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A GENERALIZATION OF A LOCALIZATION PROPERTY OF BESOV SPACES

The notion of a localization property of Besov spaces is introduced by G. Bourdaud, where he
has provided that the Besov spaces Bj  (R"), with s € Rand p,q € [1,+00] such that p # g, are

not localizable in the £/ norm. Further, he has provided that the Besov spaces Bj, ; are embedded

into localized Besov spaces (Bj ) (ie., By, = (B} ), for p > q). Also, he has provided that

the localized Besov spaces (Bj, ;) are embedded into the Besov spaces By, , (i.e., (Bj ) <= Bj g,

for p < g). In particular, B} , is localizable in the £/ norm, where ¢ is the space of sequences
(a)x such that ||(ax)||» < oco. In this paper, we generalize the Bourdaud theorem of a localization
property of Besov spaces Bj ,(IR") on the {" space, where r € [1, +-c0]. More precisely, we show that
any Besov space Bj, ; is embedded into the localized Besov space (Bj ;)¢ (i.e., By, < (B} ), for
r > max(p,q)). Also we show that any localized Besov space (B;, ;)¢ is embedded into the Besov

space B;/q (ie., (B;,/q) o B;,q, for r < min(p, q)). Finally, we show that the Lizorkin-Triebel spaces

F; 4(R"), where s € Rand p,q € [1, +0o0] are localizable in the (¥ norm (i.e., F; ; = (F; ;) r)
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INTRODUCTION

Functional calculus is one of the basic theory in functional analysis [5]. It has enabled to
study function-analytic in topological (in particular, normed) spaces of functions. For instance,
several authors such as Peetre [7], Dahlberg [4], Marcus and Mizel [6] have studied functional
calculus in certain Sobolev and Besov spaces. In particular, Bourdaud [1, 2] have established a
way of functional calculus in localized Besov spaces. More precisely, in [1] he has proved the
following result.

Theorem 1. Let p,q € [1,4], s € R, and B}, and (Bj ) are respectively the Besov and
localized Besov spaces. Then

(i) By = (By ), forp > g,
(i) (Byq)er < B} o forp <g.

In particular, Bj, ,, is localizable in the (P norm, where (¥ is the space of sequences (i), such
1
that | (ai) |l = (T2 |ax]P)? < eo.
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In this paper, we generalize this result by proving that it is valid for any ¢" space, where
r € [1,+o0]. This paper is organized as follows. In section 1, we recall basic concepts of Besov
and Lizorkin-Triebel spaces, the decomposition of Littlewood-Paley, and some notations that
will be needed throughout this paper. In section 2, we give a generalization of Bourdaud
theorem of a localization property of Besov spaces on the ¢" space, where r € [1, +c0]. Also,
we show that the Lizorkin-Triebel spaces are localizable in the ¢ norm. Finally, we present
some conclusions and discuss future research in section 3.

1 PRELIMINARIES AND NOTATIONS

This section contains the basic definitions and notations that will be needed throughout
this paper.

1.1 Notations

We note (e, ..., e,) the canonical basis of R", x.y = x1y1 + ... + XY, the scalar product in
R", and for « € N”, |a| = a1 + ... + ay aﬁj‘,ﬂf% the partial derivative of the function f is
denoted by 0* f.

If f: R" — C, the support of f denoted by suppf. D(IR") is the space of test functions,
i.e., of smooth functions which have compact support, D’(IR") is the dual of D(R") . S(R")
is the Schwartz space of functions C*(R") rapidly decreasing on R”, the dual §'(R") is the
space of tempered distributions.

If f € S(R"), then it Fourier transform defined by:

FUF))@) = [ expl(=ixg)f (x)dx

and its inverse Fourier transform defined by:

FAF@@) = o) [ explixd)f(@)de.

Let A; and A two spaces, we say that A; < A, if there exists ¢ > 0 such that [|.|| 4, < c||.]| ;-
p’ is the conjugate exponent of p, % + % = 1 where p € [1, +0].

Let k € Z", ;. is the translation operator defined by 7, f(-) = f(- — k). L? is the space of the
measurable functions f such that || f||r = (g |f (x)\i’dx)% < o0. (1 is the space of sequences
(a1 such that | (a,)| i = (K32 larl)7 < o

Let0 < p <o00,0<g <0050

o]

filawry = QAT < oo [l fillLrieny = H(i )l < co.

k=0 k=0

Q=

1.2 The decomposition of Littlewood-Paley
Let ¢ € S(IR"), which satisfy the conditions:

(i) suppp C{€R": 1 <[¢] <3},

(ii) ¢(¢) >0, for, 1 <|¢| <3,
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(iii) Yjez 9(277¢) =1, for, & € R"\ {0}.

