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Introduction

Linearization is an important tool in functional analysis, as it helps study nonlinear operators by
linking them to linear ones. Since the theory of linear operators is rich with results and power-
ful mathematical tools, transforming certain classes of nonlinear operators into equivalent linear
counterparts allows us to leverage these tools in their analysis. In this work, we focus on studying
operators such as Lipschitz operators, multilinear operators, where the process of linearization
provides a better understanding by transferring well-known properties of linear operators to these
classes. This approach simplifies the study of nonlinear operators and expands the scope of math-
ematical applications in this field. This Master memory, written in the field of functional analysis,
studies the relationship between nonlinear operators and their linearizations for various notions of
summability. The content is organized into three chapters:

Chapter 1 recalls the background needed throughout this memory. We begin with the definition
of Banach spaces, followed by linear operators and their basic properties. Next, we present the
projective and injective tensor products. The chapter ends with the definitions of p-summing and
strongly p-summing Cohen operators, along with Pietsch factorization theorems.

Chapter 2 focuses on Lipschitz mappings. We present the essential results and identification
theorems. We then explore the relationship between a Lipschitz operator and its linearization for
the classes of p-summing, strongly p-summing Cohen operators, and integral operators.

Chapter 3 is devoted to multilinear operators. We first present the main results of this class, then
emphasize some identification properties. Finally, we study the relationship between a multilinear
operator and its linearization for the same three operator ideals: p-summing, Cohen strongly

p-summing, and integral operators.



CHAPTER 1

Chapter 1: Generalities on linear

operators of summing type

1.1 Introduction

In this chapter, we will present the definition of Banach and Hilbert spaces with some examples.
Reflexive Banach spaces are also discussed in this part. Then, we will study bounded linear
operators. We continue this study by giving the algebraic structure of a tensor product, providing
the definition of the projective tensor product that we need later. For more details on the results

of this chapter, please consult [DJT95],[DF93],[LT96|, [Muj86], [Pie83| and [Zaa97].

1.2 Banach Spaces

Definition 1.1 (Banach Space) A Banach space is a normed vector space X that is complete,

i.e., every Cauchy sequence in X converges in X.

Remark 1.1 FEvery finite-dimensional normed space is a Banach space. Moreover, every closed

subspace of a Banach space is a Banach space.

Example 1.1 Let (x4)neN be a sequence of elements in R and p € [1,400[. We define the set
Ly by

1

P

nelN

If p = oo, we define ls by

loo = {(xn)neN C R :sup |x,| < 00}.
neN



Then, the space £y is a Banach space.

Definition 1.2 (Hilbert Space) A Hilbert space is a complete pre-Hilbert space with respect to

the distance induced by the scalar product.

Theorem 1.1 (The Space ¢5) The space y is a Hilbert space with the scalar product

(x,y) = 2 XnYn-

nelN

Proposition 1.1 (Comparison of Spaces) Let 1 < p < g < oo. We have

by C Ay

1.3 Linear Operators
Definition 1.3 Let u : X — Y be a mapping between two Banach spaces. It is linear if
Vx,y € X,Va, B € R:u(ax + By) = au(x) + Bu(y).

We denote L(X,Y) the set of linear mappings, equipped with the following algebraic operations:
1)Vx € X: (ug +up)(x) = up(x) + up(x).
2)Vx € X,VA € R: (Au)(x) = Au(x).

Theorem 1.2 The linear mapping u is continuous (bounded) if there exists C > 0 such that

Vx € X u(x)]] < Cllx]|

We denote L(X,Y) the space of continuous linear mappings. We define an operator norm || || on
L(X;Y) by
Jul| = sup [Ju(x)]],
x]<1

We also have
|lu|| = inf {C : satisfies the previous inequality} .



Then, the quantity ||u|| defines a norm on L(X;Y). If Y is a Banach space, then L(X;Y) is also

a Banach space.

Definition 1.4 (Topological Dual) Let X be a normed vector space. We call the topological

dual, denoted X*, the Banach space of continuous linear forms on X, i.e.,
X* = L(X,R).

Note that the space X* is always complete with respect to the operator norm.

Example 1.2 Let 1 < p < +oc0. We have
(Ep)* = Kp*/

where p* is the conjugate of p, i.e., %—{— % =1.

1.4 Tensor Product

We start with the case of two spaces; the general case of n spaces is similar. Let X,Y be two
Banach spaces. Let x € X and y € Y. We define x ® y as a linear form on the space of bilinear
forms £(X x Y) as follows:

VT € LXxY):x@y(T) =(T,x®@y) = T(x,y). (1.1)

We denote X ® Y the vector space generated by elements of the form x ® y with x € X andy € Y.
The space X ® Y is called the algebraic tensor product space of X and Y. We can represent this

space as follows:

n
X®Y = {in@)yi :ne N x € X,y € Y}.
i=1
From the definition of X ® Y, we have

X®Y C L(XxY)*

We will see some properties of the elements of X ® Y, starting with the relationship between the

operations + and ®.



Proposition 1.2 For all x,x1,x2 € X and y,y1,y2 € Y, we have:

O (n+x)ey=n0y+ney.

(i) x@ (1 +y2) =xQy1 +xQy.

(iii) A(x ®y) = (Ax) @y = x ® (Ay) with A € K.

(iv) x®0=0®y =0.

proof We will only prove (i), as the others are immediate. Let T € £(X X Y), then

(x1+x2) @y(T) = T(x1 + x2,y)
=T(x1,y) + T(x2,y)
=x1 QY(T)+x2@y(T)
= Qy+xoy)(T),

thus (x1 +x2) ® y = x1 ® y + x» ® y. The following proposition explains what a zero element is
in the space X ®Y.

Proposition 1.3 Let X,Y be two Banach spaces. For any
n
U=y x50y €XQY,
i=1

the following statements are equivalent:

(i) u=0.

(it) Yiq x*(xi)y*(y;) = 0 for all x* € X*,y* € Y*.
(i) Y 4 x*(x;)y; = 0 for all x* € X*.

(i) Vi 1y (yi)xi =0 for ally* € Y*.

proof (i) = (ii): Suppose u = 0. Then, for all T € L(X X Y), we have

)= Tl ) =0

Let x* € X*,y* € Y*. Then the mapping

ey i XxY—-K



defined by x* ® y*(x,y) = x*(x)y*(y) is a linear form on £(X x Y). That is,

= Y () () = 0.

i=1

(ii) = (iii): Suppose Y1 x*(x;)y*(y;) = 0 for all x* € X*,y* € Y*. Let x* € X*, then

n
y* (Z x*(xi)yl) =0 for all y* € Y7,
i=1

which implies Y1 x*(x;)y; = 0.

(iii) = (iv): Same argument.

(iv) = (i): Suppose Y' 1 y*(y;)x; =0 for all y* € Y*. Let T € L(X x Y). Let E, F be the vector
subspaces generated by {x1,...,x,} and {y1,...,yn}, respectively. Let B be the restriction of T

to E X F. We can represent B as follows:
m
x,y) =) ¢i(x);(y)
j=1

where ¢; € E* and ¥; € F*. By the Hahn-Banach theorem, we extend the linear forms ¢; and ;
to all of X and Y, respectively. Then,

T(xi,yi) ZB Xi, Vi)

B
3

I
.M:

~
Il
—_

=if%mmm>
i=1j=1

=f%(i%mm>
j=1 =1

— Y 9(0) =0

W.
—_

Thus, u(T) =0forall T € L(X X Y), so u=0.



