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Abstract—A coupled system of viscoelastic wave equation of
infinite memory is considered. Qur system is coupled with the
acoustic boundary conditions. Under a very general assumption
on the relaxation function, we establish a uniform decay rate.
This work substantially improves the earlier results in cases of
acoustic boundary conditions.

Index Terms—viscoelastic damping, convex functions, general
decay

I. INTRODUCTION

In this paper, we consider the following viscoelastic coupled
system with mixed boundary conditions

Upt — Ediv(AVu)

- fo s)div(AVn(s))ds=0 in Qx R4
nt—H}s—ut—O in QxRy xR,
hzy + fze +mz+u =0 on Iy xRy
u=20 on I'ogxIRy
Eaaui + f 86— (s)ds = 2z on T xRy
u(x,—t) = uo(l t) for (z,t) € QA x R4
ug(x,0) = up (z) for x€Q
n(x,s,0) = no(z,s) for (x,5) € QxR
z(z,0) = zo(x), 2z:(x,0) =21(x) for zely

ey
where () is a bounded domain of IR"; n > 1, with a smooth
boundary I' = I'g U I'y, such that I'y and I'; are closed and
disjoint and v represents the unit outward normal to I'. Note
that n(z,s,t) = u(z,t) — u(z,t — 5) for each x € ) and
t,s € IR.;. The integral term fo g(s)div(AVn(s))ds is the
infinite memory (past history) respons1ble for the viscoelastic
damping. The function g is called the relaxation function and
¢ is a positive constant. The functions h, f,m : I'; — IR™ are
bounded. The initial conditions ug, u1 : Q@ — IR, 29,21 : I'1 —
IR are given functions. The operator A = (a;;(x));;; 4,j =
1,...,n; and 8377: = ,Zlaij(x)gz v;.
The above model \x;(])uld be to describe the motion of fluid
particles from rest in the domain €2 into part of the surface at a
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given point z € I'y, which can be expressed by the pressure at
that point. The relationship between the velocity potential u; =
ug(z,t) at a point on the surface and the displacement z =
z(x,t) is proportional to the pressure. The acoustic impedance
may be complex in the case of the velocity potential was not in
phase with the pressure. The coupling of our model (1) is via
the acoustic boundary condition (1); and the impenetrability
boundary condition (1)5.

The partial differential equation (PDE) system of a vis-
coelastic equation with acoustic boundary conditions was first
considered by Morse and Ingard [14] and developed by Beale
[5]. In [5], the semigroup theory was used to solve an initial
value problem in a Hilbert space. The loss of decay has
obtained where the term z;; was included. Boukhatem and
Benabderrahmane [6] eliminated the second derivative z;; and
studied existence of solution and exponential decay of system
(1). The absence of the term z; brings some difficulties in
the study because of the abnormality of the system. It can
not apply directly the semigroups theory or Faedo-Galerkin’s
procedure. The term £z;; when € — 0 has been added in the
arguments to overcome the difficulty. See also [8], [10] and
[13].

The primary discussion touched upon by several authors
is to use the integral term of relaxation function g instead
of the frictional damping term wu,. The question that has
been focused their attention as an important work is when
the viscoelastic damping of memory effect should be strong
enough to procreate the decay of the system.

For a very wider class of relaxation functions

g'(t) < =E(B)H(g(®)),

for all t > 0, where H is an increasing and a strictly convex
C? function and £ is a positive nonincreasing differentiable
function, many papers were interested by a viscoelastic wave
equation in the case of finite memory. We refer to previous
studies established a stability result [7], [13] and [15]. Re-
cently, problems related to viscoelasticity with infinite memory
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have attracted many researchers for accuracy the general
decay rates, see for example [9], [12]. Guesmia [11] showed
the stability results of the following two viscoelastic wave
equations

ugy — Au —|—/ g(s)Au(t —s)ds =0, in Q xRy,
0
and
uyy — Au — / g(s)u(t —s)ds =0, in Q x R;.
0

