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List of abbreviations and symbols

e By R" we denote the n-dimensional real Euclidean space.
e By N we denote the collection of all natural numbers and Ny = N U {0}.
e By Z we denote the set of all integer numbers.
e The Euclidean scalar product of z = (z1,...,z,) and y = (y1, ..., ¥s) is given
by
T-yY=x1Y1+ ... + TplYn.

e For x = (21, ...,2,) € R" and o = (v, ..., ) € Nj, we write

Qn

o o1 a2
i —ZL‘l ':BQ l"n

e The expression f < g means that f < cg for some independent constant ¢
(and non-negative functions f and g).

o fr~gmeans f g =< f.

e For z = (1,...,x,) € R*, we write |z| = /23 + ... + 22.

e R(u) :=={r € R":u/2 < |z| < u} and R} := R(2%).

e The notation X — Y stands for continuous embeddings from X to Y, where
X and Y are quasi-normed spaces.

e As usual for any = € R, [z] stands for the largest integer smaller than or equal
to x.

e For x € R" and r > 0 we denote by B(x,r) the open ball in R” with center x
and radius r.

.ll

i.e." stands simply for "in other words"
e We use ¢ for various positive constant, i.e. a constant whose value may change

from appearance to appearance.



Notations

e By suppf we denote the support of the function f , i.e., the closure of its
non-zero set.

e If £ C R™ is a measurable set, then |E| stands for the (Lebesgue) measure of
E .

X denotes its characteristic function.

e By D (R") we denote the space of functions with continuous derivatives of all
orders and compact support.

e By S(R") we denote the Schwartz space of all complex-valued, infinitely differ-
entiable and rapidly decreasing functions on R™. The topology in the complete

locally convex space S(R") is generated by

pr(p) == sup (1+[z)™ DY [0%(x)], N=1,2,3,...

n
zeR la|<N

e By S'(R™) the dual space of all tempered distributions on R".
e For 0 < p < co. The classical Lebesgue space LP(€2) is the class of all measurable

functions f on 2 normed by (quasi-normed for p < 1)

11 2@l = ([ )" <o 0<p<ox

and

I|f | L=(Q)]| = ess-sup|f(z)| < oc.

z€Q

e Given p(-) : 2 C R" — ], oo[, we define the conjugate exponent function p/(-)

by the formula
1 1

RN + P
p(x)  p'(2)
with the convention that 1/oo = 0. Since p(-) is a function, the notation p'(-)

=1, ze€

can be mistaken for the derivative of p(-), but we will never use the symbol “/”

in this sense.

e The notation p’ will also be used to denote the conjugate of p a constant
exponent.

e We define the Fourier transform of a function f € L!'(R") by

F(f)(€) = (2m) " / i F(2)dar

n

i



Notations

Its inverse is denoted by F~1f. Both F and F ! are extended to the dual
Schwartz space §’'(R™) in the usual way.
e By (7, 0 < ¢ < 00, we denote the space of all (complex) sequences {ax} s

equipped with the quasi-norm

[{ondice o] = ( > agf?)”

k=—o0

(with the usual modification if ¢ = c0).

o Let !

loe (R™) be the collection of all locally integrable functions on R".

1

e Given a function f € L; .

defined by

(R™), the Hardy-Littlewood maximal operator is

M(f)(@) = pﬁ /B Ty, Ve e R

r>0

e By BMO(R™) be the collection of all locally integrable functions f such that

1
I oy = suprey /Q () — fol dz < oo,

where fo = ﬁ fQ f(y)dy, the supremum is taken over all cubes  C R"™ with

sides parallel to the coordinate axes.

iii



Introduction

In this memory, we study Herz-type Hardy spaces with variables exposants (all the three
parameters are variables) which are a generalization of classical Herz-type Hardy spaces.
Since the early 1990s, these spaces obtained a great development in the past few years
and played important roles in harmonic analysis. Recall that function spaces with variable
exponents have been intensively studied in the recent years by a significant number of
authors.

These spaces based on the variable exponent Lebesgue space LP() (), with a variable

exponent function p () : @ — (0,00), consists of all measurable functions f such that

/ @) < oo,
Q

as a generalization of classical Lebesgue spaces, variable exponent Lebesgue spaces were
introduced by Orlicz in 1931.

After this, we introduce Herz spaces with variable exponents, recall that the classical
Herz spaces goes back to the authors Beurling and Herz in the sixty’s of the last century
(Beurling first introduced in 1964 and Herz in 1968 defined this spaces). Based on variable
Herz spaces, we present variable Herz-type Hardy.

Also, in this memory, we present the atomic decompositions of variable Herz and variable
Herz-type Hardy. Using these decompositions, we present some results of H. Wang, L.
Zongguang and F. Zunwei [20] and R. Heraiz [12] concrning integral operators.

First, for 0 < o < n, for an appropriate function f, the commutator with m-order of

fractional integral operators I, (m = 1,2,...) is defined by

o,b)

5 @)= [ P )

n—o
|z — 9|

v



Introduction

We denote [ ;b by [b, I,] and Ig’b by the fractional integral operator I, respectively.
Second, we define Marcinkiewicz integral operator p by
o 1
uth) @)= ([ 1Fr @F )
where
Faf)= [ )

z—y|<t |$ - y|

This class of operators was first defined by Stein in 1958 and under the conditions above,
Stein proved that p is of type (p,p) for 1 < p < 2 and of weak type (1,1). Benedek et al.
showed that p of type (p,p) with 1 < p < oc.

In the past two decades, some results concerning integral operators generalized to variable
function spaces (in particular, variable Herz-type Hardy spaces).

Our memory consists of three chapters. In the first chapter, we give some basic properties
of variable Lebesgue spaces and the mixed variable Lebesgue’s-sequence spaces, after this
we define variable Herz-type and variable Herz-type Hardy spaces.

In the second chapter, we recall notations and definition of central atomic decomposition
and we present the characterizations atomic decomposition of variable Herz-type Hardy
spaces and their proof.

In the last chapter, we present some results of H. Wang, L. Zongguang and F. Zunwei [20]
and R. Heraiz [12] concerning fractional integral operators I, and Marcinkiewicz integral

operators p.



Chapiter 1

Herz-type Hardy spaces with variable

exponents

In this chapter, we present Herz-type Hardy with variable exponents which covers classical
Herz-type Hardy spaces. We start our first section by recalling some necessary preliminaries
on variable Lebesgue spaces and mixed variable Lebesgue’s-sequence spaces. After this
section, we give some basic properties of variable Herz spaces. In the last section of this
chapter, we define Herz-type Hardy spaces with variable exponent, where all the three

parameters are variables.

1.1 Variable Lebesgue spaces

In this section we give a definition of the variable Lebesgue spaces which are a generalization
of the classical Lebesgue spaces, also we establish their structural properties as Banach
function spaces, many properties in classical Lebesgue spaces have been generalized to this

spaces.

1.1.1 Variable exponents

In this subsection, we begin with the basic properties and notation of variable exponent.

Given an open set {2 C R". We put

Po (2) := {p mesurable: p(-) : Q — [¢, 00| for some ¢ > 0}.



1.1. Variable Lebesgue spaces

The elements of Py (§2) are called exponent functions or simply exponents.
Notation 1.1.1 We denote by

P (Q) := {p mesurable: p(-): Q CR" — [1,00][}.
Given p € Po(Q2) and a set E C 2, let

p (E)=essinfp(z), p'(E)=esssupp(z).
el zcE

If the domain E = Q = R™ we will simply write
p-=p (R"), p"=p"(R").

