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Notation

We will use the following notations throughtout the work :
e R" is the n-dimensional real Euclidian space.
e Ny = NU{0} is the collection of all natural numbers.
e 7 is the collection of all integer numbers.
e C is the collection of all complex numbers.
e R is the collection of all real numbers.
e If £ C R" is a mesurable set, then |E| stands the (Lebesgue)measure of |E)|.
e For x € R" and r > 0 we denote by B(x,r) the open ball in R" with center x and radius
r.
e B(z,r) is the closure of the open ball B(z,r)
e For any u > 0,k € Z we set C(u) = {x € R" : u/2 < |z| < u} and C}, = C(2F).
e a = (ay---a,) € Ny stands for some multi-index, whose lenght is denoted by |a| =

oy + -+ o, and
glal
8a1$1 e 801111'”'

o =

e The Euclidean scalar product of x = (z1,...,2,) and y = (y1,...,y,) is given by
rTY =11+ ...+ TpYn.

e The expression f < g means that f < cg for some independent constant ¢ (and non-
negative functions f and g).

o f~gmeans f S¢S f.

e The notation X — Y stands for continuous embeddings from X to Y, where X and Y
are quasi-normed spaces.

o fxg= / flx— y)dy is the convolution of functions f and g.

o [}

loe(R™) is the collection of all localy integrable functions on R™.

e L,(R") for 0 < p < oo stands for the Lebesgue spaces on R" normed by (quasi-normed



for p < 1)

1/p

11 2@ =15l = ([ ropar) <o 0<p<oc

and
I 1 L) = [ = es5 = suplf(z)] < oc.

e If 1 < p < oo, then p’ is the conjugate exposant of p given by % + 1% =1
® C1,C9,C3,- -+ Ppositive constants, their values may depend on certain parameters and
some auxiliary functions, and change from one line to another.
e By suppf we denote the support of function f.
e D(R™) is the space of functions with continuous derivatives of all orders and compact
support.
e S(R™) is the Schwartz space of all complex-valued, infinitely differentiable and rapidly
decreasing functions on R". The topology in the complete locally convex space S(R") is
generated by the norms

p(p) = sup (1 + [z)V D [D%(x)|, N=1,2,3,...

n
zeR la|<N

e The dual S'(R") is the space of temperate distributions.

e The Fourier transform is defened by

FHE) = f(6) = / exp f(a)dr, € € R

n

and its inverse Fourier transform by :
FEQ) = flo) = 20" [ exp fa)de, s e R
e f is spectrum in B(0,7) and r > 0, suppf C B(0,r).
e By (7,0 < g < 00, we denote the space of all (complex) sequences equipped with the
quasi-norm

Horbees | €1 = ( > w) B

k=—00



(with the usual modification if ¢ = 00).

"s

e "i.e." stands simply for "in other words".

n

e "a.e."

stands simply for "almost every where".
e \ is the characteristic function of £ C R".
® X, for k € Z, denote the characteristic function of the set Cj.

® 1y = 2" (14 2°|2])™™, for any » € R",v € Ny and m > 0.



Introduction

Function spaces have been a central topic in modern analysis, and are now of increasing
applications in many fields of mathematics especially harmonic analysis and partial diffe-
rential equations. The most known general scales of function spaces are the scales of Besov
spaces and Triebel-Lizorkin spaces and it is known that they cover many well-known clas-
sical function spaces such as Holder-Zygmund spaces, Hardy spaces and Sobolev spaces.
For more details one can refer to Triebel’s books [7], [8] and [9].

It is well known that Herz spaces play an important role in Harmonic Analysis. After
they have been introduced in [4], the theory of these spaces had a remarkable development
in part due to its usefulness in applications.

The purpose of this thesis is to present some properties of Herz-type Besov spaces
K o7 Bj. These function spaces introduced earlier in the papers of J. Xu and D. Yang [13]
, [14] and [15].