Al-Mahdi [1] obtained the same result of the following plate
problem

07 in QX]R,+,

utt—oAutt—i—AQu—/ g(s)A%u(t—s)ds =
0

where ¢ > 0. For a coupled system of viscoelastic wave
equations of viscoelastic wave equations acting two kernals,
Al-Mahdi et al. [2] treated the following

{

in Qx IR, where f; and f2 are nonlinear functions describing
the interacation between the two waves. They established the
decay rate of solutions by a relation to the growth of g;; (i =
1,2) at infinity satisfying (2) with specific properties of £ and
‘H;. In one dimensional Timoshenko system, Al-Mahdi et al.
[3] considered

{ P11+ K(soz + )z =

where (x,t) € (0,L) x R4, L, b, K, p1 and po are positive
physical constants. Under suitable conditions on ¢ and H
satisfying (2), they established some new decay results in the
equal speeds of propagation case, as well as the nonequal-
speed case. Their results generalize and improve many earlier
results in the literature such as [15] and [11].

This work is organized as follows, in Sect. II, we give some
notations and we state some assumptions needed for our work.
The decay rate, in Sect. III, is improved explicitly by some
properties on the convex function H and on the relaxation
function. The proof is based on the construction of a suitable
Lyapunov functional.

Ut —Au—fo
Vit —A’U—fo

(8)Au(t — s)ds + f1(u,v) =0
)Av(t — 8)ds + fa(u,v) =0

II. PRELIMINARY
Let H(div, Q) = {u € H}(Q);div(AVu) € L2(Q)} be the
Hilbert space endowed with the norm

) 1/2
lulliaivey = (Il @) + laiv(Ava)3)

where H!(Q) is the Sobolev space of first order, ||.||2 is a
L?—norm and ||.|[2,r, is a L*~norm on 'y, and (.,.), (., ),
are the scalar product in L2(£2), L2(I'y), respectively.
Denoting vy : HY(Q) — L?(T) and 7, : H(div,Q) —
L%(I") defined by vo(u) = wr and v (u) = a%; for all u
in H(div, ). Some times to simplify the notations we write

u and (r‘)(i:/’[; i (u) and 7 (u), respectively.

We denote by
Hr, (@) = {u € H'(Q) | 70(u) =0 on To}

the closure subspace of H'(2) equipped with the norm equiva-
lent to the usual norm in H}(£2). The Poincaré inequality holds
in Hy, (9); then, there exists a positive constant C,, depending
on (2 only such that

lu®)ll2 < CllVu()ll2,  VueHp, (@), 3
and a positive constant C,, satisfying
lu@)ll2r, < CulVu®)llz,  VueHp (Q). &)

To present our result, we need some assumptions

(A.1) The coefficients a;; in C1(£2) are symmetric and there
exists a constant ag > 0 such that

n

2

2)GG > aolC)?, Yz eQ, V¢ eR™ (5)

(A.2) The relaxation function g : IR, — IR, is a bounded C*
function such that, for some 35 > 0

5O = ~rglt), 90)>0. 1= [ gls)s=£>0,
0

(6)
which exists a strictly increasing and strictly convex C2
function H : Ry — TR on (0, r], for a positive constant
r < ¢(0), with #(0) = H'(0) = 0 such that

g'(t) < =E(O)H(g(1)),

where ¢ : IR, — IR, is a nonincreasing C! function.
There exist three positive constants fy, mg and hg such
that

vt >0, (7

(A.3)

f(x) > fo,

for almost everywhere z in I';.

m(x) > mg, and h(x) > hg,

Furthermore, we define

a(u(t),v(t)) = (AVu(t)

=3 fe

1,5=1

8x1 8.171
Using the hypothesis (A.1), we can verify that the bilinear
form a(.,.) : H{, () x Hf (€2) — IR is continuous, and from
(5), we deduce that a is coercive.

