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Introduction

The theory of operator ideal was introduced by Pietsch in the linear case and is nowadays
well established [30]. In 2016, Achour et al .[4] introduced the notion of Lipschitz operator
ideal in the same spirit of linear operator ideals.

In 2009, Dubai et,all. to the. [14] defined a two-Lipschitz operator between the
Cartesian product of two pointed metric spaces and a Banach space as being the one that
is Lipschitz in each of the coordinates, making a natural allusion to the operators bilinear.
There Séanchez-Pérez, in [36], presented a more suitable definition for the two-Lipschitz
operator at real values (called the bi-form Lipschitz) to which it is directly associated with a
continuous bilinear form. In [22, 21], the authors extended the definition of Sdnchez-Pérez
for two-Lipschitz operators valued in a Banach space will arbitrate and, on occasion,
present some examples and show that these operators are intimately related to continuous

bilinear operators between Banach spaces.

The thesis consists of three chapters. In the preliminaries (Chapter 1) we establish
the notation of the thesis. We introduce basic notions in Banach space theory and we
recall the main definitions and properties of the theory of Bilinear operator and Lipschitz
operator that we will use later. Also, we recall the most important results for the Bilinear
operator ideal, Lipschitz operator ideals. The stated results have their statements duly
referenced, based primarily on [9, 10, 24, 25, 33]

For the construction of the second chapter, the main reference used was the article [22]
and the thesis [21, 16]. We will start the chapter with the definition of the two-Lipschitz
operator and show that the space formed by these operators is Banach with an appropriate
norm and also that each two-Lipschitz operator is uniquely related to a continuous bilinear
map. Following the same steps of the ideals of linear operators (see [30]), multilinear
operators (see [18, 31]) and Lipschitz (see [4]), we will discuss the ideal definition of

two-Lipschitz operators and we will exhibit a method, called the composition method, for
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constructing an ideal of two-Lipschitz operators from an ideal of linear operators. This
new ideal of two-Lipschitz operators is called the ideal of composition of two-Lipschitz
operators and we will see that it inherits some properties from the ideal of linear operators
that generates it.

In the third and final chapter, we will present news two examples of operator ideals
two-Lipschitz, the first is the two-Lipschitz Cohen p-nuclear operators and the second is
the Factorable strongly p-nuclear two-Lipschitz operators in order to apply the technique

of composition methods for this examples.

Univ M’sila 2 2021/2022



Chapter 1

Preliminaries

We will write K for the real field R or the complex field C. For 1 < p < oo, by p* we
denote the conjugate of p, that is 1% + 1% = 1. Along this thesis the letters £, F and G
denote Banach space. Given a Banach space F, B is its closed unit ball and Sgis unit
sphere of E. By L (E, F) we denote the Banach space of all continuous linear operators

between E and F with the norm.

1T} = sup ||IT ()]

r€Bx

1.1 Bilinear operator ideals

1.1.1 Bilinear operators

Definition 1.1. Let E; (j =1,2),F be a normed spaces over K, (either K or C). A
mapping T : Ey X Ey — Y'is called bilinear (or b-linear ) if the mapping

T, : E;—F
v — T(E'E?),

are linear for each set of fived x* € Ey, k # j, i.e.

T Azt +22,y) = \T (24, y) + T (2%, ),

T (M +y?) = AT (2, 9') + T(, %)

for all N € K and 27,y € E; (j = 1,2) The vector space of such mappings is denoted
by L(Ey, By F). If F =K, We write L (Ey, Es) .

Remark 1.2. The set S of all vectors in F of the form T (x',2?),27 € E; (j = 1,2) is

not in general a vector subspace of F' (see [20, section 1.1]).

3



1.1. BILINEAR OPERATOR IDEALS Babeche Houda

Definition 1.3. An b-linear mapping T : E1 X Ey — F' is continuous if it is continuous

as a function between two normed spaces.

As a consequence of this definition, similar to the linear case, we have a result that

gives the characterization of the continuous b-linear mapping.

Theorem 1.4. Let Ey, Ey be normed spaces. ForT € L (Ey, Es; F) the following assertions

are equivalent

i) T is continuous.

ii) T is continuous in (0,0).

ii) There is a constant C' > 0 with

|7 (") < ¢ "] "

, (1.1)
foralla? € E; (j =1,2).

iv) [T = sup [T (z"2?)] < oo
Ja?1<1,5=1,2

We will write L (E, Es; f) for the vector space of all continuous b-linear mapping. If
Y =K, we write £ (E1,ez).

It is easy to see that

|T|| = inf {C > 1, verifying the in equality 1.1} .

Defines a norm on £ (£, Ep; F') which is complete norm when ||| is completed.

For the general theory of bilinear mappings we refer to( [13], or [27]).

1.1.2 Tensor products of Banach spaces

The 2-fold tensor product F; ® Es of the vector spaces F,, E5 can be constructed from the
elements of the space £ (E1, E»)*. For 27 € E; (j =1,2). we define the linear mapping

'@ 2 L(E, Fy) — K,

by
1o 24 1.2
for each b-linear form ¢ on E; x E,. The functional 2! ® 22 is called an elementary

tensor

Univ M’sila 4 2021/2022



CHAPTER 1. PRELIMINARIES Babeche Houda

Definition 1.5. The subspace of L (Ey, E3)" spanned by the collection of elementary
tensors

{xl @2’ 1’ € E;(j = 1,2)} :
is called the 2-fold tensor product of E1, Fy and will be denoted by Fy Q@ Fs.

The elements of this space are called tensors. So a typical tensor uw € Fy ® Ey has the form
u=> Nz} @] (1.2)
i=1

where (), C K, (:pf)n_l C Ej(j=1,2) and n € N is arbitrary. Note that the tensor u

can always be rewritten, using the properties of the elementary tensors, in the form
u = Z a:ll & xf
i=1

The projective norm on E ® F, the tensor product of £ and F, is defined by
m(uw) =inf Y [l vl (1.3)
i=1

where the infimum is taken over all possible representations of u € E ® I of the form
f: T @ Y-
zT:fle tensor product £ ® F' endowed with the projective norm 7 is denoted by F ®, F' and
its completion by E®,F. Which call the projective tensor product.

We now recall the linearization of continuous bilinear mappings. Consider the canonical
continuous bilinear mapping

0y: ExX F — E®,F,
defined by
oy (2,y) =R Y.

Theorem 1.6.
Let E, F and G be Banach spaces. For every continuous bilinear mapping T : ExX F — G

there exists a unique continuous linear operator Ty, : EQ.F — G satisfying
TL O 09 = Zﬁ7

1.€.,
Ty (r®y) =T (v,y),

for every (xz,y) € E x F. That is, the following diagram commutes

ExF T G (1.4)

N~

E&.F
Furthermore, ||TL|| = ||T|-

Univ M’sila ) 2021/2022



1.1. BILINEAR OPERATOR IDEALS Babeche Houda

The previous theorem gives the canonical identification
L(E,F;G) = LIER,F,G).

