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WEIGHTS OF THE F,-FORMS OF 2-STEP SPLITTING TRIVECTORS OF
RANK 8 OVER A FINITE FIELD

Grassmann codes are linear codes associated with the Grassmann variety G(¢, m) of ¢-dimensional
subspaces of an m dimensional vector space Fi*. They were studied by Nogin for general g. These
codes are conveniently described using the correspondence between non-degenerate [n, k], linear codes
on one hand and non-degenerate [n, k] projective systems on the other hand. A non-degenerate [n, k]
projective system is simply a collection of n points in projective space P*~! satisfying the condition
that no hyperplane of P*~! contains all the n points under consideration. In this paper we will
determine the weight of linear codes C(3,8) associated with Grassmann varieties G(3,8) over an
arbitrary finite field F,. We use a formula for the weight of a codeword of C(3,8), in terms of the
cardinalities certain varieties associated with alternating trilinear forms on IFS. For m = 6 and 7,
the weight spectrum of C(3,m) associated with G(3,m), have been fully determined by Kaipa K.V,
Pillai H.K and Nogin Y. A classification of trivectors depends essentially on the dimension n of the
base space. For n < 8 there exist only finitely many trivector classes under the action of the general
linear group GL(n). The methods of Galois cohomology can be used to determine the classes of
nondegenerate trivectors which split into multiple classes when going from F to F. This program is
partially determined by Noui L and Midoune N and the classification of trilinear alternating forms
on a vector space of dimension 8 over a finite field IF; of characteristic other than 2 and 3 was solved
by Noui L and Midoune N. We describe the F,-forms of 2-step splitting trivectors of rank 8, where
char F, # 3. This fact we use to determine the weight of the F,-forms.
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INTRODUCTION

Let V be an 8-dimensional vector space over a field K and let A3V denote the exterior power
of degree 3 over V, the classification of trivectors is the study of the action of general linear group
GL(V) on the space A*V  defined by f.w = (A%f)(w). The equivalence classes are the GL(V)-
orbits under this action. As A3V* ~ (A3V)*, there is no difference between trilinear alternating
forms and trivectors. The support of the trivector w is the least subspace F' of V such that
w € A3F, its dimension is the rank of w. Let w be a trilinear alternating form on V. The set
{ueV, w(u,--)=0}is called the radical of w and will be denoted by Radw. If Radw = {0},
then w is called nondegenerate (full rank).

This classification is motivated by many important applications, especially in the theory of
codes. See [2,4,5,7|. Let C(3,8) be a grassman code (linear code) associated with the Grassmann
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4 RAkDI M.A., MIDOUNE N.

variety G(3,8) of 3-dimensional subspaces of an 8-dimensional vector space IF;, where F, is a finite
field with ¢ elements. The parameters n and k of the code C(3,8) are

oD@ D@ - T)
(@-D@t-D-1) ~

n=10(3,8) =

k= <8>
3
The minimum distance of grassmann codes C(3, 8) equals d = ¢*®~3) = ¢'>. The weight of C(3,7),
C'(3,6) and C(2,m) is determined by [2], [5] and [4] respectively. In this paper,we are interested
in the classification of F,-forms of the 2-step splitting trivectors of rank 8, and in determining the

weights of [F,-forms where I, is a finite field of characteristic other than 3. Some undefined terms
can be found in references [2,3,6] and [5].

1 F,-FORMS OF 2-STEP SPLITTING TRIVECTORS OF RANK < 8

If w is a trivector defined over the field K, a K-form of w is another trivector of the same
type as that of w, defined over K which is isomorphic to w over K, the algebraic closure of K.
The element w of A3V is called splitting if there exists a decomposition V = V; @ V; such that
w € VI @ A2V, If dimVy = 2, w is called 2-step splitting.

Preliminary result
1.1 Degenerate forms

Theorem 1 ([1]). Let V' be a vector space of dimension 7 over a finite field F,. Then any trivector
of rank < 7 in A3V is equivalent to one of the trivectors in Table 1.

Tablel. Trivectors of rank < 7 over IF, (degenerate forms).