The thesis is organised as follows. In Chapter 1 we fix some notations and recall some
basics facts on function spaces. In Chapter 2, several basic properties of Herz-type Besov

spaces such as the characterization by ball means of differences. In Chapter 3 we present

the theorem of an equivalent norm in Herz-Besov spaces based on differences.



Chapitre 1

Function spaces

We present the Fourier analytical definitions of Herz-type Besov spaces K . "B and

recall their basic properties.

1.1 Definitions and basic properties

Definition 1.1.1 Let o € R, 0 < p,q < 0o. The homogeneous Herz space K(‘I’"p 18 defined
by
Kg? = {f € L (R™\{0}) : [[fll g < o0},

where

1
00 P
£l or = ( > 2k ||ka||’;) < o0,

k=—o00

with the usual modifications made :
(i) If p= oo, then

£l oo = sup 2% [| Fxiel, »
keZ
(ii) If p=q = oo, then

1l eeoe = sup 2 || Fxll -
k€EZ



Remark 1.1.2 (i) The spaces K(‘;"p are quasi-Banach spaces and if min (p,q) > 1, then
K 7 are Banach spaces.
(i) Ifa =0 and 0 <p=q < oo, then Kg,p coincides with the Lebesgue spaces LP (R™) .

(iii) If 0 < py < py < 00, then we may derive the embedding
an,m SN K;,pz.

(1ii) Let 0 < p,q < oo,r >0, > —ﬁ,j € Ng and m > n large enough. From [2] there
q

exists ¢ > 0 such that for all f € ng,p we have

|Gt 119 g < €l (L1)

where ¢ > 0 1s independent of j € Ny.

Definition 1.1.3 Let ¢ be a function in S (R™) such that

)i el <,
0 if el =
we put po(z) = (), ¢1(x) = ¥(5) — (z) and

2
QOJ('I) = (201(2_j+1x) fOT .] = 2a 37 s

Then we have

e suppp; C {z € R" : 2771 < |z] < 3.2771},

e pj(x)=1 for {32/7%< |z] <2/}

e (x)+ i w;j(@)=1 forall ze&R"

o The sy]s;Zm of functions {(pj }jeNO is called a smooth dyadic resolution of unity.

o We define the convolution operators A; and @ by the following :

Aif =F @27 )Ff), JeN,
Quf = F Y27 F)Ff), keN,



and we set (Qy = Ay

o The Littlewood-Paley decomposition

for all f € S'(R™) (convergence in S'(R™)).

Definition 1.1.4 Let a,s € R and 0 < p,q, 5 < oco. The Herz-type Besov space Kg’pBg
is the collection of all f € S'(R™) such that
o If B < o0, then

o0

1/p
1l = (Z 28 ||Ajf||f-<3,p> < o0,

J=0

o If B =00, then

. - Jjs -
1l grms, = sup 22 || Al gw -

Théoréme 1.1.5 let s € R,0 < p,q,3 < o0 and o > —g.

(i) the spaces K o T B are independent of the particular choice of the smooth dyadic re-
solution of unity {goj}jeNO appearing in their definitions (in the sens of equivalent quasi-
norms)

(ii) Both K;”’Bg are quasi-Banach spaces and if p,q,5 > 1, then K(;"I’BE are Banach

spaces.

Definition 1.1.6 Let s € R and 0 < p, < oo . The Besov space B, 5 is the collection
of all f € S"(R™) such that

00 1/B
£l , = (Z 28 ||Ajf|lf> < oo,
§=0



Remark 1.1.7 (i) With p = q = o0, s > 0, one recovers Holder-Zygmund spaces C* =
B

(ii) Fors e R,0<p<ooand0 < f < oc.

~0,p RS __ S
Kp BB - Bp,ﬂ'

1.2 Embeddings

Théoréme 1.2.1 Let s € R,0 < p,q < o0 and a > n
q
(i) If 0< By <P, <00, then

QLD RS “~aL,p S
K Bﬁlf—>K Bﬁz

q q

(i) If 0< By,05 <00, and e >0, then

ro,p RS+E rQ,p RS
Kq Bﬁ1 c—>Kq Bﬁz

(iii) If 0 < p; < py < oo, then

J P BZ M ['(;v,pz B§~

q

Théoréme 1.2.2 (i) Let s € R0 < p,q,f < 00, and a > —n/q. The Herz-type Besov

space KJ"P B is a quasi-Banach space. Furthermore,

S(R™) — K?Bj — S'(R™).

q

(i) If s € R,0 < p,q,B < 00, and o > —n/q, then S(R™) is dense in K;"pBg.

