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Exponential stability estimates for an axially travelling string
damped at one end

Seyf Eddine Ghenimi and Abdelmouhcene Sengouga

Laboratory of Functional Analysis and Geometry of Spaces, University of M'Sila, M'Sila, Algeria

ABSTRACT ARTICLE HISTORY
We study the small vibrations of an axially travelling string with a dashpot Received 22 February 2022
damping at one end. The string is modelled by a wave equation in a time- ~ Accepted 15 March 2023

dependent interval with two endpoints moving at a constant speed v. For

the undamped case, we obtain a conserved functional equivalent to the COMMUNICATED BY

energy of the solution. We derive precise upper and lower exponentially  keyworps

decaying estimates for the energy with explicit constants. These estimates Axially travelling strings;

do not seem to be reported in the literature even for the non-travelling case Fourier series; energy

v=0. estimates; boundary
stabilisation
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1. Introduction

We consider small transversal vibrations of a uniform string travelling with a constant speed v
between two pulleys (inlet and outlet) kept at a fixed distance L. The mechanical setting is sketched
in Figure 1 where the inlet is fixed while the outlet is allowed to move transversely and attached to a
damping device (a dashpot with damping factor n).

Many mechanical devices with axially moving continua, such as power transmission chains and
belts, magnetic tapes, band saws and fibre winders, see for instance [1-5], are limited in their efficiency
and utility due to unwanted vibrations. As a result, the stabilisation of axially moving systems is nec-
essary to reduce or eliminate these vibrations and improve the overall performance and productivity
of these mechanical systems.

The existing approaches in the literature describe the above problem in fixed space coordinates,
see for instance [1, 3, 6-10]. Gaiko and van Horssen [11] considered a simplified mathematical model
describing the small vibration of the string with a mass-spring-dashpot damping at the outlet. Under
the restriction that the speed v and the damping factor are small, i.e. 0 <v < 1 and n < 1, the
authors in [11] obtained an asymptotic approximation for the solution of (1) using a multiple scale
approach.

Denoting the displacement function by u, which depends on the time 7 and the position s along
the string, with only a dashpot damping at the outlet, their model can be stated as follows:

Urr + 2V, — (1 — v2) Ug =0, forse (0,L)and T > 0,

u(0,7) =0, fort > 0, 1)
(l—vz)uS(L,r)—i—(n—v)uT (L,t) =0, fort >0, (
u(5,0) = 10 (s), ur (5,0) = u! (5), fors € (0,L),
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Figure 1. An axially travelling string with a dashpot at the outlet pulley.

where the subscripts T and s stand for the derivatives in time and space variables respectively.
The functions u® and u! represent the initial shape and the initial transverse speed of the string,
respectively. See Appendix A for the derivation of the above governing equation and its boundary
conditions.

In the present work, we do not consider the magnitudes of v and 1 as small ones. We only assume
that 7 > 0 and that the speed v is strictly less than the speed of propagation of the wave (here
normalised to ¢ = 1), i.e.

0<v<l. (2)

If the speed v approaches the critical speed ¢ = 1, an instability will occur, as shown in [5, 10].
Another key difference with most of the existing works is that we consider the model in a moving
space coordinates. We introduce the variables

s=L—x+4+vt and T=1t,
hence
x el .= (vt,L+vt), fort > 0,
which is an interval travelling in the positive sense of the real axis (as in [4, 12]). It follows that
0s =—0, and 0; = vdy + 0;.

Rewriting Problem (1) in the new coordinates, we obtain the following (pure) wave equation with a
damping at the moving boundary x = vt,

@1t — Pxx = 0, forx € I;and t > 0,

(1 —nv) ¢ (vt, 1) — (n — V) ¢y (vt, 1) =0, fort > 0, (WP)
¢ (L +vt, t) =0, fort > 0,

¢ (x,0) = ¢° (x), 1 (x,0) = @' (x), for x € I,

where ¢° = 1% and ¢! = u! — vgp?.
Let us denote

@2n+1),

1+v 1 - !
_ 1 Vo ::ﬂ and w,:= 2

1—7 nin—51n|y,,

1 .
n—Elnyn, fo<n<l,

Vv:—l >
- > 1fn>1.