Definition 1.1.1 Given Q and p € Po(Q). The variable Lebesque space LPY)(Q) to be the

set of all measurable functions f such that p,., (f/\) < oo for some A > 0.

p(z)
<1l,,

LPO(Q) = {f measurable : IX >0 p,y (f/\) = / ‘@
Q

equipped with the following quasi-norm

||f||LP(')(Q) ;= inf {)\ >0 ppey (f/N) < 1} .

If the set on the right-hand side is empty we define ||f||Lp<.>(Q) =o00. If Q2 =R", we will
often write || f||,,.., instead of || f[| oc)gn)-

Theorem 1.1.1 Given 2 and p € Po(2). The function || f|| u) oy defines a quasi-norm on
LPO)(Q) and LPY)(Q) is quasi Banach spaces.

Proof. First, we prove that LP() () is vector spaces.
Since p,(y(0) = 0, then we have 0 € LP0) (Q2).
Let f € LPV) () and o € R*. There exists A > 0 such that

Po(y (Af) < 00,

|

We put \y =

[

Py (Moarf) = pyey (Aol f)

= Py (Af) < o0



1.1. Variable Lebesgue spaces

Which shows that af € LPO) (Q). It suffices to show that if f,g € LP) (Q), then f + g €
LP0) (Q). By the convexity of Pp()s

Pp() (A(f+9) = Pp() <(%2/\f +(1- %)2)\9))
< %pp(_) (2Af) + %pp(,) (2Xg) — 0if A — 0.

Now, we show that ||-|[;.)q) is @ norm. Let f € LP0) (Q). There exists > 0 such that
Pp(y () < 1. This shows that || f| 0 q) < oc.
We also have [|0| () gy = 0.

For a € R, we have:

||af||LP(')(Q) = inf {)\ >0: Pp(-) (T) < 1}
al f ]

= |af Hf”Lp(»)(Q)-

We now show the triangular inequality. Let f,g € LU (Q) and ||f|| o < 7 and

;
f)/
By the convexity of p,.), we have:
(5) - moliiate ol
() v+ p() Y0y y+60
gl S 0 g
7_,_5/)190) (7> T 74_(5'019(-) <5>

L 4+ =1
y+o  y+d

19/l Loy () < 0. Then

<1

L) (Q)

<1 and H%

LP(')(Q)

IA

IN

Therefore,
”f + gHLp(~)(Q) <75+ d.
which implies

1f + 9l eeri) < 1 lleor) + 191l 2oer @) -



1.1. Variable Lebesgue spaces

IE || fll poer ) = 0, then pyy(af) <1 for all v > 0. By the convexity of p,,,,

A
Pp() (Af) = Pp(-) <77f>

= Dy <7’¥ + (11— 7')0)

Af
TPp() (7)

< 1

IN

for all A > 0 and for all 7 € (0;1]. Then x =0. =
Definition 1.1.2 Soient Q2 C R” et p € Py (Q2) ,on définit Lfo(g (Q) par:

Py (Q) = {f muserabe : f € LPY (K) pour tout K C Q, K compact}.

loc

1.1.2 Logarithmic Ho6lder continuity

In this subsection, we introduce the most important condition on the exponent in the study
of variable exponent spaces, the log-Holder continuity condition, this condition has emerged

as the right one to guarantee regularity.

Definition 1.1.3 We say that a function g : 2 — R is locally log-Holder continuous on €2,
abbreviated g € C)%% () , if there exists ciog(g) > 0 such that

loc

Clog
e+1/]z —yl)

9 (2) —g(y)| < In (1.1.1)

forallz,y € Q. If 0 € Q and

lg(z) — g(0)] < m

for all x € Q, then we say that g is log-Holder continuous at the origin (or has a log decay
at the origin). If, for some go € R and cjog > 0, there holds

Clog

19(7) = goo| < m

for all x € Q, then we say that g is log-Holder continuous at infinity (or has a log decay at
infinity), abbreviated g € C'°# ().



1.1. Variable Lebesgue spaces

Remark 1.1.1 We note that all functions g are log-Hélder at infinity always belong to L.

Notation 1.1.2 The notation P'8(Q)) is used for all those exponents p € P(Q) which are
locally log-Hélder continuous and have a log decay at infinity. The class P(l)og(R”) is defined
analogously. If € is unbounded, then we define po, by

Poo := lim p(x).

|z|—o00

1.1.3 Fundamental inequalities in variable Lebesgue spaces

The following theorem is the generalization of the classical Holder’s inequality in variable
Lebesgue spaces. The classical Holder’s inequality is that for all p, 1 < p < oo, given
f € LP(Q) and g € LP(Q)

/Q @9 @) dz < 1L imiey 1910 -

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [4, Theorem 2.33].

Theorem 1.1.2 Given Q2 and p € P(2). Then there exists a constant K such that for all
feLPI(Q) and g € LPO(Q), fg € LY(Q) and

||f9||L1(Q) <K ||f||Lp(-)(Q) ||f||Lp’(-)(Q) :

where

K=1/p~+1-1/p").

The generalized Holder’s inequality in the classical Lebesgue holds in variable Lebesgue

spaces. For the proof of the following corollary, see [3, Corollary 2.28].

Lemma 1.1.1 Let Q@ CR",p € P(Q) and s > 0 such that sp~ > 1. Then

17N vy = I1f

S
Lsp()(Q) -



1.2. Variable Herz spaces

Proof. We have

e = i {3050, (%) <1}
] mf{ 0o (B) 1)
] { » (99}
- I’ LrO) (0

This finishes the proof. m

1.2 Variable Herz spaces

In this section, we give the definition of Herz spaces with variable exponent.

1.2.1 The mixed variable Lebesgue-sequence space

In this sebsection, we present a functional spaces create by Alexander Almeida and Peter
Histo, which allows us to define variable Herz spaces. This new spaces as a generalization

of the iterated function space £7(LP()) for the case of variable q.

Definition 1.2.1 Let p,q € Py (R"). The mized Lebesgue-sequence space (90 (LP1)) is de-

fined on sequences of LPU)-functions by the modular

Peatr ey ((fo), ).—Zlnf{/\ >0 py. (fv/ <1) <1}

v

Here we use the convention \= = 1. The quasi-norm is defined from this as usual:

D oo = Sint {02 puoon (5 (0. ) <1} a2

v

To motivate this definition, we mention that

1o = 160 ],

if ¢ € (0, 00| is constant.



1.2. Variable Herz spaces

Remark 1.2.1 If ¢ < oo, then

inf{)\ >0 ppyy (f//\ﬁ) < 1} — ”|f|q(.)

p() °
aC

Since the right-hand side expression is much simpler, we use this notation to stand for the

left-hand side even when q* = oco. For instance, we often use the notation

p()

F10)

pesoran (F)) = 3 14170
for the modular

The following theorem presents the £9¢)(LP()) quasi-norm, see H. Kempka and J. Vybiral
[14, Theorem 1].

Theorem 1.2.1 Let p,q € Po(R"). |[lljac)(potry 18 @ quasi-norm on the mizved Lebesgue-
sequence space (1) (LP()),

Let p,q € P(R™). If p(x) > 1 is constant almost everywhere (a.e.) on R™ and g > 1, or if
ﬁ + ﬁ <lae onR" orif 1 <q(zx) <p(r) <ooae onR", then |||y s @
norm on the mized Lebesgue-sequence space (70 (LP()),

Furthermore, if p and ¢ are constants, then (40)(LP()) = (2(LP),

The following lemma is a Hardy-type inequality, see [8, Lemma 2].

Lemma 1.2.1 Let 0 < a <1 and 0 < g < 0co. Let {e,},; be a sequence of positive real

numbers, such that
{ediezllew =T < o0.
Then the sequences {(5k D0k = Dk ak_jsj} and {nk DE = D ek aj_ksj} belong to
= = kez

4, and

kEZ

H{ak}kEZHZlI + ||{77k}k€ZH£q S CI:

with ¢ > 0 only depending on a and q.



