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Introduction

Number theory is divided into two main parts: Elementary number theory and Analytical number theory

and is concerned with properties of the natural numbers 1, 2, 3, 4, ..., also called the positive integers.

These numbers, together with the negative integers and zero, form the set of integers. A very particular

attention is reserved for prime numbers, which form part of positive integers.

To better understand the value of this specialty, it is enough to cite what was said on this subject

by the German mathematician Carl Friedrich Gauss (1777–1855): ” Mathematics is the queen of the

sciences and number theory is the queen of mathematics ”.

In mathematics in general, and in number theory in particular, there are a certain number of theo-

rems which have the honor of being called principles. We cite here some of these principles :

1- Well-Ordering principle.

2- Mathematical Induction principle.

3- Binomial Theorem.

4- Pigeonhole principle.

5- Inclusion-Exclusion Principle.

The current dissertation is part of elementary number theory and is entitled “Some principles of

elementary number theory ”. The dissertation is presented in three chapters, the first of which is devoted

to a review of fundamental concepts and tools. In the second chapter, we present the above-mentioned

principles and, in some cases, their proofs. The final chapter is devoted to some applications of these

principles. We close this thesis with a general conclusion, a summary in three languages (Arabic, French

and English) and a bibliography.

vi



1
Preliminary

In this chapter, we will talk about some preliminary, tools and concepts that help us to clarify and

understund this work . In this section we mainly used the following references [3], [8], [11].

1.1 Divisibility

Definition 1.1 [8]

If a ̸= 0, b are integers, we say that a divides b if there is an integer c such that ac = b.We write this as

a | b, if a does not divide b we write a ∤ b.

The following properties should be immediate.

Theorem 1.2

1. If a, b, c, m, n are integers with c|a , c|b, then c|(am+ nb).

2. If x, y, z are integers with x|y, y|z then x|z.

Proof

There are integers s, t with sc = a, tc = b. Thus am + nb = c(sm + tn), giving c|(am+ bn). Also, there

are integers u, v with xu = y, yv = z. Hence xuv = z, giving x|z. It should be clear that if a|b and b ̸= 0

then 1 ≤ |a| ≤ |b|.

Example 1.3

1. As 3 | 21 and 3 | 33, Theorem 1.9 tells us that 3 divides 5 ·21− 3 · 33 = 105− 99 = 6.

2. 11|66 and 66|198 then 11|198.

1



Chapitre 01 Some Preliminary consideration

1.1.1 Division Euclidean

Theorem 1.4

If a and b are integers such that b > 0 , then there are unique integers q and r suth that a= bq +r with0≤

r < b .

1.2 Primes and Greatest divisors

1.2.1 GCD and LCM

Definition 1.5 The greatest common divisor of two integers a and b is the greatest integer that divides

both a and b we denote it by (a,b).

Example 1.6

The greatest common divisor of 24 and 18 is 6 in other words (24,18)=6.

Definition 1.7

Let a and b positive integers . The Least common multiple of a and b denoted by [a, b] is the smalleast

positive integer which is divisible by both a and b .

Example 1.8

The Least common multiple of 5 and 8 is [5, 8] =40.

1.2.2 Prime Numbers

The positive integer 1 has just one positive divisor. Every other positive integer has at least two positive

divisors, because it is divisible by 1 and by itself. Integers with exactly two positive divisors are of great

importance in number theory; they are called primes.

Definition 1.9

A prime is an integer greater than 1 that is divisible by no positive integers other than 1 and itself.

Example 1.10

The integers 2, 3, 5, 13, 101, and 163 are primes.

1.2.3 Infinitude of primes

Lemma 1.11

Every integer greater than 1 has a prime divisor.

Proof

We prove the lemma by way of contradiction ; we assume that there is a positive integer greater than 1

2



Chapitre 01 Some Preliminary consideration

having no prime divisors. Then, since the set of positive integers greater than 1 with no prime divisors

is nonempty, the well-ordering property tells us that there is a least positive integer n greater than 1 with

no prime divisors. Because n has no prime divisors and n divides n, we see that n is not prime. Hence,

we can write n = ab with 1 < a < n and 1 < b < n. Because a < n, a must have a prime divisor. By

Theorem 1.9, any divisor of a is also a divisor of n, so n must have a prime divisor, contradicting the

fact that n has no prime divisors. We can conclude that every positive integer greater than 1 has at least

one prime divisor. ■

Theorem 1.12

There are infinitely many primes.

Proof

Suppose that there are only finitely many primes, P1, P2, . . . , Pn, where n is a positive integer. Consider

the integer Qn, obtained by multiplying these primes together and adding one, that is,

Qn = P1P2 · · ·Pn + 1.

By Lemma 1.10, Qn has at least one prime divisor, say, q. We obtain a contradiction by showing that q is

not one of the primes listed. If q = Pj for some integer j with 1 ≤ j ≤ n, then since Qn−P1P2 · · ·Pn = 1,

because q divides both terms on the left-hand side of this equation, by Theorem 1.11 it follows that q | 1.

This is impossible because no prime divides 1. Consequently, q must be a prime we have not listed. This

contradiction shows that there are infinitely many primes. ■

Theorem 1.13 ( Prime Number Theorem)

The ratio of π(x) to x
log x approaches 1 as x grows without bound.This means

lim
x→∞

π(x)
x

log x

= 1.

