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Introduction

Derivations and integrations have played a fundamental role in the development of mathematical
theories throughout the ages. Physicists have relied on modelling natural phenomena with linear
and non-linear differential equations and relied on solving these equations using the properties of
derivations and integrations. Therefore, scientists worked on transferring those two concepts to
several algebraic structures, for example, rings, fields, ordered sets, and lattices.

In 1957, the author E.C. Posner introduced the notion of derivations in prime rings [14]. Deriva-
tions have recently investigated on ring structures (see e.g. [4] and [6, 7]). In 1975, Szész has
transferred the concept of derivation to lattice structures [16]. On a given lattice L, he has defined

a derivation d on a lattice L as a function verifies these two conditions:
dx ANy) = (d(x) ANy) V (x Ad(y)) and d(z V y) = d(z) V d(y), for every z,y € L.

Derivations have been further investigated in ([9], 2001) for several classes of lattices. Then
only the first condition has been considered for the definition of a derivation, since the second
condition is always satisfied for isotone derivations on distributive lattices, see the article of Xin
et al. ([19], 2008).

The concept of derivations has recently applied in several fields such as partially ordered sets
in [3, 2, 1, 25]; distributive lattices in [5, 21, 24]; bounded hyperlattices in [17]; residuated lattices
in [11, 23]; integration on lattices in [22]; the subgroup lattice of finite groups in [12]; and pseudo
L-algebras in [10].

Recently, M. Yettou et al. ([22], 2023) have introduced the notion of integration 74 with respect

to a given derivation d on a lattice L as a function iy : L — P(L) defined by
ig(z) =d Y(z) ={z € L | dz = 2} for every x € L.

They have given the definitions of integrable elements and their integral sets. They have investi-
gated several characterizations and properties of integrations on lattices. Also, they have shown
a lattice structure to the family of integral sets with respect to a given integration. Further, they
have provided a representation theorem for the lattice of fixed points of an isotone derivation based
on the family of integral sets. As an application for the integration, they have used the integrable

elements of a Boolean lattice to define algebraic linear differential equations on Boolean lattices.



Moreover, they have determined the necessary and sufficient conditions to solve those differential
equations.
In this memory, we focus on studying those type of algebraic linear differential equations on

Boolean lattices. To that end, we organize our memory into three chapters as follows:
e We devote the first chapter for recalling basic concepts and properties of lattices.

e In chapter 2, we focus our study to present the concepts of derivations and integrations on

lattices and their properties.

e The third chapter is the main goal of this memory. Here, we present the newly notion of
algebraic linear differential equations on Boolean lattices. Further, we establish the necessary
and sufficient conditions to solve those differential equations. As an application, we use

Python Programs for solving those linear differential equations.
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Chapter 1

Lattice Structures

In this chapter, we recall basic concepts and properties of lattices. For more information on

lattices, we refer the reader to these references [8, 13, 15].

1.1 Generalities on lattices

Definition 1.1. A partially ordered set (poset, for short) is a set S with a binary relation < such

that each of the following axioms is satisfied:
o Reflerive: If v € S, then v < x;
o Antisymmetric: If x,y € S, such that x <y and y < x, then x = y;
o Transitive: If x,y,z € S, such that x <y and y < z, then z < z.

Example 1.1. Let N* be the set of positive integers and | be the divisibility relation. So this

relation | is:
o Reflexive, Vo € N*| x| x (v divides x);
o Antisymmetric, Ve,y € N*, if x |y and y | z, then z = y;
o Transitive, Vx,y,z € N* if x |y and y | z, then | 2.
Thus, | is a partially ordered on N*. So the structure (N*,|) is a poset.

Definition 1.2 (bounded posets). A poset (P, <) is called bounded, if it has a least and a greatest
element, respectively denoted by O and 1, such that 0 < x < 1, for any x € P.

Usually, the notation (P, <,0,1) is used to describe a bounded poset.

Example 1.2. Let D(6) be the set of positive divisors of 6 and | be the divisibility order. The poset
(D(6),]) has 1 as the least element and 6 as the greatest element. Indeed, 1 divides all the elements
of D(6) and any element of D(6) divides 6. Thus, the structure (D(6),],1,6) is a bounded poset.



Definition 1.3 (Hasse diagram of posets). The Hasse diagram of a finite poset (P, <) is a picture
of the digraph whose vertices are the elements of P and which has line segments between some their
vertices. If an element y € P covers an element x € P (i.e., v <y andVz € P if v < z < y, then
z =z or z =y) we get the vertex y is higher up than the vertex x and they are connected with a

line segment.

Example 1.3. The Hasse diagram of the bounded poset (D(6),],1,6) is given in the bellow figure.
6

Definition 1.4 (meet semi-lattices). A meet semi-lattice is a poset (P, <) such that for any two

elements x,y € S have a greatest lower bound in P denoted x N y.

Example 1.4. Let (P = {1,2,3},|) be a poset ordered by the divisibility order and shown by the

%

1

following Hasse diagram.

This poset is a meet semi-lattice, because for every two elements x and y in Py = {1,2,3} they

have the greatest lower bound x Ay in Py.

Example 1.5. Let (P> = {2,3,6},|) be a poset ordered by the divisibility order and shown by the

following Hasse diagram.
6
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This poset is not a meet semi-lattice, because 2 and 3 has not a greatest lower bound in Ps.

Definition 1.5 (join semi-lattices). A join semi-lattice is a poset (P, <) such that for every two

elements x,y € S have a least upper bound in P denoted x V y.

Example 1.6. Let (P, = {2,3,6},|) be the poset given in Ezample 1.5 is a join semi-lattice.

Because for every two elements x and y of Py they have the least upper bound x V y in Ps.

Example 1.7. The poset (P1 = {1,2,3},]) given in Example 1.4 is not a join semi-lattice, because

2 and 3 have not a least upper bound in P;.