1.2. Variable Herz spaces

1.2.2 Definition of variable Herz spaces

For convenience, we set
By :=B(0,2"), Ry:=DBy\Bi1 and x,=xg. ., k€EZ

Very often we have to deal with the norm of characteristic functions on balls (or cubes) when
studying the behavior of various operators in harmonic analysis. In classical LP spaces the
norm of such functions is easily calculated, but this is not the case when we consider variable

exponents. Nevertheless, it is known that for p € P°8 we have

x5 llpo X ally ) = Bl (1.2.2)

Also,
_1
IXsllp) = |BIP@, x€DB (1.2.3)

for small balls B C R" (|B| < 2"), and
IxX5llpe) = [Bl7= (1.2.4)

for large balls (|B| > 1), with constants only depending on the log-Hoélder constant of p
(see, for example, [5, Section 4.5]).

For characteristic functions defined on (dyadic) annuli we have similar norm estimates,
without requiring the log-Holder continuity at every point.

The following lemma plays an important role in the proof of the main results of this
paper, where is a generalization of (1.2.2), (1.2.3) and (1.2.4) to the case of dyadic annuli,
see A. Almeida and D. Drihem [1, Lemma 2.2].

Lemma 1.2.2 Letp € P(R") be log-Holder continuous at infinity, and R = B(0,r)\B(0, £).
If |R| > 27", then

1

# oo
xR 0 Rl ~ R

with the implicit constants independent of r and x € R.
The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally, p

1s log-Hélder continuous, both at the origin and at infinity.



1.2. Variable Herz spaces

Definition 1.2.2 Let p,q € Po(R™) and o : R® — R. The homogeneous Herz space
an((_'))’p(') (R™) is defined as the set of all [ € Lo (R™\ {0}) such that

loc

] (G R (1.25)

<
ep(~)(Lq(~))

Obviously, If « and p, ¢ are constant, then K;((.'))’p ¢ (R") = K, P (R™) are the classical

Herz spaces and if « (-) = 0,p(-) = ¢ (-) then K;((.'))’p(')(R”) coincide with L0 (R™).

The next two propositions give some basic embeddings between Herz spaces. See [6] and

[1, Proposition 3.5].

Proposition 1.2.1 Let p,q,0 € Po(R") and o : R" — R be log-Hélder continuous, both at
the origin and at infinity. If (p —0)~ >0, then

ca().00) _, pral)p()
K00 — go0#0, (1.2.6)

Proof. By a simple consequence of the embedding ¢/()(LI0)) — ¢P()(L90)), we obtain

the proof of this proposition. m

Proposition 1.2.2 Let o € L>®(R"™), po,p1 € P(R™) and q € (0,00]. If po(:) < p1(:) and
1/po — 1/p1 be log-Holder continuous, both at the origin and at infinity, then

Ka(~)+n/po(~)—n/p1(~),q N Ka(%q
p1() po(-)

Proof. By Holder inequality in LP()(R"), we have the following estimate

1 1 1
a() a() =
1250 Xkl y - = 1125 Pl Ixallegy avee = = =5 575

IA

HQka(')ka HX’th(')Hpo(') ’

for any k € Z. By Lemma 1.2.2, we get the equivalence

200 £ Il & 259 g [ Rl

where the constants are independent of £ and x € Ry.

Since 1/pg — 1/p; be log-Holder continuous, both at the origin and at infinity, then

R 2



1.2. Variable Herz spaces

we obtain the estimate
kaf(- k(a+n )—n .
20 1, ||Xk”t<~>Hp0(.) < c|PMetnmO-mn gy |

For f € K;(('?)+n/po(')*”/P1(‘)7q’ we have

+00 %
— ka(- q
g = (5 sl
k=—00
i 1
k(a+n )—n . q
< ¢ ( S |2kt /m())ka”pl('))
k=—00
< c ||f||K0¢(')+n/1°0(')—n/?1(-)7q .
p1(-
[ ]
The next proposition gives a new equivalent norm in Kzf‘((,'))’q(')— spaces, see D. Drihem

and F. Seghiri in [8, Proposition 1].

Proposition 1.2.3 Leta € L*(R"), p,q € Po(R"). If o and q are a log-Hélder continuous,
both at the origin and at infinity, then

Wiy~ (32 120 alz)"™" 4 (3 o rnlis) ™

k=—00
Next, we give the following lemma, which is a generalization Holder inequality in variable

Herz spaces [7].

Lemma 1.2.3 Let a; € L® (R") and p;,q¢; € P(R"), i = 1,2, 1/p(:) = 1/p:1(-) + 1/p2(-),
1/q(-) = 1/q1(-) + 1/q2(+). If oy and q; are log-Hdélder continuous, both at the origin and
at infininity, Then there ewists a constant C such that for all [ € Keat) (R™) and

pi()
ge K20e (R, fge K040 (RY) and
1790 o000 @ny < O 1Fllgeor 10 gy 19 geoatoraat0 gy -

Proof. The proof follows immediately by applying Proposition 1.2.3, and Holder’s
inequality in ¢4 (R™), (%< (R") and in LP() (R"). m

Remark 1.2.2 If the exposants are constants, this result is from [9, Lemma (Hélder’s in-

equality)].

10



1.3. Variable Herz-type Hardy spaces

1.3 Variable Herz-type Hardy spaces

The Hardy space HP*)(R") with variable exponent is the set of all tempered distributions on
R” for which || f|| zro¢) gy := [[M(f)lp() is finite. Based on this spaces, we introduce Herz-
type Hardy spaces which obtained a great development in the past few years and played

important roles in harmonic analysis.

1.3.1 Definition and basic properties of variable Herz-type Hardy

spaces

In this subsection, we will give the definition of Herz-type Hardy spaces with variable ex-

-a(-),q()
ponent HKP(,) .

Definition 1.3.1 Let ¢ € D (R"™) with supp ¢ C By, such that

/n o(x)dr £0 and @, (1) =t "p (Z) for any t > 0.

Let M_(f) be the grand mazimal function of f defined by

M (f)(x) := sup [, * f(x)].

t>0

The variable Herz-type Hardy spaces H K;‘((f))’q(') are defined in the following way.
Definition 1.3.2 Let p,q € Po(R") and o : R™ — R with a € L*(R"). The homogeneous
Herz-type Hardy space H Kg((_'))’q(') (R™) is defined as the set of all f € S'(R™) such that

M, (f) € K;‘((.'))’q(') (R™) and we put

£ 1]y o000 = IMo(F)| gatracr-
»(-) (")

The spaces H Ks((.'))’q('), where the three parameters are variables, have been first studied
in [8]. Many of the results from the fixed situation have variable counterparts. If ¢ € Py(R"),
p € P with 1 < p~ < pt < o0, and let a and ¢ are log-Holder continuous, both at the

origin and at infinity, such that o € L>(R") and

—%<o¢’§oﬁ<n(1—i_),

p p

11



1.3. Variable Herz-type Hardy spaces

then
HE,G (R 0 LE) R\ {0}) = K70 (R™).
One recognizes immediately that if o, p and ¢ are constants, then the spaces H K ,1 are just

the usual Herz-type Hardy spaces were recently studied in [10] and [16]. See [11] for further

results.

12



Chapiter 2

Atomic decomposition of variable
Herz and variable Herz-type Hardy

spaces

Atomic decomposition plays a fundamental role in the harmonic analysis, it is a powerful tool
for dealing with duality theorems, interpolation theorems and some fundamental inequalities

in harmonic analysis.

2.1 Atomic decomposition of variable Herz spaces

In this section, we establish characterizations of the K;((.'))’Q(') (R™)-spaces in terms of central
atomic decompositions, which make it convenient to study the boundedness of singular

integral operators and Marcinkiewcz integras operators in the next chapter.

