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Introduction

Introduction

The concept of fuzzy sets was first introduced by Lotfi Zadeh[30] in 1965 as a way to deal
with uncertainty and imprecision in data . Fuzzy sets allowed for the representation of degrees
of membership of the elements in the interval [0, 1] whereas crisp sets only allowed for binary
membership.

Following the development of fuzzy sets, researchers began to explore that idea of using
fuzzy relations to represent and reason about relationships between elements in a more flexible
and nuanced way. In 1971, L. Zadeh[31] introduced the concept of fuzzy relation, which is a
generalization of a crisp relation that allows for degrees of membership or truth values between
elements.

However, fuzzy relations are a key tool in fuzzy topology which was introduced for
the first time by Chang[5] in 1968. He defined it as a collection of subsets of a given set that
satisfies certain condition based on the fuzzy relation. In 2009, Knoblauch[11] had introduced a
topology generated by a binary relations. Later, Mishra and Srivastava|23] extend this concept
and generate fuzzy topology by fuzzy relation in 2016. They studied the notion of fuzzy
topology generated by fuzzy relation and proved several properties which became a basic for
many researchers in their studies.

Recently, K. Saadaoui, S. Milles and L. Zedam [2I] have given more importance to the
study of lattice structure of fuzzy open sets on this topology by providing various chracteristics
and properties. They concentrated on the notion of fuzzy ideal (resp. fuzzy filter) on this
topology generated by fuzzy relation. Moreover, they provided a chracterization of this notion
of fuzzy ideal (resp. fuzzy filter) based on the meet and join operations of the introduced lattice.

In this memoir, we study special particular fuzzy subsets which are the ideals and
filters on the lattice of open sets in topology generated by fuzzy relation. Also, we investigate
some properties of those notions and some characterizations.

This memoir is organized as follows :

o In the first chapter, we recall binary relations, ordered sets and lattices and ideals and
filters on a crisp lattice, and we will give definition of a crisp set, fuzzy set, operations
of fuzzy set, characteristics of fuzzy set, triangular norms, triangular conorms, projection
and Cartesian product, and we will give definition of fuzzy relations their operations and

types of relations.

I1I



Introduction

e In the second chapter, the purpose of this chapter is to provide to fuzzy topology
generated by fuzzy relation. Also, we study the lattice structure of fuzzy open sets on
this topology. To that end, we investigate the notion of fuzzy ideal (resp. fuzzy filter) on

topology generated by fuzzy relation.

IV



Chapter 1

Generalities on fuzzy sets and fuzzy

relations

In this chapter, we recall binary relations, ordered sets and lattices and ideals and filters
on a crisp lattice, and we will give definition of a crisp set, fuzzy set, operations of fuzzy set,
characteristics of fuzzy set, triangular norms, triangular conorms, projection and Cartesian

product, and we will give definition of fuzzy relations their operations and types of relations.

1.1 Binary relations, ordered sets and lattices

This section contains the basic definitions and properties of binary relations, posets, lattices.

A binary relation on a set X is a subset of X2, i.e., it is a set of couples (z,y) € X?. For a
relation R C X2, we often write xRy instead of (z,y) € R. Two elements z and y of a set X
equipped with a relation R are called comparable elements, denoted by z Jf y, if it holds that
xRy or yRx. Otherwise, they are called incomparable elements, denoted by « ||g y, or simply
z || y when no confusion can occur. We denote by R° the complement of the relation R on X,
i.e., for any z,y € X, xR denotes the fact that (z,y) € R. We denote by R’ the transpose
of the relation R on X, i.e., for any =,y € X, vR'y denotes the fact that yRxz. We denote by
R? the dual of the relation R on X, i.e., for any z,y € X, xR% denotes the fact that yR‘x.
A relation R on a set X is said to be included in a relation S on the same set X, denoted by
R C S, if, for any z,y € X, xRy implies that xSy. The union of two relations R and S on a
set X is the relation RU S on X defined as RU S = {(z,y) € X? | xRy V xSy}. Similarly,
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the intersection of two relations R and S on a set X is the relation R NS on X defined as
RNS ={(z,y) € X* | 2Ry AxSy}. If RNS =0, then R and S are called disjoint relations.
The composition of two relations R and S on a set X is the relation R oS on X defined as
RoS={(z,2) € X*| (Jy € X)(xRy ANySz)}. For any n € N*, the n-th power relation R" of

R is recursively defined as follows:
(R'*=R)A(Vn>=1)(R""'=R"oR).
A binary relation R on a set X is called:
(i) Reflexive, if, for any x € X, it holds that xRx;
(i) Irreflexive, if, for any x € X, it holds hat xR°x;
(iii) Symmetric, if, for any =,y € X, it holds that xRy implies that yRx;
(iv) Antisymmetric, if, for any x,y € X, it holds that z Ry and yRx imply that z = y;
(v) Asymmetric, if, for any =,y € X, it holds that xRy implies that y R z;
(vi) Transitive, if, for any z,y, z € X, it holds that xRy and yRz imply that xRz;
(vii) Complete, if, for any z,y € X, either xRy or yRz holds.
A binary relation R on a set X is called:
(i) A pseudo-order relation, if it is reflexive and antisymmetric;
(ii) A strict order, if it is irreflexive and transitive;
(iii) An order relation, if it is reflexive, antisymmetric and transitive;
(iv) A total order relation, if it is reflexive, antisymmetric, transitive and complete;

For more details on binary relations, we refer to [6], 20, 22].

