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General Introduction

Several non-Gaussian statistical models have been proposed in the literature to
characterize the random behavior of modern radar clutter. These models include the Log-normal,
Weibull, Positive Alpha-Stable, Pareto, and K distributions [1-3]. They have been extensively
employed in the analysis and design of constant false alarm rate (CFAR) detection schemes
[1-6].

It is well established that, regardless of the selected clutter model, the performance of a CFAR
detector is primarily governed by two key metrics: the probability of detection (P;) and the
probability of false alarm (Pr,). However, the derivation of closed-form expressions for these
metrics is often hindered by the mathematical complexity introduced by non-Gaussian clutter
models. This challenge underscores the importance of identifying non-Gaussian distributions that
not only accurately describe the clutter but also permit the derivation of tractable, preferably

closed-form, analytical expressions for P; and Py,.

Recent studies have demonstrated that the Gamma distribution provides an accurate statistical
representation of high-resolution clutter data obtained from X-band maritime radar operating at
low-grazing angles [11]. Moreover, performance analyses of various CFAR detectors under the
assumption of Gamma-distributed clutter have been investigated in [7, 11]. For example, Zhou et
al. introduced the CA-CFAR, GO-CFAR, and SO-CFAR detection schemes under the assumption
of a homogeneous background scenario [11]. A key contribution of their work was the derivation
of the corresponding Py, expressions for the considered detectors. Unfortunately, these expressions
were presented in the form of integrals, as shown in Egs. (19) and (22) of [11], which the authors

claimed could not be expressed in closed form but could be evaluated numerically.

In the present study, motivated by the need for more practical and analytically tractable CFAR
detection schemes, we demonstrate that the aforementioned integrals can, in fact, be reduced to
exact closed-form expressions. Specifically, we derive explicit expressions for the Py, of the CA-,
GO-, and SO-CFAR detectors in terms of the Gauss hypergeometric function and the second
Appell function, respectively. To the best of our knowledge, this represents the first instance in the

literature where such closed-form expressions have been obtained for these detectors. Additionally,



we introduce original approximations for the probability of detection (P,) for both schemes, further
contributing to the analytical tractability and practical implementation of CFAR detectors. This
constitutes the main contribution of this dissertation
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Chapter I: Fundamentals of Signal Detection in Noise

1.1 Introduction

The field of signal detection and parameter estimation focuses on analyzing received signals
to determine whether signals of interest are present , classify detected signals , and extract
information—either intentionally embedded or inadvertently included. Detecting signals in noisy
environments is a fundamental challenge in signal processing, requiring the extraction of weak
signals from background noise. This task is particularly difficult because noise can obscure signals,

making them harder to distinguish.

This problem is critical in applications such as radar, sonar, communications, and medical imaging,
where signals are often buried in noise from various sources. For instance, in active radar,
electromagnetic pulses or pulse trains are transmitted, and the reflected signals are analyzed to
identify air traffic , determine distance and speed, and potentially generate images for aircraft
classification. Similarly, in sonar signal processing, active sonar systems send sound pulses into

the ocean and analyze return echoes using methods akin to those used in radar.

A range of techniques from simple threshold-based methods to advanced statistical and machine
learning approaches are employed for signal detection. Ongoing advancements in this field have

the potential to drive new capabilities in areas such as remote sensing[01].

1.2 Decision Theory

Decision theory is widely applied in fields such as radar, sonar, digital communication, and
ultrasonic imaging to differentiate between signals carrying meaningful information and those
affected by noise or interference. In a binary detection scenario within a digital communication
system, a sequence of zeros and ones is transmitted through a medium. As the signals travel, they
become distorted by additive noise from the medium as well as noise introduced by the receiver.
Since the receiver cannot inherently distinguish whether a received signal corresponds to a zero or
a one, it must apply a decision-making process to determine the most likely interpretation. This
decision-making process falls under the theory of signal detection. This scenario can be modeled
as a source emitting one of two possible outputs at different points in time. These outputs, referred

to as hypotheses, define the detection framework: the null hypothesis (Ho) represents a zero

12



Chapter I: Fundamentals of Signal Detection in Noise

(indicating the absence of a target), while the alternative hypothesis (Hi) represents a one

(indicating the presence of a target). as shown in Figure [02]:

- Hy
Source

—» M

Figure I.1: Source for binary hypothesis

If'Y falls within Zo, the receiver selects Ho, whereas if Y falls within Z: , the receiver opts for Hi,
as illustrated in Figure 1.2 . The observation space Z is the combination of Zo and Z, expressed as:

Z=70\U Z:

decide H;

f}'H,J(J'|Hc)

Source

decide H;

Figure 1.2:: Decision regions
The probability density functions of Y corresponding to each hypothesis are f,u, (v|Ho)

andf,, |y, (¥|H,) , where y is a particular value of the random variable Y.

Classical detection theory assumes prior knowledge of the probability distribution functions for
both hypotheses. The detector design can be derived using the Bayes likelihood ratio based on these
distributions. Given the prior density functions of the random variable X and an observed value x,
the optimal detector is defined by the likelihood ratio L(x%) [03] [04]:

_ fx(xIHy)
LG = L i) (1.1)

Page |13



Chapter I: Fundamentals of Signal Detection in Noise

The statement explains that there are two conditional probability densities, P(X|H;) and P(X|H,),
which describe the probability of an event X given two different conditions, H; and H,,. A decision
is then made by comparing a test statistic, T(X), to a threshold value, A. This threshold value is

chosen based on the expected performance of the detector.

>/1 accpt Hq

L(x)={ (1.2)

=<2 accpt Hy
The statement explains that if an equality condition is met, a random decision-making rule can be
applied. This rule typically assigns equal probability to selecting between two hypotheses but may
be adjusted based on the detector’s performance criteria or the associated cost of each hypothesis.
Currently, the equality condition is set for H, to reduce the likelihood of incorrectly accepting H,

which is a critical consideration discussed further later.

The effectiveness of a detector in identifying errors depends on the threshold set to either control
the probability of a false alarm or the probability of a miss. Typically, a false alarm is more

concerning than a miss, as accepting hypothesis H; incorrectly can have serious consequences.

Therefore, selecting an optimal threshold A for the detector requires considering constraints on the
probability of false alarms. The probability of a false alarm, Pr,, can be determined using the
Neyman-Pearson criterion. This criterion formulates the hypothesis testing problem as a
constrained optimization problem, where the probability of detection is maximized while ensuring

the false alarm probability remains within an upper bound [04]:

Prg = f;p([,(xmo))dL(x) <a forallx (1.3)

The size of the detector, denoted as quantity «, is a fixed parameter. This ensures that, regardless
of the observations X , the probability of a false alarm will not exceed a predetermined level. This
concept is known as Constant False Alarm Rate (CFAR) analysis, which serves as an optimization
constraint in various detectors discussed in this thesis.It is important to note that the threshold for
target detection is not based on any prior information about the target itself. As a result, the
detector’s probability of successfully detecting the target may vary depending on the target’s

distribution.
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Chapter I: Fundamentals of Signal Detection in Noise

Let's focus on the problem of testing a simple null hypothesis, H,, against a simple alternative

hypothesis, H;. We denote this by: f = Py [accept Hy]

The probability of a Type II error refers to accepting the null hypothesis H, when, in reality, the

alternative hypothesis H; is true. In this context, Py, [E] represents the probability of an event E

given that H, is true. Equivalently: 1-B = Py [rejectH,]

Although the likelihood of committing a Type I error is guaranteed to be below a specified level
a\alphaa for all observations under the null hypothesis Hy,, the occurrence of a Type II error depends

on the statistics of the alternative hypothesis H; .

To calculate the probability of a missed detection (Type II error), denoted as P,,, one must evaluate

the integral of the test statistic presented in equation (1.4) [03].

