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OBJECTIVES

This handout on electricity and magnetism is intended for students in the Science and
Technology field at the first License of, Engineering, and LMD levels. It can also be used by

students in the Materials Science field.

The objectives of this course are to acquire basic concepts on electric charges, the electric field,

electric potential, conductors, and electrical circuits.

The course manuscript is structured around five chapters:
- Electric Charge and Coulomb's Law,

- Electric Field and Potential,

- Electric Dipole and Gauss's Law,

- Conductors and Capacitors,

- Electrical Current and Resistors,

At the end of each chapter, a series of corrected and uncorrected exercises are provided for

students.

Finally, we conclude this course with a general bibliography. We hope that this course will
serve as a reference for students and help them in their graduate studies.

Dr. Yousf Islem BOUREZG
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CHAPTER | : Electric charge and Coulomb’s law

1.1/ Electric charges and their properties

Electric charge (symbol g, sometimes Q) can be defined as a fundamental property of subatomic
particles that gives rise to the phenomenon of experiencing force in the presence of electric and
magnetic fields. These fields exert influence on charged particles, resulting in observable

effects.
The Sl unit of charge is called the Coulomb [C].

1.2/ Types of electric charge

Electric charge comes in two main types: positive and negative charges. Positive charges are
associated with protons, which are subatomic particles residing in the nucleus of an atom. They
are represented by the symbol “’+’°. On the other hand, negative charges are linked to electrons,

which orbit the atomic nucleus and are denoted by the symbol *-<’.

There are two kinds of charges in nature, charges of opposite sign attract one another and

charges of the same sign repel one another.
Several other properties of charge have been discovered:

* Charge is quantized: This means that electric charge comes in discrete amounts, and there
is a smallest possible amount of charge that an object can have. In the SI system, this smallest
amount is e = 1.602 x 10 C.

* The magnitude of the charge is independent of the type: The smallest possible positive
charge is +1.602 x 102° C, and the smallest possible negative charge is -1.602 x 10° C; these
values are exactly equal.

* Charge is conserved: Charge can neither be created nor destroyed; it can only be transferred

from place to place, from one object to another.
1.3/ The structure of matter
The atom is made up according to the Bohr model of:

- Z (e-) rotating around the nucleus.
- Z(p) and N (n) constituting the nucleus.

Some intrinsic properties of the constituents of the atom are as following:
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Particle Symbol Mass (Kg) Charge (C)
Proton P 1.67261.10% +1.6021917.10*°
Neutron n 1.67492.10°%' 0

Electron e 9.1095.103 -1.6021917.10%°

1.4/ Types of charging
There are three types of charging: by rubbing, by contact between charged and uncharged

objects and by induction.

A/ Rubbing/friction method
Consider two objects which rub each other, and then due to friction, one object's electrons get
transferred to the other one. The one which loses electrons becomes positively charged and the

other, negative. Thus charging by friction is only due to the transfer of electrons.

GLASS ROD T
( )48 )

B/ Contact method
When charged rod touches an uncharged sphere placed on an insulated stand, charges will

transfer from the rod to the sphere, and hence, the uncharged object gets charged.

— (bttds

Trbbhe

Charged Rod

[ e [ Httes |

Uncharge\t‘!l Sphere

\ kb S
- A

| |Chargeu
C/ Induction method

It is also possible to charge a conductor in a way that does not involve contact.

(@ Introducing a positively charged rod near a neutral metal sphere causes a rearrangement of
charges within the sphere. Negative charges are attracted towards the rod, while positive

charges are repelled to the far side.
(b) Then, the metal sphere is grounded, allowing electrons to flow from the Earth into the

sphere to neutralize the positive charges on the far side.


https://demo.webassign.net/ebooks/cj6demo/xlinks/kwd/index.htm?unit=u0026
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(c) Upon disconnecting the grounding path, the sphere retains a net negative charge,
showecasing the principle of induction where charge is induced without direct contact.
(d) With the removal of the positively charged rod, the induced negative charges redistribute

themselves uniformly across the surface of the sphere, stabilizing the induced charge.

1.5/ Electric Force -Coulomb's Law

The force of attraction or repulsion between two charged bodies is directly proportional to the
product of the quantity of charge on them, and inversely proportional to the square of the

distance between them.
1.5.1/ Forces between two charges

If two charges have opposite sign, they have attractive force between them and if charges are

same, they will repel each other. The electrostatic force is given by:

> q1-9>

F=k 2 U

Noted that the electrostatic force is a vector quantity as it has magnitude:

lq:-q|

F=k—>

Where:

1 =8.9876.10° N.m?/C?

k is a constant called the Coulomb constant. k = ”

TEY

g, is the permittivity of free space and has a value 8.8542.10712 C2/N.m?

u is the unit vector pointing from the source charge to the test charge, U =

il a1

Note that, Uy = —Uy/q and F1/2 = _FZ/l'
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F5 =force on 1 F51 =force on 2
due to 2 dueto |

FJ:"‘—Q‘? @—"le
F]r-—..? D—Fy

2

F, F,
&= 9
Example
What must be the distance between point charge g1 = 26,0 uC and point charge q2 = -47,0 uC

for the electrostatic force between them to have a magnitude of 5,70 N?
Solution

We are given the charges and the magnitude of the (attractive) force between them. We can use

Coulomb’s law to solve for r, the distance between the charges:

lq;. 92| 1q1-q2|

F=k—2ﬁ7'2 =k
r

=1.39m

1.5.2/ Forces between multiple charges (Vector superposition of electric forces)

The total force E’ on the charge gz, due to all other charges, is then given by the vector sum of

the forces Fyq, Fay, ..., Fpy @ i.€.,

— — — — CI1-CI2 — ql'q3 — ql'qn —_—
F1:F21+ F31+ et Fnlzk. —2.u21+—2-u31+"'+ 2 -Un1
721 31 Tn1
n
qi
a3
q1 rilz 11

i=2
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Example
Three charges g1 =1uC , g2 =—2 nC and gs = 3 uC are placed on the vertices of an equilateral

triangle of side 1.0 m. Find the net electric force acting on charge Q.
q;

Solution

The coordinates of qt, g2 , and gs in this coordinate system are (0, 0, 0), (1 m, 0, 0) and (0.5
m,0.87 m, 0), respectively.

Fy =F; +F3
N 9.10°)(1.107%)(—2.107°
Fyr = (gqu BA = k. Ch QZ (=11 = ( )( )( ).(_1?)

13
= (1.8 x 10-2?)1\/

Fﬂ_,{‘lg‘lsﬁ kChCIz

[(0 — 0.5)7 + (0 — 0.87)]]

9 -6 )
Fy, = k. .10 )(1'1103 )(3.10 ).[(—0.5)?+ (—0.87)j]

= [(~1.35)7 + (—2.349)]].x 102 N

Fi = Fy; + F3; = [(—0.45)7 + (=2.349)j].x 1072N.
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1.6/ Exercises
Exercises with solution

Exercise 01
1/ Schematically, draw the distribution of charge induced on neutral metallic spheres (A) and

(B) due to a charged stick in the following cases:

A

B A B A B A B
| ﬁ | z z z z
(@) ® © @
2/ Schematically, draw the distribution of charge induced on neutral metallic sphere as follow:

& 25— Charged rod &
. ~s=

<= : <=
" Metal sphere 6 J

rounding

wire

Insulated stand

= Connection
to ground
(a) [ ()

Solution of exercise 01

© (d)
S8 s —— Ebonite rod s
~s s S
-3 o~ s +’+ "
+ - & + +
+ = Metal sphere + = 6 g
3 n {

.;* 3 v}* rounding -

oz wire

Insulated stand
. o “ = Connection )
to ground

(a) 10] ()

10
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Exercise 02
The electron and proton of a hydrogen atom are separated by a distance of approximately
5.3x10 m.

1) Find the magnitude of the electric force between the two particles.

2) Find the magnitude of the gravitational force between the two particles.

3) Comment on the obtained results in questions (1) and (2).

Solution of exercise 02

1/ We use the coulomb’s law:

|91 42| [(e).(—e)| (1.6 x 10717)? _
F,=k 2 =>P;=k—2:15;=9><109(5.3X10_11)2=8.2><10 8N
2/ We use the law of Newton of the universal gravitation:
my.m, (9.1 x10731),(1.67 X 10727) _
Fy=G—5—=F=667x10"" E3x 10172 =3.6x 107N

3/ From the obtained results, the gravitational force F, between atomic particles, electron and

proton, is negligible when compared it with the electric force F, (F; < F,).

Exercise 03
Two spheres located at distance of d =5 cm attract one another with a force of F = 3 mN. If one

of them has three times more charges than the other, find the magnitude of each charge?

