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Notation

Throughout this work, we use the following notations.

o N: set of natural numbers.

e R: set of real numbers.

o R,: set of positive real numbers.

e (0,4+00): the half-line equipped with the Lebesgue measure.

e u:(0,400) — R: measurable function.

o u': derivative of w.

« C((0,400)): space of continuous functions on (0, 4+00).

e C'((0,+00)): space of continuously differentiable functions on (0, +00).

o LP(0,4+00): Lebesgue space endowed with the norm

el = ( / o dt)’l’

o LH(0,400): Musielak—Orlicz space associated with the generalized N-function
H(t,s) = s" 4+ a(t)s’.
o WHH(0, 400): Musielak-Orlicz-Sobolev space defined by
W0, 400) = {u € L7 (0, +00) ; ' € L(0,400)} .

e pp: modular associated with H, defined by

—+o00

pu(u) = H(t, [u(t)]) dt.



| - ||z: Luxemburg norm in L#(0, +00).

|- lwr.e: norm on WH(0, +00), given by

[l = [lulla + ]| 5

C1+(0,400): weighted continuous function space.

E — F: continuous embedding of E into F'.

E —<— F: compact embedding of F into F.

u, — u: weak convergence.

u, — u: strong convergence.

(+,+): duality pairing.

J: WHH(0, +00) — R: the associated energy functional.

J': Gateaux derivative of J.

a.e.: almost everywhere.

C§°(0,400): space of infinitely differentiable functions with compact support.

||tt/|0o: supremum norm of w.



Introduction

The study of nonlinear differential equations is an important area in modern mathemati-
cal analysis due to its role in describing many physical, engineering and mechanical phenomena.
Significant progress has been achieved through variational methods ([4]) and critical point the-
ory, which provide powerful tools for proving existence and multiplicity results. Among the most
studied problems are boundary value problems on unbounded domains, especially on the half-line
[0, +00), because of the lack of compactness compared with bounded domains.

The aim of this memory is to study the existence and multiplicity of solutions for a class of
nonlinear Kirchhoff problems ([11]) defined on the half-line. The approach is based on variational
methods, the Palais-Smale condition, and Krasnoselskii genus theory, which are key tools in critical
point theory to obtain infinitely many nontrivial solutions.

This work also concerns double phase problems ([10] [16] ) of the form
H(z,t) =t" 4+ a(x)t?, l<p<gq, ax)>0,

which arise in elasticity, nonlinear mechanics, and composite materials. These models describe
nonhomogeneous behaviors that cannot be treated by classical growth conditions. The half-line
setting makes the analysis more delicate due to compactness issues.

This memoir is divided into three chapters.

The first chapter is devoted to the preliminary results, Sobolev spaces ([7]), and some basic
concepts required for this work. These results provide the theoretical framework used in the study
of the problems considered in the subsequent chapters.

The second chapter studies a Kirchhoff problem on the half-line in W& ?(0, +00), and proves,
via variational methods ([4]) and genus theory, the existence of infinitely many pairs of nontrivial
solutions.

The third chapter studies a double phase problem in the Musielak—Sobolev space W1 (0, +o00)
([19]), with a generalized N-function ([6]) of (p, ¢)-growth, and establishes the existence of infinitely

many pairs of nontrivial solutions via variational methods.



CHAPTER 1

Preliminary

1.1 Functional Spaces
1.1.1 L? Spaces
Definition 1.1. [7] Let Q2 C R" be an open set and let p € R with 1 < p < co. We define

L) ={g: Q= R"Y gismeasurableand |f(z)| < ¢ a.e. in Q}

The norm in LP(2) is given by:

ol =Nl = ( [ lota)? dx)’l’

Definition 1.2. [7] For p = co , we define the lebesgue space as follow :
L*(Q) ={g: Q= R"; gismeasurable and |g(z)| < c a.e. in Q}
where ¢ is a positive constant. The norm in L>°(£2) is defined by :

g1l = llglloe = nf{c: |g(x)| < ca.e. in Q}
Theorem 1.1. [7] For any 1 < p < oo, the space LP(2) is a Banach space. Moreover,
o LP(Q) is reflexive for 1 < p < oo,
o LP(Q) is separable for 1 < p < 0.
1.1.2 W'P(Q) Spaces

Let Q C RY be an open set and let p € R with 1 < p < 0.

We denote by D(£2) the set of functions of class C'*°(2) with compact support contained in €.



Definition 1.3. The Sobolev space W1?(Q) is defined by

WP (Q) = {u € LP(Q); Jg; € LP(2) such that /ua
Q

For u € WHP(Q), we set

— Y, i::lw..,Aa
8xi g

and we define the gradient of u by

Vu:gradu:<8u Oy au).

8x1’8x2“"’8xN

The space W'P(Q) is equipped with the norm
ullyro = llull e + [ Vull

, or equivalently

1
lullwrs = (lullze + [VullZ,)? . for 1 <p < oo.

We set
Hl(Q) = Wl’z(Q).

The space H'() is endowed with the scalar product

(u, ) g1 () :/uvd:r—I—/Vu-Vvdx.
Q Q

The associated norm

1
2 2 \2
lull g = (lullze + 1 Vullz:)?

is equivalent to the W12(Q) norm.