For more details refer to [32] and [12].

1.1.3 Ideals of bilinear mapping

Let E, Ey, F be Banach spaces. Consider non-zero ¢’ € E% (j =1,2), and y € F. Define
the bilinear mapping
g01®g02®y:E1 X By — F,

by

'@t @y’ %) = o' (ah)e" (). (1.5)
It is clear that o' @ ? @y € L(F1, Ey; F) the vector space of continuous bilinear operators
and

ot @@y = |le'] "] vl

We denote by L(E, Ey; F'), the vector space of finite type bilinear operators, which

is generated by the mappings of the form (1.5). All elements T' of this space a finite

representation of the form

T =) X\o; ® 0 Qus;,

=1

where (A, C K, (¢])1, C Ex(j=1,2) and (y;)i-, C F.

Definition 1.7.
An ideal of bilinear mappings (or bilinear ideal) is a subclass M of all continuous bilinear
mappings between Banach spaces such that for all Banach spaces Ei, Es and F, the

components

M(El,EQ; F) = L:(El,Eg; F) NnM

satisfy:

(i) M(E1, Es; F) is a vector subspace of L(Ey, Es; F') which contains the bilinear map-
pings of finite type.

(ii) The ideal property: If T € M(G1,Gq; H), u; € L(E;,G;) for j = 1,2 and v €
L(H,F), thenvoT o (uy,ug) is in M(Ey, Ey; F).

If ||| oy : M — RT satisfies

(©’) (M(E1, Eg; F), ||| () is a normed ( Banach) space for all Banach spaces Ey, Ey, F.

Univ M’sila 6 2021/2022



CHAPTER 1. PRELIMINARIES Babeche Houda

(i) The bilinear form T? : K* — K given by T? (2!, 2%) = a'a? satisfies | T?|| ,, = 1.
(wii’) If T € M(G1,G2; H),u; € L(E;,Gy) for j=1,2 andv € L(H, F), then

lv 0T o (ur, ua) |l pg < [[RIHITN g ] 2l

we say that (M, ||.||\,) is a normed (Banach) bilinear ideal.

Of course the Banach spaces considered in this definition are all over the same fixed scalar
field.

The bilinear ideal M is said to be closed if each M(E}, Ey; F) is a closed subspace of
L(FE1, Ey; F) for the sup norm.

Note that L, the class of all continuous bilinear mappings between arbitrary Banach spaces,

is the largest bilinear ideal.

Proposition 1.8. [35]
Let M be normed bilinear ideal and Eq, E5, F be Banach spaces.

I- T\ <\ T|| pq for all T € M(E1, Ey; F).

2- et @@® @yly =l I l¥?l lyll for any ¢’ € E5(j =1,2) and y € F.

1.2 Lipschitz operator ideals

1.2.1 Lipschitz functions

The notion of metric space was formalized by Maurice Fréchet in [17]. He was among the
first who used the word space. Recall that a metric or distance on a non empty set X is a

function

d: X x X 5 R,
with the following properties:
(i) (Positivity) For all z, y € X, d(z,y) > 0 with equality if and only if z = y.
(ii) (Symmetry) For all z, y € X,d(x,y) = d (y, z).
(iii) (Triangle inequality) For all z,y,z € X, d(x,y) < d(z,z) + d(z,y).

The set X equipped with the distance d is called a metric space. Along this thesis, X

and Y denote pointed metric spaces. The natural morphisms between metric spaces are

Univ M’sila 7 2021/2022



1.2. LIPSCHITZ OPERATOR IDEALS Babeche Houda

the Lipschitz functions. A map 7' : X — Y between two metric spaces is called Lipschitz

if there is a positive constant C' such that

Ve,y € X,d(T (x),T (y)) < Cd(x,y) . (1.6)

If C' =1, the map is called nonexpansive (and contraction if C' < 1).

For a Lipschitz map T : X — Y its Lipschitz constant is given by

Lip(T) = sup { WEEL0) o 22

d(z,y
=inf{C:C V)er1fy1ng the equality 1.6} .

A pointed metric space X is a metric space with a base point in X, that is, a designated
special point, which we will always denote by 0. We will consider a normed space E over
K as a pointed metric space with the distance defined by its norm and the zero vector
as the base point. Given two pointed metric spaces X and Y , we denote by Lipy (X,Y)
the set of all base-point preserving Lipschitz maps from X to Y . If E is a Banach space,
Lip (X, F) is a Banach space under the Lipschitz norm given by

T(z)—T(z
- {120}

For E = K, we designate Lipy(X,K) = Lipo(X) = X#. The Banach space X7# of

Lipschitz functions is called also Lipschitz dual it has been used by various mathematicians
as a framework to extend results from linear functional analysis to the nonlinear case.
Now we are going to present some concepts about the space of molecules, the reader

can for more details see [37] or [6]

1.2.2 The Arens-Eells spaces

Definition 1.9. Let X be a metric space. A molecule on X is a scalar valued function m
on X with finite support that satisfies 3" cx m (x) = 0. We denote by M(X) the linear space
of all molecules on X. For x, ¥ € X the molecule m, is defined by m,, = Xy — Xy

where X4 is the characteristic function of the set A. For m € M (X) we can write
= Z )\jmxjx;.
j=1

for some e suitable scalars A\, and we write

HmHM( mf{Z])\ | d(xj, x ] Z)\ Mg o },

7=1

Univ M’sila 8 2021/2022



CHAPTER 1. PRELIMINARIES Babeche Houda

where the infimum is taken over all representations of the molecule m. Denote by A(X)
the completion of the normed space (./\/l (X), H.HM(X)). This space was first introduced by
Arens and Eells [6] in 1956. The terminology Arens-Eells space A(X )is due to Weaver
[37].A different notation was used in [19] by Godefroy and Kalton. It is the Lipschitz-free
space denoted by F(X).

Proposition 1.10. Let X be a pointed metric space
(i) The map dx : X —A(X) defined by
Ox (T) = Map
is an isometric embedding of X into&(X) (see [37, thereme 2.2.4])
(i) The map Qx : X# — A(X)* defined by

Qx (f) = fu, where fr,(m) = f(x)m(z),

zeX

Theorem 1.11. /23, Lemma 3.1]
Let T € Lipy(X,Y), there exists a unique linear operator T € L(« (X)), « (Y)) such that

Todx =dyoT, (1.7)
that is, the diagram
X T Y (1.8)
5xl 6Y
X Y
«(X) = «(Y)
commutes. Furthermore, f” = Lip(T).

Theorem 1.12. [37, Theorem 2.2.4 (b)]
Let T € Lipy(X, E), there is a unique bounded linear map Ty, : «(X) — E such that

T =Ty, 00x that is, the following diagram commutes

X T E
N
«(X)

(1.9)

Furthermore || Ty|| = Lip(T).