Fy
— » Q,
Fy/p

Solution of exercise 03

5 N
™~ d 7
We put, g; = 3q; (0r, g, = 3¢):
1q1. 92| |q1. 39|
Pé=kd—2=>Fe=k d2 =>Eg.d2=3.k.q12

= g, = 1.64 X 1078 C = 0.0164 uC.
We have, ¢, = 3¢, = ¢, = 0.0328 uC.

11
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Exercise 04
Three point charges lie along the x axis as shown in Figure opposite. The positive charge q: =
15.0 uC is at x = 2.00 m, the positive charge g2 = 6.00 uC is at the origin, and the net force

acting on negative charge gs is zero. What is the x coordinate of ¢3?
y

| 2.00m |

x—rra— 200 — x —»

—P—F——QP—
f:‘2| Foy g5 Fiy i1

Solution of exercise 04

F3 = Fi3+ Fy3

q91-93 — q1-93 (15 X 10—6). (_qg) R
Foa=k —. AC = k.———— (—(2 — — _ 109 .
s = kg AC = e S (2= 20D = =9 X 10° S o
- . — . 6x107°).(—
F23=k.w.BC=k.q2 s (xi’)=9><109( )-( q3)_i>

BC? ()3 (x)?

—

The total force exerting on g5 is zero, E) + Fy3 = 0

15 % 1070).(— 6X107°).(—
=>—9><109( )-( q3).7+9x109( )- (245)

(2 —x)? (x)?

-
1=0

=x=077m

Exercises without solution

Exercise 01

Three equal point charges are located at the corners of an equilateral triangle. What is the
strength of the electrostatic force exerted on a charge placed in the center of the triangle?
Exercise 02

Four equal point charges g are placed at (2; 2; 0), (2; 0; 2), (0; 2; 2) and at the origin.

1/ Show that electrostatic force exerted on any charge, placed along the diagonal (X; X; X), is
diagonal?

2/ What is the value of x for which the amplitude of this force is zero?

Exercise 03

Consider three point charges located at the corners of a right triangle as shown in below, where

01 =0q3=5.00puC,q2=-2.00 uC,anda=0.1m.

12
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Find the resultant force F exerted on gs.

13
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11.1/ Electric field (E)

An electric field E is a physical field that surrounds electrically charged particles. Let us
consider a point charge (q) placed in vacuum, at the origin O. The electric field produced by
the charge (q) at a point P is given as:

1 q
Atey 12

=k

<l

E=

q . q

ﬁ-l et

E = kr—31"

1

k is a constant called the Coulomb constant. k = — = 8.9876. 10° N.m?/C?

TEY

g0 is the permittivity of free space and has a value 8.8542.10712 C2/N.m?

il et

u is the unit vector pointing from the source charge to the point P, 4 =

If we place a charge g, at point P, hence, according to Coulomb’s law, we obtain the force F
exerted by a charge q on a charge q,, as:

= qu — -
F=kr—2u=qE

From this equation, the SI unit of electric field is [N/C].

11.1.1/ Electric field lines

An electric field line is an imaginary line or curve drawn through a region of space so that its

tangent at any point is in the direction of the electric field vector at that point.

Field at 4 Field at

. E,
point P/.‘ point R
- e :

" o E
i R
P ,;g.\
Electric N

field \

line

We distinguish according to the sign of charge two cases for the lines of the electric field:

14
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e For a positive point charge, the field lines are directed radially outward.

e For a negative point charge, the field lines are directed radially inward.

\ / « \ *\\\\ |
. ]’ Vi \ % . \ A //;:L\?;Q\ //
\'_q / N / a \{‘ f(/};j; :\\S\i /
S == — -q -— + = - —
; X e y / k\\:;i;::,? 7)) \3
P X > Sl ¢ he- // N~ \ \
v \\ /‘ N ‘~\ / ( \‘\\:\\: : :’/ / | \
(a) () (c)
o X 1 V. . /
< '} \‘ | o % [ p / // B
NN
‘\\ | ,/ \ ,/ ™\ W, \l [ \'\\ \ 77—
A V1 1Y R \ — — A N A e
—@{ 9= —@% 9= —€% €
'// \ /[ e \ / [y e //' 7~ \i:\:\\\‘\ P
'/ /) “ \ / ( \‘\\,‘ / / J \. [ : \ \\ / ‘ \\\ 7‘;)
/] L\ ZF T r \\\ o
I" \ \\ / ,‘/ '\ \
(d) (e) (U]

11.1.2/ The electric field created by several point charges

Consider a system of charges qs, 02, ..., gn With position vectors ry, rz, ...,

rn relative to the point

P. By the superposition principle, the electric field E due to the system of charges is :

E() =E () + E;(r) + = En (1)

E(r) =k. %‘7+q u + - +%1ﬁ
rl n

n
4qi
=k
i=1

l

E is a vector quantity that varies from one point to another point in space and is determined

from the positions of the source charges.

15
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Example

Consider two charges Q1 = +2e and Q2 = -3e, are placed as shown. Calculate the electric field

vector at the origin.

___r___%__’""
|
S 5
|
r E=7? :
— o .
Q=+2e
The electric field is the sum, E = E, + E,, where:
— Q1 — 2.e e .
Elzk.A—3.A0=k.r—3.T.l:k.r—2.l
=k Q, 56 —3.e 5 - 3.e Q47
= K.— . = K. 7Tl = K. L
2 0? W2r)? / 21/2r2 g
F=rZl [(2+ 3)?+ 3 *']
r? w2 T w7

11.2 Electric Potential (V)

Electric potential is a physical quantity defined as the amount of work/potential energy needed
per unit of electric charge to move the charge from a point (a) to a point (b). This quantity is

called the electric potential V:

AV=V,-V,=—=— =
b a q q

The potential difference dV between two points with a distance d¢ apart can be expressed as:

dV=—E.dr=>V=—f k.—z.dr
a T

So, for one charge (q), the electric potential (V) is:
q

V=k-+C
r

C=0 if (Voo)=0.

16
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So, for several charges, the electric potential (V) is:
V=Vi+Vy,+-+V,

vekBypd oy Iy e
ry ) I'n

Example

Find the electric field vector from the electric potential V(r) = d.7, where:

=

= xT+ yj + zk

d=a,l+ayj+ak

Solution

11.2.1 Relation between E and V

If the electric field has only one component Ex , we can write:

dV = —E,.dx, 0, E, = — %

17
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In general, the electric potential is a function with three coordinates, in the Cartesian system.

The electric field components E,, E,, and E, obtained from V(x, y, z) are:

( ov
Er= 5
av

1B =5,
av

i

v av. av.

-

= E =—grad(V) = - al+ﬁj+£k

11.2.2/ Equipotential surface

An equipotential surface is a three dimensional surface on which the electric potential V is the

same at every point on it. An equipotential surface has the following characteristics:

- The potential difference in any two points on the equipotential is zero.
- Field lines always flow from higher potential to lower potential.

- The potential is constant along an equipotential surface, so:
dV =0= —E.dr=0=E Ldr

Thus, electric field lines and equipotential surfaces are always mutually perpendicular. Some

equipotential surfaces (see dashed lines) are shown in figure opposite.

)

v 3V v

11.3 Continuous Charge Distribution

When the charge is distributed uniformly over a conductor, it is known as a continuous charge

distribution.
There are 3 types of continues charge distribution system:

18
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e Linear Charge Distribution,

e Surface Charge Distribution,

e Volume Charge Distribution.

Continuous Charge Distribution

Linear Charge Distribution Surface Charge Distribution Volume Charge Distribution

How to calculate the electric field: To evaluating the electric field created by a continuous
charge distribution, we have utilized the following procedure:

Divide the charge distribution into small elements, each of which contains a small

charge Aqg as shown in Figure below.

Use Equation E (1) = k i q; u, to calculate the electric field due to one of these
elements at a point P.

The total electric field at P due to all elements in the charge distribution is
approximately: E(r) = kY%, Aq‘._’

In the limit of Ag; — 0, we get, E(r) = kqu u

19
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11.3.1/ Linear charge distribution

If a charge q is uniformly distributed along a line of length ¢, the linear charge density A is

defined by:

_4q

A=

The unit of the linear load density is [C/m].

11.3.2/ Surface charge distribution

When the charge is uniformly distributed over the surface of a conductor, it is called Surface

Charge Density or Surface Charge Distribution. It is denoted by the symbol o (sigma) and is
defined by:

_4q

?7ds

Where dgq is a small element of charge over a small ds surface.