Definition 1.6 (lattices). A lattice is both meet and join semi-lattices.

Usually, the notation (L, A,V) is used to describe a lattice.



Example 1.8. 1. The poset of real numbers (R, <) ordered by the usual order < is a lattice,

where min and max are its meet and join operations;

2. The bounded poset (D(6),],1,6) given in Example 1.3 is a lattice such that ged and lem are

respectively its meet and join operations;

3. Let S be a set, the power set of S denoted P(S) equipped with the inclusion relation C has a

”

structure of a lattice, where ” N7 14s the meet operation and ” U” is the join operation.

1.1.1 Sub-lattices and lattice morphisms

Definition 1.7 (sub-lattices). Let (L, A,V) be a lattice and M be a non-empty sub-set of L. Then
M is a sub-lattice of L if and only if:

for every a,b € M, thenaANbe M andaVbe M.

Example 1.9. Let L = {1,2,3,6,12} be the lattice given by the Hasse diagram in the bellow figure

ordered by the divisibility order.
12

The sub-set My = {3,6,12} is a sub-lattice of L, but My = {2,3} is not a sub-lattice of L. Because,
for the elements 2 and 3 of Ms, we have 2A3=1¢ My and2V 3 =6 ¢ M,.

Definition 1.8 (bounded lattices). A lattice (L,A,V) is called bounded if it has a least and a
greatest element denoted by 0 and 1 respectively. Usually, the structure (L,A,V,0,1) is used to

describe a bounded lattice.
Example 1.10. The poset (D(6),|,1,6) given in Example 1.3 is a bounded lattice.

Definition 1.9 (lattice morphism). A mapping f : Ly — Lo between two lattices Ly and Lo is

called a lattice morphism if:

fl@Ay) = f@) A fy) and f(zVy) = f(x)V f(y) for each x,y € L.

Example 1.11. The identity mapping f(z) = x of a lattice L is a lattice morphism. Because, for

any x,y € L, we have:

flevy)=azVy=f(x)V fly) and f(x Ay) =z Ny = f(z) A f(y).



Example 1.12. Let L; = D(6) = {1,2,3,6} and Ly = D(24) = {1,2,3,4,6,8,12,24} be two
lattices ordered by the divisibility order. Let f : L1 — Lo be a mapping defined in the following
table:

flz) [4] 8|12 |24

Then f is a lattice morphism. Indeed:

(1) if (z,y) = (1,1), then
fAVY) =fA)V Q) =4Va=4=f(1) and fANL) = L) A f(1) =4Nd=4= f(1);

(2) if (z,y) = (1,2), then
fAV2)=fA)Vf(2)=4V8=8=f(2) and f(1A2)=f(I)Af(2) =4A8=4= f(1);

(3) if (z,y) = (1,3), then
fAV3)=f)Vf3)=4VI12=12= f(3) and f(1A3) = f(L)Af(3) =4AN12=4= f(1);

(4) if (z,y) = (1,6), then
fAve)=f(1)Vvf(6)=4v24=24=f(6) and f(1A6) = fF(1)Af(6) =4N24=4= f(1);

(5) if (z,y) = (2,2), then
f2Vv2)=f2)Vf(2)=8V8=8=f(2) and f(2A2) = f(2) A f(2) =8A8=8=f(2);

(6) if (z,y) = (2,3), then
f2Vv3)=f(2)Vf(38)=8V12=24= f(6) and f(2A3) = f(2)Af(3) =8A12=4= f(1);

(7) if (z,y) = (2,6), then
f2ve)=f(2)V f(6)=8Vv24=24=f(6) and f(2A6) = f(2)A f(6) =8A24=8= f(2);

(8) if (x,y) = (3,3), then
F(3V3) = FB)VF(3) =12V12 =12 = f(3) and f(3A3) = [(3)Af(3) = 12A12 =12 = f(3);

(9) if (x,y) = (3,6), then
F(3V6) = F(3)VF(6) = 12V24 = 24 = f(6) and f(3A6) = F(3)AF(6) = 12A24 = 12 = £(3);

(10) if (z,y) = (6,6), then

f(6V6) = f(6)V f(6) =24Vv24 =24 = f(6) and f(6A6) = f(6)Af(6) =24A24 =24 = f(6).

1.1.2 Ideals and filters of lattices

Definition 1.10 (Ideals). Let L be a lattice. A non-empty subset I of L is called an ideal if T

satisfies the following two conditions:
e ifa,bel impliesaVvbel;

e ifae L and b€ I such that a <b imply a € 1.

4



Example 1.13. Let L = D(30) be the lattice of positive divisors of 30 shown by the Hasse diagram
in Figure 1.1. Let S1 = {1,2,3,6} and Sy = {2,3,6} be two sub-sets of L. We have Sy is an ideal
of L, but Sy is not because 1 € L and 2 € Sy such that 1 < 2 but 1 ¢ Ss.

30

10 15

Figure 1.1: The Hasse diagram of the lattice (D(30), |, gcd, lem).

Definition 1.11 (Filters). Let L be a lattice. A non-empty subset F of L is called A filter if F

satisfies the following two conditions:
e ifa,bel impliesanbel;
e ifac L andbe F such that b<a implya € F.

Example 1.14. Let L = D(30) be the lattice given in Ezample 1.13. Let My = {2,6, 10,30} and
My = {6,10,30} be two sub-sets of L. We have M is a filter of L, but My is not because 6,10 € L
but 6 A10 =2 ¢ M.

1.2 Algebraic properties of some classes of lattices

Here we present algebraic properties of important classes of lattices, as distributive, modular and

Boolean lattices.

Theorem 1.1. The operations V and A of a lattice L satisfy the following properties, for all

x,y,z € L:
e Commutative: a Nb=bAa andaVb=0bVa;
o Associative: (a Ab)Ac=aA(bAc)and (aVb)Ve=aV (bVc);
o Idempotent: aNa=a and aV a = a;

o Absorption: aV (aAb) =a and a A (a VD) =a.