The operator T}, is referred to as the linearization of 7. The correspondence T +— T,
establishes an isomorphism between the vector spaces Lipo(X, E) and L(« (X), E).
In particular, the spaces X# and «(X)* are isometrically isomorphic via the linearization

R(f) := fr, where fr(m)= Y f(x)m(z) (see [37, Theorem 2.2.2]).

Univ M’sila 9 2021/2022



1.2. LIPSCHITZ OPERATOR IDEALS Babeche Houda

1.2.3 Ideals of Lipschitz mappings

The notion of Lipschitz operator ideal was introduced by Achour, Rueda, Sanchez-Pérez

and Yahi [4]. This can be seen as an extension of the linear operator ideal.

Definition 1.13. [/, Definition 2.1]
A Lipschitz operator ideal Ly, is a subclass of Lipy such that for every pointed metric

space X and every Banach space E the components
Trip(X, E) := Lipo(X, E) N I,
satisfy:
(i) Trip(X, E) is a vector subspace of Lipy(X, E).
(ii) eg € Iripy(X,E) fore € E and g € X7.

(tit) The ideal property: if S € Lipo(X,Y), T € Zri,(Y,F) and u € L(F,E), then the
composition wo T oS is in Ly, (X, E).

A Lipschitz operator ideal Zy;, is a normed (Banach) Lipschitz operator ideal if there

is a function ||.qup : Lrip — [0, +00] that satisfies

(1’) For every pointed metric space X and every Banach space E, the pair (L, (X, E), ”'HILip)
is a normed (Banach) space and Lip(T) < ||T||z,,, for all T € Zry(X, E).

(ZZ’) ||]dK K — K, ]dK(/\) = /\HILz‘p =1.
(iii’) If S € Lipo(X,Y), T € I1;,(Y, F) and u € L(F, E), then

|luoT o SHILip < Lip(S) HTHILW

Jull -

Following [4, Definition 3.1}, there is a way to construct a (Banach) Lipschitz operator
ideal from a (Banach) linear operator ideal, called composition method. Let Z be a
(Banach) linear operator ideal. A Lipschitz mapping T" € Lipyo(X, E) belongs to the
composition Lipschitz operator ideal Z o Lipy if there exists a Banach space F, a Lipschitz
operator S € Lipy(X, F') and a linear operator u € Z(F, F) such that T"= uo S. If

(Z,].]|7) is a Banach operator ideal we write

1Tl 2o igy, = f [Jullz Lip(S),

where the infimum is taken over all © and S as above.
In [4], the authors establish a criterion to decide whenever a Lipschitz operator ideal is of

composition or not.

Univ M’sila 10 2021/2022
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Proposition 1.14. [;, Proposition 3.2/

Let X be a pointed metric space, E a Banach space and L an operator ideal. A Lipschitz
operator T € Lipy(X, E) belongs to Zo Lipy(X, E) if and only if its linearization Ty, belongs
to Z(«(X), F).

Furthermore, if (Z,|||l;) is a Banach operator ideal then (ZoLipy, ||*||z.,,) s Banach

Lipschitz operator ideal with

||T||I0Lip0 = HTL”I'

Univ M’sila 11 2021/2022



Chapter 2

Two-Lipschitz operators ideals

2.1 Bi-linearization of two-Lipschitz operators

Definition 2.1. [?, Section 3.4]
Let (X,dx) and (Y, dy) be pointed metric spaces and let E be a Banach space, we say that
amap T : X XY — FE is a two-Lipschitz operator if there is a constant C' > 0 such that
for each x,2' € X and y,y' €Y,

IT (z,y) =T (2,y) =T (2',y) + T (2, )| < Cudx (w,2") dy (y,y') - (2.1)

By BLipy (X,Y; E) we denote the set of all two-Lipschitz operators from X XY to E such
that
T(xz,0)=T(0,y) =0, (2.2)

forallz € X andy €Y. ForT € BLipy (X,Y; E) we set

T -T N —T (o T (2,
BLip(T) =infC = sup 17 y) (z.4/) &y) +T(y )”- (2.3)
wta! Yty dX (1'7 l") dY (y7 y,)

The next result shows that the expression(2.3 ) can be used to define a norm in space

BLipy (X,Y; E)
Proposition 2.2. The application
BLip(.) : BoLip(X,Y;E) —R
T — BLip(T)

define a norm in space BoLip (X,Y; E).

Proof. we give T' € ByLip (X,Y; E) follow this BLip (T') > 0.1t is clear that BLip (0) =
0.0On the other side,impose that BLip (0) = 0,in( 2.3 )follow that

0= su = su .
OO dx (x,0)dy (y, 0) w00 dx (, 0)dy (1, 0)

12
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with that ,for any x € X and y € Y,we get
IT(z, y)l| = 0= T(x,y) =0,

i.e, T'=0.Now ,if a € K we have

[(@T)(x,y) — (@T)(z,y') — (@T)(z", y) + (@T) (=", ') |

BLip(aT) = sup

270,470 dx (z,2")dy (y,y')

— sw |la.T(z,y) — a.T(z,y) — a.T(2,y) + . T2, )|
220,40 dx (z, 2")dy (y,y')

— s [((T(z,y) = T(z,y) —T (", y) + T2, y))|l
20,40 dx (z, 2 )dy (y,9')

_ sup ’CY| HT(xay) B T(may/) B T(xlay) +T($,>y,)H
240,570 dx(z,2")dy (y,y')

ol sy 1T = T0) ~Tl) + TG

x#0,y7#0 dx(z,2")dy (y,y')
= |a| BLip(T)

Finally ,to prove the triangle inequality, considering S € ByLip (X,Y;E) and points
x, 7’ € X and y,y € Y,with x # x’and y # y/,we have

(T + )z, y) = (T + S)(2,y") — (T + S)(@',y) + (T + ) (", )

1T(z,y) + S(z,y) = T(2,y) + S(z,y) — T2, y) + S(2',y) + T2, y) + S,y

1T (z,y) =T (2,y") =T (', y) + T (&', )| + IS (2, 9) — S (2,9) — S (@', y) + S (2, ¥)|
< BLip(T)dx(z,2")dy (y,y") + BLip(S)dx(z,z")dy (y, V)

(BLip(T) + BLip(S))dx (z,2")dy (y, ),

IN

implying in (BLip(T + S) < BLip(T) + BLip(S).Therefore ,BLip(.) is a norm in
BLip(X,Y; E). 0

For the mapping T': X xY — E, consider A, : X — EF and A, : Y — E such
that A, (x) = T'(z,y) for every fixed y € Y and A,(y) = T'(z,y) for every fixed z € X.
According to Dubei et al. in [14], T" is said to be two-Lipschitz if A, is Lipschitz for every
fixed x € X and A, is Lipschitz for every fixed y € Y.

The following proposition, give the relation between the operator + — A, or y — A,
and Definition 2.1. The prove is in [22, 21, 16].

