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Introduction

Introduction
In recent years, integro-differential equations have emerged as essential mathemat-

ical tools in modeling diverse phenomena across disciplines such as physics, biology, and

engineering.

The Fredholm integro-differential equation arises from converting boundary value prob-

lems in differential equations to integro-differential equations,These equations are charac-

terized by the existence of one or more of the derivatives outside the integral sign. It’s

often diffi cult or impossible to find analytical solutions for these equations, researchers have

focused on developing numerical methods to obtain approximate solutions.Several authors

have contributed to this area. For example [4] employed the Chebyshev Third Kind Poly-

nomial, [5] used the Lucas Collocation method,[8] applied the Euler polynomials with least

squares method.[9] employed Legendre polynomial .

The Fredholm integro-differential equation of order m ≥ 1 can be written as:

m∑
k=0

Pk(x)u(k)(x) = f(x) + λ

∫ b

a

kf (x, t)u(t) dt (0.0.1)

This equation is accompanied by initial conditions:

u(k)(a) = αk, for 0 ≤ k ≤ m− 1, (0.0.2)

where the functions kf (x, t), f(x) and Pk(x) are known. u(x) is the unknown function

to be determined.a, b and λ are constants.

In this thesis we introduce and explore a novel numerical technique based on vieta-

Lucas polynomials, a class of orthogonal polynomials known for their recurrence proper-

ties and advantageous convergence behavior. By employing a Vieta-Lucas matrix collocation

method, the work presents a robust and effi cient framework for approximating the solutions

to linear second-order Fredholm integro-differential equations.

This work consists of three chapters that cover different aspects of the numerical solution

of Fredholm integro-differential equations, It is organized as follows:

The first chapter: Presenting fundamental concepts as well as essential definitions and
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Introduction

theorems that will be applied in the subsequent chapters.

The second chapter: Certain types of integral equations as well as Fredholm integro-

differential equations .

In third chapter: Vieta-Lucas polynomial and its properties,numerical resolution methods

for Fredholm integro-differential equations with illustrative examples.
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Chapter 1

Preliminary

This chapter is mainly devoted to presenting fundamental concepts as well as essential

definitions and theorems that will be applied in the subsequent chapters.

1.1 Functional spaces

1.1.1 Normed vector space

(Normes) Let F a vector space over field K= R or C,we call a norm on the space Fany

function denoted ‖ · ‖ defined on F with values in R+, such that:
For all x, y ∈ F and λ ∈ K

(i) ‖x‖ ≥ 0,

(ii) ‖x‖ = 0 if and only if x = 0 ,

(iii) λ‖ x‖ = |λ|‖x‖ ,

(iv) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality).

A vector space F with a norm (F, ‖.‖ ) is called a normed space
Examples:

1. The absolute value is a norm on R.
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1.1. Functional spaces

2. The modulus is a norm on C.

3. The following applications are norms on Rn:

‖x‖1 =
n∑
i=1

|xi|, ‖x‖2 =

(
n∑
i=1

|xi|2
) 1

2

, ‖x‖∞ = sup
1≤i≤n

|xi|.

4. Let F = (C([a, b]),R) be the space of real-valued continuous functions on the interval

([a, b]) for any g ∈ F , the following functions define a norm on F :

‖g‖1 =

∫ b

a

|g(x)| dx, ‖g‖2 =

(∫ b

a

|g(x)|2 dx
) 1

2

, ‖g‖∞ = max
a≤x<b

|g(x)|.

1.1.2 Banach space

(Cauchy sequence). Let (xn)n∈N be a sequence of elements of normed space (F , ‖ · ‖), we
say that sequence xn is Cauchy if:

∀ε > 0,∃Nε, ∀p, q ≥ Nε, ‖xp − xq‖ < ε (1.1.1)

Let (xn)n∈N be a sequence in a normed space (F , ‖ · ‖), then xn is said to be cnvergent
to x0 ∈ F if:

∀ε > 0,∃n0 ∈ N,∀n ∈ N : n ≥ n0 =⇒ ‖xn − x0‖ ≤ ε (1.1.2)

A normed space (F , ‖·‖) is complete if every Cauchy sequence of elements in F converges
to an element in F , meaning there is a point x ∈ F , such that the sequence (xn) converges

to x in the norm ‖·‖.
The advantage of complete spaces is that, in such spaces, it is enough to verify that a

sequence is Cauchy in order to conclude that it converges. You do not need to explicitly

know the limit of the sequence; the completeness of the space guarantees that the sequence

will converge to some limit within the space.

(banach space).A normed vector space (F , ‖·‖) is called a Banach space if it is complete,
meaning that every Cauchy sequence (xn) in F converges to some limit x ∈ F .
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1.1. Functional spaces

Every finite-dimensional normed vector space is automatically complete, meaning it is a

Banach space.

1.1.3 Hilbert space

An inner product on a real or complex vector space H is a function

〈·, ·〉 : H ×H → C

that assigns to each pair (x, y) ∈ H×H a complex number 〈x, y〉, and satisfies certain prop-
erties (typically linearity in one argument, conjugate symmetry, and positive-definiteness).