20
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"
. o]

e
+ + + ‘\‘

Q%

11.3.3/ Volume charge distribution

If the charge is uniformly distributed throughout a volume V, the volume charge density p is
defined by:

_dq

T=av

Where dq is a small charge element located in a small volume dV.

infinitesimal charge

L element of volume

f dV and charge dg

Charged sphere of
vloume V

11.4 Electric Potential energy

When a charged particle moves in an electric field, the field exerts an electric force F that can

do work on the particle that moves from point a to point b. The work Wa-b done by the force

F is given by:

b
Wesp = f F.dr = F.dr.cos6

a
Where, dr is an infinitesimal displacement along the particle’s path and 8 is the angle between

F and dr at each point along the path.

If the force F is conservative, the work done by F can always be expressed in terms of a

potential energy U.
Wasp =Uqg — Uy, = =(Up — Uy) = —AU
The electric potential energy of a system of charges is given by:

21
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qi-4q;
rij

U=k

i<j
The electric potential energy of a pair of point charges q: and g2 can be found as follows:

q1-9>

T2

U=k.

The electric potential energy of four point charges q: g2 g3, and gs would be given by:

U=k CI4-CI3+CI4-QZ+Q4-Q1+Q3-Q2+Q3-CI1+Q2-Q1]

T43 T42 41 T32 31 21

Note: Total number of pairs formed by n point charges are, n(n-1)/2.

Example 1

An uniform electric field E, is directed along positive y-direction. Find the change in electric
potential energy of a positive test charge gowhen it is displaced in this field from y;=ato  ys

= 2a along the y-axis.

Solution

The electrostatic force f; on the test charge along the positive y-direction is:
F, = qo.Ey
And we know, AU = —W;_,s = —qo.Eq(2a — a) = —qo.Ep.a

It is clear that the work of the electric force F, is positive and the potential energy is decreasing

along the path.
Example 2

The electric potential at point A is 20 V and at B is — 40 V. Find the work done by the

electrostatic force for moving an electron slowly from B to A.

Solution

We have ,V, = 20V and Vyz = —40V,

Work done by electric force is : Wy_,, = —AU = —q. AV = —q.(V, = V) = q. (V, = V)

The test charge is an electron, e = —1.6 x 1071°C, so:

22



CHAPTER Il : Electric field and potential

Wgop=e.(V,—V,)=—-1.6x10"19(—40 — 20) = 9.6 x 10718 ]

11.5/ Exercises

Exercises with solution

Exercise 01

Four point charges, labeled 1 through 4, all with the same magnitude g, are placed around the

origin as shown. Charge 2 is negative; the rest are positive.
1/ What is the direction of the E field at the origin?
2/ Calculate the electric potential V at the origin.

Solution Exercise 01
Let us label the charges as follow: the charge 1 by the letter A, 2 by B, 3 by C and 4 by D.
The coordinates of these charges are: A(-r, r), B(r, r), C(-r, 0), D(r, 0).

A B
: @ o2
\\ ’/

Y &

\\ E:/’
¢ gl
3 E4 4

E,

1/ The electric field exerted at the origin is the sum:

I?:E)+E’+E_3>+E;,Where:
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41 10 = k ., 1.
E1 EAO_kAO3 A0 =k (r\/_)3 (T‘l r]) (r)z (2\/51_2\/5]>

—_ e G — (=) L
E, = Epp = k'BO3 .BO =k. (7«\/5)3 ( i r]) =

I q (1 T4 1 —.>>
. . l

M 22 22
- = 3 — q ; q :
E3=ECO=k.F.CO=k.W.(T?)=k.W.(Y)

q

E4—ED0—k DO km(7ﬁ) ()2(1)
We get, E =k W' (%7)

2/ The electric potential V at the origin is the sum:
V:V1+V2+V3+V4

Vek 2y e
r r r

Exercise 02

Two identical charges Q/2 placed at points A and B separated by a distance 2a, as shown.
1/ Calculate the electric field E created at point M.

2/ Calculate the electric potential V at point M.

ry

8.

<

1

9----
]
e

Solution of Exercise 02

1/ The electric field exerted at the origin is the sum:

E = E, + E,, where:

q1=qz=%andAM:BM:m

S0,E =E, +E, = k.- AM + k.—2 . BM
AM BM

24



CHAPTER Il : Electric field and potential

B} 0/2 e

= F = km [(al + y]) + (—al + y])]
» Q/2 -

= F = k.—(a2 +y2)3/2 .yj

Exercise 03

In orthonormal base OXY, a charge g1 = 7 uC was placed at the origin (0,0) and charge g2 = -
5 uC at the point M (0.3, 0), (see the figure).

1- Find the electric field E at the point P (0, 0.4).

2- Find the electric potential V at the point P (0, 0.4).

3- Calculate the electric potential energy of point charges q: and g».

e

\‘.{?.Sm

q: 0.3m G- X
Solution of Exercise 03

1/E_P)=E+EMP=F1)+E_2)

- Q1 — qz

(9 x 10%)(=5 x 1079)
.(0.47) + 0.53

= Ep = 1.08 X 1057 + 2.46 x 105}
2/Vp =VOP+VMP =V1+V2

& g (9% 10°)(7x1076) (9 x 10°)(=5 X 1075)
== VP = k._ + k. ==
oP MPp 0.4 0.5

—.MP

. (9% 10%)(7 x 1079)
= Ep = O 43

(—0.37 + 0.4))

= 67 500V

3/ The relation of electric potential energy U is as following:

qi-4q;
rij

U=k.

i<j

9 —-6\(_ -6
SO, for two Charges, U= k.‘zﬂl-‘h — (9)(10 )(7><1(())3 )( 5x10 ) _ _105]
1/2 :

25



CHAPTER Il : Electric field and potential

Example 04

Find the electric field a distance z above the midpoint of a straight line segment of length L that

carries a uniform line charge density A.

i,

\Q;

f—— x—

Solution of Exercise 04

The electric field for a line charge is given by the general expression:

- d A.dl
r r

The total field E (P) is the vector sum of the fields from each of the two charge elements (call

them Ej and Ej for now):

E(M) =E, +E,,so,dE(M) = dE, + dE, = dE,, + dE,, + dE,, + dE,,

Because the two charge elements are identical and have the same distance away from the point

P where we want to calculate the field, E1x = E2x, so those components cancel. This leaves:
ﬁ(M) = dE,, + dE,, = E;cos6. Kk + EZCOSH.E

These components are also equal, so we have:
- A.dl - A.dl -
EM) = kJ—zcosé?.k + kJ—zcosé?.k
r r

L/2

. -

o 2
EM) = kf ——cos0.k
r
0

We have, = (z2 + x2)'/2 | and cosf = Z = —————— 50 we get:

r o (22 +x2)1/2°
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L/2 L/2
- . 2.z - 2ok dx z
0 0

L/2

R dx
EM) =2 z.k|—

z%2(z2 +x2)2 o

=l

S
h
l

Example 05

Find the electric field a distance z above the midpoint of an infinite line of charge that carries a

uniform line charge density A.

Solution of Exercise 05

The electric field for a line charge is given by the general expression:

- dq _, rdl
E(r)zkf—z.uzk —.u
r

TZ
B} o rdl adl adl
E(M)=E,+E,=k r—z.u1+kfr—2.u2=kjr—2.(u1+u2)

(PM + P'M)

E(M)zk.xfpw.

—
—

Where: u; = % Uy = % and the coordinates of different points are, P (x,0), P’ (-x,0), M
(0,2), so:

—_—

PM = —x7+ zk and P'M = xT + zk
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By substitution in the relation of electric field above, we get:

o dl - dx N
E(M)zk.xf =.(2zk) = k2.2 | ————. (k)
(z%2 +x?)2 (z% +x?)2
+o
E(M) = 2.0 2.k @ g
+ow
- dx N
EM)=2.\zk .k
z%2 (2% +x?)2
2.k.A -
E(M) = . k

Example 06

Find the electric field of a circular thin disk of radius R and uniform surface charge density o

at a distance z above the center of the disk.

Solution of Exercise 06

« R g
./IEX/‘ dE4
M

o.ds

We have, E(r) = kff—zq.ﬁ,so,tﬁ(r) =k—-.u

r

- —_ — o.ds; _, o.ds, _, o.ds; __,
E(M)=E1+E2=kf 21.u1+kf 2y = f (U7 + )
r T
because, ds = 2.m.r.dr and ds; = ds, = % = m.r.dr.