Proposition 1.1. The space WHP(Q) is a Banach space for 1 < p < oo, reflexive for 1 < p < oo,

and separable for 1 < p < co. In particular, H*(S)) is reflerive, separable, and a Hilbert space.

07 dx:—/gigod:z:, VoeD(Q),i=1,...
L Q



1.1.3 Sobolev Embeddings
Let (E,||-|lz) and (F,||-||) be Banach spaces.

Notation 1.1. 1. We say that F is continuously embedded into F' if the canonical injection

j : F — F is continuous, that is, if there exists a constant ¢ > 0 such that
|lz||F < ¢||z||g for all x € E.
In this case, we write £ — F'.

2. We say that E is compactly embedded into F' if the canonical injection j : £ — F'is compact,
that is, for every bounded sequence (u,) in E, there exists a subsequence (u,, ) converging

in F'. In this case, we write £ < F'.

If 1 < p < N, the Sobolev exponent associated with p is defined by

Np _ 1
y o or equivalently — =
N—p *

1
N

=R

fp>N:p"=00

Theorem 1.2. [7] Let 1 < p < oo, and assume that Q is an open set of class C' with bounded
boundary, or ) = Rf. Then:

1. WhP(Q) < LI(Q), Ifp< N Vqell,p).
3. WhP(Q) = L*(Q). Ifp>N

1.1.4 W,"(Q) Space

Definition 1.4. Let 1 < p < co. We denote by W, ?(Q) the closure of D(€) in W'?(Q). We note
that
_ wlp
Wy (Q) = D(Q)W ={ueW"(Q):u=0o0n0dQ}.

Moreover,

Hy () = Wy™(Q).

The space W, ?(Q) provided with norm induced by W?(Q), H} () is a Hilbert space for the

scalar product of H'(Q). We put Hu||H3 = ||ull g -

4



Remark 1.1. When Q = R the space D(R") is dense in W1P(RY), and therefore
WEP(RY) = W#(RY).

Proposition 1.2 (Poincaré Inequality). Let Q C RY be an open set. Then there exists a constant
c > 0 such that

lullyrny < cIVUll oy for all u € Wy (€2).

In other words, on W, (), the quantity ||Vu| 1v(q) defines a norm equivalent to the wWir(Q)

norm.

1.2 Differentiable of Functional and Critical Points

In what follows, we present the two principal definitions of differentiable and their main properties.

We start with the directional derivative. for more details see [4] [15]

1.2.1 Gateaux differentiability

Definition 1.5. Let E be a Banach space, {2 C E an open set, and let I : 2 — R be a functional.
We say that [ is Gateaux differentiable (or G-differentiable) at u € € if there exists A € E’ (linear

and continuous), denoted by I,(u), such that for all v € E,

. I(u+tv) — I(u)

t—0

= (A,v). (1.1)

If I is Gateaux differentiable at u, then there exists a unique linear functional A € E’ satisfying

(1.1]). Tt is called the Gdteauz differential of I at w and is denoted by I/, (u).

Definition 1.6. If the functional I is Gateaux differentiable at every u of an open set U C F, we

say that [ is Gateaux differentiable on U. The map
IL:E—=FE, u~ I (u),
is called the Gateaur derivative of I.

1.2.2 Fréchet differentiability

Definition 1.7. Let E be a Banach space, {2 C E an open set, and let I :  — R be a functional.
We say that [ is Fréchet differentiable at u € €2 if there exists A, € E’ such that
I(u+v)—1(v) — A,(v)

lof|—0 o]l

= 0. (1.2)

5



Thus, for a Fréchet differentiable functional I, we have :

Iutv) — () = A(0) +of[o), where lim 201D

= 0.
loll—0 [[v]]

If a functional I is differentiable at u, then A, is unique.

Definition 1.8. Let I : Q — R be differentiable at u € Q. The unique element A, such that (|1.2))
holds is called the Fréchet differential of I at u, and is denoted by I’(u). Then we can write

I{u+v) = I(u) = (I'(w),v) + of||v]),as |lv]| = 0.
Definition 1.9. Let (2 C E be an open set.

1. If the functional [ is differentiable at every u € €2, we say that [ is differentiable on 2.

2. The map I' : Q — E’ that sends u € Q to I'(u) € E’ is called the Fréchet derivative of I.

Note that I’ is in general a nonlinear map.

3. If the derivative I’ is continuous from € to F’, we say that I is of class C' on Q and write
IeCYQ).
Remark 1.2.  Notice that I'(u) is defined on F, even if I is defined only on (.

o If I is Fréchet differentiable at u € €2, then [ is continuous at u.

o If I is Fréchet differentiable at v € (), then [ is Gateaux differentiable at u €  and
I'(u) = Ij(u).
Proposition 1.3. Suppose that Q2 C E is an open set such that I is G-differentiable in ) and that

Il : Q — E' is continuous. Then I is also Fréchet differentiable at u, and we have I1j,(u) = I'(u).

Remark 1.3. The importance of this result resides in the fact that calculating the Gateaux
derivative and then proving its continuity is often technically easier than directly proving the

Fréchet differentiability. Also, we deduce that the functional is of class C*.

1.2.3 Critical Points

Definition 1.10. Let O be an open subset of a Banach space E/, and let I : O — R be differentiable.

We say that v € O is a critical point of I if
I'(u) = 0.