1.5 Projective Tensor Product

Let Xj,...,X;; be Banach spaces. We denote X1 ® - -+ ® X;;; the algebraic tensor product of
Xl, ceey Xm

n .
X1®...®Xm:{le.l(g)...@x;”:nG]N*,x?EXj}. (1.2)
i=1

This is a vector space. We define the projective norm on X7 ® - - - ® Xy, by

uvnn:inf{fﬁnxffu},

i=1j=1

where the infimum is taken over all possible representations of v of the form

We denote X1&y ... 80X, the projective tensor product of the spaces X, ..., X, i.e., the com-
pletion of X1 ® --- ® X, with respect to this norm. If X1 = --- = X, = X, we write simply

~m

@, X.
Proposition 1.4 For all Banach spaces X1,..., X, Y, we have the isometric identification
L(X1,...,XmY) = (X1®r...@xXm@-Y*)"

Special case. The dual of X1®x ... R, Xm is identified with the space of bounded multilinear
forms

(X1®s ... @nXm)* = L(X1,..., Xm).

1.6 Injective Tensor Product

Let Xq,..., X, be Banach spaces. We denote X7 ® --- ® X, the algebraic tensor product of

| ua

X1,..., Xm. We define the injective tensor norm on X1 ® - - - ® Xy, by

n

PBEACORNEED

i=1

[ole =" sup {

x;‘er(lgjgm)

J



where the supremum is taken over all possible representations of v of the form

n
v=Y 2@ @
i=1

We denote X1®§ . @ng the injective tensor product of the spaces Xi,..., Xy, i.e., the com-
pletion of X7 ® --- ® X, with respect to this norm. If X1 = --- = X;;;, = X, we write simply
~m

Qe X.

1.7 p-Summing Linear Operators

Let X be a Banach space. Let 1 < p < co. We denote I;(X) the Banach space of sequences

(%i)1<i<n in X equipped with the norm
1
I (xi)r<i<nllipoo = (21 [xllP)?,
and [y ©(X) the Banach space of sequences (x;)1<i<, in X equipped with the norm
1
1Cxi) s a(x) = supyeep,. (K [{xi, x7)[P) 7,

where X* is the topological dual of X. The closed unit ball of X is denoted Bx (if p = oo, we take

the supremum).

Definition 1.5 (Linear Case) Let X,Y be two Banach spaces and u € B(X;Y). We say that u
is p-summing for p € [1,00[, if there exists a constant C > 0 such that for all x1,...,x, € X

(inuwnp)p <C sup ("1|x*<xi>|i’>p. (1.4)

x*eBx*

We denote Hp(X; Y) the Banach space of p-summing linear operators from X to'Y equipped with

the norm

tp(u) = inf{C satisfying (1.4)}.
Remark 1.2 The operator u is p-summing if it transforms every weakly p-summable sequence
into a strongly p-summable sequence; if p = oo, this is simply continuity.
Example 1.3 Let K be a compact space, u a positive measure on K, and 1 < p < oco.

8



(1) The multiplication operator defined by

uy: C(K) — Lp(p)
foo=fe

with ¢ € L,(u), is p-summing and 77,(u) = ||@|| -
(2) The canonical injection
Jp: C(K) = Lyp(p)
foo=f

==

is p-summing and 7, (J,) = p(K)?.
Theorem 1.3 (Pietsch Factorization [DJT95]) Let p € [1,00] and u: X — Y a p-summing
linear operator. Then, there exists a Radon probability measure A on (Bx+,0(X*, X)) such that

Vxe X |lu(x)|| < mp(u) (/ |x*(x)|Pd)\(x*))”, (1.5)

Bx*

Conversely, if there exists a Radon probability measure A on (Bx+,0(X*, X)) and C > 0 such that
this formula is satisfied, then u is p-summing and m,(u) < C.

The actual Pietsch factorization is

X — Y

ix 4 T
kp

lx(X) - S

M N

ck) B L

where il is a bounded linear operator, ky is the restriction of J,, K = Bx+, and S is the closure of

kpoix(X) in Ly(u). In this case, p(u) = |||

Remark 1.3 (Special Case) If p = 2, the operator il can be extended to the whole Ly(u), i.e.,
u factors through a Hilbert space. Indeed, let P be the projection of Ly(u) onto S, so

7:=f0P andu=ihix: X 2 L) 5,

with the remark that Jrix is 2-summing.



1.8 Cohen Strongly p-Summing Operators

Let u : X — Y be a linear operator between Banach spaces. The operator u is strongly p-summing
(1 < p < o0) if there exists a positive constant C such that for all n € N, xq1,...,x, € X, and
Vi, -, Yy € Y", we have

1
n p
Y [ux) y)l <C (ZH?@H”) sup [|(y7 () ir. (1.6)
i=1 i=1 YEBy

The smallest constant C, denoted dp(u), that satisfies the inequality (1.6), defines the strongly
p-summing norm on the Banach space Dy(X;Y) of Cohen strongly p-summing operators from X
to Y. For p = 1, the space D1(X;Y) coincides with B(X;Y), the space of bounded operators from
XtoY.

The Pietsch domination theorem for strongly p-summing linear operators is given as follows. For
the proof, we directly apply the Pietsch theorem to the adjoint operators, as they are p*-summing.
See [Coh73] for more details.

Theorem 1.4 (Pietsch Factorization) Let p €]1,00| and p* its conjugate, i.e., %—1— % = 1.
Let u : X — Y be a strongly p-summing linear operator. Then, there exists a Radon probability

measure 4 on (Byw,o(Y*™,Y*)) such that for all x € X and all y* € Y* we have

1

e,y < dy(llel ([, ane)” (17)

Conversely, if there exists a Radon probability measure yu on (By«,a(Y**,Y*)) and C > 0 such
that the formula (1.7) is satisfied, then u is strongly p-summing and dp(u) <C.

Theorem 1.5 Let 1 < p <oo. Let u € L(X;Y) and u* its adjoint. The following properties are
equivalent:
(1) The linear operator u is Cohen strongly p-summing.

(2) The adjoint operator u* is p*-summing. Moreover,
dp(u) = mp-(u”*) = inf{C satisfying the condition}.

Corollary 1.1 The following properties are equivalent:

10



(1) The space Y is finite-dimensional.
(2) For all Banach spaces X,
Dy(X;Y) = L(X;Y).

(8) The identity idy € Dy(Y;Y).

[R]Mathématiques 02

11



CHAPTER 2

Chapter 2: Linearization of Lipschitz

Operators

2.1 Lipschitz Mappings

Definition 2.1 Let X be a pointed metric space and E a Banach space. We say that T : X — E
1s Lipschitz if there exists a constant C > 0 such that:

1f(x) = fW)l < Cd(x,y), YxyeX (2.1)

We denote by Lip(X, E) the space of all Lipschitz mappings. For any function f € Lip(X,E), the
Lipschitz constant is defined by:

Lip(f) = inf{C : C satisfies equation(2.1) }.

The elements of Lip(X,E) are referred to as Lipschitz operators.

Theorem 2.1 The space Lip(X, E) is a vector subspace.

Proof:

To show that Lip(X, E) is a vector subspace, it suffices to verify the following three properties:

1. The zero function fp : X — E, defined by fo(x) = 0 for all x € X, belongs to Lip(X, E)

because for all x,y € X, we have:

Ifo(x) = fo(y)Il =110 - 0]l = 0 < Cd(x,y), for any C> 0.

12



2. Let f,g € Lip(X,E). Then there exist constants C1,Cp > 0 such that:

1f(x) = fFW)I < Cd(x,y),  llg(x) =gl < Cad(x,y), Vxy € X.

Then,

I(f+8)(x) = (f+ )W = lf(x) +8(x) = f(y) =gWIl < If (x) = fFW) + llg(x) =g W)l < (Ki+1

Thus, f + g € Lip(X,E).