P, = f_)looP(L(xIHo))dL(x) =1-8 (1.4)

The probability of missing a target is represented as 1— 3, while the probability of detecting it,
denoted as P; , represents the likelihood of correctly identifying the target. The probability of
detection depends on the threshold A , which is predetermined based on the statistics of the null
hypothesis and is selected to satisfy the CFAR constraint.This implies that the detector’s
performance, in terms of detection probability, cannot be improved for a fixed false alarm rate « ,

regardless of the target statistics [05] [06] [07].

1.3. Statistical clutter models

Statistical clutter models are widely used in various fields, particularly in radar and
communications, to describe interference or unwanted signals that complicate the detection and
interpretation of desired signals. In statistical terms, clutter is often modeled as a random process
that affects the detection and estimation performance of systems such as radar, sonar, and wireless
communications. These models help predict how clutter behaves under different conditions,
enabling the development of better detection algorithms and improved signal processing
techniques.This section introduces the different statistical models of sea clutter found in the
literature and provides an in-depth discussion of the properties that explain the random nature of
radar clutter. However, to maintain brevity, this dissertation will not cover the experimental

validation of these statistical models. For further details on the experimental modeling and
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Chapter I: Fundamentals of Signal Detection in Noise

validation of sea clutter, please refer to relevant literature.Table 1.1 presents a summary of the main
differences between noise and clutter returns. These two phenomena are modeled differently due

to their unique characteristics, and it has been observed that they exhibit distinct properties [08].

Noise signal Clutter signal
Amplitude is independent of the transmitted Amplitude is proportional to the transmitted
radar Signal signal
Wide bandwidth Narrow bandwidth
Independent of environmental parameters Can vary with changing environmental
conditions

Table I.1: Clutter versus Noise

1.3.1. Gaussion clutter models

1.3.1.1. Normal distribution

The probability density function (PDF) describres the characteristics of the normal distribution

also known as the Gaussion distribution . it is defined as follows:

202

fi(x) = #ﬁexp (—M) (1.5)

Where p is the mean and a? is the variance of X.the probability density function (PDF) of

the normal distribution is represented in Figure 1.3

Using the definition of the error function (erf(x)) , the cumulative distribution function (CDF) can

be given as follows[09]:

_ 1 X—H
f) =PX<x) =2[1+ erf(a—ﬁ)] (1.6)
It follow that :
erf(z) = \/%fo et dt (1.7)

This function is useful for finding probabilities in a normal distribution such as in hypothesis testing

and confidence interval calculations.

The moments about the mean of this distribution are :
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0 f orodd

E[xn] = nlo™ (1.8)
7 f or even

- , : : — — — , T T

- H=0, 0722, w— -j
=0, O07=1.0, -
99 j1=0, 0?=5.0, m—
= J1==2, 0°=0.5, m—
0.6
) [ )

0.4

0.2

0.0

Figure 1.3: probability density function of the Gaussion distribution

1.3.1.2. Rayleigh distution

the Rayleigh Distution ,a type of Gaussian model , is a continuous probability distribution
commonly used in signal processing , radar and wireless communication. It is often applied to

model fading signals and noise amplitude, as depicted in Figure 1.4:

x x?
fx(x)zb—zexp(—m), x =0, g>0 (1.9)
Where b is the scale parameter, which determines the spread of the distribution .

and the corresponding cumulative distribution function is given by:

fe(x) =1—exp (—%) x 20, (1.10)

Where b is the scale parameter of the Rayleigh Distution.
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|
—
—

(I
I —

Figure 1.4: Probability density function of the Rayleigh distribution

1.3.2. Non-gaussian clutter models
1.3.2.1. Lognormal distribution

A Lognormal Distribution is a continuous probability distribution of a random variable whose

logarithm is normally distributed. In other words. If X is lognormally distributed , then Y=In(X)
follows a normal distribution [10]:

1 _ (In(x)-p)?
f;c(X)Z{ anaexp( 202 ),XZ 0

(1.11)
0; otherwise

Where p is the mean and 202 is the variance of the lognormal distribution. The corresponding

CDF can be expressed simply in terms of the error function, as follows:

() = PX < %) = 7|1+ erf("E4)] (1.12)
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Figure 1.5: Probability density function of the lognormal distribution

1.3.2.2 Weibull-distribution model

The Weibull distribution is a continuous probability distribution widely used in reliability
analysis, survival analysis, and failure modeling. It is defined by two or three parameters, as

shown in Figure 1.6. Its probability density function is given by:

PN "k
=G en(=3) xz0 ka>o (1.13)
0; otherwise

Where k and Aare the shape and scale parameters of the Weibull-Distribution

,Jrespectively. The corresponding coumulative distribution function (CDF) is given by :

fr)=1 —exp (—ﬁ)k (1.14)
The n-th moments of the Weibull distribution can be given by:
my = AT (24 1) (1.15)
and consequently, the mean and variance of this distribution are, respectively:

E)=ar (3+1) (1.16)

var(x) = 12 [r G+1)-r2(:+ 1)] (1.17)

where I'(+) denotes the Gamma function:
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Figure 1.6: Probability density function of the Weibull-distribution
1.3.2.3. K-distribution
K-Distribution is a concept used in atmospheric sciences and radiative transfer to

efficiently approximate gas absorption spectra. The primary purpose of the K-distribution is to

depict radar sea clutter[11].
4 (x\Y
fo(x) =1 arw (E) o1, xz0 (1.18)

0; otherwise

Where a and B are the shape and the scale parameters of the Gamma-distribution

respectively, and I' () denotes the Gamma function
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P(x)

Figure 1.7: Probability density function of the K-Distribution

1.3.2.4. Gamma-distribution

The Gamma distribution is a continuous probability distribution commonly used in

statistics and probability theory. It is validated as a statistical model for high-resolution radar

clutter. Its probability density function (pdf) is defined by:

Gk, g) = 20 0, k6> 0 1.19
f x: ) )_WJ X > ) ) > ( . )
I'(k) = [, tt-le tdt (1.20)
It follow that :
aXa—le—Ba
x>0, aB>0 (1.21)

f(X, Q, B) = BT.

Where o and [ are the shape and the scale parameters of the Gamma-distribution respectively,

and I' (@) denotes the Gamma function
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Figure 1.8: Probability density function of the Gamma-distribution

I.4. Target signal models:

Target Signal Models refer to mathematical and statistical representations of signals
received from a target in radar, sonar, communications, and other sensing applications. These
models help characterize how a target reflects or emits signals and are crucial for detection,
tracking, and classification. In this section, we will discuss models for different types of radar
targets. This discussion is based on the concept of Radar Cross Sections (RCS) for simple point
targets and extends to more complex cases involving targets with multiple scattering centers. In

general, targets scatter energy in all directions. The RCS (o) is a function of:

e Incident angle
e Scattering angle

e Signal frequency
Additionally, RCS depends on the shape of the target and the materials it is made of [18] [19].

Because the radar system and the target may be moving, the RCS value can change over

time, causing targets to fluctuate. To simulate these fluctuations, four statistical models—referred
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to as Swerling 1 through Swerling 4 are widely adopted in practice. The Swerling models categorize

fluctuating targets based on:

e Two probability distributions

e Two time-varying behaviors

(See Table 1.2 .)