Where: u; = % Uy = % and the coordinates of different points are, P1 (0,-r,0), P2 (0, r,0),

M (0,0,2), so:

28



CHAPTER Il : Electric field and potential

PM=r1]+ zk and P,M = —1j + zk

By substitution in the relation of electric field above, we get:

B(M) = k Afa'dsl (P.M + PM) = k f mrdr ok
= K. . =K.O — 5 2.
i - M+ M) 2 1 2)" )
R
F(M) = a.zf r.dr -
0
We put, z2 + 1% =T?,s0,(z% +1?)3?% = T3 and 2rdr = 2TdT
E(M)—G'Z T.dTT{,_a.z dT -,
C280) TP T 2g0) TP
E,(M)_a.z[ 1 2 _0.2 1 r - oz|1 1
26 L TI" 2e0° (0% +22)Y? ], 2& |Iz| (R* +2z2)
It is clear that the vector field depends with the sign of z:
K 1 ! k ifz>0
—.|[1-——7]. , if z>
. 20 (R +22)2
E(M) =< d -
1t ———|F . ifz<0
0| R+ 2
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111.1/ Electric Dipole
An electric dipole is a system of two equal electric charges that have opposite sign —q and +q,
separated by a small distance d as comparing with r, as shown.

We make, d = 2a.

111.1.1/ Calculating of Potential V at point M
VM = Vl + V2

We have, V; =?andv2 _—5 = Vu _kq(__i)
1

rq I

Let’s search the expressions of 1/r; and 1/r,,

e Wehave, OM = 0A + AM = AM = OM — 0A = AM? = OM? + 0A% — 2.0M.0A

a?  2.a.cosf
=>r12=r2+a2—2.r.a.cost9=>r12=r2(1+r—2— ),

r

We have, r » a,and (1 £ )" =1t n.¢,

1/2 -1/2
So, r12 =72 (1 _ w) =r=r (1 _ 2a.i059) — i _ %(1 _ 2.a.i059)
1 1 a.cos@
= —=-. (1 + )
I‘l r Tr

e Wehave, BM = BO + OM = BM? = BO? + OM? + 2.B0.0M

=rf=a’+r’+2.r.a.cosd =>rf=r (1+ +2awse)

We have, r » a,and (1+ &)" =1+ n.¢,

2.a.cosf

1/2 -1/2
2ac059) — 1 1(1 + 2.a.cos€)

Iy r

So, 7 =r? (1+ ):>r2=r(1+

= —=-.11
r, r

1 1 ( a. 6059)
r

2.a.cosf

:VM—kq(——i) = Vu =k.q

ry r2

111.1.2/ Calculating of Electric field E at point M

31



CHAPTER Ill : Electric dipole and Gauss’ law

- g - - - = 6V_> 3V_> oV = -

E = —grad(V) , so, in Cartesian coordinates, E = —(&1+a—y] +Ek) , and in polar
. = oV— 1 0V

coordinates, E = _EUF - ;.%Ue

4.a.cosB 2.a.sin0

av av
we have, -~ = -k.q and i -k.q

r3 r2

- 4.a.cos0 —, 2.a.sin6 —,
= E = qu—3Ur +qu—3U9

2.a
= E= k.qr—3. (4. cosB? + sin@?)1/2

111.1.3 Electric Dipole Moment (ﬁ)

Two equal and opposite charges separated by a small distance (2a) constitute a dipole. The
product of the charge and distance between them is called the dipole moment.
P=qd=p=2aq

Then, the expressions of potential V and electric field E at point P are as follow:

.coso
VM = kp

I‘2
E= k.r%. (4.cosB? + sin6?)1/2
N.B: The study of dipoles is of great importance in the study of atoms or molecules placed in

an external electric field, where the center of gravity of the atoms is displaced by a distance

from the nucleus, so they become polarized and behave as dipoles.

Some molecules in nature, in the absence of an external electric field, appear as permanent poles

called polar molecules, such as:

1

7 ) -3

<i~@ o)

Y

I11.2/ Gauss's theorem
The electric field flux ¢ through a closed surface S is equal to the algebraic sum of the charges

contained in this surface }; Q;,; divided by the permittivity in vacuum g.

Z Qint

€

¢=§E£=
S
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Electric flux ¢ is a measure of the field lines crossing a surface. Its IS unit is N.m?/C.

The circle on the integral means that the surface is closed and ginside is the net charge inside
this closed surface.

We now consider a point charge q located at a point O in space. The total flux of the electric

field created by this charge across any oriented elementary surface dS is by definition:

¢=3§d¢=§§.d—s’=fﬁ.ﬁ.ds=jgE.ds.cose =¥
0
S S S

Where: 1 is the unit vector normal to the surface dS and 6 is the angle between 1 (or H§) and

electric field line E.

. ~the flux
through a
small enough
patch is .
d®d = FE - dA.

According to the figure below, the electric flux ¢ is dependent with angle between the

directions of electric field E and normal to the surface S:
- ¢ = E.dS.cos6. (Fig. a)
- ¢ = E.dS.cos90° = 0, electric flux is zero when the electric field lines are tangential
to the surface S. (Fig. b)
- ¢ = E.dS.cos0° = E.dS, electric flux is maximal when the electric field lines are

perpendicular to the surface S. (Fig. )

LN /E

a) b) c)

111.2.1/ Application of Gauss’s law
The Gauss’s theorem is used to calculate the electric field strength if the distribution of charges

is sufficiently symmetrical (symmetric). A good choice of Gauss’s surface ensures that the
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integration on this surface can be easily completed. This surface should satisfy the following
conditions:
- Aclosed imaginary surface that includes the point at which the field is to be calculated.
- Asurface that makes the scalar product E.dS known at any point on it.
- Asurface that makes the field intensity constant along its length.
- If there are no charges inside a Gauss’s surface or the algebraic sum of the charges

contained in this surface is equal to zero, then the electric field flux is zero.

Example 01 (Electric field resulting from a point charge q)

Find the electric field at a distance r from the charge (q), by using the Gauss’s theorem.

Solution
Firstly, we select Gaussian surface, a sphere at distance r from the charge. At every point of
this sphere the electric field has the same magnitude E and it is perpendicular to the surface

itself. Hence, from the Gauss’s law:

\
\
\
\
i
h
:‘\
h

! Gaussian Surface
/

]

/

s

" Point charge particle

E4mr? =21 so, E=—2— =k 1
€0 4mr? g, r2

Example 02 (Electric field resulting from a spherical surface distribution of charges)
Calculate the electric field at distance x from a wire of length h and that having linear charge
distribution ().

Solution
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ny
B <

& - + L Gaussian
A~ s Surface

: + :

dss

A
h 1 + ‘ -,f—>n3

I \\/q

I 7\

I<—x—>+ 1 ;ﬁ

: 2 : ]
Vb"— i <

M +| as i

H ovw

From the Gauss’s law:

€0
E.S;.c0s90 + E.S,. c0s90 + E.S;. cos0 = Z_Si“t
0
= E.53 = 2 _, E.2.mx.h ="
€p €0
We get, E = ——,
2.T.X.Eg

111.3/ Exercises

Exercises with solution

Exercise 01

1/ Using the Gauss’s theorem, calculate the electric field created by a positive charge at distance
r.

2/ Using the Gauss’s theorem, calculate the electric field created by a negative charge at

distancerr.
Solution of Exercise 01

1/ For a positive point charge, the field lines are directed radially outward,
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A
Electric field lines

E
e
Charge
[+)

A
v

Gaussian
surface

E.4mr? =2 50, E = —— = k.=,
€0 4mr? g, r2

2/ For a negative point charge, the field lines are directed radially inward,

So, we get, E = —— = k.—.

4mr? g r2

Exercise 02

1) Using the Gauss’s theorem, calculate the electric field created by an uniformly charged
sphere with radius R and having a volume charge density p at: * inside the sphere (with radius
r, r<R), * and outside the sphere (r>R).

2) Deduce the potential at these positions.

3) Draw schematically E(r) and V/(r).
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Sphere

ime charge density p

Solution of Exercise 02

1/ The electric field at every point in space is radial, depending only on r, which allows us to

choose the surface of a sphere of radius r whose center coincides with the center of the charged

sphere. The flux through the surface of the sphere is:

Z Qint
¢ = f E.dS=E.S =
€o
S
Z Qint
= E.4mr? =
€o
e r<R:
[
v, pamrd
E,.4mr2 =27 = E, . 4nr2 = =2
€0 )
r
= [31 = pT
3e
e r>R:
a’ \‘\
.I'l|I b
' "1
[}
' '
]
Iull 1
1 [
Fl
bl ,
'A.Y )
\L ’.‘,’
4
T n3
,  P-Vr R .31'[R
f32.4ﬁtr = = f32.44tr =
€o €
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p.R® 1

= E, = .
27 3¢, 12

2/ Using the relation between Eand V:

= - ovV— 1 gV — 1 oV—
E=-gradV=——U,—-.—Ug———.—
g adV or Ur r 00 Ue rsin® "a¢p ¢

The field change only diagonally (with r), so: E= —Z—‘:U: = E = —Z—‘r/ =V =—[E.dr

o [I<R:
2
V1=—fE1.dr=—f§—;dr=>V1=—%+C1

e >R:

p.RZ 1 pR3 1
V2 = —sz.dl" = —fa.r—zdrﬁvz =E.;+C2

e Find the constants C; and C,,

3
We use the limiting conditions: V,(w) =0 =C, = 0=V, = %
0

==

According to the continuity of potential at r=R: V,(r = R) = V,(r = R)

.R? R .R?
p_ = p_ + C1 = Cl = p_
380 6¢ 280
So v, = — £ L PR
! 1 680 280
3/
V(r)
F Y 4
E(i’") . Cl .
p.T i
?}E{] ____________ p. Rz
r ro
Exercise 03

1) Using the Gauss’s theorem, calculate the electric field created by an uniformly charged
sphere with radius R and having a surface charge density ¢ at: * inside the sphere (with radius
r, rI<R), *and outside the sphere (r>R).