Note that

o py>1for0<v<l,
e |y,| > 1 and hence the real part of , remains negative, for n > 0 with  # 1.
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As a first result, we derive a closed form for the solution of (WP) given by the series formulas

1+v

o (x,t) = Z an (y,,e¥“’”(t+") + eT“’”(t_x)) , forxel; and t>0, (3)
neZ

which is a sum of two waves travelling in opposite directions. The coefficients a, are explicitly given
in function of the initial data ¢° and ¢!, see Theorem 2.1.
Next, we demonstrate how the series formulas (3) can be used to achieve the following results:

e For the undamped case, i.e. n = 0, we show that the functional
1
Ev () = 3 / (fr + vo)* + (1 — V2) ¢§ dx, fort >0, (4)
I

depending on L, t, v and the solution ¢ of (WP), is conserved in time. See Theorem 3.1. Note that
under the assumption (2), the functional &, is positive-definite and we will call it the ‘energy’ of
the solution ¢.

e For the damped case n > 0 with n # 1, the (usual) energy

1
Ey(t) =3 / o7 (x,0) + ¢ (x,1) dx, fort >0, (5)
I;
depending on L, t, v and the solution of (WP), satisfies
2 2
—E (e T Il < By (t) < y2nEy e T I fort > 0, 6)
yn W

See Theorem 4.1 and it corollaries for sharper estimates. In particular, it follows that the energy
does not vanish in finite time.

The upper and lower estimates given in (6), with explicit constants and the same exponential func-
tion in both estimates, are new to the best of our knowledge. The approach presented here relays on
Fourier series and Parseval’s identity, and it does not involve semigroup theory as in [10, 13]. Even
for a non-travelling string, i.e. when v = 0, the precise estimate

1
By (0) et < By (1) < 2By (@) e Il fort > 0, 7)
Y

seems to be not reported in the literature. The existing results assure only that
1
Eo (t) < KEg ()¢ "Il

for a (non-explicitly given) positive constant K, see for instance [14-17].
For the special case n = 1 and 0 < v < 1, the boundary condition at x = vt reads

¢x (vt 1) — @1 (i, 1) = 0.

This is a transparent condition, i.e. there is no reflection of waves from the boundary x = vt and
consequently all the initial disturbances leave the interval (vt, L 4 vt) at most after a time

L N L 2L

Cl4v 1-v 1—v

Ty :

That is to say that the linear velocity feedback ¢, (vt, t) steers the solution to the zero state in the finite
time Ty. See for instance [10] for the case 0 < v < 1 and [14, 15] for v = 0. In the remaining of this
paper, we assume that n # 1.



4 (&) S.E GHENIMIAND A. SENGOUGA

A 0
¢
ANEVA X
N\ - = = ~ I |
O \/ L \\~~__’,” \‘\_ L2

Figure 2. Example of the extension of an initial data ¢° when 0 < v < 1.

After the present introduction, we derive the exact solution and the expression for the coefficients
of the series formula (3). In Section 3, we show that the energy &y of the undamped equation is con-
stant in time. In Section 4, we show the exponential stability when n > 0. The last section is devoted
to some numerical examples.

2. Exact solution

To compute the solution of Problem (WP), given by (3), we must compute the coefficients a,, n € Z.
To this end, we need to know the functions ¢° and ¢! on an interval larger than Iy = (0,L). As in
[12, 18], we introduce

L2
2T oy

and extend ¢ to the interval (L 4 vt, L, + vt) by setting

¢ (x,1), xe (vt,L+vt),

Plx,t) = 1 2L (8)
— | —(vt—x)+ ——+vt,t), xe(L+VvtLy+vi).

- 1+v

The obtained function is well defined since the first variable of ¢ remains in the interval (v¢, L + vt).In
particular, the homogeneous boundary condition ¢ (L + vt,t) = 0 remains satisfied, for every ¢t > 0.

Remark 2.1: Clearly, 0 < L < L,/2 for 0 <v < 1. If v=0, then L, = 2L and the function (5 on
(L,2L) is an odd function on (0, 2L), with respect to x = L. If 0 < v < 1, then ¢ is extended as an
odd function with an extra dilatation on the added interval (L + vt, Ly + vt), see Figure 2.

Taking the derivative of (8) with respect to x, we obtain

¢x (x$ t)) X € (Vt,L+Vt),

he(,t) = { 1 1 2L 9

Peo D) —¢x<—(vt—x)+—+vt,t), x € (L+vt,L, +vt). ©)
W W 1+v

On the other hand, the time derivative is extended as follows:

¢t (x> t)) X € (Vt,L+Vt),

dety=1-1_ (1 2L (10)
— | —(Vt—x)+ ——+Vvt,t ), xe(L+Vvt, L+ vt).
W W 14+v

Let us introduce the following family of Hilbert spaces:

Hie ) = {we H I) w(L+vt) =0}, fort>0,
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where H!(I;) is the Sobolev space defined on I;. We assume that the initial data satisfies
¢° e HL (o), ¢' € L’ (Lo). (11)

Now, we are ready to state the following existence and uniqueness result for Problem (WP).