Théoréme 1.2.3 Let a > 0,0 < 5,p,q < o0 and 0 < § < o0.
Let us define

1 _
g, =" <m — 1) and § = max(1,q)
(1) If s> 0,4+ a, then
KPBj — LI(R™).

q



(i) Let0 <p,g<ooand0<a<n/p—n/q Ifs>n/g—n+aand0<qg<1ors>a«a

and 1 < q < oo, then
KPFS — LY(R™).

Let C, be the space of all bounded uniformly continuous functions on R™ equipped with

the sup norm. Concerning embeddings into C, we have the following result.

Théoréme 1.2.4 Let a > 0 and 0 < p,q < co. Then

Eo0Bite < ¢,

where

p oo if a=0
p if a>0.

The proof of these results are given in [2].



Chapitre 2

Characterization in terms of ball

means of differences

In this chapter we present a equivalent norm of Herz-type Besov spaces in terms of ball

means of differences.

2.1 Necessary tools

Various important results have been proved in the space K| P (R™) under some

The proof of some basic tools is based on the following result, see Tang and Yang
[6].assumptions on «,p and ¢. The conditions -7 <a< n(l — %), 1 < ¢ < oo and
0 < p < oo is crucial in the study of boundness of classical operators in K. ~P(R™) spaces.
This fact was first realised by Li and Yang [5] with the proof of the boundedness of the

maximal function;

1 1
M(P)(e) = sup s /B W,

r>0

Lemma 2.1.1 Letl < g < oo and 0 < p < oo. If f is a locally integrable function on R"

and =2 < a < n(l—1), then
q q

1l < cllfllgon

10



Notice that if § € L' and f € L;,., then
[E"0(/1)) = fI < [10]iM(f)(z), t>0,2€R"
We need the following lemma, which is a discrete convolution inequality.

Lemma 2.1.2 Let 0 < a <1 and 0 < g < 0o. Let {ey},., be a sequence of positive real

numbers and denote

k
6k; = E CLk_jé‘j

j=—00
and
o
T]k‘ = Za’jiké\j, k 6 Z
j=k

Then there exists constant ¢ > 0 only depending on a and q such that

0 1/q 0o 1/q o 1/q
(£9) +(Z9) =(£4)
k=—o00 k=—00 k=—00

Lemma 2.1.3 Letr, R, N, letm > n, and let 0,w € S(R™) with suppFw C B(0,1). Then
there ezists C'= C(r,m,n) > 0 such that for all g € S'(R"), we have

N m
o son 9ol < Cmax (1, () ) G s bow s P @), € R

where Or(.) = R"0(R.),wn(.) = N"w(N.) and ny,(.) = N"(1+ N|.[)7™,

The proof is geven in [3].

Remark 2.1.4 For any a > 0, f € S'(R") and x € R" we denote Peetre maximal

function,

o ‘Akf(y”
A f(x) = su .
e ) = S R e

11



2.2 Main result

We present a fundamental characterization of the obove spaces, which plays an essential
role in the characterization of Herz-Besov spaces in terms of ball means of differences, see

17].

Théoréme 2.2.1 Let s € R,0 < p,qg < 00,0 < f < o00,a>—n/q. Let a >n/q. Then

o0 1/p
j arnB
Hf”;'(g’PBg - (Z; 270 HAZ“fHK;,p) )
j:

is an equivalent quasi-norm in K;*P Bj.