A partial order (order, for short) is a binary relation < over a set X which is reflexive
(a < a, for any a € X), antisymmetric (¢ < b and b < a implies a = b, for any a,b € X)
and transitive (¢ < b and b < ¢ implies a < ¢, for any a,b,c € X). A set with an order
relation is called an ordered set (also called a poset). Further, {z,y}" denotes the set of all
upper bounds of x and y, while {z,y}' denotes the set of all lower bounds of x and v, i.e.,

{rylt={zeX|z<z ANy<z}and {z,y}={ze€ X |2<2 A 2<y}.

2
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A strict order is a binary relation < on a set X that is irreflexive (a < a does not hold for
any a € X), asymmetric (if a < b, thus b < a does not hold for any a,b € X) and transitive.
A given binary relation ~ on a set X is said to be an equivalence relation if it is reflexive,
symmetric (a ~ b implies b ~ a, for any a,b € X) and transitive. If < is an order, then the

corresponding strict order < is the irreflexive kernel given by:
a<b if a<b and a #b.

Conversely, if < is a strict order, then the corresponding order < is the reflexive closure given
by

a<bif a<b or a=0.

Two elements x and y of X are called comparable if x <y or y < x; otherwise they are called
incomparable, and we write = || y. Using the strict order <, the relation (z is covered by y)
denoted as r < y, if + < y and there exists no z € X such that z < z < y. A poset can be
conveniently represented by a Hasse diagram, displaying the covering relation <. Note that
x < y if there is a sequence of connected lines upwards from z to y.

For more details about order, strict order and equivalence relations we refer to [22].

Definition 1.1. [0] Let (X,<1) and (Y,<3) two posets, then the mapping f : X — Y is

monotone (or order-preserving) if x <1y = f(z) <o f(y), for any (z,y € X).

Definition 1.2. [6] Let P be an ordered set. Then P is a chain if for any x,y € P, either
x <y ory < x (that is, if any two elements of P are comparable). Alternative names for a

chain are linearly ordered set and totally ordered set.

Zorn’s lemma is a result in set theory that appears in proofs of some non-constructive

existence theorems throughout mathematics.

Theorem 1.1. (Zorn’s lemma) Let P be a non-empty ordered set in which every nonempty

chain has an upper bound. Then P has a maximal element.

Many important properties of an order set (L, <) are expressed in terms of the existence
of certain upper bounds or lower bounds of subsets of X. Particularly, we are interested in
two of the most important classes of ordered sets defined in this way. They are a lattice and a
complete lattice. We often write z V y instead of sup{z, y} when it exists and = A y instead of
inf{x, y} when it exists. Similarly, we write \/ S (the join of S) and A S (the meet of S) instead

of sup S and inf S when they exist.
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Definition 1.3. [6] Let (X, <) be an ordered set.

(i) If x vV y ezists for any x,y € X, then (X, <) is called a V-semi-lattice;
(ii) If x Ny exists for any x,y € X, then (X, <) is called a N-semi-lattice;
(iii) (X, <) is called a lattice if it is both a NA-semi-lattice and a V-semi-lattice;
() If VS, NS exist for any S C X, then (X, <) is called a complete lattice.

A bounded lattice is a lattice that additionally has a greatest element 1 and a smallest
element 0, which satisfy 0 < z < 1, for any x in X.
A lattice (L, <, A, V) is distributive if the following additional condition holds

zA(yVz)=(xAy) V(xAz), forany z,y,z € L.

This means that the meet operation preserves non-empty finite joins. It is known that the above

condition is equivalent to its dual
zV(yAz)=(xVy A(xVz), forany z,y,z € L.

Definition 1.4. [6] Let L and L’ be two lattices. A mapping f : L — L' is called an homo-
morphism if f(x Ny) = f(z) A f(y) and f(z Vy) = f(z)V f(y), for any x,y € L. If f is a

bijection, then f is called an isomorphism.

1.2 Ideals and filters on a crisp lattice
In this section, we present the notion of crisp ideals (resp. filters) and their types on a crisp
lattice as proper, prime and maximal.

Definition 1.5. [6] A nonempty subset I on a lattice L is called an ideal of L if, for any

x,y € L, the following conditions are satisfied:
1. ifyel and x <y, then x € I,
2. ifx,y €I impliesxVy € I.

The definition can be more compactly stated by declaring an ideal to be a non-empty

down-set closed under join.

A dual ideal is called a filter. Specifically, a non-empty subset of L determined by the

following definition.
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Definition 1.6. [6] A nonempty subset F' on a lattice L is called a filter if, for any x,y € L,

the following conditions are satisfied:
1. ifye Fandy <z, then x € I,
2. ifx,y € F impliesx Ny € F.

The set of all ideals (resp. filters) of L is denoted by Z(L) (resp. F(L)), and carries the
usual inclusion order.

More precisely, an ideal or filter is called proper if it does not coincide with L. More
precisely, an ideal I of a lattice with 1 is proper if and only if 1 ¢ I | and dually, a filter F' of a
lattice with 0 is proper if and only if 0 ¢ F' . For any a € L, the set | a is an ideal (also known
as the principal ideal generated by a). Dually, 1 a is a principal filter.

Definition 1.7. [6] An ideal I on a lattice L is called a prime ideal if, t Ny € L, then x € 1

ory €I, for any x,y € L.

Definition 1.8. [6] A filter F' on a lattice L is called a prime filter if, tVy € F, then v € F

ory € F, forany x,y € L.