1.2.4 The Fundamental Theorem of Arithmetic

Theorem 1.14

Every positive integer greater than 1 can be written uniquely as a product of primes, with the prime

factors in the product written in nondecreasing order. Sometimes the fundamental theorem of arithmetic

is extended to apply to the integer 1.That is 1 is considered to be written uniquely as the empty product

of primes .

Example 1.15

240 = 24 × 3× 5

1001 = 7× 11× 13

3



Chapitre 01 Some Preliminary consideration

1.2.5 Euclidean Algorithm

We now examine a procedure that avoids factorising two integers in order to obtain their greatest common

divisor. It is called the Euclidean Algorithm and it is described as follows.

Let a, b be positive integers. After using the Division Algorithm repeatedly, we find the sequence of

equalities

a = bq1 + r2, 0 < r2 < b

b = r2q2 + r3, 0 < r3 < r2

r2 = r3q3 + r4, 0 < r4 < r3

.

.

.

.

rn−2 = rn−1qn−1 + rn, 0 < rn < rn−1

rn−1 = rnqn

The last non-zero remainder correspands to gcd(a,b).

This algorithm allows us to calculate the gcd without going through the factorization process.

Example 1.16

Find (225,157) by means of the euclidean algorithm we have

225=157×1+68

157=68×2+21

68=21×3+5

21=5×4+1

5=1×5+0 .

Thus gcd(225,157)=1.

1.3 Linear Diphantine Equation

When we require that solutions of a particular equation come from the set of integers, we have a diophan-

tine equation. These equations get their name from the ancient Greek mathematician Diophantus, who

4
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wrote on equations where solutions are restricted to rational numbers. The equation ax+ by= c, where

a, b, and c are integers, is called a linear diophantine equation in two variables.

Theorem 1.17 [11]

Let a, b, c be integers, a and b nonzero. Consider the linear Diophantine equation of the form .

ax+ by = c (⋆)

1. The equation (⋆) is solvable in integers if and only if (d = gcd(a, b) divides c.

2. If (x, y) = (x0, y0) is a particular solution to (⋆), then every integer solution isof the form x =

x0 +
b
d t, y = y0 − a

d t,

3. If c = gcd(a, b) and |a| or |b| is different from 1, then a particular solution (x, y) = (x0, y0) to

(⋆)canbefoundsuchthat|x0| < |b| and |y0| < |a|.

Example 1.18

Solve the following Diophantine equation : 5x+ 7y = 8.

Solution

by Euclidienne algorithem we have

1 = 5.(3)+7(-2) =⇒ 8 = 5.(24) + 7(−16)

Then x0 = 24, y0 = −16

X(t) = 24 + 7t

Y (t) = −16− 5t.

Where t is integer.

1.3.1 Bezout’s Identity

Definition 1.19

For any two positive integers a and b, there exists two integers x and y such that xa+ yb = gcd(a, b).

Example 1.20

Suppose that a = 56 and b = 15 we calculate the greatest common divisor using Euclidean algorithm

56 = 15× 3 + 11

15 = 11× 1 + 4

11 = 4× 2 + 3

4 = 3× 1 + 1

3 = 1× 3 + 0

Then pgcd(56, 15) = 1.

To find x and y

1 = 4− 3× 1

1 = 4− (11− 4× 2)× 1 = 4× 3− 11

5
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1 = (15× 3− (56− 15× 3)× 4 = 15× 15− 56× 4.

Therefore , we can find x and y as follows : 1 = 15.15− 56.4 . Thus x = −4 and y = 15 .

1.3.2 Congruences

The concept of congruence was introduced by Gauss. Although it is a very simple notion, its importance

and usefulness in number theory are enormous. This is particularly obvious in that even complicated

arguments can be presented in a define concise and clear manner.

Definition 1.21

Let m be a positive integer. If a and b are integers, we say that a is congruent to b modulo m if m|(a−b).

If a is congruent to b modulo m, we write a ≡ b (mod m). If m does not divide a − b, we write a ̸≡ b

(mod m), and say that a and b are incongruent modulo m. The integer m is called the modulus of the

congruence.

Theorem 1.22

If a and b are integers, then a ≡ b (mod m) if and only if there is an integer k such that a = b+ km.

Proof

If a ≡ b (mod m), then m | (a − b). This means that there is an integer k with km = a − b, so that

a = b+ km.

Example 1.23

22 ≡ 4 (mod 9), since 9 | (22− 4).

13 ̸≡ 5 (mod 9) , since 9 ∤ (13− 5).

1.3.3 Complete set of residues

Definition 1.24

A complete set of residues modulo m is a set of integers which satisfy the following condition:

Every integer is congruent to a unique member of the set modulo m .

In other words the set contains exactly one member of each residue class.

Remark 1.25

• The division algorithm is used to show that the set of integers 0, 1, 2, ... , m-1 is a complete

system of residues modulo m. This is called the set of least non-negative residues modulo m.

6
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• use the congruences maked it possible to work with divisibility relation ships much as we work with

equalities. Prior to the introduction of congruences, the notation used for divisibility relationships

was awkward and difficult to work with. The introduction of a convenient notation helped accelerate

the development of number theory.

1.3.4 Order of an Integer

Definition 1.26

Let a and n be relatively prime integers with a ̸= 0 and n positive. Then the least positive integer x such

that ax ≡ 1(mod n) is called the order of a modulo n and is denoted by ordn a.

Example 1.27 To find the order of 2 modulo 7, we compute the least positive residue modulo 7 of

powers of 2.

21 ≡ 2(mod 7)

22 ≡ 4(mod 7)

23 ≡ 1(mod 7)

Then ord72 = 3.

