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Notation
We will use the following notations throughtout the work :

� Rn is the n-dimensional real Euclidian space.

� N0 = N [ f0g is the collection of all natural numbers.

� Z is the collection of all integer numbers.

� C is the collection of all complex numbers.

� R is the collection of all real numbers.

� If E � Rn is a mesurable set, then jEj stands the (Lebesgue)measure of jEj.

� For x 2 Rn and r > 0 we denote by B(x; r) the open ball in Rn with center x and radius

r.

� B(x; r) is the closure of the open ball B(x; r)

� For any u > 0; k 2 Z we set C(u) = fx 2 Rn : u=2 < jxj � ug and Ck = C(2k).

� � = (�1 � � ��n) 2 Nn0 stands for some multi-index, whose lenght is denoted by j�j =

�1 + � � �+ �n and

@� =
@j�j

@�1x1 � � � @�nxn
:

� The Euclidean scalar product of x = (x1; : : : ; xn) and y = (y1; : : : ; yn) is given by

x:y = x1y1 + : : :+ xnyn:

� The expression f . g means that f < cg for some independent constant c (and non-

negative functions f and g).

� f t g means f . g . f .

� The notation X ,! Y stands for continuous embeddings from X to Y , where X and Y

are quasi-normed spaces.

� f � g =
Z
Rn
f(x� y)g(y)dy is the convolution of functions f and g.

� L1loc(Rn) is the collection of all localy integrable functions on Rn.

� Lp(Rn) for 0 < p � 1 stands for the Lebesgue spaces on Rn normed by (quasi-normed
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for p < 1)

kf j Lp(Rn)k = kfkp =
�Z

Rn
jf(x)jpdx

�1=p
<1; 0 < p <1

and

kf j L1(Rn)k = kfk1 = ess� sup
x2Rn

jf(x)j <1:

� If 1 � p � 1, then p0 is the conjugate exposant of p given by 1
p
+ 1

p0 = 1

� c1; c2; c3; � � � positive constants, their values may depend on certain parameters and

some auxiliary functions, and change from one line to another.

� By suppf we denote the support of function f .

� D(Rn) is the space of functions with continuous derivatives of all orders and compact

support.

� S(Rn) is the Schwartz space of all complex-valued, in�nitely di¤erentiable and rapidly

decreasing functions on Rn. The topology in the complete locally convex space S(Rn) is

generated by the norms

pN(') = sup
x2Rn

(1 + jxj)N
X
j�j�N

jD�'(x)j; N = 1; 2; 3; : : :

� The dual S 0(Rn) is the space of temperate distributions.

� The Fourier transform is defened by

Ff(�) = f̂(�) =

Z
Rn
exp�ix� f(x)dx; � 2 Rn:

and its inverse Fourier transform by :

F�1f(�) = �f(x) = (2�)�n
Z
Rn
expix� f(x)dx; x 2 Rn:

� f is spectrum in B(0; r) and r > 0, suppf̂ � B(0; r).

� By `q; 0 < q � 1, we denote the space of all (complex) sequences equipped with the

quasi-norm

kfakgk2Z j `qk =
 1X
k=�1

jakjq
! 1

q

:
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(with the usual modi�cation if q =1).

� "i.e." stands simply for "in other words".

� "a.e." stands simply for "almost every where".

� �E is the characteristic function of E � Rn.

� �k, for k 2 Z, denote the characteristic function of the set Ck:

� �v;m = 2nv(1 + 2vjxj)�m, for any x 2 Rn; v 2 N0 and m > 0.
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Introduction

Function spaces have been a central topic in modern analysis, and are now of increasing

applications in many �elds of mathematics especially harmonic analysis and partial di¤e-

rential equations. The most known general scales of function spaces are the scales of Besov

spaces and Triebel-Lizorkin spaces and it is known that they cover many well-known clas-

sical function spaces such as Hölder-Zygmund spaces, Hardy spaces and Sobolev spaces.

For more details one can refer to Triebel�s books [7], [8] and [9].

It is well known that Herz spaces play an important role in Harmonic Analysis. After

they have been introduced in [4], the theory of these spaces had a remarkable development

in part due to its usefulness in applications.

The purpose of this thesis is to present some properties of Herz-type Besov spaces

_K�;p
q Bs

�. These function spaces introduced earlier in the papers of J. Xu and D. Yang [13]

, [14] and [15].

The thesis is organised as follows. In Chapter 1 we �x some notations and recall some

basics facts on function spaces. In Chapter 2, several basic properties of Herz-type Besov

spaces such as the characterization by ball means of di¤erences. In Chapter 3 we present

the theorem of an equivalent norm in Herz-Besov spaces based on di¤erences.
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Chapitre 1

Function spaces

We present the Fourier analytical de�nitions of Herz-type Besov spaces _K�;p
q Bs

� and

recall their basic properties.

