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Résumé:

e D’abord, dans le premier chapitre, on introduit I’espace BV ([a,b]) des fonctions a
variation bornée de Jordan (introduites en 1881) définies sur les intervalles fermés de

la droite réelle qui constitue une structure d’Algebre de Banach.

e Ensuite, on présente l’espace de Wiener des fonctions & p-variation bornées
Vp(I) et le probléme de superposition des opérateurs (SOP), appliqué & un nouvel espace
BVII, des primitives des distributions de V,(I), expliquant la propriété de régularité du

bornement. (Généralisation modérne des fonctions de Wiener de 1937).

e Enfin, on présente l’espace BV (¢,C), d’Ashton-Doust introduit en 2005 qui est
un espace bi-dimensionnél des fonctions a variation bornée, définies sur les compacts
du plan complexe, éxpliquant 1’isomorphisme entre BV (5,C) et ’espace des fonctions

absolument continues AC (0,C) appliqué au théoréme de Banach-Stone (1932-1939).

Mots clés :

Fonctions a p-variations bornées, Probléme de superposition des opérateurs,

injections, homeomorphismes, isomorphismes.
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One - Dimensional Notations: (n = 1)
Notations Definitions Designations
f: [a,b] =T aeR,beER a<bF=RorF=C The function f is defined on [a,b] C R
I, = [anvbn]a |In| = |bn - an‘
I, if n=m
[a,b] = U1 Innily = non overlapping sub-intervals
n @ if n 7é m
(pairwise disjoint intervals)
P (la, b)) (ti); € P([a,b]) <= a=ty <ty <--- <ty => The Set of all partitions of [a, b]
(Ve > 0) (Vz € [a,b]) (36 > 0) (Va' € [a,b])
f € COa,b The function f is continuous on [a, b]
[z —a'| <0 = |f(z) - f(2)| <e
(Ve > 0) (39 > 0) (Vz € [a,b]) (Y2’ € [a,b])
feUCla,b] f is uniformly continuous on [a, b]
[z —a'| <0 = |f(x) = f(@)| <e
fEAC [a,b] Ve > 0,36 >0,YVneN, S |I,| <d= 3 |f(by) — fan)| < e f is absolutely continuous
i=1 i=1
f /" ona,b Vi1, t2 € [a,b], t1 <ta = f(t1) < f(t2) The function f is increasing on [a, ]

f ~~ on [a,b]

VA€ [0, 1] , Vi1, 1o € [a,b],

f ()\.tl + (1 - )\) .tg) >Af (tl) + (1 — )\) .f (152)

The function f is concave on [a, b]

VA e [0, 1] ,Vii,t9 € [a,b],

FOL+ (1= N) ) S AF (1) + (1= N).f ()

The function f is convex on [a, ]

¢ : 0,00 — [0,00[, ¢ continuous, convex, ¢ (0) =0,

The Young function (or gauge function)

Kk /', k concave, lim

w(t)

i — T

t—0t

The distortion function s

f © on la,b]
¢
K

® = {0},

{2} /5 {dn}a

N Oy [07+OO[ - [O7+OO[’ Pn (0) =0

® is a sequence of increasing

convex functions




Multidimensional Notations:

(n=> 2)

Notations Definitions Designations
YyX feY¥ef: X —Y, (XY +#02) The family of functions from X to Y
| fll, < oo I fll o = sup |f (x)] f is a bounded function
zeX
Let f € R and € = {t;}5_, € P([t,u]) ,
P ([t,u]) Atipy = tipr — ti, Partitions of the interval [¢t,u] C R
Af(tivr) = f(tira) — f(t:)
Ik a= (a1, b1), b= (a2, b2) €R? , I = [a1, as] x [b1, ba], The rectangle IY of the plan R?
If f € RI, & = {t:}") C [, az] and n = {5;}*2, C [b1,b2], then
Avof(tivr, sjr1) = f(tivr, sjt1) — f(ti, sj1)
A f The difference operators Ao, Ao1, A11
No1f(tiv1, sj+1) = f(tiv1, sj41) — f(tiv1, s5) ,
Avif(tivrs sj41) = f(ti, 85) = f(ti, s541) = f(ivrs 85) + (i1, s541) -
(a1, ...,aq), if @ = (a1,...,aq) € N?, then |a| = a1 + ... + an, n € N* Multi-indeces to an ordered -tuple
if a = (a1,...,aq) € R, b= (b1,...,bq) € R", then
la]> = a2 + ... 4+ a2 and a® = a¥* x ... x akn.
a<biffa; <b;foralli=1,...,n [a,b] = {z € R", a <z < b}
ok = gk ok = OTES oy = fl0) = 921 §onf ke N*, n € N*. artial derivatives of a distribution f : R™ —
Dok =0k ook %jkf Of = f@ =901 99 f, ke N N Partial d f a distrib f:R* > F
E= ]:_[ [ai, bs] for E = [a1, bi] X ... X [an,bn] C R, E is an n-dimensional parallelepiped.
i=1
1 if te B
lor X 1 (t) = { ' € Indicator (or characteristic) function of a set E
0 if t¢E
Cur ()= sup sup (1+[z)™[0°f (2)]
f e SER™) lod <M = €R™ The Schwartz class of distributions f : R" — F
~ sup sup |z (D*f)(z)| <o (M EN).
la|<M zeR?
ferL?() 1flo oy = I£Il, = (fo If (@)]7 dx) % Lebsgue space on a compact space Q C R?
T
P
fews?(Q) lullysp @y = llulls, = ( ||ua|p> < 00 Sobolev space on a compact space Q C R?
frxg=gxf fR,, x—y)g(y)dy = fR,, (y)g(x —y)dy Convolution operation between distributions

i



Introduction

Bounded variation’s function notion was first introduced in 1881, by the mathem-
atician C. Jordan (1838 - 1922), characterizing them as the difference of two increasing
functions, when he analyzed Dirichlet theorem’s proof, on convergence of the Fourier
series of bounded monotone functions/[l
In 1924, N.Wiener (1894-1964), showed that the Fourier series of any real function of
finite p-variation are converging almost everywhere.

In 1937, L. C. Young (1905 - 2000), developed an integration theory with respect to func-
tions of finite ¢ -variation, such that ¢ = |-|”, and showed that the Fourier series of such
functions converges everywhere. This class of functions are actually used in the rectific-
ation of curves (Riemann-Stieltjes integrals of all continuous functions), the convergence
of general multivariables Fourier series, geometric measure theory, variations calculus and
mathematical physics. BV functions form an Algebra of discontinuous functions whose

first derivatives exist almost everywhere, so they are used to define generalized solutions

of nonlinear differential problems.

e In the first chapter, we introduce the classical Jordan’s bounded variation functions

space BV ([a,b]), presenting the properties of its Algebra structure.

e In the second chapter, we study the structure of BV;?1 space, of primitives of
functions of Wiener’s bounded p-variation and the superposition operator problem

in this space, using the articles [BCS2] & [Moul.

e Finally, in the last chapter, we present a two-dimensional bounded variation space
defined in [AD]1] and an isomorphism theorem from [ASD], as an application to the

famous theorem of Banach-Stone.

!Throughout the whole year of 1874, Camille Jordan and Leopold Kronecker were discussing about
the organization of the theory of bi-linear forms, opposing the Jordan’s canonical reduction method to
the Kronecker’s invariant one, this polemic was finally resolved in 1967, by the theory of algorithms, in

Bishop’s book " Foundations of Constructive Analysis "

, claiming that:
"Every mapping of a complete metric space into a metric space is sequentially continuous if and only
if the limit of every nonzero positive Cauchy sequence of rational numbers is nonzero", which is a

constructive form of the "Zermelo’s Axiom choice".

iii



Keywords :

Functions of bounded p-variation, boundedness property, Ssuperposition Operators Problem

(SOP), embedding, homeomorphisms, isomorphisms.

Abstract:

e First, we introduce the Algebra of the Jordan’s bounded variation functions space

BV ([a,b]), defined on the closed intervals of the real line.

o After that, we present the Wiener space of p—bounded variation functions V, (/)
and the Superposition Operator Problem (SOP), applied to the new space BVpl

of primitives of V,(I), explaining its regularity with respect to the boundedness

property. .

e Finally, we present the Ashton-Doust space BV (o, C), of two-dimensional bounded
variation functions, defined on the compacts of the complex plane, explaining the
isomorphism between BV (o,C) and the absolutely continuous functions space

AC (0,C) as an application to the Banach-Stone’s Theorem
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Chap 1: Jordan’s real line BV ([a,b]) space

In this chapter, we introduce the Algebra of the Jordan’s bounded variation functions

space, defined on the closed intervals of the real line.

Throughout this chapter, [a, b] denotes the closed interval of reals between its lower born

a, and its upper born b.