That is , Vv inE (I'(u),v) =0



1.3 Operators on Banach Spaces

Definition 1.11. The operator T' : E — F is called continuous at the point o € E if for any

sequence (z,,) C E we have
T, > 2o in B = T(x,) = T(x) in F

or equivalently,

|20 — 2ol = 0 = ||T(zn) — T(20)||p — 0.
This definition is means that:
Ve>0,30 >0,Ve e E: ||z — 20|l <0 = ||T(x) — T(x0)||p <e.

Definition 1.12 (Coercivity). Let J : E — R U {+oo} be a functional on E. We say that J is

coercive if and only if

J(u)
1im = 400
llull g—-+oo [|ul| g

Definition 1.13 (Bounded from Below). Let E be a Banach space and I : E — R a functional.

We say that [ is bounded from below if there exists a constant m € R such that
I(u)>m forallue E.
Definition 1.14 (Equicontinuous). We say that the sequence (f,,) is equicontinuous if:
e fn: K — R, with K compact.

e Ve >0, thereexists d >0,V z,y € K:

|z —yl <d=|fulz) = fuly)l <e, Vn.

The 6 does not depend on n.

Definition 1.15 (Extremum points). [I7] Let E be a Banach space, and let I : E — R be a
functional. A point ug € E is called an extremum of I if there exists a neighborhood V,,, of ug

such that either
1. I(u) < I(ug) for all u € V,,,, in which case [ is said to have a mazimum at uy .

2. I(u) > I(up) for all u € V,,,, in which case [ is said to have a minimum at ug .

7



Definition 1.16 (Carathéodory function). Let f : T'x X — R, where T C R and X is a real

Banach space, such that:
o f(-,x) is measurable for every x € X,

o f(t,-) is continuous for almost every t € T'.



CHAPTER 2

Variational Methods for a class of
p-Kirchhoff Problem on the half-line

2.1 Introduction

Kirchhoff equation was introduced in 1876 as an extension of the classical
D’Alembert’s wave equation, considering the effects of the changes in the length of a
string during vibrations. Due to its importance and applications in physics, electrical engineering,
and biology, the existence and multiplicity of nontrivial solutions for Kirchhoff type boundary
value problems (BVPs) have been widely studied.([I1] [3] ) Many authors have obtained
solutions for Kirchhoff type equations using variational methods. Genus theory, introduced
by Krasnoselskii ([§]), has been applied to prove existence and multiplicity results for p-Kirchhoff
type problems, including problems on bounded domains, fractional cases, and p(t)-Kirchhoff

equations. ([18] [14]) For example, a classical p-Kirchhoff boundary value problem is given by

—[M </ |Vu|pdx)} Apu= f(z,u) inQ, w=0 ondQ
Q

where € is a bounded domain in RV, 1 < p < N, and M and f are continuous functions. In this
chapter, we establish the variational framework for the p-Kirchhoff functional on the half-line
and study its main properties, such as Gateaux differentiability and the continuity of the
derivative, as a preliminary step for applying genus theory to prove existence and multiplicity
of solutions.

In this chapter , we consider the following kirchhoff problem:

{(a bl (= (P w'(0) + @ ult)) = Mt u(®) 2.1)

u(0) = u(oc0) =0

where h: Ry x R — R is a carathéodory function .

Definition 2.1. We say that u € W, (0, 00) = X is a weak solution of Problem (2.1)) if and only



if

. /O TP ()l (1) di + /0 ()P u(t)o(t) dt = A /0 " Rt ult)ol) de

for all v € X.

Denote by C([0,00)) the space of continuous functions on [0, 00), and C§°([0, 00)) the space of
indefinitely differentiable functions with compact support in [0, 00).
Now W, (0, 00) denotes the closure of C5°(0,00) in WP(0, c0).

Let 7 : [0,00) — (0,00) be a continuously differentiable and bounded function with
My = max (|7l o, [[7]] o) < oo
C1,(0,00) is defined by

Ci,(0,00) = {u € C([0,00); R) = lim r(¢)u(t) exists} :

t—o00

endowed with the norm

ulloo,, = sup 7(t) [u(?)]
te[0,00)

Remark 2.1 (Difference Between Classical p-Laplacian and p-Kirchhoff Problem). In classical
p-Laplacian problems, the operator acts locally, depending only on u and its derivatives at each
point:
—Ayu = —div(|Vu|'">Vu).
In contrast, the p-Kirchhoff problem includes a nonlocal term, where the coefficient depends on
the global Sobolev norm of u:
M (Jull,) (~ ).
On the half-line [0, c0) nonlocality complicates the problem, motivating the use of variational and

genus methods to prove existence and multiplicity of solutions.

Remark 2.2 (Difficulties on the Half-Line). Studying the p-Kirchhoff problem on the half-line
[0,00) presents specific challenges. Unlike bounded domains, standard compactness results for
Sobolev spaces do not hold, making it harder to extract convergent subsequences. Moreover, the
nonlocal term, depending on the global Sobolev norm Hu||€vol,p means that any change in u affects
the operator throughout the domain. These factors require careful treatment using weighted
functional spaces, variational methods, and Krasnoselskii genus theory to prove existence and

multiplicity of solutions.

10



Definition 2.2 (Krasnoselskii genus). Let A € ¥. The Krasnoselskii genus v(A) is defined as
beinxg the least positive integer n such that there is an odd mapping ¢ € C'(A,R™\ {0}). If such
n does not exist, we set v(A) = oo. Furthermore, by definition, v(@)) = 0.