Let 〈·, ·〉 be an inner product on a vector space H. Then for all x, y, z ∈ H and α ∈ C (or
R for real vector spaces), the inner product satisfies:

1. Linearity in the first argument:

〈αx+ y, z〉 = α〈x, z〉+ 〈y, z〉 (1.1.3)

2. Conjugate symmetry:

〈x, y〉 = 〈y, x〉 (1.1.4)

3. Positive-definiteness:

〈x, x〉 ≥ 0, and 〈x, x〉 = 0 ⇐⇒ x = 0 (1.1.5)

Example 1.1.1 Here is some examples of inner product space which demonstrate that ex-

pression ‖x‖ =
√
〈x, x〉 defines a norm.

1. The inner product for Cn is given by

〈x, y〉 =
n∑
1

xjyj

where yi denotes the complex conjugate of yi.

3



1.2. Notions on operators

2. Let extension for infinite vectors, let l2 be

l2 =

{
sequences {xj}∞1 : |

n∑
1

|xj|2 <∞
}
.

3. Let C([a, b]) be a space of continous function on the interval [a, b] ⊂ R :

〈f, g〉 =

b∫
a

f(x)g(x)dx and ‖f‖2 =

 b∫
a

|f(x)|2 dx


1
2

.

A Hilbert space is a vector space equipped with an inner product that is complete with

respect to the norm induced by that inner product.

1.2 Notions on operators

1.2.1 Linear operators

Consider two normed vector spaces E and F , and let A : E → F be a mapping. The

operator A is said to be linear if it satisfies the following property:

For any vectors ϕ1, ϕ2 ∈ E and any scalars λ1, λ2 ∈ K (where K is either R or C), we

have:

A(λ1ϕ1 + λ2ϕ2) = λ1A(ϕ1) + λ2A(ϕ2). (1.2.1)

In other words, A preserves vector addition and scalar multiplication.

(Continuous linear operators). Let E and F be normed spaces, and let A be a linear

operator defined on a subsetG ⊂ E, mapping into F. The operator A is said to be continuous

at a point x0 ∈ G if the following condition holds:

• For every sequence (xn) in G that converges to x0, the sequence A(xn) converges to

A(x0).

In other words:

lim
n→∞

A(xn) = A
(

lim
n→∞

xn

)
= A(x0). (1.2.2)

We can say about the operator A that it is continuous in the set G if it’s continuous at

every point of G.

4



1.2. Notions on operators

1.2.2 Bounded linear operators

Let A : E → F be a linear operator between normed spaces E and F . The operator A is

said to be bounded if there exists a constant C > 0 such that:

‖A(x)‖F ≤ C‖x‖E, ∀x ∈ E. (1.2.3)

In other words, the norm of A(x) in F is controlled by the norm of x in E, uniformly over

all x ∈ E.
The norm of a linear operator A, defined as the smallest constant C that satisfies

inequality (1.10), is expressed as:

‖A‖ = sup
x 6=0

‖A(x)‖F
‖x‖E

= sup
‖x‖=1

‖A(x)‖F = sup
x∈E

x 6=0,‖x‖≤1

‖A(x)‖F . (1.2.4)

A is continuous linear operator equiv A is bounded.

1.2.3 Compact linear operators

(Compact linear operator). Let A be a linear operator from a normed space E into a normed

space F . The operator A is said to be a compact linear operator (or completely

continuous operator) if, for every bounded subset Ω ⊂ E, the image A(Ω) ⊂ F has

compact closure in F ; that is, A(Ω) is compact in F . In simpler terms, A maps bounded

sets in E to relatively compact sets in F .

(finite dimensional domain). Suppose A is a bounded linear operator acting from a

normed space E into another normed space F . If the domain space E has finite dimension

(that is, dimE <∞), then A is a compact operator. In other words, every bounded linear
operator defined on a finite-dimensional normed space is automatically compact.

proof. Since the space E is finite-dimensional, i.e., dimE < ∞, it follows that the
image A(E) is also finite-dimensional. Specifically,

dimA(E) ≤ dimE. (1.2.5)

Therefore, the operator A has finite-dimensional range, and hence A is compact.

5



1.2. Notions on operators

Let A1 and A2 be compact operators. Then for any scalars α and β, the operator

A = αA1 + βA2 (1.2.6)

is also compact.

proof. Let {ϕn} be a bounded sequence in E, and consider the sequence Aϕn in F ,
where

Aϕn = αA1ϕn + βA2ϕn, ϕn ∈ E, n ∈ N. (1.2.7)

Since both A1 and A2 are compact operators, the sequences {A1ϕn} and {A2ϕn} each have
convergent subsequences. The linear combination of these convergent subsequences also

converges. Therefore, {Aϕn} has a convergent subsequence. Hence, A is compact.
The identity operator Id on a normed space E is compact if and only if E is finite-

dimensional.

A bounded operator A on a normed space E is not necessarily compact. For example,

the identity operator A = I on an infinite-dimensional normed space is bounded but not

compact.

1.2.4 Integral linear operators

Integral operators are key tools in functional analysis, especially useful for transforming

complex functions into simpler forms for easier analysis.

An integral operator is any linear operator A defined on a normed space E, taking

values in another normed space F , and expressed as:

Aϕ(x) =

∫
G2

k(x, y)ϕ(y) dy, x ∈ G1, (1.2.8)

where:

• k(x, y) is a measurable function on the measurable set G1 ×G2,

• ϕ(y) is a measurable function on G1.

