

                              𝐹𝑣𝑖𝑏
∗ (𝑥, 𝑉; 𝑇) = ∫ [

𝜔

2
+ 𝑘𝐵𝑇𝑙𝑛 (1 − 𝑒

−𝜔 𝑘𝐵𝑇⁄ )]𝑔(𝜔)𝜕𝜔
+∞

0
                   (IV-46) 

The Debye model [33] is a commonly used approximation for the phonon spectrum, which 

simplifies the representation of phonons. This model treats the solid as an isotropic and 

continuous elastic medium, disregarding its discrete particle nature. In this medium, acoustic 

waves propagate without dispersion, and the frequencies are directly proportional to the wave 

vector. Instead of the 3n phonon branches, the Debye model uses three acoustic branches, with 

frequencies following the relationship: 

𝜔𝐷 = 𝐶𝑘𝐷. In this equation, 𝐶 is the speed of sound in the given solid. 
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To ensure that the total number of vibration modes equals 3n, a limited wave vector, 𝑘 

representing the radius of a sphere containing n wave vectors, is imposed. The phonons density 

of states is then described by a quadratic form: 

                                                𝑔𝐷𝑒𝑏𝑦𝑒 = {
9𝑛𝜔2

𝜔𝐷
3         𝑠𝑖  𝜔 < 𝜔𝐷

0           𝑠𝑖   𝜔 ≥ 𝜔𝐷

                                           (IV-47) 

Here, 𝜔𝐷  is the Debye frequency, which is closely tied to the Debye temperature: 

                                                     𝜃𝐷 =
𝜔𝐷

𝑘𝐵
=

1

𝑘𝐵
(
6𝜋2𝑛

𝑉
)

1

3
. 𝑉0                                                (IV-48) 

In the quasi-harmonic Debye model, 𝜃𝐷  is dependent on volume, and the Grüneisen coefficient: 

                                                              𝛾𝐷 = −
𝜕𝑙𝑛𝜃𝐷

𝜕𝑙𝑛𝑉
                                                           (IV-49) 

When incorporating 𝑔𝐷𝑒𝑏𝑦𝑒  into the quasi-harmonic expressions, the thermodynamic properties 

can be expressed as follows: 

Gibbs free energy of Helmotz (F) 

,                   𝐹 = 𝐸𝑠𝑡𝑎(𝑥, 𝑉) +
9

8
𝑛𝑘𝐵𝜃𝐷 + 3𝑛𝑘𝐵𝑇𝑙𝑛 (1 − 𝑒

−
𝜃𝐷

𝑇⁄ ) − 𝑛𝑘𝐵𝑇𝐷 (
𝜃𝐷

𝑇
)            (IV-50) 

Entropy (S) 

                                     𝑆 = −3𝑛𝑘𝐵𝑇𝑙𝑛 (1 − 𝑒
−
𝜃𝐷

𝑇⁄ ) + 4𝑛𝑘𝐵𝐷 (
𝜃𝐷

𝑇
)                                 (IV-51) 

Heat capacity at constant volume (𝐶𝑉), 

                                               𝐶𝑉 = 12𝑛𝑘𝐵𝐷 (
𝜃𝐷

𝑇
) −

9𝑛𝑘𝐵
𝜃𝐷

𝑇⁄

𝑒
𝜃𝐷

𝑇
⁄
−1

                                             (IV-52) 

𝐵𝑇  represents the isothermal compressibility modulus    

                                                 𝐵𝑇 = −𝑉 (
𝜕𝑝

𝜕𝑉
)
𝑇
= 𝑉 (

𝜕2𝐹

𝜕𝑉2
)
𝑇
                                                (IV-53) 
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D represents the Debye integral 

                                                          𝐷(𝑥) =
3

𝑥3
∫

𝑦3𝑒−𝑦

1−𝑒−𝑦
𝑑𝑦

𝑥

0
                                                (IV-54) 

Thermal expansion coefficient (α))      