Proposition 2.1. [15] Let A, B € X. If there exists an odd map f € C(A, B), then v(A) < v(B).

Consequently, if there exists an odd homeomorphism f: A — B, then v(A) = v(B).

Theorem 2.1. [15] Let E = RY and 99 be the boundary of an open, symmetric and bounded
subset Q@ C RN with 0 € Q. Then v(0Q) = N.

Note that v(SN=Y) = N. If E is of infinite dimension and separable and S is the unit sphere
in E, then v(S) = oo

Definition 2.3 (Ps condition). Let J € C*(E,R). If any sequence (u,) C E for which (J(u,)) is
bounded and J'(u,) — 0 as n — oo in E’ possesses a convergent subsequence, then we say that J

satisfies the Palais-Smale condition (the (PS) condition).

In order to establist the existence and multiplicity of solution of problem (2.1)) we need an

important result about the existence of critical point of symetric functional . [22] [9]

Theorem 2.2. Let J € CY(E,R) be a functional satisfying the Palais-Smale condition. Also

suppose that:
e J is bounded from below and even;
e there is a compact set K € ¥ such that v(K) =k and sup,x J(x) < J(0).

Then J possesses at least k pairs of distinct critical points and their corresponding critical values

are less than J(0).

2.2 EMBEDDING THEOREM

We study the embedding of W,*(0, 00) into the weighted space C; ([0, 00)), which is essential for
proving the compactness results used later.

Similar reasoning as in [13] yields the following compactness criterion in the space C, ([0, +00)).

Lemma 2.1. Let D C C,([0,00),R) be a bounded set. Then D is relatively compact if the

following conditions hold:

11



(a) D is equicontinuous on any compact sub-interval of RY, i.e., for all compact J C [0,00) and

for all e > 0, there exists d > 0 for all t1,t5 € J,
|t1 — t2| <0 = |r(t1)u(t1) — ’T‘(t2)U(t2)| <e,
forallu e D;

(b) D is equiconvergent at oo, i.e., for all ¢ > 0, there exists T = T'(e) > 0 such that for all
t>T(e),
r()u(t) = (ru)(co)| <,

forallue D.

Lemma 2.2. The following embbiding : Wy"(0,00) < Ci,.(0,00) is continuous , that is , there
existe M > 0 such that :

ey, < M llullyas

Proof: Let u € VVO1 (0, 00) using Holder inequality and some classical techniques , we set :

<( m(r'(s))‘]ds)l’ (/ m(u(s))ﬁds)’l’
av w<r<s>>qu)3 ([ wer ds)’l’
<l ([ (el ds)’l’ s ([ ds)’l’

S max ( |T,|Lq ) |T|Lq ) ”u”WOlp '

Hence, we have

[ullogy < M [l where M = max({|r'[| o, [||[1a)-

This estimate shows that the weighted sup-norm is controlled by the Sobolev norm, hence the

embedding is continuous.

12



Lemma 2.3. The embedding
Wy P (0, 00) <> Cy..[0, 00)

18 compact.

Proof: Let D be a bounded subset of X = W;7(0,00). Due to the continuous embedding
X — C,]0,00), it follows that D is also bounded in C} [0, c0).

Consequently, there exists a constant R > 0 such that
[ullyrr < R, VueD.

(a) D is equicontinuous on every compact interval of [0,00): Indeed, let uw € D and let ¢,t5 €

J C [0,00), where J is a compact sub-interval. By using Hélder’s inequality, we have:

/ ® () (s) ds

t1

r(t)u(ty) — r(t2)u(ts)| =

— / : (' (s)u(s) + r(s)u'(s)) ds

t1

< [ iemends+ [ ronds)as

t1 t1

< (f o) ([ o) ”
(o) ([ wow)

< o </tt Y1(5)ds: /: rq(s)ds) lull

< Rmax ( /: 14(5)ds: /: rq(s)ds) 0

(b) D is equiconvergent at oo; for ¢ € [0,00) and v € D

(a)(0) = (ra)(oo) = | [y (s) ds
| puts) + vl )

r
¢
R max (/ r’q(s)ds;/ rq(s)d3> — 0
¢ ¢

Hence, we obtain the compact embedding:

as |t1—t2| —0

<
<

as t — 0o.

X << (1,0, 0).

13



2.3 Main Result

the main result in this chapter is the following :

Theorem 2.3. Assume that the function h(t,u) satisfies the following conditions:

(h1) There exists a constant v € [0,2p — 1) and two positive functions o, 8 and

a f
"

’ 71'Y+1

€ L'(0,00),

such that
|h(t,s)| < a(t) + B(t)|s|”  forall (t,s) € [0,00) x R.

(h2) The function h(t,s) is odd with respect to s , and

H(t,s) = /OS h(t,&)d§ >0  for all (t,s) € [0,00) x R\ {0}.

Then, for any k € N, there exists A, such that if A > A\, Problem has at least k distinct

pairs of nontrivial solutions.

Proof
The corresponding functional associated with Problem (2.1)) is defined by

a b 2 o0
P00 = 2 ulfy s + 5 il =2 [ Hut)ar (22)
where
Hitow) = [ bt de
0

1. Regularity of the Functional ¢
We show that the functional ¢ belongs to class C'. The proof is divided into three steps.
Step 1 : Well-definedness of ¢.