Name Trivector

w3 €1€2€3
Ws €1 (6263 + 6465)
We,1  €1€263 T €4€5€¢
We,1,d; €1 (6364 + 65@6) + 62(6366 — d1€4€5) if char Fq 75 2
We,1,dy €1 (6263 + 6465) + 66(6264 — d263€5 + 6465) if char Fq =2
W2  €1€264 + €2€3€5 + €1€3€¢
W7’1 €1 (6263 + €465 + 6667)
Wr2 W71 T €2€4€4
w73 €169€3 + €364€5 + €567
W7737d1 €1 (6265 + 6367) + 64(6263 + d1€567) + €6€E5€3 if char Fq 7§ 2
Wrsd, €1(exes + eqes) + egleaes — doeses + eqes) + ereger  if char Fy = 2
w7,4 €1 (6263 —+ 6465) -+ €9€4 €5 -+ €3€5€7
Wrs  Wr2 T €3ese7

where dy ¢ (Fy+)?, dy € (F )%
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Main results
1.2 Nondegenerate forms (full rank)

Theorem 2. Let V' be a vector space of dimension 8 over a finite field F,. Then any F,-form of
2-step splitting trivector of rank 8 in A3V is equivalent to one of the Table 2.

Table2. Trivectors of rank 8 over F, (nondegenerate forms).

Name Trivector

ws1  er(eses + eqes) + egeres
wso  ei(eses + eses + eger) + eseqes
wsz  e1(eseq + eseq) + eaeses + eres)
wsa  e1(eges + eseq) + eq(eres + eses)
wsad, €s(erea + eseq) + egleres + diesey) + er(eres) + es(eges)  if char Fy # 2
Wsad, es(eres+ esea) + er(ereq + eses + doeres) + egeres + esesey  if char Fy = 2
( ) + es(
(
(
(
(

wss  e1(eges + eqes) + eg(ezes + ereg)

1
w8,57d1 €rle1e + €3€4 -+ 6566> + 68[61(64 + d165> + €9€4 + d—6365] if char Fq 7é 2
1

Wg5dy, €3(€1€2 + eqe7 + 6668) + 65(6164 + eges + d2€6€7) if char Fq =2
Wg5ds €1 d3€3€4 -+ d365€6 + 6768) + 62(6365 + eqe7 + 6668) if char Fq 7é 3
wse  ei(eses +eqes + eger) + es(eses + eseq)

where dy ¢ (Fy+)?,dy € (Fye)?,ds ¢ (Fy-)>.

Proof. The F,-forms of 2-step splitting trivectors of rank 8 where I, is a field of characteristic
other than 2 and 3 has been done in [6], hence, in characteristic 2, it is sufficient to study the
case of orbits of type ws;, for i =4, 5.

In characteristic 2, the trivectors of type wsg;, for i = 4,5 are written

Ws.a.d, = €s(e164 + €3e2) + er(ereq + egea + doeye3) + egeren + eseseq

Ws 5.4, = €3(€1e2 + ese7 + eges) + es(ereq + esex + daeger).

If L is the quadratic extension of K, there exists a trivector w;, € A3V such that wy, % W 4
and wy, ® L € /\3(V ®x L) is L-isomorphic to ws 4. We construct wy, as follows: wg4 = e1(ezes +
eseg) + es(eres + eges) is a 4-step splitting because wsy = esu; + egua + erus + esuy where
Uy = ereq, Uy = e1e3, ug = egey and uy = ezey, thus E = vect{uy, us,us, us} is a subspace of
dimension 4 of A*K*. We put w;, = Wsad, = €51 + €6V + €7U3 + egvy, With v = eseq, v = €62,
V3 = e1e4 + ege9 + doeres, and vy = ejeq + ezes, where K = K(a), >+ a=dy, a € K. To
each of the forms wg 4, ws 4.4,, We associate a quadratic form on E [6]: yo(zuy + yus + zus + tuy),
then we get vo(zuy + yus + 2us + tug) = (vt — y2), Yo(xvy + Yyvo + 203 + tvg) = (y2dy — 22 + 2t)
respectively. The two forms are not equivalent over K but they may become equivalent over
the algebraic closure K. We can also prove that ws4 is not equivalent to ws 44, Dy using the
arithmetical invariant d;(w) [6].