                                                          𝛼 = −
1

𝑉
(
𝜕𝑉

𝜕𝑇
)
𝑃
=

𝛾𝐷𝐶𝑉

𝐵𝑇𝑉
                                                 (IV-55) 

Heat capacity at constant pressure (𝐶𝑝), 

                                                  𝐶𝑝 = (
𝜕𝐻

𝜕𝑇
)
𝑝
= 𝐶𝑉(1 + 𝛾𝐷𝛼𝑇)                                             (IV-56) 

The static compressibility 

                                     𝐵𝑠 = −𝑉 (
𝜕𝑝

𝜕𝑉
)
𝑠
= 𝑉 (

𝜕2𝑈

𝜕𝑉2
)
𝑠
= 𝐵𝑇(1 + 𝛾𝐷𝛼𝑇)                                 (IV-57) 

In the expressions above, n denotes the number of atoms per unit cell. 

IV.7.2. Temperature and pressure effect 

In this section, the thermodynamic properties are calculated as functions of pressure and 

temperature for the compounds K2SnX6 (X= Cl, Br, I), using the quasi-harmonic Debye model 

implemented in Gibbs2 program. This model relies on the input data 𝐸(𝑉) (total energy 𝐸 and 

volume 𝑉 of the primitive cell, obtained from the Wien2k code within the framework of the GGA 

approximation. 

IV.7.2.1. Lattice volume and compressibility modulus. 

The variation of the lattice volume with temperature at different pressures for the 

compounds K2SnX6 (X= Cl, Br, I) is illustrated in Figure. IV. 21. It is observed that the lattice 

volume slightly increases as the temperature rises at a given pressure. On the other hand, when 

the pressure increases, the volume decreases, meaning that the lattice volume decreases at a given 

temperature. Consequently, the rate of increase in lattice volume with temperature decreases with 

increasing pressure. Temperature cause expansion, and pressure suppress this effect. 
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The calculated values of the lattice volume for the K2SnX6 (X= Cl, Br, I) compounds at T=300 

K and P=0 GPa are equal to 3459.61 Bohr³, 4137.31 Bohr³, and 5453.90 Bohr³, respectively. 

The compressibility modulus is a property that defines the resistance to volume change 

when compressed. The evolution of the compressibility modulus as a function of temperature 

and pressure is shown in Figure. IV. 22. 

In Figure. IV. 22 (a), the compressibility modulus significantly decreases as the temperature 

rises. The effects of temperature on the compressibility modulus are evident at various pressure 

values. According to Figure. IV. 22 (b), it can be observed that the compressibility modulus 

increases almost linearly with pressure for all studied temperatures. The calculated values of the 

compressibility modulus at T = 300 K and P = 0 GPa for K2SnCl6, K2SnBr6 , and K2SnI6 are 

30.30 GPa, 20.50 GPa, and 16.03 GPa, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. IV. 21: The lattice volume variation in terms of temperature at different pressures for 

K2SnX6 (X= Cl, Br, I) using GGA. 
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Figure. IV. 22: The compressibility modulus variation in terms of temperature (a) and pressure 

(b) for K2SnX6 (X= Cl, Br, I) using GGA. 
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IV.7.2.2. The thermal expansion coefficient α 

The thermal expansion coefficient reflects the relationship between temperature and 

volume. Figure. IV. 23 illustrates the variation of the thermal expansion coefficient as a function 

of temperature at different pressures for the compounds K2SnX6 (X= Cl, Br, I). According to this 

figure, at a given pressure, thermal expansion abruptly increases with temperature up to 200 K. 

from 200 K to 400 K, thermal expansion increases moderately with the increase of temperature. 

However, beyond T>400K thermal expansion rises rapidly because temperatures approaches the 

melting point ( 536 K for K2SnCl6 and 590 K for K2SnBr6). It is also noted that thermal expansion 

is sensitive to the increase in temperature at P = 0 GPa for all studied compounds. In the other 

hand, at a given temperature, the thermal expansion coefficient decreases with increasing 

pressure. 