1.1 De�nitions and basic properties

De�nition 1.1.1 Let � 2 R, 0 < p; q � 1. The homogeneous Herz space _K�;p
q is de�ned

by

_K�;p
q := ff 2 Lqloc(Rnnf0g) : kfk _K�;p

q
<1g;

where

kfk _K�;p
q
=

 1X
k=�1

2k�p kf�kk
p
q

! 1
p

<1;

with the usual modi�cations made :

(i) If p =1, then

kfk _K�;1
q

= sup
k2Z

2k� kf�kkq ;

(ii) If p = q =1, then

kfk _K�;1
1

= sup
k2Z

2k� kf�kk1 :
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Remark 1.1.2 (i) The spaces _K�;p
q are quasi-Banach spaces and if min (p; q) � 1; then

_K�;p
q are Banach spaces.

(ii) If � = 0 and 0 < p = q � 1; then _K0;p
p coincides with the Lebesgue spaces Lp (Rn) :

(iii) If 0 < p1 � p2 � 1; then we may derive the embedding

_K�;p1
q ,! _K�;p2

q :

(iii) Let 0 < p; q � 1; r > 0; � > �n
q
; j 2 N0 and m > n large enough. From [2] there

exists c > 0 such that for all f 2 _K�;p
q we have



(�j;m � jf jq)1=q

 _K�;p
q
� c kfk _K�;p

q
; (1.1)

where c > 0 is independent of j 2 N0:

De�nition 1.1.3 Let  be a function in S (Rn) such that

 (x) =

8<: 1 if jxj � 1;

0 if jxj � 3
2
:

we put '0(x) =  (x); '1(x) =  (
x

2
)�  (x) and

'j(x) = '1(2
�j+1x) for j = 2; 3; : : :

Then we have

� supp'j � fx 2 Rn : 2j�1 � jxj � 3:2j�1g;

� 'j(x) = 1 for f3:2j�2 � jxj � 2jg

�  (x) +
1P
j=0

'j(x) = 1 for all x 2 Rn:

� The system of functions
�
'j
	
j2N0

is called a smooth dyadic resolution of unity.

� We de�ne the convolution operators �j and Qk by the following :

�jf = F�1('(2�j:)Ff); j 2 N;

Qkf = F�1( (2�k:)Ff); k 2 N0;
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and we set Q0 = �0

� The Littlewood-Paley decomposition

f =
1X
j=0

�jf:

for all f 2 S 0(Rn) (convergence in S 0(Rn)).

De�nition 1.1.4 Let �; s 2 R and 0 < p; q; � � 1: The Herz-type Besov space _K�;p
q Bs

�

is the collection of all f 2 S 0(Rn) such that

� If � <1, then

kfk _K�;p
q Bs�

=

 1X
j=0

2js� k�jfk�_K�;p
q

!1=�
<1;

� If � =1, then

kfk _K�;p
q Bs1

= sup
j2N0

2js k�jfk _K�;p
q
:

Théorème 1.1.5 let s 2 R; 0 < p; q; � � 1 and � > �n
q
:

(i) the spaces _K�;p
q Bs

� are independent of the particular choice of the smooth dyadic re-

solution of unity
�
'j
	
j2N0

appearing in their de�nitions (in the sens of equivalent quasi-

norms)

(ii) Both _K�;p
q Bs

� are quasi-Banach spaces and if p; q; � > 1; then _K�;p
q Bs

� are Banach

spaces.

De�nition 1.1.6 Let s 2 R and 0 < p; � � 1 . The Besov space Bs
p;� is the collection

of all f 2 S 0(Rn) such that

kfkBsp;� =
 1X
j=0

2js� k�jfk�p

!1=�
<1;
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Remark 1.1.7 (i) With p = q = 1; s > 0; one recovers Hölder-Zygmund spaces Cs =

Bs
1;1

(ii) For s 2 R; 0 < p <1 and 0 < � � 1:

_K0;p
p Bs

� = Bs
p;�:

1.2 Embeddings

Théorème 1.2.1 Let s 2 R; 0 < p; q � 1 and � > �n
q
:

(i) If 0 < �1 � �2 � 1; then

_K�;p
q Bs

�1
,! _K�;p

q Bs
�2

(ii) If 0 < �1; �2 � 1; and � > 0; then

_K�;p
q Bs+�

�1
,! _K�;p

q Bs
�2

(iii) If 0 < p1 � p2 � 1; then

_K�;p1
q Bs

� ,! _K�;p2
q Bs

�:

Théorème 1.2.2 (i) Let s 2 R; 0 < p; q; � � 1; and � > �n=q: The Herz-type Besov

space _K�;p
q Bs

� is a quasi-Banach space. Furthermore,

S(Rn) ,! _K�;p
q Bs

� ,! S 0(Rn):