Definition 1.9. [6] Let L be a lattice. A proper ideal (resp. filter) A is said to be a mazimal
ideal (resp. mazximal filter or more usually known as an ultrafilter) if the only ideal (resp. filter)

properly containing A is L.
Example 1.1. (i) The following are ideals in P(X);

(a) All subsets not containing a fived element of X ;

(b) All finite subsets (this ideal is non-principal if X is infinite);

(ii) Let (X,%) be a topological space and let x € X. Then the set {V C X | (U € T)x €
U CV}oisa filter in (X,%).
1.3 T-norms and T-conorms

In this section, we give the definitions for triangular norm and triangular conorm, we also

support them with some examples.
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Tringular norms

Definition 1.10. [28] Triangular norm is a binary operation T' on the unit interval [0,1], i.e.,

it is a function T : [0,1]* — [0,1] : the following four axioms are satisfied :
(T1) Commutativity i.e., T(x,y) =T (y,x) ;

(T2) Associativity i.e., T(x,T(y,z)) = T(T(x,y), z) ;

(T3) Monotonicity i.e., T(x,y) < T(z,z) whenever y < z ;

(T4) Boundary condition i.e., T(z,1) = x.

Conditions (T4) and (T3) imply that for any t-norm T it holds that T'(x,y) < z, T'(z,y) < v,
T(z,y) < Min(z,y) and T'(z,0) = 0.

Example 1.2. The following four operations are the most common t-norms:
(T5) Minimum t-norm Ty = min(x,y);
(T6) Lukasiewiez t-norm T, = max(z +y — 1,0);

(T7) Product t-norm Tp = xy;

Ty _
2—x—y+uxy)

(T8) Einstein t-norm Ty =
(T9) Drastic product:
z, if y=1

Tp(r,y) =4y, if v=1;

0, iof z,y<l1.

Triangular conorms

Definition 1.11. [28] A triangular conorm is a binary operation S on the unit interval [0, 1],

i.e., it is a function S : [0,1]> — [0,1] : the following four axioms are satisfied :
(S1) Commutativity : S(x,y) = S(y,z) ;
(S2) Associativity : S(x,S(y,z)) = S(S(z,y), 2) ;

(S3) Monotonicity : S(x,y) < S(x,z) whenever y < z ;
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(S4) Boundary condition : S(x,0) = x.
Example 1.3. (1) Mazimum t-conorm Sy = max(z,y);
(2) Lukasiewiez t-conorm S = min(zx 4+ y,1);

(8) Probabilistic sum Sp = x +y — xy;

(4) Einstein t-conorm ; Sp = {72
(T8) Drastic sum:
1, if (z,y)€[0,1)?
SD (xu y) =

max{x,y}, otherwise.

1.4 Fuzzy sets

Fuzzy sets were introduced by Zadeh [30] as a generalization of crisp set. In this section, we

recall the definition fuzzy sets, its operation and characteristic fuzzy set.

1.4.1 Definitions

Definition 1.12. [30] Let X be a non empty set. A fuzzy set A = {{x,us(x)) | x € X} is
characterized by a membership function ps : X — [0,1], where pa(x) is interpreted as the

degree of membership of the element x in the fuzzy subset A for each v € X.

Example 1.4. (1) Let X = {a,b,c} be a universal set. A = {(a,0.2),(b,0.8),(c,1)} a fuzzy
subset of X ;

(2) Let X =R, and A is a fuzzy subset of X, defined by :

IQ

pale) = 3w
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(3) Let X =R, and A is a fuzzy subset of X, defined by :

0, if x<-=2;
2
fia(z) = xi . i —2<a<2;

1, if 2<uw.

1
L 4 3 2 -1 1 2 3 4 5

1

graph of 4

1.4.2 Operations of fuzzy sets

In this subsection, we give the definition of operations on fuzzy sets as equality, inclusion,

intersection, union, complement, sum and product.

Definition 1.13 (Equality). [30] Let X be a non empty set and let A and B two fuzzy subsets,
we say that A = B, if and only if p4(z) = pg(x) for all z € X.

e I
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Definition 1.14 (Inclusion). [30] Let X be a non empty set and let A and B two fuzzy subsets,
we say that A C B, if and only if pa(x) < pg(x) for all z in X.

Definition 1.15 (Intersection). [30] Let X be a non empty set and let A and B two fuzzy
subsets, the intersection defined by for all z € X

prans(z) = min{pa(z), pp(z)}t = pa(z) A ps(z).

Definition 1.16 (Union). [30] Let X be a non empty set and let A and B two fuzzy subsets,
the union defined by for all z € X

paup(r) = maz {pa(z), pp(r)} = pa(@) V pp(z).

Definition 1.17 (Complement). [30] The complement of a fuzzy set A is de noted by C(A)
and is defined by : for all z € X

ficay(z) =1 — pa().

Definition 1.18 (Sum). [30] Let X be a non empty set and let A and B two fuzzy subsets,
the sum defined by for all z € X

prarp(r) = pa(@) + pp(x) — palz) X pp(z).

Definition 1.19 (Product). [30] Let X be a non empty set and let A and B two fuzzy subsets,
the product defined by for all z € X

paxp () = pale)ps(z).

Example 1.5. Let X = {a, b, c}, and let A = {(a,0.2),(b,0.6), (¢,0.5)}, and B = {(a,0.7), (b,0.1), (¢, 1)}

we have :
1. AnB={(a,0.2),(b,0.1),(c,0.5)};
2. AUB ={(a,0.7),(b,0.6), (c,1)};
3. Ax B ={(a,0.14), (b,0.06), (¢, 0.5)} ;
4. A+ B ={(a,0.76), (b,0.74), (¢, 1)} ;

5. C(A) = {(a,0.8), (b,0.4), (c,0.5)} .
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1.4.3 Characteristics of fuzzy sets

In this subsection, we give the definition of the characteristics of fuzzy sets as a-cuts, support,

kernel, height and cardinality.

Definition 1.20 (a-cuts). [30, BI] Let A be a fuzzy set in X and let o €]0, 1], The a-cut of
A, denoted A,. We mean all elements of X that belong to A to a degree of at least ar. That is

A, is a classical set defined by
A, ={r € X | pa(z) > a}.