The function k(x, y) is called the kernel of the integral operator A.

The norm of an integral operator A defined on the space Lp(G1), where p and q are

conjugate exponents (i.e., 1
p

+ 1
q

= 1, with 1 ≤ p, q ≤ ∞), is given by:

6



1.2. Notions on operators

‖A‖p =



(∫
G1

(∫
G2
|k(x, y)|q dy

) p
q
dx

) 1
p

, for 1 < p <∞,

∫
G1

ess supy |k(x, y)| dx, for p = 1,

ess supx
∫
G2
|k(x, y)| dy, for p =∞.

(1.2.9)

Here, k(x, y) is the kernel of the integral operator A.

Let A be an integral operator such that its norm ‖A‖p is finite:

‖A‖p <∞. (1.2.10)

then the operator A is a continuous linear operator from Lp(G1) to Lp(G2). Moreover,

for every function ϕ ∈ Lp(G1), we have:

‖Aϕ‖p ≤ ‖A‖p · ‖ϕ‖p. (1.2.11)

7



Chapter 2

Integral Equations

In this chapter, we will discuss certain types of integral equations as well as Fredholm

integro-differential equations.

2.1 Classification of integral equations

Integral equations can be linear or nonlinear and are closely related to differential equa-

tions. The two main types are Volterra and Fredholm equations, which may also be ho-

mogeneous or inhomogeneous. Additionally, we encounter integro-differential and singular

integral equations in various applications.

We will describe each using essential definitions and properties.

2.1.1 Volterra integral equations

The general form of a Volterra linear integral equation is:

φ(x)u(x) = f(x) + λ

∫ x

a

k(x, t)u(t) dt (2.1.1)

If φ(x) = 1, the equation becomes:

u(x) = f(x) + λ

∫ x

a

k(x, t)u(t) dt (2.1.2)

This is the Volterra equation of the second kind.

8



2.1. Classification of integral equations

If φ(x) = 0, we get:

f(x) + λ

∫ x

a

k(x, t)u(t) dt = 0 (2.1.3)

This is known as the Volterra equation of the first kind.

2.1.2 Fredholm integral equations

The general Fredholm linear integral equation is written as:

φ(x)u(x) = f(x) + λ

∫ b

a

k(x, t)u(t) dt (2.1.4)

Here, a and b are constants, and u(x) appears linearly under the integral. If φ(x) = 1,

the equation becomes:

u(x) = f(x) + λ

∫ b

a

k(x, t)u(t) dt (2.1.5)

This is the Fredholm equation of the second kind.

If φ(x) = 0, we obtain:

f(x) + λ

∫ b

a

k(x, t)u(t) dt = 0 (2.1.6)

This is the Fredholm equation of the first kind.

Integral equations play a key role in many scientific fields such as engineering, physics,

and biology. Many boundary value problems from differential equations can be reformulated

as Volterra or Fredholm integral equations.

If the unknown u(x) appears nonlinearly under the integral, such as in expressions like u2(t),

sin(u(t)), or ln(u(t)), then the equation is classified as nonlinear. Examples:

u(x) = f(x) + λ

∫ x

a

K(x, t)u2(t) dt

u(x) = f(x) + λ

∫ x

a

K(x, t) sin(u(t)) dt

u(x) = f(x) + λ

∫ x

a

K(x, t) ln(u(t)) dt

Moreover, if f(x) = 0, the equation is called homogeneous; otherwise, it is nonhomo-

geneous.

9



2.2. Classification of integro-differential equations

2.1.3 Volterra-Fredholm integral equations

The Volterra-Fredholm integral equation is defined as an equation of the form:

u(x) = f(x) + λ1

∫ x

a

k1(x, t)u(t) dt+ λ2

∫ b

a

k2(x, t)U(t) dt, x ∈ [a, b],

where the functions k1(x, t), k2(x, t), and f(x) are given, u(x) is the unknown function, and

λ1 and λ2 are non-zero constants.

2.2 Classification of integro-differential equations

2.2.1 Volterra integro-differential equations

A Volterra integro-differential equation is generally expressed as:

m∑
k=0

Pk(x)u(k)(x) = f(x) + λ

∫ x

a

kv(x, t)u(t) dt, (2.2.1)

with initial conditions:

u(k)(a) = αk, for 0 ≤ k ≤ m− 1,

where u(x) is the unknown function, Pk(x), kv(x, t), and f(x) are given functions, λ is a

parameter, u(k) is the kth derivative of u(x).

Examples

1. 
u′(x) + 2u(x) = cos(x) +

∫ x

0

ex−tu(t) dt,

u(0) = 1

This is a first-order Volterra integro-differential equation.

2. 
u′′(x)− xu′(x) = sin(x2)−

∫ x

0

tu(t) dt,

u(0) = 0, u′(0) = 1

10



2.2. Classification of integro-differential equations

This is a second-order Volterra integro-differential equation.