Theorem 2.1: Let T > 0. Under the assumptions (2) and (11), the solution of Problem (WP)

¢ € C([0, T} Hrve () N C' ([0, T]; L* (1), (12)
is given by the series (3) where the coefficients a, € C are computed by the following formula:
1 L2 70 71 — 1V ex
= L% dx, fi Z. 13
a, 4)’7760;1/0 (qu—i—d))e x, forne (13)
Moreover, we have
L Ly+vt v 5 N2
> lonanl = —2/ e’ T Inlyl 4 (¢X + ¢t) dx < 400, (14)
neZ 8 (1 - V) yn vt

where ¢0 and ' are extensions of the initial data ¢°and @' on the interval (0, Ly) given above by (9)
and (10) respectively.

Proof: The general solution of (WP) is given by D’ Alembert’s formula
dt)=ft+x)+gt—x),

where f and g are arbitrary continuous functions. Let us check the boundary conditions. On one
hand, at the left endpoint we have

A= f A+ —g A=) =0-V({F A+ +g((1=V1).
Setting z = (1 — v)t, we obtain
A=nv=n+Vf (W) =1A—-nv+n-v¢ (). (15)
On the other hand, at the right endpoint, we infer that
f(A+Wt+L)+g((1—v)t—L)=0.

Denoting y = z—L, we obtain

2L
fowy+ 1= =-¢0)- (16)
Then, taking the derivative with respect to y, we get
2L
wf wy+ =2 ==¢ (). (17)
Thanks to (15), (17) and taking & = j4y, we deduce that f’ satisfies
2L
(l—nV+n—V)va/(«S+:>=—(1—nv—n+V)f/($)- (18)
After few simplifications, this can be written as
2L !
1—v Vn

This formula suggests that f'(£) = ef%, for some parameter § to be determined later. Substituting the
form % in (19), we infer that P ) = —ePt /vn- Then, it follows that:
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e If0 < n < 1, then y, > I and we get
eﬁ(‘Hﬁ) = —¢ bt

Solving this equation for B, we obtain a sequence of values 8, = (1 — v)w,/L,n € Z, where

1 . 1
wy = E(Zn—i—l)m—ilny,].

e Ifn > 1, we have y;, < —1 and we obtain another sequence of values 8, = (1 — v)w,/L,n € Z,
where this time

a)n_nzn—z n!y,,|.

Note that in both cases we have In |y, | > 1 and the real part of w, is negative.
Due to the superposition principle, it follows that f* can be written as

FE =Y et ¢ eC,

nez

where ¢, are complex coefficients to be determined later. After integration, the function f can be
written as

Lc 1-v
— n wné
f(é)—c+n§EZ(l_v)wnel ;

for some constant c. Using (16), we deduce that

1+v
g = c+Z l—v) —e T, (20)
nez Yn®n
where we have used the fact that e>¥» = —1/y, whether0 <n < lorn > L

Thanks to D’Alembert’s formula, the solution of Problem (WP) is given by the series
L 1-v 1+v
d(x,t) = Z —_— ¢y (Vﬂe T on(t+x) +eT wp (t— x)) (1)
wel. (I—=v) Yn®n

To obtain (3), we set
L
ap = ————y. (22)
(1 —=v) yyon

The coefficient ¢, are determined as follows. Going back to (21), we infer that

¢x(x’ t) — ch (elsz"(H_x) VV 1+vwn(t X)) , (23)
nez %7

be(x, 1) = Z (6 ¥ (t+x) + & W 1+vwn(t x)) , (24)
nez %7
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for x € (vt,L + vt) and ¢ > 0. It follows from (9) and (10) that the extensions ¢, and ¢; are given by

Z Cn (elzv“’”(t"'x) - &e“{v“’"(t_x)) , if x € (vt,L +vt),
nez g
v (14v) vi—x 2L )
Tron((14+v)t+ +
b i Z tn|€ ' 44 1+v
Px(6t) =\ w = (25)
Yy (1o vt—x 2L )
T on((1=v)t— -
—&e W L+v || if x e (L+vt,Ly +vt),
i
Z Cn (elsz”(t“) + &elzv“’”(t_x)) , if x € (vt,L +vt),
nez Y
v (14 vi—x 2L )
_ on((1+v)t+ +
~ _1 e le b W 1+v
bt = = 26)
v, (1) vt—x 2L )
T on((1=v)t— -
—l—ﬁe woo1+v |, if xe (L+vt,Ly + vt).
i
Taking the sum of (25) and (26), we get
2 Z cne¥“’"(t+x), x € (vt,L + vt),
T z
¢x + ¢t = —712E —v
— cn&efz“’"elT“’“(Hx), x € (L+vt, L, +vt).
W nez Vi
Since e2®n = —y,, then we have the unified expression
bu+dr =2 Z cne?w"(t“), forx € (vt,L, +vt) and t>0. (27)
nez
Using the definition of w,, we get
2¢/ 2 (T =Iny) (40 37 im0 i < < 1,
x T neZ
bx+ e = 26—12;;’ In|yy | (t+x) Z Cnelf"nin(ter)’ if n> 1 (28)
nez

ni(

1—v)
Taking into account that {e” L (42 / /T3 } ey, is an orthonormal basis for L2(vt, L, + vt), for every
t > 0, we rewrite (27) as

L -5 (i ny,) 4 <¢;x +¢3t), ifo<n<1,
ZC _ 12JL; (29)
7 VL Le%lnh’ﬂ(”") ((5 +¢~5t> ifn > 1.
ne 2 /L2 X ?