Definition 2.1.1 Let a € L*¥(R"), p € P(R"), ¢ € Po(R") and s € Ny. A function a is
said to be a central (a(-), p(-))-atom, if

(i) suppa C B(0,7) = {z € R" : |z| < r},7 > 0.

(ii) [|all,y < [B(0,7)]~*O/m, 0<r<l.

Gii) lall, < [BO DI/, r>1

() [pn2Pa(z)dz =0, |[B] <s.

13



2.1. Atomic decomposition of variable Herz spaces

Remark 2.1.1 A function a on R"™ is said to be a central («(-),p(-))-atom of restricted
type, if it satisfies the conditions (iii), (vi) above and suppa C B(0,7),7 > 1.

If r = 2F for some k € Z in Definition 2.1.1, then the corresponding central (a(-), p(-))-
atom is called a dyadic central (a(-), p(-))-atom.
The following theorem is proved by D. Drihem and R. Heraiz in [7] which is a general-

ization of atomic decomposition of variable Herz spaces if a, p and ¢ are not all variables.

Theorem 2.1.1 Let o € L*(R"), p € P(R™) and g € Po(R"™). If a and q are be log-Hélder
continuous, both at the origin and at infinity with p*, ¢t < oo, the following two statements

are eqm’valentes
(i)- f € K" (R
(ii)- f can be represented by

= > M (), (2.1.1)

k=—0o0

where the series converges in the sense of distributions, A\ > 0, each ap 1s a central

(a(+), p(+))-atom with support contained in By and

1

—1 1 —+o00 1
( 3 M}g,q(o))m n (Z’)\k‘qm)m < e[lf ]l o000 gy -
k=—00 k=0 Pt

Moreover, the norms || f|| ca)ae and inf ( (Zk*—oo |/\k|f1 ) (Z | \k |qoo)§> are
p(-)

equivalent, where the infimum is taken all over all decompositions of f as in (2.1.1).

Proof. We first prove (i) implies (ii). For every f € K a().() (R™), write

p(")
f@) = Y f)x

k=—0oc0
= Z HQka( kaH Toka) o I Z Aray, (v
ka
Bt Pt ||2 )fx Hp( Rl
where A\, = Hgka(')f)(ka(~) and ay, () = W It is obvious that suppa, C B and
0
2= ka(0) if < —1
Haka(.) ~ .

14



2.1. Atomic decomposition of variable Herz spaces

Thus, each ay is a central (a(-), p(+))- atoms with the support By and

—1 % +oo 1
q(0 oo
(32 @)™+ (2 )
k=—o0 k=0

-1 1 +00 1
e (0) \ (@ al- oo\ G0
= (X 112 Onally )™ + (ZW Ry
k=—00 =
-1 1
(3 22000 |y 1) ) (22’“%% Il )™

Q

k=—0o0
~ Il gagao-
Now we prove (ii) implies (i). Let f(z) = 3°,°°__ Aax (z) be a decomposition of f which

satisfies the hypothesis (ii) of Theorem 2.1.1. For each j € Z, by the Minkowski inequality

o

”fXj”p(.) < Z | Akl Haka(.) . (2.1.2)

k=j
By Proposition 1.2.3 and from (2.1.2), it follows that || f|| K00 @ ) i bounded by

-1 1

(3 2eon (Zmnajup() ") (zzkawqw(zmn%ﬂp() bk

k=—o00 k=0

For I, we divide the sum Z;;OZ .- - into two parts,

-1

J=k

I is bounded by I¢ + I?, where

ffz(z(z’m Zmuajn )y

k=—00

and

H= (3 (2 O)ZM sl )™) ™.

k=—o00

Since 0 < a (0) < oo, then by Lemma 1.2.1 (with 0 < a = 27 < 1), we have

IfSc(Z(Z])\\Q G-k a(O)) >4<0> (Z!Aqu >q<10>

k=—o00

15



2.2. Atomic decomposition of variable Herz-type Hardy spaces

Since 0 < o < 00, then by the embedding (9 — ¢

X 1 ka(0) I . 20\ 70y
< c< 3 (2 “O N |\ 2 J%o) )
k

——00 j=
—1 +oo ' 4(0) % +o0 1
< esuplyl (Y0 (20D 27 ) )T <o (DD Il )
320 k=—oo =0 k=0

Thus, we have the desired estimate for I;.

For 15, we have

Ry Foo 1 +oo  +oo 1

Y —(—k)aco | 1) 7

= (3 (2 S Wlllasle ) ™)™ < (S (3 g o-me) ™).
k=0 =k pard

Since 0 < @ < 00, then by Lemma 1.2.1 (with 0 < a = 27%< < 1), we have

—1 —+o00 1

Iz < (f [ A" )q; (X |Ak\q(°>)‘“1°) + (30 k=)™,

This finishes the proof. m

2.2 Atomic decomposition of variable Herz-type Hardy

spaces

In this section, we present the characterization of Herz-type Hardy spaces in term of cen-
tral atomic decompositions, which use to study the boundedness of Marcinkiewcz integrals

operator on these spaces, the following theorem is [8, Theorem 4].

Theorem 2.2.1 Let a and q are be log-Hdélder continuous, both at the origin and at infinity

and p € P°8(R"™) with 1 < p~ < p™ < oo. For any f € HK;((.')’Q(') (R™), we have

)
f= Z Ak,

k=—o0
where the series converges in the sense of distributions, A\, > 0, each ay is a central

(a(), p(+) )-atom with suppa C By and

1 1/4(0) oo 1/qoo
( > Mk|q(o)) + (Z |,\ky%o> < chHHKa((_.)),q(.).

k=0
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2.2. Atomic decomposition of variable Herz-type Hardy spaces

Conversely, if a(-) > n(l — p%) and s > [a™ + n(p% — 1)], and if holds, then f €
HEO (R, and

p()
— Va© & oo
||f||HK§(§-)>,q(-> ~ inf {( Z |)\k|q(0)) + (Z |)\k|QOo> 7
k=—o00 k=0

where the infimum is taken over all the decompositions of f as above.
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Chapiter 3

Boundedness of some operators on
variable exponent Herz-type Hardy

spaces

In this chapter, we present some results of H. Wang, L. Zongguang and F. Zunwei [20]
and R. Heraiz [12] concerning fractional integral operators I, and Marcinkiewicz integral
operators ;1 which are the boundedness of this class of operators from variable Herz spaces
into itself when the parameters «, p and ¢ satisfies some conditions. Also, we present the

boundedness of this operators on variable Herz-type Hardy spaces..

3.1 Boundedness of fractional integral and their com-

mutators on Variable Herz-type Hardy spaces

In this section, we present the boundedness of fractional integral operators and their com-
mutators on variable Herz-type Hardy spaces. We only study the case where pne parameter

p is variable.

3.1.1 Some lemmas

Here we present three lemmas used to prove the results of H. Wang, L. Zongguang and F.

Zunwei [20]

18



3.1. Boundedness of fractional integral and their commutators on Variable Herz-type
Hardy spaces

The three following lemmas are from [20, Lemma 0.5].

Lemma 3.1.1 Let p € P8 (R"), k be a positive integer and B be a ball in R™. Then we
that for allb € BMO(R™)and all i,j € Z with j > i,

1 k k
- HbHBMO < s%p (b — bB)kXBHp(J <c ”bHBMO7

1x5llpe)

. . k
10 = b5.) x5, o) < (G = D) Il 5ar0 IIX8, ln)

Lemma 3.1.2 Suppose that py, ps € PO8(R") with pj < 2 and pll(.) — pzl(.) = 2. Then for
all f € L0 (R™), we have

1o (Pl oy < el Nl -
Lemma 3.1.3 Suppose that pi,ps € P°8(R") with pf < 2, pll(.) — p;(,) =% and b €

BMO(R™). Then for all f € L") (R"), we have

116, L))oy < C ol azo 1 1y -

3.1.2 Variable Herz estimate of fractional integral operators

First, we treat the boundedness of I, on variable Herz-type Hardy spaces.

