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List of abbreviations and symbols

� By Rn we denote the n-dimensional real Euclidean space.
� By N we denote the collection of all natural numbers and N0 = N [ f0g.
� By Z we denote the set of all integer numbers.
� The Euclidean scalar product of x = (x1; :::; xn) and y = (y1; :::; yn) is given

by

x � y = x1y1 + :::+ xnyn:

� For x = (x1; :::; xn) 2 Rn and � = (�1; :::; �n) 2 Nn0 , we write

x� = x�11 � x�22 � � � x�nn :

� The expression f . g means that f � c g for some independent constant c

(and non-negative functions f and g).

� f � g means f . g . f .
� For x = (x1; :::; xn) 2 Rn, we write jxj =

p
x21 + :::+ x

2
n.

� R(u) := fx 2 Rn : u=2 � jxj < ug and Rk := R(2k):
� The notation X ,! Y stands for continuous embeddings from X to Y , where

X and Y are quasi-normed spaces.

� As usual for any x 2 R, [x] stands for the largest integer smaller than or equal
to x.

� For x 2 Rn and r > 0 we denote by B(x; r) the open ball in Rn with center x
and radius r.

� "i.e." stands simply for "in other words"
�We use c for various positive constant, i.e. a constant whose value may change
from appearance to appearance.
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Notations

� By suppf we denote the support of the function f , i.e., the closure of its
non-zero set.

� If E � Rn is a measurable set, then jEj stands for the (Lebesgue) measure of
E .

�E denotes its characteristic function.

� By D (Rn) we denote the space of functions with continuous derivatives of all
orders and compact support.

� By S(Rn) we denote the Schwartz space of all complex-valued, in�nitely di¤er-
entiable and rapidly decreasing functions on Rn. The topology in the complete

locally convex space S(Rn) is generated by

pN(') := sup
x2Rn

(1 + jxj)N
X
j�j�N

j@�'(x)j ; N = 1; 2; 3; ::::

� By S 0(Rn) the dual space of all tempered distributions on Rn.
� For 0 < p � 1: The classical Lebesgue space Lp(
) is the class of all measurable
functions f on 
 normed by (quasi-normed for p < 1)

kf j Lp(
)k =
�Z




jf(x)jp dx
�1=p

<1; 0 < p <1

and

kf j L1(
)k = ess-sup
x2


jf(x)j <1:

� Given p(�) : 
 � Rn ! ]c;1[, we de�ne the conjugate exponent function p0(�)
by the formula

1

p(x)
+

1

p0(x)
= 1; x 2 


with the convention that 1=1 = 0. Since p(�) is a function, the notation p0(�)
can be mistaken for the derivative of p(�), but we will never use the symbol �0�
in this sense.

� The notation p0 will also be used to denote the conjugate of p a constant
exponent.

� We de�ne the Fourier transform of a function f 2 L1(Rn) by

F(f)(�) = (2�)�n=2
Z
Rn
e�ix��f(x)dx:
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Notations

Its inverse is denoted by F�1f . Both F and F�1 are extended to the dual

Schwartz space S 0(Rn) in the usual way.
� By `q, 0 < q � 1, we denote the space of all (complex) sequences fakgk2Z
equipped with the quasi-norm



fakgk2Z j `q

 = � 1X
k=�1

jakjq
�1=q

(with the usual modi�cation if q =1).
� Let L1loc (Rn) be the collection of all locally integrable functions on Rn.
� Given a function f 2 L1loc (Rn) ; the Hardy-Littlewood maximal operator is
de�ned by

M(f)(x) := sup
r>0

1

jB(x; r)j

Z
B(x;r)

jf(y)j dy; 8x 2 Rn:

� By BMO(Rn) be the collection of all locally integrable functions f such that

kfkBMO(Rn) := sup
Q

1

jQj

Z
Q

jf(x)� fQj dx <1;

where fQ = 1
jQj
R
Q
f(y)dy, the supremum is taken over all cubes Q � Rn with

sides parallel to the coordinate axes.
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Introduction

In this memory, we study Herz-type Hardy spaces with variables exposants (all the three

parameters are variables) which are a generalization of classical Herz-type Hardy spaces.

Since the early 1990s, these spaces obtained a great development in the past few years

and played important roles in harmonic analysis. Recall that function spaces with variable

exponents have been intensively studied in the recent years by a signi�cant number of

authors.

These spaces based on the variable exponent Lebesgue space Lp(�)(
), with a variable

exponent function p (�) : 
! (0;1), consists of all measurable functions f such thatZ



jf(x)jp(x) <1;

as a generalization of classical Lebesgue spaces, variable exponent Lebesgue spaces were

introduced by Orlicz in 1931.

After this, we introduce Herz spaces with variable exponents, recall that the classical

Herz spaces goes back to the authors Beurling and Herz in the sixty�s of the last century

(Beurling �rst introduced in 1964 and Herz in 1968 de�ned this spaces). Based on variable

Herz spaces, we present variable Herz-type Hardy.

Also, in this memory, we present the atomic decompositions of variable Herz and variable

Herz-type Hardy. Using these decompositions, we present some results of H. Wang, L.

Zongguang and F. Zunwei [20] and R. Heraiz [12] concrning integral operators.

First, for 0 < � < n, for an appropriate function f , the commutator with m-order of

fractional integral operators Im�;b, (m = 1; 2;...) is de�ned by

Im�;b (f) (x) :=

Z
Rn

(b(x)� b(y))m

jx� yjn��
f(y)dy

iv



Introduction

We denote I1�;b by [b; I�] and I
0
�;b by the fractional integral operator I�, respectively.

Second, we de�ne Marcinkiewicz integral operator � by

�(f) (x) :=

�Z 1

0

jF
f (x)j2
dt
t3

� 1
2

where

F
f (x) :=

Z
jx�yj�t


(x� y)
jx� yjn�1

f (y) dy:

This class of operators was �rst de�ned by Stein in 1958 and under the conditions above,

Stein proved that � is of type (p; p) for 1 < p � 2 and of weak type (1; 1). Benedek et al.
showed that � of type (p; p) with 1 < p <1.
In the past two decades, some results concerning integral operators generalized to variable

function spaces (in particular, variable Herz-type Hardy spaces).

Our memory consists of three chapters. In the �rst chapter, we give some basic properties

of variable Lebesgue spaces and the mixed variable Lebesgue�s-sequence spaces, after this

we de�ne variable Herz-type and variable Herz-type Hardy spaces.

In the second chapter, we recall notations and de�nition of central atomic decomposition

and we present the characterizations atomic decomposition of variable Herz-type Hardy

spaces and their proof.

In the last chapter, we present some results of H. Wang, L. Zongguang and F. Zunwei [20]

and R. Heraiz [12] concerning fractional integral operators I� and Marcinkiewicz integral

operators �:

v



Chapiter 1

Herz-type Hardy spaces with variable

exponents

In this chapter, we present Herz-type Hardy with variable exponents which covers classical

Herz-type Hardy spaces. We start our �rst section by recalling some necessary preliminaries

on variable Lebesgue spaces and mixed variable Lebesgue�s-sequence spaces. After this

section, we give some basic properties of variable Herz spaces. In the last section of this

chapter, we de�ne Herz-type Hardy spaces with variable exponent, where all the three

parameters are variables.

1.1 Variable Lebesgue spaces

In this section we give a de�nition of the variable Lebesgue spaces which are a generalization

of the classical Lebesgue spaces, also we establish their structural properties as Banach

function spaces, many properties in classical Lebesgue spaces have been generalized to this

spaces.

1.1.1 Variable exponents

In this subsection, we begin with the basic properties and notation of variable exponent.

Given an open set 
 � Rn. We put

P0 (
) := fp mesurable: p (�) : 
! [c;1[ for some c > 0g :

1



1.1. Variable Lebesgue spaces

The elements of P0 (
) are called exponent functions or simply exponents.

Notation 1.1.1 We denote by

P (
) := fp mesurable: p (�) : 
 � Rn ! [1;1[g :

Given p 2 P0(
) and a set E � 
 , let

p� (E) = ess inf
x2E

p (x) ; p+ (E) = ess sup
x2E

p (x) :

If the domain E = 
 = Rn we will simply write

p� = p� (Rn) ; p+ = p+ (Rn) :

De�nition 1.1.1 Given 
 and p 2 P0(
). The variable Lebesgue space Lp(�)(
) to be the
set of all measurable functions f such that �p(�) (f=�) <1 for some � > 0.

Lp(�)(
) :=

(
f measurable : 9� > 0 : �p(�) (f=�) =

Z



����f(x)�
����p(x) � 1

)
;

equipped with the following quasi-norm

kfkLp(�)(
) := inf
�
� > 0 : �p(�) (f=�) � 1

	
:

If the set on the right-hand side is empty we de�ne kfkLp(�)(
) = 1. If 
 = Rn, we will

often write kfkp(�) instead of kfkLp(�)(Rn).

Theorem 1.1.1 Given 
 and p 2 P0(
). The function kfkLp(�)(
) de�nes a quasi-norm on

Lp(�)(
) and Lp(�)(
) is quasi Banach spaces.

Proof. First, we prove that Lp(�) (
) is vector spaces.