1.2.1 Distributive lattices

Definition 1.12. A lattice (L, A, V) is called distributive, if one of the following two equivalent

conditions holds:
(D1):aV(bAc)=(aVb)A(aVc), for all a,b,c € L;
(D2):an(bVe)=(anb)V(aAc), for all a,b,c € L.
Example 1.15. 1) The lattice of real numbers (R, min, max) is distributive;
2) Let L = D(30) be the lattice given in Example 1.13. Then L is distributive;
3) The lattice of the power set of a set (P(S),N,U) is distributive.

Example 1.16. Let M3 be the diamond lattice and N5 be the pentagon lattice shown in the fol-

lowing figures:

i i

]

Figure 1.2: The Hasse diagram of the diamond lattice M3

0

Figure 1.3: The Hasse diagram of the pentagon lattice N5

Those lattices M3 and N5 are not distributive. Indeed,
o In Mj:
aV(bAe)#£ (aVb)A(aVe)
aVO#1IAN1
a # 1.



e In N5.’

aV(bAc)#£(aVb)A(aVc)

aVO#bA1

a # b.

Theorem 1.2 (Characterization of distributive lattices). Let (L,V,A) be a lattice. Then L is
distributive if and only if it has not a sub-lattice of the form of M3 or Ns.
1.2.2 Modular lattices
Definition 1.13. A lattice (L, A\,V) is said to be modular if for all a,b,c € L:
a < cimpliesaV (bAc) = (aVb)Ac.

Example 1.17. (1) Let N5 = {1,2,4,5,20} be the pentagon lattice ordered by the divisibility
order. The fact that 2 < 4 but 2V (5A4) =2V1=2and (2V5)AN4=20A4=4. Then
2V (5A4)# (2V5)ANd. Thus, N5 is not modular;

20

(2) Let (M5 = {0,a,b,¢,1},<,A,V) be the diamond lattice. Then Ms is modular, but it is not

distributive.

Theorem 1.3 (Characterization of modular lattices). Let (L, V,A) be a lattice. Then L is modular
if and only if it has not a sub-lattice of the form of Ns.

Theorem 1.4. If L is a modular (resp. distributive) lattice, then every sub-lattice of L is modular

(resp. distributive).



Theorem 1.5. FEvery distributive lattice is modular.
Proof. Assume that L is distributive and a,b,c € L such that a < ¢, we have a V ¢ = ¢. Then
aV{brce)=(aVbA(aVe)=(aVDb)Ac

Hence L is modular. O

1.2.3 Boolean lattices

Definition 1.14 (Complemented lattice). Let (L, A,V,0,1) be a bounded lattice. L is said to be

complemented if for each a € L, there is b € L such that
aANb=0andaVb=1.
Example 1.18. The lattice D(6) of positive divisors of 6 forms a complemented lattice. Indeed,
e IN6=1=0peE) and 1V6=06=1pe));

(] 2/\3:1:0D(6) and2\/3:6:1D(6),

Example 1.19. The lattice of positive divisors of 12 is not complemented, because we can not get

an element b € D(12) satisfies 6 Ab=1 and 6 Vb =12.

12

Figure 1.4: The Hasse diagram of D(12)

Theorem 1.6. Let L be a complemented lattice. If L is distributive, then every element a € L

has a unique complement denoted a.

Definition 1.15. A bounded lattice (B, A, V,0,1) is called Boolean lattice if it is distributive and

complemented. Usually, the notation (B,A,V,0,1,") used to describe a Boolean lattice.



Example 1.20. 1) The chain ({0,1}, min, max) is a Boolean lattice;
2) The lattice (D(6),]|,gcd,lem,1,6,") is a Boolean lattice;

3) The lattice (D(12), ged,lem) is not a Boolean lattice, because it is not complemented as we

have seen in Example 1.19.
Theorem 1.7. Let (B,A,V,0,1,) be a Boolean lattice and a,b € B. Then
1)1 =0,0 =1 and (a') = a.
2) De Morgan’s laws:
(anb) =d Vb and (aVD) =d AD.

3) Order and complements:
a<bsant :0(:)a/\/b:1;

a<bab <d.

4) Addition operation:
(a+b)=(@nNV)V(aANb)=(aVD)A(a V).
This operation is commutative and associative, also for any a € B :
e ata=0;

ea+l=2d.
Theorem 1.8. If B is a finite Boolean lattice, then B has 2" elements with n is a positive integer.

Theorem 1.9. The lattice D(n) ordered by the divisibility order | is a Boolean lattice if and only
if n is not divided by any square of a prime number. It means, n has the form py ---ps such that
p; are distinct prime numbers.

In this case, the operations of the Boolean lattice D(n) characterized for any a,b € D(n) as follows:
e aA\Nb=gcd(a,b);
o aVb=Ilem(a,b);

’

e a = —;
a

e a-b=aANb;

e a+b=(anb)V(a Ab)=lem(ged(a, %),gcd(ﬁ,b)).
a

Example 1.21. 1) The lattice D(6) given in Example 1.20 is a Boolean lattice because 6 = 2x 3

is not divided by any square of a prime number;

2) The lattice D(30) is a Boolean lattice because 30 = 2 x 3 X 5;



3) The lattice D(210) given in the following Hasse diagram is a Boolean lattice because

210=2x 3 x5 x 7.

210

35

Figure 1.5: The Hasse diagram of the Boolean lattice (D(210), gcd, lem, 1,210,).

10



Example 1.22. 1. The lattice D(60) is not a Boolean lattice because 60 = 22 x 3 x 5 is divided

by a square of a prime number 22;

2. The lattice D(18) is not a Boolean lattice because 18 = 2 x 32.

11



Chapter 2

Derivations and Integrations on

Lattices

This chapter is devoted to study the concepts of derivations and integrations on lattices. More

details on those two concepts can be found in [19, 18, 20, 22].