14



Indeed, let u € X. It follows from assumption (hl) and Lemma(?2.2) tha

/OooyH(t,u(tm dt:/ooo /Ouh(t,g)dg‘dt
g/oo/u\hu,&)\ d dt
/ / (0) lei[") de dt
< /0 (a(t)u<t)+%\u<t)n+l dt
< [T (480 w0l + s (o (o))

“a(t) Ml = s
<l | S 4+ 5 [ Gpe

a tax B
—| +
o y+1 rvtl

r
< e [lullygr + ez Julljp, < oo

< e ullyys Jalls,

Ll

Hence ¢ is well defined on X
Step 2 : Gateaux-differentiability of ¢

We consider the functional
d(u) = ¢1(u) + d2(u),
Where :

b
(U)—Z;HUH" ta IIUII

/ H(t, u(t H(t,u):/ouh(t,s)ds.

To prove that ¢ is Gateaux-differentiable, we divide the proof into two parts corresponding to

¢1 and ¢o:

1. Differentiability of ¢;: We show that ¢; is Gateaux-differentiable and compute its deriva-

tive.[4] ¢ is expressed as a sum of two terms, each involving a power of the norm in Wy™*.

Since the norm ||uHW01,p is Gateaux-differentiable, and the sum of differentiable functionals

is also differentiable, it follows that ¢; is Gateaux-differentiable. and its derivative is given

by:
&) = (atbfull,y,) [ /0 )P eyl di + /0 Tl OP T (0 (1) dt |, Yo € W
Proof:

15



2. Differentiability of ¢
For u € X We consider the functional ¢o defined by :
bo(ut) = / Hitu®) dt,  H(t,u) = / h(t, s) ds.
0 0

For u,v € X for small s > 0, we have:

Bo(u + sv) — o) = /0 N (H(t,u(t) + sv(t)) — H(t, u(t))) dt.
The mean value theorem gives 6 € (0, 1) such that
H(t,u(t) + sv(t)) — H(t,u(t)) = sv(t) h(t,u(t) + sbv(t)), 6 € (0,1).
Then,
a1+ 5v) — o(w) = /0 su(t) h(t, u(t) + s0v(t)) dt.

Hence
¢o(u + sv)
s

—¢aw) _ / Bt u(t) + sBu(E)o(t) dt.

We estimate the integrand using the weighted norm r(¢):

|2up| = |u(t) + sOv(t)| 7 (t)
< r(@)lu(®)] + sOlv(®)| r(?)
< r(®)u®)] +rt)v()] (2.3)
< ulloor + [[0]lo,r

= C(HUHWOLP + ’lU”WOI’p) = Ru,v-

By assumption (H1), and using (2.3]) , we get :

[(t, u+ sv)[[o(t)] < a(®)]v®)] + SR, [0(1)],
|1t u+ s00)|[u(t)] < (a(t) + B(E)|u+ s0v]")v(t)]

< (%) ) R SQUP) o(t)

(r(2))7
Oe@] + B (r () Ry, |v(t)]

A0 gy o) oo)

)t e

=
—
o~
D~ ‘=

—HRZ,UHUHOOJ

)
R ) ol € L1(0,00).

+1 7w,



The Lebesgue Dominated Convergence Theorem implies that :

o0

lim h(t,u(t) + sbv(t))v(t) dt = /OO h(t,u(t))v(t) dt. (2.4)

s—0 0

Hence : ¢ is Gateaux-differentiable, and its derivative is given by :
oh(u) -v= / h(t,u(t))v(t)dt, Yve X.
0

Step 3: Continuity of ¢’
Let {u,} C X be a sequence such that u, — u in X as n — oo. Since X embeds continuously
into Cj ., we also have u,, — w in Cj,.. Consequently, the sequence (u,) is bounded in Cj,, so there

exists a constant R > 0 such that
[tinllocs < R for all n.

For all v € X, such that ||v|| <1 we have :

(05 (un) — $h(u),v) = /OOO (R(t, un(t)) — h(t, u(t)))v(t) dt.

Hence,
| (0 (wn) =0 (), v)] < /OOO |A(t, un () =h(t, u(@))[[o(t)] dt < [|v]joon /OOO |1t un () —h(t, u(t))|r(¢) dt.

Using the continuous embedding of X into Cj, again, there exists a constant ¢ > 0 such that

(95 (un) — @5 (w), )| < cl|vllye /Ooo |(t; un(t)) — h(t, u(t))|r(t) dt.

Taking the supremum over all v € X with [[v[|y1, <1, we obtain

15 (un) — D5 (u)lx < C/OOO [, un(t)) = h(t, u(t))[r(t) dt.

Passing to the limit as n — oo and using the Lebesgue dominated convergence theorem, we
deduce that
oh(un) = @p(u) in X'.