Let LZ(IRy;Hp (€2)) be the Hilbert space of
H%O(Q)—valued functions on IRy, equipped with the
inner product

—+oo
<mmﬁwnmmﬁ%m»=/‘ 9()aln(s,1),7i(s, £))ds.
g 0 0
(3)
We mention some additional remarks that will be used in
arguments and proofs
Remark 1: Let H be a strictly convex on (0, 7] with #(0) =
0, then

H(vz) <yH(z), Vv e[0,1], Vze(0,r]. (9

t) du(t) \



Remark 2 ( [15]): Assume ¢ is a strictly positive measurable
function satisfying [, ¢(x)dz = 1. For any f a real-valued
measurable function and ¥ a convex over the range of f, then
Jensen’s inequality states that

v ( [ f(x)¢<x>dx) < [ (@) st

Remark 3 ( [15]): If (A.2) holds. Then # is an extension of
H, which is a strictly increasing convex C? function on IR,
For example, setting H(r) = a, H'(r) = § and H"(r) = ~,
thus H defined by, for all ¢t > r,

gl v

§t2+([377r)t+ <a+§r2 —ﬁr). (11)

We state, in the following proposition without proof, the
existence of solution for the system (1) which can be estab-
lished by means of the semigroup approach and combining
the results from [12] with the ones from [16].

Proposition 2.1: Let ug(x,.) € Hp (Q),u; € L*(©2) and
20,21 € L2(I';) be given. Suppose that (A.1)-(A.3) hold.
Then, the system (1) has a unique regular global (weak)
solution

(10)

H(t) =

u € C(R 3 HE () NCH(R 4 L))
z € CH(Ry; L3(I)).

u € H(div, Q);

III. MAIN RESULT
A. Modified Lyapunov functional

We are going to construct the modified Lyapunov functional

L as follows
L(t) = NE(t) + N1p(t) + Natp(t), (12)

where NV and N;, ¢ = 1,2; are positive constants to be fixed
later, and

+oo
(g0 u)(t) = / g()a(n(t, s),n(t, 5))ds,

= 2 (@)1 + tau(e), u(e)) + (g 0 w)()

Him' 220 r, + 122, ), (13)

o(t) :/Qu,g(t)u(t)daz—&-/F
+ [ souar+ IO a4

E(1)

h(z)z(t)z(t)dT

P(t) (15)

—+oo
— [ [ gt s)dsd
Q 0
Lemma 3.1: For N large enough, the Lyapunov functional
(12) is equivalent to the energy functional (13), and the
inequality

HlE(t) S ﬂ(t) S IigE(t), (16)

holds for two positive constants k1 and Ko.
Proof: We can estimate each terms of (12). Indeed, we
have

|L(t) = NE(t)| < Ni|p(t)] + Na[ih(t)]- (17)

Using the inequalities of Cauchy-Schwarz and Young, using
(3) and (4), we obtain

—2
[[772]] oo ¢

/ 2(t)u(t)dl < = [m 22013, + 5 alult), ult)),
r, 2mg 2a

/ h(z)z(t)z(t)dT
Iy

|
2m3

17l
< IR A ® 3, + Im*22()I13

and

! Il
IOl r, < =m0 i,

Then,

2 =2
P00 < 5 lul0)13 + Z5afu(e), u(t)

1 2 S
R (|m|| n f||oo) [m 22 (8|5,

2m0 mo
17lloc
=R 2 03 -

Also,
C:(1-1)

9] < 5l + 5

(gou)(t).
From (17), we have
|L(t) = NE(t)| < CE(1),

where C' > 0. By choosing N large enough, we conclude (16).

|

Lemma 3.2: The energy (13) is a nonincreasing function
satisfying, for all £ > 0

1

E'(t) = 5(g" ow)(t) = |2 @) 3 r, -

Proof: Taking the scalar product of (1); with u; and (1)

with z; in L2(Q) and L?(T';), respectively, then adding it to

the inner product (8) of (1), with 7. Using Green’s formula,

we arrive at

5 (Ie0) 3 + tau(t), u(t)) + (g o w)(1)
2o, + IR 22013, )
+o00
== [ et n(t. s = 110, 19