Theorem 3.1.1 Suppose that py,ps € PY8(R™) with p; < 2 and z%(-) — z#(-) =2, ac¢
L®(R"). Let 0 < ¢ < g < o0 and n(l — =) < a < oo. Then I, is bounded from

Py
HE (RY) to K0 (R™).

p1(+)

Proof of Theorem 3.1.1. We must show that

||IU(f)||K§2‘(I2)(Rn) <c ||f||HK°““1 (R")

p1(+)

forall fe H K;‘l"“ (R™). Using Theorem 2.2.1, we may assume that

)
+0o0
[= Z it

1=—00
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type
Hardy spaces

where \; > 0 and a;’s are (« (-),p1(+))- atom with suppa; C B;. Using the definition of

K;;?Q) (R™)-norm, we have

+o00 1/f12
Mo ()l ooy = { Y 2k ||fa(f)Xk||f,§(.)}

k=—00
+00 k—2 "
< { Z okags (Z | Al HIa(ai)Xkaz(')) }
k=—o00 (=00
a2~ 1/q2
{ Z 2kaQ2 <Z ‘)\ ’ H[ al Xk“pg ) }
k=—o00 i=k—1

—n-+o

Now we estimate F;. ,We can subtract the Taylor expansion of |z — y| at x, we obtain

la; (y)] |y[*™
[1,(a;) (z)] < | Wdy

S C2—k(n—a+s+1)+i(s+1)/ |ai (y)|dy,
B;

Applying Holder inequality, we get

‘Io'<ai) ($)| < 9 k(n—o+s+1)+i(s+1) Hainl(.) ) (3.1.1)
On the other hand
dy "
L) @) 2 [ v, () 2 2, @), (3.12)
By, ’1’ - y’

By (3.1.1), (3.1.2) and Lemma 3.1.2, gives

o (@)Xl iy < e Hmotst Dt g ) oy Xl
n+s+1 +z s+1

< @ MDD g s, L o e Oes)
k(n+s+1)+i(s+1)

S c2” ( ) Ha’ZH )HXBkal()

Thus we obtain

+00 k—2 a2y /a2
Elgc{ > (Z || 20K (s t1—a- n/m«»)) } ,

k=—o00 \i=—00
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type
Hardy spaces

eif 1 < g <oo,since s+1—at+n(l1— pl_) > 0 and ¢; < @9, then by the Holder inequality
1

we have
2 a2\ 1/q2
k-2 a1 k—2 y a4
El < E |/\i|‘11 2(i—k)(n+s+1—a—n/p1(o) 71 2 —k)(n+s+1—a— ”/Pl(o))jl
kf—oo i=—00 —o0
a 1/q1
e a N 1/
<

2 / qa
22 )Y(n4s+1—a— n/pl(o))71
i=—00
1/q1
{ ( |)\i|Q1 2(i—k)(n+s+1—o¢—n/p1(0) 71 }
k=—0oc0 =—00

“+o00 +oo 1/Q1
_ c{ Z |)\j|q1 ( Z 9(i—k)(n+s+1—a—n/pi (o) )4 }
k

k=—00 \1=—00

IN

Z < Z |)\ |£11 i—k)(n+s+1—a—n/pi()) 21>

j=—00 =j+2
400 1/q1

< c{ > |Aj|m} .
j=—o00

By the atomic decomposition of Herz-type Hardy spaces, we have

+o00 1/¢]1
Ei<c ( Z |)\k|q1> < CHfHHKa -

k=—o00

o if 0 < ¢; <1, by the injection ¢,, — ¢;, we have

+00 k—2 a2y 1/q2
k=—00 \t=—o00
+ k2 e
0o - 1
< C{ Z (Z |\ |4 2l ntstl—amn/pyo)a )
k=—00 \t=—00
+00 k—2 /a1
< c{ Z <Z |)\i|q1 o(i—k)(n+s+1—a—n/pi())q >}
k=—00 \i=—00
+o00 1/‘11
— C{ Z |/\j|‘J1 < Z 2(] k)(n+s+1—a—n/p1))q >}
Jj=—00 k=j+2
1/Q1
< A < N
> (];_: | Ak] > CHfHHK N
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type
Hardy spaces

Let us estimate Fy. By Lemma 3.1.2, we have

+oo +o0 g2\ 1/q2
E2 — { Z zkaqz < Z ‘)\1| ’|Io’(az>xk|’p2()> }

k=—o00 i=k—1
+o00 +oo a2 /a2
< of S (3 el |
k=—o00 i=k—1
+o00 +oo a2\ /a2
< o{ (S mer) ]
k=—o00 \i=k—1
+o00 +o0 a1y /a
< C{ Z (Z |)\i|2(k—i)a> }
k=—o00 \i=k—1
—+o00 1/Q1
< C{Z w} < ellf g
1=—00

A combination of estimations of F; and FEs finish the proof ot Theorem 3.1.1.

3.1.3 Variable-type Hardy estimate of commutator of fractional

integral operators

We present the boundedness of [b, I,,] on variable Herz-type Hardy spaces.

Theorem 3.1.2 Suppose that p1,p, € P'8(R") with py < 2 and L( — pL(.) = 2. Let

p1(*)
n(l— p%) <a<ooand0<q < g <oo andb e BMO(R™). Then [b,I,] is bounded from

1

HED(RY) to Ko® (R™).

p1(+)

Proof of Theorem 3.1.2. We must show that

11, Lo} Fll ooz ey < € flrieeon emy

for all f € H K;lm (R™). Using Theorem 2.2.1, we may assume that

)
+o00
[ = Z i

1=—00
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type

Hardy spaces

where \; > 0 and a;’s are (o, p; (+))- atom with suppa; C B;. Using definition of nggz) (R™) —norm

, we have

—+o00 1/Q2
105, 20) sy = { S 2k b, 1) xal zz(.)}

k=—00
. s a2y 1/a2
< { Y gbea (Z e IalkaHmo) }
k=—00 1=—00
. oo a2\ /a2
+{ 3 g (z A ukallm-)) }
k=—00 i=k—1
= F1 + F2-

Let us estimate Fj. As in Fj, we use the Taylor expansion of |z — y|_"+g at x and the

s-order vanishing moments of a; with s > [oﬁ —n(l-— pi_)} , we have
1

<

<

<

(Kot D g <|b(x)

/w

Io] (as)]

1
\az( ) yl™
| |n T n—o+s+1

k(n o+s+1)+i s+1)/ |(l ||b< )—b( )|dy

c2 Hnmoks D (Ib(:L‘)—bBil / |ai (y)| dy + / i (y)llei—b(yNdy)?
Bi Bi

we use the Holder inequality, the last expression is bounded by

() + H|bB¢ - b<y) s pll(')> , (3‘1.3)

by (3.1.2) and Lemma 3.1.1, we obtain

IN

IN

IN

IA

IN

116, 6] (@) Xl
e et DD gy (o) = b,

p2(-) ‘

pi (")

+ || bp, — b(y) P,() ”Xk“pz(~) )

—k(n—o+s+1)+i(s+1) )

2 il (
A
ek - z>2—k<”—“+s+1>+z D il

C(/{? - Z)Q k(n+s+1)+i(s+1) HaZH ’

k—1) 16l rso HXBkaz(.) ‘ Pi()

o Il

0 Mo (@)Xl

C(k‘ . 2)2 k(n+s+1)+i(s+1) ”al”pl

)HXkal(.)-
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3.1. Boundedness of fractional integral and their commutators on Variable Herz-type