Proposition 2.3. [22/

For a mapping T : X xY — FE, the following statements are equivalent.

i) T € BLipy(X,Y; E).

Univ M’sila 13 2021/2022



2.1. BI-LINEARIZATION OF TWO-LIPSCHITZ OPERATORS Babeche Houda

it) Ay € Lipo(Y, E) for every firedx € X and G : © — A, belongs to Lipy(X, Lipy(Y, E)).
iii) A, € Lipo(X, E) for every fitedy € Y and H : y — A, belongs to Lipy(Y, Lipo(X, E)).

In the example below,we will show that bilinear operators between spaces of Banach

are also 2-lipschitz operators.

Example 2.4.
Let XY and E Banach spaces, Then every bilinear operator T : X XY — E belongs to
BLipy(X,Y; E) and BLip(T) = ||T|| .For any z,x € X and y,y € Y,we have

1T (z,y) =T (z,y) =T (", y) + T ()| = T 2",y =y

1Tz = 2"l ly = o/

IN

and

T(x,0)=T(0,y) =0.

So, T € BLipy(X,Y; E) how BLip(T) < ||T||.To show the other inequality,it is enough to

observe that

||T(ZL‘, y) - T (C(],y,) -7 (I/’y) +T (xla y/)H

BLip(T) =
W = Sk, d(w.2)dly, o)
o z#£0,y7#0 d([L‘,O)d(y,O)
T(x,
o 1T

zz0u0 |12 [lyll
We find ,BLip(T) = |[T]| .

Proposition 2.5.
Let XY, Z, W be pointed metric spaces and let E, F' be Banach spaces. If f € Lipy(Z, X),
g € Lipg(W,Y), T € BLipy(X,Y; E) and u € L(E, F) then

woTo(f,g) € BLipo(Z,W; F)
where (f,g) : Z x W — X x Y is set to (f,g)(z,w) = (f(z),9(w)). Moreover,
BLip(uoT o (f,g)) < |[ull BLip(T)Lip(f)Lip(g). (2.4)
Proof. First, for each x € X and y € Y, note that

uoTo(f,g)(w,y) = (uoT)(f,g)(x,y) = (uoT)(f(x),9(y) =u(T(f(x),9(y)))

So,uoT o (f,g) satisfied (2.2),then

woTo(f,g)(x,0) = u(T(f(x),0)) = u(0) =0
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and
uoT o (f,9)(0,y) =u(T(f(0),y)) =u0)=0

Now, we prove uo T o (f,g) is 2-lipschitz.u is linear,T" € BLipy(X,Y; F) and f and g we

have
[u(T(f(2), 9(y))) —w(T(f(2), 9(¥))) — u(T(f(2"), 9(y))) + w(T(f(2"), g(y))|l
= [[u(T(f(2), 9(y)) = T(f(2),9(¥') = T(f(@), 9(y)) + T(f(z), 9(¥)))l
< Nl |1T(f(x), 9(y)) = T(f(x), () = T(f(z"), g(y)) + T(f(2"), 9(¥)]

)

Y
)

,9(y)

< |lull BLip(T)d(f (), f(2"))d(g9(y), 9(y'))

< |lull BLip(T) Lip(f)d(z, =) Lip(g)d(y
= ||ul| BLip(T') Lip(f)Lip(g)d(z, =")d(y

it is clear that for all z,2’ € X and y,y’ € Y . Then, uo T o (f,g) € BLip,(Z,W; F) and

BLip(uoT o (f,g)) < |[ull BLip (T) Lip (f) Lip(g) - O

The next theorem and its proof are similar to the Lipschitz case (see [37, Proposition

1.6.2]).

Theorem 2.6. [22]
BLipy (X,Y; E) is a Banach space under the norm BLip (-) defined by (2.3).

In what follows, let (X, dx) and (Y,dy) be metric spaces and consider the product
metric space X X Y equipped with the metric

d((z,y), (= y) = dx (z,2") + dy (y,9/),

for all z,2’ € X and y,y € Y.
Also if E, F be Banach spaces, the product Banach space EF x F' is equipped with the

norm
1@ Y pxr = l12llz + ylle

forall z € F and y € F.

Proposition 2.7.
Let XY pointed metric spaces: The mapping (0x,0y) : X XY — A(X) x A(Y) defined
by

(0x,0y)(z,y) = (6x(x), 0y (y)) = (Mma0, Myo),

isometrically embeds X XY in A(X) x AY).
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For all two-Lipschitz operator T" : X x Y — FE, we define a bilinear mapping
Tp: M(X)x M(Y) — E by
Tp <Z?:1 QMg y 250y Bimyy’> = Y nje (T (s, y;) — T(wsy;) — T (2, y;) +
T (s, /5)
In particular, we have
T (Maa, myy) =T (,y) = T(x,y) = T («,y) + T(2" o), (2.5)

Also the equality T'= Tg o (dx, dy ), then

Tpo (6x,0v)(z,y) = Tp((0x,dyv)(z,y))
= Tp(dx(z),dy(y))
= Tp(ma0, myo)
— T(z.y)— T(z,0) — T (0,y) +T(0,0)

= T(z,y)

for all z,2" € X and y,3y’ € Y. Thus the two-Lipschitz operator T is associated with
the bilinear mapping Tz to the space A(X) x A(Y).

Theorem 2.8. [22, Theorem 2.6]
For every two-Lipschitz operator T' € BLipy (X,Y; E) there exists a unique continuous

bilinear mapping Tp : B (X) x B(Y) — E satisfying (2.5) and
T=Tgo(xdy): X xV X mx)x £() 2 E.

Furthermore BLip (T) = HTBH . The continuous bilinear mapping T is called bi-linearization

of the two-Lipschitz operator T'.

From now on,we will denote the bi-linearization Ty by Tz, the bilinear operator Tz

admits a linearization :

~

(Tg)r: BE(X)@,E(Y) — E

satisfies

T:TBO(aX,ay) = (TB)LOO'QO(éX,(Sy>7 (26)
where ||Tg|| = |[(T)L]| - From this it follows that
(Tg)L(Ma0, myo) = Tp(Mayo @ myo) = T(z,y).

In addition we have

BLip(T) = ||Tsll = [(Ts).ll -
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Definition 2.9.
The linear operator (Tg)y, is referred to as the linearization of the two-Lipschitz operator

T. For the simplification, write Ty, instead of (T)L.

Remark 2.10.
The map associate T — Ty, is linear ,o € K, T, S € BLipy(X,Y; E) and the linearization
11,51, and (o1 + S), , be there

(aT 4+ 8); (myo @ myo) = (aT+95) (z,y) =aT(x,y) + S(z,y)

= ol} (mx() & myo) + SL (sz ® myo)

We will now present a simple example of 2-lipschitz operators that will be based on

used in the next sections.

Example 2.11.