3. Let f € Lip(X, E) and A € K. There exists C > 0 such that:

1f(x) = fW)Il < Cd(x,y), Vx,y € X.

Then,
[Af)(x) = AW = AL [If (x) = Fw) | < [A[Cd(x, y).

Hence, Af € Lip(X,E).
Therefore, Lip(X, E) is a vector subspace.

Lemma 2.1 For any f € Lip(X,E), we have:

1f(x) = fFW)I
d(x,y)

Lir)(f)zsup{ :x,yex,X#y}-

Proof

1: Lip(f) < sup{W}

1. From the definition of Lip(f):

Lip(f) = inf{C > 0: | f(x) - f(y)]| < Cd(x,y), Vx,y € X}.

2. For all x,y € X such that x # y:




3. Since Lip(f) is the smallest constant C that satisfies this condition, it follows that:

ol ) <sup { LW )

2: Lip(f) > sup {W} 1. From the definition of Lip(f): For all x,y € X:

1f(x) = f(y)ll < Lip(f) -d(x,y).
2. By dividing both sides of the inequality by d(x,y) > 0:

1f(x) = fFW)]l
d(x,y)

< Lip(f).

3. Taking the supremum:

sup { L =10

105y) :x#y}smMﬁ-

Proposition 2.1 The mapping f — Lip(f) is a seminorm on Lip(X, E).

Proof:

To demonstrate that the application f + Lip(f) is a seminorm on Lip(X,E), the following
properties must be verified:

1. Non-negativity: According to the definition of the seminorm:

() = sup L) = fW)]
H ) #5 d(xy)

Since the norm ||.|| and the distance d(x,y) are always positive:

Lip(f) > 0.

2. Homogeneity:

For any scalar a € IR: laf () W
. af(x) —af(y
Lip(af) = su .
( f) x#}y) d(x/y)

14



By factoring out |a|:

3. Triangle inequality:
For all f,g € Lip(X,E):

. _ ) +8(x) — (f(y) +8W))]
Lip(f +g) = iil; A1) :

Using the triangle inequality of the norm:

Lf () = fFI +1lg(x) — 8wl

< sup

xX#Y d(x/ y)
Separating the terms:
< sup X =FWIL ) I18G) = 2l
x#Yy d(x’ ]/) xX#Yy d(x' y)

Thus:
Lip(f 4+ g) < Lip(f) + Lip(g).

Since all conditions are satisfied, the application f — Lip(f) is indeed a seminorm on Lip(X, E).
e We denote by Lipo(X, E) the set of Lipschitz mappings satisfying f(0) = 0. If K is the field of
real or complex numbers, the space Lipo(X, K), denoted by X*# is called the Lipschitz dual of X.

Proposition 2.2 The pair (Lipo(X,E), Lip(-)) forms a Banach space.

Proof:

We will demonstrate that (Lipy(X; E), Lip(-)) is a Banach space by verifying three fundamental

properties: the vector space structure, the definition of a semi-norm, and completeness.

1. Vector space: Consider two functions f, g € Lipg(X; E) and two scalars &, B € K, where K

denotes the field of real or complex numbers. Define the following function:

h=uaf + Bg.

15



Since f(0) =0 and g(0) = 0, we obtain:

h(0) = af (0) + Pg(0) = 0.

Moreover, for all x,y € X, we have:

11 (x) =) < lal[Lf () = fFW)I + [Blllg(x) = g(y) -

Thus, h € Lipy(X; E), which shows that Lipy(X; E) is a vector space.

2. Semi-norm Lip(:): We have from previous proposition 2.1 Lip(f) is a seminorm on

Lip(X, E). Define the Lipschitz constant by:

1f(x) = fW)]l
d(x,y)

Lip(f)zsup{ :x%yGX}-

Let us verify the properties of a semi-norm:
« Positivity: Lip(f) > 0.

o Homogeneity: For any scalar o« € K:
Lin(af) = [a] - Lip(f).
» Triangle inequality: For all f,¢ € Lipg(X; E):

Lip(f + ¢) < Lip(f) + Lip(g).

Thus, Lip(+) indeed defines a semi-norm on Lipy(X; E).

3. Completeness: Let (f,)be a Cauchy sequence in Lipy(X; E) with respect to the semi-norm
Lip(+). This implies that:

Lip(fu — fm) =0 as n,m— oo,

For every x € X, the sequence (f,(x)) is Cauchy in the Banach space E, hence it converges to a
limit f(x). It remains to show that f € Lipy(X;E) and that Lip(f, — f) — 0.

16



Using the definition of the Lipschitz constant and the uniform convergence on pairs (x,y), we

obtain:

1fu(x) = f(x)|| < ¢d(x,y) forall xy€X.

Thus, Lip(f, — f) — 0, which shows that f € Lipy(X;E) and that the space is complete.

Conclusion: Since Lipy(X;E) is a vector space equipped with the semi-norm Lip(-) and is

complete under this semi-norm, the pair (Lipg(X; E), Lip(-))constitutes a Banach space.

2.2 Linearization of Lipschitz Mappings

For every x € X, define the evaluation functional dy € (X¥)* by

The closed linear span of {dy : x € X} forms a predual of X*, known as the Lipschitz-free space
over X, denoted F(X), as introduced by Godefroy and Kalton in [GKO03]. In [Wea99|, Weaver
studied this predual, referring to it as the Arens—Eells space of X and denoting it (X).

For x,y € X and f € X*, we have

Moreover,

For m € F(X), its norm is

n
||m| —mf{ZM d(x;,y;) : Z (o) }

i=1 i=1

Proposition 2.3 For any pointed metric space X, the free space F(X) equipped with the norm

|\m|| is a Banach space.

17



Proof

e Proof that F(X) is a Banach space
1: Proving that F(X) is a normed space We define F(X) as the space consisting of all linear

combinations of functions of the form:

Sy (f) = f(x) = f(y), VfeX*

Any element in F(X) is of the form:

n
m= 2/\i(5(xizyi)

N
Il
—_

The norm on F(X) is defined as:

n
||m|| = 1nf{2 \Ai|d(x;,y;) - 2 (i) }

i=1 i=1
,The norm satisfies the required properties:

e Non-degeneracy:

|m|| = inf{ i1 | Aild (i, yi) cm =T b,y = 0= g Aid(x,y,)

=0
d(xl-,yi) >0 = A;=0.

=m=0

« Homogeneity: For any real or complex number a«, we have:

n n
[l || = inf{z IMild(xi/yi)} = lalinf{z Mild(xi,yi)} = laf[m]]

i=1 i=1

« Triangle inequality: We Shall prove that ||my + ma|| < ||mq| + ||m2]|-

n n
et : ||m]| :inf{ZM |d(x;,y;) Z }then m= 2)\(53{1%)

i=1 i=1 i=1



n m
my =) Aid(xyy o M2 = Y 1Sy
i=1 j=1

where A, pj € R or C, and x;,y;,aj,b; € X. Thus, their sum is:

n m
my +mp = Z Aid(x,y,) T Z l“l]'(s(ﬂjrbj)
i—1 =1

[mq || = inf{i |/\i|d(xi,yi)}

i=1

m
|m2|| = inf { |pjld(aj, bj)}
i=1

]

|my + my|| = inf {Z |l |d (ug, vx) @ mq+mp = Z“ké(uk,vk)}
k k

n m

my +ma| < Y |Aild(xi, vi) + ) |pjld(a;, b))
=1 =1

[y 4 ma [ < [[ma ]| + [[ma]]

Thus, F(X) is a normed space.
2: Proving that F(X) is a Banach space

(a) Consider any Cauchy sequence (my) in F(X).
Since (m,) is a Cauchy sequence, for every & > 0, there exists an integer N such that for all
n,m> N,
[ — mm|| < ¢.