Since �p(�)(0) = 0, then we have 0 2 Lp(�) (
).
Let f 2 Lp(�) (
) and � 2 R�. There exists � > 0 such that

�p(�) (�f) <1:

We put �0 = �
j�j :

�p(�) (�0�f) = �p(�) (�0 j�j f)

= �p(�) (�f) <1:

2



1.1. Variable Lebesgue spaces

Which shows that �f 2 Lp(�) (
). It su¢ ces to show that if f; g 2 Lp(�) (
), then f + g 2
Lp(�) (
). By the convexity of �p(�),

�p(�) (�(f + g)) = �p(�)

�
(
1

2
2�f + (1� 1

2
)2�g)

�
� 1

2
�p(�) (2�f) +

1

2
�p(�) (2�g)! 0 if �! 0:

Now, we show that k�kLp(�)(
) is a norm. Let f 2 Lp(�) (
). There exists � > 0 such that

�p(�) (�f) < 1. This shows that kfkLp(�)(
) <1.
We also have k0kLp(�)(
) = 0.
For � 2 R, we have:

k�fkLp(�)(
) = inf

�
� > 0 : �p(�)

�
�f

�

�
� 1
�

= inf

�
� > 0 : �p(�)

�
j�j f
�

�
� 1
�

= inf

�
� j�j > 0 : �p(�)

�
f

�

�
� 1
�

= j�j inf
�
� > 0 : �p(�)

�
f

�

�
� 1
�

= j�j kfkLp(�)(
) :

We now show the triangular inequality. Let f; g 2 Lp(�) (
) and kfkLp(�)(
) < 
 and

kgkLp(�)(
) < �. Then 



f






Lp(�)(
)

� 1 and



g
�





Lp(�)(
)

� 1

By the convexity of �p(�), we have:

�p(�)

�
f + g


 + �

�
= �p(�)

�




 + �

f



+

�


 + �

g

�

�
� 



 + �
�p(�)

�
f




�
+

�


 + �
�p(�)

�g
�

�
� 



 + �
+

�


 + �
= 1:

Therefore,

kf + gkLp(�)(
) � 
 + �:

which implies

kf + gkLp(�)(
) � kfkLp(�)(
) + kgkLp(�)(
) :

3



1.1. Variable Lebesgue spaces

If kfkLp(�)(
) = 0, then �p(�)(�f) � 1 for all � > 0. By the convexity of �p(�),

�p(�) (�f) = �p(�)

�
�
�f

�

�
= �p(�)

�
�
�f

�
+ (1� �)0

�
� ��p(�)

�
�f

�

�
� 1;

for all � > 0 and for all � 2 (0; 1]. Then x = 0:

De�nition 1.1.2 Soient 
 � Rn et p 2 P0 (
) ;on dé�nit Lp(�)loc (
) par:

L
p(�)
loc (
) :=

�
f muserabe : f 2 Lp(�) (K) pour tout K � 
, K compact

	
:

1.1.2 Logarithmic Hölder continuity

In this subsection, we introduce the most important condition on the exponent in the study

of variable exponent spaces, the log-Hölder continuity condition, this condition has emerged

as the right one to guarantee regularity.

De�nition 1.1.3 We say that a function g : 
 ! R is locally log-Hölder continuous on 
,

abbreviated g 2 C logloc (
) ; if there exists clog(g) > 0 such that

jg (x)� g (y)j � clog
ln(e+ 1= jx� yj) (1.1.1)

for all x; y 2 
. If 0 2 
 and

jg(x)� g(0)j � clog
ln(e+ 1=jxj)

for all x 2 
, then we say that g is log-Hölder continuous at the origin (or has a log decay
at the origin). If, for some g1 2 R and clog > 0, there holds

jg(x)� g1j �
clog

ln(e+ jxj)

for all x 2 
, then we say that g is log-Hölder continuous at in�nity (or has a log decay at
in�nity), abbreviated g 2 C log (
).

4



1.1. Variable Lebesgue spaces

Remark 1.1.1 We note that all functions g are log-Hölder at in�nity always belong to L1.

Notation 1.1.2 The notation P log(
) is used for all those exponents p 2 P(
) which are
locally log-Hölder continuous and have a log decay at in�nity. The class P log0 (Rn) is de�ned
analogously. If 
 is unbounded, then we de�ne p1 by

p1 := lim
jxj!1

p(x):

1.1.3 Fundamental inequalities in variable Lebesgue spaces

The following theorem is the generalization of the classical Hölder�s inequality in variable

Lebesgue spaces. The classical Hölder�s inequality is that for all p, 1 � p � 1, given
f 2 Lp(
) and g 2 Lp0(
) Z




jf(x)g(x)j dx � kfkLp(
) kgkLp0 (
) :

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [4, Theorem 2.33].

Theorem 1.1.2 Given 
 and p 2 P(
). Then there exists a constant K such that for all

f 2 Lp(�)(
) and g 2 Lp0(�)(
), fg 2 L1(
) and

kfgkL1(
) � K kfkLp(�)(
) kfkLp0(�)(
) :

where

K = (1=p� + 1� 1=p+):

The generalized Hölder�s inequality in the classical Lebesgue holds in variable Lebesgue

spaces. For the proof of the following corollary, see [3, Corollary 2.28].

Lemma 1.1.1 Let 
 � Rn; p 2 P (
) and s > 0 such that sp� > 1. Then

kjf jskLp(�)(
) = kfk
s
Lsp(�)(
) :

5



1.2. Variable Herz spaces

Proof. We have

kfkLsp(�)(
) = inf

�
� > 0 : �sp(�)

�
f

�

�
� 1
�

= inf

�
� > 0 : �p(�)

�
f s

�s

�
� 1
�

= inf

�
t
1
s > 0 : �p(�)

�
f s

t

�
� 1
�

= kjf jsk
1
s

Lp(�)(
)
:

This �nishes the proof.

1.2 Variable Herz spaces

In this section, we give the de�nition of Herz spaces with variable exponent.

1.2.1 The mixed variable Lebesgue-sequence space

In this sebsection, we present a functional spaces create by Alexander Almeida and Peter

Hästö, which allows us to de�ne variable Herz spaces. This new spaces as a generalization

of the iterated function space `q(Lp(�)) for the case of variable q:

De�nition 1.2.1 Let p; q 2 P0 (Rn). The mixed Lebesgue-sequence space `q(�)(Lp(�)) is de-
�ned on sequences of Lp(�)-functions by the modular

�`q(�)(Lp(�)) ((fv)v) :=
X
v

inf

�
�v > 0 : �p(�)

�
fv=�

1
q(�)
v

�
� 1
�
:

Here we use the convention �
1
1 = 1. The quasi-norm is de�ned from this as usual:

k(fv)vk`q(�)(Lp(�)) :=
X
v

inf

�
� > 0 : �`q(�)(Lp(�))

� 1
�
(fv)v

�
� 1
�
: (1.2.1)

To motivate this de�nition, we mention that

k(fv)vk`q(Lp(�)) =



k(fv)vkp(�)




`q

if q 2 (0;1] is constant.

6



1.2. Variable Herz spaces

Remark 1.2.1 If q+ <1, then

inf
n
� > 0 : �p(�)

�
f=�

1
q(�)
�
� 1
o
=



jf jq(�)




p(�)
q(�)

.

Since the right-hand side expression is much simpler, we use this notation to stand for the

left-hand side even when q+ =1. For instance, we often use the notation

�`q(�)(Lp(�)) ((fv)v) :=
X
v




jfvjq(�)


 p(�)
q(�)

for the modular

The following theorem presents the `q(�)(Lp(�)) quasi-norm, see H. Kempka and J. Vybíral

[14, Theorem 1].

Theorem 1.2.1 Let p; q 2 P0 (Rn). k�k`q(�)(Lp(�)) is a quasi-norm on the mixed Lebesgue-

sequence space `q(�)(Lp(�)).

Let p; q 2 P (Rn). If p(x) � 1 is constant almost everywhere (a.e.) on Rn and q � 1, or if
1
p(x)

+ 1
q(x)

� 1 a.e. on Rn, or if 1 � q(x) � p(x) < 1 a.e. on Rn, then k�k`q(�)(Lp(�)) is a
norm on the mixed Lebesgue-sequence space `q(�)(Lp(�)).

Furthermore, if p and q are constants, then `q(�)(Lp(�)) = `q(Lp).

The following lemma is a Hardy-type inequality, see [8, Lemma 2].

Lemma 1.2.1 Let 0 < a < 1 and 0 < q � 1. Let f"kgk2Z be a sequence of positive real
numbers, such that 

f"kgk2Z

`q = I <1:
Then the sequences

n
�k : �k =

P
j�k a

k�j"j

o
k2Z

and
n
�k : �k =

P
j�k a

j�k"j

o
k2Z

belong to

`q, and 

f�kgk2Z

`q + 

f�kgk2Z

`q � c I;
with c > 0 only depending on a and q:

7



1.2. Variable Herz spaces

1.2.2 De�nition of variable Herz spaces

For convenience, we set

Bk := B(0; 2
k) ; Rk := Bk nBk�1 and �k = �Rk ; k 2 Z:

Very often we have to deal with the norm of characteristic functions on balls (or cubes) when

studying the behavior of various operators in harmonic analysis. In classical Lp spaces the

norm of such functions is easily calculated, but this is not the case when we consider variable

exponents. Nevertheless, it is known that for p 2 P log we have

k�Bkp(�)k�Bkp0(�) � jBj: (1.2.2)

Also,

k�Bkp(�) � jBj
1

p(x) ; x 2 B (1.2.3)

for small balls B � Rn (jBj � 2n), and

k�Bkp(�) � jBj
1
p1 (1.2.4)

for large balls (jBj � 1), with constants only depending on the log-Hölder constant of p

(see, for example, [5, Section 4.5]).