Proof
We divide the proof in two steps.
Stepl. Tt is easy to see that for any f € S'(R") with HfH}(g,pBg < oo and any z € R™ we

have

o * f(@)] < 9" f(z), k€ No.
Step2. We will prove in this step that there is a constant C' > 0 such that for every
f € KB,

||f||;'(3vPBg <C ||f||1'<§“PBg : (2.1)

We choose ¢ > 0 such that a > ? > . By lemma 2.1.3 the estimates

0 * F(W)] < Co (Mg * s = f1'()") (2.2)

are true for any y € R", k € Ny and any m > 0.
Now divide both sides of (2.2) by (1 + 2*|z — y|)?, in the right-hand side we use the

inequality

A+2"r—yh) ™" < (@A+2% |z —2) "1+ 2y —2))*, 2,9,z €R",

12



In the left-hand side take the supremum over y € R™ and get for all f € K o TF3, any

xr € R" any v € Ny and any m > at

(@i F(2)" < Catoar * ln * f1'(2) < (Milgy * f)(2))"

where Cy > 0 is independent of x, k and f.
An application of lemma 2.1.1 gives that the left hand side of (2.1) is bounded by

o 1/p
(Z 20 | My (g, * f>||§g,p>
k=0

o0 1/s
< (z o ||¢k*f||gg,p)
k=0

S Hf”kg“*PBg :

This finishes the proof . H

Definition 2.2.2 Let f be an arbitrary function on R™ and x,h € R™. Then
Apf(z) = flx+h)— f(z), AYTf(z)=A(AY f)(z), MeN.

These are well-known differences of functions which play an important role in the theory

of function spaces. Using mathematical induction one can show the explicit formula

M

AY f(x) = (=1 CM f(z + (M — j)h),

J=0

where C’jM are binomial coefficients. By ball means of differences we mean the quantity

i =t [

|h|<t

AM f(x)|dh = / |AY f(2)[dh,

where B = {y € R™ : |h| < 1} is the unit ball of R",¢ > 0 is a real number and M is a
natural number.

The following theorem play a central role in our work.

13



Théoréme 2.2.3 Let1<p,q<ool<6<oo——<oz<n(
M € N\ {0}. Assume that
0<s <M.

Then

x b dt ?
gy = Uiz + ([0 N g )

is an equivalent norm in KV Bj.

Proof. We split it into three steps.
Step 1. Let f € K;”’Bg. since s > 0, we see that

o0
||f||kgm < Z ||Ajf||f<g#’ < C||f||f<§’pBg :

j=0

1 dt 1/8
H = (/0 458 defuf.{g,p 7) .

After a change of variable t = 279 we get

Step 2. We put

o 1/8
= o2 ([0 i)

Then

1/8
mee(Se i)

) f e K‘“’Bﬁ and

Let {¢;}; be a smooth dyadic resolution of unity. Obviously we need to estimate

3 el

k

and

o 5 !}

Jj=k+1

14

(2.3)

(2.4)



in /°-norm. Using the same arguments of [7] we get
AN A ()] < 2U7PMAL" f(2),

If0<j<kxeR"and |h| <27% with ¢ > 0 independent of j, k, h and x, which yields
that
|dy" (A ) ()] < 2V7OMAL f(x),

If0<j<kkeNyand x € R" Since s < M, (2.3) in £P-norm does not exceed

(Z vl A*afHKap> S I lkgvss s

§=0

by Theorem 2.2.1. Let j > k. Recalling the definition of dQA{k(Aj f) and observe that
[ s+ (M = 2 ) < M, ) (o)
If j,k € Ng,i € {0,... M}, |h| <27% and 2 € R™. Therefore,
21 (N ) (@) < eM(A; f) (),

for any j > k and = € R". Hence

2hs Z 1d55 (A5 )| o < €2 Z M) oo -

j=k+1 j=k+1

Using Lemma 2.1.2, we obtain that (2.4) in /’-norm can be estimated from obove by

%
(Z 2P (| M(A f)IIKap) S A kg s »

7=0

where we used Lemma 2.1.1.

Step 3. Let ¥ be a function in S(R") satisfying ¥(z) = 1 for |z| < 1 and ¥(z) = 0 for
|z| > 2, in addition radialsymmetric. We make use of an observation made by Nikol’skij

[10] (see also [11]). We put

() = M“Z 1)ICM U (x(M —i)).