(b) Expanding the norm expression:

Each m,;, can be written as:

and the norm satisfies:



(c¢) Finding the limit m of the sequence:

We define an element m as:

m = Z/\i(s(xi/yi)’

N
Il
—_

A

where A; = limy 0 A;

By the definition of the norm, we obtain:
[ee]
=1

1

11y — m|| = inf { Al — A,-|d(xi,yi)} .

Since AZ-(H) — A;, we conclude:

lim ||m, —m| = 0.
n—o00

Thus, the sequence (my) converges to m in F(X).

Conclusion Since every Cauchy sequence in F(X) converges to an element in F(X), the space
mathcal F(X) is a Banach space.

Lemma: Let E, G be two Banach spaces, and let F be a dense vector subspace of E. Suppose that
T : F — G is a continuous linear operator. Then, there exists a unique continuous linear operator

T : E — G such that:

T=TonF.

In other words, T admits a unique continuous linear extension defined on the whole space E.
Proof
Existence: Let T : F — G be a continuous linear operator. We will show that there exists a

unique continuous linear operator T : E — G extending T, i.c., such that:

T(x)=T(x), VxeF.

Since T is continuous on F, there exists a constant C > 0 such that:

IT(x)| < Cllxll, VxeF.

Now, let x € E. Since F is dense in E, there exists a sequence (x,) C F such that x, — x in E.
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By the continuity of T on F, the sequence (T(xy)) is Cauchy in G:

ITCem) = T(xn) || < Cll2m — xal-
Since G is complete, the sequence (T(x,)) converges to an element y € G. We then define

T:E — G by:

T(x) = lim T(x,).

n—o00

This definition is well-posed because if (x},) is another sequence in F converging to x, then (T(x},))
must converge to the same y by the uniqueness of limits in G.

Linearity: For x,y € E and A € K, let (x,) and (y,) be sequences in F such that x, — x and
Yn — Y. Then:

T(xn 4+ Ayn) = T(xn) + AT (Yn)-

Taking the limit, we obtain:

T(x+Ay) = T(x) + AT(y).

Thus, T is linear.

Continuity: Since T is bounded on F, we have:

IT(x)] = lim [ T(xn)]| < C lim [l < C]lx].

Thus, T is continuous and || T|| < C.
Uniqueness: Suppose there exists another extension S : E — G such that S(x) = T(x) for all

x € F. For x € E, let (x,) C F be a sequence such that x, — x. By the continuity of S, we get:

S(x) = lim S(xy) = lim T(x,) = T(x).

Thus, S = T, proving uniqueness.

Theorem 2.2 For every Lip-linear operator T € Lipy(X, E), there exists a unique bounded linear
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operator T : F(X) — E defined by:

A

T(‘S(x,y)) =T(x)-T(y), VxyeX
In other words, T = T o 6x, ensuring that the following diagram commutes:
T
X — E
5;{ %
F(X)
In this case, we have:

Lip(T) = || T

Proof

We aim to prove the existence of a unique bounded linear operator T that satisfies the given

condition.

.show that T Linearity

Since T € Lipg(X, E), we know that T(0) = 0 and that T is Lipschitz, meaning there exists a
constant C > 0 such that:

IT(x) = T)ll < Cd(x,y), Vx,y € X.

We define T by:
n n
T (Z Aifl’(xi,yi)) = L (T () = T(yi)-
i=1 i=1
Since ¢y, satisfies linearity, it follows that:

A~ A

T(m+m')=T(m)+T(m"), T(am)=aT(m).

Thus, T is a linear operator.
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. show that T is Bounded

The norm in F(X) is given by:

i=1 i

n n
|m|| = inf {Z |Aild(x;,y;) where m = Z)‘i‘l’(xi,yi)} :
=1

For any m with representation:
n
m= EAZ{P(X:‘/%)’
i=1

applying T gives:

A

IT(m)|| =

Using the Lipschitz condition:

| 2(m)| < 21 AT () — Tl < C ; Al e ).

Taking the infimum over all representations, we obtain:
IT(m)|| < Cllm]l.

This proves that T is bounded with || T|| < C.

. Uniqueness

Suppose there exist two linear operators Tq, T» satisfying the same conditions. Then, for all X,y €
X:

A

T () = Ta(Pry)) = T(x) = T(y).

Since F(X)is the linear span of P(x,y), it follows that Ty = T», proving uniqueness.

. show that ||T||Lip = el

Since:

1T = sup |[T(m)],

[[m<1
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and using T(gb(x,y)) =T(x) —T(y), we get:

1 — e T =T
||T|| - x#I; d(x,y)

= || T Lip-

Conclusion We have successfully established the existence of a unique bounded linear operator
T such that T = T o ¢x. Moreover, we have shown that || T|| = | T||Lip, proving that Lipy(X, E)
is isometrically isomorphic to L(F(X),E).

Proposition 2.4 Let X be a pointed metric space and E a Banach space. We have the following
isometric identification:

Lipo(X;E) = L(F(X),E).

proof

1. Definition of the isomorphism: For each T € Lipy(X,E), we define the linear operator
T: F(X) — E by:

A

T(é(x,y)) - T(X) - T(y)/ Vx,y €eX

where 4, ) is the evaluation functional in F(X) such that 0, ,)(f) = f(x) — f(v)-
€ F(X), we have:

2. Linearity: For any finite linear combination m = Y/, Aid(x, 1)
n . n
= L AT @) = Y AT (xi) = T(yi).
i=1 i=1

This proves that T is linear.

3. Boundedness and isometry: We compute the norm:

1T = sup [T(m)ll.

[l 7x)<1

Since
1Tyl = IT(x) = T(y)|l < Lip(T)d(x,y),

it follows that
|T|| < Lip(T).
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Similarly, for m = Y14 Aid(y, ), we obtain:

1T (m)|| < Lip(T)lm|l (x).

Hence, ||T|| = Lip(T), proving that T is an isometric extension of T.

4. Bijection between the spaces: - Every bounded linear operator S : F(X) — E defines a
Lipschitz mapping T : X — E by setting T(x) = S(dx).

- From the definition of T, we find that S = T, proving the bijection between Lipo(X,E) and
(F(X),E).

Conclusion: The space Lipy(X, E) is isometrically isomorphic to (F(X), E), i.e.,

Lipo(X;E) = L(F(X),E).

2.3 Linearization of p-Summing Lipschitz Operators

Let T : X — E be a Lipschitz operator, and let T : F(X) — E be its linearized operator. In this
section, we study the relationship between these operators concerning the notion of p-summing
operators.

We start with the following result, which shows that if T is p-summing, then T is also Lipschitz

p-summing.

Theorem 2.3 If T : F(X) — E is a p-summing operator, then T : X — E is Lipschitz p-
SuUMming.

proof

Since T is p-summing, it satisfies Pietsch’s Domination Theorem, which guarantees the existence

of a Radon measure y on the unit ball By# such that:

I7(m)] sc(/B

==

x#

If(m)|pdﬂ(f)> , Vm e F(X)
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Now, for x;,; € X, we define the following element in F(X):

n
m = Z)\]((Sx — 5%‘)
j=1

Since T satisfies the property above, we obtain:

I7(m)] gc(/B

Since:

T(m) = Y2 A(T(x;) — T(;))

=1

this implies:

=
==

(Z IT(x;) — T(}/j)H”) < C sup (Z |f (%) —f(yj)\’”)
j=1 f€B \j=1
Thus, T is Lipschitz p-summing.

Remark 2.1 The converse is not true, as illustrated by the following example:

Consider the Lipschitz inclusion

This is a Lipschitz operator since

16x (x) = ox ()| = [x — yl.