61%" nir (t+x)
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By consequence,

1 Lt — LY (im=Inyy) (t+x) (7 7\ - :
3L e I Y ((f)x + ¢t> e I dx, if0<n<l,
2
Cy =
n 1 Ly+vt ln|y |(t+x) _ nwi(1-v) (t+x) .
oA e Inlyy <¢ +¢t) L dx, itn > 1,
2

for n € Z. Whether 0 < n < 1 orn > 1, in both cases, we have

1 Ly+vt

= —

<¢x + ¢t> —t e+ dx, forneZ.
2L,

For t = 0, and tacking (22) into account, we obtain (13) as claimed.
Moreover, as a consequence of Parseval’s equality, it comes that

1 Ly+vt vy 2 . N2
E e_lZT(m_ln )/n)(H-X) ((bx + ¢t) dx, if 0 <n< 1,
2 _ 2 Jvt
Z lenl™ = 1 VL2+V ~ N2
) = e ar In|yy| () (¢x +¢t) dx, ifn> 1.
2
Whether 0 < n < 1 orn > 1, it follows that

Ly+vt

—v - ~\2
e Tl (G 1 1) .

Z|wnan|2 )2 Z| n|

neZ, 8yr] 1_V) vt

Thanks to (11), ¢° and ¢! belongs to L?(0, L,). Thus the integral at the right-hand side for t = 0 is
finite and

Z Ia)na,,l2 < 400.

nez

Recalling that |w,|? = O(n?), for large values of n, then

Z |na,)? < 4o00. (30)

nez

Let T>0and t € [0, T]. Due to the continuity of the exponential function, we get

(V T+ | on(t- x))‘ < Crlayl,

where Cr is a constant depending only on v, n, L and T.
Going back to (23), (24) and due to (22), we can check that

Cn (e wn(t+x):|: Wv 1+vwn(t x))‘ <C/T|”an|>
Yn -

for some constant C’.

Taking (30) into account, we infer that ¢ (x, t), ¢x(x, t) and ¢ (x, t) belong to L>(I;), for t > 0. In
particular, ¢ (x,t) € Hrv:(Is), for t > 0. The continuity in time of ¢ and ¢, as functions of ¢ with
values in Hv(I;) and L*(I;), respectively, follows as they are the sums of uniformly converging
series of continuous functions. This shows (12). [ |
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3. A conserved quantity for the string with no damper

For the undamped case, i.e. n = 0 in Problem (WP), we show that the energy & given by (4) is

conserved in time.

Theorem 3.1: Under Assumptions (2) and (11), the solution of Problem (WP) satisfies

72 (1 —v2
Ev(t)=%2|(2n+l)an|2, fort > 0,
neZ

where the left-hand side is independent of t.

Proof: If n = 0, then w, = (2n + 1)in /2 and the identity (14) becomes

1 Ly+vt
[ (@) = Z @+ 1)y

L=vJu nez

Using the extensions (9), (10) and considering the change of variable
2L
x=pVt—§) +——+Vt,
1—v

in (L + vt, L, + vt), then we have

1 Ly+vt 1 ,
1—v /;+vt <¢x (x,t) + ¢t (x, t)) dx = Tov e (¢x (£, 1) — ¢y (£,1))% dE.

Taking (32) into account, it comes that

1 Ly+vt 1
/ (betd) | <¢t+¢x)2dx+—/(¢x 907 dx

1—v t -

lZ|(2n+1)an|2.

nez

Expanding (¢, £ ¢;)* and collecting similar terms, we get

V2 </I‘t¢)25+¢t2+zv¢x¢tdx>:TZ|(2n+1)an|2’ fOrtZO

nez

The left hand side is equal to 2 (¢)/(1 — v?) and (31) follows.

(31)

(32)

(33)

Remark 3.1: Using Leibnitz’s rule for differentiation under the integral sign, we can check directly

that %Ev(t) = 0, see Appendix B.

Remark 3.2: The energy expression &y (t) is also shown to be conserved in time for the Dirichlet

boundary conditions at both ends, see [12].