Hardy spaces

By (1.2.3) and Lemma 1.2.2, we have

By

IA

IA

k=—o00

oo k—2 a2y /a2
& ”bHBMO { Z ( Z |>\l‘ (]{f — i)Q(lk)(S+1+nan/p1(O))> }

+o00 k—2 "\
Z 2kaq2 < Z ’)\l‘ ”[b, [o'] (al) Xk”l’Z()) }

1=—00

k=—00 \t=—00

g2~ 1/
CHbHBMO{ > (Z Al (K (=R tnmamn/m ”) } (3.1.4)

k=—00 \it=—00

eif 1 < ¢ < oo,sinces+1—at+n(l1-— p%) > 0 and ¢; < ¢o, then by the Holder inequality,
1
we have (3.1.4) is bounded by

VAN

IN

N 1/g2

q1
CHbHBMO Z (Z |)\ |q1 q12(1 k)(s+1+n—a— n/pl(O))Ql)
k=—oc0 \i=—00

X

400 k—2
CHbHBMO Z |Ai|%2 (Z (k — Z’)Ql2(i_k)(5+1+n—a—n/l71(0))q71

k=—o00

k—2
CHbHBMo { Z |>\ ’q1 <Z — Z’)Q12(i— )(s+14+n—a—n/p1(0 ))21>
k=—00

2 1/q2

1=—00

+o00 k—2 /\ 9h
Z < Z (]f N Z-)qi2(ik)(s+1+nan/p1(0))l121)

1/q2

k=—o00

+o0 +00 Vg1
; 1—k)(s n—a—n a1
c|bll garo { Z A" ( Z (i — k)n2l—Rs+1+ /p1(0))3 > } 7
i=—00 i=—k+2

by the atomic decomposition theorem, we obtaint that F) is bounded by

+o00 1/111
By <clbllgyo ( Z |)‘k|q1> < C||f||HI'<§1"g_1)-

k=—o00

24



3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

e if 0 < ¢; < 1, by the injection ¢, — ¢,, — ¢, we have (3.1.4) is bounded by

—+o00 k—2 q2 1/q2
C “bHBMO { Z ( Z |)‘z| (k; — @')2(2—/6)(5+1+n—a—n/p1(0))) }

k=—o00 \i=—00

+00 k—2 1/q1
< cllbllparo { Z ( Z || (k — i)‘“Q(i—k)(5+1+"—a—n/p1(0))q1> }

k=—o00 \i=—00

400 +00 /¢
< clPbllizumo { PR ( S (k- Z’)mzﬁ'k>(s+1+nan/p1<o>>ql>}

i=—00 k=i+2

+oo 1/q1
< CHbHBMO{ Z |)‘i|Q1} < C”fHHKgl’g})-

Let us estimate F». By Lemma 3.1.1, we have

+oo +o0o @y e
F, = { Z okaqz (Z |>\z| ||[b’ ]0] (CLZ) Xk“m(‘)) }

k=—o00 i=k—1
+o0 +o00 a2\ 1/q2
< CHb“BMO{ Y 2k (Z |Adl ||ai\|p1(.)> }
k=—00 i=k—1
+o0 +o00 a2\ 1/q2
< o] 3 (3% iz |
k=—0c0 \i=k—1
“+o0 1/Q1
< P < avay
S C<k2 | Akl ) _C||f‘|HKp1‘(1})

A combination of estimations of F; and F3 finish the proof ot Theorem 3.1.2.

3.2 Boundedness of Marcinkiewicz integrals on vari-
able exponent Herz-type Hardy spaces

In this section, we present some results of R. Heraiz [12] concerning Marcinkiewicz integral
operators p which are the boundedness of this class of operators from K;‘((.'))’q(')(R”) to

f(;((_')) ’q(')(]R") when the parameters a, p and ¢ satisfies some conditions. Also, we present the

boundedness of y on variable Herz-type Hardy spaces H I'(;Y((,'))’Q(')(R”)..
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

3.2.1 Preliminaries

Definition 3.2.1 For 0 < 3 <1, the Lipschitz space Lipg(R™) is defined as
. |f(z) = f(y)]
Lipg(R") := {f: flltiparny = sup —F——2 < o0
B ) (hal pg(R™) eyeRrary |7 —yl?

Given 2 € Lipg(R™) be a homogeneous function of degree zero and

/ Q(2) do(z) =0

where z = z/|z| for any v # 0 and S"! denotes the unit sphere in R" (n > 2) equipped

with the normalized Lebesgue measure.

Definition 3.2.2 The Marcinkiewicz integral p is defined by

) @)= ([ 1as @ ?)

where

Fof)= [ D) ay

a—yl<t [T — Y|

It is well known that the operator u was first defined by Stein [17]. First he proved
that if Q € Lipg(S™!) (0 < 8 < 1), then p is of type (p,p) for 1 < p < 2 and of weak
type (1,1). Benedek et al. [2] showed that p of type (p,p) with 1 < p < oo. Recently,
the boundedness of Marcinkiewicz integral operators ;. on variable function spaces have
attracted great attention (see [18], [19], ....). In [12], R. Heraiz generalize some results
concerning Marcinkiewicz integral operators p on variable Herz spaces K;‘((f))’q(')(R”) and
variable Herz-type Hardy spaces H K;Y((f))’q(')(R”).

Here we present three lemmas used to prove the results of R. Heraiz.

The following Lemma presents the LP()-boundedness of .

Lemma 3.2.1 ([15]) Let p € P8(R"), then there exists a constant C such that for any
f e L) (R")
(Al < Clif ey

The next Lemma treats the boundedness of fractional integral on variable Lebesgue

space.
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

Lemma 3.2.2 ([20]) Suppose that py, p> € P8(R") with p{ <2 and 1#(_) _z%(-) = 2. Then
for all f € LP0O) (R™Y), we have

The last Lemma presents the boundedness of homogeneous function of degree zero.

<c ||f||p1(.) :
p2(")

Lemma 3.2.3 (/18/) Ifa > 0,1 <s< 00,0 <d < s and —n+ (n—1)d/s <1 < 0o, then
i
([, o= nias)” < clel ™ 191 g
y|<alz

3.2.2 Variable Herz estimate of Marcinkiewicz integral operators

In this subsection, we present two results concerning the Marcinkiewicz integral operator
p. In the first, we show that p is bounded from K;‘((f))’q(')(R”) to K;"((f))’q(')(R”) for a.,p and
q satisfies some conditions. Next, we present the boundedness of p on variable Herz-type
Hardy spaces H K;Y((,'))’q(')(R”).

Here, we present the first results of R. Heraiz [12] which is the boundedness for Marcinkiewicz
integral operators 4 to the case of variable Herz spaces ( all exponents are variables). One

of our main results can be stated as follows.

Theorem 3.2.1 ([12]) Suppose that0 < 7 < 1,p € P8(R") with p* < 0o, € L¥(S"1),s >
(p)” and a € L*(R"), q € Po(R™). If o and q have a log decay at the origin such that

noon non non non
—————7<a0)<n—-—————7and — — —— —T<Qp<N—————T

p(0) s p(0) s P S Poo 5

then 1 1s bounded from K;((_'))’q(')(R”) (or Ks((f))’Q(.)(R")) to K;‘((_'))’q(')(R") (or K;:((_'))’q(')(R")).

Proof. Let f € K;‘((,'))’q(') (R™), we can write

F=>_g=>_1f

JEZ. JEZ.