For characteristic functions de�ned on (dyadic) annuli we have similar norm estimates,

without requiring the log-Hölder continuity at every point.

The following lemma plays an important role in the proof of the main results of this

paper, where is a generalization of (1.2.2), (1.2.3) and (1.2.4) to the case of dyadic annuli,

see A. Almeida and D. Drihem [1, Lemma 2.2].

Lemma 1.2.2 Let p 2 P(Rn) be log-Hölder continuous at in�nity, and R = B(0; r)nB(0; r
2
).

If jRj > 2�n, then
k �R kp(�)� jRj

1
p(x) � jRj

1
p1

with the implicit constants independent of r and x 2 R.
The left-hand side equivalence remains true for every jRj > 0 if we assume, additionally, p
is log-Hölder continuous, both at the origin and at in�nity.

8



1.2. Variable Herz spaces

De�nition 1.2.2 Let p; q 2 P0(Rn) and � : Rn ! R. The homogeneous Herz space

_K
�(�);p(�)
q(�) (Rn) is de�ned as the set of all f 2 Lq(�)loc (Rn n f0g) such that

kfk _K�(�);p(�)
q(�)

:=



�2k�(�)f �k�k2Z


`p(�)(Lq(�)) <1: (1.2.5)

Obviously, If � and p; q are constant, then _K
�(�);p(�)
q(�) (Rn) = _K�;p

q (Rn) are the classical

Herz spaces and if � (�) = 0; p (�) = q (�) then _K
�(�);p(�)
q(�) (Rn) coincide with Lq(�)(Rn).

The next two propositions give some basic embeddings between Herz spaces. See [6] and

[1, Proposition 3.5].

Proposition 1.2.1 Let p; q; � 2 P0(Rn) and � : Rn ! R be log-Hölder continuous, both at

the origin and at in�nity. If (p� �)� � 0, then

_K
�(�);�(�)
q(�) ,! _K

�(�);p(�)
q(�) : (1.2.6)

Proof. By a simple consequence of the embedding `�(�)(Lq(�)) ,! `p(�)(Lq(�)); we obtain

the proof of this proposition.

Proposition 1.2.2 Let � 2 L1(Rn), p0; p1 2 P(Rn) and q 2 (0;1]. If p0(�) � p1(�) and
1=p0 � 1=p1 be log-Hölder continuous, both at the origin and at in�nity, then

_K
�(�)+n=p0(�)�n=p1(�);q
p1(�) ,! _K

�(�);q
p0(�) :

Proof. By Hölder inequality in Lp0(�)(Rn); we have the following estimate



2k�(�)f�k

p0(�) �


2k�(�)f�k

p0(�) k�kkt(�) avec 1

p0 (�)
=

1

p1 (�)
+

1

t (�)
�




2k�(�)f�k k�kkt(�)



p0(�)

;

for any k 2 Z. By Lemma 1.2.2, we get the equivalence

2k�(�)f�k k�kkt(�) � 2k�(x)f�k jRkj
1=t(x)

where the constants are independent of k and x 2 Rk.
Since 1=p0 � 1=p1 be log-Hölder continuous, both at the origin and at in�nity, then

jRkj1=t(x) � 2
kn
t(x) ;
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1.2. Variable Herz spaces

we obtain the estimate


2k�(�)f�k k�kkt(�)



p0(�)

� c


2k(�+n=p0(�)�n=p1(�))f�k

p1(�)

For f 2 _K
�(�)+n=p0(�)�n=p1(�);q
p1(�) ; we have

kfk _K�(�);q
p0(�)

=

 
+1X
k=�1



2k�(�)f�k

qp0(�)
! 1

q

� c

 
+1X
k=�1



2k(�+n=p0(�)�n=p1(�))f�k

qp1(�)
! 1

q

� c kfk _K�(�)+n=p0(�)�n=p1(�);q
p1(�)

:

The next proposition gives a new equivalent norm in _K
�(�);q(�)
p(�) - spaces, see D. Drihem

and F. Seghiri in [8, Proposition 1].

Proposition 1.2.3 Let � 2 L1(Rn), p; q 2 P0(Rn). If � and q are a log-Hölder continuous,
both at the origin and at in�nity, then

kfk _K�(�);q(�)
p(�)

�
� �1X
k=�1



2k�(0)f �k

q(0)p(�)

�1=q(0)
+
� 1X
k=0



2k�1f �k

q1p(�)�1=q1 :
Next, we give the following lemma, which is a generalization Hölder inequality in variable

Herz spaces [7].

Lemma 1.2.3 Let �i 2 L1 (Rn) and pi; qi 2 P (Rn) ; i = 1; 2; 1=p(�) = 1=p1(�) + 1=p2(�);
1=q(�) = 1=q1(�) + 1=q2(�): If �i and qi are log-Hölder continuous, both at the origin and
at in�ninity, Then there exists a constant C such that for all f 2 _K

�1(�);q1(�)
p1(�) (Rn) and

g 2 _K
�2(�);q2(�)
p2(�) (Rn), fg 2 _K

�(�);q(�)
p(�) (Rn) and

kfgk _K�(�);q(�)
p(�) (Rn) � C kfk _K�1(�);q1(�)

p1(�)
(Rn) kgk _K�2(�);q2(�)

p2(�)
(Rn) :

Proof. The proof follows immediately by applying Proposition 1.2.3, and Hölder�s

inequality in `q(0) (Rn) ; `q1 (Rn) and in Lp(�) (Rn).

Remark 1.2.2 If the exposants are constants, this result is from [9, Lemma (Hölder�s in-

equality)].
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1.3. Variable Herz-type Hardy spaces

1.3 Variable Herz-type Hardy spaces

The Hardy space Hp(�)(Rn) with variable exponent is the set of all tempered distributions on

Rn for which kfkHp(�)(Rn) := kM(f)kp(�) is �nite. Based on this spaces, we introduce Herz-
type Hardy spaces which obtained a great development in the past few years and played

important roles in harmonic analysis.

1.3.1 De�nition and basic properties of variable Herz-type Hardy

spaces

In this subsection, we will give the de�nition of Herz-type Hardy spaces with variable ex-

ponent H _K
�(�);q(�)
p(�) .

De�nition 1.3.1 Let ' 2 D (Rn) with supp ' � B0, such thatZ
Rn
'(x)dx 6= 0 and 't (�) = t�n'

� �
t

�
for any t > 0:

LetM'(f) be the grand maximal function of f de�ned by

M'(f)(x) := sup
t>0
j't � f(x)j:

The variable Herz-type Hardy spaces H _K
�(�);q(�)
p(�) are de�ned in the following way.

De�nition 1.3.2 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1(Rn). The homogeneous
Herz-type Hardy space H _K

�(�);q(�)
p(�) (Rn) is de�ned as the set of all f 2 S 0(Rn) such that

M'(f) 2 _K
�(�);q(�)
p(�) (Rn) and we put

kfk
H _K

�(�);q(�)
p(�)

:= kM'(f)k _K�(�);q(�)
p(�)

:

The spaces H _K
�(�);q(�)
p(�) , where the three parameters are variables, have been �rst studied

in [8]. Many of the results from the �xed situation have variable counterparts. If q 2 P0(Rn),
p 2 P log with 1 < p� � p+ < 1, and let � and q are log-Hölder continuous, both at the
origin and at in�nity, such that � 2 L1(Rn) and

� n

p+
< �� � �+ < n

�
1� 1

p�
�
;
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1.3. Variable Herz-type Hardy spaces

then

H _K
�(�);q(�)
p(�) (Rn) \ Lp(�)loc (R

n n f0g) = _K
�(�);q(�)
p(�) (Rn) .

One recognizes immediately that if �, p and q are constants, then the spaces H _K�;q
p are just

the usual Herz-type Hardy spaces were recently studied in [10] and [16]. See [11] for further

results.
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Chapiter 2

Atomic decomposition of variable

Herz and variable Herz-type Hardy

spaces

Atomic decomposition plays a fundamental role in the harmonic analysis, it is a powerful tool

for dealing with duality theorems, interpolation theorems and some fundamental inequalities

in harmonic analysis.

2.1 Atomic decomposition of variable Herz spaces

In this section, we establish characterizations of the _K�(�);q(�)
p(�) (Rn)-spaces in terms of central

atomic decompositions, which make it convenient to study the boundedness of singular

integral operators and Marcinkiewcz integras operators in the next chapter.

De�nition 2.1.1 Let � 2 L1(Rn), p 2 P(Rn), q 2 P0(Rn) and s 2 N0. A function a is
said to be a central (�(�); p(�))-atom, if
(i) suppa � B(0; r) = fx 2 Rn : jxj � rg; r > 0:
(ii) kakp(�) � jB(0; r)j��(0)=n; 0 < r < 1:

(iii) kakp(�) � jB(0; r)j��1=n; r � 1:
(iv)

R
Rn x

�a(x)dx = 0; j�j � s:
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2.1. Atomic decomposition of variable Herz spaces

Remark 2.1.1 A function a on Rn is said to be a central (�(�); p(�))-atom of restricted

type, if it satis�es the conditions (iii), (vi) above and suppa � B(0; r); r � 1.