2.2.2 Fredholm integro-differential equation

The Fredholm integro-differential equation of order m ≥ 1 can also be written as:

m∑
k=0

Pk(x)u(k)(x) = f(x) + λ

∫ b

a

kf (x, t)u(t) dt (2.2.2)

with initial conditions:

u(k)(a) = αi, 0 ≤ k ≤ m− 1

Examples

1. 
u′(x) + 3u(x) = ex +

∫ 1

0

cos(x+ t)u(t) dt

u(0) = 2

This is a first-order Fredholm integro-differential equation.

2. 
u′′(x)− 2u′(x) + u(x) = ln(1 + x) +

∫ 1

0

(x− t)u(t) dt

u(0) = 0, u′(0) = 1

This is a second-order Fredholm integro-differential equation.

2.2.3 Volterra-Fredholm integro-differential equations

The Volterra-Fredholm integro-differential equation is a mathematical expression that com-

bines both the Volterra and Fredholm integral operators along with differential operators.

These components can be unified in a single integral form, expressed as:


+

m∑
k=0

Pk(x)u(k)(x) = f(x) + λ1

∫ x

a

kv(x, t)u(t) dt+ λ2

∫ b

a

kf (x, t)u(t) dt,

u(k)(a) = αk, for 0 ≤ k ≤ m− 1.

(2.2.3)

11



2.3. Analytical solution of Fredholm integro-differential equations

where u(k)(x) denotes the kth derivative of u(x) and kv(x, y), kf (x, y), Pk(x) and f(x) are

known functions, λ1 and λ2 are non-zero parameters, and u(x) is the unknown function to

be determined.

Example: 
u′′(x) = sin(x) +

∫ x

0

(x− t)2u(t) dt+

∫ 1

0

ex+tu(t) dt,

u(0) = 0, u′(0) = 1

It is a Volterra-Fredholm integro-differential equation of second order.

2.3 Analytical solution of Fredholm integro-differential

equations

There are several analytical methods for solving Fredholm integro-differential equations of

the second kind. We will focus on the following methods:

The Adomian decomposition method and the series solution method.

2.3.1 The Adomian decomposition method

The Adomian decomposition method (ADM) was introduced and developed by George

Adomian. ADM provides the solution in the form of an infinite series of components. The

idea behind the Adomian decomposition method is to transform the Fredholm integro-

differential equation into an integral equation.

Consider the second-order Fredholm integro-differential equation:

u′′(x) = f(x) +

∫ b

a

k(x, t)u(t) dt (2.3.1)

12



2.3. Analytical solution of Fredholm integro-differential equations

With initial conditions

u(0) = α0, u′(0) = α1

Integrating both sides of 2.3.1 from 0 to x, we obtain:

u(x) = a0 + a1x+ L−1 [f(x)] + L−1
(∫ b

a

k(x, t)u(t) dt

)
(2.3.2)

Where the initial conditions are used, and L−1 is a double integral operator, ϕ(x) is expressed

as :

u(x) =

∞∑
n=0

un(x) (2.3.3)

substituting 2.3.3 into 2.3.2 we find:

∞∑
n=0

un(x) = a0 + a1x+ L−1 [f(x)] + L−1
(∫ b

a

k(x, t)
∞∑
n=0

un(t) dt

)
(2.3.4)

hence

u0(x) + u1(x) + u2(x) + · · · = a0 + a1(x) + L−1 [f(x)] + L−1
(∫ b

a

k(x, t)u0(t) dt

)
+

L−1
(∫ b

a

k(x, t)u1(t) dt

)
+ L−1

(∫ b

a

k(x, t)u2(t) dt

)
+ . . .

Note that, u0(x) is defined by all terms not included under the integral sign, that is:

u0(x) = a0 + a1(x) + L−1[f(x)]

uj+1(x) = L−1
(∫ x

a

k(x, t)uj(t) dt

)
, j = 0, 1, . . .

Using 2.3.3, the obtained series converges to the exact solution.

Solve the Fredholm integro-differential problem using the Adomian decomposition method.

u′′′(x)− x+

∫ 1

0

xtu(t)dt, u(0) = u′(0) = u′′(0) = 1. (2.3.5)

We integrate both sides of Eq 2.3.5 three times from 0 to x, and applying the initial condi-

tions, we get

u(x) = ex − 1

3!
x3 +

1

3!
x3
(∫ 1

0

tu(t)dt

)
. (2.3.6)
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2.3. Analytical solution of Fredholm integro-differential equations

As before, we establish the recurrence relation

u0(x) = ex − 1

3!
x3.uk+1(x) =

1

3!
x3
∫ 1

0

tuk(t)dt. k > 0 (2.3.7)

Consequently, this provides

u0(x) = e−x − 1

3!
x3,

u1(x) =
1

3!
x3
∫ 1

0

tu0(t) dt =
29

180
x3,

u2(x) =
1

3!
x3
∫ 1

0

tu1(t) dt =
29

5400
x3,

u3(x) =
1

3!
x3
∫ 1

0

tu2(t) dt =
29

162000
x3,

The series form of the solution is provided by

u(x) = ex − 1

3!
x3 +

29

180
x3
(

1 +
1

30
+

1

900
+ . . .

)
. (2.3.8)

The infinite geometric series has a1 = 1,r = 1
3
. The infinite geometric series’sum may be

found using

S =
1

1− 1
30

=
30

29
. (2.3.9)

This result givesthe precise answer

u(x) = ex.