(ii) If s 2 R; 0 < p; q; � <1; and � > �n=q; then S(Rn) is dense in _K�;p
q Bs

�:

Théorème 1.2.3 Let � > 0; 0 < s; p; q � 1 and 0 < � � 1:

Let us de�ne

�q = n

�
1

min(1; q)
� 1
�
and q = max(1; q)

(i) If s > �q + �; then

_K�;p
q Bs

� ,! Lq(Rn):
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(ii) Let 0 < p; q <1 and 0 < � < n=p�n=q: If s > n=q�n+� and 0 < q � 1 or s > �

and 1 < q <1; then

_K�;p
q F s� ,! Lq(Rn):

Let Cu be the space of all bounded uniformly continuous functions on Rn equipped with

the sup norm. Concerning embeddings into Cu; we have the following result.

Théorème 1.2.4 Let � � 0 and 0 < p; q � 1: Then

_K�;�
q B

�+n=q
1 ,! Cu:

where

� =

8<: 1 if � = 0

p if � > 0:

The proof of these results are given in [2].
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Chapitre 2

Characterization in terms of ball

means of di¤erences

In this chapter we present a equivalent norm of Herz-type Besov spaces in terms of ball

means of di¤erences.

2.1 Necessary tools

Various important results have been proved in the space _K�;p
q (Rn) under some

The proof of some basic tools is based on the following result, see Tang and Yang

[6].assumptions on �; p and q. The conditions �n
q
< � < n(1 � 1

q
), 1 < q < 1 and

0 < p � 1 is crucial in the study of boundness of classical operators in _K�;p
q (Rn) spaces.

This fact was �rst realised by Li and Yang [5] with the proof of the boundedness of the

maximal function ;

M(f)(x) := sup
r>0

1

jB(x; r)j

Z
B(x;r)

jf(y)jdy; L1loc:

Lemma 2.1.1 Let1 < q <1 and 0 < p <1: If f is a locally integrable function on Rn

and �n
q
< � < n(1� 1

q
), then

kfk _K�;p
q
� c kfk _K�;p

q
:
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Notice that if � 2 L1 and f 2 L1loc, then

j(t�n�(:=t)) � f j � k�k1M(f)(x); t > 0; x 2 Rn:

We need the following lemma, which is a discrete convolution inequality.

Lemma 2.1.2 Let 0 < a < 1 and 0 < q � 1: Let f"kgk2Z be a sequence of positive real

numbers and denote

�k =

kX
j=�1

ak�j"j

and

�k =

1X
j=k

aj�k"j; k 2 Z:

Then there exists constant c > 0 only depending on a and q such that 1X
k=�1

�qk

!1=q
+

 1X
k=�1

�qk

!1=q
� c

 1X
k=�1

"qk

!1=q
:

Lemma 2.1.3 Let r; R;N; let m > n; and let �; ! 2 S(Rn) with suppF! � B(0; 1): Then

there exists C = C(r;m; n) > 0 such that for all g 2 S 0(Rn); we have

j�R � !N � g(x)j � Cmax

�
1;

�
N

R

�m�
(�N;m � j!N � gjr(x))1=r; x 2 Rn;

where �R(:) = Rn�(R:); !N(:) = Nn!(N:) and �N;m(:) = Nn(1 +N j:j)�m;

The proof is geven in [3].

Remark 2.1.4 For any a > 0; f 2 S 0(Rn) and x 2 Rn we denote Peetre maximal

function,

��;ak f(x) = sup
y2Rn

j�kf(y)j
(1 + 2k jx� yj)a :
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2.2 Main result

We present a fundamental characterization of the obove spaces, which plays an essential

role in the characterization of Herz-Besov spaces in terms of ball means of di¤erences, see

[17].

Théorème 2.2.1 Let s 2 R; 0 < p; q � 1; 0 < � � 1; � > �n=q: Let a > n=q: Then

kfk?_K�;p
q Bs�

=

 1X
j=0

2js� k��;ak fk�_K�;p
q

!1=�
;

is an equivalent quasi-norm in _K�;p
q Bs

�:

Proof

We divide the proof in two steps.

Step1. It is easy to see that for any f 2 S 0(Rn) with kfk?_K�;p
q Bs�

<1 and any x 2 Rn we

have

j'k � f(x)j � '�;ak f(x); k 2 N0:

Step2. We will prove in this step that there is a constant C > 0 such that for every

f 2 _K�;p
q Bs

�:

kfk?_K�;p
q Bs�

� C kfk _K�;p
q Bs�

: (2.1)

We choose t > 0 such that a >
n

t
>
n

p
: By lemma 2.1.3 the estimates

j'k � f(y)j � C2
�
�k;m � j'k � f jt(y))1=t

�
(2.2)

are true for any y 2 Rn; k 2 N0 and any m > 0:

Now divide both sides of (2.2) by (1 + 2k jx� yj)a; in the right-hand side we use the

inequality

(1 + 2k jx� yj)�a � (1 + 2k jx� zj)�a(1 + 2k jy � zj)a; x; y; z 2 Rn;

12



In the left-hand side take the supremum over y 2 Rn and get for all f 2 _K�;p
q F s� ; any

x 2 Rn any v 2 N0 and any m > at

('�;ak f(x))
t � C2�k;at � j'k � f jt(x) � (Mt('k � f)(x))

t ;

where C2 > 0 is independent of x; k and f .