If r = 2k for some k 2 Z in De�nition 2.1.1, then the corresponding central (�(�); p(�))-
atom is called a dyadic central (�(�); p(�))-atom.
The following theorem is proved by D. Drihem and R. Heraiz in [7] which is a general-

ization of atomic decomposition of variable Herz spaces if �; p and q are not all variables.

Theorem 2.1.1 Let � 2 L1(Rn), p 2 P(Rn) and q 2 P0(Rn). If � and q are be log-Hölder
continuous, both at the origin and at in�nity with p+; q+ <1, the following two statements
are equivalentes

(i)- f 2 _K
�(�);q(�)
p(�) (Rn)

(ii)- f can be represented by

f (x) =
+1X
k=�1

�kak (x) ; (2.1.1)

where the series converges in the sense of distributions, �k � 0; each ak is a central

(�(�); p(�))-atom with support contained in Bk and� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
� +1X
k=0

j�kjq1
� 1
q1 � c kfk _K�(�);q(�)

p(�) (Rn) :

Moreover, the norms kfk _K�(�);q(�)
p(�)

and inf
��P�1

k=�1 j�kj
q(0)
� 1
q(0)

+
�P+1

k=0 j�kj
q1
� 1
q1
�
are

equivalent, where the in�mum is taken all over all decompositions of f as in (2.1.1).

Proof. We �rst prove (i) implies (ii). For every f 2 _K
�(�);q(�)
p(�) (Rn), write

f (x) =
+1X
k=�1

f (x)�k (x)

=
+1X
k=�1



2k�(�)f�k

p(�) f (x)�k (x)

k2k�(�)f�kkp(�)
=

+1X
k=�1

�kak (x) ;

where �k =


2k�(�)f�k

p(�) and ak (x) = f(x)�k(x)

k2k�(�)f�kkp(�)
. It is obvious that suppak � Bk and

kakkp(�) �

8<: 2�k�(0); if k � �1
2�k�1 ; if k � 0

:
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2.1. Atomic decomposition of variable Herz spaces

Thus, each ak is a central (�(�); p(�))- atoms with the support Bk and� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
�+1X
k=0

j�kjq1
� 1
q1

=
� �1X
k=�1



2k�(�)f�k

q(0)p(�)

� 1
q(0)
+
�+1X
k=0



2k�(�)f�k

q1p(�) � 1
q1

�
� �1X
k=�1

2k�(0)q(0) kf�kk
q(0)
p(�)

� 1
q(0)
+
�+1X
k=0

2k�1q1 kf�kk
q1
p(�)

� 1
q1

� kfk _K�(�);q(�)
p(�)

:

Now we prove (ii) implies (i). Let f(x) =
P+1

k=�1 �kak (x) be a decomposition of f which

satis�es the hypothesis (ii) of Theorem 2.1.1. For each j 2 Z, by the Minkowski inequality



f�j

p(�) � 1X
k=j

j�kj kakkp(�) : (2.1.2)

By Proposition 1.2.3 and from (2.1.2), it follows that kfk _K�(�);q(�)
p(�) (Rn) is bounded by

� �1X
k=�1

2k�(0)q(0)
� +1X
j=k

j�jj kajkp(�)
�q(0)� 1

q(0)
+
�+1X
k=0

2k�1q1
� +1X
j=k

j�jj kajkp(�)
�q1� 1

q1

= I1 + I2:

For I1, we divide the sum
P+1

j=k � � � into two parts,

�1X
j=k

� � �+
+1X
j=0

� � �:

I1 is bounded by Ia1 + I
b
1, where

Ia1 =
� �1X
k=�1

�
2k�(0)

�1X
j=k

j�jj kajkp(�)
�q(0)� 1

q(0)

and

Ib1 =
� �1X
k=�1

�
2k�(0)

+1X
j=0

j�jj kajkp(�)
�q(0)� 1

q(0)
.

Since 0 < � (0) <1, then by Lemma 1.2.1 (with 0 < a = 2��(0) < 1), we have

Ia1 � c
� �1X
k=�1

� �1X
j=k

j�jj2�(j�k)�(0)
�q(0)� 1

q(0) � c
� �1X
k=�1

j�kjq(0)
� 1
q(0)
:
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2.2. Atomic decomposition of variable Herz-type Hardy spaces

Since 0 < �1 <1, then by the embedding `q1 ,! `1

Ib1 � c
� �1X
k=�1

�
2k�(0)

+1X
j=0

j�jj2�j�1
�q(0)� 1

q(0)

� csup
j�0
j�jj
� �1X
k=�1

�
2k�(0)

+1X
j=0

2�j�1
�q(0)� 1

q(0) � c
�+1X
k=0

j�kjq1
� 1
q1
:

Thus, we have the desired estimate for I1:

For I2, we have

I2 =
�+1X
k=0

�
2k�1

+1X
j=k

j�jj kajkp(�)
�q1� 1

q1 �
�+1X
k=0

� +1X
j=k

j�jj2�(j�k)�1
�q1� 1

q1
:

Since 0 < �1 <1; then by Lemma 1.2.1 (with 0 < a = 2��1 < 1), we have

I2 �
�+1X
k=0

j�kjq1
� 1
q1 �

� �1X
k=�1

j�kjq(0)
� 1
q(0)
+
�+1X
k=0

j�kjq1
� 1
q1
:

This �nishes the proof.

2.2 Atomic decomposition of variable Herz-type Hardy

spaces

In this section, we present the characterization of Herz-type Hardy spaces in term of cen-

tral atomic decompositions, which use to study the boundedness of Marcinkiewcz integrals

operator on these spaces, the following theorem is [8, Theorem 4].

Theorem 2.2.1 Let � and q are be log-Hölder continuous, both at the origin and at in�nity

and p 2 P log(Rn) with 1 < p� � p+ <1. For any f 2 H _K
�(�);q(�)
p(�) (Rn), we have

f =

1X
k=�1

�kak;

where the series converges in the sense of distributions, �k � 0, each ak is a central

(�(�); p(�))-atom with suppa � Bk and �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q1

� ckfk
H _K

�(�);q(�)
p(�)

:
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2.2. Atomic decomposition of variable Herz-type Hardy spaces

Conversely, if � (�) � n(1 � 1
p� ) and s � [�+ + n( 1

p� � 1)], and if holds, then f 2
H _K

�(�);q(�)
p(�) (Rn), and

kfk
H _K

�(�);q(�)
p(�)

� inf
(� �1X

k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1)

;

where the in�mum is taken over all the decompositions of f as above.
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Chapiter 3

Boundedness of some operators on

variable exponent Herz-type Hardy

spaces

In this chapter, we present some results of H. Wang, L. Zongguang and F. Zunwei [20]

and R. Heraiz [12] concerning fractional integral operators I� and Marcinkiewicz integral

operators � which are the boundedness of this class of operators from variable Herz spaces

into itself when the parameters �; p and q satis�es some conditions. Also, we present the

boundedness of this operators on variable Herz-type Hardy spaces:.

3.1 Boundedness of fractional integral and their com-

mutators on Variable Herz-type Hardy spaces

In this section, we present the boundedness of fractional integral operators and their com-

mutators on variable Herz-type Hardy spaces. We only study the case where pne parameter

p is variable.

3.1.1 Some lemmas

Here we present three lemmas used to prove the results of H. Wang, L. Zongguang and F.

Zunwei [20]
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type
Hardy spaces

The three following lemmas are from [20, Lemma 0.5].

Lemma 3.1.1 Let p 2 P log (Rn), k be a positive integer and B be a ball in Rn. Then we

that for all b 2 BMO(Rn)and all i; j 2 Z with j > i,

1

c
kbkkBMO � sup

B

1

k�Bkp(�)
k(b� bB)k�Bkp(�) � c kbk

k
BMO ;

k(b� bBi)k�Bjkp(�) � c(j � i)
k kbkkBMO k�Bjkp(�)

Lemma 3.1.2 Suppose that p1; p2 2 P log(Rn) with p+1 < n
�
and 1

p1(�) �
1

p2(�) =
�
n
. Then for

all f 2 Lp1(�) (Rn), we have
kI�(f)kp2(�) � c kfkp1(�) :

Lemma 3.1.3 Suppose that p1; p2 2 P log(Rn) with p+1 < n
�
, 1
p1(�) �

1
p2(�) =

�
n
and b 2

BMO(Rn). Then for all f 2 Lp1(�) (Rn), we have

k[b; I�](f)kp2(�) � C kbkBMO kfkp1(�) :

3.1.2 Variable Herz estimate of fractional integral operators

First, we treat the boundedness of I� on variable Herz-type Hardy spaces.