2) Deduce the potential at these positions.

3) Draw schematically E(r) and V(r).
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charge density

Solution of Exercise 03

1/ The electric field at every point in space is radial, depending only on r, which allows us to
choose the surface of a sphere of radius r whose center coincides with the center of the charged

sphere. The flux through the surface of the sphere is:

% Qint
¢ = f E.dS=ES=2"L
€o
S
% Qint
= E.4mr? = =2 =%
€o
o I<R:
2 0
E1.4T[I' _S_:E1=O
0
e r>R:
a’ \‘\
! LY
rr .
f :
¥ ]
||‘ :
A S
. r
", #
. y
2
p- Vg o.4mR
E2.4T[r2 = = E2.4-T[I‘2 =
€o €o
. o.R?
e = ,—
2 80 rz

2/ Using the relation between E and V:
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= — oV— 1 gV — 1 oV
E=-gradV=——U,—-.—Ug———.—
g adV or Ur r 00 Ue rsin® "a¢p ¢

The field change only diagonally (with r), so: E= —Z—\r/ﬁ: = E = —Z—‘: =V =—[E.dr

o I<R:
V1=—fE1.dr=>V1=C1
e I>R:

2 2
V2=—fE2dr=—fJ£—Rrizdr‘=>V2=ﬂl+C2
0

€p r
¢ Find the constants C; and C,,
We use the limiting conditions: V,(w) =0 = C, =0

oR? 1

:>V2: € T

According to the continuity of potential at r=R: V,(r = R) = V;(r = R)

- g = Cl
So,V; = 2R
€0
3/
E(r) 4 v(ir) 4
og.R I
Ep
-
R > r
Exercise 04

1) Using the Gauss’s theorem, calculate the electric field created by an uniformly charged
infinite cylinder with radius R and having a volume charge density p at: * inside the sphere
(with radius r, r<R), * and outside the sphere (r>R).

2) Deduce the potential at these positions.
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Solution of Exercise 04

1/ The electric field is uniform at the Gauss’ surface which takes a cylindrical form,

e Case l: r<R:

We have, § E.dS; + ¢, E.dS, + ¢, E.dS; =22t

€0

E.S;.c0s90 + E.S,.c0s90 + E.S;.cos0 = Zgint
0
_ i -V
% E,.dS; = 2 Qint = E;.S3.c0s0 = P v
€0 €0
S
p.mr2h p.T
= E,.2nrh = =E, =—
€0 2¢g,

e Casell: r=R:

—_— 1 IV
jf E,.dS; = 2Qine _, E,.S,.cos0 = 2R
€0 €0
S
p.mR?h p.R
= EzZT[Rh = == EZ )~
€ €o

e Case lll: r>R:

= % E;.dS; = 2 Qune = E;.S5.c050 = P- TR
€0 €0
S
p.TR?h p.R? 1
- E3.2T[I‘h = = E3 = .
€0 2eg T

2/ The relation between E and V is: E = —grad V = E = —Z—‘r’ = V=—[E.dr

e (Casel: r<R:

V—fEd:V—fp'rd
=V, = p.r2+C
1= 4e, 1

e Casell: r=R:
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v fE d v fp'R d

= — . f—r = — _—

2 2. dr 2 2¢, r
.R?

:>V2:_ZTO+C2

e Case lll: r>R:

p.R? 1
—.d
2eg T r

V3 == _fE3.dr $V3 z_f

p.R?
=V, =— e An(r) + G
0

To find the constants C,, C, and C5, we consider that the electric potential is zero at the axis of

the cylinder:
|fr=0=>V1=0=>C1=0
2
So, =V, = —2-
480

According to the continuity of potential at r=R: V,(r = R) = V,(r = R)

p-R” p-R” +C C,=0
= — =— =C; =
4g, 4g, 2 2
p.R?
=V, =-
2 4g,
Also, according to the continuity of potential at r=R: V,(r = R) = V3(r = R)
p.R? p.R? p.R? p.R?
= — = — n(R C;=C53 = .In(R) —
4g, 2¢g, n(R) + € 3 2¢g, n(R) 4g,
p.R? p.R? p.R?
=V, =— A .In(R) —
3 2¢g, n(r) + 2g, n(R) 4e,
p.R? p.R?
=V; = In(R -
3 2¢, n(R/r) 4¢,
Exercise 05

1) Using the Gauss’s theorem, calculate the electric field created by an uniformly charged
hollow sphere with an inner radius Ry and outer radius R> and having a volume charge density
p.

2) Deduce the potential at these positions.
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Solution of exercise 05
1/ The electric field at every point in space is radial, depending only on r, which allows us to
choose the surface of a sphere of radius r whose center coincides with the center of the charged

hollow sphere. The flux through the surface of the sphere is:

¢=j§§.d—s’=E.s=%

S ®o
o Casel: r<Rj:

D Que=0=E, =0

o Casell:R; <r<Rjy:

_— i .V . V _V
jflaz.ds2 _ 2 Qune — E,.S,.cos0 = 2~ = ° Ve ~ Vr,)
2 €o €o €0

pam(r® —RY) p.(r3—R3) 1
= E,.4mr? = 3 =>]32=;__2
€0 3¢ r
(r*=R} 1 R3
g, P@oRD1_ o (R
3g, r2  3g, r2

o Case lll: r>R,:

—_ i .V . V _V
jf E,.dS, = 2 Qune _, E,.Ss.cos0 = v = P (Vk, — Vr,)
€ € €
S
p. 2 (RS — RY) p.(RE—R3) 1
= E;.4mr? = 3 :>E3:#_

€ 3g, ‘r2
2/ Deduce V:
The relation between E and V is: E = —grad V = E = —Z—‘r’ = V=—[E.dr

o Case l: I<R;:

V1=—fE1.dI‘ :Vl =—f0.d1"
:V]_:Cl

o Casell:R; <r <Ry
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o Case lll: r>R,:

p.(R3—RY) 1
V;=—|Ezdr=>V;=— | ———.—.
3 f 3.dr 3 f 3¢, 2

_pR3—-RD 1

=V —+C
3 3¢gg r 3

¢ Find the constants C;, C, and Cg
We use the limiting conditions: Vz;(w) =0 = C; =0
_pRE-RD 1
3g, r
From the continuity of potential at r=R,: V5(R,) = V,(R;)

_P®R-RD 1 p (RS R
3g, ‘R, 3gy

From the continuity of potential at r=R;: V,(R;) = V;(R;)

2 3
p (Ry® Ry P )
= —— [—+—)+—. (R =C
<2+R1>+280(2) 1

p p
= (= _g-(Ri) +z-(R%) =V;
0 0

Exercises without solution

Exercise 01

1) Using the Gauss theorem, calculate the electric field created by a positive charge located at
the origin of a neutral hollow metallic sphere with an inner radius R1 and outer radius Rz, in
inside the inner sphere (with radius r, r<R1), in the hollow sphere (R1< r< R») and outside the
outer sphere (r>R2).

2) Deduce the potential at these positions.
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Exercise 02

1) Using the Gauss’s theorem, calculate the electric field created by an uniformly charged
infinite cylinder with radius R and having a surface charge density ¢ at: * inside the sphere
(with radius r, r<R), * and outside the sphere (r>R).

2) Deduce the potential at these positions.
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IVV.1/ Conductors
A conductor is a material in which charges move when an electrostatic force is applied to them.

I1VV.1.1/ Conductor in electrostatic equilibrium

A conductor is in electrostatic equilibrium if the mobile charges do not move, it follows that

the charge distribution remains constant over time.

IVV.1.2/ Properties of Conductor in electrostatic equilibrium

The electrostatic field inside the conductor is zero E = 0 because the charges are not
moving and F,,, = 0.