1.1 Preliminaries

Mathematicians proved that any continuous function from a compact
space into a metric space is bounded. Lebesgue also proved that any BV
function (Bounded Variation one) implies that it is almost everywhere differ-
entiable. There are some functions, which are not BV, like the Weierstrass

function (Continuous everywhere but differentiable nowhere, see Fig [1.1]).

| |
I — Za"cos (b"mx)
n=0
0F = O<a<l,
3
1L B ab > 1—1—77T
L ! ! ! L w, BV
2 -1 0 1 5 o f
Figure 1.1:

For this reason we find some surprising facts about BV functions, like:
Smooth functions are not dense on BV'.
Lipschits functions are dense on BV'.

Continuous BV functions BV N C are dense on BV, although C' ¢ BV.

1



1.1. Preliminaries 2

Definition 1.1.1.

Let S be a non-empty set of real numbers,

(a) The set S is bounded above < IM € R, Vo € X, M > «x.

The number M is called an upper bound of S.

(b) The set S is bounded below < m € R,Vz € S, m < x.
The number m is called a lower bound of S.

The set S is bounded means it is bounded above and bounded below.

Proposition 1.1.1.

r is a bound for S < Ir >0,V € S, |z| <r,

Theorem 1.1.1.
Let S be a non-empty set of real numbers that is bounded above, and let b be an upper

bound of S. Then the following assertions are equivalent:

(i) b=supS.

(ii) For all e > 0 there exists x € S such that |b— x| < e.

(iii) For all € > 0 there exists x € S such that x € |b— ¢,

Definition 1.1.2.

A function f : [a,b] — F is said to be continuous at zy € [a, b] iff

Ve >0, 30 >0, Vx € [a,b], |x —zo| <d=|f(x)— f(x0)]| <e.

e f is continuous, if it is continuous at every zq € [a, b] .

e If ¢ is independent of x(, then f is said to be a uniformly continuous.

Chap 1: Jordan’s real line BV ([a, b]) space Page : 2



1.1. Preliminaries 3

Definition 1.1.3 (Classification of discontinuities).

Set f:[a,b] — R, z¢ € [a,b], f (z0) € R, such that,

flag) = lim f(t), f(zg)= lim f(t), f(zo)#f(v,) and f(zo)#f(27)-

tim?o téxo

Then, we define the eventual discontinuities of a function f on a point x, as,
1. Discontinuity of a first kind: If f (xg) € R and f (zzzar) eR

(a) If f (zg) = f (xg) ., then it’s a removable discontinuity.

(b) If f (zg) # f (zf), then it’s a jump discontinuity.
2. Discontinuity of a second kind: If f (:L‘a ) ¢Ror f (xa“ ) ¢ R,

(a) If lim f(z) # oo, then it’s an oscillation Essential discontinuity.

T—T0o

(b) If lim f(xz) = o0, then it’s an infinite discontinuity.

T—T0o

Theorem 1.1.2. [Gorl/
If f i [a, b] — R is an increasing function. Then f has one-sided limits at each point of

la, b]. These limits are given by

f@™) = sup{ f(t): t€la, [ }, x€la, l

fla™)y = inf{ f(t): te(a, b }, x€la, b

such that f(a) < f(a™), fo) > f(b7), with

f@) < fl@) < f(a*), v €la, ¥

Chap 1: Jordan’s real line BV ([a, b]) space Page : 3



1.1. Preliminaries 4
a) Discontinuity of a first kind: If f (Ia ) € R and f (xar ) eR
If f (2g) = f (25) . If f (25) # f (25) ,
Y
5|
—4 1 4 5
-2
72— 4 4 — g2 if z<3
T0=2 flo) =7 IO_B’g(x)_{zlxs it 2>3

Removable discontinuity

Jump discontinuity

b) Discontinuity of a second kind: If f (z5) ¢ Ror f (z7) ¢ R,

1.8 2.4

2o =0, h(z)=2y/xsin(x)cos(Inx)

Oscillation Essential discontinuity

\ 7
)
-3
—4
T+ 2
Zo 9 (33') T+ 1

Infinite discontinuity

Figure 1.2:

Chap 1: Jordan’s real line BV ([a, b]) space Page : 4




1.1.

Preliminaries 5

Summary 1.1.3 (Classical function spaces on the real line).

The space B([a,b]) of all bounded functions f : [a,b] — R
The space C([a,b]) of all continuous functions f : [a,b] — R is defined with the

norm

IFlle = Ifllo = max | f(z)

a<z<b

, (L1)

such that (C([a, b | - ||c) is a Banach space

C' (a,b]) : A function f : [a,b] — R is called smooth function iff it is a continuously
differentiable function.

R ([a,b]) : The space of all regular functions f € B([a,b]), i.e. bounded functions
which have, at most discontinuities of the first kind (The number of discontinuities
is at most countable on [a, b].)

S(la, b)) : We say that f is a step function on [a,b], if there exist finitely many
points a = tg < t; < ... < t,, = b, such that f is constant on each open interval
i1, til, forj=1,2,...,m.

Lip([a, b]) : A function f : [a, b] — R is called Lipschitz continuous if there exists

a constant L > 0 such that

[f (@) = f(y)| < Llz =y (a<w y<b)
Lip,([a, b]): A function f : [a,b] — R is called Holder continuous (or Lipschitz

continuous for 0 < a < 1, if there exists a constant L > 0, such that

[f(@) = f <Lz —y|*  (a<z, y<Db)

LP([a, b]): A function f : [a,b] — R is called Lebesgue function, iff

b
/ |f (2)|P dz < oo

H' ([a,b]) : A function f : [a,b] — R is called Sobolev function iff it is a continuous

function on [a, b] of the form: f (z) = /z f(t)ydt, x€la,b], f' € L*([a,b])

Chap 1: Jordan’s real line BV ([a, b]) space Page : 5



1.2. Algebra of BV ([a,b]) 6

1.2 Algebra of BV ([a, b))

Definition 1.2.1.

The [F- sequence (ay ), .- is said to be of bounded variation’s sequence, if and only if it satisfies

Z lag+1 — ag| < o0 (1.2)
k=1

Proposition 1.2.1.

Every bounded variation’s sequence (ay,), satisfying the condition s convergent.

Proof.

When, m < n we form the telescoping sum
n—1
Z (ak—l—l - ak) = Qp — Q-
k=m

Using the triangular inequality we obtain:

n—1 n—1
lan — am| = Z (arsr —ag)| < Z lag+1 — agl (1.3)
k=m k=m

By (1.2) and using the Cauchy convergence definition we have from (|1.3))
n—1 n—1

Ve > 0,3IN () e N,Vn>m > N (e), |ay, — ap| < Z lagr1 — ag| < ka“ —agl <e
k=m k=1

The bounded variation sequence (a,,), is convergent into the complete metric space R.

0 QED

Definition 1.2.2.

A partition of an interval [a,b] is a set of points {xg, 21, ..., z, } such that

a=xy<x1<To. <x,=0~0

Chap 1: Jordan’s real line BV ([a, b]) space Page : 6



1.2. Algebra of BV ([a,b]) 7

Definition 1.2.3.

Let f : [a,b] — R be a function and [c, d] be any closed sub-interval of [a, b] . If the set

S = {z”: |f () — f(zi—1)| s {z;: 1 < i <n} is a partition of [c, d]}
i=1

is bounded then the variation of f on [c,d] is defined to be V' (f, [¢,d]) = sup S.

If S is unbounded then the variation of f on [c,d] is said to be oo.

Theorem 1.2.1.
Let I be an interval. If f : I — R is a monotone function on I. Then f has one-sided

limits at each point of I.

Theorem 1.2.2.

If f :[a, b] — R is monotone, then the set of discontinuities of f in [a, b] is countable.

Theorem 1.2.3.
Let f : ]a, b — R and let ¢ € Ja, b[ . If f is of bounded variation on [a, c| and [c, b].

Then f is of bounded variation on [a, b], such that:

V(fv [a7 b]) :V<f7 [CL, C])—I—V(fv [07 b])

Definition 1.2.4.
A function ¢ : [a, b] — T, is said to be of bounded variation if there exists M > 0, such

that, for every partition P :a =29 < 21 < -+ < z,, = b of [a, b] ,we have:
VI(e) = le(a:) — plwim)| < M.
i=1

The quantity Vo,(¢) = sup V() is called the total variation of ¢,
PCla,b]
where the supremum is taken over all partitions P of [a, b].

Chap 1: Jordan’s real line BV ([a, b]) space Page : 7



1.2. Algebra of BV ([a,b]) 8

Example 1.2.1.

(1) If f is constant on [a,b] then f is of bounded variation on [a, b].
Consider the constant function f () =k on [a, b].

Notice that > |f (z;) — f (x;_1)| is zero for every partition of [a, b].
=1

Indeed: V (f,[a,b]) =sup Y  |f (z;) — f (z;—1)| = sup <Z |k — k’|) =0 < 0.
P oi=1 i=1
(2) All increasing functions are of bounded variation, see Theorem [1.2.4]

(3) Every characteristic function on [a, b] is of bounded variation.

(4) As an example of a function which is not of bounded variation, consider the function

¢ : [0,1] — R defined by

sin(1/z), x>0,
p(r) = {

1, x = 0.

(5) A continuous function need not to be of bounded variation.

For example, consider the function ¢ : [0,1] — R defined by

zsin(l/x), x>0,
0, xz=0.