Theorem 3.1.1 Suppose that p1; p2 2 P log(Rn) with p+1 < n
�
and 1

p1(�) �
1

p2(�) =
�
n
, � 2

L1(Rn). Let 0 < q1 � q2 < 1 and n(1 � 1
p�1
) � � < 1. Then I� is bounded from

H _K�;q1
p1(�)(R

n) to _K�;q2
p2(�)(R

n):

Proof of Theorem 3.1.1. We must show that

kI�(f)k _K�;q2
p2(�)

(Rn) � c kfkH _K
�;q1
p1(�)

(Rn)

for all f 2 H _K�;q1
p1(�) (R

n). Using Theorem 2.2.1, we may assume that

f =

+1X
i=�1

�iai
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Hardy spaces

where �i � 0 and ai�s are (� (�) ; p1 (�))- atom with suppai � Bi. Using the de�nition of

_K�;q2
p2(�) (R

n)-norm, we have

kI�(f)k _K�;q2
p2(�)

(Rn) =

(
+1X
k=�1

2k�q2 kI�(f)�kk
q2
p2(�)

)1=q2

�
(

+1X
k=�1

2k�q2

 
k�2X
i=�1

j�ij kI�(ai)�kkp2(�)

!q2)1=q2

+

( �1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij kI�(ai)�kkp2(�)

!q2)1=q2
= : E1 + E2:

Now we estimate E1. ,We can subtract the Taylor expansion of jx� yj�n+� at x, we obtain

jI�(ai) (x)j �
Z
Bi

jai (y)j jyjs+1

jxjn��+s+1
dy

� c2�k(n��+s+1)+i(s+1)
Z
Bi

jai (y)j dy;

Applying Hölder inequality, we get

jI�(ai) (x)j � c2�k(n��+s+1)+i(s+1) kaikp1(�)


�Bi

p01(�) : (3.1.1)

On the other hand

I�(�Bk) (x) �
Z
Bk

dy

jx� yjn��
�Bk (x) � c2

k��Bk (x) : (3.1.2)

By (3.1.1), (3.1.2) and Lemma 3.1.2, gives

kI�(ai)�kkp2(�) � c2�k(n��+s+1)+i(s+1) kaikp1(�)


�Bi

p01(�) k�kkp2(�)

� c2�k(n+s+1)+i(s+1) kaikp1(�)


�Bi

p01(�) 

I�(�Bk)

p2(�)

� c2�k(n+s+1)+i(s+1) kaikp1(�)


�Bi

p01(�) 

�Bk

p1(�)

Thus we obtain

E1 � c
(

+1X
k=�1

 
k�2X
i=�1

j�ij 2(i�k)(n+s+1���n=p1(0))
!q2)1=q2

;
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� if 1 < q1 <1, since s+1��++n(1� 1
p�1
) > 0 and q1 � q2, then by the Hölder inequality

we have

E1 � c

8<:
+1X
k=�1

 
k�2X
i=�1

j�ijq1 2(i�k)(n+s+1���n=p1(0))
q1
2

! q2
q1
 

k�2X
i=�1

2(i�k)(n+s+1���n=p1(0))
q01
2

! q2
q01

9=;
1=q2

� c

8<:
+1X
k=�1

 
k�2X
i=�1

j�ijq1 2(i�k)(n+s+1���n=p1(0))
q1
2

! 
k�2X
i=�1

2(i�k)(n+s+1���n=p1(0))
q01
2

! q1
q01

9=;
1=q1

� c

(
+1X
k=�1

 
k�2X
i=�1

j�ijq1 2(i�k)(n+s+1���n=p1(0))
q1
2

!)1=q1

= c

(
+1X
j=�1

j�jjq1
 

+1X
k=j+2

2(j�k)(n+s+1���n=p1(0))
q1
2

!)1=q1

� c

(
+1X
j=�1

j�jjq1
)1=q1

:

By the atomic decomposition of Herz-type Hardy spaces, we have

E1 � c
 

+1X
k=�1

j�kjq1
!1=q1

� ckfkH _K
�;q1
p1(�)
:

� if 0 < q1 � 1, by the injection `q1 ,! `1; we have

E1 � c

(
+1X
k=�1

 
k�2X
i=�1

j�ij 2(i�k)(n+s+1���n=p1(0))
!q2)1=q2

� c

8<:
+1X
k=�1

 
k�2X
i=�1

j�ijq1 2(i�k)(n+s+1���n=p1(0))q1
! q2

q1

9=;
1=q2

� c

(
+1X
k=�1

 
k�2X
i=�1

j�ijq1 2(i�k)(n+s+1���n=p1(0))q1
!)1=q1

= c

(
+1X
j=�1

j�jjq1
 

+1X
k=j+2

2(j�k)(n+s+1���n=p1(0))q1

!)1=q1

� c

 
+1X
k=�1

j�kjq1
!1=q1

� ckfkH _K
�;q1
p1(�)
:
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Let us estimate E2. By Lemma 3.1.2, we have

E2 =

(
+1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij kI�(ai)�kkp2(�)

!q2)1=q2

� c

(
+1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij kaikp2(�)

!q2)1=q2

� c

(
+1X
k=�1

 
+1X
i=k�1

j�ij 2(k�i)�
!q2)1=q2

� c

(
+1X
k=�1

 
+1X
i=k�1

j�ij 2(k�i)�
!q1)1=q1

� c

(
+1X
i=�1

j�ijq1
)1=q1

� ckfkH _K
�;q1
p1
:

A combination of estimations of E1 and E2 �nish the proof ot Theorem 3.1.1.

3.1.3 Variable-type Hardy estimate of commutator of fractional

integral operators

We present the boundedness of [b; I�] on variable Herz-type Hardy spaces.

Theorem 3.1.2 Suppose that p1; p2 2 P log(Rn) with p+1 < n
�
and 1

p1(�) �
1

p2(�) =
�
n
. Let

n(1� 1
p�1
) � � <1 and 0 < q1 � q2 <1 and b 2 BMO(Rn). Then [b; I�] is bounded from

H _K�;q1
p1(�)(R

n) to _K�;q2
p2(�)(R

n):

Proof of Theorem 3.1.2. We must show that

k[b; I�]fk _K�;q2
p2(�)

(Rn) � c kfkH _K
�;q1
p1(�)

(Rn)

for all f 2 H _K�1;q1
p1(�) (R

n). Using Theorem 2.2.1, we may assume that

f =

+1X
i=�1

�iai
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where �i � 0 and ai�s are (�; p1 (�))- atomwith suppai � Bi. Using de�nition of _K�;q2
p2(�) (R

n)�norm
, we have

k[b; I�]fk _K�;q2
p2(�)

(Rn) =

(
+1X
k=�1

2k�q2 k[b; I�]f�kk
q2
p2(�)

)1=q2

�
(

+1X
k=�1

2k�q2

 
k�2X
i=�1

j�ij k[b; I�]f�kkp2(�)

!q2)1=q2

+

(
+1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij k[b; I�]f�kkp2(�)

!q2)1=q2
= : F1 + F2:

Let us estimate F1: As in E1, we use the Taylor expansion of jx� yj�n+� at x and the
s-order vanishing moments of ai with s �

h
�+ � n(1� 1

p�1
)
i
, we have

j[b; I�] (ai)j

�
Z
Bi

jb(x)� b(y)j jai (y)j jyj
s+1

jxjn��+s+1
dy

� c2�k(n��+s+1)+i(s+1)
Z
Bi

jai (y)j jb(x)� b(y)j dy

� c2�k(n��+s+1)+i(s+1)
�
jb(x)� bBij

Z
Bi

jai (y)j dy +
Z
Bi

jai (y)j jbBi � b(y)j dy
�
;

we use the Hölder inequality, the last expression is bounded by

c2�k(n��+s+1)+i(s+1) kaikp1(�)
�
jb(x)� bBij



�Bi

p01(�) + 

jbBi � b(y)j�Bi

p01(�)� ; (3.1.3)

by (3.1.2) and Lemma 3.1.1, we obtain

k[b; I�] (ai)�kkp2(�)
� c2�k(n��+s+1)+i(s+1) kaikp1(�)

�
kjb(x)� bBij�kkp2(�)



�Bi

p01(�)
+


jbBi � b(y)j�Bi

p01(�) k�kkp2(�) �

� c2�k(n��+s+1)+i(s+1) kaikp1(�)
�
(k � i) kbkBMO



�Bk

p2(�) 

�Bi

p01(�)
+ kbkBMO



�Bi

p01(�) k�kkp2(�) �
� c(k � i)2�k(n��+s+1)+i(s+1) kaikp1(�) kbkBMO



�Bi

p01(�) 

�Bk

p2(�)
� c(k � i)2�k(n+s+1)+i(s+1) kaikp1(�) kbkBMO



�Bi

p01(�) kI�(ai)�kkp2(�)
� c(k � i)2�k(n+s+1)+i(s+1) kaikp1(�) kbkBMO



�Bi

p01(�) k�kkp1(�) :
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By (1.2.3) and Lemma 1.2.2, we have

F1 =

(
+1X
k=�1

2k�q2

 
k�2X
i=�1

j�ij k[b; I�] (ai)�kkp2(�)

!q2)1=q2

� c kbkBMO

(
+1X
k=�1

 
k�2X
i=�1

j�ij (k � i)2(i�k)(s+1+n���n=p1(0))
!q2)1=q2

� c kbkBMO

(
+1X
k=�1

 
k�2X
i=�1

j�ij (k � i)2(i�k)(s+1+n���n=p1(0))
!q2)1=q2

(3.1.4)