Definition 1.21 (Support). [30, BI] The support of a fuzzy set A, denoted by Supp(A), we
mean all elements of X that belong to a nonzero degree. That is Supp(A)is a calssical set
defined by

Supp(A) ={z € X | pa(z) > 0}.

Definition 1.22 (Kernel). [30, BI] The ker of a fuzzy set A, denoted by Ker(A), we mean all

elements of X that belong to a equal one. That is Ker(A)is a calssical set defined by
Ker(A) ={zr € X | pa(z) = 1}.

Definition 1.23 (Height). [30, B1] The height of a fuzzy set A is the largest membership grade
of any element in A.

H(A) = Maxpa(x).

Definition 1.24 (Cardinality). [30, 31] Cardinality of a finite fuzzy set A, denoted | A | is
defined as

[ Al= > nalw).

zeX
Example 1.6. 1) Let X = {a,b,c,d}, and A ={(a,0.6),(b,1),(¢,0.3),(d,0)};
- Aos = {a,b};
- Supp(A) = {a, b, ¢}
- er(A) = {b};
- H(A) =1;
- |Al =1.9.

2) Let X = [0,1] with o, B € R and let a,b € R. We define the fuzzy set A on X by

10
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0, ifr<a—aorb+p<u;

1, if a<x<b
pa(x) = ,
1+ (=2, if a—a<z<a;

1—(”*7“"7), if b<x<b+p.

Then Ker(A) =[0,1], Supp(A) =[a — a,b+ 8] and H(A) = 1.

1.4.4 Cartesian product and projection on fuzzy sets

In this subsection contains definition of certesian product and projection on fuzzy sets.

Definition 1.25 (Cartesian product). [2] The cartesian product applied to n fuzzy sets can be
defined as follows : Let pa,, pta,, ...pta,, be membership functions of Ay, As, ..., A,,. Then, the

membership degree of (21, xs,...z,) € X7 X X3 X ... x X, on the fuzzy set A; x Ay X ... X A, is,

,U/A1><A2><A..><An(x17 X2,y ..ny xn) = min {:LLAl (*rl)a KAy (132), ceey HA, (I’n)} .

Example 1.7. Lets X; = {a,b,c, }, Xo = {«, 8} and lets Ay, As two fuzzy subset respectively
defined on Xy and Xy given by:
Ay ={(a,0.1),(b,0.4),(c,0.8)};

Ay ={(,0.2),(5,0.6)} .
So, we get:

Ay x Ay ={((a,),0.1),((a, 3),0.1),((b, ), 0.2), ((b, £),0.4), ((¢, @), 0.2), ((¢, 5),0.6) } .

Definition 1.26 (Projection). [2] The projection on X; of the fuzzy set A of X7 x Xy x ... x X,
is the fuzzy set Projx, (A) of X;, whose membership function is defined by: for any z; € Xj,

Example 1.8. Let X = X7 x X5 the set of reference such that Xy and Xy two sets, we consider
Ay X Ay = A given by:
A={((a,a),0.1),((a, p),0.1), ((b,@),0.2), ((b, 5),0.4), ((c,),0.2), ((c,3),0.6) } .

So, we get:

Projx,(A) = {(a,max(0.1,0.1)), (b, max(0.2,0.4)), (¢, max(0.2,0.6))} ;
= {(a,0.1),(b,0.4),(c,0.6)}.

11
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1.5 Fuzzy relations

In this section, we give the definitions and the operation of fuzzy relations, and we give

examples and properties.

Definition 1.27. [3I] Let X and Y be two nonempty sets. A fuzzy binary relation (a fuzzy

relation, for short) from X to Y is a fuzzy subset of X x Y, i.e, is an expression R given by
R={<(z,y), pr(z,y) > |(z,y) € X x Y}

where

pr: X xY —10,1]

for any (z,y) € X x Y. The value pg(z,y) is called the degree of membership of (z,y) in R.

Example 1.9. Let X = X; x Xy the crisp set, we consider the fuzzy relation given by

1
Ry =T oy

|
a_|
i

|

[VE}

|

(o)
L

|
[
|

—
L

|

i

|

=1
[
f=]
L
.
—
L
(. N
5]
i

L
ua
L

graph of R(z,0)

Operations on fuzzy relations

In this section, we give definition of operations on fuzzy relations as inclusion, transpose,

intersection and union.

Definition 1.28 (Inclusion). [31] Let R, P two fuzzy relation. R is said to be contained in
P(or we say that P contains R), denoted by R C P, if for any (z,y) € X x Y it hold that

:U’R(xv y) S :LLP(I7 y)

12



Chapter 01 Fuzzy ideals and filters on topology generated by fuzzy relations

Definition 1.29 (Transpose). [31] The inverse R’ of R is the fuzzy relation from Y to X
defined by
R ={< (z,y), pre(z,y) > |(z,y) € X x Y}.

Definition 1.30 (The intersection). [31] The intersection of two fuzzy relation R and P is
defined as
RNOP ={<(z,y), min(pr(z,y), pp(z,y) > |(z,y) € X x Y}.

Definition 1.31 (Union). [31] The union of two fuzzy relation R and P is defined as
RUP = {< (z,y), mazx(ur(x,y), up(z,y) > |(z,y) € X x Y}.

Example 1.10. Let R and P two fuzzy relations in X x X — [0, 1], such that X = {z,y, z}.