Therefore, ¢} is continuous, and hence ¢ € C'(X,R), with

[e.o]

(o) = @rtlally) | [Pt [Cworore al - [T

17



Thus, the critical points of ¢ correspond exactly to the weak solutions of (2.1)
2. ¢ is bounded from below
Since the space X is continuously embedded into Cp,([0,00)), there exists a positive constant c

such that, for every u € X, the following estimate holds
r(®)u@)] < llulloor < cllullyr. (2.6)

Using assumptions (h;) and (hy) together with inequality (2.5)), we estimate the functional ¢

as follows

_a p b 2p =
00) = 2l + 5ol = / H(t, u(t)) dt

> ol = [ e ) d
> gl = [ (atu + 2 ) d
b 2p (t) 5(75) v+1
> gl = [ (S ) + R e ) )

b *alt) B
> Sl = Aluder | r@) i [
g

T"Y"F]. It

«

rirt ’y+1

b2
Z Q—Z?IIUIIV%,p — Acllullype || [

Since 2p > v+ 1 > 1, we obtain

lim  ¢(u) = +o0.

lelly .0 =00
Hence, the functional ¢ is coercive , consequently , since of C* we set ¢ bounded from below.
3. The functional ¢ satisfies the Palais—Smale condition
We verify that any sequence (u,) C X satisfying : ¢(u,) is bounded and ¢'(u,) — 0
contains a convergent subsequence in X, ensuring the compactness requirement of the
Palais-Smale condition.

Let (u,) C X be a sequence such that

|o(un)| < B (2.8)
o' (up) -0 in X'
First, we prove that (u,) is bounded in X. Assume by contradiction that (u,) is unbounded,

Then there exists a subsequence (u,, ) of (u,) such that

||tn, || = 00 as k — oc.

18



Using inequalities (2.7 and (2.8)), we obtain
B > p(un) > Cillun|* = Collun | = Calug -

Then
Ch[un [P — Col|un |7 — Csl|un|| < B (2.9)

which contradicts the boundedness of (¢(uy,)). Therefore, (u,) is bounded in X .
Since (uy) is bounded in X and X = W, (0, 00) is a reflexive Banach space, there exist u € X

and a subsequence, still denoted by (u,), such that
u, — u weakly in X.

Moreover, since the embedding
X = Wol’p((), 00) — Cy,(]0,00))

is compact, we have

up, = u  in Cp,.([0, 00)).

Next, by direct calculation , we obtain :
(' (un) — ¢'(), up — u) =(a + blju,||") (/0 [ () P2 un () (un(t) — u(t)) dt

+ [Tl Or o who - o) dt)
At ) ) = )

— (a -+ bljulp) ( | P2 w0 - uo)at
[T O wo - o) dt)

1A /0 R u(t) (un(t) — u(t)) dt.

We have

tun — ulloor < My and  ||ug|loor < Ma. (2.10)

19



Now, by using (hq), we have

|t un(t)) —
h(t, un(t))

IN

1

r(t)

IN

IA
=252

<

<

(t

~—

a(t)

<2M,—= + M,

r(t)

<o Y
.

<2M,—= ()

()

0 ey
< oM, ‘;‘((;)) + M,

®)

7’(157 1

h(t, u(t))] Jun(t) — u(t)]
— h(tu(®)] -~ (Ol (t) = u(t)

r(t)

[[un = wlloor [R(t; un(t)) = h(L, u(?))]
= (11 (E un ()] + [A(E, u(t))])

(@) + B ua ()] + a(t) + BE)|u(®)])

B(t)
r(t) (l

un ()7 + Ju(t)[)

B(1) (r(t) (Jun ()7 + Ju(t)[)

B(t
Bt

) +

o (e, + )
@
) +

ot (M3 + lull%, ) € L1(0, 00).

From the Lebesgue Dominated Convergence Theorem, we have

A /0 (At un(®)) — h(t, u(®))) (un(t) — u(t)) dt — 0.

Since ¢'(u,) — 0 and u,, — w in X, we have

(@' (un) —

o' (u), up, —u) =0 asn— oo.

Consequently, from (2.11]), we have S,, — 0 as n — 0o, where

S, =(a+ blunlly) [ WP 0t~ )t

@t W) [ T OF 20 (6) ~ ute) d

(ot Hully) [ HOP G0 - o)
~ @t Hlull) [ P u(O) (o) - ute) .

20
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We can rewrite S,, as
S, (0 blunll) [ (P u0) = WP 0) 1) — 6
@t W) [ OF 2,0 = @) ult) (0 (6) = ute)
@t Wl [ OO0 - @) d
@t Wl [ TOP ) (0 - u(o)
~ @t Hlully) [P u(o unle) - ute)
~ @t bulf) [ WOP @0 - v 0)dr
From the weak convergence of (uy,) in X and since
/[P~ uP2u € L1 (0, 00),
we have
/0 O ()l (1) — o (1)) dt + /O P2 (un(t) — u(t)) dt — 0 as n — 0o, (2.12)

Hence, from ([2.12)) and the fact that S,, — 0, we obtain

(@ Blunll )

X

Aﬂwumwwuw—va*w@x%@—uw»w

Since (u,) is bounded in W,”(0, 00), we deduce that
/OOO(|U%(t)|p_2UZ(t) — [/ ()P~ (1) (up (1) — /(1)) dt
+ /Ooo(lun(t)\pzun(t) = [u(®)""*u(t)) (un () — u(t)) dt — 0.

We need to use the following inequality :

9 9 Cp|$ o y|p7 1fp > 27
(222 — P2 e —9) > | o — P

T ifl<p<?.
(|2 + lyl)*r

Va,y € R ([20]) To complete the proof of the Palais—Smale condition, we follow the arguments
used in [20]. We distinguish two cases: p > 2 and 1 < p < 2.
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First case: p > 2.