� if 1 < q1 <1, since s+1��++n(1� 1
p�1
) > 0 and q1 � q2, then by the Hölder inequality,

we have (3.1.4) is bounded by

c kbkBMO

8<:
+1X
k=�1

 
k�2X
i=�1

j�ijq1 (k � i)q12(i�k)(s+1+n���n=p1(0))
q1
2

! q2
q1

9=;
1=q2

�

8<:
+1X
k=�1

 
k�2X
i=�1

(k � i)q012(i�k)(s+1+n���n=p1(0))
q01
2

! q2
q01

9=;
1=q2

� c kbkBMO

8<:
+1X
k=�1

j�ijq2
 

k�2X
i=�1

(k � i)q12(i�k)(s+1+n���n=p1(0))
q1
2

! q2
q1

9=;
1=q2

� c kbkBMO

(
+1X
k=�1

j�ijq1
 

k�2X
i=�1

(k � i)q12(i�k)(s+1+n���n=p1(0))
q1
2

!)1=q1

= c kbkBMO

(
+1X
i=�1

j�jjq1
 

+1X
i=�k+2

(i� k)q12(i�k)(s+1+n���n=p1(0))
q1
2

!)1=q1
;

by the atomic decomposition theorem, we obtaint that F1 is bounded by

F1 � c kbkBMO

 
+1X
k=�1

j�kjq1
!1=q1

� ckfkH _K
�;q1
p1(�)
:
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� if 0 < q1 � 1, by the injection `q1 ,! `q2 ,! `1; we have (3.1.4) is bounded by

c kbkBMO

(
+1X
k=�1

 
k�2X
i=�1

j�ij (k � i)2(i�k)(s+1+n���n=p1(0))
!q2)1=q2

� c kbkBMO

(
+1X
k=�1

 
k�2X
i=�1

j�ijq1 (k � i)q12(i�k)(s+1+n���n=p1(0))q1
!)1=q1

� c kbkBMO

(
+1X
i=�1

j�ijq1
 

+1X
k=i+2

(k � i)q12(i�k)(s+1+n���n=p1(0))q1
!)1=q1

� c kbkBMO

(
+1X
i=�1

j�ijq1
)1=q1

� ckfkH _K
�;q1
p1(�)
:

Let us estimate F2. By Lemma 3.1.1, we have

F2 =

(
+1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij k[b; I�] (ai)�kkp2(�)

!q2)1=q2

� c kbkBMO

(
+1X
k=�1

2k�q2

 
+1X
i=k�1

j�ij kaikp1(�)

!q2)1=q2

� c kbkBMO

(
+1X
k=�1

 
+1X
i=k�1

j�ij 2(k�i)�
!q2)1=q2

� c

 
+1X
k=�1

j�kjq1
!1=q1

� ckfkH _K
�;q1
p1(�)
:

A combination of estimations of F1 and F2 �nish the proof ot Theorem 3.1.2.

3.2 Boundedness of Marcinkiewicz integrals on vari-

able exponent Herz-type Hardy spaces

In this section, we present some results of R. Heraiz [12] concerning Marcinkiewicz integral

operators � which are the boundedness of this class of operators from _K
�(�);q(�)
p(�) (Rn) to

_K
�(�);q(�)
p(�) (Rn) when the parameters �; p and q satis�es some conditions. Also, we present the

boundedness of � on variable Herz-type Hardy spaces H _K
�(�);q(�)
p(�) (Rn):.
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

3.2.1 Preliminaries

De�nition 3.2.1 For 0 < � � 1, the Lipschitz space Lip�(Rn) is de�ned as

Lip�(Rn) :=
�
f : kfkLip�(Rn) = sup

x;y2Rn;x 6=y

jf(x)� f(y)j
jx� yj� <1

�
Given 
 2 Lip�(Rn) be a homogeneous function of degree zero andZ

sn�1

 (z) d�(z) = 0

where z = x=jxj for any x 6= 0 and Sn�1 denotes the unit sphere in Rn (n � 2) equipped

with the normalized Lebesgue measure.

De�nition 3.2.2 The Marcinkiewicz integral � is de�ned by

�(f) (x) :=

�Z 1

0

jF
f (x)j2
dt
t3

� 1
2

where

F
f (x) :=

Z
jx�yj�t


(x� y)
jx� yjn�1

f (y) dy:

It is well known that the operator � was �rst de�ned by Stein [17]. First he proved

that if 
 2 Lip�(Sn�1) (0 < � � 1), then � is of type (p; p) for 1 < p � 2 and of weak

type (1; 1). Benedek et al. [2] showed that � of type (p; p) with 1 < p < 1. Recently,
the boundedness of Marcinkiewicz integral operators � on variable function spaces have

attracted great attention (see [18], [19], ....). In [12], R. Heraiz generalize some results

concerning Marcinkiewicz integral operators � on variable Herz spaces _K
�(�);q(�)
p(�) (Rn) and

variable Herz-type Hardy spaces H _K
�(�);q(�)
p(�) (Rn):

Here we present three lemmas used to prove the results of R. Heraiz.

The following Lemma presents the Lp(�)-boundedness of �.

Lemma 3.2.1 ([15]) Let p 2 P log(Rn), then there exists a constant C such that for any

f 2 Lp(�) (Rn)
k�(f)kp(�) � Ckfkp(�):

The next Lemma treats the boundedness of fractional integral on variable Lebesgue

space.
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

Lemma 3.2.2 ([20]) Suppose that p1; p2 2 P log(Rn) with p+1 < n
�
and 1

p1(�)�
1

p2(�) =
�
n
. Then

for all f 2 Lp1(�) (Rn), we have



Z
Rn

f(y)

j� � yjn��
dy






p2(�)

� c kfkp1(�) :

The last Lemma presents the boundedness of homogeneous function of degree zero.

Lemma 3.2.3 ([18]) If a > 0; 1 � s � 1; 0 < d � s and �n+ (n� 1)d=s < � <1, then�Z
jyj�ajxj

jyj� j
(x� y)jd dy
� 1

d

� c jxj(�+n=d) k
kLs(Sn�1) :

3.2.2 Variable Herz estimate of Marcinkiewicz integral operators

In this subsection, we present two results concerning the Marcinkiewicz integral operator

�. In the �rst, we show that � is bounded from _K
�(�);q(�)
p(�) (Rn) to _K

�(�);q(�)
p(�) (Rn) for �; p and

q satis�es some conditions. Next, we present the boundedness of � on variable Herz-type

Hardy spaces H _K
�(�);q(�)
p(�) (Rn).

Here, we present the �rst results of R. Heraiz [12] which is the boundedness for Marcinkiewicz

integral operators � to the case of variable Herz spaces ( all exponents are variables). One

of our main results can be stated as follows.

Theorem 3.2.1 ([12]) Suppose that 0 < � � 1; p 2 P log(Rn) with p+ <1;
 2 Ls(Sn�1); s >
(p0)� and � 2 L1(Rn), q 2 P0(Rn). If � and q have a log decay at the origin such that

� n

p(0)
� n
s
� � < � (0) < n� n

p(0)
� n
s
� � and � n

p1
� n
s
� � < �1 < n�

n

p1
� n
s
� �

then � is bounded from _K
�(�);q(�)
p(�) (Rn) (or K�(�);q(�)

p(�) (Rn)) to _K
�(�);q(�)
p(�) (Rn) (or K�(�);q(�)

p(�) (Rn)).

Proof. Let f 2 _K
�(�);q(�)
p(�) (Rn), we can write

f =
X
j2Z

f�j =
X
j2Z

fj:

My goal is to show that

k�(f)k _K�(�);q(�)
p(�) (Rn) � c kfk _K�(�);q(�)

p(�) (Rn)
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

for all f 2 _K
�(�);q(�)
p(�) (Rn). We have �(f) in _K

�(�);q(�)
p(�) (Rn)-norm is equivalent to

( �1X
k=�1

2k�(0)q(0) k�(f)�kk
q(0)
p(�)

)1=q(0)
+

(
+1X
k=0

2k�1(q)1 k�(f)�kk
(q)1
p(�)

)1=(q)1
;

this expression can be estimated by

k�(f)k _K�(�);q(�)
p(�) (Rn) .