An application of lemma 2.1.1 gives that the left hand side of (2.1) is bounded by 1X
k=0

2ks� kMt('k � f)k
�
_K�;p
q

!1=�

.
 1X
k=0

2ks� k'k � fk
�
_K�;p
q

!1=�
. kfk _K�;p

q Bs�
:

This �nishes the proof .

De�nition 2.2.2 Let f be an arbitrary function on Rn and x; h 2 Rn. Then

�hf(x) = f(x+ h)� f(x); �M+1
h f(x) = �h(�

M
h f)(x); M 2 N:

These are well-known di¤erences of functions which play an important role in the theory

of function spaces. Using mathematical induction one can show the explicit formula

�M
h f(x) =

MX
j=0

(�1)jCMj f(x+ (M � j)h);

where CMj are binomial coe¢ cients. By ball means of di¤erences we mean the quantity

dMt f(x) = t�n
Z
jhj�t

j�M
h f(x)jdh =

Z
B

j�M
thf(x)jdh;

where B = fy 2 Rn : jhj � 1g is the unit ball of Rn; t > 0 is a real number and M is a

natural number.

The following theorem play a central role in our work.

13



Théorème 2.2.3 Let 1 < p; q < 1; 1 � � � 1;�n
q
< � < n(1 � 1

q
); f 2 _K�;p

q Bs
� and

M 2 N n f0g: Assume that

0 < s < M:

Then

kfk?_K�;p
q Bs�

= kfk _K�;p
q
+

�Z 1

0

t�s�


dMt f

�_K�;p

q

dt

t

� 1
�

:

is an equivalent norm in _K�;p
q Bs

�:

Proof. We split it into three steps.

Step 1. Let f 2 _K�;p
q Bs

�: since s > 0; we see that

kfk _K�;p
q
�

1X
j=0

k�jfk _K�;p
q
� c kfk _K�;p

q Bs�
:

Step 2. We put

H =

�Z 1

0

t�s�


dMt f

�_K�;p

q

dt

t

�1=�
:

After a change of variable t = 2�y; we get

H = (log 2)1=�
�Z +1

1

2ys�


dM2�yf

�_K�;p

q
dy

�1=�
:

Then

H � c

 1X
k=0

2ks�


dM2�kf

�_K�;p

q

!1=�
:

Let f'jgj be a smooth dyadic resolution of unity. Obviously we need to estimate(
2ks

kX
j=0



dM2�k(�jf)

 _K�;p
q

)
k

(2.3)

and (
2ks

1X
j=k+1



dM2�k(�jf)

 _K�;p
q

)
k

; (2.4)
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in `�-norm. Using the same arguments of [7] we get

j�M
h �jf(x)j � c2(j�k)M��;ak f(x);

If 0 � j � k; x 2 Rn and jhj � 2�k; with c > 0 independent of j; k; h and x, which yields

that

jdM2�k(�jf)(x)j � c2(j�k)M��;ak f(x);

If 0 � j � k; k 2 N0 and x 2 Rn: Since s < M , (2.3) in `�-norm does not exceed 1X
j=0

2js�


��;aj f



�
_K�;p
q

! 1
�

. kfk _K�;p
q Bs�

;

by Theorem 2.2.1. Let j > k. Recalling the de�nition of dM
2�k(�jf) and observe thatZ

B

j�jf(x+ (M � i)2�kh)jdh � cM(�jf)(x);

If j; k 2 N0; i 2 f0; : : :Mg; jhj � 2�k and x 2 Rn. Therefore,

dM2�k(�jf)(x) � cM(�jf)(x);

for any j > k and x 2 Rn. Hence

2ks
1X

j=k+1



dM2�k(�jf)

 _K�;p
q
� c2ks

1X
j=k+1

kM(�jf)k _K�;p
q
:

Using Lemma 2.1.2, we obtain that (2.4) in `�-norm can be estimated from obove by 1X
j=0

2js� kM(�jf)k�_K�;p
q

! 1
�

. kfk _K�;p
q Bs�

;

where we used Lemma 2.1.1.