The construction of ¢ does not pose any difficulty, see for example [3] . We put ¢(¢) = 1 —
it @(27¢), then it follows that the function ¢ € C®(R"), such that supp ¢ C {¢ € R" :
|| < 3}. In the following, we fix the partition of the unit and we obtain:

¢(C) + Z}’ilgo(Z_j(;‘) =1 (forall { € R").

To this partition, we associate a sequence of convolution operators A]' : 8" — C®, defined

by F(8if)(€) = ¢(2718)f(€), for j = 1,2,...and F(8of)(2) = ¢(&)f(&). Also, we define the
operators Qi by F(Qif)(&) = ¢(27%&) f(&), for, k = 1,2,... forall f € &', the decomposition of
f of the Littlewood-Paley type given by

f=Y_Ajf. (1)

j=0

The series (1) converges in the sense of tempered distributions. The series (1) can be written as

f=Qf+ Y Ajf,

j=k+1
This formula is valid for any f € S’ and k € IN, such that Qyf = Yi<kBjf

Definition 1 ([10]). Let f € 8" and a > 0. We define the maximal operators associated to the
Ak and Qk by

*,0 _ |Akf(x_y)| d *,0 _ |Qkf(x_]/)|
SR A e A e A (AT

Notation: The symbol — indicates that the embedding is continuous.

Definition 2 ([8]). Lets € R,p,q € [1,+o0]. The Besov space By (IR") is the set of all f €
S'(R") satisfying

=

) sj . Y o -
HfHBf,,q(]R") = {(EPO(Z HA]fHP) ) < +oo, for g F# oo, "

sup o (27[|Aiflly) < +oo, for q = co.

Definition 3 ([8]). Lets € R, p € [1,+oo[ and g € [1, +oo]. The Lizorkin-Triebel space F, ,(R")
is the setof all f € S'(R") satisfying

/ A f1)? % ©0 00.
1 f1lEs, () = {(ZPO(z [AifDT)1]lp < oo, for q# .

Isup;=o(27|Ajf])llp < +oo, for q= .
Remark 1. In the formula (2)(resp. (3)), we can replace A; by A;"” with a > % (resp. a >
m% and we obtain an equivalent norm in Bj . (R") (resp. F; ,(R")).

For more details, see Peetre [7] and Triebel [10] .

Proposition 1 ([2]). Lets € R.
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(i) for all vy > 1, there exists, c > 0, such that for any sequence of functions (f;);>o, where
supp Ffj C {¢: 712 <|¢| < v2/}, we have

oo . 1
I follB;,q < (L 27fillp) 0
j=0

(i) for all a > 1, there exists, ¢ > 0, such that for any sequence of functions ( f]) jeN, where
supp Ff; C {¢:a12/ < [¢] < a2/}, we have

[} o ) 1
| Z%)ﬁ|ng,q < CI!(Z:,JZSMIEIq)HIIp-
j= j=

2 LOCALIZATION OF BESOV SPACES

In this section, we give a generalization of Bourdaud theorem of a localization property
of Besov spaces on the (" space, where r € [1,+o0]. Also, we show that the Lizorkin-Triebel
spaces are localizable in the /¥ norm. We start with these important concepts.

Let E be a Banach space of distributions. We associate on the space E the following hypoth-
esis.

(1) Translation invariance; if we denote T, the operator given by 7, f(t) = f(x —t), then 7, is
an isometric of E;

(2) Localization invariance; for all f € E and ¢ € D(R"), we have that ¢f € E.

Let ¢ € D(IR"). The notion of localized is defined by fx = 7v¢ - f, it follows immediately from
the hypothesis 1 and 2 that the family (fx)xerr is bounded in E. We consider the set A as the
class of all the functions ¢ € D(R") satisfying

Y @(x—k)=1, forall x € R".
kez"

Definition 4 ([1]). Let E be a Banach space of distributions, E is localizable in the ¢¥ norm
(1 < p < ), if there exists ¢ € A and a constant ¢ > 1, such that

cHIflle < CL NweflIE)? < cliflle:

kezn

—_

ie.,, E = (E)y», we denote by (E)» the distribution space of u such that

lulle),, = I(lmpulle)keznller < co.

Proposition 2 ([1]). Let S be the Schwartz space, if the function 6 € S is not null on the support
of ¢, then we have:

1l E),p ~ (1.1l E)kezn [l ev-

Proposition 3 ([1]). Let B, ;, be a Besov space, and N be a natural number fulfill N > s, and
A, u € S, such that

(i) u(G) #0, for[¢] <3,
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(ii) A(&) #0, for1 < |¢| <3 and A(*)(0) = 0 for |a| < N.