We show that the linearized operator of ¢x is given by

Let m € F(R) such that m = Y1 1 A;6(x;,v;),
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then
Sx (m) = 6 (é)‘i‘s(xiryi)> = é/\i&((s(xi/yi)) = é/\i((sx(xi) —ox(yi)) = ;Aié(xi,yi) = m.

Thus, we have the following commutative diagram:

R —* 5 F(R)
b

F(R)

Now, the operator dx is Lipschitz p-summing because R is finite-dimensional, but its linearized

operator id z(g) is not p—summing since F(IR) is infinite-dimensional.

2.4 Strictly Lipschitz p-Summing

Definition 2.2 Let 1 < p < co. A mapping T : X — E is said to be strictly Lipschitz p-
summing if there exists a positive constant C such that for every x, yx € X and s € E* (where

1 <k<I), we have:

)
;(T(xk) — T(yx),s¢)| < Cdp(u), (2.2)

where u = 25(:1 O(xk, y) ® 5. We denoted by I13L(X, E) The Banach space of all strictly C verifing
(2.2). Lipschitz p-summing operators from Xinto E which its normT(IS,L(T) 1s the smallest constant
C wverifying (2.2). If we consider linear operators defined on Banach spaces, we have shown
in [Theorem 2.4] that the three notions: p-summing, Lipschitz p-summing and strictly Lipschitz

p-summing are coincide. The following characterization is the main result of this

Theorem 2.4 Let < p < oo. Let X be a pointed metric space, and let E be a Banach space.

Suppose T : X — E is a Lipschitz operator. The following properties are equivalent:
1. T is strictly Lipschitz p-summing.

2. T is p-summing.
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3. There exists a constant C > 0 and a Radon probability measure u on the unit ball Bx+ such

that for all sequences (xj)?zl, (yj)}“zl C X and (/\7);7:1 CK (R orC)n e N*, we have:

<(f. 8

4. There exists a constant C > 0 such that for all sequences (x})11,, (yl)nl1 C X and (/\])l 1 C

PN 7
). (2.3)

p
Z)\] T(y)) ZN f@))

dﬂ(f)) :

K (where 1 < j < nyp, and ny,ny € IN*), we have:

; P\ ¥
(£ ) < ap (3 [Fro- o
i=1 fe€Bxx \i=1

Z?J T(y))

proof

(1) = (2): See Theorem 2.4 [DF93].
(2) = (3): We apply Pietsch’s Domination Theorem for p-summing linear operators , then there

is a Radon probability measure p on Bx+ such that for any m € F(X):

Tl <c(f o))

Now, let (xj);?:l, (yj);-“:1 C X and ()Lj)?zl C K. Define:

n

m=Y Né,y) e F(X).

=1
then: .
n P v
P (; V(] yf>) ( I 2Aff 3(,y))) du(f))
i= =
Thus, we obtain:
n . . . p %
Y M(T(X) - T(y)) (/B ZN ) d#(f))
j=1 X
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(3) = (4) : Let(x )l " (yl)l 1 C Xand (/\])?11 C K (forl <j < mny).by (2.3) we have every 1 <

iSTllZ
p ’
D’ T(y))| < C (/BX* ;AJ F)) dﬂ(f)) .
Therefore,
n . P np (np P
21 LA =1 < [ 3|V M) ~ )| duts)
1= X* g ]
n p
SsBup; ZA] FD| du(f).
Thus:
mlm P\ m|m . TN
(£ Evreh-run] ) <c s (E[Exreh -l )
i=1||j=1 fe€Bxx \i=1|j=1

(4) = (1) : let u = Y4, ¢(x1, yx) ® s} where st € E*. Then, we define the set A, as given in
(2.1).Let: m = Y\, m; ® ef where m; = ] 21 lgb(xl,y ) Using equation (2.2), we get:

!
> (T(xe) = T(yi), s7)
k=1

ny np

ZZA] T(y}), ef)

i=1j=1

by Holder’s inequality:

(iﬁ AT ) <Z ez 117 )

< Coup (g; ) (an ||P)

(=

1
*

1
P
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By Taking the infimum over all representations of m € A, we obtain:

l
kZ1<T(xk) — T(yx),s¢) | < Cdp(u)

Then,T is strictly Lipschitz p-summing.

2.5 Linearization of Lipschitz Cohen Strongly p-Summing

Operators

A Lipschitz operator T : X — E is said to be Lipschitz Cohen strongly p-summing if there exists
a constant C > 0 such that, for any x1,...,x4,Y1,...,¥4 € X and any y7,...,y, € F*, we have:

n

Y {T(x) = Tlyi),yi)| < C (Z d(xi,yiv) 1) e (24)

i=1 i=1

The class of Lipschitz Cohen strongly p-summing operators from X to E, denoted D%)(X, E),isa
Banach space with the norm d;% (T), which is the smallest constant C satisfying the above inequality
holds.

Theorem 2.5 Let 1 < p < oo, Let X be a pointed metric space and E a Banach space. Let

T : X — E be a Lipschitz operator. The following statements are equivalent:

1. T is Lipschitz Cohen strongly p-summing.

2. T is Cohen strongly p-summing.

Even more, D;%(X,Y) = Dy(F(X),Y).holds isometrically

Proof

First, suppose T € DIF;(X,Y). Let m € F(X) and y* € Y*. Then, we have:
. n
[(T(m),y")[ < Y 1Al - (T (xi) = T(yi) y™).
i=1
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n

[(T(m),y*)| < dy(T) 21 [Ail - dCxi xD) 1y e, (1)-

Applying the Lipschitz Cohen strongly p-summing property of T, we obtain:

[(T(m),y")| < dﬁ(T)||m||f(X)||y*||gg*-

Since m is arbitrary, we conclude that T satisfies Pietsch’s domination theorem for Cohen strongly
p-summing operators, so T € D,(F(X),Y) and
7 L
dy(T) < dp(T).

Conversely, suppose T € D,(F(X),Y). For any x,x" € X and y* € Y*, we apply Pietsch’s

domination theorem to T, obtaining:

[(T(x) = T(x"), y*)| = (T(m () y7)| < dﬁ(T)||m||p(x>H}/*llg§* < dp(T) - d(x,x") - Iy

o,
P
Thus, T € D;(X,Y) and

d5(T) < dy(T).

Corollary 2.1 Let E, F be Banach spaces, and let T : E — F be a linear operator. The following

statements are equivalent:
1. T is Lipschitz Cohen strongly p-summing.

2. T is Cohen strongly p-summing.

Proof

Let T : E — F be a linear operator. The corresponding linear operator T is given by T = T o BE;

where Bg : F(E) — E is a linear quotient map satisfying

Bepodep =idg, |Bell £ 1.
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Since T is Cohen strongly p-summing, = T = T o g is also Cohen strongly p-summing, and
hence T is Lipschitz Cohen strongly p-summing.

Conversely, if T is Lipschitz Cohen strongly p-summing, => T = T o dg is Cohen strongly p-
summing. This implies that Todg = To Be oo = T is also Lipschitz Cohen strongly p-summing.

2.6 Linearization of Integral Lipschitz Operators

The concept of integral linear operators was originally introduced in [DJT95]. The Lipschitz
version has been introduced by in [DF93|. Let X be a pointed metric space and E a Banach
space. A Lipschitz operator T : X X E — F is said to be integral if there exists a constant C > 0

such that for any x1,...,x,,y1,...,yn € X, €],...,€;, € E*, we have

Y (F(xi) — Fly)es

i=1

<C sup (2.5)

(T(xi) — T(yi),ef)
=1 fEBy#

1 E*

The class of all integral Lip-Linear operators is denoted by Lipf)”t(X X E; F). For such operators,

we define
JE(T) = inf{C : C satisfies (2.5)}.

int

It is straightforward to verify that the pair
(Lipg™ (X x E), Ty ()

forms a Banach space. The importance of this new definition lies in its connection with the
linearization operators, allowing the extension of certain classical results. The next theorem es-

tablishes this relationship.