Case Probability Density Fluctuation Period Fluctuation Speed
Function

Swerling | Rayleigh Dwell-to-Dwel Slow fluctuating

Swerling 11 Rayleigh Pulse-to-Pulse Fast fluctuating

Swerling 111 Chi-square, degree 4 Dwell-to-Dwel Slow fluctuating

Swerling IV Chi-square, degree 4 Pulse-to-Pulse Fast fluctuating

Table 1.2: Swerling Target Models

1.4.1. Swerling | model

The Swerling I model is one of the most commonly used models in radar signal processing. It
describes a fast-fluctuating target, where the Radar Cross Section (RCS) varies independently

from pulse to pulse.This model is particularly useful for detecting:

e Aircraft
e Small objects

e Missiles

These targets scatter radar signals unpredictably. In the Swerling I model, the magnitude of the
backscattered signal remains relatively constant during the dwell time. The RCS follows a Rayleigh

distribution, given by[12]:

fr) = Zexp (-%) (1.22)

2
20§

where 20¢ is the arithmetic mean of all values of RCS of the reflecting object.
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1.4.2. Swerling 11 model

The Swerling II model is a statistical model used in radar signal processing for slowly
fluctuating targets. It is similar to the Swerling I model, as both use the same probability density
function (PDF). However, in the Swerling I model, the radar cross-section (RCS) values change

more rapidly, varying from pulse to pulse.

Both Swerling I and II models are applicable to targets consisting of multiple independent
scatterers of roughly equal areas, such as airplanes. The key difference is that in the Swerling 11
case, instead of a rotating surveillance antenna, a target-tracking radar is used to focus on the

target[12].

1.4.3. Swerling 111 model:

The Swerling 111 model describes fast-fluctuating targets where the Radar Cross Section
(RCS) varies from pulse to pulse, similar to Swerling I. However, unlike Swerling [—which
assumes a single dominant scatterer—Swerling III assumes multiple independent scatterers

contributing to the RCS. The RCS fluctuation follows the distribution:

) = Zexp(-3%) (123)

2
20y

1.4.4. Swerling IV model

The Swerling IV model is similar to the Swerling III model but describes a slowly
fluctuating target with multiple independent scatterers. Unlike the Swerling III model, the radar
cross-section (RCS) varies from pulse to pulse rather than from scan to scan. This characteristic
makes it suitable for large aircraft, ships, and other stable targets with multiple reflective surfaces

, and follows (1.23).
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I.5. Radar detection principles
Previously, we observed that to apply Bayes’ criterion, two assumptions are made:

1-The probability of occurrence of the two source outputs is known. These are the a priori

probabilities, denoted as P(H,) and P(H,) .

2-Since either hypothesis Hyor H; will always occur, their probabilities must sum to one:
P(Hy) + P(H;) = 1 Here, P(H,) represents the probability of hypothesis H, occurring, while
P(H,) represents the probability of hypothesis H; occurring. For simplicity, we denote them as:

POZP(H()) . P1:P(H1) ThuS, we haVe: P0+P1:1

We have information about the a priori probabilities and cost assignments for all potential
decisions. However, if we are unable to determine the a priori probabilities, the minimax criterion
can be utilized. It is often challenging to assign realistic costs and a priori probabilities in certain
physical scenarios, such as radar detection. To address this issue, we utilize the conditional

probabilities of false alarm Pr, and detection Py.

The Neyman-Pearson test mandates that we fix Py, to a specific value a, while maximizing Py.

Since B, =1 - P;, maximizing P, is the same as minimizing B,,.
To ensure that Pr, = a, and minimize B, (maximize P;), we utilize the calculus
of extrema and construct an objective function called J [13]:
J =Py + A(Prq + ap) (1.24)
Where 4 > 0 is the lagrange multiplier.

It is important to note that there are various decision regions, Z; , within the observation space

Z that satisfy the constraint Pr, = a, . The goal is to identify the decision regions that result in the

minimum P,,. Therefore, we modify the objective function J to be expressed in terms of the decision

region.

J =], HOHD dy +2|[, f,1Ho) dy - ao] (125)
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As a result, the decision region Z; should be assigned values that satisfy f, (y|H,) >f, (y|H,) to

minimize the objective function /. Consequently, the decision rule can be defined as follows[ 14].

H:
fy(y|H1) < Po(€10—Coo) 1.2
fy(¥|Ho) = P1(Co1—C11) ( . 6)
Ho

The ratio of f, (y|H;) over f, (y|H,) is called the likelihood ratio and is denoted A(y) that is :

_ fOIHD)
AW = £ i) (1.27)

The likelihood statistic A(y) is a random variable since it is a function of the random variable Y.

the threshold is :

Py (C10—Coo
— folt107Co0 1.28
P1(Co1—C11) ( )

Therefore Bayes’ criterion , which minimizes the average cost, results in the likelihood ratio test :

H:

_ fyOlH)
A(y) o ST (1.29)

HO
The threshold value 1 obtained from Bayes’ criterion is the same as the Lagrange multiplier A in

the Neyman-Pearson (N-P) test, where the false alarm probability is set to a specific value ao. If

we define the conditional density of A given that Ho is true as f, (1|H,), then we can express Py, =

og as[14]:
P, = J, K (Y1H) dy = [ (1) |Ho) dy (130)

If the probability of rejecting Ho in a test is exactly o then it is referred to as the most powerful

test of level oy
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Figure 1.9: Optimal Neyman-Pearson quadratic detector
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1.6. CFAR detection

In the case of homogeneous clutter, the M samples x;, X, ... ... ...., X in the M neighboring
cells of the reference window of the CFAR detector are statistically independent and identically
distributed (iid) and are independent of the CUT statistic Zo. A statistical test, denoted Z, is formed
from the samples x4, x5, ... ... ..., X representing an estimate of the average power level of the
clutter in the CUT. This estimate is multiplied by a thresholding constant T, which is chosen to
guarantee a certain desired false alarm probability, Py (T) = a, . This results in an adaptive

detection threshold.

To decide on the presence or absence of a target in the CUT, the content of the latter, denoted
Zo, 1s compared to the adaptive threshold according to the following binary decision rule [15, 16,
17]:

Target present, Ty > oT

Decmon:{ Target absent, T, < aT

H:
7, STZ (1.31)
Ho

To assess the performance of any CFAR detector, we often use two key metrics:
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e Probability of Detection (Pd)
e Probability of False Alarm (Pfa)

The detection threshold is calculated based on the probability density functions (pdfs) of the two

statistics:

Zy|Hy and Z. To evaluate the performance of a CFAR detector, the false alarm probability p., and

the detection probability p,; are commonly used. The pdfs of the statistical test Z and the content
of the Cell Under Test (CUT), Zo, under the two hypotheses Ho and Hi, respectively, are used to

compute ps, and py, as follows [14].

P, = Pr(Zo > TZ|Ho) = [ [, froln, (20l Ho) d2o) f7(2)dz (1.32)

And
pa = Pr(Zo > TZIH,) = [J"[ [, froiin (ol Hy) dzo] f(Z)dz (1.33)

It is difficult to determine the probability density functions (PDFs) of the statistics Z, ZoIH;

, which makes it challenging to calculate the false alarm probability and detection probability.

In practice, the user specifies the desired false alarm probability, Pr, , denoted as o, , and the

detection threshold value is deduced accordingly.
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Figure 1.10: Typical CFAR detection processor

1.7. Conclusion

In summary, identifying signals within noise presents a significant challenge in numerous signal
processing applications. The capability to accurately discern faint signals amidst noise is essential
across various domains, such as radar. Crafting efficient algorithms for signal detection in noisy
environments necessitates a careful trade-off between sensitivity and specificity, often leveraging
distinct statistical and spectral characteristics of both the signal and noise. Progress in this field
holds the promise of unlocking new possibilities and enhancing performance across multiple

applications.
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Chapter II: CFAR Detection in Homogenous Gamma-Distributed Clutter

I1.1. Introduction

In this chapter, we examine and analyze CFAR detection in homogeneous Gamma-
distributed (GM) clutter. Specifically, we introduce and study three Well-Known CFAR

processer:

e Cell-Averaging(CA) CFAR.
e Greatest-Of(GO) CFAR .
e Smallest-Of(SO) CFAR.