Let us now compare &y () to the usual expression of energy Ey () for the wave equation.
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Corollary 3.2: Under Assumptions (2) and (11), the energy Ey(t) of the solution of the undamped
Problem (WP) satisfies

5O <E/ (1) < & (O), fort >0 (34)
1+v 1—v
and
LB (0) <Ey(6) < nEy(0), fort >0, (35)

v

Proof: We can write (33) as follows:

E,(t) +v | ¢xpy dx =&y (t), fort > 0. (36)
I;

Since ¢,y < (¢§ + qﬁtz) /2, then it comes that
EM) <(1+VE @ and (1—-v)Ey(t) <& (1), fort>0. (37)
This implies (34). Since (37) holds also for t = 0, then (35) follows by combining the two inequalities

A-ME M =&0=&0)=1+V)E(0),
I-VMEO=L0=&0=0+V)E®,

fort > 0. [ |

Remark 3.3: The solution ¢ given by (3), with n = 0, satisfies the periodicity relation
x4+ vy, t+ Ty) = —p(x,t), t=>0. (38)

It follows in particular that the energy Ey is a Ty-periodic function in time.
Remark 3.4: The equality in (34) holds at least if ¢;(x, ty) = . (x, to), for x € I, and some t5 > 0.
Indeed, we have

L+vty

& (o) = Ev (to) £ V/ Px (x,10) Pt (x,10) dx = (1 V) Ey (fo),

vty

i.e. Ev(top) = &v(to)/(1 £v). The + and - signs are used respectively.

Remark 3.5: Let 0 < v < 1 and 1 = 0. Evaluating ¢, given by (23) at x = vt and x = L + vt, we
obtain

_ 2 )
Belvh ) = o e I,
1—v
neZ

(L 4+ vt, t) = ; 2 Z (Cne%(znﬁ)m) e%mﬂ)im’

—V
neZ
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for t > 0. Then, by Parseval’s identity and (31), we obtain

& (0)

(-

1 (T Ty
= Pi(vt,t)dt = P2(L+ vt t)dt =
0 0

Using (34) for t = 0, we get in particular

2 T,
VE© ) < / ¢§(vt, t)dt and
0

Ey (0) oo

(14v) (1 —v?

Each of these inequalities is called a boundary observability inequality. They ensure that if there is an
initial disturbance of the string, i.e. Ey(0) > 0, it will be detected by a sensor placed at an endpoint
at most after a time T > Ty = 2L/(1 — v?). See [12, Section 4.1] and [18, Section 4.1] where the
boundary observability of the Dirichlet case of the problem is well developed.

4. Exponential stability for the string with a boundary damper

In this section, we keep 0 < v < 1 and assume that n > 0 with n # 1.

Theorem 4.1: Under Assumptions (2) and (11), the solution of Problem (WP) satisfies

1 Y 1y (0= 2
et Mylt=x) g _ dx
1+V/1[ (dx — ¢1)
1 1-v 8
+ 5 [ e T Pl (g 992 dx = =3 wganl?, (39)
yi-v L&

where the left-hand side is finite and independent of t. Moreover, it holds that

_v2 —v2
Mle—1T1n|Vn|t <E,(t) < Mze_lTlnh’"'t, fort >0, (40)
where

2(1—v) . 1+

M = — min{yy, )/,7|( v)} Z |wnanl?,
nez

2(1—v) 1+

M,y = Tmax{lyn}( " v y,f}z;wnanlz-
ne

Proof: Let us split the integral in the identity (14) to the integrals

Ly+vt Ly+vt
[+ (41)
vt I; L+vt

then considering the change of variable x = yy (vt — &) + % + vt in (L + vt, L, + vt), we obtain

1 Ly+vt Iy B B 2
/ e T In|y, |(t+x) <¢x (x, 1) + ¢y (x, l‘)) dx

(1 - V) Vnz L+vt

1 vi V4 1-v ~ ~ 2
= / BT mnltenteomo2blnl (G 6,0 - g 6.0) " ds

1-=w )/,72 Ltvt W
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1 JERY _
= [ D 60 - g0 e (42)
1+v L
We used the definition of the extensions (9), (10) and the fact that 212 1| = ynz. Then, combining (41)
and (42), we obtain (39).
Expanding (¢ £ ¢1)? and collecting similar terms, we get

L vy, |e— 1 1oy
o1 Y x)+—e 7+ In|yy | (t4+x) 2+ 2) dx
/1, (1 +v (1 =v) 07+ 22)

_ 2/ : e H Inlyy|(t—x) _ ;elfvlnh’”'(t“) dr¢x dx
L \1+v vi 1=v)

8
= Z Z |a)nan|2 . (43)
nez
Forvt < x <L+ vtandt > 0, let us denote

e T vl = ang B(xt) = 50— ! e T Inlyy|(t4x)

Yy (=)

1
Awd =1~

Then, we can rewrite (43) as
8
[@arm @t +a) a2 [ @-Bavdr=1 3 ol
L L nez

Using the algebraic inequality
— 1A= BI (97 +¢3) < £2(A — B) ¢upx < |A — Bl (¢ + ¢7)
we get