Step 3. Let 	 be a function in S(Rn) satisfying 	(x) = 1 for jxj � 1 and 	(x) = 0 for

jxj > 3
2
; in addition radialsymmetric. We make use of an observation made by Nikol�skij

[10] (see also [11]). We put

 (x) := (�1)M+1

M�1X
i=0

(�1)iCMi 	(x(M � i)):
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The function  satis�es  (x) = 1 for jxj � 1=M and  (x) = 0 for jxj > 3
2
: Then, taking

'0(x) =  (x); '1(x) =  (x=2)�  (x) and 'j(x) = '1(2
�j+1x) for j = 2; 3; : : : ; we obtain

that f'jg is a smooth dyadic resolution of unity. This yields that 1X
j=0

2js�


F�1'j � f



�
_K�;p
q

!1=�

is a norm equivalent in _K�;p
q Bs

�: Let us prove that the last expression is bounded by

C kfk?_K�;p
q Bs�

:

obviously from (1.1)

kF�1'0 � fk _K�;p
q
. kfk _K�;p

q
. kfk?_K�;p

q Bs�
:

Moreover, it holds for x 2 Rn and j = 1; 2; : : :

F�1'j � f(x) := (�1)M+1

Z
Rn
�M
2�jyf(x)

e	(y)dy;
with e	(:) = F�1e	(:)� 2�nF�1e	(:=2): Now, for j 2 N we writeZ

Rn
j�M

2�jyf(x)jje	(y)jdy =

Z
jyj�1

j�M
2�jyf(x)jje	(y)jdy

+

Z
jyj>1

j�M
2�jyf(x)jje	(y)jdy:

obviously we need only to estimate the second term. We haveZ
jyj>1

j�M
2�jyf(x)jje	(y)jdy �

1X
k=0

Z
Ck

j�M
2�jyf(x)jje	(y)jdy

� c
1X
k=0

2nj�Nk
Z
Ck�j

j�M
h f(x)jdh; (2.5)

where Ci = fx 2 Rn : 2i < jxj � 2i+1g; i 2 N0 and N > 0 is our disposal, and we have

used the properties of the function e	,
je	j � c(1 + jyj)�N
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for any y 2 Rn and any N > n. Now the right-hand side of (2.5) in `s�( _K
�;p
q ) -norm is

bounded by

c
1X
k=0

2�Nk

 1X
j=0

2�(s+n)j�(!j;k)
�

!1=�
; (2.6)

where

!j;k =







Z
Ck�j

j�M
h f(:)jdh







_K�;p
q

; j; k 2 N0:

The sum(2.6) can be rewritten as

c
1X
k=0

2�Nk

 
k+1X
j=0

: : :+

1X
j=k+2

: : :

!1=�

�c
1X
k=0

2�Nk

0@ k+1X
j=0

: : :

!1=�
+

 1X
j=k+2

: : :

!1=�1A
=c

1X
k=0

2�Nk(S1k + S2k):

Clearly

(S1k)
� � c2kn� kM(f)k�_K�;p

q

k+1X
j=0

2sj� � c2(s+n)k� kfk�_K�;p
q
;

where c > 0 is independent of k. Now let us estimate S2k . We obtain

(S2k)
� . 2(n+s)k�

1X
v=1

2(s+n)v�




Z

jhj�2�v
j�M

h f jdh




�
_K�;p
q

. 2(n+s)k�
1X
v=1

2sv�


dM2�v(f)

�_K�;p

q

. 2(n+s)k�
Z 1

0

t�s�


dMt (f)

�_K�;p

q

dt

t
:

Taking N large enough such that N > s + n, we estimate the right-hand side of (2.5) in

`s�(
_K�;p
q ) -norm by

c kfk?_K�;p
q Bs�

:

This �nishes the proof.
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Chapitre 3

Characterization by di¤erences

In this chapter we obtain the charcterization of the above spaces by di¤erences.

3.1 Key Lemmas

To prove our result, we need this technical lemmas. The following lemma is the _K�;p
q -

version of the Plancherel-Polya-Nikolskij inequality.

Lemma 3.1.1 Let �1; �2 2 R and 0 < s; � ; q; r � 1: We suppose that �1 + n
s
> 0; 0 <

q � s � 1 and �2 � �1: Then there exist a positive constant c > 0 independent of R

such that for all f 2 K�2;p
q \ S 0(Rn) with suppFf � f� : j�j � Rg, we have


f j _K�1;r

s




 � cR
n
q
�n
s
+�2��1




f j _K�2;�
q




 ;
where

� =

8<: r; if �2 = �1;

� ; if �2 > �1:

For the proof see [2].

Lemma 3.1.2 Let � 2 R; h 2 Rn; 0 < p; q � 1 and � > �n
p
: Then there exists a constant

c > 0 independent of R and h such that for all g 2 K�
p ; q\S 0(Rn) with suppFg � B(0; R),

18



we have 


g(:+ h) j _K�;q
p




 � cA



g j _K�;q

p




 ;
where

A =

8<:
�

1
Rjhj

��j�j
; if � 6= 0;

1 + logRjhj; if � = 0;

If R � 2
jhj > 0 and

A = 1;

otherwise.