Let X andY be pointed metric spaces and consider the application
020 (0x,0y) : X XY — (X))@, £(Y)
(1:7 y) ——> 020 <5X7 5Y)<x7y) = Mgo ® mMyo-
We have

030 (0x,0y) € BLipo(X,Y; £(X) @, £(Y)) and BLip(03 0 (9x,0y)) = 1.

For any x,2’ € X and y,y € Y, we have

|2 © (6, 8y ) (,y) — 09 0 (6x, 0y )(z, ') — 0 0 (8x, 8y ) (2, y) + 02 0 (Ox, 0y ) (2, /)|
= loa(dx(x), by (y)) — 02(0x (2), 0y (i) — 02(0x ('), 6y (y)) + o2(dx (z"), by (/)|
< BLip(0y) ||0x () — dx ()] |10y (y) — v (&)
= BlLip(oy)d(x,z")d(y,y)

after that
020 (0x,0y)(2,0) = myo ® moy = 0 and o2 0 (0x,dy)(0,y) = mgy ® mye = 0.

thus,aq o (0x,dy) € a0 (0x,dy) € BLipo(X,Y; 8(X) @, A(Y)).finally, BLip(coy o
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(§X7 5Y)) = 1ath6n

o2 o (0x, 0y )(x, y)oa — (6x, 0y )(x,y' )2 — (dx, Oy )(2', y)o2 + (0

BLip(oz 0 (6x,0y)) =  sup

x#x! y#y' d(z,2")d(y,y')

_ sup [Ma0 @ Myo — Mao @ Myo — Marg @ My + Marg @ M|
x#x! y#y' d(x,2")d(y,y')

— s [ma0 — Maro ® myo — myo|
wta! Yy [z | [0y, ||

_ sup [z @ My ||

! yty' ||[Maa | Hmyy’ |
= sup  mall gl

=1
gty || Maa| Hmyy’ |

Next we give a simple but crucial example of a two-Lipschitz operator. Let X,Y be

pointed metric spaces and let £ be Banach space.

Example 2.12.
Consider non-zero Lipschitz functions f € X7, g € Y and e € E. Define the mapping
frge: XxY — FE by

frg-exy) = fz)gye. (2.7)

Then, an easy computation shows that this mapping is two-Lipschitz and
BLip(f-g-e) = Lip(f)Lip(g) lle] - (2.8)

Definition 2.13.

We denote by BLipor(X,Y; E), the vector subspace of all two-Lipschitz operators generated
by the mappings of the special form (2.7). All elements T' of this space are called of finite
type. So, any T € BLipor(X,Y; E) admits a finite representation of the form

T:Zfi'gi'ei
i=1

where (f)"_, C X%, (g:)%, CY# and (e;)_, C E.

2.2 'Two-Lipschitz operator ideals

We will follow the spirit of the definitions of multilinear operator ideals ([37] or [35]) and

Lipschitz operator ideals [4], for defining the concept of two-Lipschitz operator ideals.

Definition 2.14.

A two-Lipschitz operator ideal between pointed metric spaces and Banach spaces, Lprip,
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s a subclass of BLipy such that for every pointed metric spaces X,Y and every Banach

space E the components
IBLip(X; Y; E) = BLipO(X, Y; E) N IBLip
satisfy:

(i) TpLipy(X,Y; E) is a vector subspace of BLipy(X,Y; E).
(ii) For any f € X%, g€ Y# and e € E, the map f - g- e belongs to Iprip(X,Y; E).

(iii) The ideal property: if f € Lipo(Z,X), g € Lipp(W,Y) , T € Zpr;,(X,Y; E) and
u € L(E,F), then the composition wo T o (f,q) is in ZpLi,(Z, W; F).

A two-Lipschitz operator ideal Tpr,y, is a normed (Banach) two-Lipschitz operator ideal

if there is || - ||lz5.,, : ZLip — [0, +00] that satisfies

(i’) For every pointed metric spaces X,Y and every Banach space E | the pair (Zpri,(X,Y; E), ||-
|Z5..,) s a normed (Banach) space and BLip(T) < ||T||z,,,, for allT € Ipry,(X,Y; E).

(Z'ZJ) ||IdK2 Kx K — K : Idge (avﬁ) = QBHIBL'LP =1

(Zuy) Iff € LZpO(ZvX); g € LZPO(M/:Y); T e IBLip(Xuy;E) and u € ‘C(E7F); the
inequality || T o (£, 9) zagsy < 6l ITllzay Lin(f) Lip(g) holds.

Of course the Banach spaces considered in this definition are all over the same fixed
scalar field.

The two-Lipschitz operator ideal Zpy,, is said to be closed if each Zp;,(X,Y; E) is a
closed subspace of BLip(X,Y; F) with the norm BLip(-).

Proposition 2.15.
Let Iprip be a normed two-Lipschitz operator ideal, X,Y be pointed metric spaces and E

be Banach space. Then

If - g+ ellzsy., = llell Lip(f)Lip(g) = BLip(f.g-€)
forany f € X#, g€ Y# ande € E.

Proof. Let f € X#, g € Y# and e € E. We can write f - ¢ - e in the following way

f-g-ezidK.eoidKzo(f,g)
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because,for any x € X and y € Y,we have

idg.e oidgz o (f,g)(2,y) = idg.eoide((f,9)(x,y))
= idg.e oidg=(f(z),g(y))
= idg.e(idgz(f (), 9(y)))
= idx.e(f(2),9(y))
= e.f(z).9(y)
= f(z).9(y)-e
= f.g.e(z,y).

By (i"),(ii"), (iii’) and (2.8), we obtain directly

If-g-ellz,,, = lidgeoidko(f, g)lzs,
< lidg.el| lidwzlz,,,, Lip(f)Lip(g)
= |le[| llidk|[| Lip(f)Lip(g)
= |le[| Lip(f)Lip(g) = BLip(f - g - e)

< Hf'g'eHIBLip7

this gives, |[f - g-ellz,, = llell Lip(f)Lip(g) = BLip(f - g - €). O

Remark 2.16.
By the above definition, the class BLipyr is the smallest two-Lipschitz operator ideal and
the class of all two-Lipschitz operators between arbitrary pointed metric spaces and Banach

spaces, is the largest two-Lipschitz operator ideal.
The next definition given the composition method for the two-Lipschitz operators

Definition 2.17. [22, 21]

Let T be an operator ideal. A two-Lipschitz operator T € BLipy(X,Y; E) belongs to
the composition two-Lipschitz operator ideal Z o BLipy, in this case we write T' € T o
BLipy(X,Y; E), if there is a Banach space F, a two-Lipschitz operator S € BLipy(X,Y; F)
and a linear operator uw € Z(F, E) such that T =wo S. If (Z,||-||;) is a normed operator
ideal we write

1T\ zopLip, = nf llully BLip(S),
where the infimum is taken over all u, S as above.

Theorem 2.18. [22, Theorem 3.5]
Let T be an operator ideal. A two-Lipschitz operator T € BLipy(X,Y; E) belongs to
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T o BLipy(X,Y; E) if and only if its linearization Ty, belongs to Z(« (X) @4 (Y),E).