Using (6) and the properties of 7, we have

(18)

+H|m'/22(t)]

+oo 1 +oo
| ot monds =5 [ g patuts).nts)ds.
0 0 20)
Combining (20) with (19), we get (18). |

Lemma 3.3: The functional ¢ defined by (14) satisfies, for
any 0 < a < 1, for all £ > 0, the estimate

¢'(t) < llur(®)]3 — La(u(t), u(t) + CrCa(k o u)(t)

2Ol 5, + ColB @B, @D



where

Y s G N
A ook

nai

_ 1B lloc
4CL()C£ ’

hg

Ch and Ch =1+

Proof: We differentiate (14) with respect to ¢, we arrive
by using Green’s formula and the boundary conditions (1), 5
at

+oo
&/ (t) = —alu(t), u(t)) + / g(s)a(u(t — s),u(t))ds
+||ut<t>||§+2/

Iy
+HB 22 ()5 r, -

2(tu)dl — [m 203 r,
(22)

Now, thanks to Cauchy-Schwarz’s inequality

2

/Q (/0+<>o 9(5)V77(t,s)ds> dz

_ ™ g(s) i
/Q</O o) mvmt,s)%’) dz

< S lhow).
ag

Using Young’s inequality, (5) and (6), we obtain, for some
©w>0

+oo
/0 g(s)a(ult — 5), u(t))ds
< ((1 . u) a(u(®), u(®) + 12 (ko u)(),

aopt

(23)

and,

—2
Bl so C,
2 [ atoutoar < Bl oz, o), + oo, u).
T, 0 ap
L4
Substituting (23)-(24) into (22). By choosing p = a—*, we
find (21). " om
Lemma 3.4: The functional i defined by (15) satisfies, for

w >0, for all £ > 0, the estimate

W () < = (1= €= p) lue(t)]13 + M%a(U(t),U(t))

+C3|[h' 22 (t)[I5p, + CaCalkou)(t),  (25)
il
where C3 = *Too ky = O+°o k(s)ds and
0
—2
1 2C.h 202072
C4:max{ * 1,1+4\/a1n+n+a*}.
dag M

Proof: By exploiting (1);, we have

¥(t)
= (-0 (D)2 - /

I

+o0o
zt(t) /0 g(s)n(t, s)dsdl’

+oo
—M/QAVu(t)/O g(s)Vn(t, s)dsdx

(] +mg(8)AVn(8)d8) (f +°°g<s>w<s>ds) da

_/Qut(t) /O+OO g (s)n(t, s)dsdx. (26)

Similar calculations in (23) and (24), we obtain, for u > 0

/QAVu(t) /0+°° g(s)Vn(t, s)dsdx

aj nCqy
< nalu(t). ) + ko)t @)
+o00
—/ zt(t)/ g(s)n(t, s)dsdl’
Iy 0
—2
Cy, C" 1|17 o
< T ou0)+ = e, Q8
and, for ;3 >0
+oo
7/ ut(t)/ g (s)n(t, s)dsdz
Q 0
20, + kp)C?
<l + TR oy, o)
H1ao
We arrive to estimate
+oo +oo
/ (/ g(s)AVn(s)ds) (/ g(s)Vn(s)ds) dz
Q \o 0
< YanCa ). (30)
ao
Inserting (27)-(30) into (26), we obtain (25). |

Lemma 3.5: For each ¢ = 1,2; N, large enough while NV
so large that the functional £ defined by (12) satisfies, for all
t>0

L'(t)
< *Illut(t)l\g = (p+ 1)1 = Oalu(t), u(t))
+algou)(t) — [m 22050, — [IP22()]5r,, GD
2a1n

where p = —
o

+ 1 is a positive constant.