2.3.2 The series method of solutions

The series method is a useful method that derives mainly from the Taylor series for analytic

functions for the Fredholm integro-differential equation.

A real function u(x) has a Taylor series representation:

u(x) =
n∑
k=0

u(k)(b)

k!
(x− b)k (2.3.10)
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2.3. Analytical solution of Fredholm integro-differential equations

An analytic function is one that can be differentiated infinitely many times, and its Tay-

lor series centered at any point b converges to the function u(x) near b.

To simplify, the Taylor series at b = 0 is:

u(x) =
∞∑
n=0

anx
n (2.3.11)

Assume the Fredholm integro-differential equation:

u(m)(x) = F (x) + λ

∫ b

a

k(x, t)u(t) dt, u(j)(0) = aj, 0 ≤ j ≤ m− 1 (2.3.12)

If u(x) is analytic, it has a Taylor expansion as in 2.3.12, and the coeffi cients an can be

found recursively.

Substituting the Taylor series into the equation gives:

(
∞∑
n=0

anx
n)(m) = T [f(x)] + λ

∫ b

a

k(x, t)(
∞∑
n=0

ant
n)dt (2.3.13)

This is equivalent to:

(a0 + a2x
2 + a3x

3 + . . . )(k) = T [f(x)] + λ

∫ b

a

k(x, t)(a0 + a2t
2 + . . . ) dt (2.3.14)

where T [f(x)] is the Taylor series for f(x).

By comparing coeffi cients of powers of x, the an can be determined.

Use the series solution method to solve the Fredholm integro-differential problem.

u′(x) = 4 + 4x+

∫ 1

−1
(1− xt)u(t)dt, u(0) = 1. (2.3.15)

Changing u(x) to the series

u′(x) = (

∞∑
n=0

anx
n)′ (2.3.16)
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2.3. Analytical solution of Fredholm integro-differential equations

into each side of Equation 2.3.15 results in

∞∑
n=0

nanx
n−1 = 4 + 4x+

∫ 1

−1
((1− xt)

∞∑
n=0

ant
n)dt. (2.3.17)

Observe that, given the initial conditions, a0 = 1. When the integral on the right side is

evaluated, it provides

a1 + 2a2x+ 3a3x
2 + · · · = 6 +

2

3
a2 +

2

5
a4 +

2

7
a6 +

2

9
a8 +

(
4− 2

3
a1 −

2

5
a3 −

2

7
a5 −

2

9
a7

)
x.

(2.3.18)

The coeffi cients of like powers of x in both sides of 2.3.18 can be equated to yield

a1 = 6, an = 0, n > 2. (2.3.19)

The exact solution is given by

u(x) = 1 + 6x, (2.3.20)

where we used a0 = 1 from the initial condition.
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Chapter 3

Numerical solution of LFIDE

Vieta-Lucas polynomial and its properties,numerical resolution methods for Fredholm integro-

differential equations with illustrative examples. This is what we will cover in this chapter.

3.1 Vieta-Lucas polynomials

Orthogonal Polynomials

Definition 3.1.1 Two functions f(x) and g(x) are orthogonal if :

〈f, g〉 =

∫ b

a

w(x)f(x)g(x) dx = 0

where w(x) > 0 acts as the weight function.

3.1.1 Vieta-Lucas polynomials

Let |x| ≤ 2. The Vieta—Lucas polynomials V Ln(x), (n ∈ N), are defined as:

V Ln(x) = 2 cos(nθ), θ = cos−1
(x

2

)
, θ ∈ [0, π] (3.1.1)

We can build these polynomials using the recurrence relation:

V Ln(x) = xV Ln−1(x)− V Ln−2(x), for n = 2, 3, . . . (3.1.2)

17



3.1. Vieta-Lucas polynomials

with initial values:

V L0(x) = 2, V L1(x) = x

Another way to define V Ln(x) is through the power series:

V Ln(x) =

[n
2
]∑

i=0

(−1)i
(
n− i
i

)
n

n− ix
n−2i, n = 2, 3, . . . (3.1.3)

where [n
2
] is the ceiling function.

Using the previous recursion, the next five V L polynomials can be determined as follows:

V L2(x) = −2 + x2,

V L3(x) = −3x+ x3,

V L4(x) = 2− 4x2 + x4,

V L5(x) = 5x− 5x3 + x5,

V L6(x) = −2 + 9x2 − 6x4 + x6.

The Vieta—Lucas polynomials are orthogonal with respect to the inner product:

〈V Lm(x), V Ln(x)〉 =

∫ 2

−2

1√
4− x2

V Lm(x)V Ln(x) dx (3.1.4)

This integral evaluates to:

∫ 2

−2

1√
4− x2

V Lm(x)V Ln(x) dx =


0, if m 6= n, m, n 6= 0

4π, if m = n = 0

2π, if m = n 6= 0

(3.1.5)

The V L polynomial u(x) = V Ln(x) satisfies the following differential equation:

(4− x2)u′′(x)− xu′(x) + n2u(x) = 0, n ∈ N. (3.1.6)

proof. Differentiating u(x) with respect to x, we have:

u′ =
du

dx
=
du

dϕ

dϕ

dx
= n

sin(nϕ)

sinϕ
.
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3.1. Vieta-Lucas polynomials

Similarly, for the second derivative:

u′′ =
d

dx
(u′) =

d

dx

(
du

dϕ

dϕ

dx

)
= −n2 cos(nϕ)

2 sin2 ϕ
+ n

cosϕ sin(nϕ)

2 sin3 ϕ
.