As part our analysis, We provide a fundamental understanding of each detector’s functioning,

along with the corresponding probabilities of false alarm Py, and detection Py

11.2. Statistics of the CUT

In radar detection, the signal within the Cell Under Test (CUT) is analyzed to determine
the presence or absence of a target. This analysis is typically framed as a binary hypothesis

testing problem, where the signal behavior is characterized under two distinct hypotheses:

e H, (Null Hypothesis): The CUT contains only clutter echoes ((C), representing background

noise with no target present.
Modeled as: fy, (x) = ClutterPDF (e. g., Gamma, pareto)

e H, (Alternative Hypothesis): The CUT contains both clutter echoes (C) and a target signal

return (s), indicating the presence of a target. Modeles as : fy, (X) = fiarget+crutter (X)

To model this scenario, we assume that the radar system is equipped with a square-law detector
before applying Constant False Alarm Rate (CFAR) processing. The statistical distribution of the
received signal in the CUT depends on the nature of clutter and target reflections. In many
practical cases, clutter is modeled using distributions such as Rayleigh, Weibull, K-distributed, or
log-normal. Meanwhile, the target return may follow a Rician or Swerling model, depending on
its fluctuation characteristics.Thus, the CUT’s content consists either of clutter echoes only or a

combination of clutter echoes and target signal returns.
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The objective of the detection process is to maximize the probability of target detection while
maintaining a constant false alarm rate. This is achieved through adaptive thresholding
techniques such as CFAR. The statistical characterization of the CUT’s content plays a crucial
role in optimizing detection performance under varying environmental conditions. Therefore, the
detection problem can be formulated as a binary hypothesis testing problem, which may be

expressed as follows [13] [17]:
H, (Clutter only): Z, = X (2.1
Hy(Target + clutter): Z, =Y + X (2.2)

The symbol H, represents the null hypothesis, which states that there is no target in the CUT (i.e.,
only clutter is present in the CUT). Conversely, H; represents the alternative hypothesis, which

states that both a target and clutter are present in the CUT.

11.2.1. Statistics of the CUT under H,

We assume that the content of the CUT Z, under H,, is distributed according to the GM-
distribution (here there is no target present in the CUT). Thus, the pdf and cdf of Z,, in this case
are given, respectively, by [11] [18]:

fzo(Zo|H0) = (%) 2§~ rexp(—Pzp) (2.3)
And
Fyo(zolHo) = K20 (24)

11.2.2. Statistics of the CUT under H,

Under the alternative hypothesis H;, the Cell Under Test (CUT) in CFAR detection
contains both clutter/noise and a target signal. Its statistical properties are determined by the

combined effects of the target’s radar cross-section and the clutter model. Under H,, the CUT
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follows an exponential distribution with mean p(1+S) where S is the target’s signal-to-clutter

ratio (SCR). This reflects the increased power due to the target’s presence [19][20]:

le (X) - (u(11+5)) exp ([u(zjs)]) for x20 (2'5)

is due to both target returns Y and clutter echoes X . Specifically, we assume throughout this

dissertation a Swerling I or II fluctuating target whose pdf and cdf are given, respectively, by:
1 -
fr(yioy) = (E) exp (ﬁ) (2.6)

Where o represents the variance of the in-phase and quadrature components of the target signal

Y, and 20¢ denotes the average power of the target signal.

By utilizing the appropriate models for target signal returns given in (2.6) and the interfering
echoes, we can now examine the distribution of Z, under hypothesis H;.

Since the signal in the test cell(CUT) consists of a combination of the target signal and
interference modeled by a GM distribution, analytically deriving the probability density function
(PDF) of the CUT’s content under H; is challenging. For a square-law detector, the complex
envelope of the target signal S is combined with the complex envelope of the interference signal
C, and the magnitude of the resulting complex signal is squared. Accordingly, the CUT output Z,,
can be modeled as the squared modulus of the resulting complex signal, which can be expressed

as [21]:
Zo=1S+C|?> =|S|?> +|C|? + 2|S||C| cos(¢p)
=Y + X + 2VYVX cos(¢p) (2.7)

where |.| is the complex modulus, Y = |S|%, X = |C|? and ¢ is a random variable (rv) uniformly

distributed on the interval [0, 27t], which represents here the phase between S and C.

Unfortunately, a closed-form representation for the probability density function (pdf) of
Zy under hypothesis H; cannot be explicitly derived, which significantly complicates the
analysis. Therefore, for simplification, we assume that the pdf of the clutter in the Cell Under Test
(CUT) is approximated by an exponential distribution with the exact same mean power as that of

the GM-distributed clutter.
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Accordingly, the content of the CUT under hypothesis H; is reduced to the sum of an
exponentially fluctuating target and exponentially distributed clutter. This approximation has
demonstrated a high degree of accuracy, making it widely adopted in the literature [22]. In this
case, the resulting signal in the CUT will also follow an exponential distribution, and its
corresponding conditional pdf can be expressed as follows:

fz,(20lHy) = (m) exp (_—Z") (2.8)

20%+20%

where 202 = a/f is the mean power of GM-distributed clutter in the reference cells, and 207 is
the mean power of the exponentially fluctuating target. Now, the signal-toclutter ratio (SCR) can

be defined as:

_20y ﬁ
SCR: 202 = a/B (2.9)
Hence, the pdf and cdf of Z,|H; can be given in terms of SCR, respectively, by

- B _=BZ

fz,(20|H1) = (a(1+SCR)) exp (a(1+SCR)) (2.10)
And

-1 — _=B%

froZolH) = 1 = exp (o) (2.11)

11.3. Optimal fixed threshold detector

The optimal fixed threshold detector balances detection probability (P;) and false alarm
rate (Pr,) under known noise/clutter statistics, typically derived using the Neyman-Pearson
optimal detector for detecting a target in a homogenous background with parameters, which are
known a priori (i.e., known power) uses a fixed detection threshold, A. Unlike adaptive CFAR
methods, it assumes stationary noise characteristics, To determine the presence of the target, the
signal value Z in the CUT is compared simply to A, according to the following decision rule

Hi

7, STZ (2.12)
Hi
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11.3.1. P¢, of the optimal fixed threshold detector

The threshold 7 is chosen such that the false alarm probability is constrained to a

predefined value, a. For Gaussian noise, this can be expressed as:

Pro = [ fu,()dx = a (2.13)

In the absence of a target in the Cell Under Test (CUT) (i.e., under Hy), the random

variable Z, follows a Gamma-Mixture (GM) distribution with shape parameter o and scale
parameter . Therefore, the false alarm probability of the optimal detector (F}?Ip) can be expressed

as

PP = Pr(Zo > AHo) = [, fz,(20lHo) dz
(2.14)

1 _ 1 _ Y(@p)
= 1— fz,(lHy) = 1 =15

In order to obtain the value of the fixed threshold A of the optimal detector, for a desired

Prq = @y, equation (3.12) must be inverted numerically.

11.3.2. P, of the optimal fixed threshold detector

The probability of detection (P,) for an optimal fixed threshold detector is derived under
the Neyman-Pearson criterion, assuming perfect knowledge of noise/clutter statistics. It provides
a theoretical upper bound for detection performance, which adaptive CFAR detectors approach

asymptotically with large reference windows.