The calculated values of the thermal expansion coefficient for K2SnX6 (X= Cl, Br, I). compounds 

at T = 300 K and P = 0 GPa are 11.27 x 10-5 K-1, 18.55 x 10-5 K-1, and 14.63 x 10-5 K-1, 

respectively. 
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Figure. IV. 23: The coefficient of thermal expansion variation in terms of temperature at 

different pressures for K2SnX6 (X= Cl, Br, I) using GGA. 
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As the temperature increases, the values of the heat capacity increase rapidly at low 

temperatures and then increase slowly before getting constant at high temperatures. At high 

temperatures, the constant volume heat capacity 𝐶𝑉 approaches the classical Dulong and Petit 

0 100 200 300 400 500
0

10

20

30

40

a
(1

0
-5

/ 
K

)

T(K)

 p=0 Gpa

 p=2 Gpa

 p=4 Gpa

 p=6 Gpa

K2SnBr6

0 100 200 300 400 500
0

5

10

15

20

a
(1

0
-5

 /
K

)

T(K)

 p=0 Gpa

 p=2 Gpa

 p=4Gpa

 p=6 Gpa

K2SnI6

0 200 400
0

5

10

15

a
(1

0
-5

/K
)

T(K)

 p=0 Gpa

 p=2 Gpa

 p=4 Gpa

 p = 6 Gpa

K2SnCl6



Chapter IV                                                                                                          Results and discussion 

140 
 

limit. It is also observed that at a given temperature, the heat capacity decreases with the increase 

in applied pressure. 

The calculated values of the constant volume heat capacity  𝐶𝑉 at T = 300 K and P = 0 GPa for 

K2SnCl6, K2SnBr6, and K2SnI6 compounds are 429.42, 439.81, and 443.64 J mol-1K-1, 

respectively. 

The variation of the heat capacity at constant pressure ( 𝐶𝑃) with temperature for K2SnX6 

(X= Cl, Br, I) is illustrated in Figure. IV. 25. This variation of  𝐶𝑃 for the studied compounds 

exhibits similar characteristics. Increasing the temperature, the behavior of  𝐶𝑃 values at lower 

temperatures is similar to that of  𝐶𝑉. However, in the high-temperature range,  𝐶𝑃 increases with 

the temperature. At a given temperature, the value of  𝐶𝑃 decreases with increasing pressure. 

The calculated values of the constant pressure heat capacity CP at T = 300 K and P = 0 GPa for 

K2SnCl6, K2SnBr6, and K2SnI6 compounds are 465.07, 517.99, and 493.7408 J mol-1K-1, 

respectively. 
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Figure. IV. 24 : The specific heat at constant volume variation in terms of temperature at 

different pressures for K2SnX6 (X= Cl, Br, I) using GGA. 
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Figure. IV. 25: The specific heat at constant pressure variation in of temperature at different 

pressures for K2SnX6 (X= Cl, Br, I) using GGA. 
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Figure. IV. 26 : The entropy variation in terms of temperature at different pressures for 

K2SnX6 (X= Cl, Br, I) using GGA. 
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of the material. The value of 𝜃𝐷  can vary significantly from one material to another, primarily 

depending on the type of bond. The more rigid the chemical bond, the higher the 𝜃𝐷will be. 

As indicated in Figure. IV. 27 (a), the Debye temperature for for K2SnX6 (X= Cl, Br, I) 

compounds remains relatively stable in the range of 0 to 100 K and exhibits a linear decline as 

the temperature exceeds 100 K. It is also illustrated in Figure. IV. 27 (b), that there is a linear 

ascent in the Debye temperature with increasing pressure, and at a given pressure, the Debye 

temperature decreases as the temperature rises. This behavior was observed in the evolution of 

the compressibility modulus as a function of temperature and pressure. 