R| z Y z P| z Y z
x| 1 10704 x| 1 (03] 0
y |05 1 102 y| 0702 1
20106 1 2103 0 |04
Then
RUP | =z Y z RNP| z Y z
T 110704 T 1103 0
Yy 0.7 1 1 Yy 0.5102]0.2
z 0.5)0.6| 1 Z 0.1 0 | 0.4

Proposition 1.1. [30, BI] Let R, P and @ be three fuzzy relation from a universe X to a

universe Y
(1) If R C P, then R* C P,

(2) (RUP) = RtU P,

(3) (RN P)t = RN P,

(4) (R)' = R;

(5) RN(PUQ)=(RNP)U(RNQ) and RU(PNQ)=(RUP)N(RUQ);

(6) RUPD R, RUPDP,RUPC R,RUPC P;

13
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(7) f RO Pand RO @, then RO PUQ;
(8) f RC Pand RC @, thenR C PNQ.
Proof.

1-If RC P, then ug(z,y) < up(z,y) for all (z,y) € X2, pr(y,x) < up(y,r). Hence Rt C Pt

2-
(RUP)' = ((RUP)(z,y)) = (RUP(y,x)
= (R(y,z) V P)(y,z)) = (R(x,y))" V (P(z,y))"
= R'U P
3- (R")' = (R(z,y)")" = R(y, )" = R(v,y) = R. 0

Definition 1.32. [30] BI] Let R be a fuzzy relation. Then

(i) Reflexivity : R(z,z) =1, for any = € X;

(ii) Symmetry : for any z,y € X R(z,y) = R(y, z);
(iii) Antisymemety: for any x,y € X, if x # y then R(x,y) =0 or R(y,z) = 0;
(iv) Tranmsitivity : if R(z,y) > max{min R(z, z), R(z,y)} for all z,y,z € X.

Definition 1.33. Let X be a non empty crisp set and R be an fuzzy order or partial fuzzy
order if it is reflexive, antisymmetric and transitive.
A non empty set X with a fuzzy order R defined on it is called a fuzzy ordered set and is denoted

by (X, pugr). It easily follows that each partially ordered set (X, <) and each fuzzy ordered set

(X, R) can be viewed as fuzzy ordered sets.

Example 1.11. Let X = {1,2,3,4,5}, the fuzzy relation R defined on X x X by

R= {< Q%Z/),/M{(«%ZJ) > ’(xvy) S X}

R(zy) | 12|38 4 | 5
1 1100|055 04
2 0|10 035|045
3 |olol1]| o | 07
J ololo| 1| o
5 lololo| o | 1

14
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Then, R is fuzzy order relation.
Example 1.12. Let m,n € N. Then the following fuzzy relation R on N is a fuzzy order, where

1, if m =mn;
Rim,n) =4 1 -2 4if m<n;

n ?

0, ifm>n.

Definition 1.34. A fuzzy order R on a universe X is called complete (or total) if for any
x,y € X it holds that
R(xz,y) >0 or R(y,z) > 0.

Definition 1.35. A fuzzy ordered set (X, ug) in which R is linear is called a linearly fuzzy

ordred set or a fuzzy chain.

15



Chapter 2

Fuzzy ideals and filters on topology

generated by fuzzy relations

The purpose of this chapter is to provide to fuzzy topology generated by fuzzy relation. Also,
we study the lattice structure of fuzzy open sets on this topology. To that end, we investigate

the notion of fuzzy ideal (resp. fuzzy filter) on topology generated by fuzzy relation.

2.1 Fuzzy topology generated by fuzzy relation

In this section, we recall the concept of fuzzy topology given by Chang [5]. Moreover, we
recall the concept of fuzzy topology generated by fuzzy relation given by Mishra and Srivastava

[23] and some basic properties.

Definition 2.1 (Fuzzy topology). [5] A fuzzy topology (FT, for short) on a nonempty set X is

a family T of fuzzy sets on X which satisfies the following axioms:
(i) 0,X €T ;
(ii) G1 NGy € T for any G1,Gs € T;

(iii) UG; € T for any {G;: i€ J} C 1.

In this case, the pair (X, 7) is called a fuzzy topological space (FTS, for short) and any FS
in 7 is known as a fuzzy open set (FOS, for short) in X. The complement of a fuzzy open set

is called a fuzzy closed set (FCS, for short) in X.

16
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Example 2.1. Let X = {z,y,z} and A, B,C € FS(X) such that
A = {(x,0.6), (y,0.9), (2,0.4) };
B = {(x,0.5), (y,0.8), (z,0.4) };
C = {(z,0.4), (y,0.7),(2,0.4) };
Then, 7 = {0, X, A, B,C} is a fuzzy topology on X.

The notion of fuzzy topology generated by fuzzy relation was previously proposed by Mishra

and Srivastava [23].

Definition 2.2. [I9]Let X be a nonempty crisp set and R = {((z,y), ur(z,y)) | x,y € X}, be
an fuzzy relation on X. Then for any x € X, the fuzzy sets £, and R, are defined by

te, (y) = pr(y, ), for any y € X;
pr,(y) = pr(z,y), for any y € X.

They are called the lower and the upper contour, respectively, of x.

We denote by 71, the fuzzy topology generated by the set of all lower contours and 75, the
fuzzy topology generated by the set of all upper contours. Consequently, we denote by 7, the
fuzzy topology generated by S the set of all lower and upper contours and it’s called the fuzzy
topology generated by R.

Definition 2.3. [I9] Let R be a fuzzy relation on the set X and 75 is the fuzzy topologies
generated by R and let Uy, U, are two fuzzy open sets on 7. The U; is said to be contained
in Uy (in symbols, Uy T Us) if uy, (x;) < py,(x;) for any z; € X .

In this case, we also say that U; is smaller than Us,.