Proof. We will present the proof in two cases.

� R � 2
jhj > 0.

Assume that �n
p
< � � 0. We have



g(�+ h)


q
_K�;q
p

=
1X

k=�1

2k�q


g(�+ h)�k



q
p

=
X
2k<

jhj
2

� � �+
X

jhj
2
�2k<2jhj

� � �+
X
2k�2jhj

� � �:

= I1 + I2 + I3:

Estimation of I1. We write

I1 =
X
2k<

jhj
2

� � � =
X
2k< 1

R

� � �+
X

1
R
�2k< jhj

2

� � �:

Using Lemma 3.1.1 to estimate the �rst sum by

c


g

 _K�;q

p

X
2k< 1

R

(2kR)(
n
p
+�)q .



g

 _K�;q
p
;
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because of n
p
+ � > 0. The second sum clearly is bounded byX
1
R
�2k< jhj

2

2k�q


g�

Ĉ(jhj)



q
p
.



g

q_K�;1
p

X
1
R
�2k< jhj

2

2k�qjhj��q

= c


g

q_K�;1

p

�
1

Rjhj

�� X
1
R
�2k< jhj

2

(2kR)�q

.
�

1

Rjhj

�� 

g

q_K�;1
p

where Ĉ(jhj) = fx : jhj
2
� jxj < 3jhj

2
g with � 6= 0. ClearlyX

1
R
�2k< jhj

2



g�
Ĉ(jhj)



q
p
�


g

q_K0;1

p
(1 + logRjhj):

Estimation of I2. We have

I2 .
X

jhj
2
�2k<2jhj

2k�p


g�B(0;3jhj)

pq :

We have 

g�B(0;3jhj)

p =
X

i2Z;2i<3jhj



g�i

p � 

g

 _K�;q
p

� X
i2Z;2i<3jhj

2�i�q
0
�1=q0

. jhj��


g

 _K�;q

p
;

but if �n
p
< � < 0 and 1 � q � 1. If �n

p
< � < 0 and 0 < q < 1, then

g�B(0;3jhj)

qp � X

i2Z;2i<3jhj



g�i

qp . jhj��

g

 _K�;q
p
:

Now if � = 0, we obtain

I2 .
X

k2Z; jhj
2
�2k<2jhj



g�B(0;3jhj)

qp . 

g

q_K�;q
p

X
k2Z; jhj

2
�2k<2jhj

1

.


g

q_K0;q

p
:

Estimation of I3. Clearly

I2 �
1X

k=�1

2k�q


g� ~Ck

qp � 

g

q_K�;q

p

20



where ~Ck = fx : 2k�1 � jxj < 2k+1g

Now assume � > 0. First let 1 � p; q � 1. We have

jg(x+ h)j . �R;N � jgj(x+ h)

By duality 

g(�+ h)



_K�;q
p
� sup

Z
Rn
�R;N � jgj(x+ h)j!(x)jdx;

where the supremum is taking over all functions ! 2 _K��;q0
p0 with

!

 _K��;q0

p0
� 1;

where p0 and q0 are the conjugate exponent of p and q respectively. we haveZ
Rn
�R;N � jgj(x+ h)jg(x)jdx =

Z
Rn
�R;N � jgj(h� y)jf(y)jdy

�


g

 _K�;q

p (Rn)



�R;N � j!j(h� �)

 _K��;q0
p0 (Rn)

by Hölder�s inequality. From Step 1, because of �� < 0, we easely get

�R;N � j!j(h� �)j

 _K��;q0
p0

. A


�R;N � j!j

 _K��;q0

p0
. A



!

 _K��;p0
q0

:

� R < 2
jhj : We have



g(�+ h)


q
_K�;q
p

=
1X

k=�1

2k�q


g(�+ h)�k



q
p

=
X
2k� 8

R

� � �+
X
2k> 8

R

� � �:

= I1 + I2:

We have

I1 � c


g

 _K�;q

p (Rn)

X
2k� 8

R

(2kR)(
n
p
+�)q .



g

 _K�;q
p
;

because of n
p
+ � > 0. Observe that

3jxj
4
� jx+ hj � 3jxj
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if 2k > 8
R
. The second sum clearly is bounded byX

2k> 8
R

2k�q


f�fCk

qp . 

f

q_K�;q

p
;

where fCk = fx : 32k�2 � jxj < 32kg:
3.2 Main result

We have the following results :

Théorème 3.2.1 Let 1 < p; q < 1; 1 � � � 1;�n
p
< � < n(1 � 1

p
); f 2 _K�;q

p Bs
� and

M 2 N n f0g: Assume that

j�j < s < M:

Then

kfk�_K�;q
p Bs�

= kfk _K�;q
p
+

 Z 1

0

t�s� sup
jhj�t



�M
h f


�
_K�;q
p

dt

t

!1=�
is an equivalent norm in _K�;q

p Bs
�:

Proof. We split it into three steps.