Proof: By Combining (12), (18), (21) and (25), taking
= Lag/(a1N2), we obtain

()
V4
((1 CONy - Ny - ) laeO12 — 22O,

— (ENy =€) a(u(t), u(t)) +

N
2
- (”J;2°°N — CyNy — 03N2> [IEEAGI T
0
We choose N7 large enough, so

INy — 0> (p+1)(1—0),

N gout)

2
—Cy (01N1+C4N2> k<>u

and therefore N» large enough such that

(1_£)N2_N1_@>1
aj

Let us choose N so large, that’s to say

||fH200N — CyN7 — C3Ny > 1.
ho
ag?(s) , .
As ————— < g(s), using the Lebesgue dominated
ag(s) —g'(s)

convergence theorem to show

] 2
ag”(s)
ozCa:/ I ds =0 as
o ag(s) —g'(s)

Then, there is 0 < ag < 1 such that if o < g, hence
1 1

—_— d = —<
C1N; + C4Ny an @ 2N o,

a— 0.

aCy <

which means
N
— — Ca(ClNl + C4N2) > 0.

So, we conclude (31). [ |
Lemma 3.6: There exists a positive constant M such that

+oo
/t g()an(t, s),n(t,s))ds < Moho(t),  (32)

where hg(t) = t+oo g(t+ ) (1+[|Vuo(s)|3) ds

Proof: As in [1] and [11]. Using (5), (13) and the
definition of 7, we obtain, for all £ > 0

+oo
/t g(s)a(n(t, s),n(t, s))ds

+oo +oo
<20V} [ a(s)ds+20 [ g Vu(t -~ 5)|Bds
t t
+oo
< ;%E(O) / g(t + 5)ds + 2C / g(t + 5)[[Vuo(s)|2ds,
0 0
which gives (32) where My = C max { 450(2) , 2} . [ |

Remark 4 ( [11]): The function hg is of class C! on Ry.
Indeed, since no € LZ(IR4; Hy (€2)), then, for all ¢ >0

+o0o
ho(t) < (1+0) + / o(t + 5)[[Vuo(0) — o (s)|2ds

< (1-0) (1+2Vuo(0)[13)

2 oo
+— g(s)a(no(s),no(s))ds = My,

agp Jo

and, using the left assumption in (6)

+oo
I ()] < fo / gt + 5) (1+ [[Vuo(s)|I2) ds = Boho(t)

< BoM;.

Next, we use the functional

d(t) = /0 p(t — s)a(u(s),u(s))ds,

where p(t ft
Lemma 3 7: The functlonal d satisfies the estimate

@'(1) < —3 (gou)(B)+p(1—Da(u(r)

u(t)) + 5 ho(t). (33)

Proof: The proof of (33) is based on similar proceedings
used in the one of Lemma 3.4 in [3] with suitable changes. In
fact, we have

and

[ote-sas= | y(s)ds

Now,

+oo +oo
_ /0 o(s)ds — / g(s)ds = p(0) — p(t).

differentiating ®, we get

; <p<o> - / g(s)ds) a(u(t), u(®))
+oo
= pl(t)a(ult), u(t)) + / g(8)a(n(t, ), (¢, ))ds
(gou)(t) +2 / g(s)aln(t, s), ut))ds.
0



Using Young’s inequality for some § > 0, the last term can
be estimated as follows

‘Ag@—smwa»»mme
= / g(s)/ A (Vu(t) — Vu(t — s)) .Vu(t)dzds

0 Q .
smﬂﬂﬂwwmﬁ+ﬁlmwwmm@s

aj
—t 125 oW

g(s)a(n(t, s),n(t, s))ds.

a (1 -4
21(,57) <p(0) =
ag [, g(s)ds
s)ds < (1 — ¢), from (32), we conclude (33). [ ]

By choosing § =

and [} g(

B. Stability estimate

. Then, as p(t) (1-2)