We denote by L;(j > 1) the respective symbol operators A(27/¢) and by Lo the symbol operator
u(&), therefore

lutlls,, ~ 112 Ljullp)jencl

In the following theorem we give a generalization of Bourdaud theorem of a localization
property of Besov spaces on the ¢ spaces, by using Proposition 2 and Proposition 3.

Theorem 2. Let p,q,r € [1,4+], s € R, and B}, and (Bj, ;). are respectively the Besov and
localized Besov spaces. Then

(i) B}, = (B q)er, forr > max(p,q),
(i) (Byq)er = B4, forr < min(p,q).

In particular, B;, , space is localizable in the {¥ norm.

Proof. (i) We will show that

lull (B3, < cllullg,, for ¢>0.
By Proposition 1, it follows that

, 1
I ZTkQ'A]‘MHB;q < C(ZZSWHTkG.AjuHZ)q.
=0 i=0

This implies that, ||7;60.u H%z’q < (X2 2517||70.Au ) 7. Then it holds that

1 O ro1
(L lndally )7 < el ¥ (X 25]|u.Aulp)T)r.

kezm j=0
Consequently
1 .
(X Ilmdullps )7 < c(llV[1w0-Aullp)keze ller en))- 4
kezr

Since, r > max(p, q) implies that g < r. Then from Minkowski inequality we have

12% || 58851l p ) kezn | oreny < cll (27 | Tb.Ajullpkeznlloa -

So, we can see that the inequality (4) becomes as follows

1 .
(X Imd-ullps )7 < c(ll V]I w0-Ajullp ezl ener))-
kezn

Consequently (Y jczn ”Tk("””%z,q)’ < o(X520 297(Lgezn [|Tb-Ajull})7) 7. Therefore,

= =

1 2 i
(2 lmbulll )7 < () 277 (I7d-Ajull (i) )7 (5)
kezn i=0
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Also, we have r > max(p, q) implies that p < ri.e., ¢V — (', it follows that ¢ (LF) < ¢"(LP)
Consequently [|(T8.Au)rezn ng(Lp) < c|[(T8.Aju)kez HM(LP)- So, we can see that the inequal-
ity (5) becomes as follows (} ez |]Tk9.uH%;}q)% < (Lo zsjq(HTkQ.A]‘qup(Lp))q)%. Since L7 is a
space localizable in the (¥ norm, then it holds that || 78.Au[p(1r) «~ [|Aju||p. Hence,

1 2 1
(Y Ml )7 < () 29 Amullp)s < cllullg,,.
kezr j=0

Thus/ leq — (B;,q>gr.
(ii) Now, we will show that
||“||B§,,q < C||u||(B;,q)U, for ¢ > 0.

Let u € S'(R"). Then it holds that

L)l = ILi (Y. wpuw)llp =1 Y Li(wpu)ll, <c( Y ILj(wepu)l})
kez" kezZn kez"

==

Since, r < min(p, q), it holds that ¢" — (7 i.e,,

1L (wep-) [ pkezr ller < el (UL (Teg-u) | p)kezeler-

So, we have

1 1
IL;Gollp < eC Y L (mepu)[[p)7 < e} [ILj(Tmequ) )7
kezn kezr
This implies that
o ) 1 ) ) g1
(L 2MLulp)7 < e()297( ) [ILi(zeq-u)ll}) 7)o
j=0 j=0 kezn
Consequently
e ) 1 .
(L 27Ljullp)s < e(l@INL(tep-1) | p)keze Nl agery)- ©6)
j=0

Since, r < min(p, q), it holds that » < g, Then from Minkowski inequality we have

17|Lj () lp)kezn leagery < cll (27 || L (i)l p)keznllor on) -

So, we can see that the inequality (6) becomes as follows

[ee]

. 1 i
(277 Lullp)? < 12V |ILj(Teg-u) | p)kezn | r(eny)-
j=0
Consequently
) ) 1 i . ryl1
(L2 Lull})T < e Y (L 277 Li(mea)[[5)7)7
j=0 kez® j=0
1
<c( ) llmpuly )7 < cllulls,),-
kezZn
Thus, (B},,)¢ < Bj,. -
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Remark 2. The generalization of Bourdaud Theorem given by Sickel and Smirnov in 1999
[9] using the wavelet method, the aim of this work is to generalize the same Theorem of a
localization property by using a different method.