Then it can be shown that ¢ € C]0, 1], but not of bounded variation.

However, if ¢ : [a, b] — F is a Lipschitz function, then ¢ is of bounded variation.

Theorem 1.2.4.
If [ is increasing on [a,b], then f is of bounded variation, and the value of its total
variation is f (b) — f (a).
Proof.
Let {x; : 1 <i < n} be a partition of [a, b],
;> w1 = f(x;) > f(xi-1), (fisincreasing)

= f@) = f(ia) >0 = [f(z) = f(wia)| = F ) = [ (2ia).

Chap 1: Jordan’s real line BV ([a, b]) space Page : 8



1.2. Algebra of BV ([a,b]) 9

Hence, consider the telescopic sum:

n

S @)= flac)l = X (F @) - f @)

= f(z2) = f(x) +... + f(zn) = f(201)
= f(zn) = f(z1) < f(20) < f(b) < o0.

Thus f is of bounded variation on [a, ] .

Because of the telescoping nature of this sum, it is the same for every partition P C [a, b].

Thus we see that,

V(. la.b]) = sup ; () = f (i) = £ (b) — £ (a).
0 QED

Proposition 1.2.2.

The Dirichlet function f defined by

0 if xis wrrational

f(x)zﬂ@Z{

1 i xis rational

18 not of bounded variation on any interval.

Proof.
Let [a, b] be a closed interval in R.

By axiom’s choice, we can always construct a partition P = {zg, z1, ..., x,} of [a, b], such

that |f (z;) — f (z;—1)| = 1, for all n € N, hence
VA(ffab) > Y 1f (@) = f (zi0)] = n.
i=0

When n is arbitrarily large, V (f, [a, b]) diverges. O Q.ED

Theorem 1.2.5.

If f : ]a, b] — R is monotonically increasing, then it is differentiable (a.e) .

Chap 1: Jordan’s real line BV ([a, b]) space Page : 9



1.2. Algebra of BV ([a,b]) 10

Definition 1.2.5.
If we denote by L]a, b] the set of all F-valued functions defined on [a, b], which are

integrable with respect to m (.), the Lebesgue measure, then for every f € L[a, b] and

c € F, we call the function ¢ : [a, b] — F, defined by ((1.4) an indefinite integral of f
g(x) = c+/ fdm, x € [a, b, (1.4)

Theorem 1.2.6.  [Nail/
Let f € L[a, b] and g : [a, b] — T be defined by: g(x) :/ fdm, z € [a, b].

Then g s continuous.

Theorem 1.2.7.
Let ¢ : [a, b] — R be a monotonically increasing function.

Then ¢ is differential (a.e). and ¢’ is non-negative, Lebesque measurable, with
b
[ eim <o) - o).

Theorem 1.2.8 (FTLI-1).
Let f € L[a, b] and g : [a, b] — F be defined by: g(x) :/ fdm, z € la, b].

Then g is differentiable (a.e)., ¢’ € La, b] and ¢ = f (a.e).

Definition 1.2.6.
A function ¢ : [a, b] — F is said to be absolutely continuous iff
for every ¢ > 0, there exists 0 > 0 such that for every family {I; : i =1, ..., n} of

non-overlapping subintervals of [a, b],

n n

2 M) <0 = 2 lp(ws) —wlw)l <<,

=1 =

where x; and y; are the end points of I;, i = 1,...,n., and ¢(I;) is the length of I;.
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1.2. Algebra of BV ([a,b]) 11

Definition 1.2.7.
Let 0 C R. A family Z of intervals is called a Vitali cover of F| if for every x € ¢ and for

every ¢ > 0, there exists I € Z such that x € I and /(]) < e.

Lemma 1.2.1 (Vitali covering lemma).
Let E C R with m*(F) < co. If T is a Vitali cover of E, then for every e > 0, there exist

pairwise disjoint intervals Iy, ..., I, in T such that m*(E\U;_, ;) < e.
Proposition 1.2.3.
The following statements hold,
(i) If ¢ is a Lipschitz function, that is, if there exists L > 0 such that
[o(x) = o(y)l < Llz —y| for all .y € [a, b,

then ¢ is absolutely continuous.

(i) If ¢ is absolutely continuous, then y is uniformly continuous.

Theorem 1.2.9.

Let f € L[a, b] and g : [a, b] — F be defined by
g(x) :/ fdm, x € [a, b]

Then g 1s absolutely continuous.

Theorem 1.2.10 (fundamental theorem of Lebesgue integration).
Suppose g : |a, b] — F is absolutely continuous.

Then g is differentiable (a.e) ., g’ € Lla, b] and

g(x) = g(a) + /1’ g'dm, Vo € [a, b].
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Theorem 1.2.11.
Let f € L[a, b] and g : [a, b] — F be defined by : g(x) = fdm, x € a, b].

Then g is of bounded variation and — Vo, (g) = [ |fldm

Theorem 1.2.12.

Every absolutely continuous function on |a, b] is of bounded variation.

Proposition 1.2.4.
Let ¢ : [a, b] — F be a function of bounded variation.

Then for any x,y, z € [a, bl with z <y < z,

Vay (@) +V,2(0) = Vi ().

In particular, the function @, : [a, b] — R defined by py(z) = V,.(p) is monotonically

increasing. Furthermore, if ¢ is real valued, then ¢,—¢ is also a monotonically increasing.

Proposition 1.2.5.
A function ¢ : [a, b] — R is of bounded variation if and only if there exist monotonically

increasing functions ¢y, s on [a, b] such that p = @, — @,.

Remark 1.2.1.

We can choose ¢y, ¢, positive functions with ¢ = ¢, — @y + ¢ (a)

Theorem 1.2.13.
Let ¢ : [a, b] — F be of bounded variation.

Then ¢ is differentiable (a.e) and ¢' € Lla, b).

Theorem 1.2.14.

Suppose ¢ : [a, b] — R is absolutely continuous. Then ¢ is of bounded variation with

b
Vlz,b(w):/ | |[dm, and ' € L[a, b]
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Theorem 1.2.15 (FTLI-2).
A function g : [a, b] — F is an indefinite integral of an integrable function f: |a, b] — F,

if and only if g is absolutely continuous, and in that case ¢ = f (a.e), and
@) =gla)+ [ fam,  Voela bl

Theorem 1.2.16 (FTLI-3).
A function g : [a, b] — F is absolutely continuous if and only if there exists an integrable

function f : |a, b] = F such that ¢ = f (a.e), with:
o@)=gla)+ [ fam Ve fa )

Theorem 1.2.17. [Gorl/

Let f and g be functions of bounded variation on [a,b] and let k be a constant. Then

(i) |f| is bounded on [a,b].

(i) [ is of bounded variation on every closed subinterval of [a,b].
(iii) kf is of bounded variation on |[a,b] .

(iv) f+g and f — g are of bounded variation on [a,b].

(v) fg is of bounded variation on [a,b)] .

(vi) If 1/g is bounded on [a,b], then f /g is of bounded variation on [a,b)] .

Definition 1.2.8.

Suppose that J = [a, b] . We shall denote by P = P(J) the set of finite partition
A={a = <M< ... <A, =b}ofJ

The variation of f over J is defined to be v?rf = /S\lelg XA:L]”(/\]) — f(\2)]-

If var f < oo, then f is said to be of bounded variation over J.

BV [a, b] is the space of all functions of bounded variation on [a, b].
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Remark 1.2.2.

e BV (R) is the Banach Algebra of functions on R which have finite total variation.

We use the norm I/ :sup|f(t)|+vﬂ%rf, (f € BV (R))
teR
e BV [a,b] becomes a Banach Algebra when given either one of the equivalent norms
N (F b)) = 1 (0] +varf

Na (f[a,b]) = sup |f(t)|+1[faa£f, (f € BV [a,b]).

te[a,b]
e Nice properties of monotone functions (like Riemann integrability or diferentiability
almost everywhere) carry over to functions of bounded variation.
In particular, a function f € BV([a, b]) has, at most, many countably points of

discontinuity in [a, b], all being of the frst kind (jumps) or removable.

Definition 1.2.9.
We denote by BV°([a, b]) the subset of all functions f € BV (|a, b]) with f(a) = 0.
Furthermore, we write NBV ([a, b]) for the set of all functions f € BV°(|a, b]) which are

right continuous at any point zg € [a, b), i.e.

flzg) = lim f(z) = f(x0), (a <o <D).

>
r—>x0

Functions in NBV([a, b]) will be called normalized .
Proposition 1.2.6.
Let {x1, x2, x3, ...} Ca, b], be the set of discontinuities of a function f € BV ([a, b]).
The jump function o¢ : |a, b] — R of f defined by o¢(a) =0 and
or(t) = D (FD) = f@)+(fO) =), (a<t<b),
18 veifying the inequality:

n

D (f @) = fa)l+ 1 f (@) = f@)]) < V(f [, b)), for alln €N.

k=1
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15

Theorem 1.2.18.

Suppose that f : [a, b] — R is satisfying any one of the following:
(i) f is monotone on [a, b,

(ii) f is piece-wise monotone function on [a, b],

(iii) f is Lipschitz on [a, b],

(iv) f is differentiable on [a, b] such that f'(x) is bounded on |a, b].