Substituting u′, u′′, u = 2 cos(nϕ), and x = 2 cosϕ into the given differential equation,

and simplifying, all terms cancel out. Thus, the proof is completed.

3.1.2 Shifted Vieta-Lucas polynomials

To solve the linear Fredholm integro-differential equation of second order with the Vieta-

Lucas polynomials family, we are required to transform them on the interval [0, 1]. In this

regard, we make use of the change on the differential equation, variable x = 4t − 2 that

means that:

(x− x2) d
2

dt2
V L∗n(x)− (x− 1

2
)
d

dx
V L∗n(x) = 0, n ∈ N. (3.1.7)

In this case V L∗n(x) = V Ln(4t − 2), The shifted V L polynomials defined on [0, 1]. Given

3.1.3, the unique solution of 3.1.6 may be used to represent the explicit form of shifted VL

polynomials. Following a few adjustments, we get

V L∗0(x) = 2, V L∗n(x) = 2n
n∑
r=0

(−1)n−r
4r(n+ r − 1)!

(n− r)!(2r)! x
r, n ∈ N. (3.1.8)

Consequently, the following is the construction of a few shifted VL polynomials on [0, 1]

V L∗1(x) = −2 + 4x,

V L∗2(x) = +2− 16x+ 16x2,

V L∗3(x) = −2− 36x− 96x2 + 64x3,

V L∗4(x) = +2− 64x+ 320x2 − 512x3 + 256x4,

V L∗5(x) = −2 + 100x− 800x2 + 2240x3 − 2560x4 + 1024x5.

The weight function w(x) for the shifted VL polynomials on [0, 1] is therefore expressed as

w∗(x) =
1√

x− x2
. As a result, the orthogonal condition 3.1.5 for the shifted VL polynomials

is written as

∫ 1

0

V L∗n(x)V L∗m(x)w∗(x)dx =


0, if m 6= n, m, n 6= 0

4π, if m = n = 0

2π, if m = n 6= 0

(3.1.9)
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3.2. Numerical solution of LFIDE

3.2 Numerical solution of LFIDE

We consider the linear Fredholm integro-differential equations of second order :
k=2∑
k=0

Pk(x)u(k)(x) = f(x) +

∫ 1

0

kf (x, t)u(t)dt (3.2.1)

with initial conditions

u(k)(0) = αk, k = 0, 1 (3.2.2)

First, we consider the approximate solution of 3.2.1 in the form of shifted Vieta-Lucas

series given below as:

un(x) =

n∑
i=0

aiV L
∗
i (x) = V L∗A x ∈ [0, 1] . (3.2.3)

where

V L∗(x) =
[
V L∗0(x) V L∗1(x) · · · V L∗n(x)

]

A =
[
a0 a1 · · · an

]t
The vector of V L∗ basis functions is constructed as follows in order to create the V L∗

matrix scheme:

V L∗(x) =
[
V L∗0(x) V L∗1(x) · · · V L∗n(x)

]
= T (x)H. (3.2.4)

where

T (x) =
[
1 x x2 · · · xn

]
.

and H is a matrix (n+ 1)× (n+ 1) :

H =



2 −2 2 · · · 2(−1)n−1 2(−1)n

0 4 −16 · · · 2(n− 1)
(−1)n−2(n− 1)!4

(n− 2)!2!
2n

(−1)n−1n!4

(n− 1)!2!

0 0 16 · · · 2(n− 1)
(−1)n−3(n)!42

(n− 3)!4!
2n

(−1)n−2(n+ 1)!42

(n− 2)!4!
...

...
. . . . . . . . .

...

0 0 0 · · · 2(n− 1)
(−1)0(2n− 3)!4n−1

0!(2n− 2)!
2n

(−1)1(2n− 2)!4n−1

1!(2n− 2)!

0 0 0 · · · 0 2n
(−1)0(2n− 1)!4n

0!(2n)!


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3.2. Numerical solution of LFIDE

For example, if we set n = 2, we get:

H =


2 −2 2

0 4 −16

0 0 16


From the matrix relation Eq. 3.2.4, it follows that

un(x) =

n∑
i=0

aiV L
∗
i (x) = T (x)HA (3.2.5)

Our objective is to use the shifted V L∗-collocation matrix technique to find the (n+ 1)

unknown coeffi cients ai, i = 0, 1, . . . , n.