1.3.5 Euler’s ϕ function

Definition 1.28

The Euler ϕ function of a positive integer n, denoted by ϕ (n) counts the number of positive integers less

than n that are relatively prime to n .

Example 1.29

Let n be a natural number. How many of the fractions 1/n, 2/n, . . . ,(n− 1)/n, n/n are irreducible

is ϕ(n).

1.3.6 Theorems of Fermat and Wilson

Theorem 1.30 (Fermat’s Theorem)

Let p denote a prime. If p ∤ a then

ap−1 ≡ 1 (mod p).

For every integer a,

ap ≡ a (mod p).

Example 1.31

2340 ≡ 1 (mod 341), where 341 = 11 · 31. Note that 210 = 1024 = 31 · 33 + 1.

7
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Thus, 211 = 2 · 210 ≡ 2 · 1 ≡ 2 (mod 31) and 231 = 2 · (210)3 ≡ 2 · 13 ≡ 2 (mod 11), 211·31 ≡ 2

(mod 11 · 31) or 2341 ≡ 2 (mod 341).

After canceling a factor of 2, we get 2340 ≡ 1 (mod 341) so that the converse to Fermat’s theorem

is false.

Theorem 1.32 (Wilson)

If p is a prime, then (p− 1)! ≡ −1 (mod p).

Explain with an example how to prove.

Let p = 13. It is possible to divide the integers 2, 3, ..., 11 into (p − 3)/2 = 5 pairs, each product of

which is congruent to 1 modulo 13.

To write these congruences out explicitly: 2 · 7 ≡ 1(mod 13)

3 · 9 ≡ 1(mod 13)

4 · 10 ≡ 1(mod 13)

5 · 8 ≡ 1(mod 13)

6 · 11 ≡ 1(mod 13).

Multiplying these congruences gives the result:

12! =(2·7)(3·9)(4·10)(5·8)(6·11)(1.12)

≡ 1.1.1.1.1.(−1)(mod 13). So 12! ≡ −1(mod 13).

1.3.7 Euler’s Theorem

Theorem 1.33

Let (a, n) = 1. Then aϕ(n) ≡ 1 (mod n).

Example 1.34

Find the last two digits of 31000.

Solution

As ϕ(100) = 40, by Euler’s Theorem, 340 ≡ 1 (mod 100). Thus,

31000 = (340)25 ≡ 125 = 1 (mod 100),

and so the last two digits are 01.

8



2
Some Principles of number theory

In this section, we mainly used the following references [3], [8],[9] [11].

2.1 Well ordering principle

The well ordering principle is a fundamental concept in mathematics, It has many uses especially in

proving the principle of mathematical induction .

Theorem 2.1

Every non-empty subset C of the natural numbers has a least element.

Example 2.2

There is no integer in the interval ]0,1[.

Solution

Assume to the contrary that the set S of integers in ]0,1[ is non-empty. As S is a set of positive integers,

it must contain a least element say m. Now 0 < m2 < m < 1, and so m2 ∈ S . But this is saying that S

has a positive integer m2 which is smaller than its least positive integer m. This is a contradiction and

so S = ϕ.

2.2 Principle of Mathematical induction

Mathematical induction is a method for proving statements depending on non negative integers.

Theorem 2.3

Principle of Mathematical Induction if a set S of nonnegative integers contains the integer 0 and also

contains the integer n+ 1 whenever it contains the integer n then S = N.

9



Chapitre 02 Some Principles of number theory

Corollary 2.4 [8]

If a set A of positive integers contains the integer m and also contains n + 1 whenever it contains n,

where n > m, then A contains all the positive integers greater than or equal to m .

Example 2.5

Use mathematical induction to prove that n! ≤ nn for all positive integers n .

Solution

Note that 1! = 1 ≤ 11 = 1 . We now present the inductive step .

Suppose that n! ≤ nn for some n > 1 , we prove that (n+1)! ≤ (n+1)n+1 , note that (n+1)! =(n+1)n!

≤ (n+ 1).nn < (n+ 1)(n+ 1)n = (n+ 1)n+1.

Example 2.6

Prove that 23n − 1 is divisible by 11 for all positive integers n.

Solution

Clearly 231− 1 = 22 is divisible by 11.Suppose 11|23k − 1 for some positive integer k . Then 23k+1− 1 =

23× 23k − 1 = 11× 2× 23k + (23k − 1) which is also divisible by 11. It follows that 23n − 1 is divisible

by 11 for all positive integers n.

10



Chapitre 02 Some Principles of number theory

2.3 Binomial Theorem

In mathematics the binomial theorem is an important formula giving the expansion of powers .Therefore

we present some necessary things to prove this theorem.

Definition 2.7

Let m and k be non negative integers with k ≤ m. The binomial coefficient
(m
k

)
is defined by(m

k

)
= m!

k!(m−k) . When k and m are positive integers with k > m ,
(m
k

)
= 0.

Example 2.8

We have a group of 4 people and you want to choose 2 of them to form a committee. Then the number

is
(4
2

)
= 4!

2!(4−2)! =
4×3×2×1

2×1 = 6.

Theorem 2.9

Let n and k be non negative integers with k ≤ n then(n
0

)
=

(n
n

)
= 1 ,

(n
k

)
=

( n
n−k

)
.

Proof(n
0

)
= n!

0!(n!) =1 .(n
k

)
= n!

k!(n−k)! =
( n
n−k

)
.