For a radar system with exponentially distributed clutter (Rayleigh envelope), the optimal P,

1
PP = [pOP] 1s 2.15)

In the presence of a target in the CUT, Z,|H, follows the exponential distribution defined by

(2.10). Therefore, the probability of detection of the optimal detector (PdOp) can be determined by

PdOp = Pr(Z, > A|H,) = f;o fz,(20|Hy) dz,

=1 f,, (AH,) = exp (— ~ ) (2.16)

a(1+SCR)
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11.4 Cell Averaging CFAR detector:

The Cell-Averaging Constant False Alarm Rate (CA-CFAR) detector is one of the most
well-known adaptive thresholding detectors. The calculation of the decision threshold is obtained
from the arithmetic mean of the values within the surrounding reference windows. In the case of a
statistically uniform and Gaussian-distributed interference, where the interference samples are
independent and identically distributed (I1D), the CA-CFAR detector exhibits high detection
efficiency and approaches the Neyman-Pearson optimal detector if the number of interference
samples is sufficiently large. The CA-CFAR detection methodology was initially formulated by
Barkat and Varshney [22, 23]. They investigated the problem of detecting a Swerling model |
target, embedded in additive white Gaussian noise (AWGN) with an unknown power level. For a
given target signal-to-noise ratio (SNR), which remains consistent across all distributed local
detectors, and assuming a predetermined fusion strategy at the centralized data fusion unit, they
derived the optimal threshold scaling factors for each detector and formulated an expression for
the overall detection probability at the fusion center.

In this paragraph, we analyze the performance of the Cell Averaging (CA) Constant False
Alarm Rate (CFAR) detector in the presence of Gamma Mixture (GM)-distributed clutter. The
schematic diagram of the CA-CFAR detector is shown in Figure 2.1 [22].
Consider aset {X; :i=1,2, ..., 2N} of 2N independent and identically distributed (iid) GM
random variables, representing 2N radar clutter samples within the reference window of a given
CFAR detector. For the CA-CFAR algorithm, the decision rule is formulated as follows [24].

H1

7, STZ (2.17)
Hi

Where Z-, = %2V, X; is a sufficient statistic of clutter power level. Whose pdf can be expressed,

according to [21].by

2Na
— B_zZNa’—le—ﬁZ (2.18)
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Figure 11.1: Block diagram of the CA-CFAR detector
11.4.1. Pg, of the CA-CFAR detector

The probability of false alarm (Pr,) for a CA-CFAR (Cell-Averaging Constant False Alarm
Rate) detector is determined by its threshold factor () and the number of reference cells (). Under
homogeneous Gamma-distributed clutter (or exponential noise, a special case of Gamma).
The false alarm probability (Pr,) of the CA-CFAR detector can be obtained by replacing (2.3) or
(2.4) and (2.17) into (1.32), is derived as [17]

CA _ r(a(2N+1))T% ) L1
PEf = o OO aFi (1, a(2N + 1); 2Na + L7 (2.19)

Where 7Fi (..,.....,..) denotes the Gauss hypergeometric function [24].
11.4.2. P, of the CA-CFAR detector

The probability of detection (P;) for a CA-CFAR (Cell-Averaging Constant False Alarm
Rate) detector depends on the signal-to-clutter ratio (SCR), the number of reference cells (N), and
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the design probability of false alarm (Pr). In homogeneous Gamma-distributed clutter (or

exponential noise, a special case of Gamma). The detection probability (P;) of the CA-CFAR
detector can be obtained by replacing (2.10) or (2.11) and (2.17) into (1.33) as follows

P§* = pr(Zy > TZc4|Hy)

= fooo[froz fzo (zo|H,) dZo] fzca(Z)dz

a(1+SCR)

=1 [ (1 — exp (L )> Frea(Z)dz (2.20)

-t jOZZN“‘l exp (—1 (1 +#)z) dz
I'(2Na) a(1+ SCR)
0

This last integral can be solved using equation 3.381.4 of [25], which yields the following
closed-form approximation for the P; of the CA-CAFR detector

ca _ T —2Na
Pa" = (1 + a(1+5CR)) @21)

I11.5. Greatest of CFAR detector

Herein, we will analyze the performance of the Greatest Of (GO) CFAR detector in
presence of GM-distributed clutterThe Greatest-Of CFAR (GO-CFAR) detector is designed to
mitigate false alarms at clutter edges by conservatively estimating the noise floor, at the expense
of reduced detection sensitivity in homogeneous environments compared to CA-CFAR.

In many real-world situations, clutter is not uniformly distributed. This may be due to the
presence of a clutter edge or interfering targets at the reference cells. In this case, the clutter is said
to be heterogeneous. The detection threshold is affected and produces an increase in false alarms.
To control the regulation of the Pr the GO-CFAR detector was proposed where the cells of the
reference window are separated into two sub-windows upstream and downstream of the cell under
test. The contents of each half-window are summed, and the larger of the two is then used to
estimate the clutter power. The GO-CFAR detector showed better performance when a clutter edge

is present in one of the two half-windows. However, when the target is embedded in the half-
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window containing only thermal noise or when targets are present, the clutter power is significantly
higher. interfering, the detection performance of the GO-CFAR detector degrades significantly .
The block diagram of the GO-CFAR detector is shown in Figure 2.2. The decision rule of this
detector is defined as follows [11, 26]

H1

7o S TZg0 (2.22)
H1

Where Zg, = Max(U,V) ,and U = YN, X, and U = X2, ., X; are two sufficient statistics of

clutter power level, whose pdfs and cdfs can be expressed, respectively, by

Na
fo@) £ fy(@) = 15 2" exp(=p2) (223)
fo@) 2 fy(2) = 1222 .24

According to [14], the pdf of cho can be calculated as follows

f10@ = 25 (DF, @) 2 2/ DFy(2) (2.25)
Which yields
(@) = o2V Yy (Na, B2)exp(—2) (2.26)
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Square Law
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TZz0
T

Figure 11.2: Block diagram of the GO-CFAR detector

11.5.1. Pg, Of The GO-CFAR Detector:

The probability of false alarm (Ps,) for the GO-CFAR (Greatest-Of CFAR) detector is
derived under homogeneous Gamma-distributed clutter and involves a closed-form expression that
accounts for its conservative thresholding strategy. GO-CFAR selects the larger of two reference
window averages to avoid underestimating noise power at clutter edges.

The false alarm probability (Pf,) of the GO-CFAR detector can be obtained by replacing (2.3) or
(2.4) and (2.25) into (1.31), and it can be given as [7]

poo _ 2 IQrENaIr(Ne)  I(a@N+D)TE
T " r2(Na) | ganap ( Na %) Na?I'(a)(2 + T4p)*@N+D (2.27)
) L1 Tgo
x Fy (a(2N +1),1,1; Na + 1,—2+TGO,—2+TGO)
Where F, (a,b ,;,';-, ) denotes the Gauss hypergeometric function [24, 27].
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11.5.2. P, of the GO-CFAR detector

The probability of detection (P,) for the GO-CFAR (Greatest-Of CFAR) detector is derived
under homogeneous Gamma-distributed clutter and depends on the signal-to-clutter ratio (SCR),
threshold factor (o), and the number of training cells (V). GO-CFAR selects the greater of two
reference window averages to set the threshold, introducing a trade-off between false alarm
suppression and detection sensitivity. Now, the detection probability (P;) of the GO-CFAR detector
can be obtained by replacing (2.10) or (2.11) and (2.25) into (1.33)

P§° = pr(Zo > TZgolH,)

= [ foo 2ol Hy) d2o] £ (Z)dz

=117 (1 e (i) s 220 2

- I"z(iVa) fooo ZNe exp (_1 (1 + a(l-I-TSCR)) Z) dz

This last integral can be solved using equation 3.381.4 of [25], which yields the following closed-
form approximation for the P; of the GO-CAFR detector

Pé;o — 2I'(2Na)

e 2F1<1,2Na; Na + 1;+Go> (2.29)

NaI"Z(Na)(2+ a(1+SCR)

a(1+SCR)

11.6. Smallest of the CFAR detector

The SO-CFAR algorithm, a variant of traditional CFAR (Constant False Alarm Rate)
techniques, is recognized for its superior detection capabilities in non-homogeneous environments.
Specifically, it is designed to operate effectively in scenarios where clutter or interference may exist
asymmetrically around the Cell Under Test (CUT). Unlike other CFAR variants, SO-CFAR selects
the minimum value from a set of reference cells, thereby offering robustness in environments where

interference affects only one side of the CUT.