((A+B) 1A~ B) (6 +6)) de = > 3 [2onanl’

I nez

< | ((A+B)+14 - B)) (¢? + ¢2) dx.
I;

Knowing that
(a+b)—|la—bl=2min{a,b} and (a+b)+ |a—b] =2max{a,b},
for a,b € R, then the precedent estimation reads
min {A, B} (¢t2 + (]5)%) dx < %Z |wnan|? < / max {A, B} (qbtz + ¢§) dx.
I neZ L
Since In |y, | > 0 and vt < x < L + vt, we have

1

e Iyl =vt),
1+v

el#lnh/ﬂ(t—L—vt) <At <

e—(1+v) In|yy| 12

1+v

2
e 1 Inlmlt <A@xt) < elTvln|Vn|t‘



APPLICABLE ANALYSIS 13

Similarly, we obtain

Y —(v)Inlyy| |,
b Pl c iy <
y2(1—v) - = 1—v
0
It follows that
lfv2
1 1 2e= 1 Innlt
min , E () £ —— Z |wnan|®
1+ 201 _ v
{w V4w v V>} L =
B { 1 1 }E ©
=< max 5 v >
1+
1+v |Vn\( V>(1_V)
hence

%)
7 T = | e TN < By o

2
<Z Z |a)nan|2) min {1 +v,

nez

2 »
< (z Z |wnan|2> max“V”(H—v) 1+v) ’Vnz (1- V)} e—lTln|y,,|[.
neZ

This shows (40) and the theorem follows. [ |
Remark 4.1: If v = 0 in (40), then we get the estimate

2 1 2 L
(Z Z |w”an|2) e 7 In|yy |t <Ey(t) < yﬂz <Z Z |wnan|2) e Lln|yn|t’

nez nez

which is sharper then the estimate (7), stated in the introduction.

Remark 4.2: The solution ¢ given by (3), with 7 # 1, satisfies the periodicity relation
dx+vTv,t+Ty) = —p (. 1) /vy,

hence

Ey(t+Ty) =Ey () [y, fort=0.

Remark 4.3: The constants in estimation (40) are (at least) asymptotically sharp in the sense that if
n — 0, we recover the estimation (34) with its sharp constants, see Remark 3.4.

The next corollary compares Ey(t) to the initial energy Ey(0).

Corollary 4.2: Under Assumptions (2) and (11), the energy of the solution of Problem (WP) satisfies

. (1+v)
mm{yv’ 7 } EREEIWIAN
1+ Ev(0)e I "nlt < Ey (b)
maX[Vv|yn! ,Vy,z}
1+v) o
maX{VV|Vn’ )VH}E (0) e_#lnh/’l't fort> 0 (44)
. (1+v) v ’ =

i [




14 e S. E. GHENIMI AND A. SENGOUGA

Proof: Since (40) holds also for t = 0, then (44) follows by combining the two inequalities

v In|yy |t
e L Yn 2
e Ee () < 7 ) lonanl’
max { || (14w, 02 (1 =) et
< ! E, (0)
—= v
min {1 + v, y,,I(HV) (1 —v)}
and
1 2
Ey (0) < =) |wnanl?
1
maX{|Vn!(+v) (1+V),V,72(1—V)} L=
e#lnh’n“ ®
S EV t >
min {1 +v, yn’(H_v) (1 —v)}
fort > 0. [ |

The next corollary gives more simple estimates, but less sharper than (40) and (44), for the energy
Ey.

Corollary 4.3: Under Assumptions (2) and (11), the energy of the solution of Problem (WP) satisfies

2 —v2
1= (z > Iwnauz) e Tl < gy (1

nez
2 2 2 —1—V21| |t
<y A4 (7D lonanl® | e TP fore > 0 (45)
nez
and

1 2 2
——Ey (0 ¢ T It < By (1) < y2nEy (0 T I fort > 0, (46)
W
n

Proof: Since 0 < v < 1, then it suffices to simplify the constants in (40) and (44) using the fact that
L=yl < Il <y u

5. Some numerical examples and final remarks

In this section, we will compute an approximate solution of Problem (WP), given by its series
formula (3) for the first 20 frequencies, i.e.

n=20
d(x, 1) =~ Z an (ynel%v“’"(”fx) + eiLv“’"(t*")), for x € (vt,m + vt),
n=-20

where the coefficient a,, are computed for the initial conditions
#°(x) = (1 +cosx) /10 and ¢'(x) =0,

hence Ey(0) >~ 0.0079. The values of v and 7 will be chosen to emphasise how the solution and its
energy depend on these parameters.
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5.1. Theundamped casen =0

We plot the solution for t = 0, %, %, %, ..., 2Ty and two different values of v. The energy Ey (¢) is

plotted over two periods.