Furthermore, if (Z,|]-||7) is a normed operator ideal, then

HTHIOBLipo = HTL||I= (2.9)
and we have the isometric identification
(Z o BLipo(X, Y E), || - IzonLin) = (Z(« (X) @rc (V) E), || - |Iz) (2.10)

Proposition 2.19.
If T is a (normed, closed, Banach) operator ideal then, T o BLipy is a (respectively normed,

closed, Banach) two-Lipschitz operator ideal.
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Chapter 3

Some examples of two-Lipschitz operators

ideals

In this chapter we give some examples of two-Lipschitz operator ideal, the ideals of p-
neclear two-Lipschitz operators and, we establish a natural relation between two-Lipschitz

and bilinear maps and show that the two-Lipschitz factorable p-neclear operators.

3.1 Two-Lipschitz Cohen p-nuclear operators

The class of p-nuclear operators introduced by Cohen [11] and generalized to Cohen

(p, ¢)-nuclear operators by Apiola [5]. We start by recalling the linear case.

Definition 3.1.
A linear operator T between Banach spaces E and F, is Cohen p-nuclear (1 < p < 00) if
there is a positive constant C' such that for alln € N, (z;);_, C E and (a});_, C F we

have:
n

> (T(xi), a7)

i=1
The smallest constant C, denoted by n,(T), such that the above inequality holds, is called

l;*

<C swp (@)l sup f[(af (a))i |
acbF

r*EBpx«

the Cohen p-nuclear norm on the space Np(E, F) of all Cohen p-nuclear operator from E
into F, which is a Banach space. For p =1 and p = oo we have N1(X,Y) =11;(X,Y) and
Noo(X)Y) = Doo(X,Y) (for 1 < p < o0, Dy(E, F) is the Banach space of all strongly
p-summing linear operators, see [11]).

The definition of Cohen p-nuclear m-linear operators is due to D. Achour and A. Ahlem,

(see [1]) in order to generalize the concept of p-nuclear linear operators.

Definition 3.2.

An bi-linear operator T : E1 X Ey — F' is Cohen p-nuclear (1 < p < 00) if there is a constant

22
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C > 0 such that for any n € N,xq,...,x, € E1, 01, ...,Yn € By and and a7, ..., a, € F*, we

have

D=

n

Z xuyz 9 7,>

<C| sup D for (@)l (w)l” | sup (a7 (@)is - (3:1)
P1€8py =1 a€BF P
szBE;

The vector space of these mappings is indicated by./\/pQ(El, FEsy; F), and the smallest constant
C such that (3.1) holda by n2(T).
For p = 00, (3.1) becomes

Z xmyz ) 7,>

< (sl Dl ) sup et D2

It is clear that every T € NJ(E\, Ey; F) is continuous and ||T|| < n2(T).

The next Lipschitz generalization of the concept of Cohen p-nuclear linear operators

was introduced by T. Hamid and L. Mezrag [26].

Definition 3.3.

A Lipschitz operator T : X — E is Cohen Lipschitz p-nuclear (1 < p < 00) if there is a
positive constant C such that for any n € N, (1) 1<i<n, (7;)1<i<n C X, (a i, C E* and
(M) 1<icn C Ry,we have

n

D oNAT () = T (7),

i=1

|=e g (Enue-ser) s (Siear)

fEBX# i=1 a€EBEg i=1

The smallest constant C' above, denoted by nﬁ(T), 1s called the Cohen Lipschitz p-nuclear
norm, it makes the space NpL (X, E) of all Cohen Lipschitz p-nuclear operators from X

into & a Banach space.

Theorem 3.4. [26, Theorem 3.3.] If T € ./\/;DL (X, E), there exist Radon probability
measures (17 on Bx# and py on Bg«, such that for all z,2’ in X and a in E , the

following

In this case

nj(T) =inf{C > 0 : for all C verifying the inequality 3.2.}
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Now we extended the definition of the class of Cohen p-nuclear bi-linear operators
to the case of two-Lipschitz, for with the resulting vector space of two-Lipschitz Cohen

p-nuclear operator is a Banach two-Lipschitz operator ideals.

Definition 3.5.
Let 1 < p < 0o. An two-Lipschitz operator T : X x Y — E is said to be two-Lipschitz
Cohen p-nuclear operator if there is a constant C' > 0 such that for any (z;);_, , (x})_, C

X, i)y, Wiy CY and (af)!_, C E* we have

i/

3T (o) = T (o) = T (o) + T (ah1f) )
= / / % * n 33
<C sw ($17 @)~ 1@ o) - 96IP)” s et @)l - 7
fEBX# i=1 a€Bg P
g€By#

We denote this class of two-Lipschitz operators by NpBL (X,Y; E), In this case, we define
HTHNPBL = inf {C' : satisfying (3.3)}.
For p = 00, (3.3) becomes:

'21 (T (i, yi) — T (25, Gs) = T (£5,95) + T (i, 9:) » af)
< C sup d(xi,x})d(yi, yl) Sup (@i ()il -
a€BE

1<i<n

It is clear that every T € NP*(X,Y; E) is two-Lipschitz and BLip (T) < nJ"(T).

Now,we characterize this type of operators by giving the Pietsch Domination Theorem.
Recently, a general version of the Pietsch Domination Theorem was proved in [29],

which is an improved version of a similar result in [7] (see also [28]).

Theorem 3.6. Let 1 < p < 0o0. A two-Lipschitz mapping T : X xY — E is Cohen
p-nuclear if and only if there are a reqular palpability measures 3 on C (Bx#), 2 on

C' (By#) and A on C (Bgs~), such that for any x,2" € X,y,y € Y and a* € E* we have

’<T($,y) _T(:B7y) _T(j:ay) —|—T(a’:,y’),a*>|

1

g(?(éx#uxx)—f(fﬂpmu>p<A%#kﬂy)—g(dﬂpmw> (3.4)

( /B e @) o

ﬂwm%)
Moreover, in this case ||T|| \-sr = inf {C : satisfying (3.4)}

3=

Example 3.7. Let 1 <p < oo and L : X — FE be a Lipschitz p-summing mapping and
S :Y — FE be a Lipschitz Cohen p-nuclear mapping. The mapping

T:XxY —E, T (z,y)=L(z)S (y)
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is two-Lipschitz Cohen p-summing operator with |T|| s < m (L) 0k (S). Indeed, for any
p
r, ' € X,y,y €Y and a* C E* we have

(T (z,y) =T (2, 9) =T (£,y) + T (£,9) ,a")]
= [(L(2) S (y) = L(2) S () = L(£)S(y) + L(£)S(§),a")]
= [IL () = L) [{S (y) = 5(§),a")|

By Theorem 1 in [15] and Theorem 3.4, there exist Radon probability measures p; on
Bx#, fia on By# and \ on Bg« , such that for all x,x" in X y,y' in'Y and a* in E* we

have
|1L (z) — L(&)[[ [{S(y) — 5 (¥),a")] 1

<xt @) ([, @ -r@ran) ([ om0 -aPde)

it follows that T € NP' (XY E) and HTHNPBL <ml(L)nk(S).