Despite its favorable detection performance, SO-CFAR is known to suffer from an elevated false

alarm rate, which has limited its adoption and exploration in the existing literature. To address this
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limitation, we investigate the use of a neural network trained on SO-CFAR detections. Our results
demonstrate that this approach can significantly reduce the false alarm rate while maintaining a
high probability of detection, thereby improving overall radar system performance in cluttered and

challenging environments.

For this detector, the clutter power estimate, denoted by zg,, is simply the smallest of

both sums U and V¥, which are defined previously
(i.e. zgo = min(U,V)). Its corresponding pdf can be calculated, in the case of homogenous clutter
f250(2) = 2fy(2) — fz,(2) = 2fy(2) = fr,(2) (2.30)

Therefore, by replacing (2.23) and (2.26) into (2.30), the pdf of the statistic zg,, in the ca se of GM

clutter, can be expressed as

_ 2 Na-1 ~Z\ _
frao® =m0 () = fog, () (231)
—_— S(I];l;fciiw <«—— Input Signal

Leading-window ‘ Lagging-window
> Xi| oo | XN Zo XN+t | eeeee | XON

CUT H,

ZOsTZ
| Ho

z=min(x leading , x lagging)

|

Figure 11.3: Block diagram of the SO-CFAR detector
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11.6.1. Py, of the SO-CFAR detector

For the SO-CFAR detector, the clutter level estimation z uses the minimum of two local
independent estimators x for leading window and y for lagging window. Thus, the PDF of z is given
as a function of the PDF and the CDF of x by

Herein, we present the performance of the SO-CFAR detector operating over a homogeneous GM
clutter. First, the probability of false alarm of this detector ( P 0) can be easily evaluated by
replacing (2.4) and (2.31) into (2.14), which yields

2r'(a(N+1))P&
I"(Na+1)F(a)(1+TSO)a(N+1)l

P = Fi(1, a(2N + 1); Na+ 1; (1 + Tsp) ™) = PE2 (Tsp) (2.32)

where T is the normalized scaling factor of the SO-CFAR detector, and Pr, 50(Tg,) can be obtained
straightforwardly from (2.27) by replacing T, with T,. It may be noted here that a multiple pulse
version of (2.32) has been already introduced by Baadeche and Soltani (2023).

11.6.2. P, of the SO-CFAR detector

The corresponding P; of the SO-CFAR detector (P;) can be achieved using (2.16). The
following result holds

wherePS° (Tso) was previously provided in (2.29) just T, must be replaced by T .

The P; of the SO-CFAR detector can be attained, by replacing (2.11) and (2.31) into (2.16), as
follows:

P&go = pr(ZO > TZso|H1)
=1 [fr £ (2ol Hy) d2o) £y (2)dlz

=1 [} By, (TsozolHy) fr (2)dz (2.33)

r pTz
Of (1 —exp a(l n SCR)))fZSO (Z)dz

__ 2 0 - T GO _
~ r2(Na) fO zZNet exp (_1 (1 + a(1+SCR)) Z) — Pq " (T = Tso)

This last integral can be solved using equation 3.381.4 of [25], which yields the following closed-
form approximation for the P; of the SO-CAFR detector

—Na

pso = 2(1 —) _ pso(T
d T 2@+ ScR) a (Tso)

P3% = 2P§4(Tsp) — P§°(Tso) (2.35)
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I11.7. Conclusion

In this chapter, we begin by presenting an overview of Constant False Alarm Rate (CFAR)
detection for radar signals embedded in homogeneous clutter modeled by a Gamma distribution.
The study then concentrates on the analysis of three widely used Mean-Level CFAR detectors: the
Cell Averaging (CA), the Greatest Of (GO), and the Smallest Of (SO) detectors. A particular
emphasis is placed on the SO detector due to its relevance in scenarios characterized by localized
interference or strong non-homogeneities in the clutter.

For each detector, including the SO, we detail the underlying detection principle and derive the
analytical expressions for the Probability of False Alarm (Pr,) and the Probability of Detection
(Pg). Closed-form expressions for P, are provided, while approximations are proposed for Py,
particularly in the case of the SO detector, due to the mathematical complexity associated with its
detection structure.

The SO detector, which selects the minimum among reference cells for threshold computation, is
analyzed in depth. Its performance is evaluated in comparison with the CA and GO detectors, with
particular attention to its robustness in the presence of interfering targets or clutter edge effects. A
comparative performance analysis of all three detectors will be conducted in the final chapter.
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Chapter III: Results And Discussion

I11.1 introduction

In this final chapter, we evaluate the performance of the previously discussed CFAR
(Constant False Alarm Rate) detectors—namely, the CA-CFAR, GO-CFAR, and SO-CFAR—
through a series of simulations conducted over homogeneous Gaussian mixture (GM) clutter.

We begin by detailing the parameters employed in our simulations. Following this, we validate the
analytical expressions for the threshold multipliers Py, and P, derived for each detector. This
validation is performed through comparison with both existing integral formulations and
simulation-based results. Subsequently, we assess and compare the performance of the
aforementioned CFAR detectors—CA-CFAR, GO-CFAR, and SO-CFAR—against the optimal
fixed-threshold detector. The latter serves as a performance benchmark, given its reliance on prior
knowledge of clutter parameters.

Initially, numerical results are presented to validate the accuracy of the proposed analytical
expressions—specifically, equations (2.18), (2.20), (2.26), (2.28), (2.31), and (2.33)—for the CA-
CFAR, GO-CFAR, and SO-CFAR detectors, respectively. Finally, the detection performance of

these CFAR detectors is evaluated and compared to that of the optimal detector
I11.2 Simulation parameters

To analyze the performance of the aforementioned CFAR detectors, a series of simulations

were conducted. The impact of varying different parameters on the probability of false alarm (Pr,)

and the probability of detection (P;) was examined under various simulation scenarios.

The performance evaluation of all detectors was carried out using both analytical results and Monte
Carlo (MC) simulations. The number of trials for the MC simulations was set to 107, and the
generated samples were assumed to be independent and identically distributed (IID) following a
Gamma distribution. It is important to note that the MC simulation results were included primarily

for validation purposes.

To this end, clutter modeled by a Gamma distribution was simulated using shape parameters a=2,
3, and 5. For each value of a, the size of the CFAR reference window was chosen as 2N=08,12 and

16. Consequently, the resulting data matrix was of size 2Nx107, allowing it to be assimilated into
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a CFAR reference window generated 107 times. Additionally, the contents of the Cell Under Test
(CUT) were also generated 107 times under both hypotheses H, and H;.

In all considered scenarios, the simulated Receiver Operating Characteristic (ROC) curves, i.e., P,
versus Pf,, were generated using 107 Monte Carlo trials. For each detector, the decision rules
corresponding to equations (2.16) and (2.21) were implemented, and the respective detection

thresholds were estimated accordingly.