At this Position, we introduce the class D of functions ¥ :
IR+ — IR, satisfying, for some constants o, g > 0

9eCY(Ry), v<1, ¥ <0, (34)
and
3(1)\  Ha (Hs(t)
0427'[ (M0h1(t)h0(t)) SOél H — 5
( ( o (t) ) o (t) (25)
where
)= [ =L ) = (st
1()_ . HQ(S)’ 2()_ (80 )7

t
Ha(t) =H ! <a1/ f(s)ds) )

0
and €¢, oy and oy are positive constants to be chosen properly
later, and the functions hg and h; are defined in (32) and
(38)(below), respectively.

Remark 5: Accordingly, H; is strictly decreasing and con-
vex on (0, 7] with 7}1_% H1(t) = +o0, Ho is convex increasing
on IR and Hj is of class C; on IR.

The following theorem gives us the stability result.

Theorem 3.8: Suppose that (A.1)-(A.3) hold. Then, there
exists a constant C' > 0 such that, for all £ > 0

Hs(t)
Elt) < (C——F——. 36
0= 50 (0
Proof: We start by using (31) and (33) to obtain
M,
Li(t) < ~BLE() + = ho(b),
where (1 is positive constant and L£1(t) = L(t) + ().

Therefore, for all t > 0

ﬁl/E d8<£1

[

which means

/OtE(s)ds < B (1 + /Ot ho(s)ds) :

where By = max{[:}g(lo), %} From (37), we have, for a
constant C' > 0

/0 a(n(t,s),n(t,s))ds

<zc/’HVu>m+wvw s)|I3) ds

(37

_ 8¢ 853,C ¢
E ds < 1 ho(
- aoﬁ ( ) aoﬂ ( +/0 0
Then, for 0 < ¢ < mln{ 7852 cv M } we obtain, for all
t>0
hl(t) < 1,
1+ fo h()

(38)
hmwé @ms»(,>m8<x

Now, we define the function, for a constant 83 > 0
t

MO == [ g (alutt.s).nt.s)ds < BB (0. (9)
0

From the hypothesis (A.2), the using of (9), (38) and Jensen’s
inequality (10) leads to

) e
= () /,h (t)E(s)H(g(s))aln(t, s),n(t, s))ds
£(t)
2 hl(t)H (/0 hi(t)g(s)a(n(t,s),n(t, 5))ds>
) )

£(t) = '
zhﬂﬂ}touuyésﬂﬂawas>n@s s

This implies that

t L 1 (ha(H)A(t)
/0 g(S)a(n(t,S)an<t’s))d5 < hl(t)H ( &(t) )7

At) = Ja(n(t, s),n(t, s))ds

ha(t)
1
ha(t)

and (31) gives

Ba =——1 (hl(t)A(t)
L)< -BE{#)+ H
0y £0)
where 34 = max{3%, Mo}.
Now, for g > 0, we define the functional

Ft)=H GJ%) L(t).

From (41) and the fact that E' < 0, H > 0, H > 0, and
h} < 0, we conclude that F ~ F and

)+54h0(t)7 41

Fi(t) < —51E(t)gl (50}1155)(5)(”)
By v [ M(DE®) 51 (hi(OAE)
NG G” E(0) )H ( 0 )
+@%m#<%mgg“>. 42)



On the other hand, dew to the argument given in [4, page
61-64], we have

H(s)=s(H)\(s) —H[H ) (s)], ¥s>0, (43)

where 7" is the convex conjugate of H such that

H(t)},

H'(s) = sup {st —

telR 4

and 7" satisfies the following generalized Young inequality

AB <H'(A) + H(B). (44)
In view of (43) and (44) with A = ' (5550 ) and
B=H ( (t) ) (42) gives
F(t) < ~(5iE(0) - faco) g((é)) " <€o hlg)(f)(t)>
A [ hDE(®)
+ﬁ4% + Baho(t)H <€0E(O)> . (45)