Then f is of bounded variation on [a, b].

Theorem 1.2.19.
Suppose that f : [a, b] — R. Then the following conditions are equivalent
(i) f is absolutely continuous,

(i) f is differentiable almost everywhere on [a, b] and

f(x)=f(a)+ /x f'(t)dt, for all x € [a, U]

(i1i) For all e > 0 there exists a polynomial p such that || f — p|lsv < e.

Proposition 1.2.7. [AD]1]

AC [a,b] is a Banach Algebra with the following equivalent norm variation:

||f||AC[a,b] ~ ?aag]“f = £ ()] dt .

Hence the polynomials are not dense in AC [a, b].
Lemma 1.2.2.
If ¢ € [a,b], then he norm

1 llapye = 1£() +var,

is a norm on BV |a,b] which makes that space into a Banach space.

Proposition 1.2.8.

(BV [a,b], |llj4y, o) @ a Banach Algebra

Chap 1: Jordan’s real line BV ([a, b]) space
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1.2. Algebra of BV ([a,b]) 16
Proof.
We prove the result for the norm
1 gy = 1f (@)] +1[)aa£f
It is sufficient to work in BVj [a, b] of functions vanishing at a, to prove.
varf.g < (varf).(varg)
Let f,g € BVy[a,b], and fix t € P [a,b]. We split f in the following way:
0 it fp <t <tp
fr @)= ()= f(te) if o <t<t for k=2 ...,m-—1,
f(te) — f (tk—1) if t >ty
120 0<t<t 0 0<t <t
fi(t) = fm (t) =
f(t) t >t @) = ftn-) t >ty
Then
f= ; fr = var (f Z?aag]“ k= kZl[t:JCka]fk,
and
0 1<k
Ju () =
f)—fltn) >k
Hence
D) gt) = Ft) gDl = YD = Ji(tj=1) g (tj-1)]
j=1 j=1 | k=1
< DY Ik — Ji (tj-1) g (£j-1)]
7j=1 k=1
Chap 1: Jordan’s real line BV ([a, b]) space Page : 16



1.2. Algebra of BV ([a,b]) 17

NE

<Hf (tk) = f (t—1)] g (te)| + Z Lf f(te-1)] g (fj)—g(tj1)]|>

j=k+1

M

1

NE

B
Il
—

| (tx) = f (txa)] <\9 ty) = O + Z |9 (t; )\)

j=k+1

f(t war g < | var .| var
kZ:: (tk—1)| ) 9= (Mb] f) ([a,b} 9)
Since this is true for all t € P [a,b] , it follows that

var (f.g) < (var var
v (f.9) ([ u f)- ([a,b} 9)

for all f,g € BV, |a,b] , and so the theorem is proved. 0 Q.E.D

Theorem 1.2.20. [Do/
(BV [a,0], |lljay, o) is @ Banach Algebra for every c € |a, b].

Proof.

[[l(4.4), « is submultiplicative. Suppose that [c, 5] is a compact and let

By={feBVia, f]: fla)=0}.

First we proove that the norm ||-, 5 , is submultiplicative on By

Suppose that f,g € Byand that A={a=X< ... <\, =5} €Pla, f].

n

Then Y [fg(\) = Fa-1)l = D 1FO) ) = 9(A-1)) + 90 (F () = F (A1)

j=1 7j=1

Z!f Funl|-19(A) = 9(Aj-1)l+ > L) Q(Akl)!] [F(A) = F(A)l
< Zlf M) = f(Qe-1)] - [9(X) — g(Xj—1) 1+ [F k) = fQe-1)] - 9(As) — 9(Aj-1)]
j=1 k=1 j=1 k=j+1
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1.2. Algebra of BV ([a,b]) 18

> 17w~ T ) Z|g ol < (pagf)-((per)
k=1 [, B] [, B]
Ths |l = g () < (o £ ) (o) = 1l ol

By symmetry, ||/, 4 5 is sub-multiplicative on the subspace of BV [, f3]
consisting of functions vanishing at 5. Suppose then that f,g € BV [a, b].

We can write : f=fH+fo+fs and g=g1+ g2+ g3

where f; and g; are constants, f, and g, vanish on [c, b] and f3 and g3 vanish on [a, ¢].

3
Hence [f-9ll = I(fr + fa+ f3) (g1 + g2 + g3) | < Z | fi-g5l

1,j=1

The first part of the proof implies that || f2.ga| < || f2|l - |g2]] and || f5.93]] < ||f3]] - |gs]| -

3
Thus —[|f.g]] < lesz lg;ll = [ZHMI] [‘ZHg‘jH] = Al B QED
j=1

i,5=1

Proposition 1.2.9.

If f : a,b] — R is a smooth function (continuously differentiable), then

TV (f,]a,b]) = var (£, ]a,b]) = / (@)t
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1.2. Algebra of BV ([a,b]) 19

Proposition 1.2.10. [App|
The strict inclusions in hold, where the closure is taken in the norm (1.1|).
S(la, 0]) & BV(la, b)) & R(la, b]) = S([a, b])
(1.5)

c! ([a’ b]) - ct ([a7 bD = H' ([aab]) - BV([G’ bD

Theorem 1.2.21 (Theorem of Sierpinski).
A function f belongs to R([a,b]) if and only if it can be represented as composition

f=goT, where T : [a,b] — [c, d] is strictly increasing and g € C([c,d))

Definition 1.2.10.
The space NBV]a, b] consists of all those f € BV]a,b| such that f(a) = 0 and f is
continuous from right on |a, b] . Elements of NBV|[a, b] are called normalized functions

of bounded variation on [a, b].

Proposition 1.2.11.

NBV]a, b] is a linear vector space and it becomes a normed space with the norm (1.6]).

¢ —V(p) = s%pz 6(t;) — d(tj-1), ¢ € NBV]a,l] (1.6)

Theorem 1.2.22. [Nai2/
Let Cla, b] be with ||.||cc. For ¢ € NBV]a, b], let
b
fola) = [ wdo, z € Cla

Then fs € (Cla, b])" and the map ¢ — f4 is a linear isometry,

from NBV]a, b] onto the dual of C[a, b].

Example 1.2.2.

If [a,b] = [0, 1], then the dual of C[0, 1] is BV[0, 1], which is isometric to NBV[0, 1].

Chap 1: Jordan’s real line BV ([a, b]) space Page : 19



Chap 2: Wiener bounded p-variation space

In this chapter, we study the Wiener’s Banach space V, of bounded p-variation functions
and their primitives, the Banach space BV, of bounded p-variation distributions (p > 1).
We also, study the Superposition Operator Problem (SOP) on Sobolev spaces W7 (R"),
(n > 2) and on the space BV,}(R) introduced by [BCS2] and [Moul.

Preliminaries

In general, all functions, distributions, etc. are defined on the Euclidean space R™.

e 7" denotes the set of all lattice-points in R”

e Let A be a linear vector space. ||a| A|| is said to be a quasi-norm if || a| Al|| satisfies

the usual conditions of a norm with exception of the triangle inequality, which is

replaced by las + as| Al < ¢ (]| as] Al + || az| A])

(here ¢ does not depend on ay,ay € A).

e A quasi-normed space is said to be a quasi-Banach space if it is complete (i.e. any

fundamental sequence in A with respect to ||-| A|| converges)

B
it lally ~ llally, o e M

we indicate the existence of two constants ¢; > 0 and ¢y > 0 such that

a flally < lally < ellall,

holds for all elements of M.

o If « = (ay,...q,), then the partial derivative is defined by:
olal

L —
o
afL’l AR ax%n

and |o|=a1+ - +a, €Ny, i=1...,n

20



2.1. Preliminaries 21

e Let S (R") be the Schwartz space of all complex-valued rapidly decreasing infinitely

differentiable functions on ¢ € S (R™). The topology is generated by the semi-norms

pr (@)= sup (1+|z)" Y D% (2), N=0,1,2,.., (N€N)

n
zeR la|<N

e Let S’ (R™) denote the set of all tempered distributions, i.e. the topological dual of
S (R™), equipped with the strong topology (if not otherwise stated). If ¢ € S (R™),
then

Fo@ =@ [ e o@dn ceR peS®)

(x€ means the scalar product in R") denotes the Fourier transform F¢ of ¢. The

inverse transform F 1y of ¢ is given by

Flo@=nt [ p@ds  ¢eR, peS®)

e L, is the space of the Lebesgue functions on R™ such that the norms ({2.1]) are finite:

3\

15l = ([ r@re) <s 0<p<o

(2.1)

[f] Loo|| = ess sup [f ()]

rER™ J

° Lff’c is the space of the locally Lebesgue functions on R™ such that for all compact

sets B the norm (2.2)) is finite:

/B |f ()P dz < o0 (2.2)

e By C we denote the set of all complex-valued and uniformly continuous functions

on R" equipped with the sup-norm.