Theorem 3. Letp,q € [1,+0c0|,s € R, and F, ,and (F; ) are respectively the Lizorkin-Triebel
and localized Lizorkin-Triebel spaces. Then the space F; ; is localizable in the {F norm. ie.,
E5 .= (F ) w.

P4

p4q
Proof. (i) (Fj4)e < F; ; We will show that
£l < cllfllizs e for ¢ >0,
From Definition 3, || f[[r;, = [[(XZ0 25]"7|A]-f|‘7)% |p- We put Aif = Yyczn Tp.Ajf, it follows
that [|fl15, = | (5 0(Seczr 29|t f)7) 1 - Consequently
gy, = 1127 (5egdif kezn leneny -

Since, 1 < g. Then from Minkowski inequality we have

1, = 1127 (wpdifkeze g lp < 127 (we@dif ezl ol

Consequently
i - 1,01
1l < el X (2 2% zgaif|9) ], < o X I( Z2S]qlfkprjf|‘7)‘7||5)”-
kez" j=0 kezm  j=0

1
Hence, || f|l£;, < c(Ckezn [Tk fllF;, )7~ Thus, (F ) — Fy g
(i) Fy 4 < (F;,q) v Now, we will show that

Hf||(1—";,q)£p < C”fHF;,q/ for ¢ > 0.
Let p,g € [1,+00] and s € R. Then it holds that

(X lwpflf )7 = (¥ ||rkqo2A]f||Fs =(Y ||2A]frk(p||Fs ).

keZn keZn keZr  j=0
From Proposition 1, it follows that

(¥ lwpflE )7 < e( ¥ 13 29| A Frpl )T |12)F

kezn kez" j=0
: 1 1
< () Nl Zf”!Ajfl”’)qHﬁ)”-
kezr

Since LY is a space localizable in the ¢¥ norm, then it holds that

1

(L lme-fllgs, )7 < ZZSMIAJI" Tl < clifllgs,-

kez"

Thus, F; ; — (F0)er- O
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3 CONCLUSION

In this work, we have generalized the Bourdaud theorem of a lacalization property of Besov

spaces B;,q (R") on the ¢" space, where s € R, p,q,7 € [1,+00]. Also, we have provided that
the Lizorkin-Triebel spaces are localizable in the ¢F norm. In future work, we will investigate
the localization property on other functional spaces.
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IMonsTTs AOKaAi3aliliHOI BAacTMBOCTI MpocTopy becosa BBeaeHe I'. Bypao, BBeAeHO TakuM um-
HOM, 1o TipocTopu becosa Bj, ,(R"), ae s € Rip,q € [1,+00], Taxi, o p # 4, € HEAOKAAI3OBHMMY
y Hopmi (7. TlisHille BiH noxasas, wo npoctopu becosa Bj , BKraaeHi B AOKaAi30BaHi IpocTopyu
Becosa (B; ;) v (:‘06T0 B, — .(B;,q) o, AP P > q). "l;aKo.x 6yAso noxaaaHS, LII0 AOKAAi30BaHi Ipo-
cTopu BeCOBa. (B,q) e BKAQACHI B IPOCTOPM Be.COBa Bm (ie., (Byg)er — By, mpup < q). 30kpema
B}, € roxanizosrmm B Hopmi £F, ae (¥ mpocTip mocaiaosHOCTel (ak )y Taxumx, mwo [|(ax)|[p < oo
Y miif cTaTTi MM y3araAbHUAM TeopeMy Bypao mpo aoxaaizaniliHy BaacTusicTh mpocropis becosa
B} ,(R") ma mpoctip £', ae r € [1,+00]. A Toumiie My A0BeAn, o 6y Ab-sikmit mpoctip becosa B},
€ BKAQAEHWIT B AOKaAi30BaHMIL IPOCTip Bec.013a (B}q)er (i.e:, By, = (Byg)er, mpur > max(p,q)').
Taxox My noxasaan, o 6yAb-sikuit Aokarizosarmit npoctip becosa (Bj, ) BxaaaeHMit B mpocTip

S S S 3
Becosa pr’q (T.O6TO (.Bp/q)gr < By mpur < n.nn( p,q)). IHa 32BepIIeHES 6yAo TIOKA3aHO, IO Tpo-
cropu Aisopkina-Tpibera F; ,(R"), ae s € Rip,q € [1,400] e rokanisoBarmmu B HopMi (7 (TobTO
Foq = (Fog)er)-

Kntouosi crosa i ppasu: mpocTopu Becosa, mpocTopu Aisopxina-Tpibeast, AokarisamiliHa BaacTy-
BiCTb.