A conductor constitutes an equipotential volume (V = Cte) because the electrostatic
field inside the conductor is zero E = 0.

The surface of the conductor is an equipotential, because the electrostatic field lines are
perpendicular to the equipotential surfaces.

The total charge is zero in any region internal to the conductor.

All excess charges are located on the surface of the conductor.

The electrostatic field near the surface of a conductor is E = 81
0

Demonstration: The surface charge density ¢ near point M that in the immediate vicinity of

the conductor, the charge inside the Gauss’s surface (the cylinder) is equal to: dg = odS,, S0O

the flux is,

Z Qint

d =E.dS, +E.dS, =
€o

O'dSZ

Since, E.dS; = 0,0, E.dS, =

€o €o

The previous properties of the conductor remain true for a hollow conductor.
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1VV.1.3/ Power of sharp surfaces

Experimentally, it has been shown that the distribution of charges on the surface of the
conductor does not correspond to a constant surface density. Rather, charges tend to accumulate
in surface regions whose radius of curvature is small. This phenomenon is called the power of
sharp surfaces. The surface density is large in sharp parts. The same applies to the electric field

strength, which is large near the sharp head.

Demonstration: We have two spheres with radii of R; and Rz (R2> R1) connected by a wire

and charged with g1 and g2 with densities of charge a; and a,, respectively.

The spheres have the same potential:
V(R) =V(R2)

kql qu — 0147TR% _ 0—247TR%
Ri Ry R, R

0-1. Rl == 0'2. RZ

The surface charge density is greater the smaller the radius of curvature of the surface.

IV.1.4/ Capacity of a conductor in electrical equilibrium

In the case of an isolated conductor of charge q, this results a potential V proportional to q:

C=g
v

The constant C is the capacity of a conductor; its unit is Farad [F].
Example
Calculate the capacity of a spherical conductor with radius R.

Solution
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1/ Calculate E

Using the Gauss’s theorem, ¢ = E.S = 20t g g2 =4 = f = 2 =
€o £o 4megr

Dashed circle is the Gauss’s surface.

-

2/ Calculate V
dV=-—Edr=>V=— 44
4megr
V) =0=A=0 =V =—1
47'[801‘

3/ Deducing C

q

C===4
v TEYT

At the surface, r =R, = C = 4meyR

We notice from this example that the capacity of this conductor is related only to its radius.

IV.1.5/ Internal energy of Conductor (E,)

Let’s consider an isolated conductor. C is its capacitance, Q is its charge and V is its potential
at equilibrium state. The internal energy of the conductor is defined as the work necessary to
charge it by Q.

Q Q

dE dV = E fdv 1f d E L o2 1CV2 L 4

= - = = — - = —_— = — = —

p=4q p q c | 9% p =500 =75 > ¢
0 0

IVV.1.6/ Effect of an external electric field on an isolated neutral conductor

The figure below shows a spherical conductor in static equilibrium (i.e. ET): B)aaffected by an
originally uniform electric field th) Free charges move within the conductor, polarizing it,
until the electric field lines are perpendicular to the surface. The field lines end on excess

negative charge on one section of the surface and begin again on excess positive charge on the
opposite side.

No electric field exists inside the conductor, since free charges in the conductor would continue

moving in response to any field until it was neutralized.
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The charge of the conductor did not change; all that happened was a redistribution of charges
and a change in the potential.
The electric field at any point M inside the conductor is zero:

Eint(M) = Eex + B = 0

— e AERER

—>—>——__E:-(|):'_+ P ——
P U
_A»
_A»

IVV.1.7/ Influence phenomena between charged conductors

IVV.1.7.1/ Partial influence of point charge on conductor

Let’s see the effect of a positive charge on an isolated and neutral conductor.

After approaching the charge g to the conductor, the free electrons of conductor A will migrate
towards positive charge g under the action of the electrostatic field which results from
electrification by influence, which contributes to the creation of an electric field inside the

conductor. This phenomenon is called partial influence.

Far When approaching When it gets closer

1VV.1.7.2/ Mutual influence

Let’s consider a neutral and isolated conductor A and another one charged positively. If we
approach the two conductors, there will be a redistribution of charges inside them as follow.
This phenomenon is called mutual influence.

If the conductor A is grounded (connected to the earth), they become as one body, the positive
charges move into the earth, and the conductor potential remains zero and no line comes out of

it.
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Bound induced charge

~ Net neutral

+
- +
Net neutral
+ charge

- (Charge

Free induced
charge

IVV.1.7.3/ Total influence

Two conductors are said to be in total influence if one (A) is inside the other (B). Any field line
that goes out (A) can only go to (B). Let’s consider:

Q4: is the charge of conductor A.

Qg is the charge of conductor B.

Qgp;: is the charge of internal surface of conductor B.

Qge.: is the charge of external surface of conductor B.

e If (B) is isolated and neutral from the beginning, then according to the principle of
charge conservation of the conductor B:
Qpi + Qe = 0= Qpe = —0Qp; = Q4
e If (B) is isolated and charged by Q, from the beginning, then according to the principle

of charge conservation of the conductor B:
Qo = Qi + Qe = Qe = Qo + Q4

IVV.2 Capacitors
A capacitor is a device used to store electrical charge and electrical energy. Capacitors are
generally with two electrical conductors separated by a distance.

The capacitor remains neutral overall, but with charges +Q and —Q residing on opposite

— —

conductors. It is schematized by: C
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IVV.2.1/ Capacitance (C)

It is a property of an electric conductor. The capacitance C is the ratio of the amount of

charge g on either conductor to the potential difference V between the conductors:
C=0Q/IVy— Vsl

The unit of capacitance is the farad [F).

I1VV.2.2/ Calculating of Capacitance

e Determine the electric field E between the conductors.
¢ Find the potential difference between the conductors from, V; — V, = — ffﬁ.T

Q
Va-Vgl

e Obtained the capacitance from, C =

Example
Calculate the capacitance C for a hollow spherical conductor with radii R; and Rz (R1 < Ry).

Solution
e Calculate E: Let’s use the Gauss’s theorem, 955 E.f.ds = 2%nt Sint
0
E.S = 2 Qint = E.4m. x? =g = E :L
€o o 411, £4. X?
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e Calculate V,—V; : We have, E=—grad(V) = dV = —E.dx = Vz—V, =

Ry
— RlE.dx

__0 [1* _y =@ 11
=V —V, = HR = Vs~ Vs = o~ ]

4.y Lx 1
Q [R;— R1]
=V,— Vg = .
4 "B T 4meyl RyR,
e Find the capacitance C: C = C = (¢=4n £y, 2220
[Va-Vgl R2—Ry

1VV.2.3/ Association of capacitors
1VV.2.3.1/ Association of capacitors in parallel

Let’s have three capacitors associated in parallel, as shown in below.

5 B
S+
T
o
L e
+
L]
S
2

* g

We have the differential potential for each capacitor is the same of V, — V5,
Vi=Vy—Vp=0./C

Vo=V, = Vg =0Q2/C

Vs =V, — Vg =Q3/C3

Qeg =01+ Q2+ 03 = Ceq=C +C, +C3

So, for n capacitors associated in parallel, C., = ity C;

1VV.2.3.2/ Association of capacitors in series

Let’s have three capacitors associated in series, as shown in below.

1 T Ceq
—> ]|
i T4 R e Lttt VA . .
+q |-Q
-------------- Y =Y
Vg =Vi+V2+ V3 :>%:%+&+&

Ceq Cl CZ C3

1 1 1 1
WehaveQeq_Ql_QZ_QS :E_C_1+C_2+C_3
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= n L

. . . . 1
So, for n capacitors associated in series, z =17,
4

eq

V.3 Exercises

Exercises with solution

Exercise 01

Two infinite cylinders of negligible thicknesses with radius R1 and Rz (R1<R2) having surface
charge densities a;and a,, respectively. Using Gauss theorem:

1) Calculate the electric field in the positions: r<Ri, Ri<r<R: and r>Rz, where r is the radius of
Gauss’s sphere.

2) Deduce the potential at these positions.

3) Deduce the capacitance of the cylindrical capacitor between R1 and Ra.