2.1 Derivations on lattices

In this section, we present the concept of derivations on lattices and their important properties.

2.1.1 Definitions and examples

Definition 2.1. /20, 19] Let (L,<,A,V) be a lattice. A function d : L — L is called a derivation

on L if it satisfies the following condition:
dlx ANy) = (d(x) ANy) V (x Ad(y)), for all x,y € L.
In the rest of this memory, we write dx instead of d(x).
Example 2.1. [20]
1) The identity function f of L (i.e., f(x) =z, for any x € L) is a derivation on L;

2) Let (L,<,N,V,0) be a lattice with the least element 0 € L. The null function g of L (i.e.,

g(x) =0, for any x € L) is a derivation on L.

Example 2.2. Consider L = {0,a,b,1} be the lattice given by the bellow Hasse diagram. Let
d=L — L be a function defined in the following table:

z | 0]a|b]|1
dr |0 | b |b |0

12



The function d is a deriwation on L. Indeed, for all z,y € L: d(z Ay) = (dx Ay) V (z A dy).

Because:

o if (z,y) = (0,0), then
d(0A0) =d0 =0 and (dOA0)V (0AdO) =0V 0 =0;

o if (x,y) = (0,a), then
d(0ANa)=d(0) =0 and (dOAa)V (0Ada) =0V 0=0;

o if (x,y) = (0,b), then
A0 AB) = d(0) = 0 and (dOAB)V (0AdD) = (0AB)V (OAD) =0V 0 =0;

o if (x,y) =(0,1), then
d(OAN1)=d(0)=0 and (dOA1)V(0AdL)=(0A1)V(0AD0)=0V0=0;

e if (z,y) = (a,a), then
dlana)=d(a)=band (daNa)V(aAda)=(bAa)V(aANb)=bVb=b;

o if (x,y) = (a,b), then
d(anb) =d(b) =b and (da Ab)V (aAdb)=(bAa)V (aAb)=bVb=b;

o if (z,y) = (a,1), then
dlanl)=d(a)=band (da A1)V (aNdl)=(bA1)V(aA0)=bVO0=>;

o if (x,y) = (b,b), then
d(bAb)=d(b) =b and (dbAb)V (bAdb) = (bAbL)V (bAb) =bVb=b;

o if (x,y) = (b,1), then
d(bA1)=d(b) =b and (db A1)V (bAdL) = (bA1)V (bAO) =bVO=b;

o if (z,y) =(1,1), then
d1A1)=d(1)=0and (dIAN1)V(IAdL)=(0A1)V(IA0)=0V0=0.

Example 2.3. Let (L = D(6),]|,gcd,lem). We define a function d : D(6) — D(6) in the following
table:

dr | 11326
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Then d is not a derivation on D(6). Because if v =2 and y = 3, then

d(2A3)=1# (d2A3)V (2Ad3) = 6.

2.1.2 Properties of derivations on lattices

Proposition 2.1. [20, 19] Let d be a derivation on L. Then the following holds:
(i) de < z, for any x € L;
(i1) d(dz) = dx, for any x € L;

(#3) If L has a least element 0 € L, then d0 = 0.

Proof. (i) For all z € L, we have
dr =d(x ANx)=(dzAzx)V (xANdx) =dz Ax.

So dx < x.

(#4) In one hand, the first property (i) guarantees that d(dx) < dx, so d(dz) < z. Then xAd(dx) =
d(dz). On the other hand, we have dx < z, then dz = x A dz. The fact that d is a derivation

implies that

d(dz) = d(z A dx)
= (dz Ndz) V (z A d(dz))
=dx V (z Ad(dz))
= dz V d(dz)

= dx.

Therefore, d(dx) = dx.

(744) From (i), we have dz < =, for all € L. So if x = 0, then 0 is the least element of L, then

d0 = 0.
O

The second property in the above Proposition leads to the following corollary.

Corollary 2.1. [18] Define d*(x) = d(dz) for all z € L. Then we have d* = d.

14



Proposition 2.2. [19] Let d be a derivation on L. Then for any x,y € L:
de =dx Vv (x ANd(z Vy)).

Proof. Let x,y € L. Since dr < x and x < 2V y, it holds that de < z Vy. So dz A (z Vy) = dz.
Then

dx =d((xVy)Ax)
=(dxVy Az)V ((zVy) Adzx)
=(d(xVy)ANz)Vdr

=dzV(xANd(xVy)).

O
Proposition 2.3. [19] If a lattice L has a greatest element 1 and d is a derivation on L, then
dx = (x ANdl) Vdx, for allz € L.
Proof. Let x € L, then
de =d(z A1)
=(dz A1)V (xAdl)
=dz V (x Adl).
O

Corollary 2.2. [19] Let L be a lattice with a greatest element 1 and d is a derivation on L. Then
dl =1 if and only if d is an identity derivation.

Corollary 2.3. [19] Let L be a lattice with a greatest element 1 and d be a derivation on L. Then

we have
1) if x > dl, then dx > d1;
2) if x < d1, then dx = .

Proposition 2.4. [18] Let d be a derivation on L. If y < x and dx = x, then dy = y.

2.2 Classes of derivations

Next, we provide two classes of derivations on lattices, which are isotone and principal derivations.

15



2.2.1 Isotone derivations
Definition 2.2. [19] A derivation d on L is called isotone if it satisfies the following condition:
dx < dy whenever x < vy, for any x,y € L.

Example 2.4. The given derivation d of Example 2.2 is isotone.
Theorem 2.1. [18] Let d be a derivation. Then the following are equivalent:

i) d is an isotone;

i) dlx Ny) =dx ANy;

i) d(x ANy) = dx Ady.