3.2.1 Derivatives matrix

The matrix expressions of u′n(x) and u′′n(x) evaluated at the collocation points are given by

u′n(x) = T (x)MHA, u′′n(x) = T (x)M2HA. (3.2.6)

proof. After making a single differentiation from 3.2.11, we get:

d

dx
un(x) = [

d

dx
T (x)]HA. (3.2.7)

The derivatives of T (x) may be expressed as a product of themselves and the powers of a

sparse matrix Mn = (mi,j)
n
i,j=0 according to a simple computation

dk

dxk
T (x) = T (x)Mk

n , k > 1, mi,j =

j, if j = i+ 1

0, otherwise
(3.2.8)

In order to represent the first derivative of the unknown solution, we so combine 3.2.7 and

3.2.8 as follows:
d

dx
un(x) = T (x)MHA. (3.2.9)

Analogously, the second-order derivative of un(t) may be expressed as follows:

d2

dx2
un(x) = T (x)M2HA. (3.2.10)
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3.2. Numerical solution of LFIDE

Thus, in relations 3.2.9 and 3.2.10 the Chebyshev nodes ?? are replaced. Lastly, two vectors,

u
(1)
n and u(2)n , are defined as uuu

u
′

n =


u′n(x0)

u′n(x1)
...

u′n(xn)

 , u′′n =


u′′n(x0)

u′′n(x1)
...

u′′n(xn)

 .

Vieta-Lucas matrix collocation technique

In this section, we will apply the shifted V L∗ operational matrix of derivatives together with

collocation method to solve numerically the LFIDE. We achieve this by letting the

solution of LFIDE as in equation 3.2.1 can be approximated by the first n terms shifted

V L∗ polynomials. In this case, we have

u(x) ≈ un(x) = T (x)HA. (3.2.11)

We now link our approximation method to a collection points xi =
i

n+ 1
, i = 0, 1, ..., n.

The system of equations that results is:

un(xi) = T (xi)HA, i = 0, 1, 2, . . . , n.

The former equations can be represented as

un(xi) =


un(x0)

un(x1)
...

un(xn)

 , T (xi) =


T (x0)

T (x1)
...

T (xn)

 . (3.2.12)

By using Eq.?? and 3.2.11, we have the matrix relation

u(m)n (x) = T (x)MmHA, m = 0, 1, 2, . . . (3.2.13)

Furthermore, Eq. 3.2.1’s kernel function k(x, t) is built in matrix form as follows

k(x, t) = T (x)KT (t) (3.2.14)
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3.2. Numerical solution of LFIDE

Where K = [kij], i, j = 0, 1, . . . , n

kij =
1

i!j!
· ∂

i+jk(0, 0)

∂xi∂tj∫ 1

0

k(x, t)u(t)dt = T (x)KQHA (3.2.15)

Where

Q = [qij] =

∫ 1

0

T t(x)T (x)dx,

qij =
bi+j+1 − ai+j+1

i+ j + 1
=

1

i+ j + 1
i, j = 0, 1, . . . , n

The matrix equation system is obtained by taking the following steps:

u′′(xi) + P1(xi)u
′(xi) + P2(xi)u(xi) = f(xi) +

∫ 1

0

k(xi, t)u(ti)dt (3.2.16)

By replacing the matrix relations Eqs. 3.2.13 and3.2.15 into Eq. 3.2.16, the basic matrix

equation corresponding to the FIDEs is constructed:

T (x)M2HA+ P1T (x)MHA+ P2T (x)HA = f(x) +

∫ 1

0

k(x, t)T (t)HAdt (3.2.17)

or briefly, (
TM2H + P1TMH + P2TH −QH

)
A = F (3.2.18)

where

Q =

∫ 1

0

k(x, t)T (t)dt.

P1 =


p1(x0) 0 · · · 0

0 p1(x1) 0
...

... · · · . . . 0

0 · · · 0 p1(xn)

 , P2 =


p2(x0) 0 · · · 0

0 p2(x1) 0
...

... · · · . . . 0

0 · · · 0 p2(xn)

 ,

A =


a0

a1
...

an

 , F =


f(x0)

f(x1)
...

f(xn)

 , T =


1 x0 x20 · · · xn0

1 x1 x21 ... x21

. . . . .

1 xn x2n ... xnn


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3.2. Numerical solution of LFIDE

Additionally, the basic matrix equation 3.2.18 may be written as

GA = F or [G;F] (3.2.19)

where

G = [ϕi,j] = TM2H + P1TMH + P2TH −QH. i, j = 0, 1, ..., n

[G;F] =


ϕ0,0 ϕ0,1 ... ϕ0,n ; f(x0)

ϕ1,0 ϕi,1 ... ϕi,n ; f(x1)

. . . . ;
...

ϕn,0 ϕn,1 ... ϕn,n ; f(xn)


We write the matrix corresponding to conditions 3.2.2, we obtain

ψiA = αi, or [ψi;αi] = [ψi,0, ψi,1, ψi,2, ..., ψi,n;αi], i = 0, 1

where

ψi = T (0)M iH, i = 0, 1

For two initial conditions, the augmented matrix becomes:

[G;F] =



ϕ0,0 ϕ0,1 ... ϕ0,n ; f(x0)

ϕ1,0 ϕi,1 ... ϕi,n ; f(x1)

. . . . ;
...