B =

We don’t know if two-Lipschitz Cohen p-nuclear implies Cohen p-nuclear bilinear

operator whenever the mapping 7T is bilinear. the converse is of course.

Theorem 3.8.
If T : X XY — E is a bilinear Cohen p-nuclear between Banach spaces X,Y and E, then
T is two-Lipschtz Cohen p-nuclear. Furthermore, |T||var < |||y -

Proof. Suppose that T' € D;(X,Y;E). By [I, Theorem 2.5 (iii)] There exist Radon
probability measures p; € C(Bx:)(1 < j < 2) and A € C(Bg-+), such that for all
r, 7’ € X, y,y €Y and a* € E*, we have

[(T(x,y) = T(2" y) = T(x,y) + T, y'), e7)|

B =

<ATlog ([, lento =) ([ Teato= 00 )

*

Let fi1, fi; an extension of py, po respectively in Bx# and By, Since «(Z)* and
Z# (Z = X or Y) are isometrically isomorphic via the linearization, for all h € Z# there

is ¢ € «(Z)* such that
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for all z, 2’ € Z, we obtain

1 1
o= Wl ([, @ -s@Pan) ([ )= g an)
P BX# ) BY#
(S K™, @) dpa(9)) ™
Therefore, T € NP (X, Y3 E) and ||T|| 5 < [Ty O

Theorem 3.9.
Let XY be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have

T : X XY — FE is two-Lipschitz Cohen p-nuclear mapping if and only if its bi-linearization
T is Cohen p-nuclear from A(X)x A(Y) to E. In this case

Il gpe = 72(T). (3.5)

Proof. Suppose that T € NP*(X,Y; E). Let (m)i_; C M (X) and (m3)5_, € M (Y),

: 1_ < J o 2 _ J o
with m; =i My ot and mi; =3 5kmy£yg then, we have

]§1 <TB(m m; ),a]>

- Z (1 ol £ plng) )

- §:1 <§:1 ol k:él s <mxgx;j’ myiy;cj) 4 >‘

= 5 (S a? £ 6 (TGl vh) = Td) = Tl ) + T6.)) )

RS

> 5] (9) — 9(wi))

s [ (a (@) g, = ()

Since «(Z)* and Z# (Z = X or Y) are isometrically isomorphic via the linearization, for

all h € Z# there is ¢ € «(Z)* such that
P(meor) = hr(m.r) = h(z) — h(Z),

for all z, 2’ € Z, we obtain

") sup et @)l

S n . p
() = ITllype sup (z $ cdipr(m)

P p2(myg i)

lerlI<1 =1 li=1 a€Bg
lleall<1 )
T . 1\|P SNLAN * n
= [T ppr sup 2 e (m;)[ |pa(m3) sup | (a3 (a))izllll;*
<1 Jj=1 a E
g

Therefore, Tp € N} («(X),«(Y); E) and n; (T) < ||T|| yrpe-
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Conversely, suppose that Tp € N7 («(X),«(Y); E). Let vl af € X, ylyl e,
XN eK, (1<i<n,1<j<s), wehave

5 [(£ N (Tl ) = Tlyf?) = T2 ) + TGE4) o)

j=11\i=1

_ < O A o *

N J§1 <TB (zz::1 /\i mxfxgj’myM]) 4 >‘

_ 3 O A o *

a J§1 <TB (i:1 /\imxfxéj’myM]) ’aj>‘ 1

<2 (Tp) swp (3 |er(m))[ |eam?)|")" sup | (a1 (@)’

g ler <1 \J=1 ! ! acBp 1N 7 =1,
llp2]|<1 )
S p p p " s

=, (Tp) sup (Z F) = 1| g (w5) = 9(v)) ) sup | (a5 (a))_
feBu \J=1 a€Bg J=He,
9EBy %

Which means that 7" e N/(X,Y; E) and ||T||NPBL <n2(Tp). O

Corollary 3.10. The class (/\/'pf”L7 ||.||NBL> is a Banach ideal of two-Lipschitz operators.

Proof. The proof is based and the following statements that we get directly from the

uniqueness of the bi-linearization maps,

1) (aS+T)y = aSp + Tpfor all S,T € NP* and a € K.

2) (f.g€)g = fr.gr-e,forany f € X# g € Y# and e € E,where f1.g.¢ € L (E(X), E(Y); E)
is defined by fr.gr.e(m,m’) = fr(m).gr(m’).e.

3) (woTo(f.9)) = uoTs (£.9) forall f € Lipy (Z.X) g € Lipo(W,Y),T € NPF (X, Y, E)

]

3.2 Two-Lipschitz factorable p-nuclear operators

The class of factorable strongly p-nuclear multilinear mappings were introduced in [2] by

D. Achour et all .

Definition 3.11. Let 1 < p < 00,A bounded b-linear operator T : Fy X Ey — F is
factorable strongly p-nuclear, if there exists C' > 0 such that for all natural numbers s,n,

all (x{) € FEy, (y’j)gjgs € By (j=1,2),and for all <a;)1§j§s € I, the following

1<i<n
holds
s n . . s . p %
j§1 z; <T (xf,yﬁ) ,a;f> = Csaezls(%IiEz) (ng zg 4 (xf,yf) ) (a}f)] p*w (3'6)
llell<1
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The space of all factorabel strongly p-nuclear operators is denoted by E;:{V’S (E1, B9 F) and
endowed with the norm nzzjfv’s (T') where nf,:}i}s (T') is given by the infimum of all costantes
C' > 0 that satisfy the inequality (3.6).

Note that if T factorable strongly p-nuclear operators then :

e Making n =1 we have

1

. i / i . . p
S| (od. ) )| < ﬁ:(%pE) (g I (. 4d) Hp)
Pll<

(45,

p*w

When T satisfies just this condition, we get T is strongly p-nuclear. The corresponding
class is denoted by L;jv (Ey, Ey; F) and endowed with the norm n;jfv (T'), where
nijf\, (T) is given by the infimum of all constants C' > 0 that satisfy the above
inequality. Therefore, Eijf\}s (E1, By F) C Ei:}} (E1, Ey; F) continuously.

o In particular if T € L(E, F) we have L;, y (E, F) = ﬁ]’;:fv (E,F) =N, (E,F) where
N, (E,F) is the class of all Cohen p-nuclear operators from E to F. For more
details refer to [11].

e [uactorable strongly co-nuclear multilinear operators coincide with all Cohen strongly

oo-summing multilinear operators ( see [3]).