Theorem 2.2. [18] Let L be a distributive lattice and d be a derivation on L. Then the following

are equivalent:
1) d is isotone;
2) d(x ANy) =dx A dy;
3) d(zVy)=dxVdy.
Now, we present a characterization of distributive lattices based on their isotone derivations.
Theorem 2.3. [19] Let L be a lattice. Then the following are equivalent:
(i) L is distributive;

(ii) Ewery isotone derivation d of L satisfies d(xz V y) = dx V dy, for any x,y € L.

2.2.2 Principal derivations

Theorem 2.4. [19] Let (L, <, A,V) be a lattice, « € L and do, : L — L be a function such that
do(z) = a ANz, for any x € L.
Then d,, is a derivation on L.

Proof. Let z,y € L, then dp(z ANy) =aA(xAy)=a Az Ay. Also

(da(@) Ay) V(2 Ada(y)) = (@A @) Ay) V(@ A (aAy))
=(ahzAy)V(eAzAy)

=(aNzAy).
Thus do(z Ay) = (do(z) Ay) V (x Ada(y)). Hence d, is a derivation on L. O

Definition 2.3. [19] d,, is called principal derivation on L.

16



Example 2.5. The lattice L = D(6) has four principal derivations are dy,ds,ds and dg defined in

this table:
x 112136
di(z) |1 1|11
do(z) |1 12]1|2
ds(z) | 11|33
de(z) | 112]3|6

Proposition 2.5. [18] Every principal derivation d,, is isotone.

Proof. Let d, be a principal derivation on a lattice L and x,y € L with x < y. Then we have

do(x) =2 Na <yAa=d.(y), hence d,, is isotone. O

2.3 Integrations on lattices

In this section, we give the concept of integrations on lattices and their important properties. More

information on this concept can be got in [22].

Definition 2.4. [22] Let (L, A, V) be a lattice and d be a derivation on L. Letiq: L — P(L) be a
function defined as iq(x) = d *(z) = {2z € L | dz = x} for any x € L. The function i, is called the
integration with respect to d (the d-integration, for short) on L. The set iq(x) is called the integral
set of x with respect to d (the d-integral set of x, for short).

Definition 2.5. [22] Let (L, A,V) be a lattice and iq be a d-integration on L. An element x of L

is called an integrable element with respect to iq (a d-integrable element, for short) if iqg(x) # 0.

Example 2.6. [22]

12

Figure 2.1: The Hasse diagram of the lattice (D(12), ged, lem)

Let (D(12), ged,lem) be the lattice of positive divisors of 12 ordered by the divisibility order
relation | and given by the Hasse diagram in Figure 2.1. Let d be a principal derivation on D(12)
defined as d(x) = dg(x) = ged(6, ), for any x € D(12). The d-integration function iq on D(12) is
defined in the following table:

17



T 1 2 3 4 6 12
d(z) 1 2 3 ]2 6 6
ia(r) | {1} | {2,4} | {3} | 0| {612} | 0
Corollary 2.4. [22] From Ezample 2.6, we conclude that 1,2,3,6 are d-integrable elements of
D(12) but 4,12 are not.

Remark 2.1. [22] In any lattice (L, A,V,0) with 0, the least element O is an integrable element
with respect to any d-integration on L. Indeed, let ig be a d-integration on L. Since d0 = 0 (see

Proposition 2.1) we conclude that i4(0) # 0. Hence 0 is a d-integrable element of L.

Lemma 2.1. [22] Let (L,A,V) be a lattice and igq be a d-integration on L. Then an element x of

L is a d-integrable element if and only if x is a fized point of d, i.e., d(x) = x.

Proof. To prove the direct implication, suppose that z is a d-integrable element of L. Then there
exists z € L such that dz = x. Applying the proposition 2.1 (ii), we obtain dx = d(dz) = dz = x.

Thus, z is a fixed point of d. The converse implication is immediate. O

Remark 2.2. [22] Let (L, A\, V) be a lattice and d be a derivation on L. Consider Fizq(L) = {x €
L | d(x) = a} is the set of fized points of d, then it is a down-set. Moreover, if d is isotone, then
Fixy(L) is an ideal of L.

Proposition 2.6. [22] Let (L, A, V) be a lattice, iq be a d-integration on L and x be a d-integrable
element of L. Then it holds that:

(i) x is the least element of iq(x);
(i) if y < x, then y is also a d-integrable element of L for any y € L.
Proof. Suppose that x is a d-integrable element of L.

(i) On the one hand, Lemma 2.1 guarantees that d(z) = z, so © € ig(x). On the other hand,
let z € ig(x), then dz = z. Since d is a derivation on L, it holds from proposition 2.1 that

dz < z. Hence, z < z. Thus, x is the least element of i4(x).

(ii) Using Lemma 2.1 guarantees that x € Fizq(L). Let y € L such that y < x. The fact that
Fixq(L) is a down-set (see remark 2.2) implies y € Fizg(L), so d(y) = y. Therefore, y is

also a d-integrable element of L.
O

Proposition 2.7. [22] Let (L,A,V) be a lattice and iq be a d-integration on L such that d is

isotone. The following implications hold:

(1) if y1 € ia(x1) and ya € ig(x2), then yy Nya € ig(x1 A x2) for any x1,T2,y1,Y2 € L;
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(i) if 11 € iqa(x1), y2 € iq(xa) and L is distributive, then y1 V ya € i4(xz1 V x2) for any

T1,T2,Y1,Y2 € L.
Proof. Let x1,x2,y1,y2 € L such that y; € i4(x1) and ya € i4(x2), then d(y1) = x1 and d(y2) = 2.

(i) The fact that d is an isotone derivation on L implies from theorem 2.2 that d(y; A y2) =
dyr N dys = 21 A xo. Thus, y1 Aya € ig(x1 A x2).