ϕn−2,0 ϕn−2,1 ... ϕn−2,n ; f(xn−2)

ψ0,0 ψ0,1 ... ψ0,n ; α0

ψ1,0 ψ1,1 ... ψ1,n ; α1


(3.2.20)

If rank([G;F ]) = n + 1, then equation 3.2.1 admits a unique solution, which can be

effectively obtained using the shifted Vieta Lucas series expansion as presented in equation

3.2.11
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3.3. Numerical examples

3.3 Numerical examples

Example 01.Consider the linear Fredholm integro-differential equation : u′′ (x) + xu′ (x) + π2u(x) = πx cos(πx)− (2x− 1)

π
+
∫ 1
0

(x+ t)u (t) dt

u (0) = 0, u′ (0) = π

the exact solution given by:

uex (x) = sin(πx)

Table 01. We present the approximate solution uapp obtained by the Veita-Lucas collo-

cation method, the error is calculated for N = 8 and N = 16

Val of x uex (x) uapp Err.forN = 8

0 0 -1.4019e-16 1.4019e-16

1.2500e-01 3.8268e-01 3.8268e-01 7.2361e-07

2.5000e-01 7.0711e-01 7.0711e-01 1.7274e-06

3.7500e-01 9.2388e-01 9.2388e-01 2.4684e-06

5.0000e-01 1.0000e+00 1.0000e+00 2.9004e-06

6.2500e-01 9.2388e-01 9.2388e-01 3.0037e-06

7.5000e-01 7.0711e-01 7.0711e-01 2.5953e-06

8.7500e-01 3.8268e-01 3.8268e-01 5.1089e-06

1.0000e+00 1.2246e-16 -6.3729e-05 6.3729e-05

Err.forN = 16

9.3191e-15

1.4988e-15

3.1086e-15

1.1102e-15

3.4417e-15

1.8874e-15

3.8858e-15

2.3315e-15

4.3596e-13
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3.3. Numerical examples
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Example 02.Consider the integro-differential equation of Fredholm: u′ (x)− u(x) =
1− ex+1
x+ 1

+
∫ 1
0
extu (t) dt

u (0) = 1,

the exact solution given by:

ϕex (x) = ex

Table 02. We present the approximate solution uapp obtained by the Veita-Lucas collo-

cation method, the error is calculated for N = 8 and N = 16

26



3.3. Numerical examples

Val of x uex (x) uapp Err.forN = 8 Err.forN = 16

0 1.0000e+00 1.0000e+00 1.2212e-15 2.0317e-13

1.2500e-01 1.1331e+00 1.1331e+00 1.1645e-08 1.9851e-13

2.5000e-01 1.2840e+00 1.2840e+00 2.6103e-08 2.3870e-13

3.7500e-01 1.4550e+00 1.4550e+00 4.3710e-08 2.0006e-13

5.0000e-01 1.6487e+00 1.6487e+00 6.5129e-08 1.6942e-13

6.2500e-01 1.8682e+00 1.8682e+00 9.1463e-08 2.5424e-13

7.5000e-01 2.1170e+00 2.1170e+00 1.2604e-07 3.4195e-13

8.7500e-01 2.3989e+00 2.3989e+00 1.7948e-07 3.5083e-13

1.0000e+00 2.7183e+00 2.7183e+00 2.8741e-07 8.4910e-13
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Example 03.Consider thelinear integro-differential equation of Fredholm: u′ (x)− 2xu(x) = −2x3 − 2x2 +
23

6
x+ 1 +

∫ 1
0

2xtu (t) dt

u (0) = −1,
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3.3. Numerical examples

the exact solution given by:

uex (x) = x2 + x− 1

Table 03. We present the approximate solution uapp obtained by the Veita-Lucas collo-

cation method, the error is calculated for N = 8

Val of x uex (x) uapp Err.forN = 8

0 -1.0000e+00 -1.0000e+00 5.5511e-16

1.2500e-01 -8.5938e-01 -8.5938e-01 1.1102e-16

2.5000e-01 -6.8750e-01 -6.8750e-01 1.1102e-16

3.7500e-01 -4.8438e-01 -4.8438e-01 5.5511e-17

5.0000e-01 -2.5000e-01 -2.5000e-01 5.5511e-17

6.2500e-01 1.5625e-02 1.5625e-02 2.4286e-17

7.5000e-01 3.1250e-01 3.1250e-01 5.5511e-17

8.7500e-01 6.4063e-01 6.4063e-01 2.2204e-16

1.0000e+00 1.0000e+00 1.0000e+00 9.9920e-16
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3.3. Numerical examples
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Bibliographie Conclusion

Conclusion

In this thesis, we have explored both the theoretical and numerical approaches for solving

linear second-order Fredholm integro-differential equations (LFIDEs). We began with a

foundational overview of functional spaces and operator theory, setting the stage for the

classification and analysis of integral and integro-differential equations. Analytical methods,

including the Adomian Decomposition Method and the Series Solution Method, were applied

to selected examples, illustrating their applicability and limitations in solving LFIDEs.

The core contribution of this work lies in the development and implementation of a

numerical method based on Vieta-Lucas polynomials. These orthogonal polynomials, with

their advantageous properties and recurrence relations, were employed to construct an effi -

cient collocation scheme. By transforming the problem domain and leveraging the orthog-

onality of the shifted Vieta-Lucas basis, we derived a systematic matrix formulation that

allows for accurate numerical approximation of the solution.

The results demonstrate that the Vieta-Lucas matrix method is not only effective in han-

dling second-order LFIDEs but also offers good convergence behavior and computational

effi ciency. This method provides a viable alternative to traditional numerical techniques

and can be extended to a broader class of integro-differential problems.
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