Example 2.2. Let X = {z,y} and R be a fuzzy relation on X given by

Table 2.1: fuzzy relation for Example |2.2

R| x |y
x| 0.3]0.9
y | 02]0.7
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Then, L, L,, R, and R, are the fuzzy sets on X given by :

Ly = {{2,03); (y,0.2)};
Ly = {09,070}
Re = {(2,03);{y,0.9)};
R, = {(z,0.2);(y,0.7)}.

We note that, R, C R, and R, C L,. Then the fuzzy topology T is generated by S =
{L, L,y U{R:, Ry} Thus, T = {0, X, Ls, L), Res Ry, L N Ry, L, N Ry, Lo UR,, L, U R},
where

L,NRy, = {(z,0.2);(y,0.2)}, L,NR, = {(x,0.3); (y,0.7) };

L, UR, = {(2,0.3); (y,0.7)}, and L, UR, = {(x,0.9); (y,0.9) }.

Example 2.3. Let X = {z,y,z} and R be a fuzzy relation on X given by

R| =z Y z
x| 1 103 0
y| 0 1109
z 106 0 1

Then, Ly, Ly, L., R;, R, and R, are the fuzzy sets on X given by :

h

< 8
Il I
—~

N~
8 w
I I
~= =
—~ —~ —~ —~ —~ —~
8
(=)
N < :
=
@]
=]
~ o~ ~ ~ ~ o~
—~ —~ —~
n
—_

& T
Il I
—_
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The fuzzy topology Tr is generated by S = {L,, L,, L.} U{R,, R, R.}. Thus,

T™m = {®7X7 Ly, Ly, L., Ry, Ry, R, {<$v O'3>3 <y7 0>; <Za O>}> {<'777 0>§ <y> 0)3 <Z7 0'6>}

{{z,1); (y,0); (z,0)}, {{x,0.6); (y,0); (2,0.6) },

{(2,0); (y,0.9); (2,0}, {(,0.3); {y,0.3); (2, 0)}, {{, 0); {y, 1); (2, 0} },
{(#,0); (y,0.9); (z,0.9)},

{(,0); (y, 0); {2, 1)}, {{z, 0; (y,0.3); (2, 0) }, {{, 0); (y, 0); (2,0.9) },
{(,0.6); (y, 0); (2,00}, {{x, 1); (y, 1); (2,0.6) }

{(z,1); (y,0.9); {2, D}, {{, 1); (y,0.3); (2, 0.6) }, {{x, 1); (y, 1); (2,0.9) },
{(=,1); (y, 0); (2, )}, {2, 0.3); (5, 1); (z, )}, {2, 1) (w, 1); (2,00},
{(,0.3); (y, 1); (2,0.9)}, {{,0.6); (y, 1); (z, 1) },

{(2,0); {y, 1); (z, 1)}, {{x,0.6); {y,0.9); (z, )}, {{x, 1); {y, 1); (2,0.9)},
{(2,1); (4,03); (. 1)} }.

In next proposition, we studied fuzzy topology generated by symmetric fuzzy relation.
Proposition 2.1. [23]If R is a symmetric fuzzy relation, then 7 = 7.

Proof. Since R is a symmetric fuzzy relation, so R(z,y) = R(y,z), for each z,y € X. This
implies that R,(y) = L.(y), for each z,y € X and hence R, = L, , for each € X. Thus
the topologies 7 and 75, which are generated by L, : x € X and R, : x € X, respectively, are

samme. ]

After that, we studied fuzzy topology generated by fuzzy preorder relation.

Proposition 2.2. [23] If R is a fuzzy preorder relation, then

(1) f Aerm,then AD U Ry
z:A(z)=1

(2) f A€m,then AD U L,.
z:A(z)=1

Proof.

(1) Toshow that AD U L,,letye U L, . This implies that there exists some x such
z:A(z)=1 z:A(z)=1

that A(z) =1 and y, € L,. Sor < R(y,z). Now, since A is open and A(z) =1, so x, € A and

there exists a basic fuzzy open set N}, L,, such that x, e N, L,, C A

= r < R(z,xi), foreachi=1,2,..,n
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= r <minR(y,z), R(z,xi) < R(y,xi), foreachi = 1,2,....n
=y, € L, foreachi =1,2,...,n

=y €Ny Ly, CA

=y €A

=AD U L,.
z:A(z)=1

(2) The proof is similar to that of part 1. O
In this theorem, we provide Uy(x) = V,(y) in fuzzy topological space.

Theorem 2.1. [23] Let (X, 7) be a fuzzy topological space. The fuzzy topology 7 is generated
by a fuzzy relation R if and only if it has a subbase U,,V, : x € X such that U,(z) = V,(y),

for each x,y € X.

Proof. First assume that 7 is generated by some fuzzy relation R, then obviously it has a subbase
Uy, Vy : x € X where U, = L, and V, = R, , for each x € X such that U,(z) = V,(y), for each
z,y € X. Conversely, assume that 7 has a subbase U,,V, : x € X such that U,(z) = V,(y),
for each x,y € X. Now to show that 7 is generated by some fuzzy relation R, define a fuzzy
relation R : X x X — [ by R(z,y) = Uy(x) = V,(y), for each (z,y) € X x X. Then for
re X, L,(y) = R(y,xz) = Uy(y) and R,(y) = R(z,y) = V,(y),for each y € X which implies
that L, = U, and R, =V, , for each € X. So from the hypothesis of the theorem, we have
that the family L., R, : x € X is a subbase for 7 . Hence 7 is generated by the fuzzy relation
R. O

2.2 Lattice of fuzzy open sets on fuzzy topology gener-
ated by fuzzy relation

In this section, we study the lattice structure of fuzzy open sets on topology generated by

fuzzy relation.