(ii) Since L is distributive and d is an isotone derivation on L, we conclude from theorem 2.2

that d(y1 V y2) = dy1 V dy2 = x1 V x2. Therefore, y1 V y2 € iq(x1 V x2).
O

Proposition 2.8. [22] Let (L,A,V) be a lattice and iq,,iq, be two integrations on L such that
dy < dg (ie., di(z) < da(z) for any x € L). If x is a dy-integrable element of L, then x is also a

ds-integrable element.

Proof. Let x be a d;-integrable element of L. Then from Lemma 2.1, we have x is a fixed point
of dy, i.e., di(z) = x. On the one hand, the fact that d; < dg implies z = d;(z) < da(x). Hence,
x < dg(z). On the other hand, since dy is a derivation on L, we obtain from Proposition 2.1 that
da(z) < z. Thus, da(z) = z, i.e., x is also a fixed point of da. Therefore, Lemma 2.1 guarantees

that x is also a ds-integrable element. O

Proposition 2.9. [22] Let (L,A,V,0) be a lattice with a least element 0 and iq be a d-integration

on L. Let x be a d-integrable element of L. Then the following statements hold:
(i) mANig(x) CigimAx) Cig(m Adx) for any m € iq(0), where m ANig(x) = {mAz|z € iq(x)};

(i) if L is distributive and d is isotone, then m V ig(x) C ig(x) for any m € i4(0), where

mVig(z) ={mV z|z € iq(x)}.

Proof. Let = be a d-integrable element of L and m € i4(0). We know from Proposition 2.6 (i4)

that m A x is also a d-integrable elements of L, because m A x < x. Hence, ig(m A x) # 0.

(i) Let y € m Aig(x), then y = m A z with dz = 2. Since d is a derivation on L and dm = 0, it
follows that

dy=dimAz)=(dmAz)V(mAdz)=mAdz=mAzx.

Hence, y € ig(m A z). Thus, m Aig(z) Cig(m Ax). Next, let t € ig(m Ax), then dt = m A x.

Using the fact that d is a derivation on L and Proposition 2.1 we obtain
dt =d(dt) =dm A zx)=(dmAz)V(mAdx)=mAdx.
Hence, t € ig(m A dz). Therefore, ig(m A z) Cig(m A dz). Consequently,
mAig(z) Cig(mAz) Cig(m A d).
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(ii) Let y € m V ig(x), then y = m V z with dz = z. Since L is distributive and d is isotone
derivation, it follows from Theorem 2.3 that dy = d(m V z) = dm V dz = dz = x. Hence,

y € ig(x). Therefore, m V iq(x) C iq(x).
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Chapter 3

Algebraic Linear Differential

Equations on Boolean Lattices

This chapter is the main goal of this memory. Here, we present the newly notion of algebraic
linear differential equations on Boolean lattices. Further, we establish the necessary and sufficient

conditions to solve those equations [22].

3.1 Solving algebraic linear differential equations

Definition 3.1. [22] Let (B,A,V,0,1,) be a Boolean lattice and < be its order relation. Let iq be
an integration on B and a,b be two elements of B. A linear differential equation with respect to d

s any equation with the form
a-d(z)+b=0. (3.1)
where a - d(x) = aNd(z) and x4y = (zAy)V (2 Ay), for any z,y € B.

Theorem 3.1. [22] Let (B,A,V,0,1,) be a Boolean lattice and iq be an integration on B. Then

the equation (3.1) has a solution if and only if b < a and b is a d-integrable element of B.

Proof. Let xg be a solution of the equation (3.1), then a - d(xg) +b =0, so a - d(xg) + b+ b =b.
Thus, a - d(z) + 0 = b, hence a - d(x) = b. Therefore

a Ad(xg) =b.
Then, b < a. On an other hand, the fact that d is a derivation on B implies that
d(b) = d(and(zo))
= (d(a) Ad(z0)) V (a A d(d(x0)))
= (d(a) Nd(xo)) V (a A d(xo))

= (d(a) A d(z)) Vb
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Thus, b < d(b). Also, from Proposition 2.1 (i) we have d(b) < b. Then d(b) = b, i.e., b is a fixed
point of d. Therefore, Lemma 2.1 guarantees that b is a d-integrable element of B. Conversely,
suppose that b < a and b is a d-integrable element of B. Then a-b = a Ab = b and d(b) = b.
Hence, a-d(b)+b=a-b+b=>b+b=0. Thus, b is a solution of the equation (3.1). O

Corollary 3.1. [22] In view of proof of Theorem 3.1, we conclude that if the equation (5.1) has

solutions, then b is always a solution for this equation (3.1).

Example 3.1. [22] Let (D(30), gcd,lem,1,30,") be the Boolean lattice of positive divisors of 30
ordered by the divisibility order relation | and given by the Hasse diagram in Figure 3.1. Let d be
a principal derivation on D(30) defined as d(x) = ged(6,x) for any x € D(30). The d-integration
function iz on D(30) is defined in the following table:

x 1 2 3 |5| 6 10 | 15 | 30
diz) | 1 2 3 1| 6 2 3|6
ig(z) | {1,5} | {2,10} | {3,15} | 0 | {6,30} | 0 | 0 | 0

Let 10 - d(z) +2 = 0 and 10 - d(z) + 5 = 0 be two linear differential equations on D(30). Since
2|10 and 2 is a d-integrable element of D(30), then Theorem 3.1 guarantees that 10-d(x)+2 =0

has solutions. The solutions are given by this set:
S =1{2,6,10,30}.

Moreover, the fact that 5 | 10 but 5 is not a d-integrable element of D(30), then Theorem 3.1
guarantees that the 10 - d(x) + 5 = 0 has not solutions in D(30).

30

10 15

Figure 3.1: The Hasse diagram of the lattice (D(30), ged,lem, 1,30,").