To evaluate the detection performance (Py), the simulations also incorporated a fluctuating target

modeled using the Swerling I or II model.
I11.3 Validation of Pg, and P, expressions

To assess the accuracy and applicability of the proposed expressions for Pr, and Py, a series
of numerical experiments is conducted. Specifically, the exact closed-form solutions for Ps, and

the approximate expressions for P, are evaluated and compared against reference results obtained
using numerical integration and Monte Carlo simulation techniques. This comparative analysis

provides a comprehensive validation of the derived models under various scenarios.
I11.3.1 Validation of Pg, expressions

We validate the expressions of Py, for Optimal, CA-, GO-, and SO-CFAR detectors.
Figures III.1 to IIL.11 illustrate the evolution of P, as a function of the scaling factor a for all
detectors, respectively. As shown in these figures, all Pr, curves are in excellent agreement across

the Optimal, CA-, GO-, and SO-CFAR detectors, thereby confirming the validity of our analytical

derivations.

Furthermore, Figures III.1 Optimal, Figures II1.3 (CA-CFAR), III.6 (GO-CFAR), and II1.9 (SO-
CFAR) demonstrate that Pr,remains stable regardless of the value of §, which confirms the CFAR

property of Optimal, CA-, GO-and the SO-CFAR detectors with respect to [ . In contrast, Figures
II1.2, II1.4, TI1.5, 1.7, IT1.8, II1.10 and III. 11 reveal that the corresponding detectors do not maintain
the CFAR property with respect to & and N .
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Figure IIL.1: Probability of False Alar the Optimal detector against the scaling factor 7 for
different values of B(B = 1,5 and 50)
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Figure I11.2: Probability of False Alarm the Optimal detector against the scaling factor 7T for
different values of a(a = 2, 3 and 5)
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Figure II1.11: Probability of False Alarm the SO-CFAR detector against the scaling factor 7 for
different values of N(N =8, 12 and 16)

111.3.2 Validation of P, expressions

To evaluate the detection performance, this subsection presents a validation of the proposed
approximation expressions for the probability of detection (P;) for the Optimal, CA-, GO-, and
SO-CFAR detectors. The approximated P, values are compared with those obtained through Monte
Carlo simulations.

The detection performance of all detectors is illustrated in Figures I11.12 to II1.22 In each case, the
probability of detection is plotted as a function of the Signal-to-Clutter Ratio (SCR), expressed in
decibels (dB). For each estimate of P;, Monte Carlo simulations were conducted using 10°
independent trials. The target present in the Cell Under Test (CUT) follows a Swerling I or I model,

consistent with the assumptions in [16].
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The results clearly demonstrate a strong agreement between the approximated and simulated P,
values across all CFAR detectors considered. This confirms the validity and accuracy of the

proposed approximations, especially at relatively high SCR levels.
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B=1,Ps = 10~* and different values of a(a = 2,3 and 5)
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Figure II1.22: Probability of detection of SO-CFAR against the SCR for a=3
B=1,Ps, = 10~* and different values of N(N = 4 and 12)

I11.4 Comparison of detection performance of Optimal, CA, GO and SO

111.4.1 Case of homogeneous clutter

In this section, we compare the detection performance of the Optimal, CA-, GO- and SO-
CFAR processors under the assumption of homogeneous Gamma-distributed clutter. Multiple
performance scenarios are examined by varying key simulation parameters, namely the shape
parameter a, the scale parameter N, and the desired probability of false alarm Pr,. For
benchmarking purposes, the optimal detector is also included in the analysis. The resulting

performance comparisons are illustrated in Figures 111.23, 111.24, and IIL.25.

Figure I11.23 illustrates the impact of the Gamma clutter shape parameter a on the detection
performance of several CFAR detectors. The probability of detection (P;) is plotted against the

signal-to-clutter ratio (SCR) in dB, under two clutter conditions: @ = 2 and @ = 5. These values
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represent different degrees of homogeneity in the clutter; lower a indicates more impulsive or

heterogeneous clutter, while higher a reflects more homogeneous conditions.

The figure includes performance curves for the Optimal detector and three practical CFAR
schemes: CA-CFAR, GO-CFAR, and SO-CFAR. Two zoomed-in insets are presented to emphasize

performance variations in the mid-SCR region for both a\alphaa cases.
Clutter with ¢ = 2

In the impulsive clutter scenario (a = 2), all CFAR detectors show degraded performance
compared to the Optimal detector, particularly in the SCR range of 5-15 dB. The performance gap
is most noticeable for the SO-CFAR, which exhibits the lowest P; values among the practical
schemes. The CA-CFAR and GO-CFAR detectors perform comparably in this regime, with CA-
CFAR slightly outperforming GO -CFAR due to its design resilience against interfering targets.

Clutter with ¢ = 5

For a = 5, the clutter becomes more homogeneous, and all detectors demonstrate significantly
improved detection performance. The gap between practical CFAR schemes and the Optimal
detector is reduced, particularly in the transition region where P; rapidly increases with SCR.
Notably, both CA-CFAR and GO-CFAR converge more closely to the Optimal detector's
performance, indicating their increased effectiveness in well-behaved clutter environments. The

SO-CFAR continues to lag slightly behind, consistent with its conservative thresholding strategy

Figure I11.24 presents a comparative analysis of the detection performance of various CFAR
algorithms as a function of the number of reference cells N. The probability of detection (Py) is
plotted against the signal-to-clutter ratio (SCR) in decibels for two distinct values of N: N=4 and
N=12. The evaluated detection schemes include the CA-CFAR, GO-CFAR, SO-CFAR, and the

Optimal detector, the latter serving as the performance benchmark.
Effect of Reference Window Size

The results clearly show that increasing the number of reference cells significantly enhances the
detection performance of practical CFAR detectors. This improvement is particularly evident in the

mid-SCR range (approximately 5-15 dB), as highlighted by the zoomed-in insets in the figure.
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o For N=4, the performance gap between practical CFAR schemes and the Optimal detector
is more pronounced. The limited number of reference cells leads to less accurate estimation
of background clutter power, resulting in suboptimal threshold setting and degraded Py,

especially for the SO-CFAR detector.

e For N=12, all CFAR detectors show substantial performance gains, with detection curves
moving closer to the Optimal detector's performance. The increased sample size allows for
more reliable estimation of clutter statistics, thereby enhancing threshold accuracy and

improving detection probability.
Detector Comparisons

Across both values of N, the CA-CFAR generally outperforms the GO-CFAR and SO-CFAR,
particularly in the SCR range of interest. This superiority stems from its design, which uses ordered
statistics to mitigate the effect of interfering targets. The SO-CFAR performs worst among the three
in homogeneous environments, as it is more conservative in adapting its threshold to potential

outliers, which are absent in the current scenario.

The graph in Figure I11.25 illustrates the probability of detection P, as a function of the signal-
to-clutter ratio (SCR) for various CFAR (Constant False Alarm Rate) algorithms, including CA-
CFAR, GO-CFAR, SO-CFAR, and an optimal detector. The analysis is conducted for two different

false alarm probabilities: Pr, = 10™* and P;, = 107*.
As expected, all detectors exhibit an increasing P;with rising SCR.
At both false alarm levels:

CA-CFAR provides better robustness than GO -CFAR, particularly in clutter edges or when strong

targets are nearby, as it ignores high-power cells.

CA-CFAR shows improved detection in multi-target scenarios by rejecting both the smallest and

greatest values in the reference cells, providing a more balanced estimation.

SO-CFAR tends to underperform in homogeneous environments due to its sensitivity to interfering

targets within the reference window.
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Figure II1.23: Comparison of detection performance of Optimal, CA, GO-and SO-CFAR
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Figure II1.25: Comparison of detection performance of Optimal, CA, GO-and SO-CFAR
detector for B =1, N = 12 a =2 and different values of Pr,(Pfq = 10~* and 107%)

111.4.2 Case of non homogeneous clutter

In this section, we compare the detection performance of the Optimal, CA-, GO-, and SO-
CFAR processors under the assumption of Non-homogeneous Gamma-distributed clutter .Multiple
performance scenarios are examined by interfering target in window . With stabilizing the shape
parameter o, the scale parameter N, and the desired probability of false alarm P, constantThe

resulting performance comparisons are illustrated in Figures I11.26, I11.27, and II1.28.