By the inequality , we have

(e~ — g 2y)a — ) > ol — "
we obtain -
/0 (e (B2 (£) — e (1)~ (1))l (8) — (1))
n / ()P nt) — [P t)) i (£) — u(t)) dit
> 2 ([T w0 —wopas [T -wopar).
Since

| = e, - e
0

+/ (|t P22y, — [ulP~u) (1, — w) dt — 0,
0

asn — 0o
and

/0°° |l (t) — o' (t)|Pdt + /OOO |un (t) — u(t)|Pdt — O

Second case: 1 < p < 2.

From the inequality

p—2.. p—2 l p— 1 |CE . y|p :

we obtain

[ - ar < 24 [ @ OF 0 - O O) 60 0) (0 P

By applying Holder’s inequality, it follows that

/OOO ! () — o' (B)Pdt < pill ()P 2a (8) — [/ ()20 (1)) (wr, (1) — ' ().,
< || (Ju (O + [/ @) e,

Similarly, we have
/0 T lun(t) — u()Pdt < p\ﬁ (e (D)2 (t) = ()P~ 2u() (wn(t) — ()],

X H(|un(t)|p + |U(t)|p)(2_p)/pHp/(2_p)'

22



Therefore,

/0 (1) — (D) + / " unt) — ()Pt
\/5

< F[H((\UW)I””UW) — W @) (0)) (u(8) — o )|, ([ (OF + [ (@)[) P77

|Gt (P un(t) = P ~) (= w)? [, [ (an @ + la(@)?) 277

p/(2—p)
p/(2 p)}

Since (uy) is bounded in Wy, we can choose constants M} and M} such that

[, @)1 + [ @)Y <M |[(ua(OF + [u() ) 2272 < M.

—p) p/(2-p) —

Hence,

o — < 20 mas (3, D) [ O 20,0) ~ W OF=20 ), ],

1 uaOF 22 (8) — P2 ot — w))2],,] =0,

as n — o0.

Therefore, we conclude that
[tn — ullyyir =0 asn — oo,

which shows that ¢ satisfies the Palais-Smale condition.

4.The Genus condition :

Consider {ey, e, ...}, a Schauder basis of the space W,"(0,00) see [23] [7], and for each k € N,
let X}, be the subspace of Wy (0,00) generated by the vectors {ey, es,...,e,}. Clearly, X; is a
finite-dimensional subspace of W™ (0, c0).

For p > 0, define
k
_ : 2 _ 2 _ 2
Ki(p) = {u € Xi: July, = Y€ = p }
i=1

For any p > 0, we consider the odd homeomorphism y : Kj(p) — S*~! defined by

X(U) = (517527 ce 751@)7

where S¥~1 is the unit sphere in R*¥. From Theorem ({2.1)) and Proposition (2.1)) , we deduce that

V(K(p)) = k.
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It follows from hypothesis (hy) that
/ H(t,u(t))dt >0 for any u € Ki(p).
0

Then , we have

pr = inf /OOOH(t,u(t))dt

uEK(p)

is strictly positive.

Let

N @b

Hi
and note that Ay > 0. Then, for A > A, and for any u € K;(p), we have

Ll . + LM )\/ H
- ) Ly — t,u(t))dt

< (a+ blfullgap) lull g — Am
< (a+bp”)p” — A
< (a+bp”)p" — Appx = 0.

Therefore, ¢(u) < 0 for all u € Ki(p). By Theorem(2.2), the functional ¢ has at least k pairs of

p(u)

distinct critical points. Hence, Problem ([2.1]) admits at least & distinct pairs of nontrivial solutions.

2.4 Example
The following (B.V.P)
(1U+ o) (= (W @OPE @)+ ut) Pu(t)) = e ulul, ¢ € [0,00) (2.13)

With

Satisfies our main result obviously , the nonlinear term is defined by
ht,z) =e'zl|z|, a=b=1, X=1.

In addition, we choose



Then , we can seet that

[A(t,w)] = e ul® < aft) + B(H)[ul".
Hence, condition (hy) is satisfied.

On other hand , we have :

H(t,u) = /Ouh(t,g) de.

H(t,u):/oue_tﬂﬂd{ >0 VYu#0.

Therefore, condition (hsy) is satisfied.
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CHAPTER 3

A Double phase problem on the half-line

In this chapter, we study a class of nonlinear double phase problems in the framework of Musielak—
Orlicz spaces. Our aim is to establish suitable embedding results and to investigate the existence

of infinitely many weak solutions by variational methods :

— (W' @ (1) + a(t) [/ ()" (1) + lu@) " u() + a(t) [w@)]"* u(t) = Ah(t, u(t),

u(0) = u(400) = 0.
(3.1)

3.1 Musielak-Orlicz space

Definition 3.1. ([6]) Let Q be an open subset of R%. A function G : Q x Q x Rt — R is called a

generalized N-function if it satisfies the following conditions:

1. Gyy(t) :== G(z,y,t) is even, continuous, increasing and convex in ¢, and for each ¢t € R,

G(z,y,t) is measurable in (z,y);

2. limGI’—y(t) =0, for a.a. (z,y) € Q x Q;
t—0 t
t
3. tlim Gy () = o0, for a.a. (x,y) € Q x Q;
—00