Definition 2.4. [19] Let 75 the fuzzy topology on the set X generated by R and let U; ,Us
are two fuzzy open sets on 7 . The intersection of U; and U (in symbols, Uy M Us) is a fuzzy
open set V such that uy(z;) = min(uy, (z;), pu, (z;)) for any x; € X.

Furthermore, ,|_|IU¢ is the smallest fuzzy open set on X containing all U;.
1€

Next, we give the union of fuzzy open sets on fuzzy topology generated by fuzzy relation.
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Definition 2.5. [19] Let 7x the fuzzy topology on the set X generated by R and let U; ,Us, are
two fuzzy open sets on 7x . The union of U; and U, (in symbols, U; U Us) is an fuzzy open set
V such that py(x;) = max(uy, (x;), pu,(x;)) for any z; € X.

Furthermore, 'l_I[Ui is greater fuzzy open set on X containing all U;.
1€

The following theorem provides the lattice structure of fuzzy open sets on a fuzzy topology

generated by fuzzy relation.

Theorem 2.2. [19] Let X be a finite set and 75 be a fuzzy topology generated by fuzzy relation
R and let U; be a fuzzy open sets on 7. Then the family

£ ={U; | U; is a fuzzy open sets on 7g},
is a lattice on X

Proof. Suppose that {U;} is a set of fuzzy open sets on 7g. Definition of fuzzy topology
guaranties that {U;} is a nonempty set. Now, let U; and U, be two fuzzy open sets. It is easy
to cheek that U; C U i.e., the fuzzy reflexivity, and if we suppose that U; C U, and Uy C Uy,
it follows that Uy = Us i.e., the fuzzy-antisymmety. In order to verify the fuzzy transitivity, we
suppose that Uy C U; and Uy C Us, it follows that U; C Us i.e., the fuzzy-transitivity. Hence,
(£,C) is a fuzzy poset on X. Moreover, the least upper bound (resp. the greatest lower bound)
of Uy and Us is coincides with the intersection of fuzzy open sets (resp. the union of fuzzy open
sets) i.e., Uy AUy = Uy MU, (resp. Uy V Uy = Uy UUs,). Thus, we can conclude that (£,C) is a
lattice on X. O

Proposition 2.3. [19] Let X be a finite set and £ = {U;}, is the lattice of all fuzzy open sets

on fuzzy topology 7r generated by fuzzy relation R. Then £ is complete.

Proof. Let £ = {U;} be the lattice of fuzzy open sets on fuzzy topology 7r generated by fuzzy
relations R. Suppose that A = {U;} is a subset of £ under the fuzzy inclusion between fuzzy
open sets defined above. The fact that £ is a finite lattice, this implies that MU; € £ which

implies that A has an infimum. Hence, £ is complete. O

Corollaire 2.1. [19] Let £ be the complete lattice of all fuzzy open sets on fuzzy topology
generated by fuzzy relation, then £ is bounded. Indeed, the least element of £ is 0¢ = () = MNU;
and the greatest element of £ is 1¢ = X = UU,.
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The following proposition discuss the distributivity property for the lattice of all fuzzy open

sets on fuzzy topology generated by fuzzy relation.

Proposition 2.4. [19] Let £ be the lattice of fuzzy open sets on fuzzy topology 7 generated
by fuzzy relation R, then £ is distributive.

Proof. Suppose that Uy, Uy and Us are a fuzzy open sets on fuzzy topology generated by fuzzy
relation R and. We will show that U; M (U U U;) = (U, M U,) U (U; MUs). We have

punwaLs) () = p () A (P, (7) V po()),
= (o, () A py (2)) V (o () A s (),
= i) (@) V e nos) (),
= uinu)uwinUs) ().

Hence, Uy M (U U U3) = (Uy M Uy) U (U; MUs). We conclude that £ is a distributive lattice.
[l

Corollaire 2.2. [I9] Since £ is a distributive lattice, then it holds that £ is modular.

Proof. [19] Let Uy,U; and Us be a fuzzy open sets on 7. Since £ is a distributive lattice,
then it follows that Uy U (Us MUs) = (Uy U U) M (Uy U U;). Since Uy C Us, then it holds that
U; U Uz = Us. This implies that Uy U (Us M Us) = (Uy U Us) M Us. Hence, £ is modular. O

In 1958, Hartmanis proved that the lattice of all topologies on a finite set is complemented.
In the following proposition, we prove that the lattice of fuzzy open sets on a topology generated

by fuzzy relation is also complemented.

Proposition 2.5. [19] Let £ be the lattice of open fuzzy sets on fuzzy topology 7r generated
by the fuzzy relations R, then £ is complemented.

Proof. Indeed, every element U;, has a complement Uj, such that U;, MU, = O0g and U;, UU;, =

1g. Hence, £ is complemented. O

Corollaire 2.3. [19] Since £ is a distributive lattice and complemented with a least element

0¢ = () and a greatest element 1¢_y, then £ is a boolean algebra denoted by (£,M, 1, 0g, 1g).

Proof. The proof is directly from Proposition [2.4] and Proposition [2.5] O
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2.3 Fuzzy ideal and filter on topology generated by fuzzy
relation

This section contains the basic definitions and properties of fuzzy ideals and filters on the

lattice of fuzzy open sets.

2.3.1 Definitions

Definition 2.6. [19] Let £ be the lattice of fuzzy open sets on fuzzy topology 7r generated
by the fuzzy relation R. A fuzzy subset I on £ is called a fuzzy ideal if for all A, B € £ the

following conditions hold:
(i) pr(AUB) = pr(A) A pr(B);
(i) (AT B) 2 pr(A)V jur(B).