Theorem 2.10 (Pascal’s identity)

Let n and k be positive integers with n ≥ k . Then
(n
k

)
+

( n
k−1

)
=

(n+1
k

)
.

Proof

(n
k

)
+

( n
k−1

)
= n!

k!(n−k!) + n!
(k−1)!(n−k+1)!

= n!(n−k+1)
k!(n−k+1!)+

n!k
k!(n−k+1)!)

=n!((n−k+1)+k)
k!(n−k+1!)

= n!(n+1)
k!(n−k+1)!

= n+1!
k!(n−k+1)!

=
(n+1

k

)
.

Theorem 2.11 (The Binomial Theorem)

Let x and y be variable and n be a positive integer. Then

(x + y)n=
(n
0

)
xn +

(n
1

)
xn−1y +

(n
2

)
xn−2y2 +...+

( n
n−2

)
x2 yn−2 +

( n
n−1

)
x yn−1 +

(n
n

)
yn or using

summation notation

(x+ y)n =
∑n

j=0

(n
j

)
xn−jyj.

11



Chapitre 02 Some Principles of number theory

Example 2.12

We have the cases n = 5

(x+ y)5 =
∑5

k=0

(5
k

)
x5−kyk

k = 0 ,
(5
0

)
x5−0y0 = x5

k = 1 ,
(5
1

)
x5−1y1 = 5x4y

k = 2 ,
(5
2

)
x5−2y2 = 10x3y2

k = 3 ,
(5
3

)
x5−3y3 = 10x2y3

k = 4 ,
(5
4

)
x5−4y4 = 5xy4

k = 5 ,
(5
5

)
x5−5y5 = y5.

Then (x+ y)= x5 + 5x4y + 10x3y2 + 10x2y3 + y5.

Corollary 2.13

2n=(1+1)n =
∑n

j=0

(n
j

)
1n−j 1j =

∑n
j=1

(n
j

)
.

2.4 Pigeonhole Principle

The Pigeonhole Principle is a simple combinatorial concept that we can use in a number of practical

situations. states that if n + 1 pigeons fly to n holes there must be a pigeonhole containing at least two

pigeons

Theorem 2.14

Let n, k ∈ N. If at least nk + 1 objects are divided into n groups, then at least one of these groups

contains at least k + 1 objects.

Proof We prove this by contradiction. For i = 1, 2, ... , n we denote by mi the number of objects

in the ith group. Let us suppose that the conclusion does not hold, i.e each group contains no more

than k objects. Then mi ≤ k for all i = 1, 2, ..., n, which implies that nk + 1 ≤ m1 + m2+ · ·

mn ≤ k + k + ...+ k = nk.

But this is a contradiction, since nk + 1 > nk .

Remark 2.15

We also find in many references the value of k equal to 1.

Example 2.16

Show that any set of ten two-digit numbers has two nonempty disjoint subsets such that the sums of their

elements are the same.

12
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Solution

A ten-element set has altogether 210 − 1 = 1023 non empty subsets. The sum of at most ten two −

digit numbers is less than 10 ×100 = 1000 < 1023. Hence there exist two different non empty subsets

of the given set of ten numbers such that the sums of their elements are equal. By removing, if necessary

any common elements, we obtain two disjoint non empty subsets with the desired property.

Example 2.17 [9] P269

Show that there exists a number of the form 123456789123456789...123456789 that is divisible by 987654321.

Solution

We set n = 123456789 , m = 987654321 and ai =
(109i−1)n
109−1

for i = 1, 2, ...,m + 1. Then clearly, the ai are exactly the numbers of the given form . Any integer has

one of the m remainders 0, 1, ..., m -1 when divided by m.

By pigeonhole principle at least two of the m+ 1 numbers a1a2 , ... , am+1 must have the same

remainder, and thus there exist i, j , 1 ≤ j < i ≤ m + 1 such that m|ai − aj . Now ai − aj = ((10

9i − 1)− (109j − 1)). n
109−1 = (109i109j). n

109−1 = 109jai−j

Since(m, 109i) = 1, the number ai−j is divisible by m which was to be shown.

2.5 Inclusion-exclusion principle

The inclusion exclusion principle used to calculate the number of elements in the union of several sets

by adjusting for element that my be counted multiple times.This principle used also in combinatorics and

statistics.

Notation: For a set A, we note by |A| The cardinal of A .

Theorem 2.18

Let A and B two finite sets we have |A ∪B| = |A|+ |B| − |A ∩B|.

Example 2.19

At high school there are 28 students in algebre class and 30 students in biology class and 8 students in

both classes. How many students are in either algebra or biology class ?

Solution

Let A denote the set of students in algebra class and B denote the set of student in biology class. To find

the number of students in either class, we first add up the students in each class :

|A ∪B| = |A|+ |B| − |A ∩B| =28 + 30− 8 =50

so there are 50 students in at least one of the two classes.

13
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Theorem 2.20

Let A , B and C three finite sets then :

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|.

Example 2.21

Every student in some class takes at least one of three courses Mathematic , Philosophy and French.The

number of Mathematic students is 30, The number of Philosophy students is 40 , The number of French

students is 100, The number of Mathematic and Philosophy students is 10, The number of Mathematic

and French students is 20, The number of Philosophy and French students is 20 there are 5 students who

take all three courses mathematic, philosophy and french .How many students (N) are there in the class?

By inclusion exclusion principle we have N=30+40+100-10-20-20+5=125.