[flleo = sup | f ()]

reR”™
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e Ifm=1,2,..., we define the smooth regular functions:
C"={feC:DfeC forall |of<m} (2.3)

endowed with the norm

IF1C™ = > D" f| Lol (2.4)

|| <m

In (2.3) and (2.4) D* means classical derivatives.

e Let 1 <p<ooands € N. Then we define the classic Sobolev space by

W;: JE€Ly: ||f|W;H:ZHDaf’LpH<OO

laf<s

e If 5 is a real number, then we put

s=[s]" 4+ {s}" with [s]” integer and 0 < {s}" <1

e Slobodeckij spaces Wy. If 1 <p <o00,0 < s ¢N, then

s s s s ’Daf (IE) _Daf (y)|p %
wp=drewsts gl = o) X (ff LD ) o
|ar|=[s]

e Bessel-potential spaces (or Sobolev spaces of fractional order) Hp.

Let s be a real number and 1 < p < co. Then

Hy={res: |rim =" 0+er)F L

<}
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2.2. Bounded p-variation functions and their primitives 23

Bounded p-variation functions and their primitives

2.2.1 The Banach space V, of bounded p-variation functions

Definition 2.2.1.
Let p € [1,400[. Let I be an interval of R. We consider the space V,(I) of functions of
bounded p-variation introduced by Wiener . A function f : I — R belongs to V,(I) if

there exists ¢ > 0 such that for all finite sequences ty < t; < ... <ty in I, we have:

> If ) = fltn)l? < ¢,
k=1

Remark 2.2.1.

The infimum of such constants ¢ is denoted by v,(f, I) .

We note that in the above definition, we could as well take to < t; < --- <ty.

We use the abbreviations V, =V, (R) and v,(f) =rv,(f, R).

By considering a finite sequence with only two terms, we obtain

f(x) = fly) <wp(f, I), forall z,yel.

Hence, every element of V,(I) is a bounded function.

Proposition 2.2.1. [BCS?/

V,(I) becomes a Banach space if endowed with the following norm

171y = sup £(@)] + vl f. D).

The right limit of f € V,(I) exists at each point of I which is not the right endpoint.

Moreover,

NE

[f (80 = FEZDP < vp(f, 1)

k=1

for all finite sequences tyg < t; < --- <ty in I, such that ty is not the right endpoint of

I, and a corresponding property holds for left limits.
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2.2. Bounded p-variation functions and their primitives 24

Definition 2.2.2.
If Vo (I) denotes the set of bounded functions of I to R, having discontinuities only of

the first kind, then V(1) is a Banach space for the norm:

Vool f, I) = sup|f(x)|.

xel

Definition 2.2.3.
Let f : R — R be a function having discontinuities only of the first kind.

Then f is said to be normalized iff

fx)==(f(z")+ f(z7)), forallz inR.

Proposition 2.2.2.
Let f : R — R be a normalized function. If f wvanishes almost everywhere, then f

vanishes everywhere. Moreover, we have f € L™ (R) if and only if f is bounded.

If f is bounded, then
[ flloo = sup ()]

Proposition 2.2.3.

Letp € [1, +o0] and f € V,. Let f:R — R be the function defined by
I B

fla) = S(F6) + Fa))

for all z € R. Then the function f is normalized, and belongs to V,, and satisfies the

following inequality

Vp(.f) < Vp(f) .
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Proposition 2.2.4.

Let f : R — R be a measurable function. Then:

e There exists at most one normalized function f : R — R, such that f = f  (a.e).

o If f exists and if g : R — R is a measurable function which equals to f almost

everywhere, then g exists and is equal to f.

For further properties of functions of bounded p-variation, we refer to Bruneau [Brul.

2.2.2 Functions of bounded p-variation as distributions

Definition 2.2.4.
Let p € [1,400]. We denote by BV, (R) the set of functions f : R — R such that there

exists a function g € V, which coincides with f almost everywhere, and we set

ep(f)= inf{ v,(g9): g€V,, g=f (ae) }  for feBV,(R).

Definition 2.2.5.
We denote by BV, (R) the quotient set of BV, (R) modulo equality almost everywhere.

If h € BV, (R), then ¢, (h) =¢,(f), for any representative f = h (a.e)

Remark 2.2.2.

We denote by BV (R) the set of all f € L}, (R) such that

Loc

sup {/Oo f()®(z)dx: ®eDR), [Px)<1 for allze ]R} (2.5)

is finite or, equivalently, such that the distributional derivative of f is a finite Borel
measure. Then BV; (R) = BV (R) and the number &;(f) coincides with the expression

(2.5)) and with the total variation of the measure f’.
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Proposition 2.2.5.
Letp € [1, +o0]. If f € BV, (R), then f has a unique normalized representative fe Vp.

Moreover, we have €,(f) = v,(f) .

Remark 2.2.3.
BV, (R) is the Banach space of distributions, endowed with the following norm

ep(F) + 1o = vp(f) +supyep f(2)]  if  1<p<oo

I fllBv,®) =

sup | f(z) if  p=o0
z€R

Definition 2.2.6.

Let p € [1, 400]. We say that a function f : R — R belongs to BV,! (R) if f is Lipschitz
continuous and if its distributional derivative belongs to BV, (R).

By classical properties of Lipschitz continuous functions and by Proposition [2.2.4] we

derive the following proposition:

Proposition 2.2.6.

Let p € [1, +o0]. Then the following statements hold.

(i) If h € BV, (R), and o € R, then the function f : R — R defined by (2.6)

flz)=a+ /Ox h(t)dt, Ve e R (2.6)

belongs to BV, (R).

(i) If f € BV} (R), then there exists an unique normalized function h € V,, and a real

number o, such that (@) holds. We endow BV} (R) with the norm

I l5vie = 1O+ 1f v, for all f € BV, (R)

which renders BV, (R) a Banach space.
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2.3. Composition Operator Problem 27

Composition Operator Problem

The origin of the non-linear Nemytskij operator applied to the theory of function spaces
is linked to the partial differential equations. Here “function space” means a normed or

quasi-normed space of functions or distributions defined on subsets of R".

Definition 2.3.1.
1. Let X be some space of functions f: [a, ] — R, and let h: R — R be a fixed

function. Under appropriate hypotheses on, h we may then define a nonlinear
operator C}, on X by putting

Cnf(x) =h(f(z)) (e <z <D) (2.7)

This operator is called the (autonomous) composition operator generated by h.

2. More generally if h : [a, b] x R — R is a fixed function of two variables, one may
also consider the (non-autonomous) operator

S$if(@) = bz, f@z)) (a<az<b). (2.8)

In general, the behavior of the superposition operator is far more complicated
than that of the composition operator .

The most important problem related to the operator (22.7)) is to find conditions on the
function h both necessary and sufficient, under which the operator C} generated by h

maps a given function class X into itself.

Definition 2.3.2.

The composition operator problem (or COP for short), consists to find the set:

COP(X)={ h: CuX)CX }Y={ h: hofeX forall feX } (29)

The problem of determining the set COP(X) for given X C F ([a, b],R).
For example, it is easy to see that COP(C') = C, which means that the operator (2.7)) maps

the space C([a, b]) into itself if and only if the corresponding function h is continuous.
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2.3. Composition Operator Problem 28

Definition 2.3.3.
We say that X is COP-invariant if, whenever the operator (2.7)) maps the space X ([a, b))
into itself and is bounded in the norm of X ([a, b]) for some interval [a, b], it also maps

the space X ([c, d]) into itself and is bounded in the norm of X ([¢, d)).

Remark 2.3.1.
The usual way to prove COP-invariance is by considering the strictly increasing affine

bijection: b—a
P(t) =
(t)=-—,

(t—c)+a (c<t<d) (2.10)

between [c, d| and [a, b] with inverse

(s—a)+c (a<s<)) (2.11)

Proposition 2.3.1.  [App|

Forp>1and 0<a <1, we have

COP(BV) # BVje (R) COP(WBV,) #WBV, . (R) ,
COP(RBV,) # RBVyuc (R) COP(AC) # ACiu (R)
COP(LZpoc) 7£ Lipa,loc (R) (0 <a< 1)

and

COP(BV) = COP(WBV,) = COP(RBV,) = COP(AC) = COP(Lipa) = Lipiec (R) .
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Definition 2.3.4.
Let Q be a domain in R" and let G(z, &) be a function defined for almost all x € 2 and

for all £ € R". We call G a Caratheodory function if and only if (4 and (B) hold
(a) For all £ € R™ the function G (-, £) is measurable on €.
(b) For almost all z € €2 the function G(z, -) is continuous on R”

Proposition 2.3.2. [RS]
Let G be a Caratheodory function. Let fi,... , f, be real-valued and measurable on ).

Then the composite function G (z, fi(z), ..., fm(x)) is again a measurable function on .

Definition 2.3.5.
Let © be a domain in R" and G(z, £) : Q© x R™ — C be a Caratheodory function.

Then
Te (fi, -y fm) () =Gz, fi(x), ..., fu(x)), €0

is called a Nemytskij operator.