Similar arguments apply to the case for ws 5. m

2 FORMULA FOR THE WEIGHT OF A TRIVECTOR

The correspondence between equivalence classes of nondegenerate forms and equivalence classes
of nondegenerate linear [n, k]-codes, is one-to-one. In what follows, we speak by abuse of language
not only of a weight of a codeword, but also of a weight of hyperplane and a weight of a form
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w € A*V. Therefore, the problem on the spectrum of a Grassmann code (at least, on the weights
of the codewords) is closely related to that on the classification of the elements of A3V
The cardinality of the general linear group GL(8,F,) will be denoted by [8],

8y =" V2 =1 =1)- (g - 1),

Given a codeword of (C(3,8), let w be the corresponding trivector on IF?]? and let H be the
corresponding hyperplane of IP(/\?’]Fg) . The weight of the codeword w

wt(w) =|{P; : 1<i<n, P;¢H}.

We have
3], - wt(w) = [{[v1,v2,v3] 1 {(w,v1 Avg Avg) # O}
2.1 Weight of a degenerate trivector

If w is degenerate, let Radw be r-dimensional. We pick a basis {ej,...,es} of V such that
{es_r11,-..,es} is a basis for Radw. Let W denote the span of {ey,...,es_,}.

Let @ denote the restriction of the form w to W. Since W N Radw = {0}, it is clear that @ is
a nondegenerate trivector on W. Thus, @ can be thought of as codeword in C(3,8 — 7).

Proposition 1 ([2]). The weight of a degenerate trivector w in F} is given by
wt(w) = ¢ wt(@).

The proposition shows that in order to calculate the weights of codewords of C(3,8), it is
enough to know only the weights of nondegenerate codewords of C(3,m) for m < 8.

Lemma 1. The weights of degenerate trivectors are

wit(ws) = ¢*°

wt(ws) = ¢'° +¢"
wh(wer) = ¢' + ¢ + ¢'2 — ¢
wh(word) = ¢ + ¢ + ¢' + ¢

(
(
(
(
(w6,2) — q15 4 q13 4 q12

Wt(w7,1) — q15 + q13 +q11
(w7’2) — q15 4 q13 +q12 4 qll
(W7,3) — q15 4 q13 +q12 4 qll —q
(w7,3,d) — q15 +q13 +q12 +q11 + ql[)
(
(

10

— P 4B 4 g2 gt
— ¢ B4 g2 gt 10

w7,4)
wt wr 5)

)

Proof. According to Proposition 1, the weight of a degenerate form w is ¢® times the weight of w
viewed as a trivector on F} the span of {ey,...,er}. The latter weights were determined in [2].
We multiply them by ¢?; we get the weights of w. O
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2.2 Weight varieties of a nondegenerate trivector

Let V be an 8-dimensional vector space over an arbitrary field F.
We consider the map ¢, : V — A2V* sending v — t,w where ¢, is the operation of the
interior multiplication defined by

(tow, B) = (w,v A B), forall B A*V.

Here, (,) is the pairing between A/V* and AV for each j.
Given a two-from A\ € A2V*, we define certain quantities Pfy(\) € AZV* for each k > 1
which we call the k-th Pfaffian of \. Let Pfy()\) = 1. We define Pfi()\) € A?*V* inductively by

requiring

toA A Pf_1(A) = ¢, Pfp(N), forallveV.

This Pfi()\) generalizes the forms )‘ =LA AN).

Definition 1 ([2]). Given a nondegenerate trivector w on T}, the k-th weight variety of w is the
subvariety of P7 given by

Xp(w) =P{x € ]FS\{O} | Pfri1(eow) =0}

We have
@:Xw@cxm@cxmwcx%%ﬂmzpf

Lemma 2. Given a nondegenerate trivector w on IFZ.
Let

ni = | Xi(w)| — [Xia(w)].