0.2

0.02 Ev (t)
L 1
015 oot8f e : @Sv (0)
ol ootef & (0)
__________________ — ()]
0.014 | Yo
005} ---7E, (0)
= 0012
£ of =
) 001} E
5 S /\/’\/\/\
-0.05F 0.008
il 0.006
0.004 F
015}
0.002 |
02k 0
0 1 2 3 4 5 6 7 0 2 4 6 8 10 12
T t

Figure 3. A string travelling ata speed v = 0.3, and its energy £y (t) plotted for t € [0, 2Ty], where T, >~ 6.90.

02k L L L L L L L L L 1 0

0.05

0.045

0.04

0.035 -

0.03

—
30025-
o

0.02

0.015 -
-0.1F

0.01

-0.15
0.005

Figure 4. A string travelling at a speed v = 0.7, and its energy Ey(t) plotted over two periods, where Ty, ~ 12.32.

5.2. The underdamped case0 < 5 < 1

We plot the solution for t = 0, %, %, %, ...,3Ty,wherev = 0.5, Ty =~ 8.38 and two different values

of 1. The energy E,(?) is plotted for t € [0, 3Ty]. The graphs show that the energy behave as predicted
by estimations (40) and (46). In this case, the solution changes sign.

5.3. The overdamped casen > 1
We retain the speed value v = 0.5 and take two values of n > 1. The solution do not change sign this

time.

Remark 5.1: Observe that y(1/,) = —¥y. Thus Y, . |wna,|* remains unchanged if we replace 1 by
1/n since the left-hand side of (14) remains unchanged. By consequence, the identity (39), M;, M,
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0.012

0.2
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—
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12

______ %EU(O)B’ 7 Iyt
F )
. — Ll It

7 By (0)e

01
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\ ) - 0.008 L
\ \\\ [

o A/\ .
/-/ 0.004F .
-0.05F 1 e
0002f Tl 1
01f S e
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Figure 5. A string travelling at a speed v = 0.5, and it energy Ey (t), for a damping factor n = 0.2.

. x10° — i
_Ev(t)
r e M e St
ot Mae~ 55l
| — ﬁEv(o)e—%zlnmn
1= - = = 2y, B, (0)e~ 7 nhalt

20 25

Figure 6. A string travelling at a speed v = 0.5, and its energy Ey (t), for a damping factor n = 0.7.

and the constants in the energy estimates of Section 4 remain the same for 7 and 1/7. For instance,
taking v = 0.5, the upper and lower estimates for Ey (t) with n = 0.1 are identical to those of Figure 8
for n = 10.

Remark 5.2: The case with a dashpot damping at the inlet pulley can be easily investigated by
replacing v by —v in the above sections. In Corollary 3.2 we have to change v by |v|, i.e.

&y (0) &y (0) Ey (0)
1+ |v| 1—|v| Yivl

<E (1) <

<E @)= ylv\Ev (0), fort>o0.

1-v2
More importantly, we still have the same exponential e~ ™ 71l* in the estimates of Section 4 when
n > 0. The analogue of estimations (45) is

2(1—1v —v2
(TH) > lwnanl* e T Il < B, (1)
nez
2y (14 |v])
< _

12
< 2 lonanl? e T nlt fore> 0

nez

and yy is replaced by y}y| in (46).
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%103
02 : : — . : . : . .
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0.16 . 2
6 Msye~ = ik lt 4
. 2
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002 \ 1 . ]
0 5 10 15 25

xT

Figure 7. A string travelling at a speed v = 0.5, and its energy Ey (t), for a damping factor n = 2.
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Figure 8. A string travelling at a speed v = 0.5, and its energy Ey (t), for damping factor n = 10.
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Appendix A. Derivation of the model (1)

For the sake of completeness, we now derive the mathematical model (1) for the vibration of a travelling string subject to
a boundary damping, as described in Introduction. We refer to [11] for a model that considers more general boundary
conditions.

We make the following assumptions:

e The vibrations of the string are transversal and small (compared to its length). This implies in particular that the
slope u; is also small.

e The string is uniform with a mass density p.

e The string travels with a constant speed v between to two massless pulleys (inlet and outlet) kept at a fixed distance
L.

e The string is perfectly flexible and the effects due to gravity are neglected. This means that the tension T is constant.

e The inlet is not allowed to move transversely, hence we have the boundary condition

u(0,7) =0, fort>0.
We apply the extended Hamilton’s principle, over the finite time interval 7; < T < 13, in the following form:

%) 173
3/ Ldr +/ sWdr =0, (A1)
T T

1

(see [19] and [20, Chapters 4 and 5]). Here § denotes the variation in a given function, £ is the Lagrangian and W
is the virtual work performed by nonconservative forces, i.e. the boundary damping force in the present case. The
Lagrangian is

L =E; — Ep,
where Ej is the kinetic energy and Ej, is the potential energy of the string. The first one is given by

1L /du\?
E = - ) oas
¢ 2/0 p(dr)
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where g—? (s, 7) = ur (s, T) + vus(s, T) is the material velocity (also called the total derivative of u). The potential energy
E, is equal to the work done to deform the string from its rest position. Hence, the potential energy per unit length of

a differential element is given by
dE, = T - elongation = T (,/ (ds)? 4 (du)® — ds) .