My goal is to show that

(P o000 gny < €l1F 1l gacrat) gy
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

for all f € K;((f))’q(') (R™). We have u(f) in K;‘((,'))’q(') (R™)-norm is equivalent to

. 1/4(0) N
« 0 aoo ()OO
{ D 2ke(0a0) Hu(f)kaZE.))} {22’“ ()l } ,

k=—o0

this expression can be estimated by

-1 k—2 “0) e
N gty 22'““(0”(0)<Z ””(f”')x’“”p(')>
k=—o00 =
1 k+1 o)
. Z oha(0)q(0) ( Z HM(fj)Xka(-)>
k=—c0 ke
- ) 4(0) Y 1/4(0)
£ 3 greouo ( > IIN(fj)Xk||p(~>>
00 k—2 R
+{22kaooqoo Z ||M(fj)Xk||p(') }
k=0 J==oo
00 k+1 )
+{z2'wwqw 2 Iy }
k=0 J=k=2
) 00 e
+{Z2kaooqoo > ()l }

= 2U1—|—U2—|—U3+U4+U5+U6.

First, we estimate Uy and Uy. Using the triangular property

jufy () < ( [l 2ty
! </: /x st IS(— yl" )

== Il +IQ

1
2dt2
B
1
2dt2
3
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

We notice that when x € Ry, y € R; and j < k — 2. So we know that |z — y| ~ |z| ~ 2F,
and by mean value theorem, we have
1 1
5 —
|z -yl

jo* — |z — g’

] =y

(] = & — yDI (=] + = — y])
] =y

clyl
|z —y[®

IN

(3.2.1)

By (3.2.1), the Minkowski inequality and the generalized Hélder inequality, we have

9% —y) ]
N = LA

|
Q- y)| ME

<

< /n wlﬁﬂ)l T dy

T—y |z —y|?

dy

21/2
S o [, 1960150 d

< 27l 196 =)y,

o (3.2.2)

Noting that |x — y| = |x|, then the estimation of I, is the same as before and we obtain

I S 27" £l (|92 =)y,

p()’

Concluding that that each term (I and I5) is no more than

2 nkajH )HQ XJ

()’

Also, by Hélder inequality and Lemma 3.2.3, we obtain

192z —)x;

Py S ”Q<x - '>Xsz HXJ'“e(-)

1

< 97T ( N ly|”" |z — y)lsdy) HXjHe(.)

< 2—j72k(7+§

~Y

Ls(Sn1) HXJ‘HG(.)

where p,L(.) =14 ﬁ. Since § € P%8(R"™), we have for any j

_1
HXJ’”(;(.) ~ ||Xj P () Ry,
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

which gives

(Xl S 27270 G Il | (3.2.3)

Estimation of Uy. Note that in this case k and j are negative integers, by Lemma 1.2.2 and

since Q € L*(S™1), so we have

n——rs—T7—"2)(j—k)
(Xl S 20770 D0 g9

— =y T %) k)
S 205 b HfJHp(

s Sn 1

which gives

1 1/4(0)
U, < { Z 9ka(0)q(0) ( Z o(i=k)(n—iey —7=%5)4(0) ||f]Hq >}

k‘:—OO ]——oo
—1 1/4(0)
- { 2 (Z N HfJH"(O)))}
k=—0c0 \j=—o00
since o (0) —n + p(O) — 7 <0, then by Hardy-type inequality, we have
1/4(0)
af( 0)
Ui < C{ Z 2 HfJ |;ZE) } <c ||f||K§(<_~)>,q<~>(Rn).
j=—00

Estimation of Uy. We can split

-1

S Il = 3 o+

j:—oo ]2700

T
[\

[
Il
o

then Uy can be estimated by

Uy + Uz,
where
00 1 9o\ 1/doo
Ut = {ZW ( 5 umxkup(.)) }
k=0 j=—o00
and

00 k—2 qoo 1/Qoo
0 {zzkawqw (z ||u(fj)xk||p(.)> }
k=0 j=0

Let estimate U}. We have in this case j < 0 < k. By Lemma 1.2.2, we obtain

k(L= —n4-247)oj(n—2—7— 15
()Xl < @M 7D | g
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

therefore, U; is bounded by

Goo \ 1/400
S r e
i<

j=—o0

From the embedding (9©) < (> and since apo + 7= —n+2+7<0<n—"2—7 PR

follows

-1 1/4(0)
i 0
U41 <c < Z 204(0)‘1(0)] Hf]”ZE;) <c ||f||K§((A'))’Q(')(R") .

j=—o00
Thus, by the method for estimating Uy, we can estimate U} when we replace o(0), p(0) and

q(0) bY oo, Poo and qso Tespectively, then UZ is bounded by

o0 doo y 1/d00
{Z (Zz e o) (g ||fj||p(.))> }

1/qe0
< ¢ (szmqoo [FAK o )) <c Hf|’f<§(("))*q(')(Rn)

Let us estimate Uy + Us. By the (LP¢) (R™), LP0) (R™))-boundedness of y, we have

. 1/4(0) o0 1/ae0
o 0 [075%) oo
Hy+ Hy < ( S|l (“)kaHfJE.))) + (Z 12* ka”Z(»)
k=0

k=—o00

S gm0y

Let us estimate Us. It is possible to prove the following estimation (similar to the estimate
for Iy and I,)
(3.2.4)

lu(f5)] < c27™ Hfij(.) HQ(IB - ')Xj P’
for the detailed proof of this estimation, see [18, p.259-260]. By Hélder inequality and
Lemma 3.2.3, the right-hand of (3.2.4) is bounded by

2 (/R lyl*” [z — y)lsdy> X115y S 277257 I,
J

which gives

S'n 1)7

()Xl S 2725 TN 1L TG0 Il -
) P'() ()

We split
-1

Sl = 3 S

j=k+2 j=k+2 j=0
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

Then Us is bounded by

. y 4(0) Y 1/4(0)
S g0 < 3 Hu(fj)Xkac))
- ) 4(0) ) 1/4(0)
N Z 9ka(0)g(0) (Z ||M(fj)Xk||p(')>
k=—00 =0

For U3, since j and k are negative integers, we have

. , q(0) ) /4(0)
a(0)+ P +7+2) (k=7 ) aia
U31 /S Z ( Z 2( ( )-‘rp(o)-i- +2)( ])2] (0) ”fJHp())
k=—oco \j=k+2
Since o (0) + oo T 7+ % >0, by Hardy lemma, we obtain
-1 1/4(0)
« 0
Uy S ( > 2 <“>q<“>\|ka\|g§.3>
k=—o00
< .
~ Hf“K;‘(())s‘Z()(Rn) .
For Uz, since k < 0 < j, then we have
— V(4 _mnj _ nk
(Xl < WP £ 277 200
k(r4+24 -2 i oo _i(_n cotT n
< g || f|| ) 27 et (3.2.5)
by Hélder inequality in ¢* and since v = 1% + Qoo + 7+ % >0, we have
. q(0)Y /4(0)
k(r+2 4P | oo —J
U3 < o4 Y 2 ) (Z 279 || 511, 2 )
k=—o00 j=0
-1 1/9(0) / o Va1 1/¢00
< ( Z anq(0)> (ZQJ'WQO) (szawqm fjgf))
k=—o00 7=0 Jj=0
. 1/Qo<>
S (ZUT“‘”"‘” fjf,‘Zf’))
J:

~ HfHK;((.'))v(I(')(Rn) )
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

wheren:T+%+ﬁ>0.
Let us estimate Ug. In this case, since k and j are non-negative integers, by (3.2.5) and

Lemma 1.2.2, we have

M A Y (fd
()Xl < @™o TEIED 1)

which gives

oo [e'9) 1/9c0
o {30 ( 3 2t (i) ) )

k=0 \j=k+2

since n — vy > 0, by Hardy type Lemma, we obtain

00 1/qc0
Us < {ZQM“’%" HfjHZ‘E‘.’)} < ellfllgacrao gny -
=0

3.2.3 Boundedness of Marcinkiewicz integral operators on vari-

able Herz-type Hardy spaces.