The weight wt(w) is given by

No + n1(1 + qQ)

wtw) = [+ ++++ P+ P+ 1) —

1+q+¢q?
Proof. We use Theorem 7 in [2], we get
wifw) = mz %)
(> =D +q+¢*) <
for the case m = 8, we use n; + ng + n3 = |P7|, we get this result in (1). O

3  WEIGHT CLASSIFICATION OF TRIVECTORS ON'Fg

The weights of the nondegenerate forms wg;, 1 < i < 6 can be determined from formula (1)
once the cardinalities of the varieties X;(ws;) and Xs(ws;) are known. We recall that

Xi(w) =P{z € F\{0} | Pfs(t,w) = 0}

Xs(w) = P{z € F)\{0} | Pf3(,w) = 0}
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Proposition 2. The varieties X;(ws;) and their cardinalities for 1 <1i < 6 are

Wi Xy (w&z’) n1(w8,i)

wg. 1 P2UP? | ¢® +2¢° +2q +2
wsa | PPUm PP | ¢ +2¢*+q+1
ws.3 P! U P! 29+ 2

wgyq | PLx P! @ +2q+1
ws 4.d P! (]qu) q2 +1

ws.5 P! Upo P! 29+ 1
w8 5,d %) 0

Ws,6 P! q+1

Proof. Let x = Z?:l zje;. We have

Pfy(t,w) = Z x?Pfg(LejW) + Z T (Le;w) N (Le;w). (2)

i<j

We calculate Pfy(c,w;) using the above formula (2) and set it equal to zero to determine the
varieties Xj(w;). We begin with ws;. The forms Le;wg for j = 1---8 are exes + eqe5, €361, €16z,
ese1, e1€y, ereg, €3€q, €y, respectively. For j > 2; the forms Le;ws,1 are decomposable and hence
Pfy(te,ws 1) = 0, whereas Pfy(te,ws1) = eaeseqes.

We also note that te,ws 1 Ate,wg1 =0 for all 7 =3,4,5, and te,ws 1 Ale,Ws 1 = legWs 1 AlesWs 1 =

Le,wWs 1 A LesWs 1 = LegWs 1 N le;Ws 1 = LegWs 1 A LegWs 1 = Lesws 1 A Legws 1 = 0. Using these relations,
we get

sz(wa&l) = x%egege4e5 + 3:1[3:264656361 + x3e4€5€169 4+ Ty€0€e3€5€1 + T5e9e3€1€64

+ x(esezeres + eseseres) + xr(egeseses + eseseses + rs(eseseser + eseseger)]

+ zo(zese16768 + Trezeieges + Tgezereer) + r3(xrgeieaeres + rreieseses + Tyeieacser)

+ x4(T6e5€107€8 + TrE5€1€8€6 + Tgesei€per) + XT5(Tgereseres + Tre1e468€66 + Tgeregeser) =0

Since the coefficient of eyeszeqes above is 7, ;1 = 0 is necessary for Pfy(tpws1) = 0. Setting
x1 = 0 in the above equation, we get

Pfo(tows 1)z, —0 = T2(zsese107€8 + Tre3€1€866 + Tsezeieger) + T3(xgereaeres
+ xre1e0e8es + Tge1€266€7) + Ta(Toese1€7€8 + Treseieseq + Tgese1eser)
+ x5(zgere46768 + Tre1E468€6 + Tge1e46667) = €1 N (T3e3 — Tae3

+ w5eq — x4e5) A (Tgeres + Treges + Tgeger).

Therefore,

Xl(w&l) = {il'l = O} N [{.1’2 = T3 =Xy = Ty = 0} U {1'6 = X7 = I8 = O}]
= ]P){GG, €7, 68} U P{GQ, €3, €4, 65} >~ PQ U ]P)S.

Next, we consider Pfy(t,ws2). The coefficients of eseseses + eseseser + eseseser, ereqeqes,
erereges are x3 and x2 and x2 respectively, 71 = x5 = x6 = 0 is necessary for Pfy(1,wg2) = 0. By
Setting x1, x5 and xg to zero, in the equation, we get

Pfo(taws 2) sy =ps=26=0 = €1 N (T3€2 — Tae3) A T5€5€6.
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Therefore,

Xi(wgo) = {ri=25=26=0}N[{r2 =23 =0} U{zs =0}
= ]P{64, €7, 68} UIP{e4,e7} ]P{Gg, €3, €4, 67} ~ ]P)Q Upt Pg.