Example 2.3.1.
e  The nonlinear operator F
Fx(s) = f(s, x(s)) (2.12)
associates to each function z(s) on a compact domain of the metric space Q the

function f(s, x(s)) on €2, is called a superposition operator.

e Apart from the operator (2.12)), is the related composition operator

e The integral functional operator

CIDx:/Qf(s, 2(s))ds

is of fundamental importance in variational problems of nonlinear analysis.
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Proposition 2.3.3. [RS]

Let G : R™ — R be a Caratheodory function. Let 1 <r <p <n. Then

TG(f17 ey fm) :G(fb SR fm) (213)

maps (Wzl))m into W if and only if the following conditions hold:

(i) G(0) =0 and G is locally Lipschitz continuous.

(ii) The first order partial derivatives of G satisfy the inequalities

TS +IeP)  @e). i=L o m
where U:M and ,u:p—r
r(n —p) r

(ii) Ifp>n (orn=1andp > 1) andr = p then Tg maps (W})™ into W' if and only

if holds. In either case, if Tz maps into then the mapping is bounded, too.

Proposition 2.3.4 (Nemytskij operators in Sobolev spaces W, ().
Suppose ) is a nontrivial bounded C*°— domain. Let G : R™ — R be a Caratheodory

function. Let 1 <r <p <mn. Let Ty defined as in , with the following conditions:

(i) G is locally Lipschitz continuous,

Ol (e i=lom

(i) There is a constant ¢ such that:

Then T [WL(Q)™] — WHQ) < and () .
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Theorem 2.3.1.

(i) Let G(0) =0. Let 1l <p<morp=mnandn > 2. Then

Te (W)™ — W, <= G € Ly(R)

(ii) Let G(0) =0. Let p>n orn =1 and p>1. Then

Te (W (Q)"] = W) (Q) <= G € LP¢(R).

Definition 2.3.6.

Let A;,q be either Fpqu or B;q.

(a) We say A7 is super-critical if A5 — L.

(b) We say A;  is sub-critical if A> o Loo.

Theorem 2.3.2.
Letm e N, m >2,1<p<oo, W be subcritical.

Let G : R — R be continuous and G(0) = 0.

(i) If m =n/p > 2, then

Ta(W) — W' < G' € W (R).

punif

(i) Let 1 <p<ooand2<m<n/porp=1and3 <m<n. Then:

To(W)') = W' <= G(t) =ct, teR for some ce€R.

(iii) If n > 3, then
To(W3(R™)) — WI(R") <= G" € Li(R).
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Theorem 2.3.3.
Letm e N, m >2,1<p<oo, W be super-critical.

Let G : R — R be continuous and G(0) = 0. Then

To(W) — W' = G € WM (R). (2.14)

Theorem 2.3.4 (The main theorem on the COP in BV}}). [BCSZ]

Let 1 < p < co. Then the following statements hold.
(i) If f,g € BV}(R), then fog € BV, (R) and

1f o gllvie < Ifllsvie L+ 2" llgllsvi@)

(i) Let f : R — R be a Borel measurable function. Then the operator Ty maps BV, (R)

to itself if and only if f € BV,}(R).

Remark 2.3.2.

e From the important theorem we can deduce that COP (BV,! (R)) = BV,! (R)

p

e There is no common definition to BV,}(R"), (n > 2) , in order to generalize the main
Theorem Nevertheless, we can generalize Wiener space by introducing the

set V,(R™) of the functions g : R® — R such that

n

ol =S |

j=1 7R

1
. ||9:c3-“%vp1(R)d$; < oo,

and so for all f € U]} (R) a class of of Lipschitz continuous functions satisfying
f(0) = 0, the operator Ty takes L,(R") N V,(R") to F; (R"), where L, is the
Lebesgue space and [} is the Lizokin-Triebel space (Fore more detail about the

subject see [Moul)).
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fe AC([a,b]), h € Lip(je,d]) < ho f € AC([a, b])

f e BV(a,b)),h € Lip(c,d)) < ho f € BV([a,b])

g € Lip([a,b]) and Tmonotone — goT € BV([a,b])

g € BV([a,b]) and Tpseudomonotone = gor7 € BV([a,b])

g € C([a,b]) and 7 strictly monotone = go 1 € R([a, b])

Dif f: |Continuously Differentiable] UC" : Uniformly Continuous
LC : Lipschitz Continuous AC Absolutely Continuous
a— HC :| «a—Holder Continuous C: Continuous
BV . Bounded Variation Dif f — a.e|Differentiable almost everywhere
B Bounded R Regular
C! Differentiable cr n times derivable
@) © L@ ¢ LL(Q
U U U / SHCSUCGC
Wer (@) © WiR(Q) © WA(Q) | Diff G LC
U AN ;AC;BV;Diff—a.e.
WP (@)

¢ (@) c c® (Q) c W (Q) c BV (Q) C L'(Q)
Q=10,1]"=wl=ACNnL'c BV CL, (n>2)
Q=100,1]=C"CC'CLipC ACCCNBVCBVCRCBNLy S LowCL,
I =[a,b] CR = Lip(I) C RBV,(I) c BV(I)c R(I)c B(I)

= Lip(I)CAC(I)cC(I)CABV(I)c R(I)c B(I)

— Lip(I) CAC(I)Cc BV(I)CABV(I)C R(I)Cc B(I)

Figure 2.1:
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Chap 3: Ashton-Dost plane BV (0, C) space

In this chapter, we present a two-dimensional bounded variation space defined
by Ashton-Doust in [AD1] and an isomorphism theorem given by Al-shakarchi

& Doust in [ASD], as an application to the famous Theorem of Banach-Stone.

Throughout this chapter, we denote by [F the field R of the real numbers or
the field C of the complex numbers. We denote by ¢ a nonempty compact
subset of C = R?, where = denotes an isometric isomorphism, we shall denote

an isomorphism by ~.

Linear Transformations.

Definition 3.1.1.

If (E1,dy) and (FEs,ds) are two metric spaces, then

(a) A function f : Fy — FEj is said to be continuous at u € Ej iff
Ve >0, 30 >0,V € By, dy(x,u) <d=do(f(x),f(u) <e

(b) f is continuous, if it is continuous at every u € Ej.
(c) If 0 is independent of u, then f is said to be a uniformly continuous.
(d) f is a homeomorphism iff f is bijective and continuous.

(e) A homeomorphism f is an isometry iff,

dy (f(x)hf(y)):dl (ZE,y), \V/ZE,yGEl.

34



3.1. Linear Transformations. 35

Definition 3.1.2.
Two norms |||y and |||y on a normed space X are called equivalent if there exist

constants M, m > 0, such that,
mlully < fluly < Muly  (ueX).

Definition 3.1.3.
The normed space (X, || - ||x) is embedded into the normed space (Y, | - ||y) iff

XCY and VYuelX, |ully <clullx (3.1)

for some constant ¢ > 0 independent of w.

In this case, we write X < Y and call ¢ in (3.1)) an embedding constant.

X, Y) =sup{|lully : |lullx < 1}, is the smallest possible embedding

constant, and it is called the sharp embedding constant for X — Y.

Remark 3.1.1. if X CY and by (3.1)) , then w,, — u in X implies u,, — u in Y.

Definition 3.1.4.
A normed linear space (X, || - ||x) is called an Algebra if the product of two elements

u,v € X also belongs to X and satisfies

[uwvllx < cllullxllvllx  (u, ve X),

for some constant ¢ > 0 independent of f and g.
If (X, || - ||x) is complete, X is called a Banach Algebra.

We may take ¢ = 1, in this case, we call (X, ||.|| ) a normalized Algebra.

Proposition 3.1.1.
The linear space B([a,b]) of all bounded functions f : [a,b] — R is a normalized Banach

Algebra with the norm
[fllee = sup [f()]. (3.2)

a<z<b
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3.1. Linear Transformations. 36

Proposition 3.1.2.  [App/

Let (X, || - ||x) be a Banach Algebra of functions f : [a,b] — R which satisfies

X = B([a,0]), and | fglx <[[fllsllglx +Ifxlglloc, (f; 9 €X)

where || - ||o is defined by (5.9). Then the space X equipped with the norm

11l = 1flle +11fllx  (f €X)

is a normalized Banach Algebra, i.e.

1ol < MIfllx llally — (f, g€ X).

Moreover in case X — B([a,b]) both norms ||-|| and |||y are equivalent.

Definition 3.1.5.

Let V and W be vector spaces over the same field F.

(a) A function T': V' — W is said to be a linear transformation from V to W if it

satisfies the following two conditions,

(i) Forall z,y € V, T(z +y) =T(x) + T'(y). (Additivity)

(ii) For all z € V and for all « € F, T'(ax) = oT(x). (Homogeneity)
(b) A linear transformation from V' to FF is called a linear functional on V.

(c) A linear transformation from V' to itself is called a linear operator on V.

Remark 3.1.2.
e The conditions (az), in Definition are equivalent to:

T(ax + By) = oT(z) + BT (y) for all z,y € V and for all «, €.

e Linear transformations are also called: linear maps, linear mappings, linear operat-
ors, homomorphisms.....etc

e A linear operator on a vector space is also called an endomorphism.
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3.1. Linear Transformations. 37

Example 3.1.1.
(1) For a given t € [a, b], let f; : C([a, 0], F) — I be defined by
filz) = x(t) , for x € C(la, b], F).
Then f; is a linear functional.