Theorem 2.22 [4] P 504

The principle of inclusion and exclusion states that for finite n sets A1, ..., Anthefollowing holds.Let

A1, A2, ...An be finite sets. Then

|
⋃
Ai1≤i≤n| =

∑
1≤i1≤n |Ai1|−

∑
1≤i1≤i2≤n |Ai1∩Ai2|+

∑
1≤i1≤i2≤n |Ai1∩Ai2∩Ai3|−...+(−1)n−1|

⋂n
i=1 Ai|

.

Proof

We will prove the formula by showing that an element in the union is counted exactly once by the right

hand side of the equation . Suppose that a is a member of exactly r of the sets A1, A2, ...An Where

1 ≤ r ≤ n.This element is counted C(r, 1) times by
∑

|Ai| .It is counted c(r, 2) times by
∑

|Ai ∩ Aj | .

In general it is counted c(r,m) times by the summation involving m of the sets Ai . Thus , this element

is counted exactly c(r, 1)− c(r, 2) + c(r, 3)− ...+ (−1)r+1c(r, r)

times by the expression on the right hand side of this equation . Our goal is to evaluate this quantity .

We have c(r, 0) + c(r, 1)− c(r, 2)− ...+ (−1)r+1c(r, r) = 0

Hence 1 = c(r, 0) = c(r, 1)− c(r, 2) + ...+ (−1)r+1c(r, r).

Therefore , each element in the union is counted exactly once by the expression on the right hand side of

the equation . This proves the principle of inclusion exclusion .

14



3
Some applications

In this section, we mainly used the following references [2], [3],[8], [9], [11].

3.1 The well ordering principle

3.1.1 Division Algorithm

Theorem 3.1

If a, b are positive integers, then there are unique integers q, r such that a = bq + r, 0 ≤ r < b.

Proof

By the Well-Ordering Principle. Consider the set S = {a − bk : k ∈ Z and a ≥ bk}. Then S is a

collection of nonnegative integers and S ̸= ∅ as a − b · 0 ∈ S. By the Well-Ordering Principle, S has a

least element, say r. Now there must be some q ∈ Z such that r = a− bq since r ∈ S. By construction,

r ≥ 0. Let us prove that r < b . For assume that r ≥ b. Then r > r − b = a− bq − b = a− (q + 1)b ≥ 0,

since r − b ≥ 0. But then a− (q + 1)b ∈ S and a− (q + 1)b < r which contradicts the fact that r is the

smallest member of S. Thus we must have 0 ≤ r < b. To show that r and q are unique, assume that

bq1 + r1 = a = bq2 + r2, 0 ≤ r1 < b, 0 ≤ r2 < b. Then r2 − r1 = b(q1 − q2), that is b | (r2 − r1). But

|r2 − r1| < b, whence r2 = r1. From this it also follows that q1 = q2. This completes the proof.

Example 3.2

Show that if p > 3 is a prime, then 24 | (p2 − 1).

Solution

By the Division Algorithm, integers come in one of six flavours: 6k, 6k ± 1, 6k ± 2, or 6k + 3. If p > 3

is a prime, then p is of the form p = 6k ± 1 (the other choices are either divisible by 2 or 3). But

(6k ± 1)2 − 1 = 36k2 ± 12k = 12k(3k ± 1).

Since either k or 3k ± 1 is even, 12k(3k ± 1) is divisible by 24.

15
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Theorem 3.3

The greatest common divisor of any two integers a, b can be written as a linear combination of a and b,

i.e., there are integers x, y with

(a, b) = ax+ by.

Proof

Let A = {ax+ by | ax+ by > 0, x, y ∈ Z}. Clearly, one of ±a,±b is in A, as both a, b are not zero then

A ̸= 0, By the Well-Ordering Principle , A has a smallest element, say d. Therefore, there are x0, y0

such that d = ax0 + by0. We prove that d = (a, b). To do this, we prove that d | a, d | b and that if t | a,

t | b, then t | d.

We first prove that d | a. By the Division Algorithm, we can find integers q, r, 0 ≤ r < d such that

a = dq + r. Then

r = a− dq = a(1− qx0)− by0.

If r > 0, then r ∈ A is smaller than the smallest element of A, namely d, a contradiction. Thus r = 0.

This entails dq = a, i.e. d | a. We can similarly prove that d | b. Assume that t | a, t | b. Then a = tm,

b = tn for integers m,n. Hence

d = ax0 + by0 = t(mx0 + ny0),

that is, t | d. The theorem is thus proved.

Theorem 3.4

Let n > 1 be a positive integer. Then a ∈ Z has an order mod n if and only if (a, n) = 1.

Proof

If (a, n) = 1, then a has an order in view of Theorem d’euler and by the Well-Ordering Principle. Hence,

assume that a has an order mod n. Clearly a ̸= 0. The existence of an order entails the existence of

a positive integer M such that aM ≡ 1 mod n. Hence, there is an integer s with aM + sn = 1 or

a · aM−1 + sn = 1. This is a linear combination of a and n and hence divisible by (a, n). This entails

that (a, n) = 1.

16
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Example 3.5

Prove that the square of any integer is of the form 4k or 4k + 1.

Solution

By the Division Algorithm, any integer comes in one of two forms: 2a or 2a + 1. Squaring these, we

have:

(2a)2 = 4a2,

(2a+ 1)2 = 4(a2 + a) + 1

and so the assertion follows.

Example 3.6

Prove that if n > 1, then n is divisible by at least one prime.