In Pfy(r,ws3), the coeflicients of eseseseq, eseseres, esereses and egereses are 22, 23, r2 and
:cg, respectively. By setting x;, xa, x3 and x5 to zero, Pfy(t,ws3) is reduced to ejes A (z4e3 +
I665) A (I‘867 - $7€8).

Therefore, X;(ws3) ={z1 =2 =23 =25 =0} N[{zy =26 =0} U {27 = 25 = 0}] @ PLUP.
Similar arguments apply to the case for X;(ws;) fori =4,...,6. O

We now compute the varieties Xo(w) and their cardinalities.

Proposition 3. The varieties Xo(ws;) and their cardinalities for 1 < i < 6 are

Ws.i Xo(ws;i) | X (ws,)]

ws,1 P® Ups P* [PO] + |P4] — [P
ws,2 P° | P

wg.3 P> Ups P* Ups P* P5| 4 2|PY| — 2|P?|
Wg 4 P Ups P5 2|P°| — |IP?|

ws.4,d P3 ‘Pg‘

wgs | (P° Ups P* Ups P*) U (Fy)? | |P°] + 2[P*| — 2|P%| + ¢°
Wws,5,d P ‘P5‘

ws.6 P Ups P4 [P°| + |IP*| — |IP?|

Proof. Let x = Z?Zl zjej. We have

8
Pf3(t,w) = Z]}?Pfg(LejW) + Z[l’?fbijg(LeiW) A (te,w) + 323 (te,w) A Pla(te,w)]. (3)
j=1 i<j
We calculate Pf3(t,ws;) using the above formula (3), and set it equal to zero to determine the
varieties Xs(ws;). We begin with ws ;.

For j > 1, Pf3(te,ws 1) = 0 and Pfy(re,ws 1) = ezegeses, we get

2 2 2
Pfg(bﬂx)&l) = T {Te€2€3€4€E5€7€3 + L1T7€2€3€E4E5€E8€¢ + T1T8EQE3ELE5E(ECT.

Since the coefficients of exeseseseres and egezeqeseses and eseseqeseger above are x2xg and riag
and z2xg, respectively, z1 = 0 or 25 = 17 = 2z = 0 is nececessary for Pf3(t,ws 1) = 0.
Therefore,

Xo(ws 1) {1 =0} U{zs =27 = 25 = 0}

6 4
= P{ey, e3, 64,65, €6, 67,68} Upfeges,en.es) P11, €2, €3, €4,65} =~ P° Ups P,

Next, we consider Pfs(i,ws2). The coeflicient of eseseqeseger is x3; moreover, x; divides
Pf3(t,ws2). Therefore,
6
XQ(W&Q) = {xl = O} ~ P°.

For Pf3(t,ws3), the coeflicients of esejesegeres, esesesegeses, eseseseseacy, eseseregeqer,
€3€5€7€8€(E1, €7€8€4€1€5€9 and €7€8€g€1€9€3 are Jf%l‘g, ZL‘%JZ% I%’ES, ZL’%I’g, Igl’5, C(]QIL‘% and JZQIL‘% re-
spectively. Reducing x;xq, 127, 21275, 2223 and xax5 to zero is necessary for Pfs(i,ws3) = 0.
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Therefore,
XQ(W&Q,) = {.1'1 :l'QZO}U{LCQ:$7:$8:O}U{£B1:[B3:[B5:0}
= P{es, €4, 5,66, €7, 8} Ul eqescsl PLELs €3, €4, €5, €6} Ul eq.er,es) PLE2; €4, €6, €7, €5}
~ 5 Ups P* Ups P
Similar arguments apply to the case for Xs(ws;) for i =4,...,6. ]

Theorem 3. The weights of the nondegenerate forms wg 1, . . .

wi ws.1

ws3) =q°+¢° +¢%+¢" +¢"° -

(

(

(

(wsa) =¢" +¢' +q +q +q —q

wh(wsaa) = ¢°+¢° +¢% +¢" + ¢ + ¢

Ww%qw%w+qﬂ —q¢°

wh(ws54) = ¢ +q +q +q +q "+ ¢
(
)

wt(wsg )—q + B+ ¢+ Mt g

Proof. We use the formula (1) with ng(w) + n;(w) = | Xa(w)|, we get

Wt(u)&i) — q15 4 q13 + q12 + qll +q10 +q9 _+_q8 + q6 —q

,Ws,6 are

6 (|X2(W8,i)! + ¢*| X1 (wsi)|

14 g+ ¢? )

the quantities | X;(ws;)| and | X2(ws ;)| have been computed in Proposition 2 and 3.