The function v satisfies 1 (z) = 1 for || < 1/M and ¢(x) = 0 for |z| > 2. Then, taking

©o(x) = h(x), 01 (x) = Y(x/2) — ¥ (x) and p;(z) = ¢, (277H'x) for j = 2,3,..., we obtain
that {,} is a smooth dyadic resolution of unity. This yields that

1/8
(anf N *fuw)

7=0

is a norm equivalent in K o ' Bj. Let us prove that the last expression is bounded by

C g
obviously from (1.1)
17" 00 * fllggr S N llgr S Mfcgor s
Moreover, it holds for x € R” and j = 1,2, ...
F g, fa) = (1M [ AN p@) Ty,
with W(.) = F10(.) — 27" F10(./2). Now, for j € N we write
[ @Iy = [ Iy
w1 @Iy
ly[>1

obviously we need only to estimate the second term. We have

[ st @iy < z [ s

< 3 g / A ()|, (25
k=0 C

K
where C; = {z € R" : 2! < |z| < 21*1} i € Ny and N > 0 is our disposal, and we have

used the properties of the function \If,

9] < e(t+ 1y

16



for any y € R™ and any N > n. Now the right-hand side of (2.5) in E%(K 2oP) -norm is
bounded by

00 o0 1/8
) 2 <Z2‘<S+”W<wj,k>ﬁ) , (2.6)
k=0 Jj=0

where
o= | [ IAMFOlR] ke
Cr_j Kg,p
The sum(2.6) can be rewritten as
ey 2 <Z~--+ S )
k=0 =0 j=k+2
00 k+1 1/8 0o 1/B
< o (Z) +<z )
k=0 =0 j=k+2
=c> 27VE(SE+ 8D).
k=0
Clearly
k1
(S1)° < 2" Mo D297 < 2T fs
=0

where ¢ > 0 is independent of k. Now let us estimate S?. We obtain

/ A f|dh
|h|<2—v

5 2(n+s)kﬁ Z 23@6 ||d]\/£v (f)Hﬁ

op
K

B

(Sg)ﬁ 5 2(n+s)k6 Z 2(s+n)v6
v=1 Kf;"p

v=1

1
200 [ (1) -
0 q

Taking N large enough such that N > s+ n, we estimate the right-hand side of (2.5) in
Eg(Kg"p) -norm by
clf e v -

B

This finishes the proof. W

17



Chapitre 3

Characterization by differences

In this chapter we obtain the charcterization of the above spaces by differences.

3.1 Key Lemmas

To prove our result, we need this technical lemmas. The following lemma is the K 0 -

version of the Plancherel-Polya-Nikolskij inequality.

Lemma 3.1.1 Let aj,ay € R and 0 < s,7,q,7 < oo. We suppose that oy + 2 > 0,0 <
q < s < oo and ag > ay. Then there exist a positive constant ¢ > 0 independent of R

such that for all f € Kg*? NS'(R") with suppF f C {¢: [§] < R}, we have

‘ ’

. nomg. o b
Hf’K?M” < ¢Ra st f’ngQ,

where

5 r, if g =y,

T, if ag>ay.

For the proof see [2].

Lemma 3.1.2 Leta € R,h e R",0 < p,q < oo anda > —%. Then there exists a constant
¢ > 0 independent of R and h such that for all g € K, qNS'(R™) with suppFg C B(0,R),

18



we have

)

Hg(. +h) | Koo

<cdg ) K

where

—le ,
(7))« if a#o,
1+logRlh|, if a=0,

A=

IfRZ%>O and

otherwise.

Proof. We will present the proof in two cases.
2

Assume that —% < a < 0. We have

00
o€+ Mlzea = D2 2o+ Pl
k=—00
D DETTFUE SRR
2k 10 1M <ok <2|n| 2k >2|h|
— [1+[2+[3.