The computed Debye temperature values at T = 300 K and P = 0 GPa for the compounds K2SnCl6, 

K2SnBr6, and K2SnI6 are 284.54, 193.13, and 146.99 K, respectively. 
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Figure. IV. 27: Debye temperature variation in terms of temperature (a) and pressure (b) for 

K2SnX6 (X= Cl, Br, I) using GGA. 
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General conclusion 

This research endeavors to comprehensively investigate the structural, optoelectronic, 

thermoelectric, and thermodynamic attributes of potassium tin halide vacancy-ordered double 

perovskites, specifically focusing on K2SnX6, where X represents chlorine (Cl), bromine (Br), and 

iodine (I), employing advanced first-principles computations. The study delves into various facets 

of these materials in their monoclinic phase, utilizing density functional theory (DFT) and 

Boltzmann transport theory implemented in the wien2k code. 

Concerning electronic properties, the computed band gaps, employing the modified Becke-

Johnson (mBJ) potential, exhibit a discernible ascending pattern: 1.707 eV for K2SnI6, 2.581 eV 

for K2SnBr6, and 4.126 eV for K2SnCl6. These band gap values hold particular significance for 

future research due to their alignment with theoretical predictions. In addition, it is worth noting 

that all the compounds under investigation demonstrate direct band gaps except for K2SnI6 which 

shows an indirect band gap. 

This study evaluates the optical properties of K₂SnX₆ (X = Cl, Br, I) vacancy-ordered 

double perovskites. The results show an almost isotropic behaviour. Furthermore, the investigation 

of the compounds' optical characteristics reveals that the calculated optical band gaps align with 

the theoretically computed values obtained from the band structure computations. Additionnally, 

a notable absorptive activity is demonstrated, particularly in K2SnI₆ and K2SnBr6, which exhibit 

higher imaginary part of dielectric function in the visible spectrum due to their narrower bandgap. 

This fact renders them more appropriate for utilisation in solar cell technologies as compared to 

K2SnCl6. Whereas, all investigated compounds in the current study exhibit a low level of 

reflection. 

Turning to an analysis of thermoelectric qualities, substituting iodine with either bromine 

or chlorine induces the formation of wider band gaps. Electrical Conductivity increases with 

temperature due to rising carrier concentration, with K₂SnI₆ showing lower conductivity above 

200 K due to higher ion scattering. conductivity. The thermal conductivity resulting from phonons 
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witnesses a decline with increasing temperature, signifying a reduction in heat transport by 

phonons. The confirmation of p-type conductivity is evident from the positive sign of the Seebeck 

coefficient. Furthermore, the Power Factor shows a positive correlation with temperature, with 

values approaching 3×10−3 W/mK2 for K2SnCl6 and K2SnBr6, and 1.5×10−3 W/mK2 for K2SnI6 at 

500 K. At this temperature, the compounds exhibit peak values of the figure of merit (ZT) at 0.58, 

0.69, and 0.65 for K2SnCl6, K2SnBr6, and K2SnI6, respectively. These detailed findings underscore 

the potential utility of these compounds as highly efficacious materials for various thermoelectric 

applications, offering a wealth of opportunities for further exploration and application in 

sustainable energy technologies. 

The investigation of thermodynamic properties in K2SnX6 (X= Cl, Br, I) compounds 

reveals nuanced effects of temperature and pressure. Lattice volume responds to opposing 

influences of temperature-induced expansion and pressure-induced contraction. The 

compressibility modulus decreases with temperature but increases linearly with pressure. Thermal 

expansion coefficient shows a nonlinear increase with temperature. Both constant volume heat 

capacity (𝐶𝑣) and constant pressure heat capacity (𝐶𝑝) increase with temperature but decrease with 

pressure. The Debye temperature (𝜃𝐷) remains stable at low temperatures, decreasing linearly as 

temperature exceeds 100 K, while increasing almost linearly with pressure. These findings 

contribute to a comprehensive understanding of thermodynamic behavior, providing insights for 

further research and potential industrial applications. 
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