For Wt(w&l),
we have | X (ws1)| = ¢® + 2¢* + 2¢ + 2 and | Xo(ws1)| = |PY| + [P*] —

¢ + ¢* + ¢ + 1, substituting these in the above equation we find

Wt(c«)&l)

q15+q13+q12+q11+q10+q9+q8+q6

6 <|P6| + [P — [P?| + ¢*(¢® + 2¢* + 2 + 2)

1+q+¢?

Similarly for the weights wt(ws2), ..., wt(wse)-
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Komu T'paccmana - 1e siniiini konu, nos’ssani 3 muorosuuoM ['pacemana G(€,m) ¢-BumipHOro
MJIIPOCTOPY Y M-BUMIPHOMY BEKTOPHOMY IIPOCTOPI IF;”. Ix BuBuas Horin juist 3arajbHIX q. i xo-
[ 3pYUHO OIUCATH 32 JOIOMOIOIO BiAIOBIIHOCTI MiK HEBUPOIXKEHUMH [n, k|, sinifimnvmu KomaMu 3
onHoro 60Ky, 1 HeBUpoKeHuMH [n, k| npoekTuBHUMU cucreMamu 3 iHmmoro 6oky. Hesuposkena [n, k]
IPOEKTHBHA CHCTEMA - TI¢ IPOCTO HAOIP 7 TOYOK y HpoeKTHBHOMY mpoctopi PF~1, axuit 3a10B0/1bHs€
YMOBH, IO KOJIHA TilePILIONTNHA P5—1 e micTHTH N TOYOK, IO PO3IIAMAIOTHCA. Y IIiit poOOTI MU
BU3HAUMMO Bary JiHifiHux kozis C(3,8) acouiiioBanux i3 muorosmaom I'paccmana G(3,8) Hax jao-
BinbHuM ckimdennny moseM F,. Mu BuxkopucroByemo dopmyity mjst Baru komosoro ciosa C(3,8), y
CEHCl TIOTY2KHOCTI IMEBHUX MHOTOBHUJIIB, TIOB S3aHUX 3 YePryBaHHAM TPUIIHIAHUX dopM HA Fg. PARC:
m = 617, sByxenuii cuexkrp C(3,m) acouiiioBanuii 3 G(3,m), 6yB 1OBHICTIO BU3HAaYeHUiT B pOOOTAX
Kaiina K.B., ITiiai X.K. i Horirna 1. Knacudikariis TpuBeKTOpiB iCTOTHO 3a/1€2KUTh Bi po3MipHOCT
n 6a3oBoro mpocropy. s n < 8 icHye TinbKu CKiHYEHHA KiJTbKICTh KJIACiB TPUBEKTOPIB I Ji€I0
zarajabHOl JiiniiiHol rpynu GL(n). Meroau koromosoril Tajiya MOXKYTh BUKOPUCTOBYIOTHCS JIJisl BH-
3HAYEHHHA KJIACIB HEBHPOKEHUX TPUBEKTOPIB, fKi IOALIIIOTHCS Ha, KiTbKa K/IaciB mpu mepexosm Bi F
1o F. ITs nporpama gactkoso Busnadena Hoyi JI. i Minyne H. ta knacudikarmis rpusiniitnnx 3minanx
dopM Ha BEeKTOPHOMY IIPOCTOPi po3MipHoCTi 8 Ha | cKiHyeHHNM nojieM [, XxapakTepucTuK, BiAMiHHIX
Big 2 i 3 Oymna 3pobisena y poborax Hoyi JI. i Mimyne H. Mu onucamu F,-bopmu 2-cryninuacTix
TPUBEKTOPIB posmienienHs panry 8, ge char Iy # 3. Lleit bakT Mn BUKOPHCTOBYEMO /71T BUSHAYEHHS
Baru IFg-dopmr.

Karuosi caosa i ppadu: TPUBEKTOP, FPACMaHiaH, Bara.