Theorem 3.2. [22] Let (B, A,V,0,1,)) be a Boolean lattice and iy be an integration on B. If g
is a solution of the equation (3.1), then b < d(zg) <a+b+ 1.
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Proof. [22] Let xg € B is a solution of the equation (3.1), i.e., a-d(z¢) +b=10. Then a-d(zg) = b,
so on the one hand b < d(zp). On the other hand,
(a+b+1)-d(xg) =a-d(xg)+b-d(xzo) +1-d(zo)
=b+b+d(xo)
= d(zp).
Thus, d(zo) < (a+ b+ 1). Therefore, b < d(zg) <a+b+ 1. O

Example 3.2. Let (D(210), ged,lem,1,210,") be the Boolean lattice of positive divisors of 210

ordered by the divisibility order relation | and shown in Figure 3.2.

210

Figure 3.2: The Hasse diagram of the Boolean lattice (D(210), ged, lem, 1,210,).

Let d be a principal derivation on D(210) defined as d(z) = gcd(15,x) for any x € D(210).
The d-integration function ig on D(210) is defined in the following table:

x 1 2 3 5 6 | 7| 10 | 14
d(x) 1 1 3 5 31115 1
iq(x) {1,2,7,14} 0 | {3,6,21,42} | {5,10,35,70} | O | 0 | © 0

x 15 21 30 35 42 | 70 | 105 | 210
d(x) 15 3 15 5 315 1] 15 | 15
iq(x) | {15,30,105,210} | 0 0 00| 0 0

Let 30 - d(x) +5 =0 and 30 - d(x) + 6 = 0 be two linear differential equations on D(210). Since
5130 and 5 is a d-integrable element of D(210), then Theorem 5.1 guarantees that 30-d(x)+5 =10
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has solutions. The solutions are given by this set:
S = {5,10,35,70}.

Moreover, the fact that 6 | 30 but 6 is not a d-integrable element of D(210), then Theorem 3.1
guarantees that the 30 - d(x) + 6 = 0 has not solutions in D(210).

3.2 Python programs for solving linear differential equa-
tions of Boolean lattices

Here, we use Python Programs for solving those linear differential equations of Boolean lat-

tices.
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import math
from tabulate import tabulate

n = int (input (" 4Las Jsoin:"))

L = sorted([i for i1 in range(l, n+l) if n % i == 0])
print ("= 4soadi™)

print (£"L = {{{', '.join(str(x) for x in L)}}}1")
alpha = int(input (" 4.3 Jsoslalpha:"))

print("v_n 4_):_wLwSH L]l by lae)
print (£"dx = {alpha}.x")

def d(x):
return math.gcd(alpha, x)

id table = {}
for x in L:
dx = d(x)

if dx not in id table:
id table[dx] = []
id table[dx].append (x)

table data = []
seen dx = set()

for x in L:
dx = d(x)
if dx not in seen dx:

idx="{"+ ", ".join(str(i) for i in id table[dx]) + "}"
seen dx.add (dx)

else:
idx = "@Q"

table data.append([x, dx, i dx])

headers = ["x", "dx", "i dx"]
print (tabulate (table data, headers=headers, tablefmt="fancy grid",
stralign="center"))

result = {x for x in L if d(x) == x}
print ("» 4 olSad ) A liall jolixlli:", result)

a = int(input (" 4o 3 Jsola:"))
b = int (input (" 4.3 Jsolb:™))

def meet (x) :
return math.gcd(alpha, x)

def solve boolean eqg(a, b
=

( ) :
if b >a ora $b 0 or meet (b) != b:



return []
solutions = []
for dx in id table:
if math.gcd(a, dx) ==
solutions.extend(id table[dx])
return sorted(solutions)

print (£"J<adl o dalasi )l {dolzraedl s ")
print (f"{a}.dx + {b} = 0")

bool eq solution = solve boolean eg(a, b)
if bool eq solution:
print (f",» 4delaldl {olaadl odn Jol>

in bool eq solution)}}}")

else:
print ("Jdeld> o3 ¥ ddolaidl dJs Lol

Yy

D.i_la")

'.join(str(x)

for x



ien 3 J301n:210

s Al

L =4¢{1, 2, 3, 5 6, 7, 10, 14, 15, 21, 30, 35, 42, 70, 105, 210}
s b Jsolalpha:lb

o2 bwleY ! Laidadl 5y Las

dx = 15.x

X dx 1 dx

1 1 {1, 2, 7, 14}
2 1 )

3 3 {3, 6, 21, 42}
5 5 {5, 10, 35, 70}
6 3 )

7 1 )

10 5 @

14 1 @

15 15 | {15, 30, 105, 210}
21 3 ?

30 15 )

35 5 )

42 3 )

70 5 ?

105 15 )

210 15 @

o e lSedd doLladl jelisxdr: {1, 3, 5, 15}
i3 Jx51a:30
o s Jsxo1b:b

JSd ! g dado LI ddy Lradl e

30.dx + 5 =0

2 ol ddslraldl oda Jod>: {5, 10, 35, 70}



Bibliography

1]

[9]

[10]

[11]

[12]

[13]

A.Y. Abdelwanis and A. Boua, On generalized derivations of partially ordered sets. Commu-

nications in Mathematics 27 (2019), 69-78.

A. Y. Abdelwanis and S. Ali, Skew derivations on partially ordered sets, Indian Journal of

Pure and Applied Mathematics, 52(2021), 1256-1262.

A.Y. Abdelwanis and S. Ali, Symmetric bi-derivations on posets. Indian Journal of Pure and

Applied Mathematics, 54(2)(2023), 421-427.

S. Ali, N. N. Rafiquee, and V. Varshney, Certain types of derivations in rings: a survey. ,
Journal of the Indonesian Mathematical Society, 30(2) (2024)

A. Amroune, L. Zedam and M. Yettou, (F, G)-derivations on a lattice. Kragujevac Journal of

Mathematics 46 (2022), 773-778.

M. Ashraf, S. Ali and C. Haetinger, On derivations in rings and their applications. The Aligarh
Bulletin of Mathematics 25 (2006), 79-107.