Estimation of I,. We write

L= =Y+ ¥

h kel
2k<L2\ 2kh< &

Using Lemma 3.1.1 to estimate the first sum by

Nollige 3 @RES gl g

koLl
2<R

19



because of % + a > 0. The second sum clearly is bounded by

Yo 2oxgmlls S lollies Do 2RI

p2k<lyl p2b<lyl
1 \“ o
= ol (q) T e
1 <ok 1l
R— 2
1 (0%
< () Nl

where C(|h]) = {x : @ < |z| < %} with a # 0. Clearly

> lloxggnlly < llgllo (1 +log RlA|).

[h]

1 k1R
rI2V<G

Estimation of I,. We have

LS Y 2*lgxseamll-
1M <ok <2|n|

We have

—iaq’ 1d
loxsoamll, = 3 loxill, < lolliga (35 277)

1€Z,2'<3|h| 1€Z,21<3|h]|
—Q
S 1ol g

butif—%<oz<0and1§q§oo.1f—%<a<0and0<q<1,then

loxsoamlly, < D lloxilly < 1217 lgll o
i€2,20<3|h)|
Now if a = 0, we obtain

I S > osesmlly S llollfes > 1

kez, Bl <2k <o|n| kez, <ok <of|

< ol

Estimation of I3. Clearly

L ) 2oxe,l; < llolligs

k=—o00

20



where Cy, = {z : 2V < |z| < 2M1})

Now assume a > 0. First let 1 < p,q < oo. We have

lg(x +h)| Sy *lgl(z+h)
By duality
o+ Bl gz < 50 [+ ol + W)t
where the supremum is taking over all functions w € K » 7 with
looll g = 1.
p

where p’ and ¢’ are the conjugate exponent of p and ¢ respectively. we have

|y lolte + Wlgtallde = [ lol(h = )l £)ldy

S ||gHK§“q(R")

NR.N* |w|(h - ')HK_,""I/(]Rn)
p
by Holder’s inequality. From Step 1, because of —a < 0, we easely get
= ol = Ml S Al oll o S Al

e R < 2. We have

[h]*
oG+ m)[oa = D 2%+ h)xilly
k=—o00
— Z R Z .
2k< ¥ 2k>%
= I + .
We have
L < ellgll googany D @RS gl o
2k<®
because of % + a > 0. Observe that
¥ < |z + h| < 3|z

21



if 28 > %. The second sum clearly is bounded by
S 2 a5 1o
ks 8

where Cj, = {z : 3262 < |z| < 32"},

3.2 Main result

We have the following results :

Théoréme 3.2.1 Let 1 < p,q < 00,1 < 3 < 00, =2 < a < n(l — 1_13)’f € I'(;WBE and
M € N\ {0}. Assume that

la] <s < M.

Then

1 Y 1/
HfH}(;"‘IBg - HfHKg"I + (/0 £ |S"l1|1<P HAMf‘ Ko —>

is an equivalent norm in K} Bj.

Proof. We split it into three steps.
Step 1. Let f € K]‘j"qBE. Since s > 0, we see that

1 lkge < 2 Mos # Fllgga < el fll gy
j=0

Step 2. We put
dt

H = / o s A1 Al G

Obviously

H< szsﬁ sup || A F 7

|h|<2—k

22



Let ¥,1, € S(R™) be two functions such that Fi» = 1 and Fi, = 1 on suppy,; and
supp¥ respectively. Using the mean value theorem we obtain for any x € R", j € Ny and

|h| < 27*

A5 (5 % F)(@)] = [A4(; % @ % ) ()]
<27k sup Z |Dﬁ¢j*90j*f(y)|a

IS gy
with some positive constant ¢, independent of j and k, and t;(.) = 207D (2071) for

7 =1,2,... by induction on M, We show that

AN (0% @) <27 sup Y DMk f(y)].

— —k
e

We see that if || = M and a > 0

!D%j * ok fw)l = U= 1n Dﬁqﬂ@(]’il)(y —2)) * Pj* f(z)dz

Rn

< 9U-D(ntM) |(DPy) (20D (y — 2))le; * f(2)|dz.
Rn

The right hand side may be estimated as follows :

PG fy) [ (D)@ — )1+ Py - 2])d

]Rn
< 2N f(y).