Proof

Since n > 1, it has at least one divisor > 1. we use the Well Ordering Principle, n must have a least

positive divisor greater than 1, say q. We claim that q is prime. For if not, then we can write q as

q = ab, where 1 < a ≤ b < q. But then a is a divisor of n greater than 1 and smaller than q, which

contradicts the minimality of q.

Example 3.7

To prove that
√
2 is irrational, let’s suppose it’s rational, i.e.,

√
2 = a

b for some integers a and b, where

b ̸= 0 and a and b have no common factors other than 1. This implies that the set

A = {n2 : both n and n2 are positive integers}

is nonempty since it contains a. By the Well-Ordering Principle, A has a smallest element, say j = k2.

As
√
2− 1 > 0, j(2− 1) = j2 − k2 = (j − k)2 is a positive integer. Since 2 < 22 implies 2− 2 < 22 − 2

and also j2 = 2k, we see that

(j − k)2 = k(2− 2) < k(2) = j.

This leads to a contradiction, as j was assumed to be the smallest positive element in A. Therefore,
√
2 cannot be rational, hence it must be irrational.

3.2 Principle of Mathematical Induction

We will use the well-ordering principle to show that mathematical induction is a valid proof technique.

Theorem 3.8

A set S of non-negative integers contains the integer 0, and also contains the integer n+ 1 whenever it

contains the integer n, then S = N.

17
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Proof

Assume this is not the case and so, by the Well-Ordering Principle there exists a least positive integer k

not in S. Observe that k > 0, since 0 ∈ S and there is no positive integer smaller than 0. As k − 1 < k,

we see that k − 1 ∈ S. But by assumption k − 1 + 1 is also in S, since the successor of each element in

the set is also in the set. Hence k = k − 1 + 1 is also in the set, a contradiction. Thus S = N.

Corollary 3.9 If a set A of positive integers contains the integer m and also contains n+ 1 whenever

it contains n, where n > m, then A contains all the positive integers greate than or equal to m.

Example 3.10

To prove that n < 2n for all positive integers n using mathematical induction, we follow these steps:

1. Base Case: We prove the statement for the first positive integer n = 1.

1 < 21

1 < 2 which is true.

2. Inductive Step: Assume the statement is true for some positive integer k, i.e.,

k < 2k.

Now, we need to prove the statement for k + 1:

k + 1 < 2k+1.

Using the induction hypothesis k < 2k, we have:

k + 1 < 2k + 1.

We know that:

2k + 1 ≤ 2k + 2k = 2 · 2k = 2k+1.

Thus:

k + 1 < 2k + 1 ≤ 2k+1.

Hence

k + 1 < 2k+1.

Therefore, by mathematical induction, n < 2n for all positive integers n.

Example 3.11

22n − 1 is divisible by 3.

Solution

18
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Let the statement p(k) given as :

p(n) = 22n − 1 is divisible by 3, for every natural number n . We observe that p(1) is true, since

22 − 1 = 4− 1 = 3 is divisible by 3 .

Assume that p(n) is true for some naturel number k , i.e,

p(k)= 22k − 1 is divisible by 3 ,i.e., 22k − 1 = 3q , Where q ∈ N, Now to prove that p(k+1) is true we

have

p(k+1) = 22(k+1)−1= = 22k×22−1 = 22k×4−1= 3×22k+(22K−1) =3×22k+3q = 3(22k+q) = 3m,

where m ∈ N, thus p(k+1)is true, whenever p(k) is true.Then by the principle of Mathematical induction

p(n) is true for all naturel numbers n .

Example 3.12
n∑

i=1

i =
n(n+ 1)

2
.

Proof

Base case: First we start with the base case, here we shall show that the formula holds for n = 1.

We start with the left side:
1∑

i=1

i = 1

and then the right side,
1(1 + 1)

2
= 1.

We see that the left side is equal to the right side, so the formula holds for n = 1. Induction step:

Assume the formula holds for some arbitrary positive integer p ≥ 1,

p∑
i=1

i =
p(p+ 1)

2
.

The next step is now to show that the formula also holds for the following integer p+ 1,

p+1∑
i=1

i =
(p+ 1)(p+ 2)

2
.

We start with the left side
p+1∑
i=1

i =

p∑
i=1

i+ (p+ 1),

and by the Induction hypothesis we see that we can rewrite
∑p

i=1 i and get

p(p+ 1)

2
+ (p+ 1) =

p(p+ 1) + 2(p+ 1)

2
=

p2 + 3p+ 2

2
=

(p+ 1)(p+ 2)

2
.

We see that the formula also holds for p+ 1. By the Induction axiom the formula holds for all integers

n ≥ 1. The sum of i2

n∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6
.
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Proof

For n = 1 we have
1∑

i=1

i2 = 1

and
1(1 + 1)(2 · 1 + 1)

6
=

6

6
= 1.

We see that both left side and right side are equal to 1, so the formula holds for n = 1.

Suppose it holds for some arbitrary positive integer p, i.e.

p∑
i=1

i2 =
p(p+ 1)(2p+ 1)

6
.

Now we want to show that the formula also holds for p+ 1, i.e.

p+1∑
i=1

i2 =
(p+ 1)(p+ 2)(2p+ 3)

6
.

We start with the left side
p+1∑
i=1

i2 =

p∑
i=1

i2 + (p+ 1)2,

and using the Induction hypothesis, we get

p(p+1)(2p+1)
6 + (p+ 1)2 = (p+1)(p(2p+1)+6(p+1))

6 = (p+1)(2p2+7p+6)
6 = (p+1)(p+2)(2p+3)

6 .