Solution of exercise 01
1/ Due to the symmetry, the electric field is radial and constant at every point from the surface
of Gauss that takes the form of cylinder with radius r and height h,

So, from the Gauss’s law:

€0
ES 45 +Es, = 2m
€0
T TC )
E.S1.cos (5) + E. Sy cos () + E.Ss.cos(0) = 2 Qine S‘“t
0

X Qint

€o

= E.2.m.r.h =

= E. S3 = _2 Sint
0

o Casel: r<Rj:
Due to the surface distribution, we have, . Qi, = 0=E; =0

o Casell:R; <r <Ry

: 04.S 04.2.Tt.R1.h
E,.S.=2%nt — g 9 qpph= a5 a2tk
2 G €0 2

€0 €0
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_01.Ry 1

, = Z
€ T

e Caselll:r > Ry:

E3_ SG — ZQil’lt N E3_ 2.1_[. r_h — 0'1.51+0'2.52 — 0'1.2.1'[.R1.h+0'2.2.1'[.R2.h
€p €o €9
01.R{ +07.R\ 1
- E3 = ( )._
€0 r
2/ Deduce V:

The relation between E and V is: E = —grad V = E = —‘;—‘r} = V=—[Edr

o Casel: r<Rj:
El = 0 = Vl = Cl

o Casell:R; <r <Ry

0.Ry 1
sz_sz.dr:_f ._.dr
€ T

0..R
=>V2=_1 !

In(r) + C,
€0

e Caselll:r > Ry:
01.R;{ +0,.R,\ 1
V3=_jE3dr=_j( ! ! z 2)_dr

E r

01.R1 +03.R,

=>V3=—( )ln(r)+C3

€0
e Deduce the constants C;, C, and C3:

V1(0)=0:C1=0=V1

From the continuity of potential at r=R;: V,(R;) = V;(R;) =0

g,. R4 g,.R;
0
0:.R o,.R 04.R R
=V, = ———In(r) + ——In(R;) = ——1In (—1)
€0 € € T

From the continuity of potential at r=R,: V,(R,) = V5(R;)

01.Rq In (&) _ (al.Rl + 05.R,
€0 R,

0,.R 0,.R
E 11n(R1)+ 2 2
0 0

)1n(R2) +C
€

== C3 = ln(Rz)

01

Rin(Ry) + Z221n(R,)
€0 €0

We get, V; = — (M) In(r) +
0

3/ The relation of the capacitance is: C = Q/|AV|
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In this case, the charge Q consists of that contained in the interior cylinder, so, Q = a;.S;.

i (2)
€0 R

The difference in potential |AV| = |V,(R; = Ry)| =

— 0'1-51 _ 0-1'21'[-R1.h _ &
R e crcy ey B (%)

Exercise 02
A solid cylindrical conductor of radius a, length L and charge Q (with linear distribution 4) is
coaxial with another cylindrical shell of negligible thickness with radius b (b>a) to form

together a capacitor.

1) Find the capacitance.

Solution of exercise 02

1/ By influence the exterior cylinder is charged by (-Q), so we have a capacitor.

The relation of the capacitance is: C = %

- Inthis case, the charge Q consists of that contained in the interior cylinder with radius
a. Because the linear distribution in this cylinder, we get, Q = A. L.

- AV is the difference of potential between the two cylinders and in order to get that we
have to calculate the electric field E between the two cylinders by using the Gauss’

theorem as follows,

-

~
):
/

7/

S~__&--

i
R

- =S

-
,\
~Z

______

The Gaussian surface is that represented by dashed line,

FE.S = ZQ"“=>E2an—LL

€0
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= E =

2T0. €. 7

Next, let us find the difference of potential between the two conductors, we have,
L )Y b
E=—-gradV=E=—-—= AV = —f E.dr

or a

= AV = fb L dr= Al(b)— Al(a)
), 2megr” r= 2T[€0na _Znsonb

We get the capacitance, C = L = AA—L = 2mey. L.In (Z)

1 e Gl

Exercise 03
Let us consider a conducting sphere A of radius a carrying a positive charge +2Q placed at the

center of a conducting sphere B with inner radius b and outer radius c, carrying a charge — Q.

1) Calculate the charges Qsgint and Qgext Of the inner and outer surfaces of the spherical shell B
at electrostatic equilibrium.

2) We connect the sphere B to the ground by a conductive wire. What are the new charges Qgint
and Qgext after returning to electrostatic equilibrium?

3) Calculate the electric field at any point in space by using the theorem Gauss,

4) Deduce the electric potential at any point in space (knowing that it is zero at infinity).

5) Calculate the capacitance of the spherical capacitor consisting of the sphere of radius a and

the interior face of the sphere B (radius b).

Solution of exercise 03

1/ At electrostatic equilibrium, and by influence, we have,
Qpine = —Qa = =20

On the other hand, the principle of conservation of charges in conductor (B):
Qpint + Qpext = —Q = Qpext = —Q — Qpine = —Q + 20

= Qpext = Q-

2/ After we connect the conductor B to the ground (i.e. electrostatic
equilibrium), there was a movement of charges of its outer surface into

the ground, so, Qg.,: = 0 (V5 = 0, reference potential to the earth).

- On the inner surface of the conductor (B), the charge is maintained and remain

connected by attraction to the those of surface A, so, Qgin: = —Q4 = —20Q.

I FPE.S = %, E is radial = E.S = E.4mr? = 232t We have 4 cases:
0

€0
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- OSTSCIZantZOﬁEl:O

a<T<b Y Q=20 = E, =2

TZ
- b<r<cYQun=20—-2Q0=E;=0
- cST:12Qn=20-2Q0=E,=0

4/ The relation between E and V is: E = —grad V= E = —g—‘r’ = V=—[E.dr

- E,=0=>V,=(,
- B ==y, =2,
- E3=0=>V;=0C;
- E,=0=>V,=C,
e Find the constants C;, C,, C5 and Cy:
We use the limiting conditions: V,(w) =0=C, =0=V, =0
From the continuity of potential at r=c: V,(c¢) = V3(c), = C3=0=V; =0
1

From the continuity of potential at r=b: V5(b) = V,(b), = C, = —"ZTQ =V, = k20Q (% — Z)

From the continuity of potential at r=a: V,(a) = V;(a), = C; = kZTQ — kZTQ
1 _ k2Q(b-a)

— v =iaq(t-1) =t

5/ The capacitance of the spherical capacitor consisting of the sphere of radius a and the interior
face of the sphere B (radius b) is:
VoV, -V,

a.b
(b-a)’

C

= C =4m.¢,.

Exercise 04

We consider a capacitor as sphere with inner radius r1 and outer radius r2. The inner sphere
contains a charge Q, and by influence the outer one contains — Q.
1) Calculate the electric field in the position between ry and r».

2) Deduce the potential and then the capacity C.
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Solution of exercise 04

1/ Let us use the Gauss’s theorem, ¢, E.dS =

ZQint
&

0

The surface of Gauss is that represented by dashed line,

The sphere with radius r; contains Q charge = E. S =

Q  kQ

4. gy.72 T2

2ot g gp 2 =2
&o &o

= FE

2/ We have, E = —grad(V) =>dV =-E.dr =V,-V, = —f:: E.dr

__Q [1]™ _y —_@ r_1
= Vrz Vrl T amey [7‘]1”1 = Vrz Vrl T ame [rz rl]
Q [r—n
=>Vr1_Vr2=4ns [ T,T ]
L 1omy
e Find the capacitance C: € = —2— = C = 4. g, 2=
|Vr1 —Vrz | To—T1

Wehave,r, = 1, =y ~rlandr, -1, =e

2
S
So, € = 4m. gy, — =222
e e

Where, S is the surface area of one of the corners and e is the distance between the two corners.
Exercise 05

Let consider the capacitors in figure as below:
Where: C1= 6uF, Co= 2uF, C3= 4uF and C4= 6uF.
1) Calculate the equivalent capacity Cag.

2) If the potential Vag = 2000V, calculate the charge and potential for each capacitor.
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cz2 C3

o He
e SRR

1l
1]

Solution of exercise 05

1/ We know that:
For n capacitors associated in parallel, C.q = XiL, C; and for n capacitors associated in series,
1 _yn 1
Ceq i=1 Ci,
1—1+1 Cl CZ'C3 _4'F
22

CII — C4_+CI =?|.1F

1,1 _c'a
So, Cap  C1 + o Cap e, 3.3uF.

2/ The charges that crossed C; are the same that crossed Cyp, SO,
— Ql = QAB = CAB'VAB = 33 X 10_3 X 2000

= Q;=6.6mCandV; =2 = 1100V

1
We have, V, =V, —V; =900V and Q, = C,.V, = 5.3 mC

The potential between C, and C5 is V, and we have, Q, = Q; = C".V, = 1.2 mC

S0,V =2 =600V and Vs =2 =300 V.

2 3
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V.1/ Electrical current (1)

Consider two conductors A and B in electrostatic equilibrium and having Va and Vg electrical
potential, respectively. If we connect them by a wire, a temporary electric current appears. It
ends once the conductors reach a state of electrostatic equilibrium.

This means that when the conductors come into contact, the charges move from one to the other.

Q1+ Q, =0Q1+ Q5 (Conservation of charges)

=

Q Q.