I. Bani¢, Integrations on rings. Open Mathematics 15 (2017), 365-373.

B.A. Davey and H.A. Priestley, Introduction to Lattices and Order. 2nd edition, Cambridge

University Press, Cambridge, 2002.
L. Ferrari, On derivations of lattices. Pure Math. Appl. 12 (2001), 365-382.

Y.Q. Guo and X.L. Xin, On Derivation of Pseudo L-Algebras. Journal of Mahani Mathematical
Research Center 14.1 (2025).

P. He, X.L. Xin and J. Zhan, On derivations and their fized point sets in residuated lattices.
Fuzzy Sets and Systems 303 (2016), 97-113.

A. Humam and P. Astuti. On the Structure of Characteristic Subgroup Lattices of Finite
Abelian p-Groups. Jordan Journal of Mathematics and Statistics, 15(3) (2023), 435—444.

B. Kolman, R.C. Busby and S.C. Ross, Discrete Mathematical Structures. 4th edition, Prentice
Hall PTR, 2000.

28



[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

E.C. Posner, Derivations in prime rings. Proc. Am. Math. Soc. 8 (1957), 1093-1100.
S. Roman, Lattices and Ordered Sets. Springer Science+Business Media, New York, 2008.
G. Szész , Derivations of lattices, Acta Sci. Math. 37 (1975), 149-154.

J. Wang, Y. Jun, X.L. Xin, T.Y. Li and Y. Zou, On derivations of bounded hyperlattices.
Journal of Mathematical Research with Applications 36 (2016), 151-161.

X.L. Xin, The fized set of a derivation in lattices. Fixed Point Theory and Application 218
(2012), 1-12.

X.L. Xin, T.Y. Li and J.H. Lu, On derivations of lattices. Information Sciences 178 (2008),
307-316.

M. Yettou, doctoral thesis: (F,G)-derivations on lattices, University of M’sila, Algeria, 2020.

M. Yettou and A. Amroune, Homoderivations on a lattice. Jordan Journal of Mathematics

and Statistics 15.2 (2022), 325-338.

M. Yettou, A. Amroune and L. Zedam, Integrations on lattices. Miskolc Mathematical Notes
24.1 (2023); 515-528.

M. Zaoui, D. Gretete and B. Fahid, (f, g)-Derivations in Residuated Lattices. Journal of Al-
gebraic Systems 13.1 (2025), 21-36.

L. Zedam, M. Yettou and A. Amroune, f-fized points of isotone f-derivations on a lattice.

Discussiones Mathematicae-General Algebra and Applications 39 (2019); 69-89.

H. Zhang and Q. Li, On derivations of partially ordered sets. Mathematica Slovaca 67 (2017),
17-22.

29



Zua.icLo

Al Sl o el dlasdl Aol S¥oladl p g 2l Jo U5, 5iu) oda
Al oaladl ol W s gl umas Doy M ) L Lo (23 300,
5 Ayl ) o OSSOl Sl am ko (Al e 5,V .Sl ailas,
OISl o NSy S alae Jo L)y Sy Al sae 5 dslds
SWolaoll syl o pgiall ot Eoo 353 0dd s Ml gl b A s ) T Lpuailias
EYolad) oda Jod L3801, LoyM) Loy ) by o) SISl o & el ddesd) Lol
adoledl SVsladl ode Jod sl Jlersly puol denay L SIST AL

fas Lol Dslao Wl s Aillyy 8t It (e o gummo she-ital] LIS

A P

Abstract:

In this memory, we have focused on studying the concept of algebraic linear
differential equations on Boolean lattices. To that end, we have organized our thesis
into three chapters. We have devoted the first chapter for recalling basic concepts and
properties of lattices. Moreover, we have presented some classes of lattices,
distributive, modular and Boolean lattices. In chapter 2, we have focused our study on
the concepts of derivations and integrations on lattices, and their properties. The third
chapter is the main goal of this thesis, where we provided the newly notion of algebraic
linear differential equations on Boolean lattices. Further, we have established the
necessary and sufficient conditions to sole those differential equations. In addition, we
have used Python Programs for solving those linear differential equations.

Key words: Poset, lattice, Boolean lattice, derivation, integration, algebraic linear
differential equation.

Résumeé:

Dans ce meémoire, nous nous sommes concentrés sur I'étude du concept d'équations
différentielles linéaires algébriques sur treillis booléens. A cette fin, nous avons
organisé notre meémoire en trois chapitres. Le premier chapitre a été consacré au
rappel des concepts et propriétés fondamentaux des treillis. De plus, nous avons
présenté quelques classes de treillis : distributives, modulaires et booléens. Le
deuxiéme chapitre a porté sur les concepts de dérivations et d'intégrations sur les
treillis, ainsi que sur leurs propriétés. Le troisieme chapitre, principal objectif de cette
mémoire, a fourni la nouvelle notion d'équations différentielles linéaires algébriques
sur réseaux booléens. De plus, nous avons établi les conditions nécessaires et
suffisantes pour résoudre ces équations différentielles. Nous avons aussi utilisé des
programmes Python pour résoudre ces équations différentielles linéaires.

Mots clés : Poset, treillis, treillis booléen, derivation, integration, équation différentielle
linéaire algébrique.



	Introduction
	Lattice Structures
	Generalities on lattices
	Sub-lattices and lattice morphisms
	Ideals and filters of lattices

	Algebraic properties of some classes of lattices
	Distributive lattices
	Modular lattices
	Boolean lattices


	Derivations and Integrations on Lattices
	Derivations on lattices
	Definitions and examples
	Properties of derivations on lattices

	Classes of derivations
	Isotone derivations
	Principal derivations

	Integrations on lattices

	Algebraic Linear Differential Equations on Boolean Lattices
	Solving algebraic linear differential equations
	Python programs for solving linear differential equations of Boolean lattices