Step 1. Let f 2 _K�;q
p Bs

�. Since s > 0, we see that



f

 _K�;q
p
�

1X
j=0



'j � f

 _K�;q
p
� c


f

 _K�;q

p Bs�
:

Step 2. We put

H =

Z 1

0

t�s� sup
jhj�t



�M
h f


�
_K�;q
p

dt

t
:

Obviously

H .
1X
k=0

2ks� sup
jhj�2�k



�M
h f


�
_K�;q
p
:
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Let  ;  0 2 S(Rn) be two functions such that F = 1 and F 0 = 1 on supp'1 and

supp	 respectively. Using the mean value theorem we obtain for any x 2 Rn; j 2 N0 and

jhj � 2�k

j�1
h('j � f)(x)j = j�1

h( j � 'j � f)(x)j

� 2�k sup
jx�yj�c2�k

X
j�j=1

jD� j � 'j � f(y)j;

with some positive constant c; independent of j and k, and  j(:) = 2(j�1)n (2j�1:) for

j = 1; 2; : : : by induction on M , We show that

j�M
h ('j � f)(x)j � 2�kM sup

jx�yj�c2�k

X
j�j=M

jD� j � 'j � f(y)j:

We see that if j�j =M and a > 0

jD� j � 'j � f(y)j = 2(j�1)n
����Z
Rn
D� (2(j�1)(y � z)) � 'j � f(z)dz

����
� 2(j�1)(n+M)

Z
Rn
j(D� )(2(j�1)(y � z))jj'j � f(z)jdz:

The right hand side may be estimated as follows :

c2j(n+M)'�;aj f(y)

Z
Rn
j(D� )(2j�1(y � z))j(1 + 2jjy � zj)adz

� c2jM'�;aj f(y):

Then we obtain for any x 2 Rn; jhj � 2�k and any 0 � j � k

j�M
h ('j � f)(x)j � c2(j�k)M sup

jx�yj�c2�k
'�;aj f(y)

� c2(j�k)M(1 + 2j�k)a sup
jx�yj�c2�k

'�;aj f(y)

(1 + 2jjx� yj)a

� c2(j�k)M'�;aj f(x):
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Recalling the de�nition of �M
h ('j � f);

j�M
h ('j � f)(x)j �

MX
m=0

CMm j'j � f(x+ (M �m)h)j:

We obtain for any j > k and any jhj � 2�k



�M
h ('j � f)




_K�;q
p
. A(j; k)



'j � f

 _K�;q
p
;

Where

A(j; k) =

8<: 2(j�k)j�j; if � 6= 0;

j � k; if � = 0:

Take the `�-norm and we obtain the desired estimate.

Step 3. Let 	 be a function in S(Rn) satisfying 	(x) = 1 for jxj � 1 and 	(x) = 0 for

jxj � 3
2
, in addition radialsymmetric. We make use of an observation made by Nikol�skij

[10] (see also [11]). We put

 (x) := (�1)M+1
M�1X
i=0

(�1)iCMi 	(x (M � i)) :

The function  satis�es  (x) = 1 for jxj � 1=M and  (x) = 0 for jxj � 3=2. Then,

taking '0 (x) =  (x) ; '1 (x) =  (x=2) �  (x) and 'j (x) = '1 (2
�j+1x) for j = 2; 3; :::,

we obtain that
�
'j
	
is a smooth dyadic resolution of unity. This yields that

� 1X
j=0

2js�


F�1'j � f



�
_K�;q
p

�1=�
is a quasi-norm equivalent in _K�;q

p Bs
�. Let us prove that the last expression is bounded by

C


f

�_K�;q

p Bs�
:

Obviously from (1.1)



F�1'0 � f



_K�;q
p
.


f

 _K�;q

p
.


f

�_K�;q

p Bs�
:
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Moreover, it holds for x 2 Rn and j = 1; 2; :::

F�1'j � f (x) := (�1)
M+1

Z
Rn
�M
2�jyf (x)

e	(y) dy;
with e	(�) = F�1	(�)� 2�nF�1	(�=2). Now, for j 2 N we writeZ

Rn
j�M

2�jyf (x) jje	(y) jdy = Z
jyj�1

j�M
2�jyf (x) jje	(y) jdy + Z

jyj>1
j�M

2�jyf (x) jje	(y) jdy:
Obviously we need only to estimate the second term. We haveZ

jyj>1
j�M

2�jyf (x) jje	(y) jdy �
1X
k=0

Z
Ck

j�M
2�jyf (x) jje	(y) jdy

� c
1X
k=0

2nj�Nk
Z
Ck�j

j�M
h f (x) j

(1 + 2j jhj)Ldh; (3.1)