We see that the formula also holds for p+1. By the Induction axiom the formula holds for all positive

integers n.

Example 3.13 We will use mathematical induction to show that

n∑
j=1

(2j − 1) = 1 + 3 + · · ·+ (2n− 1) = n2

for every positive integer n. (By the way, if our conjecture for the value of this sum was incorrect,

mathematical induction would fail to produce a proof).

We begin with the basis step, which follows because

1∑
j=1

(2j − 1) = 2 · 1− 1 = 1 = 12.

For the inductive step, we assume the inductive hypothesis that the formula holds for n; that is, we

assume that

n∑
j=1

(2j − 1) = n2.
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Using the inductive hypothesis, we have

n+1∑
j=1

(2j − 1) =
n∑

j=1

(2j − 1) + (2(n+ 1)− 1) (splitting off the term with j = n+ 1)

= n2 + 2(n+ 1)− 1 (using the inductive hypothesis)

= n2 + 2n+ 1

= (n+ 1)2.

3.2.1 Strong Induction

Strong induction, also known as complete induction, is a type of mathematical induction. It involves

an inductive hypothesis that assumes a statement is true for all positive integers less than or equal to

a certain number, unlike weak induction previously mentioned, which assumes the statement is true for

some positive integer. Both types are equivalent, but strong induction can sometimes be easier to use.

Theorem 3.14 [3] p25

A set of positive integers that contains the integer 1, and that has the property that, for every positive

integer n, if it contains all the positive integers 1, 2, ... , n, then it also contains the integer n + 1, must

be the set of all positive integers.

The second principle of mathematical induction is called strong induction.

Example 3.15 [11] P38

Prove that for all positive integers n, the equation

x2 + y2 + z2 = 59n

is solvable in positive integers.

Solution

We use mathematical induction with pace s = 2 and n0 = 1. Note that for (x1, y1, z1) = (1, 3, 7) and

(x2, y2, z2) = (14, 39, 42) we have

x2
1 + y21 + z21 = 59 and x2

2 + y22 + z22 = 592.

Define now (xn, yn, zn), n ≥ 3, by

xn+2 = 59xn, yn+2 = 59yn, zn+2 = 59zn,
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for all n ≥ 1. Then

x2
k+2 + y2k+2 + z2k+2 = 592(x2

k + y2k + z2k);

hence x2
k + y2k + z2k = 59k implies

x2
k+2 + y2k+2 + z2k+2 = 59k+2.

3.3 Binomial Theorem

Binomial theorem is used to solve many applications and these are some of them.

Example 3.16 [8] p107

Prove that the integers [(1 +
√
2)n]

with n a non negative integer, are alternately even or odd.

Solution

By the Binomial Theorem

(1 +
√
2)n = (1−

√
2)n =2

∑
0≤k≤n

2
(2)k

( n
2k

)
= 2N ,

an even integer. Since −1 < 1−
√
2 < 0 it must be the case that (1-

√
2)n is the fractional part

of (1 +
√
2)n or (1 +

√
2)n + 1 depending on whether n is odd or even respectively. Thus for odd n

(1+
√
2)n− 1 < (1+

√
2)n = (1−

√
2)n+1 < [(1+

√
2)n] . whence (1+

√
2)n + (1−

√
2)n =[(1+

√
2)n]

always even, and for n even

2N =(1 +
√
2)n(1 -

√
2)n = [(1 +

√
2)n] + 1 and so [(1 +

√
2)n] = 2N − 1 always odd for even n.

Example 3.17 [9] p 175

Show that there are infinitely many natural numbers n such that 2n+1 is divisible by n.

Solution

We will show that all numbers of the form n = 3k where k ∈ N have the desired property. We prove this

by induction. If k = 1 then n = 3 and clearly 3|23 +1 . Let us now assume that for some k ∈ N we have

3k|(23)k + 1 . Then there exists an integer m such that m.3k = (23)k + 1 . The binomial theorem gives

(23)k+1 = ((23)k)3 = (m.3k −1)3 = m3.33k −m2.32k+1+m.3k+1−1 =t.3k+1−1 , where t = m3.32k−1−

m2.3k +m is an integer . Hence 3k+1|(23)k+1 + 1 .

Example 3.18 [1] p 51

Prove that the sum of any three consecutive cubes is a multiple of 9.

Solution

Let N = (n−1)3+n3+(n+1)3 , use the Binomial Theorem to conclude that N = 3n3+6n = 3n(n2+2).

There are three cases to consider. If n ≡ 0 (mod 3) then N contains two factors of 3 and so is divisible

by 9. If n ≡ ±1(mod3) , then n2 + 2 ≡ (±1)2 + 2 ≡ 0mod (3) , and again N has a second factor of 3 .
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3.4 Pigeonhole Principle

We will us The Pigeonhole Principle in some examples states that if n + 1 pigeons fly into n holes, there

must be a pigeonhole containing at least two pigeons. This Apparently trivial principle is very powerful.

Theorem 3.19

If α is a real number and n is a positive integer, then there exist integers a and b with 1 ≤ a ≤ n such

that |aα− b| < 1/n.