So, multiplying (45) by £(¢). From (39) and the fact that

hi(t)E(t) — hi(t)E(t) ,
EOW <r, H <€Qm) =H <€0
we find

EMF(t) <

ha(t)
E(
~(BiE(0) le)(

E(0)

£(t)
hi(t)

E(“) and B = hy (t)ho(t) in

—B4c3E'(t) + P4

(o

As above, with A =

the fact that B < r and H(B) = H(B), we obtain
/ E(t) / hl(t)E(t)
EOF0) <~ (RE0) ~ 210 ) H (20T
BB () + i M (ks (holt).

Let us choose £y small enough such that 35 := (1 E(0) —
284€0 > 0. Then, we obtain, for all t > 0

€0 L, (h(DE)
m(t)H?( E(0) )*5 P

where 7 = &F + [s4f3E ~ FE and satisfies, for some
constants k3, k4 > 0

Fi(t) < —Bs

hi(t)

Iigfl (t) S E(t) S H4.F1 (t) (47)

Since Hy(t) = H'(eot) +eotH" (eot). Using the strict convex-
ity of H on (0, 7], we ﬁnd that Ho, H5 > 0 on [0, 1). Hence,

using (47) with ¢; = > 0, we get

E (0)

o (0L

E(0) (48)

) > Ha(cr Fi(t)ha(t)).

(t)
5°):
_5450)5(75)&7{/ (gohtg(t)>
hi(t)E(t)

h1 (t)h() (t)ﬂ/ (80 %

Let Fa(t) = c1F1(t)h1(t). As c1hq(t) is nonincreasing and
from (48) for some constants oy = ¢1 85 > 0and ag = ¢ > 0,
we arrive at

Fo(t) < —ar€(t)Ha (Fa(t) + b (t)H (Moha(t)ho(t)) .

(49)
Taking into account (47), thus, there exists a constant cy > 0
such that Fa(t) > cahy(¢)E(t). Let 9(t) satisfying (34) and
(35). If

coh1 () E(t) <2 9

then
Hs(

ha (D)9 (t)”

~
=

E(t) <

2 (50)
Co

Else if
Hs(t)
d(t)

According to (h1E)’(t) <0, then we have, for 0 < s <t

Hs(t)
90

For 0 < g7 < 1, using (9), 0 < ¥ <1 and the fact that H is
convex, we obtain

Ha (e19(s)Fa(s) —e1Hs(s))
_ $\ () — ELU()Hs(3)
S CLCLACREE

Cghl (t)E(t) > 2

Fa(s) = caha(s)E(s) > 2

(D

0 =ams (70~ g
el <]:2(S) a 7;[93(S)> M (50]:2(8) — & 7?(2?)
< e1d(s) Fa(s)H’ (€0f2(5) — €0 z?ij))
7‘[3(8)

*6119(5) Hl <€0.7:2(S) —E0——F

9(s)

Therefore, using (51) and the fact that H’ is increasing, we
have, for 0 < s <'t,

2y <EO]:2(S) . > < H' (e0F2(s))

S0 3y (1o ), and

H (50.7-'2(8) — &9 HS(S)) > H' (50 H‘3(8)> .

These imply that

7‘[2 (5119(8)‘/—"2(5) — 617‘[3(5))
< e1d(s)Fa(s )7'1/ (c0F2(s))

e ().
Now, we let
]:3(8) = 61’[9(8)]:2(8) — 51H3(8). (53)



By choosing ¢; small enough so that F3(0) < 1. Then, using
(53), we find, for 0 < s <'t,

Ha (F3(5)) < e19(s)Ha (Fa(s)) — e19(s)Ha <7;t9«3(i*§)> .
(54)

As ¥ <0, we have

Fi(s) = e (8)Fa(s) + e19(s)Fy(s) — exHy(s)
< e19(8)F5(s) — e Hy(s).