Definition 2.7. [19] Let £ be the lattice of fuzzy open sets on fuzzy topology 7r generated
by the fuzzy relation R. A fuzzy subset F' on £ is called a fuzzy filter if for all A, B € £ the

following conditions hold:
(i) pr(AUB) 2 pr(A)V up(B);
(i) 11r(AT1B) = jp(A) A jip(B).

The following proposition expresses the relationship between a fuzzy ideal and a fuzzy filter

on a lattice of fuzzy open sets. Its proof is straightforward.

Proposition 2.6. [19] Let £ be the lattice of fuzzy open sets, £ be its order-dual lattice and
A € S(£). Then it holds that A is a fuzzy ideal on £ if and only if A is a fuzzy filter on £4

and conversely.
We need also the following result.

Proposition 2.7. [19] Let £ be the lattice of fuzzy open sets, A and B are two fuzzy sets on
£. Then it holds that

(1) If A and B are two fuzzy ideals on £, then AN B is a fuzzy ideal on £;

(2) If A and B are two fuzzy filters on £, then AN B is a fuzzy filter on £.
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Proof. (1) I and J are two fuzzy ideals on £, then
(i)
pins (AU B) = p (AU B) A puy (AU B)
> (nr(A) A pr(B)) A (2 pa(A) A p(B))

== (i (AN = 1y (A) A (1 (B) A g (B))

= pins(A) A g (B);

prng (AT B) = (AT B) A py(A
= (ur(A) V pr(B)) A (s (A) V pa(B))
> (r(A) A g (A) V (1 (B) A s (B))

M B)

= pins(A) V pns(B)

(
= pns(A) V pns (B).
Then, AN B is a fuzzy ideal on £.

(2) Same way for intersection two fuzzy filters.

2.3.2 Basic characterization of fuzzy ideals and filters on a lattice

of fuzzy open sets

In this subsection, we provide interesting characterization of fuzzy ideals (resp. filters) on

the lattice of fuzzy open sets in terms of its meet and its join operations.

Theorem 2.3. [19] Let £ be the lattice of fuzzy open sets. Then it holds that I is a fuzzy

ideal on £ if and only if the following condition is satisfied:
pur(AUB) = pur(A) A pug(B), forany A, B € £.

Proof. Suppose that [ is a fuzzy ideal on £, then for any A, B € £ it holds that u;(AU B) >
pr(A) A pr(B). Since AC AU B and B C AU B, it follows from Definition (ii) that

pni(A) = pi(AT(AUB)) = pi(A) V (AU B) = pi(AUB).
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In the same manner, puy(B) > ur(AUB) . Hence, pur(A)Aur(B) > u(AUB). Thus, u(AUB) =
pr(A) A pr(B) .

Conversely, suppose that (AU B) = ur(A) A pr(B) for any A, B € £. Then it is easy to
see that pur (AU B) > pur(A) A pur(B) for any A, B € £. Next, we will show that p; (AN B) >
pr(A)Vur(B) forany A, B € £. Let A, B € £, since AU(AMNB) = Aand BU(AMB) = B then
it holds that pu;(AU(AMNB)) = p(A) and p(BU(AMNB)) = pr(B). From hypothesis it follows
that pr(A) A ur (AN B) = pr(A) and pr(B) A ur(AMN B) = uy(B). Hence, pur(AM B) > ui(A)
and pur (AN B) > ur(B). Thus, ur(AN B) > pur(A) V ur(B), for any A, B € £. Therefore, I is

)
)
a fuzzy ideal on £. O

In the same manner, the following theorem provides a characterization of fuzzy filters on

the lattice of fuzzy open sets in terms of its meet operation.

Theorem 2.4. [19] Let £ be the lattice of fuzzy open sets. Then it holds that F' is a fuzzy

filter on £ if and only if the following condition is satisfied:
pr(ANB) = pup(A) A up(B), for any A,B € £.

Proof. The proof is a direct application of Proposition [2.6] and Theorem [2.3] O

As corollaries of the above theorems, we obtain the following interesting properties of fuzzy

ideals and fuzzy filters on a lattice of fuzzy open sets.

Corollaire 2.4. [19] Let £ be the lattice of fuzzy open sets and I be a fuzzy ideal on £. Then
for any A, B € £ it holds that
If AC B, then u;(A) > u;(B), (i-e., the mapping puy is antitone).

Corollaire 2.5. [19] Let £ be the lattice of fuzzy open sets and F' be a fuzzy filter on £. Then
for any A, B € £ it holds that
If AC B, then pup(A) < ur(B), (i.e., the mapping pup is monotone).
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Conclusion

Conclusion

In this memoir, we have studied a particular subsets which are the fuzzy ideals and fuzzy
filters on a lattice of open sets in topology generated by fuzzy relation. Also, we have studied
some characterizations of these ideals and filters with some related results.

Due to the usefulness of these notions, we think it makes sense to study some kinds of

fuzzy ideals (resp. fuzzy filters) on fuzzy topology generated by fuzzy relation.
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Abstract

In this memoire, we study a particular subsets which are the ideals and filters on a
lattice of open sets in topology generated by fuzzy relation.

Moreover, we study characterizations of these particular subsets with some related
results.

Key words

Fuzzy relation, Fuzzy topology, Lattice, Fuzzy ideal, Fuzzy filter.

Résumé

Dans ce mémoire, nous étudions des sous-ensembles particuliers qui sont les idéaux
et les filtres sur un treillis d’ensembles ouverts en topologie générés par une relation floue.

De plus, nous étudions des caractérisations de ces sous-ensembles particuliers avec des
résultats connexes.

Mot-clés

Relation floue, Topologie floue, Treillis, Ideal floue, Filter floue,
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