Proof

Consider the n + 1 numbers 0, {α}, {2α}, ..., {nα} .These n + 1 numbers are the fractional parts of the

numbers jα, j = 0, 1, ..., n , so that 0 ≤ jα < 1 for j = 0, 1, ..., n. Each of these n+1 numbers lies in one

of the n disjoint intervals

0 ≤ x < 1/n, 1/n ≤ x < 2/n, ..., (j − 1)/n ≤ x < j/n, ..., (n − 1)/n ≤ x < 1 . Because there are n + 1

numbers under consideration, but only n intervals, the pigeonhole principle tells us that at least two of

these numbers lies in the same interval. Because each of these intervals has length 1/n and does not

include its right end point, we know that the distance between two numbers that lies in the same interval

is less than 1/n. It follows that there exist integers j and k with 0 ≤ j < k ≤ n so that |kα− |jα|| < 1/n,

we will now show that when a = k − j , the product aα is with in 1/n of an integer, namely, the integer

b = [kα]− [jα]. To see this, note that

|aα − b| = |(k − j)α − ([kα] − [jα])| = |(kα − [kα]) − (jaα − [jα])| = |kα − jα| < 1/n. Furthermore ,

note that because 0 ≤ j < k ≤ n , we have 1 ≤ a = k − j ≤ n. Consequently, we have found integers a

and b with 1 ≤ a ≤ n and |aα− b| < 1/n as desired .

Example 3.20

Let A be any set of twenty integers chosen from the arithmetic progression 1, 4, . . . , 100. Prove that there

must be two distinct integers in A whose sum is 104.

Solution

We partition the thirty-four elements of this progression into nineteen groups:

{1}, {52}, {4, 100}, {7, 97}, {10, 94}, . . . , {49, 55}.

Since we are choosing twenty integers and we have nineteen sets, by the Pigeonhole Principle, there must

be two integers that belong to one of the pairs, which add to 104.

Example 3.21

Consider an open interval of length 1/n on the real line, where n is a positive integer.

Prove that the number of irreducible fractions a/b, 1 ≤ b ≤ n, contained in the given interval is at most
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(n+ 1)/2.

Solution

Suppose to the contrary that we have at least
⌈
n+1
2

⌉
+ 1 = a fractions. Let sk, tk, 1 ≤ k ≤ a be the set

of numerators and denominators. The set of denominators is a subset of {1, 2, . . . , 2(a − 1)}. By the

Pigeonhole Principle, ti | tk for some i, k, say tk = mti. But then

∣∣∣∣sktk − si
ti

∣∣∣∣ = ∣∣∣∣msi − sk
tk

∣∣∣∣ ≥ 1

n
,

contradicting the hypothesis that the open interval is of length 1/n.

Lemma 3.22 [3] p150

A set of m incongruent integers modulo m forms a complete set of residues modulo m .

Proof

Suppose that a set of m incongruent integers modulo m does not form a complete set of residues modulo

m. This implies that at least one integer a is not congruent to any of the integers in the set. Hence ,

there is no integer in the set congruent modulo m to the remainder of a when it is divided by m . Hence,

there can be at most m − 1 different remainders of the integers when they are divided by m. It follows

(by the pigeonhole principle, which says that if more than n objects are distributed into n boxes, at least

two objects are in the same box) that at least two integers in the set have the same remainder modulo m.

This is impossible, because these integers are incongruent modulo m. Hence, any m incongruent integers

modulo m form a complete system of residues modulo m .

3.5 Principle of inclusion and exclusion

Example 3.23 [8] P 70

How many positive integers ≤ 1260 are relatively prime to 1260 ?
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Solution

As 1260 = 22 · 32 · 5 · 7, the problem amounts to finding those numbers less than 1260 which are not

divisible by 2, 3, 5, or 7. Let A denote the set of integers ≤ 1260 which are multiples of 2, B the set of

multiples of 3, etc. By the Inclusion-Exclusion Principle,

|A ∪B ∪ C ∪D| = |A|+ |B|+ |C|+ |D|

− |A ∩B| − |A ∩ C| − |A ∩D|

− |B ∩ C| − |B ∩D| − |C ∩D|

+ |A ∩B ∩ C|+ |A ∩B ∩D|+ |A ∩ C ∩D|

+ |B ∩ C ∩D| − |A ∩B ∩ C ∩D|

= 630 + 420 + 252 + 180

− 210− 126− 90− 84

− 60− 36 + 42 + 30 + 18 + 12− 6

= 972.

The number of integers sought is then 1260− 972 = 288.
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3.6 Conclusion

In this memory, we have studied some principles of elementary number theory. In fact, these principles

are also, under certain conditions, principles in other mathematics disciplines. The work in this memory

consisted of listing each of these principles on the one hand and then listing some of its applications on

the other hand. We see as a horizon for this study the search for other applications that further enrich

the mathematical universe.
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Abstract

The aim of this work is to retrace the history of these theorems, namely the principles
mentioned in this memoir, in the the field of number theory, and to show that they have
numerous and varied applications, which allows them to be called principles. To better
demonstrate the importance of these theorems, we include some applications of each principle.

Key words

Principle of well-ordering, Principle of induction, Pigeonhole lemma, Principle of
inclusion-exclusion, Fermat’s Theorem, Wilson theorem.

Résumé

Le but de ce travail est de retracer l’historique de ces théorèmes, a savoir les principes
èvoquès dans ce mèmoire, dans le domaine de la théorie des nombres, et de montrer qu’ils ont
des applications nombreuses et variées, ce qui leur permet d’être appelés principes. Pour
mieux démontrer L’importance de ces théorèmes, nous incluons quelques applications de
chaque principe.

Mot-clés

Principe du bon ordre, Principe d’induction, Lemme des tiroirs, Principe d’exclusion
inclusion, théorèm de Fermat ,théorèm de wilson.
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