where Ci = fx 2 Rn : 2i < jxj � 2i+1g, i 2 N0 and N > 0 is at our disposal, and we have

used the properties of the function e	,
je	(y) j � c(1 + jyj)�N�L

for any y 2 Rn and any N;L > n. Now the right-hand side of (3.1) in `s�( _K
�;q
p )-norm is

bounded by

c
1X
k=0

2�Nk
� 1X
j=0

2(s+n)j�(!j;k)
�
�1=�

; (3.2)

where

!j;k =



Z

Ck�j

j�M
h f(�)j

(1 + 2j jhj)Ldh




_K�;q
p

; j; k 2 N0;

which can be estimated by

c

MX
m=0

CMm




Z
Rn

jf(�+ (M �m)h)j
(1 + 2j jhj)L dh





_K�;q
p

. 2�jn(


f

 _K�;q

p
+


�j;L � f

 _K�;q

p
)

. 2�jn


f

 _K�;q

p
;
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where we have used (1.1) and L large enough. The sum (3.2) can be rewritten as

c
1X
k=0

2�Nk
� k+1X
j=0

� � �+
1X

j=k+2

� � �
�1=�

� c

1X
k=0

2�Nk
�� k+1X

j=0

� � �
�1=�

+
� 1X
j=k+2

� � �
�1=��

= c
1X
k=0

2�Nk(S1
k + S2

k):

Clearly

(S1
k)
� � c



f

 _K�;q
p

k+1X
j=0

2sj � c 2sk


f

 _K�;q

p
;

where c > 0 is independent of k. Now let us estimate S2
k. We obtain

(S2
k)
� . 2(n+s)k�

1X
v=1

2sv� sup
jhj�2�v



�M
h f


�
_K�;q
p

. 2(n+s)k�
�Z 1

0

t�s� sup
jhj�t



�M
h f


�
_K�;q
p

dt

t

�1=q
:

Taking N large enough such that N > s + n, we estimate the right-hand side of (3.1) in

`s�(
_K�;q
p )-norm by

c


f

 _K�;q

p Bs�
:

This �nishes the proof.

26



Bibliographie

[1] A. Djeriou, D. Drihem. : On the continuity of pseudo-di¤erential operators on mul-

tiplier spaces associated to Herz-type Triebel-Lizorkin spaces, Mediterr. J. Math.

(2019) 16 : 153. https ://doi.org/10.1007/s00009-019-1418-7.

[2] D. Drihem. : Embeddings properties on Herz-type Besov and Triebel-Lizorkin spaces.

Math. Ineq. Appl. 16(2), 439-460 (2013).

[3] D. Drihem. : Some characterizations of variable Besov-type spaces, Ann. Funct. Anal.

6(4), 255-288 (2015).

[4] C. Herz. : Lipschitz spaces and Bernstein�s theorem on absolutely convergent Fourier

transforms, J. Math. Mech. 18, 283�324 (1968).

[5] X. Li and D. Yang, Boundedness of some sublinear operators on Herz spaces. Illinois.

J. Math. 40 (1996), 484-501.

[6] L. Tang, D. Yang. : Boundedness of vector-valued operatorson weighted Herz spaces.

Approx. Th. Appl. 16, 58-70 (2000).

[7] H. Triebel, Theory of function spaces, (Birkhäuser, Basel, 1983).

[8] H. Triebel, Theory of function spaces II, (Birkhäuser, Basel, 1992).

[9] H. Triebel, Theory of function spaces III, (Birkhäuser, Basel, 2006).

[10] S.M. Nikol�skii . : Approximation of Functions of Several Variables and Imbedding

Theorems. Springer, Berlin (1975).

[11] W. Sickel. : On pointwise multipliers for F sp;q(Rn) in case �p;q < s < n=p. Ann. Mat.

Pura. Appl. 176(1), 209-250 (1999).

27



[12] T. Runst, W. Sickel. : Sobolev Spaces of Fractional Order, Nemytskij Operators, and

Nonlinear Partial Di¤erential Equations. de Gruyter, Berlin (1996).

[13] J. Xu and D. Yang. : Applications of Herz-type Triebel-Lizorkin spaces, Acta. Math.

Sci (Ser. B). 23, 328�338 (2003).

[14] J. Xu and D. Yang. : Herz-type Triebel-Lizorkin spaces, I, Acta Math. Sci (English

Ed.). 21(3), 643�654 (2005).

[15] J. Xu. : Some properties on Herz-type Besov spaces (in chinese), J. Hunan Univ.

(Natural Sci). 30(5), 75�78 (2003).

[16] J. Xu. : Pointwise multipliers of Herz-type Besov spaces and their applications. Appl.

Math. 17(1), 115�121 (2004).

[17] J. Xu. : Equivalent norms of Herz-type Besov and Triebel-Lizorkin spaces, J. Funct.

Spaces Appl.3 , 17�31 (2005).

28