In this subsection, we present the second result of R. Heraiz [12] which is the boundedness
of Marcinkiewicz integral operators with homogeneous kernel on variable Herz-type Hardy

spaces.

Theorem 3.2.2 ([12])Suppose that py,p2 € P8(R™) with p| < 2n and z%(-) - z%(-) = o,

a € L®R"), qi,q2 € Po(R"),Q € L5(S™) with s > (p})~. If a,q1 and qz are log-Hélder

continuous, both at the origin and at infinity such that

o () > n(l- pi> 21(0) < 2(0) and ()., < (g2)..

Then w is bounded from H['(;((',))’ql(')(R”) to K;(('?)’qQ(')(R”).
Proof. Let f € HK;((-?)@M? (R"), we can write

+o00o
[ = Z i@

i=—00
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

where \; > 0 and a;’s are (a (), p;1 (+))- atom with suppa; C B;.
My goal is to show that

for all f € HK*: 10 (Rn). Using the definition of K q2( R™)-norm, we have
p1(-)

H:u’(f) ||K§2(8;q2(')(R")

-1 1/42(0)
{ D 20O (g >xk||;§z§°>}

k=—o0

+o0 1/(q2)oo
Qoo (
- {Z2k @)oe || F)xll}5e }
k=0

Q

: 02(0) ) 1/a2(0)
< Z 9ka(0)g2(0 < Z IAil |l e(a Xk”pz())
k=—o00 =T
. QQ(O) 1/Q2( )
N Z oka(0) < Z il l[peCai) Xl )
k=—00 i=h—2
. (q2)oo /(Q2)
+ ZQkOéoo 42) 00 ( Z ’)\ | “,u Q; Xk”pg( )
k=0 =T
1/(g2)

+00 (qQ)oo
] et (Zwm . xknm)

k=0 i=k—2

= i+ Va+V5+Va

Let us estimate V;. Using the triangular property, we have

o .
(@) ()] < (/ / D =9) o) a|

1
de \?
z—y|<t |1’ - y| ¢
s ( [

|

Qlz —
/ e =9 ) d
e—y|<t |7 — Y]
- W1 + WQ.
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

First we we use that in this case x € Ry, y € B; and i < k — 3, we have

clr| < |z —y| <Ol
and

2k < |x\§C’2k

le
lz —y| ~ |z| ~ 2"

By (3.2.2), we have
1
_ 10wyl

~

n—1 3 |ai (y)| dy7
z=yl" o —yl2

B;
using the m-order vanishing moment condition of a; (see condition (iv) in the Definition of
Atom) with m > [oﬁ —n(l-— P_1I>] , we can subtract the Taylor expansion of |z — y|é_” at
T, we obtain

m+1

Yy
W, < LLl|ai<y>||Q<x—y>|dy

x‘n+m+§

< ephmimibnon | o, )G - )| dy
B;
The estimation of W5 is the same as before since we never use |z — y| ~ |z|, we have
[a;) ()] < Kotz HiomsD / |ai ()] 12z — )| dy,
B;

as the same reason in the proof of (3.2.3), we get

—(n—1 i—
||H(ai)Xk||p2(.) S 2 2k P(=h) ||az‘||p1(.) ||Xi||p’1(~) ||Xk2||p2(-) 1€2] Ls(Sn1)
—(n—1 i—
< 27 (mkgdlk) ||az‘||p1(.) ||Xi||p’1(-) ||Xka2(.) ) (3.2.6)

where § = (14+m — 2 — 7).
Also, to estimate (3.2.6), we need the following inequality (see [13, p.350] for o = %)

/B XB’“—(y)ldy Z/B LXBk () > 22, (7). (3.2.7)

e —y" 2 vl —yl" e
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

(3.2.6), (3.2.7) and Lemma 3.2.2, gives

(n—1 -
||M(ai)Xk:||p2(.) < 27 (nma)kflh ||az‘||p1(.) HXB,- 7,0 ||Xk||p2(.)

/ Xz, (¥)dy

1
|- =y

IN

2—1’Lk26(1—k) |

|ai||p1(~) HXBi i () 2

p2(")
< 272 a5 [,

}pg(.) ||XBk||p1(-)’

Now it follows from Lemma 1.2.2

-1 k—3 92(0) 1/42(0)
Vv, = Z oka(0)q2(0) <Z Al HM(@z’)Xkag(.)>
k=—o00 1=—00
1/g2(0)

IN

-1 k-3 2(0)
Ay (Z |)\i|Q(i—k)(ﬁ—(a+n/p1)(0))> |

k=—o00 \i=—00

Now we can choose m large enough such that § — ot + n(1 — p%) > 0, by Hardy type

1
Lemma, we obtain

1 1/42(0) -1 1/41(0)
Vi<c ( Z |>\k!@(0)> <c ( Z |)\k|q1(0)> < C||f||HK§1(&>_5q1<~>-

k=—o0 k=—o00
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3.2. Boundedness of Marcinkiewicz integrals on variable exponent Herz-type Hardy spaces

Let us estimate V5. By Lemma 3.2.1 and applying the size condition of a; (conditions (i7)

and (7i7) in Definition of atom), we have

. oo 42(0) ) 1/42(0)
Vo = Z 2ke(0)n(0) (Z | Ail H/ﬁ(ai)Xkaz(.)>
k=—o0 i=k—2
1 1/42(0
< ¢ Z 9ka(0)g2(0 ( Z I\ ”aZsz
k=—o00 i=k—2
] 1/Q2
< ¢ Z 9ka(0)qz(0) (Z ’)\|“asz2
k=—00 i 2
. 1/g2(0
te Z oka(0)qz(0 (Z Al laill,, ) }
k=—o0
1 1 2(0) 1/42(0
< of 3 (2 mpee)”
i=k—2

k=—o00

1/42(0)

-1 +00 q2(0)
+e Z (Z |/\Z| 2(k—i)a‘+k(a(0)—a‘)+z‘(a‘—cxoo))

k=—oc0 \t=0

for £ < 0 <1 and since o~ < min(a (0), o), we have
E(a(0) —a™ ) +i(a” — ax) <0.

By Lemma 1.2.2, we obtain

1 1/492(0) 1 1/41(0)
Vo < c ( Z ‘)\k’42(0)> <c ( Z |)\k‘q1(0)> < CHfHHK“Q);ql(')'
p1(

k=—00 k=—o00

If we replace a(0), p2(0) and ¢2(0) by an respectively, we then obtain the estimatation of
V3 and V, by the same arguments used in the estimation of Vi and V5. A combination of

estimations of Vi, V5, V3 and V; completes the proof of Theorem. m
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Résumé du mémoire;

Dans cette mémoire, nous avons étudié les espaces Herz type Hardy avec
des exposants variables ou nous avons donneé certaines proprietés de base de
ces espaces et finalement, nous avons étudié la continuité de certains
opérateurs intégraux dans les espaces de Herz-Hardy en utilisant la
décomposition atomique de ces espaces.

Mots clés: Espaces de Herz, Espaces de Herz-Hardy, Opérateurs intégraux
singuliers, Opérateurs de Marcinkiewicz, Exposants variables, Decomposition
atomique.

Abstract of memory:

In this memory, we studied the Herz type Hardy spaces with variable
exponents where we gave some basic properties of these spaces and finally we
studied the boundedness of some integral operators in Herz-Hardy by using
atomic decomposition of these spaces.

Key words: Herz spaces, Herz-type Hardy spaces, singular Integral operators,
Marcinkiewicz operators, Variable exponent, Atomic decomposition