The functionals f; for ¢ € [a, b], are called evaluation functionals on Cla, b].

(2) Given ty,...,t, € [a, b , wy,...w, € F,and f: C([a, b], F) — F by

n

f(z) = Zx(ti)wi for x e C(a, b, F).

=1

Then f is a linear functional called a quadrature formula.
(3) Let f: C([a, b], F) — F be defined by
b
f(2) :/ z(t)dt  for xe€ C([a, b], F).
Then f is a linear functional.

(4) Define T': C*([a, b], R) —C([a, b], R) by
Tr =2z for x€C%a, b], R), where 2’ denotes the derivative of z.

Then 7' is a linear transformation.
(5) Let a, 8 € F. Define the function 7' : C'([a, b], R) —C([a, b], R) by
Ty =oax+ B2, for z€CY[a, b], R).
Then 7' is a linear transformation.
(6) Let T : C([a, b], R) —C([a, b], R) be defined by

(Tz)(s) = /8 z(t)dt for x € C(la, b], R),s € [a, b].

Then T is a linear transformation.
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Definition 3.1.6.
Let be a topological vector space, we associate to each a € X and to each scalar \ # 0,

the translation operator 7T, and the multiplication operator M) by,

T.(x) =a+x, My(x)= Mz (x e X).

Proposition 3.1.3. [Rud/
T, and M), are homeomorphisms from X onto X.

(Recall that a hemomorphism is a continuous mapping whose inverse is also continuous)

Theorem 3.1.1.
LetT : 'V — W be a linear transformation. Then T is bijective if and only if there exists

a unique linear transformation S : W — V. such that ST = Iy and T'S = Iy .

Definition 3.1.7.
A linear transformation 7' : V' — W is said to be invertible if it is bijective.
In that case, the unique linear transformation S : W — V satisfying ST = Iy and

TS = Iy is called the inverse of T, it is denoted by 7.

Definition 3.1.8.
A bijective linear transformation is called an isomorphism.
A vector space V is said to be isomorphic to a vector space W, written as V ~ W, if

there exists an isomorphism from V' to W.

Theorem 3.1.2.
LetT : V. — W be an isomorphism.

(i) If a # 0 is a scalar, then oT is an isomorphism and (aT)™' = (1/a)T~ 1.
(ii) T~ : W — V is an isomorphism and (T~1)"' =T.

(iii) If S : U — V is an isomorhism, then so, for TS : U — W with, (T'S)™' = S~'T~1.
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Remark 3.1.3.

e The composition of isomorphisms is an isomorphism.

Isomorphism’s relation is an equivalence one, on the collection of vector spaces.

e This relation is completely characterized by the dimensions of the spaces, in case

the spaces are finite dimensional.

Theorem 3.1.3.

LetV and W be finite dimensional vector spaces over the same field F. Then

V ~W if and only if dim(V') = dim(W).

Definition 3.1.9.

An operator T' on a finite dimensional inner product space V is called isometric iff

|Tz|| = ||x| for every x € V,

Remark 3.1.4.

e An isometric operator is also called an isometry.

e An isometry on a real inner product space need not have an eigenvalue.

Example 3.1.2.

The linear operator T' : R? — R? given by T'(a, b) = (b, —a) is an isometry, since

I (a, &)l =1I(b, —a)ll = (b* + a*)'"* = ||(a, D),

and it doesn’t have any eigenvalue.
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Isomorphisms between BV (0,C) and AC(c,C)

In this section we present a definition of two variable bounded variation functions on R?,
introduced by Ashton-Doust (JADI]). The spaces related to this definition are used to

explain the Banach-Stone and Gelfand-Kolmogorov theorems.

Definition 3.2.1.
The Banach Algebras A and B are said to be isomorphic, and we write A ~ B, if
there exists a linear and multiplicative bijection T: A — B such that T and 7! are

continuous. If |Tz| = ||z||, for all z € A, then they are isometric, i.e A = B.

Theorem 3.2.1 (Banach (1932), Stone (1937)).

Let K and L be normed compact spaces. with the norm

[flleo = sup{|f(z), =€ K}.

Then C(K) = C(L) if and only if K and L are homeomorphic.

Theorem 3.2.2 (Gelfand and Kolmogorov, 1939).
Let C(X) be the Algebra of continuous functions on a compact Hausdorff space X .
Then there is a one-to-one correspondence between the Algebra homomorphisms on C'(X)

and the points of X, (All homomorphisms are the evaluation homomorphisms at v € X ).

Theorem 3.2.3 (Gelfand and Kolmogorov, modern version).

If 4y and )y are compact Hausdorff topological spaces, then @ , @, @ are equivalent.
(a) Q4 is homeomorphic to Qs.

(b) C(Q1) and C(Qs) are linearly isometric as Banach spaces.

(c) C(21) and C(Qs) are isomorphic as Algebras (or as C*-Algebras).
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Definition 3.2.2.
Let o be a nonempty compact subset of R. Let J = [a, b] be the smallest interval which
contains 0. We say {s;}"; is a partition of o if 57 < s5 < --- < s, and for all i,s; € 0.

The set of partitions of ¢ is denoted by A(o) .

Definition 3.2.3.
Let S = {s;}, T = {t;}*, € A(o) . The set T is said to be a refinement of S if S C T.

Then A(0) is a lattice using refinement as a partial ordering.

Definition 3.2.4 ( BV (o) for ¢ C R Compact).

Let o be a nonempty compact of R. For f : 0 — C we define the variation of f by

var(f, o) sup Z|f (si+1) (si)l.

{s €A

Set
| fllBvey = I flls + var(f, o) .

The set of functions of bounded variation is

BV(o)={fi0—C: |flsve <1}

Proposition 3.2.1.

Let J = |a,b] be the smallest interval which contains o. Then BV (J) — BV (o).

Remark 3.2.1.
For many of the properties of BV (), it is easier to embed BV (o) into BV (J)

and then use the classical theory. For ¢t € J\o, define

a(t)=sup{z:[t, z] CJ\o } and pB(t)=inf{z : [z, t| C J\o}
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Definition 3.2.5.

Given f : 0 — C, define the function ¢(f) : J — C by

f(®) ifteo,

) (t— B+ F(B(L) ifte N\

In other words, ¢(f) is defined so that it is linear on the gaps in o.

Proposition 3.2.2.

Let 01 C 09 be compact subsets of R and let f € BV (03). Then
[ flollsvey < [1fllBves) and flor € BV (o1).

Proposition 3.2.3.

Let f € BV (o) . Then var(f, o) =var(p(f), J) .

Proposition 3.2.4.

Let f : 0 — C. Then f € BV (o) if and only if o(f) € BV (J) .

Proposition 3.2.5.

The map p: BV (o) — BV(J) is a linear isometry.

Definition 3.2.6.

By a curve in the plane we shall mean an element of the set I' = C([0,1]) .

Remark 3.2.2.
Note that it will sometimes be important to distinguish between a curve (which includes

its parameterization in R?) and its image in C.
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Notation 3.2.1.

o If y,,7, € ' and 7, (1) = 7,(0), let 7, 0oy, € I be defined by:

71(2t) if

(2t —1) if

o
A
~~
A
=

(Y1 079) (1) = {

N =
A
~
IA
—_

o If v,,7, € I" and if there exists h : [0,1] — [0, 1], where h is a continuous non-

decreasing surjective function such that, v, (t) = v,(h(t)) for all ¢ € [0, 1], then we

write 7; = 7v,.

Definition 3.2.7 (Variation in Two Variables).

Let f: 0 — C and let v € I', we denote the variation along the curve v by

n—1
CV&I‘(f7 e 0) = Cvar(fv 7) = sup Z |f(zz+1) - f(zz)’ )

{zi}7_1€A(0,7) i=1
such that the value of the curve variation is cvar (f, v) = var(¢(f o7), [0,1]) .

Proposition 3.2.6. [AD])
Let o1 C o C C both be compact. Let f,qg: 0 — C and let k € C.

Suppose v = 7y, 04 € I with v,(1) € 0. Then

(a) cvar (f +g, 7) < cvar (f, 7) +cvar(g, 7),

(b) evar (fg, 7v) < ||/l evar (g, 7) + [lgll evar (f, ),
(¢c) cvar (Kf, v) = |k[evar(f, 7),

(d) cvar (f, v) = cvar(f, 71) + cvar(f, 7,),

(e) cvar (f, v) < cvar(f, v),

(f) cvar (f, v, 01) <cvar(f, v, o).
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Lemma 3.2.1.

Let f : 0 — C. Let v,,7v, € I' and suppose that v, = 5. Then

cvar(f, v;) = cvar(f, 7,).

Definition 3.2.8.

We assign to each curve v a weight factor p(v) € [0, 1]

Remark 3.2.3.

The weight factor is large for straight lines and low for very sinuous ones.

The two dimensional variation is then defined as the supremum of p(vy)cvar(f, 7) over

all curves ~

Definition 3.2.9.

Let f: 0 — C. Then the variation of f on ¢ is defined to be

var(f, o) = Stelgp(v)cvar(f, 7).