Theorem 2.6 Let X be a pointed metric space, and E a Banach space. The following properties

are equivalent:

1. The Lipschitz operator T is integral.
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2. The linearized operator T : F(X) — E is integral.

Proof

(1) = (2): Suppose T : X — E is an integral Lipschitz operator. For any u; = Y, /\Z(S(X{:, y{) €
F(X) and e;.‘ € E* (where 1 <j < m), we have:

Thus, T is integral, with J(T) < JL(T).

(2) = (1) : Suppose T : F(X) — E is integral. For any(x;)"_,, (v;)_, € X and ¢}, ..., ¢}, € E*,

we have:

flmxi)—nyo,en - flmé(xi,yl)),en
< 71 sup | Y (F(x0) — Fly))e
fEByw ||i=1 E*

Thus, T is integral and Jin(T) < J(T).

Corollary 2.2 Let X be a pointed metric space and E a Banach space. We have the following
isometric identification:

Lipg" (X, E) = I(F(X), E)

Proof

Define the mapping;:
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T : Lipi™(X,E) — Z(F(X),E)

by
varGamma(T) = T. From the previous theorem, I is well-defined and isometric.

To show that I is surjective, let ¢ € Z(F(X), E). Define:

- éw(a(xi,yz)),e:v
< T(p) sup | Y (Fxi) — Fyi))el
fE€Bya ||i=1 E*

Thus, Ty is integral. Finally, for u =Y/ ; a;0(x;,Y;), we have:

Tp(u) =T, (faié(xi,yl > fzxz (Ty(xi) — Ty (vi))

i=1 i=1

Substituting Ty (x;) = ¢@(Jy,), we get:
n
=) ¢ (widxi) — @ (aiy;) = @(u)

i=1

Thus, T(p = ¢, and by density, this equality extends to all of F(X). Therefore, we conclude that

I' is surjective
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CHAPTER 3

Chapter 3:Linearization of Multilinear

Operators

In this chapter, we study the linearizations of multilinear operators.

3.1 Multilnear Mappings

Definition 3.1 Let X3, ..., X, Y be Banach spaces. A mapping T : X1 X ... X Xy = Y s called a

multilinear operator (or m-linear mapping) if

T (X1, s X+ BYjs ooy Xm) = &T (X1, 000y Xjy ooy X)) + BT (X1, s Yy ooes X (3.1)

for every j (1 <j<m) and xj,yj € Xj,a,p € K (K=R orC). IfY =K, then T is called a
multilinear form.
We denote by L(Xy, ..., Xm; Y) the vector space of multilinear operators from Xy X ... X Xy, into .

This space is equipped with the following norm:

IT|| = sup [T (x1,..., xm)]| -
[|xi]| <1
1<i<m

Proposition 3.1 The mapping T > ||T|| is a norm on L(Xq, ..., Xm; Y).

Proof

We will prove that the function ||T|| defined by: [|T[| = supy, <1 1<j<pm | T(x1, ..., Xm)]| is a norm
on L(Xy, ... Xm; Y).

To show that || - || is a norm, we must verify the following three properties:
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1. Positivity We need to show that:
IT|| >0, and ||T|=0= T =0.

From the definition of the norm, it is clear that ||T|| > 0.
If ||T|| =0, then
sup ||T(x1,...,.xm)| = 0.

[[xi] <1
This implies that T(x1, ..., X)) = 0 for all xq, ..., Xy, hence T is the zero operator.

2. Homogeneity We must prove that:
IAT[| = [A[l[T], VA € K.
Using the definition of the norm,

IAT|| = sup AT (x1, ..., xm)]|-

[[x:]]<1

By the homogeneity property in a Banach space,
AT (x1, oo X)) || = | A T (%1, oo X)) |]-
Taking the supremum on both sides, we obtain:

sup |[|AT(x1, ..., xm)|| = |A| sup [|T(x1,..., xm)||,
x| <1 x| <1

thus:
AT = [A| T

3. Triangle Inequality We must prove that:

IT+SI <TII+ IS, V¥T,S € L(X1, .., Xm; Y).

36



Using the definition of the norm,

IT+ S| = sup ||T(x1,.... Xm) + S(x1, e, X ) || -

[[xi][<1

Applying the triangle inequality in a Banach space:
N T (21, ey Xm) + S(xX1, ey X)) || < || T (X1, ey X)) || + 1S (X1, ooy X)) ||
Taking the supremum on both sides:

sup || T(x1, .oy Xm) + S(X1, o0, X)) || < sup || T(x1, .., Xm)|| + sup ||S(x1, ..., Xm)||-

il <1 il <1 il <1
Thus:
IT+ S < ITI[ + lIS]-
Conclusion : Since the three properties of a norm are verified, we conclude that || - || is a norm

on L(Xy, ... Xm; Y).
The Banach space of multilinear operators from Xy X ... X Xy, to Y is denoted by £(Xy, ..., Xi; Y).

3.2 Representation on a Tensor Product

Let Xi, ..., X;; be Banach spaces. The algebraic tensor product of Xi,..., X, is denoted by
X1 ® -+ ® Xy, The projective norm is defined by:

lollx = inf{irm[ ||x{i||} (3.2)

i=1j=1
where the infimum is taken over all possible representations of v of the form:
n
0=Y X;® - ® X,
i=1

The projective tensor product of the spaces Xj,..., X, is denoted by X1&y ... &7 X, which is
the completion of X1 ® - -+ ® X, with respect to this norm. If X; = --- = X;;, = X, we simply

write ®,X. For each multilinear operator T : X; X --- X X;;, — Y, one can associate a linear
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operator, called the linearization of T, denoted T : X1®sp ... @nXm — Y, defined by:

(Zx ® - ) ZT (3.3)

It is well-defined because it does not depend on the chosen representation Moreover, T is unique

and satisfies ||T|| = || T||. Indeed, for v =Y} ; x] ® -+ - @ x™, we have:

IT(v)

n
<TI0l
i=1

i=1
which implies ||T|| < ||T||||2||x. Thus, T is bounded and || T|| < ||T]|.
Conversely, we have || T|| < || T|| since:

TG ™) = 1T - @x™) < ITHa] . [x™]l.

Now, let B be another linearization of T. For all (x!,...,x™) € X1 ® - - - ® X, we have:

Bxl®@ - @x™) =Tk, ..., a™ =Tkxle- - @x™).

By linearity, B and T coincide on X1 ® - - - ® X,,, and, by density, they are identical on X1 &y . . . ® 7 Xom.
Thus,

L(X1,...,Xmw;Y) =B(X1®7... 0, Xm,Y), (3.4)
because the application:
D:L(X1,..., X3 Y) = B(Xi®x ... 0 Xm,Y), (3.5)
T—®(T)=T

is an isometric isomorphism. We will study in more detail the relationships between the properties
of T and T. Special Case:The dual of X1&® ... %Xy is identified with the space of bounded

multilinear forms:

(X1®@s ... @ Xm)™ = L(X1,..., Xm). (3.6)

This duality provides an alternative formula for the projective norm:
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|ollz = sup{|{v, T)| : T € Bp(Xy,..., Xm)}-

Remark 3.1 In the linear case, B(X,Y*) is identified with (X®7Y)*. Here, according to (3.4),

we have the isometric identification:

(X1 ... B X ®@2Y) = L(X1, ..., X, Y7).