Figure II1.26 presents a comparative analysis of the detection performance of four CFAR
detection schemes Optimal, CA-CFAR, GO-CFAR, and SO-CFAR in the presence of one
interfering target. The evaluation is conducted under the following parameters: Interference-to-
Clutter Ratio (ICR) = 20 dB, shape parameter a=2, scale parameter =1, false alarm probability

Proq = 107%, and number of reference cells N=12.

As expected, the optimal detector achieves the best performance, providing the highest probability
of detection P; across all Signal-to-Clutter Ratios (SCR). This curve serves as the benchmark for

comparing the performance of CFAR-based detectors.

Page | 63



Chapter III: Results And Discussion

The SO-CFAR shows better detection performance than both CA-CFAR and GO-CFAR in
low and medium SCR regions, particularly under the presence of an interfering target. This is
consistent with its design, as SO-CFAR is more resistant to outliers and interference due to its

reliance on the minimum of two local estimates for noise power.

CA-CFAR demonstrates improved performance over GO-CFAR, especially in the presence of
interference. While CA-CFAR assumes homogeneity, its performance deteriorates significantly in
non-homogeneous or interfered backgrounds. GO-CFAR mitigates this effect by using the

maximum of the two estimates, which protects against masking effects.

Figure I11.27 illustrates the detection performance comparison among four detection
schemes Optimal, CA-CFAR, GO-CFAR, and SO-CFAR—in the presence of two interfering
targets located within the same sliding window (Semu-window). The simulation is conducted under
the following parameters: Interference-to-Clutter Ratio (ICR) = 20 dB, shape parameter 0=2, scale

parameter B=1, false alarm probability Pr, = 107*, and number of reference cells N=12.

Among the three CFAR detectors, SO-CFAR demonstrates the best performance, closely
approximating the Optimal detector's behavior across all SCR values. This confirms its robustness
in the presence of multiple interferences, as it relies on the minimum of the leading and lagging

window statistics, thereby reducing the impact of interference contamination.

CA-CFAR, while designed to mitigate target masking in heterogeneous environments, shows
poorer performance in this specific configuration. Its reliance on the maximum of the reference
windows causes it to be overly conservative, leading to reduced detection probability, especially at

lower SCR levels.

GO-CFAR exhibits the worst detection performance in the presence of two interferers. Since it
averages all training cells, the presence of strong interfering signals inflates the estimated noise

power, leading to excessively high thresholds and hence lower detection probabilities.

Figure I11.28 compares the detection performance of the Optimal, CA-CFAR, GO-CFAR, and SO-
CFAR detectors under an asymmetrical interference scenario. In this case, one interfering target is
present in the leading window with an Interference-to-Clutter Ratio (ICR) of 20 dB, and another

interfering target is present in the lagging window with an ICR of 10 dB. The other parameters:
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shape parameter a=2, scale parameter p=1, false alarm probability Pr, = 107*, and number of

reference cells N=12.
Impact of Asymmetrical Interference:

The interference is no longer uniformly distributed between the reference windows, which
introduces asymmetry into the background noise estimation. This setup tests each detector's

robustness to uneven contamination.

As with previous scenarios, SO-CFAR maintains relatively strong performance. Its reliance on
the minimum of the two window estimates makes it especially effective here, as it tends to ignore
the more heavily contaminated estimate. It performs significantly better than CA- and GO-CFAR
and approaches the Optimal detector in high SCR regions.

CA-CFAR is particularly vulnerable in this configuration. Since it uses the maximum of the two
window estimates, it often overestimates the noise level due to the high interference in the
leading window (ICR = 20 dB). As a result, its threshold is set too high, leading to poor detection
probability at low and moderate SCR values.

The GO-CFAR detector, performs better than CA-CFAR but worse than SO-CFAR. Its

performance is degraded due to averaging over both contaminated windows, which still raises the
threshold beyond optimal levels.
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Figure II1.26: Comparison of detection performance of Optimal, CA, GO-and SO-CFAR
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111.5. Conclusion

This chapter presents a numerical validation of the closed-form expressions for the false
alarm probability and the proposed approximations of the detection probability for the CA-, GO-,
and SO-CFAR detectors. The results demonstrate a high degree of agreement between the derived
expressions and those obtained via numerical integration and Monte Carlo simulations.
Subsequently, the detection performance of the Optimal, CA-, GO-, and SO-CFAR algorithms was
evaluated under both homogeneous and non-homogeneous clutter conditions. The analysis was
conducted by varying the shape parameter of the Gamma distribution, the size of the reference
window, and the target false alarm probability. The results indicate that the SO-CFAR detector
exhibits robust performance in non-homogeneous environments characterized by Gamma-

distributed clutter, thereby validating its suitability in such scenarios
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General Conclusion

In this master’s dissertation, we addressed the problem of Constant False Alarm Rate
(CFAR) target detection in both homogeneous and non-homogeneous clutter modeled by a Gamma
distribution. This problem is of significant relevance in radar systems and remote sensing

applications.

The study focused on the performance analysis of three mean-level CFAR detectors: Cell
Averaging (CA), Greatest Of (GO), and Smallest Of (SO). A comprehensive theoretical analysis
was conducted for each algorithm. The first contribution of this work lies in the derivation of two

closed-form expressions for the false alarm probability Pr, applicable to all detectors.

Furthermore, it was observed that the exact computation of the detection probability Py,
based on the precise statistical distribution of the cell under test, involves complex integrals that
are difficult to evaluate numerically. To address this challenge, an approximation of the test cell
statistics was introduced, yielding two novel, tractable expressions for the detection probability.
These approximations are more amenable to numerical evaluation and suitable for implementation

in real-time systems.

The proposed expressions for Pr, and P; were subsequently validated through numerical
simulations and compared against results obtained using numerical integration methods and Monte
Carlo simulations. Additionally, the detection performance of the CA, GO, and SO CFAR detectors
was analyzed and compared to that of the optimal detector. The results indicate that the SO-CFAR
detector achieves satisfactory performance in homogeneous clutter environments relative to CA

and GO-CFAR detectors but exhibits some CFAR loss when compared to the optimal detector.
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Abstract:

This study investigates the problem of adaptive radar target detection in both homogeneous
and non-homogeneous Gamma-distributed clutter environments. The objective is to maintain a
Constant False Alarm Rate (CFAR) during the detection process. It is assumed that the radar system
employs a square-law detector preceding the CFAR processing stage.

Initially, the fundamental principles of radar target detection in noise are presented, along
with an overview of CFAR detection techniques. The study then focuses on a detailed examination
of several Mean-Level CFAR detectors operating in Gamma-distributed clutter, specifically the
Cell Averaging (CA-CFAR), Greatest Of (GO-CFAR), and Smallest Of (SO-CFAR) algorithms.

A comprehensive theoretical analysis is conducted for each detector. Closed-form
expressions for the probability of false alarm (Pfa) are derived. However, the calculation of the
probability of detection (Pd), based on the exact statistical characterization of the cell under test
(CUT), involves complex integrals that are computationally intensive. To address this issue,
approximate expressions for Pd are proposed. These approximations offer computational efficiency

and are suitable for real-time implementation.

The theoretical findings are validated through numerical evaluation, including both
integral-based computations and Monte Carlo simulations, under various clutter scenarios.
Furthermore, a performance comparison between the studied detectors and the optimal detector is

performed, assuming a homogeneous clutter environment.

The results demonstrate that the SO-CFAR detector exhibits superior performance in
homogeneous clutter, while the GO-CFAR detector proves to be more effective in non-

homogeneous environments.
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