From (49), (55) and (54), we get, for 0 < s < ¢,

(55)

Fi(s) < —aaf(s)Ha(Fa(s) — cr019(s)(s) Kz (7?%()))

+e1a29(8)E(s)H (Mohy(s)ho(s)) — e1H5(s). (56)
By the definition of H; and Hs, we have

HalHa(s) = o [ (o),
0
thus, for 0 < s <,
HQ(S) = —a1§(s)Ha(Hs(s))-
Using (57), we obtain
e1099(8)€(s)H (Mohi(s)ho(s)) — e1Hz(s)

—e1a19(s)&(s)Ha <7j9?is)))

= 210205 (Mol (5)h(9) ~ v ()55
+eraié(s)Ha(Ha(s))
= 210(5¢(6) (0t (s (0(5) — et (T )

Ha(Hs3(s)) )
9(s) '

(57)

+agq

So, by (35), we have

10(6)6(5) (xH (Mol (s)ho(s) — et ()

Ha(Hs(s))

T

)<

Consequently, (56) leads to
F3(s) < —ong(s)Ha(Fs(s)).
Then, by the definition of 7; and H,, we get
[H1(F(s))) = aré(s).

By integrating (58) over (0,t), we obtain

(58)

H(F5(1)) > o / £(s)ds + Ha (F3(0),

Note that #; is nonincreasing, F3(0) < 1 and H;(1) = 0.
So,

7y <14 (o [ t&(s)ds) — Hy(t).

Hence, by the definition of F, and F3, we get

141 Hs(t)
€1 19(75)

1+e1 Hs(t)

Falt) < crc1 IO (1)

and Fi(t) <

Then, as F; ~ FE, there exists a constant c3 > 0 such that
E(t) < ¢3F;. Consequently, we deduce that

Hs(t)
I(t)ha(t)
From this estimate and (50), the estimate (36) is established
with C' = max{l calter) [

c2?  e1c1

c3(1+e1)

E@t) <
(0= —_

Now, we give an example to illustrate our result.

Example 1. [11] Let g(¢) = b(1 +t)~ %, where ¢ > 1 and
0<b<qg—1 sqlthat (A1) is satisqu?d, for any By > g. In this
case £(t) = gb@ and H(t) = t ¢ . Then, there exist three
positive constants b;;¢ = 1,...,3 depending only on gy, o,
q and b such that H,(¢) = bl(t%l — 1), Ha(t) = bot "¢ and
Hs(t) = (bst +1)79.

It

mo(1+ )% <14 ||Vue()[|3 <mi(1+8)* (59

where 0 < k < ¢—1 and mg, my > 0, then, for some positive
constants b;;¢ =4, ..., 7 depending only on ¢, b, mg, m; and
k, the estimates

) ba(1+ )0 < hg(t) < bs(1+8)F79 (60)
. 1+In(l1+t), ¢—k=2;
- Qt > b 2, q—Fk>2 61)
1) (1+t)k+2-a 1<qg—k<?2.
. 1+In(l1+t), ¢—k=2;
th <b7{ 2, qa—k>2 (62)
1(t) (14+t)k+271 1<g—-k<2.
Condition (35) is satisfied if
(14 £)Tho ()1 ()0(t) < bg (1 . 19%@)) T (63)
where bg > 0. Choosing
_ (1+t)* 1 q—k>2;
() _)\{ 1+t)9, 1<qg—k<2; (64)

so (34) is valid. Moreover, using (60) and (61), we see that
(63) is satisfied if 0 < A < 1 is small enough in (64), and
then (35) is satisfied. Therefore (36) and (62) imply that, for
allt >0

1+In(146)"* 1, ¢g—k=2
E < ( b b
(t) >~ C{ (1 _i_t)lJrlch7
(65)
This estimate gives tlim E(t) =0.
On the other hand, if k¥ = 0 in (59), then (65) holds with
k=0.

q—k>2o0rl<qg—Fk<2.
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