Definition 3.12. Let 1 < p < 00. A two-Lipschitz operator T : X xY — E is called
factorable strongly p-nuclear, if there exists C' > 0 such that for any, all z) 27 € X, yl 7 €

1) (2

Yiaj € B (1 <i<n,1<j<s), and all positive integers n, s we have

S n

J§1 2:1 <T (xi, y’J) -7 (xi, y;j) -7 (aj;j’ yzj) +T (IE;j, ygj) ,a}‘> !
= C%)GBBSSEM,Y) <js1 E:ISO (dwi) - (l'ivy;]) - (:1:7, yf) + ¢ (x;j,y;j) p) ' (@%)j L
BLip(p)<1
(3.7)
For p = oo we have
SIS () T () - (o) 7 (st
SO s S (edad) = o (i) = (o od) o (#F.0) | (@5),
(3.8)

The set of oll factorable strongly p-nuclear two-Lipschitz operators is denoted by BL;;:‘JSV (X, ; E),
and endowed with the norm ||T|| 5, rs = inf {C'} where the infimum is taken over all con-
p,N

stants C' > 0 that satisfy the inequality (3.7) and (3.8).
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Remark 3.13.
Note that if T is two-Lipschitz factorable p-nuclear, then taking n = 1, we have

S

b

J=1

<C sup (Z
)

PEBBLipy(x,y) M=1
BLip(p)<1

(T (wj,) = T (s, 05) = T (&5,5) + T (85,9 ,a)|

1

p) P
(3.9)

When T satisfies just this condition then it is called strongly p-nuclear. The corresponding
class of two-Lipschitz operators is denoted by BL; y (X,Y: E).

In this case, we define ||T'|| 5 , = inf {C : satisfying (3.9)}.

Therrfore BL)% (X, Y E) C BL; v (X,Y; E) and 1Tl pzs o <IN pss,

¢ (25, y5) — ¢ (fﬂj’y§'> - (x3'>yj) T (x;"yD

Now, we study the connection between a mapping belonging to BL;;]‘SV (X,Y; E) and

its bi-linearization.

Theorem 3.14. Let X,Y be pointed metric spaces and E be a Banach space. For
1 <p<oo, wehaveT : X XY — E is factorable strongly p-nuclear two-Lipschitz mapping
if and only if its bi-linearization Tp:A( X)X A(Y) — E is strongly p-nuclear. In this case

||T||BL£§V = nﬁ:?V(TB> (310)

Proof. SupposethatTEBL V(XY E). Let (mj)5-; € M(X) and (m3)i_, ¢ M (Y),

— n A — S
with mj =" af Mgy and mj =01 ﬁkmy;y,’j then, we have

3 [(Talm m3). ;)

— jil <T Z a{mxjx{j,kél B,ﬁmyiyg), a;f>‘

- jil <z§:1 ozf kXT:I %TB <m lap) ’myjy;c]> ,a}‘>’

= 3 (B ol 8 (Tledod) — Tladof)) ~ T ) + TG 0f)) a3

n

l7, T . . l7. . . .
> a? ¥ el u?) = elal o) — ol u?) + el )

=1

< ||T||BLfs sup (Z

PN e BLipo(X,Y) \J=1
*
a).
(a3),

BLip(p)<1
By Theorem 2.8, ¢ € BLipy (X,Y) then there exist a function ¢ € L (£ (X), £ (Y))

= (%)

prw

via the bilinearization, such that

@B(mz a!y Ty ) 90<x y) 90<I7 y/> - QO(.Z‘/, y) + (,0((13/7 y/>7
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and ||¢g|| = BLip(¢) < 1. Moreover we have

SOB (mzjrlj ) myj yk

1
P)p

p*,w

)= Tl s (% (80l £ 5
A=

— Tl e, sup (z

lepll<t \J=1

= T, s (5 (en (i m))')

llpa <1
H902H<1

n . T .
J o J -
o (35l 5 Bim,y 0 )

k

(a5),

—_

B

Therefore, T € L2 (« (X), « (Y); E) and > (Ts) < 1T s -

Conversely, suppose that T € Ei:f\,(ﬁﬂ (X),B(Y);E). Let 2,27 € X, yl,y7 €Y,
(1<i<n,1<j<s), wehave

< % (T) sup (z

7=1

Z (p(m 7 /]7m J_y/J)

=1 p*w

Esb(%yz) o(xl,y?) — o(2?,yl) + o(af , yi)

2a
2% (T5)  sup (
peBLipo(X,Y) \I=1
BLIp(¢)<1

Which means that 17" € BL Nv(X,Y; E) and ||T||BLf5 < 77pN (Tp) . O

The proof of the following proposition is a consequence of Proposition 3.12 in [3] and

the previous theorem.

Proposition 3.15.

Let X, Y be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have
T e BL v(X,Y; E) if and only if its linearization Ty, € No,(E(X)2,E(Y),E). In this
case [Tz = 1y (T2

As a consequence, we obtain the following corollary which is a straightforward conse-

quence of the preceding proposition, Theorem 2.18 and Proposition 2.19.

Corollary 3.16.
The class BLfN is the Banach two-Lipschitz operator ideal generated by the composition
method from the operator ideal N, i.e.,

BLI(X.Y;E) = N, o BLipy(X,Y; E),

for all pointed metric spaces X,Y and Banach space E.
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Remark 3.17.

If we consider T' € Lipy(X, E), and n = 1 we obtain a characterization of Cohen Lipschitz
p-nuclear operators that was introduced by T. Hamid and L. Mezrage in [20].
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Abstract:

In this memory we have studied and analyzed the article entitled
“Two—Lipschitz operator ideals” . We also give a new example with
called Cohen p—nuclear and factorable strongly p—nuclear two-
Lipschitz operator’s ideals
Keywords: Lipschitz operators, bilinear operators, tensor product,
Arens—Eells space, linear operator ideals, multi-linear operator
ideals, Lipschitz operator ideals, p—nuclear operators, Cohen p-

nuclear operators .
Résumeé:

Dans ce mémoire nous avons étudié et analysé l'article intitulé
“Two-Lipschitz operator ideals” Nous donnons également un nouvel
exemple avec des idéaux appelés Cohen p—nucléaires et facturables
fortement p—nucléaires des opérateurs deux-Lipchitziens
Mots clés : Opérateurs Lipchitziens, opérateurs bilinéaires, produit
tensoriel, espace de Arens—Eells, idéaux d'opérateurs linéaires,
idéaux d'opérateurs multilinéaires, idéaux d'opérateurs Lipchitziens

I’opérateur p— nucléaire, Les opérateurs Cohen p—nucléaire.
:uaﬂ.q
a8 LS “Two-Lipschitz operator ideals”  jsimall Jlaall Jalady du)ya Lidd
Pl A Gl SSall HWSEp, HLISSP Gla S sand Baaa 3aas AT

, Arens—Eells 3 aall saaeid) <ol yigadl a0 piianlll ¢l figall sdaalidad) calals!)
e isall | HLSP @l figall A fidally ddadll saaeiall, dudadll il figall ulitia
DUSP plass