(3.7)

Diagonal OperatorsThe natural embeddings of X into X x --- x X and into @ZX, denoted by

m
Ay, and 4y, respectively, are defined by:
Ay X — XX XX,
x— (x,...,x),
b X — O0X,
X XxQ- - Qx.
It is clear that the following diagram is commutative:
X
y Om
Xx---xX o > @ X
——
m
i:e iy 0 Ay = Oy is the canonical multilinear operator from Xi X - -+ X Xy to X1®x

defined by:

We also have the following commutative diagram:

Xy XX Xy —L s Y

@nxl s ®71Xm
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That is,

T=Toipy. (3.8)

3.3 Ideals of Multilinear Operators

Since the famous article by A. Pietsch titled "Ideals of Multilinear Functions” [Pie83], the success
of the theory of linear ideals has had a considerable influence on the development...
This section likely continues discussing the impact of Pietsch’s work on multilinear operators and

ideals. Let me know if you need a full translation or explanation!

3.4 Linearization of strongly p-summing mutilinear oper-

ators

Definition 3.2 Let Xy,..., Xy, Y be Banach spaces, and let T : X1 X - -+ X Xy — Y be a bounded
m-linear operator, T is factorable strongly p-summing (for 1 < p < o) if there exists a

constant C > 0 such that, for any positive integers my,my and any elements (xi'{j)lﬁiﬁml,lﬁjﬁmz C
Xy (fork=1,...,m),

1
mo mq P % mo | My P P
1 1
Z T(xi]-,...,xl’-?) < C sup Z th(xi]-,...,x?) ,
j=1|li=1 <1 \j=1|i=1
where the supremum is taken over all bounded m-linear functionals P : X1 X -+ X Xp, — K with

norm ||| < 1. The norm of T in this space is

ﬂﬁfSt(T) =1inf{C > 0| C satisfies the inequality above}.

Proposition 3.2 Let n > 2 be a natural number, Xq,...,X,,Y Banach spaces, T : X1 X --+ X
Xn — Y a bounded n-linear operator and 1 < p < co. Then: T is factorable strongly p-summing
if and only if its linearization

is p-summing. Moreover,

) *(T) = 7, (T).
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Proof
Let us suppose that T is factorable strongly p-summing. Let (uj)lgjng C X1 QxR Xy

Then there exists a natural number m; and (xi-‘j)lgigml C Xi(1 < k < n) such that u; =
I xl-l]. R ® x?j for all 1 < j < my. (Use the relation 0® 0® --- ® 0 = 0). Then, for all

1 <j < my we have

T(u]) = Z T(xllj R ® xl’;) 2 T(x}], ,xZ)
=1 1=
and
mq . 1 ; mq 1 ;
l[J(u]) = Z’vb(xz]@)”'@xij) = le(xij/' ‘xl])

where P : X7 X --- X X;; — K is a bounded n-linear functional. Now since T is factorable strongly

p-summing we have

myp mq p % ¢ my | my P %
(Z Y Tk ) < 1)~ *(T) sup (Z Y px- o xf) >
j=1|li=1 [pll<1 \j=1 |i=1

or equivalently,

my p % Fost my . p %
Yo NT(uy)| <m (T) ~sup Y | (u))] . (3.9)
j=1 [PI<1LPe(X1@7 @ Xn)* \j=1
Since X @y -+ @5 Xy is (norm) dense in X1&®y - - - @ X, we deduce from (10) that for every
(0))1<j<m, C X1®y - - - @ X, the following relation holds

]:

j=1 1P| <LPe(X1@nBrnXn)*

that is T: X1®z -+ ®7 Xy — Y is p-summing and 71,(T) < NJ;_St(T).

Conversely, let us suppose that T : Xi®, - ®, X, — Y is p-summing. Let mq,my be nat-

ural numbers and (xi'(j)lgisml,lSjsz C Xi(1 < k < n). Then, for each 1 < j < my the
my

elements u; = Y7 xL @ - @} € X1 @p -+ @n Xy and T(u) = Ly T(x},...,x}}). Since
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~

T:Xi®n- @xXy — Y is p-summing we have

SIS

(Eirer) <mm  wn(Eiwl)

[P <LPEe(Xi@rBrXn)* \j=1

or equivalently,

(£

j=1

my

ZT(xilj,...,x?j)

i=1

my

1
21p(xl-]~, e X)
i=1

NI -
) gnp(f) sup <Z

lpll<1 \j=1

p)é

Conclusion The operator T is factorable strongly p-summing if and only if its associated linear

which means that T is factorable strongly p-summing and ﬂg_St(T) < ﬂp(T).

operator T is p-summing, with the norms satisfying nf_St(T) = 7'(;,(?).

3.5 Linearization of Cohen strongly p-summing multilin-
ear operators

Definition 3.3 Let 1 < p < co. An m-linear operatorT : X1 X - -+ X Xy — Y (where X]- and
Y are arbitrary Banach spaces and m € IN) is called Cohen strongly p-summing if and only if

there exists a constant C > 0 such that for any elements x{ € Xj (forallj=1,...,m) and any
yT/y;/- . Iy:; S Y*; we have:

|((rd, )

1/p
n m .
i <C (ZHH#H%) sup (|ly; W)z, (3.10)
n i=1j=1 yEBy

*The class of all Cohen strongly p-summing m-linear operators from X1 X - -+ X Xy — Y'is denoted
by Dy (Xa, ..., Xm;Y), and it forms a Banach space with the norm dy'(T), which is the smallest
constant C such that the inequality (3.10) holds.

Proposition 3.3 Let m be a positive integer, Xq,..., X, Y be Banach spaces, T : X7 X +-+ X
Xm — Y be a bounded m-linear operator, and 1 < p < oo. Then, T is Cohen strongly
p-summing if and only if its linearized operator T : Xi®n - @xXm — Y is Cohen strongly

p-summing (in the linear sense). Moreover,
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dy(T) = dy(T),

where dp(?) is the Cohen strongly p-summing norm of T.

Relation between T and T for Cohen Strongly p-Summing
Operators

To prove that T : X7 X -+ X X;; — Y is Cohen strongly p-summing if and only if its linearized
operator T : X ®, -+ - ®, X;y — Y is Cohen p-summing , with dy(T) = dy(T).
LetT(x1®---®xm) = T(x1,...,%m), and for any u = Zilexil R @x" € X1 Qn - Qn X,

k
=) T(x

i=1

T Cohen strongly p-summing = T Cohen p-summing .
Let (”j)lgjgn C X1 ®p - Qn Xy, where

le, ®-- ®xf,

and let (yf)lgjgn C Y*. Define v : £5 — Y* by v(ej) = y;, with

1

p*
o] = sup (Z\y] ) ,
yeBy \j=1

1.

here L l*
W p T o

Compute:

=
=

<)

j
T(x 1], .. y]> <T(x}j,...,x?]7),y;>.
- :

i= 1

<Tu] ]/] :<

To simplify, assume first that k; =1, i.e., u; = x%j R ® xi’}. Then:

I
—

(T(up),y;) = (TCxj,- . ), 7).
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Since T is Cohen strongly p-summing, by the equivalent form:

T(x%j, X))

n m I p %
) 2T Tl ) Il

j=11=1

Notice that:

41| %, @000 = 131, © - - - @ 27}]| < H 311 x;
Thus:
1 1
n m l p p n p 14
j=11=1 j=1
Therefore:

=
‘»—l

n

p r*
Z: <T(”j)/]/] <Z H”]HX@H @nxm> sup (Z |}/] > .
j=1 yEBy \j=1

This shows that T is Cohen p-summing (in the linear context), with d,(T) < dy(T). For the
general case (k; > 1), we use the density of Xi ®r - @z X in X1®r -+ @7 Xy to extend the

inequality.