Here we take the convention that if v € T" is such that p(v) = 0, and if
cvar (f, v) = oo, then var(f, o) =0.

Proposition 3.2.7.

Let 01 C o C C both be compacts. Let f,g : 0 — C, k€ C. Then

(a) var(f +g, o) <wvar(f, o) +var(g, o).

(b) var(fg, o) < ||flvar(g, o)+ llgllhvar(f, o).

(c) var(kf, o) = |klvar(f, o).

(d) var(f, o1) <wvar(f, o).
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Definition 3.2.10 ( BV (o) for ¢ C C Compact).
For f: 0 — C, set ||fllavw) = || fl1 +var(f, o) . The functions of bounded variation

with domain o are defined to be
BV(o) ={f:0=C:||fllave <1}
If f is continuous,we define the length of the curve f as its total variation.

Theorem 3.2.4.

(BV(0,C), || - llBv(s)) is a Banach Algebra.

Theorem 3.2.5.
Suppose that o1 and oo are nonempty compact subsets of the plane.
If T': AC (01) — AC (03) is an isomorphism then there exists a homeomorphism

h: oy — 09, such that T (f) = foh™! forall f € AC (1), furthermore T is continuous.

This theorem is not true for BV (o) spaces.

Example 3.2.1.

Let 01 = 09 = [0, 1] and define h : 01 — 03,

|

5
=t
(a]
IA

S
VAN
ol

<

8
=

N
A
8
=

From the variation of T}, (f) over any partition P of [0, 1], we have
V (P, Ty (f)) <2var(f,[0,1]).

Because of T}~ L= 75, we deduce

1
5 Iy < 1T (D llsviow = 21 v -

Thus T}, is a Banach Algebra isomorphism from BV (o) to BV (03).

But the map h is not a homeomorphism in this case.
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Theorem 3.2.6.
Suppose that o1 and oo are non-empty compact subsets of the plane.
If T : BV (01) — BV (02) is an isomorphism then there exists a bijection h : o1 — 0,

such that T (f) = foh™, for all f € BV (0y).

Notation 3.2.2.

Let P, denote the space of complex polynomials in two real variables of the form

p<5€7 y) = chmxnym7

n,m

and let Py(0) denote the restrictions of elements of Py to o (now considered as a subset

of R?). Py(0) is always a sub-algebra of BV (o).

Definition 3.2.11.
The set of absolutely continuous functions on o, denoted AC(c), is the closure of Py(0)
in BV (o), thus AC(0) always forms a closed sub-algebra of BV (o), since the BV norm

agrees with the classical one if o C R.

Proposition 3.2.8.
If AC(01) is isomorphic to AC(o2) as Algebras, then the isomorphism must necessarily
be bi-continuous, and so the spaces are isomorphic as Banach Algebras.

Furthermore, if this is the case then o1must be homeomorphic to o,.

Proposition 3.2.9.

The AC(c) spaces for the closed unit disk and a closed square in C are not isomorphic.

Proposition 3.2.10.

The Banach Algebra of the BV (c) spaces is invariant under homeomorphisms.
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Theorem 3.2.7.
If h - C — C is an invertible affine transformation of the plane, then AC(h(o)) is

isometrically isomorphic to AC (o), via the Algebra isomorphism T(f) = foh™?

Theorem 3.2.8.

We have the inclusion, Lip (0) € BV (o). Indeed, var(f,o) < L(f,0)C,, for f € Lip(o).

Theorem 3.2.9.
Suppose that o is a nonempty compact subset of the plane, and that h s locally piece-wise

affine map. Then we have AC (o) ~ AC(h(0)) and BV (c) ~ BV (h(0)).

Theorem 3.2.10.
Suppose that o1 and oo are non-empty compact subsets of the plane.
If T : BV(01) — BV(03) is an isomorphism then there exists a bijection h : 01 — 09,

such that T(f) = foh™! for all f € BV (0y) .

Lemma 3.2.2.
Suppose that h : 01 — 04 18 a homeomorphism.

If Ty, is an isomorphism from AC (o) to AC(03), then h € AC(01) and h™' € AC(03).

Example 3.2.2.

Let 01 = 02 = [0,1], and h : 07 — 02 be an increasing continuous bijection which
1

is not absolutely continuous, defined by, h(z) = 5 (x + C(x)), where C is the Cantor

function. Then 7}, is an isomorphism from BV (o) to BV (o3), but not an isomorphism

from AC(0q) to AC(03).

Theorem 3.2.11.
Suppose that h : o1 — o9 is a homeomorphism such that h™' € AC(03).

Then for any p € Py(o1), Th(p) € AC(02).
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Theorem 3.2.12.

Suppose that M is a projectable convex curve in R?, then AC(M) ~ AC|0, 1].

Theorem 3.2.13.
Suppose that h : 1 — o9 is a homeomorphism such that h™' € AC (o3).

Then for any p € Py (01), Th (p) € AC (03).

Theorem 3.2.14 (Isomorphisms between AC (¢) and BV (o) spaces).

1. Suppose that AC (01) ~ AC (03). Then BV (01) ~ BV (03).

2. If BV (01) ~ BV (03) and h : 01 — 04 is a homeomorphism,
then Ty, is an isomorphism from AC (01) to AC (03), if and only if

h and h=' are absolutely continuous functions.

Conclusion

e Ashton-Doust definition of bounded variation functions on the complex plane does
match with the usual definition on the real line. The Isomorphisms theorems
between AC (0,C) and BV (0,C) spaces are used to study the behavior of the

well bounded operators in spectral theory and nonlinear functional analysis.

e The two propositions [3.2.9| and [3.2.10] explain the topological nature of BV (o, C).
The theorem [3.2.14] explain easily the topological classic Theorems: Banach (1932)

& Stone (1937) theorems in linear normed spaces and Gelfand-Kolmogorov’s (1939)

theorem in more general Hausdorff metric spaces.
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Bounded variation Spaces (1881-2016)
BV ([a, b]) V (f,la,b]) = i [f () — f(tiz1)] The Jordan’s Bounded Variation (1881)
i=1
f€BVu & f(z,.) € BV ([a1,a2]), f (,y) € BV ([b1,b2])
H ([a1,a2] X [b1,b2]) nom The Hardy-Klaus variation (1903)
V(f,18) = sup > |A11f(tis1, sj+1) < oo
&m) 4 5=1
A ([a1,a2] X [b1,b2]) V(f,I%) = sup Z [Af(tit1, sj41)] < o0 Arzela and Hardy (1905)
(&m)
n—1m-—1
V ([a1,a2] x [b1,b2]) f12) = sup Z Z [A11f(tit1, sj+1)] Vitali-Lebesgue-Fréchet-de la Vallée Poussin (1908)
&m) =1 j=1
RBV,, ([a, b)) VR (f,]a, P; b)) = Z ‘f(t tf(t)’p 11)\;;7 p>1 The Riesz variation (1910)
i=1 —hi1
W BV} (la, b]) VIV (f,la, Psb)) = > [f (ti) — f (ti-1) P, p= The Wiener variation (1924)
i=1
Vr(f) =[S TV Gy dy + [, TV (f (=, ) dae
T ([a1, a2] X [b1,b2]) Tonelli and Cesari (1936)
Vre(f) =inf{Vr(g): 9=/, A(ae)}.
Varll' (f, P;la,b)) Z¢(|f(t S ACEY])
W BV ([a,b]) The Wiener-Young variation (1937)
1 p#2
RBYV. ‘f (tz 1)‘}0 y N
» ([a, b]) V(zr (f, P;[a,b]) Z (t T Riesz-Medvedev (1953)
i=1 —
SBV () J€BV(Q) and ||IDf|le0(q) < 00, &= [a1,a2] X [b1,b2] De Giorgi and Fichera (1954)
Z |f (8:) = f (ti-1)]
kBV ([0,1]) Varg (f, P;[0,1]) = ln The Korenblum variation (1975)
Z:l K (ti —t; 1)
$BV ([a, b)) i_'fl B (If (bk) — f (ax)]) Schramm (1985)
S @ (If (L))
kBVg ([a,b]) [a,b] = UIn =kVe (f)= _37 S. Ki Kim and J. Kim variation (1986)
)
i=1_\b—a
W BV, ([a,b]) p(-) (f, P;la,b]) = i If(t:) —f (ti_l)\p(”cifl) Castillo, Merentes, Rafeiro variation (2010)
n t;) — i Castillo, Sanoja, Zea (2013)
Z:l [t —ti1| @ <|f(|t) _ {(1| 1)|>
“BV¢R ([a, b]) HV¢R (f[a,b]) = sup = n t—t; 1 bounded k¢-variation in the sense
P Z K ( 7 i— )
i=1 b —a
of Riesz-Korenblu
( ) Castillo, Mauricio, Rafeiro variation (2016)
P(Ti-1
p() oy o o () = f (Fi))]
RBV, () ([a,0]) ‘/[a b] (f) = Sup Z p(zi_1)—1 Variable exponent bounded variation spaces
’ Poi=1  (t; —ti—1)""
in the Riesz sense
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