Then we obtain for any x € R", |h| < 27% and any 0 < j < k

AN (0% f)(@)| < 29PMsup o2 f(y)

lo—y|<c2*

< QURM(] 4 9i7k)e  qup i /)
|z—y|<c2—F (1 + 2J|$ - y|)a

< QUM o f (),
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Recalling the definition of A} (¢, * f),

M

AN (0% @) < D Cnllps * fla+ (M —m)h)].

m=0

We obtain for any j > k and any |h| < 27*

||A£/I(SDJ * f)HK;‘»q 5 A(]? k) H(‘Oj * f”f{g’q ’

Where
2U=k)lel i f o #£0,

i—k  if a=0.

A(j, k) =

Take the /’-norm and we obtain the desired estimate.
Step 3. Let U be a function in S(R") satisfying ¥(z) = 1 for |z| < 1 and ¥(z) = 0 for
|x| > %, in addition radialsymmetric. We make use of an observation made by Nikol’skij

[10] (see also [11]). We put

Y (z) == ( M“Z ) CME (2 (M —1)).

The function v satisfies ¢ () = 1 for || < 1/M and ¢ (z) = 0 for || > 3/2. Then,

taking ¢, (z) = ¥ () , ¢, (z) = 1 (¢/2) = ¥ (z) and @, (x) = @, (27+17) for j = 2,3, ..,
we obtain that {goj} is a smooth dyadic resolution of unity. This yields that

< 1/8
(E 2| F *fo-(;,q)
=0

is a quasi-norm equivalent in Kg’qu. Let us prove that the last expression is bounded by

Q‘ZBS‘

Obviously from (1.1)

177 00 x Flliga S W llipe S 1 gy
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Moreover, it holds for x € R™ and j = 1,2, ...
T f @)= (=DM OAYL F ()W (y)dy,
Rn
with W (-) = F1W (-) — 27" F 10 (-/2). Now, for j € N we write

AY, F () ||F (y) |dy = /

lyl<1

AM, F (@) [T () |dy + / AM F (@) [T () |dy.

R ly[>1

Obviously we need only to estimate the second term. We have
[T @I < 3 [ 1A @1 )
y|>

nj—Nk |A24f ()|
< ckZZOQ / —(1+2j’h’)th, (3.1)

Ck_j
where C; = {z € R": 2! < |z| < 21}, i € Ny and N > 0 is at our disposal, and we have

used the properties of the function \TJ,

W (y) | < oL+ [y

for any y € R™ and any N, L > n. Now the right-hand side of (3.1) in ég(Kl‘f"q)—norm is
bounded by

o0 B o0 . n 1/5
¢y 2 Nk(ZQ My, ) ) , (3.2)
k=0 j=0

M
_H/ AV () dh‘ |
i, (L+27[h])* o

ZD

where

) jvkeN()?

which can be estimated by

(M —m)h
M
Lo
C H/n 1+2ﬂ|h|)

S 27 fll g + I # Fllegna)

25| gz

a,q
Kp’

AN
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where we have used (1.1) and L large enough. The sum (3.2) can be rewritten as

k+1

c22 (e >
j=k+2
< czg N'“((% ..)”ﬂ(f )
j=0 j=k+2
— ci2N’“(S,;+S,§).
k=0
Clearly .
+1

(S]i)'g <c HfHKqu Z2Sj <c 2SkaHK§’q’
=0

where ¢ > 0 is independent of k. Now let us estimate S7. We obtain

(Sz)ﬁ < n+s kﬁzzsvﬁ sup HAM‘f”ﬁaq

Y
|h|<2-v

! 8 1/q
5 2(n+s)kﬂ</ —sf Sup ||AMfH 2 ) ‘
0

|h|<t

Taking N large enough such that N > s+ n, we estimate the right-hand side of (3.1) in

ﬁg(Kg’q)—norm by
C”f”K;”qBE'

This finishes the proof.
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