T Cohen p-summing == T Cohen strongly p-summing

Suppose T is Cohen p-summing, i.e., there exists C > 0 such that for all (uj)lgjgn C X1 ®x
QR X, and (y;)lgjgn cY*

1 1

n p*
<C <Z Huj||§<1®n...®nxm> sup <Z vj (v) ) :

=1 YEBy

n

L

j=1

(T(uy), y7)

Take u; = x} R ® x;.”. Then:

(T(uj),y7) = (T(x},..,x"), 7).
and

m
1
il xyneaxn < 1T Il
=1
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Applying the inequality:

1 1

n p n p*

gc(2|\x}®~-®x7||§1®n...®nxm) sup (m;w) .
=i

y ]<T(x},. N
j=1

YE€By \j=1
Since:
1 1
n p n m P
1 14 Lyp
(Z\lxj ®~~~®x;'n”X1®n~~®nXm) < (ZH”JC]||X1> ,
j=1 j=11=1
we get:
Y TGy, x| < C LT Tl | sup | X v )l
j=1 j=11=1 yEBy \j=1

T is Cohen strongly p-summing, with d'(T) < dy(T).
Conclusion

we conclude that T is Cohen strongly p-summing if and only if T is Cohen p-summing, with

dn(T) = dp(T).

3.6 Linearization of integral multilinear operators

Let X1, ..., X; and Y be Banach spaces. In [Grothendieck1955, DefantFloret1993| , the author

introduced the concept of integral multilinear operators. A multilinear operator T : X7 X ... X

X — Y is said to be integral (in the sense of Grothendieck) if there exists a constant C > 0 such
N\ 1

that for any sequences <x5>z’:1 C Xjand (y}),_, C Y* (1 <j<m),we have

n

Y« <x11> X (x%) y;

<T(x§,..., xin),yf> L (3.11)

<C sup

x]’fEBXj* (1<j<m)

n
i=1 v+

The class of all integral bilinear operators is denoted by .E%(Xl X .. X Xp; Y), which forms a

Banach space with the integral norm

m

int

(T) = inf {C : C satisfies (3.11)}.

A linear version was originally introduced in [Grothendieck]|. A linear operator u : X — Y is

said to be integral (in the sense of Grothendieck) if its associated bilinear form T, : X x Y* — R
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is integral. We denote by Z(X;Y) the Banach space of all integral linear operators and by Z(+)

its norm. Furthermore, we have the identification
(X®:Y*)" =T(X;Y).

Proposition 3.4 For a linear operator u : X — Y, the following statements are equivalent:
HueI(X;Y).

2) The bilinear form T, : X x Y* — R is integral.

In this case,

2
Z(u) = Ly (Tu).
proof Let u : X — Y be a integral linear operator. Its corresponding bilinear form is defined as

T,:XxY*— R
(x,y*) =y (u(x))

Let (x;)_; C X and (y});_, C Y*. Then

n

Y (Tu(xi, i), Ai)

i=1

1

) (u (Aixi), yi)
=

n

gI(u)sup{‘ Zgb<x§®...®x£n>y;k

i=1

S B(Xl@)g...@gxm)*}

Y*

IN

Z(u) sup

X*GBX*

n
Y Xt (Aixy) yi
i

Y*
n

Yo X () v (i) Adf -
i=1

<7 (u) sup

x* EBX*,y*EBy**

Then, T, is integral and
72

int

(Ty) <Z(u).

Conversely, suppose that T;, : X X Y* — R is integral. We show that u : X — Y is also integral.
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Let (x;);. 1CXand(yl) CY*. Weput A;, =1fori=1,..,n We have

Y {uei),v7)

i=1

2 TM xlfyz >
1

l:

Y*

Y*

Then, u is integral and

The importance of the definition of itegral multiinear operators lies in its connection with the
linearization operators, allowing the extension of certain classical results. The next theorem es-

tablishes this relationship.

Theorem 3.1 Let Xy,..., X, and Y be Banach spaces. The following properties are equivalent:
1) The multilinear operator T is integral.

2) The linearization T: Xl(/X\)g...@ng — Y s integral.

proof 1) = 2) : Let T : X3 X ... X X; — Y be an integral multilinear operator. For u; =

27111_1 it ®..Q x m € X1®g---®gxm and y;‘ € Y*. We have

- E o)

ji=1

I
M:
]
PSS
=
=
\RN
3
had
<
=%
~~—"

<Zj(T)  sup )3

xj€By (1j<m) [[i=1 ;=1

<Zin,(T)  sup Y (6 ®..@xy) (u) yy

x]’.‘eBXf(ISjSm) i=1
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Since

n

Z ¢ (ui) y;

i=1

Y (] . x) (1)

i=1

sup
xj*eBXj*(lgjgm)

XA B(xl@g..@gxm)*}

i -on!
‘Y*

(T) <Zp(T).

Y*

It follows that T is integral, with

-~ ~ o~ A\ N
2) = 1) : Suppose T : X1®e...0¢ Xy — Y is integral. Let (x;) . C X; (1<j<m)and
i=
(y;)_, C Y*. Then

n

B (i yz>|

i=1

i (le ® .. ® xﬁﬂ) vi
i=1

5 tp € B(X1®§...®§Xm)*}
ixi‘ <x11) Xy <x§ﬂ) vi

<7 f) sup
i=1

x]*GBX;(lgjgm)

Y*

Thus, T is integral and
(1) < Z(T).

Corollary 3.1 Let Xq,..., X, and Y be Banach spaces. We have the following isometric identifi-

cation
LI (Xy %X o X X3 Y) = Z(X1®g.. Qe X Y).

proof Define the map
I: ‘Cznt(Xl X X Xy Y) — I(X1®§---®§Xm; Y)

by I'(T) = T. By the previous Theorem, I" is well-defined and isometric. We will now show that
I is surjective. Let ¢ € Z(X1®¢...Q0zXm; Y). Define

Ty (X1, Xm) = @ (X1 @ ... @ Xpy) -
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n

Then, Ty is multilinear operator. For any (x;) C X (1<j<m)and (yl) C Y*, then

i=1

Y- (T ) 7

<Z(¢) sup

xj€Byy (1<j<m) ||

Thus, Ty is integral. Finally, for u = Y[ ; xé ®X...Q xfn, we have
—~ —~ n . . n
To(u) =Ty | Y x| ®@..@x, | =) Ty (x1, . Xm)
i=1 i=1

Substituting Ty (X1, ..., Xm) = @ (X1 @ ... ® X)), we get

T(P igo (X1 ® .. ® X)) = (ZX1® ®xm>—(l’()

i= i=1

Then, T; = ¢ on X1 Q¢ ... @ Xp. By density, this equality extends to X1®§...®§Xm. Therefore,
we conclude that I' is surjective.

By setting Y = R in (), we obtain

(Xl(/g\)é'“@gxm)* = L"znt(xl X X Xm)
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Thdl a ool (sl Joldl Chli 5T oL :\?l:;d\ CI)L;K‘\

{ Abstract )

This thesis addresses linearization in functional analysis, where it transforms nonlinear map-

pings, such as Lipschitz and multilinear mappings, into linear mappings. The goal is to
understand the properties of these mappings and the possibility of studying them using
p-summing properties.

GYWOI'dS :Arens-Eells space, Lipschitz operator, p-summing operators, lin-

earization.

{ Résumé )

Cette these traite de la linéarisation en analyse fonctionnelle, ou elle transforme les applica-

tions non linéaires, comme les applications lipschitziennes et multilinéaires, en applications
linéaires. L’objectif est de comprendre les propriétés de ces applications et la possibilité de
les étudier en utilisant les propriétés p-sommantes.

4
MOtS‘CleS Espace d’Arens-Eells, opérateur lipschitzien, opérateurs p-

sommants, linéarisation. .
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