8<:
�1X

k=�1

2k�(0)q(0)

 
k�2X
j=�1

k�(fj)�kkp(�)

!q(0)9=;
1=q(0)

+

8<:
�1X

k=�1

2k�(0)q(0)

 
k+1X
j=k�2

k�(fj)�kkp(�)

!q(0)9=;
1=q(0)

+

8<:
�1X

k=�1

2k�(0)q(0)

 1X
j=k+2

k�(fj)�kkp(�)

!q(0)9=;
1=q(0)

+

( 1X
k=0

2k�1q1

 
k�2X
j=�1

k�(fj)�kkp(�)

!q1)1=q1

+

( 1X
k=0

2k�1q1

 
k+1X
j=k�2

k�(fj)�kkp(�)

!q1)1=q1

+

( 1X
k=0

2k�1q1

 1X
j=k+2

k�(fj)�kkp(�)

!q1)1=q1
= : U1 + U2 + U3 + U4 + U5 + U6:

First, we estimate U1 and U4. Using the triangular property

j�fj (x)j �
 Z jxj

0

����Z
jx�yj�t


(x� y)
jx� yjn�1

fj (y) dy

����2 dtt3
! 1

2

+

 Z 1

jxj

����Z
jx�yj�t


(x� y)
jx� yjn�1

fj (y) dy

����2 dtt3
! 1

2

: = I1 + I2:
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

We notice that when x 2 Rk, y 2 Rj and j � k � 2. So we know that jx � yj � jxj � 2k,
and by mean value theorem, we have���� 1

jx� yj2
� 1

jxj2

���� =

����� jxj2 � jx� yj2jxj2 jx� yj2

�����
� j(jxj � jx� yj)j (jxj+ jx� yj)

jxj2 jx� yj2

� c jyj
jx� yj3

: (3.2.1)

By (3.2.1), the Minkowski inequality and the generalized Hölder inequality, we have

I1 .
Z
Rn

j
(x� y)j
jx� yjn�1

jfj (y)j
�����
Z jxj

jx�yj

dt
t3

�����
1
2

dy

.
Z
Rn

j
(x� y)j
jx� yjn�1

jfj (y)j
jyj

1
2

jx� yj
3
2

dy

. 2j=2

jxjn+1=2
Z
Rn
j
(x� y)j jfj (y)j dy

. 2�nk kfjkp(�)



(x� �)�j

p0(�) : (3.2.2)

Noting that jx� yj � jxj, then the estimation of I2 is the same as before and we obtain

I2 . 2�nk kfjkp(�)



(x� �)�j

p0(�) :

Concluding that that each term ( I1 and I2) is no more than

c2�nk kfjkp(�)



(x� �)�j

p0(�) ;

Also, by Hölder inequality and Lemma 3.2.3, we obtain


(x� �)�j

p0(�) �



(x� �)�j

s 

�j

�(�)

� 2�j�

 Z
Rj

jyjs� j
(x� y)js dy
! 1

s 

�j

�(�)
. 2�j�2k(�+

n
s
) k
kLs(Sn�1)



�j

�(�)
where 1

p0(�) =
1
s
+ 1

�(�) . Since � 2 P
log
1 (Rn), we have for any j

�j

�(�) � 

�j

p0(�) jRjj� 1

s ;
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which gives

k�(fj)�kkp(�) . 2
�nk2�(

n
s
+�)(j�k) kfjkp(�)



�j

p0(�) k�kkp(�) k
kLs(Sn�1) : (3.2.3)

Estimation of U1. Note that in this case k and j are negative integers, by Lemma 1.2.2 and

since 
 2 Ls(Sn�1), so we have

k�(fj)�kkp(�) . 2(n�
n
p(0)

���n
s
)(j�k) kfjkp(�) k
kLs(Sn�1)

. 2(n�
n
p(0)

���n
s
)(j�k) kfjkp(�) ;

which gives

U1 .
( �1X
k=�1

2k�(0)q(0)

 
k�2X
j=�1

2(j�k)(n�
n
p(0)

���n
s
)q(0) kfjkq(0)p(�)

!)1=q(0)

= c

( �1X
k=�1

 
k�2X
j=�1

2(j�k)(n��(0)�
n
p(0)

���n
s
)q(0)

�
2j�(0)q(0) kfjkq(0)p(�)

�!)1=q(0)
;

since � (0)� n+ n
p(0)

� n
s
� � < 0, then by Hardy-type inequality, we have

U1 � c
( �1X
j=�1

2j�(0)q(0) kfjkq(0)p(�)

)1=q(0)
� c kfk _K�(�);q(�)

p(�) (Rn) :

Estimation of U4. We can split

k�2X
j=�1

k�(fj)�kkp(�) =
�1X

j=�1
� � �+

k�2X
j=0

� � �

then U4 can be estimated by

U14 + U
2
4 ;

where

U14 :=

( 1X
k=0

2k�1q1

 �1X
j=�1

k�(fj)�kkp(�)

!q1)1=q1
and

U24 :=

( 1X
k=0

2k�1q1

 
k�2X
j=0

k�(fj)�kkp(�)

!q1)1=q1
Let estimate U14 . We have in this case j < 0 � k. By Lemma 1.2.2, we obtain

k�(fj)�kkp(�) � c2
k( n

p1�n+n
s
+�)2j(n�

n
s
��� n

p(0)
) kfjkp(�)
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therefore, U14 is bounded by

csup
j�0
2�(0) kfjkp(�)

( 1X
k=0

2k(�1+
n
p1�n+n

s
+�)q1

 �1X
j=�1

2j(n�
n
s
��� n

p(0)
)

!q1)1=q1
;

From the embedding `q(0) ,! `1 and since �1 + n
p1
� n + n

s
+ � < 0 < n� n

s
� � � n

p(0)
, it

follows

U14 � c
 �1X
j=�1

2�(0)q(0)j kfjkq(0)p(�)

!1=q(0)
� c kfk _K�(�);q(�)

p(�) (Rn) :

Thus, by the method for estimating U1, we can estimate U24 when we replace �(0), p(0) and

q(0) by �1; p1 and q1 respectively, then U24 is bounded by( 1X
k=0

 
k�2X
j=0

2(j�k)(n�
n
p1���n

s
��1)

�
2j�1 kfjkp(�)

�!q1)1=q1

� c

 1X
k=0

2j�1q1 kfjkq1p(�)

!1=q1
� c kfk _K�(�);q(�)

p(�) (Rn)

Let us estimate U2 + U5. By the (Lp(�) (Rn) ; Lp(�) (Rn))-boundedness of �, we have

H2 +H5 .
 �1X
k=�1

k2k�(0)f�kk
q(0)
p(�)

!1=q(0)
+

 1X
k=0

k2k�1f�kk
q1
p(�)

!1=q1
. kfk _K�(�);q(�)

p(�) (Rn) :

Let us estimate U3. It is possible to prove the following estimation (similar to the estimate

for I1 and I2)

j�(fj)j � c2�nj kfjkp(�)



(x� �)�j

p0(�) ; (3.2.4)

for the detailed proof of this estimation, see [18, p.259-260]. By Hölder inequality and

Lemma 3.2.3, the right-hand of (3.2.4) is bounded by

c2�j�

 Z
Rj

jyjs� j
(x� y)js dy
! 1

s 

�j

�(�) . 2�nj2k(�+n
s
)


�j

p0(�) k
kLs(Sn�1) ;

which gives

k�(fj)�kkp(�) . 2
�nj2(k�j)(�+

n
s
) kfjkp(�)



�j

p0(�) k�kkp(�) :
We split

1X
j=k+2

k�(fj)�kkp(�) =
�1X

j=k+2

� � �+
1X
j=0

� � �
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Then U3 is bounded by 8<:
�1X

k=�1

2k�(0)q(0)

 �1X
j=k+2

k�(fj)�kkp(�)

!q(0)9=;
1=q(0)

+

8<:
�1X

k=�1

2k�(0)q(0)

 1X
j=0

k�(fj)�kkp(�)

!q(0)9=;
1=q(0)

= : U13 + U
2
3

For U13 ; since j and k are negative integers, we have

U13 .

8<:
�1X

k=�1

 �1X
j=k+2

2(�(0)+
n
p(0)

+�+n
s
)(k�j)2j�(0) kfjkp(�)

!q(0)9=;
1=q(0)

Since � (0) + n
p(0)

+ � + n
s
> 0, by Hardy lemma, we obtain

U13 .
 �1X
k=�1

2k�(0)q(0)kf�kk
q(0)
p(�)

!1=q(0)
. kfk _K�(�);q(�)

p(�) (Rn) :

For U23 , since k < 0 � j, then we have

k�(fj)�kkp(�) � c2(k�j)(�+
n
s
) kfjkp(�) 2

� nj
p1 2

nk
p(0)

� c2k(�+
n
s
+ n
p(0)

)2j�1 kfjkp(�) 2
�j( n

p1+�1+�+
n
s
); (3.2.5)

by Hölder inequality in `1 and since 
 = n
p1
+ �1 + � +

n
s
> 0, we have

U23 .

8><>:
�1X

k=�1
2
k(�+n

s
+ n
p(0)

)

0@ 1X
j=0

2j�1 kfjkp(�) 2
�j


1Aq(0)
9>=>;
1=q(0)

.
 �1X
k=�1

2k�q(0)

!1=q(0)0@ 1X
j=0

2�j
q
0
1

1A1=q010@ 1X
j=0

2j�1q1 kfjkq1p(�)

1A1=q1

.

0@ 1X
j=0

2j�1q1 kfjkq1p(�)

1A1=q1
. kfk _K�(�);q(�)

p(�) (Rn) ;

32



3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

where � = � + n
s
+ n

p(0)
> 0 .

Let us estimate U6. In this case, since k and j are non-negative integers, by (3.2.5) and

Lemma 1.2.2, we have

k�(fj)�kkp(�) � c2
(�n+ n

p1+�+n
s
)(k�j) kfjkp(�) ;

which gives

U6 .
( 1X
k=0

 1X
j=k+2

2(k�j)(n�
)q1
�
2j�1q1 kfjkq1p(�)

�!)1=q1
;

since n� 
 > 0; by Hardy type Lemma, we obtain

U6 �
( 1X
j=0

2j�1q1 kfjkq1p(�)

)1=q1
� c kfk _K�(�);q(�)

p(�) (Rn) :

3.2.3 Boundedness of Marcinkiewicz integral operators on vari-

able Herz-type Hardy spaces.

In this subsection, we present the second result of R. Heraiz [12] which is the boundedness

of Marcinkiewicz integral operators with homogeneous kernel on variable Herz-type Hardy

spaces.