Since the slope of the string u; is small, then

T
dE, =T (,/l—i- (us)? — 1) ds ~ Euf ds,

hence the potential energy of the string is given by

T L
Epsz u? ds
2 Jo

L T L
E:B/ (u,—&—vus)zds—f/ ufds.
2 Jo 2 Jo

The damping force F,, of the dashpot at s = L is contrary to the sense of movement and thus the work done by the
dashpot is

and therefore

W = —F, - displacement = —F, u (L, 7).
Now;, we are led to search the critical points of the functional

1 17) L 1]
I(u) = 7/ f o (ur +vug)* — Tu dsdr — / F,u (L, 7) dr. (A2)
2 T 0 T

When u is a critical point, we should have
I(u+6v) —1I(u _

li 0, A3
913}) 0 (A3)
where v is a smooth function such that
v(,11)=v(,172) =0 and v(0,-) =0. (A4)

The function u + v is a small perturbation of u that does not affect the values of (the path) uat 7 = r; and t = 13, as
well as at s = 0. The limit (A3) equals

5] L 1)
/ / 0 (vzusvs + VU Vs + vugvy + uTvT) — Tugvsdsdr — / F,v(L,t) dt =0.
] 0

1

Integrating by parts, we infer that

£ L
— f / {p (ter + 2vug + vzuss) — Tug} vdsdr
151 0
o

+/ {ovur (L7) + (pv* — T) us (L, 7) — Fy} v(L,7) dr = 0. (A5)

The other boundary terms vanishes due to (A4). Since v can be chosen arbitrary, and in particular its value at s = L,
the first integral implies that

T
Urr + 2Vigy + VU — —us =0, forse (0,L) and 7 <71 < 1>.
P
The quantity ¢ = /T/p is the wave speed in the string.
The second integral implies that
pvuy (L,t) + (T — pvz) us (L,t) —F,; =0, forty <7 <1

Assuming that the damping force F, depends linearly on the velocity u,, i.e. F; = nu;, we obtain the boundary
condition

= pv)ur (LD) + (T = pv*) us (L,1) =0, formy <7 < 1.
Rescaling the variables 7, v and 7 as follows:

THT I v»—>v\/E and nHL,
P T VT
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we obtain the model (1) with a normalised speed ¢ = 1.

Appendix B. A second proof for the conservation of &, (t)

Let us check that %Sv(t) = 0 by using only the identities ¢y = Pxx, Px(VE, 1) + Voe(vt,t) =0 and ¢p(L + vt, 1) =0
from (WP ). First, when = 0 the boundary condition at x = vt reads

Ox (VE 1) + v (VE, 1) = 0. (A6)
At the other boundary, we have ¢ (L + vt,t) = 0 for t > 0. This means that

%q’) (L +vt,t) = vy (L+ vt t) + ¢ (L+ vt 1) =0. (A7)
It follows in particular that
$2 (v, t) =v2¢? (vi,t) and V22 (L+ vt 1) = ¢F (L+ vt 1).
Next, recall that
&) =E 0+ [ g (A8)
;

and let us differentiate each term of the right hand side separately. On one hand, the identities (A6), (A7) and Leibniz’s
rule imply that

d
B (=3 (147) (8 L Vi) — 97 (v1,0) + /1 (Gabes + Pude) dx. (A9)

Taking into account that ¢y = ¢y, the last integral equals

fl (Pxix + Pxxpy) dx = /1 (Pxd0), dx = —v (¢ (L +Vt,1) — @7 (VL,1)),

hence
%E\, (t) = —% (1=v?) (62 (L +vt,H) — ¢} (v1,1)). (A10)
On the other hand
d
I /1 pxpy dx = —v2 (p7 (L + V1, 1) — @7 (V£,1)) + /1 Gixpr + Pxpy dx.

Again, using ¢y = ¢y, and integrating by parts, the last integral equals

1
3 [ @462, ax=

I;

(1+v2) (¢ (L+vt,1) — @7 (v4,1)),

N =

hence
%/ ey dx = % (1=v?) (o2 L +vt,0) — ¢F (v1,1)). (A11)
I

Due to (A8), (A10) and (A11), we infer that %Sv(t) = 0 as claimed.
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