Wire

Therefore, the electric current (1) can be defined as the amount of charges dQ passing through
a section S during a time dt:
dQ
T de
The unit of electric current on international scale is the Ampere with symbol [A].

I

V.1.1/ Conventional sense of electric current

By convention, electric current always flows from the positive terminal + to the negative
terminal — outside the generator (the opposite direction of electrons).

The direction of the current is represented by an arrow placed on a connection wire, and oriented
according to the conventional direction of electric current.

Conventional
Current Flow Electron Flow

+ +

> 0 0
T T |

V.1.2/ Vector of current density (7)

Consider a conductor in the form of a cylinder, through which a linear current of intensity dl
flows, and let’s be v, the average velocity of the free charges and p is its volume density. The

volume of the cylinder is dV = v..dt. dS.
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[ I A
C e

Lal
]

v =l

v, dt
The amount of charge dq that passes section dS during a period of time dt is:

dq dl
dq =p.dV =p.v..dt.dS = dI == p.v..dS =>]=%=p.vc

= J=po% =n.q.7%
Where n is the number of free charges per unit of volume and the q is the algebraic value of

each free charge.

V.2/ Law of Ohm

The ratio of the potential difference Vag between two points A and B of a homogeneous
metallic conductor located at a constant temperature, to the electric current | is constant, and
we call this constant the electrical resistance R (Its unit is Ohm, Q).

So, we can write,

|%
R=70rV=R.I

This expression is the macroscopic law of Ohm.

I,
A
-+
Vv R
B :}_
I
V.3/ Electric conductivity and resistivity
Consider a cylindrical conductor that has length £ and section S, exposed to electric field E.
The potential difference V between its two sides is, V = ff E.di=E.¢.

Wehave,V=R.I=E.f = R.]J.S=E.¢

We get a new expression of current density as,

‘B - -
]=E.E=O'.E = ]ZO'.E
This expression is the microscopic Ohm’s law.

The constant o = % is called the electric conductivity. Its unitis Q~1. m™1.
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The reciprocal of the conductivity is the resistivity p (its unit is . m), where, p = i = %.

V.4/ Combination of resistances

V.4.1/ Series combination

Resistors are said to be in series when the current flows through the resistors is the same.
Consider the following circuit:

L/

|+

(a) Original circuit (b) Equivalent circuit
V=V, =Vi+V,+ Vs
= Reql = Ryl + Ryl + Ryl
= Reyg =R +Ri+ Ry
The equivalent resistance of a set of resistors in a series connection is equal to the algebraic

sum of the individual resistances. So for n resistors:

V.4.2/ Parallel combination
Resistors are in parallel when the potential drop across each resistor is the same. Consider the

following circuit:

/ v

14

|
ll
o o

i
1) o
<
v

RSV, RSV, Req§
< <

(a) Original circuit (b) Equivalent circuit
legg =1L +1,
Va - Vb _ Vl VZ

= =—+
Req Rl RZ
1 1 1
:> — T c— —_—
Req Rl RZ
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So for n resistors in a parallel connection:

n
! _ Z 1/R
Req i=1 l
V.5/ Kirchhoff's Rules

Gustav Kirchhoff (1824-1887) had invented rules known by Kirchhoff’s rules that can be used

to determine the intensity of electric current in the different branches of complex circuit.

V.5.1/ Kirchhoff's junction Rule

The sum of all currents entering a junction must equal the sum of all currents leaving the

Z line = z Loyt
[

junction:

11+12+I4+15:13+I6

V.5.2/ Kirchhoff's loop Rule

The algebraic sum of changes in potential around any closed circuit path (loop) must be zero:

ZV=O

In the figure below, panels (a)—(c) are sufficient to analyze of the circuit. The two loops shown

in each case contain all the circuit elements necessary to solve the circuit completely.
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R, 5 R,

o
9]

R
abefa ebcde iV = abefa abcdefa 3

a
J; NN My
+ Loo Loo| + Loo Loo
v, T P \p P § R, + P R2§ p
f

o &

e d f e
() (b)

Information from third loop is redundant
Ry b c a R r) b

N A <
VWV MNV— Loop abcdefa
+ Loop Loop + Loop Loop
R R -4 R R
Vi T abcdefa 2§ ebcD § e i= abefa ) 2 ebcde B
f e d f e d

(© (d)
V.6 Electric power
In an electric circuit, there is a loss in electric potential energy. The rate of energy loss is the
power P delivered to the circuit elements. Its unit is Joule [J].
P=RI?=1V

V.7/ Exercises
Exercises with solution
Exercise 01

1/ Calculate the equivalent resistance between points A and B for the combination in below.
2/ If the electric potential between A and B is Vag= 12 V, calculate the electric current lag.

Where: R1=R3=1002, R>=150Q, R4=5009.

P

L HH
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Solution of exercise 01

1/ The two resistors R, and R are connected in series, so, R' = R, + R3,

The resistor R’ and the other two resistors R, are connected in parallel, so, % = % + Ri +
4
R'R,
et R” =
Ry + 2R’

Then, the resistors R; and R" become connected in series, so, R,; = R; + R = 100.250Q

2/ We have the Ohm’s law, V = R.I = V. = Reg.loqg = loqg = Veq/Req

= =—"_ =0.1204 = 120mA
= 100.25 m

Exercise 02

Let us consider the following combination of resistors, as shown,
1/ Calculate the equivalent resistance between points A and B.
2/ Calculate the electric current lag, if, Vag=12 V.

Where: R1=R3=100€, R>=150€2, R4=50092.

A R | R, |

[ ]

B - | ITI
Lt 1 L |

Solution of exercise 02

1/ The two resistors R; and R, are connected in series, S0, R’ = R3 + R,,

1

Now, the resistors R’ and R, are connected in parallel, so, —

A g RR
R' ' R, R,+R’

After that, the three resistors R;, R" and R, are connected in series, so, we get,
Req = Rl + R” + R4_ = 7ZOQ
2/ We have the Ohm’s law, V = R.I = V., = Reg.log = loqg = Veq/Req

12
= loq = 7= 0.0164 = 16m4

Exercise 03
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CHAPTER V : Electric current and resistors

Calculate the electric currents passing through all the branches in electrical circuit shown in the

following figure,

R, = 3.00 () R, = 3.00 ()
M\ M\
R, = 3.00 ) g R, = 4.00 () g
V, = 24.00V V, = 29.00 V

+| L= | |+
||| |||

Solution of exercise 03
- Firstly, we need to label the circuit from (a) to (f) to help us with the orientation.
- Then, we have to know the junctions; here, we have junction b and junction e.

- Finaly, we need to select/choose the loops; here, there are loop (abefa) and loop (ebcde).

Junction b
R, =300 I ol Ry =3.00 Q
NN = AW
_1,;2
R, = 3.00 {) R, = 4.00 () g
Loop Loop
abefa ebcde
V, = 24.00V V, = 29.00 V
+|| — _||||+
' pul '
f e d

e From Kirchhoff’s junction rule, at junction (b),
L=L+L =1, -1,—13=0

e From Kirchhoff’s loops rule,

Loop abefa: LR, + LR, =V,

Loop abcde: IL,R, — I;(R; + R,) =V,

So, we get three equations with three unknown electric currents I, I, and I5:

L-L—-1=0 (1)

LR+ LR, =V, (2

LR, —I3(Rs+Ry) =V, (3)

Do the sum of eq.1 times R> to the eq.2, we get,

(Ry + R, —R,ls =V, = 6l —3;, =24 (4)

Then, substruct eq.3 from eq.2, we get,
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CHAPTER V : Electric current and resistors

LR, +L(Rs+R) =V, -V, = 3, +7;=-5 (5

Next, do the sum of three times of eq.5 with seven times of eq.4, we get,

511, =153 = I, =34

Fromeq4, I;=-2A

Finaly, fromeq.1,I, =54

We see that I; takes negative value, this is correct because its dirrection was taken in the

opposite direction of conventional current flow.

Exercises without solution
Exercise 01

1/ Calculate the equivalent resistance between points A and B for the combination in below.
2/ If the electric potential between A and B is Vag= 12 V, calculate the electric current lag.

Where: R1=R3=100Q, R2=1500Q2, R4=5009.

A

Exercise 02

Calculate the electric currents passing through all the branches in electrical circuit shown in the
following figure:

l Ra
1
A B

E2 Rz
I,—

|\ "

D I I m C
E;

Where: E1 =12V, E2 =2V, E3 =4V, R1=10R2=2R3=100€2.

Exercise 03
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Calculate the electric currents passing through all branches in electrical circuit shown in the

following figure:

Where: E1=E2=2V , R1=5Q, Ry=4Q, R3=6Q.
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