Theorem 3.2.2 ([12])Suppose that p1; p2 2 P log(Rn) with p+1 < 2n and 1
p1(�) �

1
p2(�) =

1
2n
,

� 2 L1(Rn), q1; q2 2 P0(Rn);
 2 Ls(Sn�1) with s > (p01)�. If �; q1 and q2 are log-Hölder
continuous, both at the origin and at in�nity such that

� (�) � n(1� 1

p�1
); q1(0) � q2(0) and (q1)1 � (q2)1 :

Then � is bounded from H _K
�(�);q1(�)
p1(�) (Rn) to _K

�(�);q2(�)
p2(�) (Rn):

Proof. Let f 2 H _K
�(�);q1(�)
p1(�) (Rn), we can write

f =

+1X
i=�1

�iai
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where �i � 0 and ai�s are (� (�) ; p1 (�))- atom with suppai � Bi.
My goal is to show that

k�(f)k _K�(�);q2(�)
p2(�)

(Rn) � c kfkH _K
�(�);q1(�)
p1(�)

(Rn)

for all f 2 H _K
�(�);q1(�)
p1(�) (Rn). Using the de�nition of _K�(�);q2(�)

p2(�) (Rn)-norm, we have

k�(f)k _K�(�);q2(�)
p2(�)

(Rn)

�
( �1X
k=�1

2k�(0)q2(0) k�(f)�kk
q2(0)
p2(�)

)1=q2(0)

+

(
+1X
k=0

2k�1(q2)1 k�(f)�kk
(q2)1
p2(�)

)1=(q2)1

�

8<:
�1X

k=�1

2k�(0)q2(0)

 
k�3X
i=�1

j�ij k�(ai)�kkp2(�)

!q2(0)9=;
1=q2(0)

+

8<:
�1X

k=�1

2k�(0)q2(0)

 1X
i=k�2

j�ij k�(ai)�kkp2(�)

!q2(0)9=;
1=q2(0)

+

8<:
+1X
k=0

2k�1(q2)1

 
k�3X
i=�1

j�ij k�(ai)�kkp2(�)

!(q2)19=;
1=(q2)1

+

8<:
+1X
k=0

2k�1(q2)1

 
+1X
i=k�2

j�ij k�(ai)�kkp2(�)

!(q2)19=;
1=(q2)1

= : V1 + V2 + V3 + V4:

Let us estimate V1. Using the triangular property, we have

j�(ai) (x)j �
 Z jxj

0

����Z
jx�yj�t


(x� y)
jx� yjn�1

ai (y) dy

����2 dtt3
! 1

2

+

 Z 1

jxj

����Z
jx�yj�t


(x� y)
jx� yjn�1

ai (y) dy

����2 dtt3
! 1

2

: = W1 +W2:
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First we we use that in this case x 2 Rk, y 2 Bi and i � k � 3, we have

cjxj � jx� yj � Cjxj

and

c2k � jxj � C2k

i.e

jx� yj � jxj � 2k:

By (3.2.2), we have

W1 .
Z
Bi

j
(x� y)j
jx� yjn�1

jyj
1
2

jx� yj
3
2

jai (y)j dy;

using the m-order vanishing moment condition of ai (see condition (iv) in the De�nition of

Atom) with m �
h
�+ � n(1� 1

p�1
)
i
, we can subtract the Taylor expansion of jx� yj

1
2
�n at

x, we obtain

W1 �
Z
Bi

jyjm+1

jxjn+m+
1
2

jai (y)j j
(x� y)j dy

� c2�k(n+m+
1
2
)+i(m+1)

Z
Bi

jai (y)j j
(x� y)j dy;

The estimation of W2 is the same as before since we never use jx� yj � jxj, we have

j�(ai) (x)j � c2�k(n+m+
1
2
)+i(m+1)

Z
Bi

jai (y)j j
(x� y)j dy;

as the same reason in the proof of (3.2.3), we get

k�(ai)�kkp2(�) . 2�(n�
1
2
)k2�(i�k) kaikp1(�) k�ikp01(�) k�kkp2(�) k
kLs(Sn�1)

. 2�(n�
1
2
)k2�(i�k) kaikp1(�) k�ikp01(�) k�kkp2(�) ; (3.2.6)

where � = (1 +m� n
s
� �).

Also, to estimate (3.2.6), we need the following inequality (see [13, p.350] for � = 1
2
)Z

Bk

�Bk (y)

jx� yjn�
1
2

dy �
Z
Bk

dy

jx� yjn�
1
2

�Bk (x) � c2
k
2�Bk (x) : (3.2.7)
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(3.2.6), (3.2.7) and Lemma 3.2.2, gives

k�(ai)�kkp2(�) � 2�(n�
1
2
)k2�(i�k) kaikp1(�)



�Bi

p01(�) k�kkp2(�)
� 2�nk2�(i�k) kaikp1(�)



�Bi

p01(�)






Z
Bk

�Bk (y) dy

j� � yjn�
1
2







p2(�)

� 2�nk2�(i�k) kaikp1(�)


�Bi

p01(�) 

�Bk

p1(�) ;

Now it follows from Lemma 1.2.2

V1 =

8<:
�1X

k=�1

2k�(0)q2(0)

 
k�3X
i=�1

j�ij k�(ai)�kkp2(�)

!q2(0)9=;
1=q2(0)

� c

8<:
�1X

k=�1

 
k�3X
i=�1

j�ij 2(i�k)(��(�+n=p1)(0))
!q2(0)9=;

1=q2(0)

;

Now we can choose m large enough such that � � �+ + n(1 � 1
p�1
) > 0, by Hardy type

Lemma, we obtain

V1 � c
 �1X
k=�1

j�kjq2(0)
!1=q2(0)

� c
 �1X
k=�1

j�kjq1(0)
!1=q1(0)

� ckfk
H _K

�(�);q1(�)
p1(�)

:
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

Let us estimate V2. By Lemma 3.2.1 and applying the size condition of ai (conditions (ii)

and (iii) in De�nition of atom), we have

V2 =

8<:
�1X

k=�1

2k�(0)q2(0)

 
+1X
i=k�2

j�ij k�(ai)�kkp2(�)

!q2(0)9=;
1=q2(0)

� c

8<:
�1X

k=�1

2k�(0)q2(0)

 
+1X
i=k�2

j�ij kaikp2(�)

!q2(0)9=;
1=q2(0)

� c

8<:
�1X

k=�1

2k�(0)q2(0)

 �1X
i=k�2

j�ij kaikp2(�)

!q2(0)9=;
1=q2(0)

+c

8<:
�1X

k=�1

2k�(0)q2(0)

 
+1X
i=0

j�ij kaikp2(�)

!q2(0)9=;
1=q2(0)

� c

8<:
�1X

k=�1

 �1X
i=k�2

j�ij 2(k�i)�(0)
!q2(0)9=;

1=q2(0)

+c

8<:
�1X

k=�1

 
+1X
i=0

j�ij 2(k�i)�
�+k(�(0)���)+i(����1)

!q2(0)9=;
1=q2(0)

for k < 0 � i and since �� � min(� (0) ; �1), we have

k(� (0)� ��) + i(�� � �1) � 0:

By Lemma 1.2.2, we obtain

V2 � c
 �1X
k=�1

j�kjq2(0)
!1=q2(0)

� c
 �1X
k=�1

j�kjq1(0)
!1=q1(0)

� ckfk
H _K

�(�);q1(�)
p1(�)

:

If we replace �(0), p2(0) and q2(0) by �1 respectively, we then obtain the estimatation of

V3 and V4 by the same arguments used in the estimation of V1 and V2. A combination of

estimations of V1, V2, V3 and V4 completes the proof of Theorem.
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  :مذكرةال ملخص

 بعض أعطینا حیث ،المتغیرة الأدلة ذات ھاردي"-ھارز" فضاءات  بدراسة قمنا المذكرة ھذه في
 فضاءات في التكاملیة  المؤثرات بعض محدودیة درسناوفي الأخیر  ،الفضاءات لھذه الأساسیة الخصائص

                                         .الفضاءات لھذه الذري التفكیك ستعمالاب ھاردي-ھارز"

 مؤثرات مؤثرات تكاملي الشاذ، ،ھاردي- ھارز فضاءات ،ھارز فضاءات :المفتاحیة الكلمات
 .، التفكیك الذريمتغیرة دلةأ ،مارسینكویكز

 

 

Résumé du mémoire: 

Dans cette mémoire, nous avons étudié les espaces Herz type Hardy avec 
des exposants variables où nous avons donné certaines propriétés de base de 
ces espaces et finalement, nous avons étudié la continuité de certains 
opérateurs intégraux dans les espaces de Herz-Hardy en utilisant la 
décomposition atomique de ces espaces.  

Mots clés : Espaces de Herz, Espaces de Herz-Hardy, Opérateurs intégraux 
singuliers, Opérateurs de Marcinkiewicz, Exposants variables,  Décomposition 
atomique. 

  

 

Abstract of memory:  

In this memory, we studied the Herz type Hardy spaces with variable 
exponents where we gave some basic properties of these spaces and finally we 
studied the boundedness of some integral operators in Herz-Hardy by  using 
atomic decomposition of these spaces. 

Key words: Herz spaces, Herz-type Hardy spaces, singular Integral operators, 
Marcinkiewicz operators, Variable exponent, Atomic decomposition  