4. G y(t) >0, for all t > 0 and (z,y) € Q x Q.

The function H : Q x [0,4+00) — [0, +00) defined as
H(t,s) :=s"+a(t)s?, fora.e. t€ Qand for any s € [0, +00),

with 1 < p < g and 0 < a() € L'(), is a generalized N-function (N stands for nice), according
to the definition (3.1)), and satisfies the so-called (As) condition, that is

H(t,2s) <27H(t,s), fora.e. t€ Qand for any s € [0, +00).
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Therefore, by [19] we can define the Musielak-Orlicz space L7 () as
LH(Q) := {u: Q — R measurable : py(u) < oo},
endowed with the Luxemburg norm
, u
ol s = mf{)\ >0 pH<X> < 1} .
where py denotes the H-modular function, defined by
pu(u) == / H(t,|u])dx = / (Jul” + a(t)|ul?) dt. (3.2)
Q Q

By [[10],[12]], the space L () is a separable, uniformly convex Banach space. Moreover, from

[16], we have the following relations between the norm || - || and the H-modular.
Proposition 3.1. Assume that u € L7(Q), {u;} € L*(Q) and ¢ > 0. Then:

(i) for w0, Julln = ¢ < pu (2) = ;

(i) lullg <1 (resp. =1, >1) <= py(u) <1 (resp. =1, >1);

(iii) \lulln <1 = lulfy < puu) < [lully;

() llullm > 1= llullfy < pu(u) < [lullf;

(v) lim ||u;]|g =0 (00) <= limpy(u;) =0 (c0), asj— oo.

The associated Sobolev space WHH(Q) is defined by
W (Q) = {u e LH(Q) : |Vu| € L7 (Q)},

endowed with the norm
[l zr = lulle + [Vl (3.3)
where we write ||Vu|| g = |||Vu| ||z to simplify the notation. We denote by Wy'" () the completion
of C§°(R2) in WHH(Q), which can be endowed with the norm
[ull := [IVull,

which is equivalent to the norm defined in (3.3)), thanks to [10], whenever condition (1.2) holds.
For any m € [1,00), we denote by L™(Q2) the usual Lebesgue space equipped with the norm || - ||,,.
Then, by [10], we have the following embeddings .
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Definition 3.2. We say that u € W (0, 00) = X is a weak solution of Problem (3.1)) if and only
if

/0 +OO(|u’(t)|”’21/(1t) V() +a(t) [ (6)]72u' () v'(t) db)+ /O +OO(|U(1t) [P72u(t) v(t) di+a(t) [u(t)]**u(t) v(t) dt)

=\ / Tt u(t) o(t) dt

for all v € WhHH,

3.2 Embedding
Lemma 3.1. The following embedding holds:
WI’H(O, +00) < C,-(0, +00).

Proof. Obviously, we can see that the space W (0, +00) is continuously embedded in the
space WP(0, +00). From Lemma (2.2), we have that WP(0,+00) is continuously embedded
in C},.(0, +00), that is :

WHH(0, +00) = WHP(0, +00) < C,(0, +00).

Therefore, the space W (0, +00) is continuously embedded in Cj,.(0, +00). H

Lemma 3.2. The following compact embedding holds:
WHH(0, 400) —— Cy,(0, +00).

Proof. Since

WHH (0, 4-00) = WP(0, +00) = (0, +00).

the last compact embedding holds thanks to Lemma (2.3) then , we deduse that :

W (0, 400) < C;,.(0, +00).
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3.3 Main Result

The following theorem gives the existence of infinitely many weak solutions for problem (|3.1]:

Theorem 3.1. Assume that the function h(t,u) satisfies the following conditions:

(h1) There exist a constant v € [0,p — 1) and two positive functions o, B such that :

and

|h(t,s)| < a(t) + B(t)|s|”  forall (t,s) € [0,00) x R.
(h2) The function h(t,s) is odd with respect to s and

H(t,s) = /OS h(t,&)d§ >0  for all (t,s) € [0,00) x R\ {0}.

Then, for any k € N, there exists A, such that if A > A\, Problem has at least k distinct

pairs of nontrivial solutions.

Proof. The corresponding functional to Proplem (3.1)) is defined as :

J(u) = 1/ oo|u’(t)\pdt+é/0 C>Oa(t)|u’(t)|qd1t+%/0 oo]u(t)|pdt+$/0 Ooa(t)]u(t)]th

P Jo

With : F(t,s) = Joo f(t,7)dr

claim 1 : J € C*(X,R)

o The functionale J is well defined because u € W1 (0, +00) . It follows from (h1) in theorem
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(3.1) and Lemma (3.1)) that :

/OOO]H(t,u(t))] dt:/ooo /Ouh(t,g)dg'dt

<[ [ e dea
< /Oo / (alt) + B(0) |eil" ) dé dt

0

— ((t)(t))”“ (r(t) [u(t)] )v+1) dt

0o '7+1
< olt) 4 lulloe B 4
JMWA " QA

r(t) 7 1 (T(lf))7+1

B
1)

Lt 7—!—1

< et fullyrn + e Jullffila < oo

'y+1 I

Then J is well defined on WHH

J is Gateaux-differentiable,
We define the functional : J; : WH7(0, +00) — R
be defined by :

1+00/p1+oo/q1+oop1+oo q
Jl(u)——/o [u'(1)] dt+5/0 a(t)|u'(t)] dt+p/0 lu(t)] dt+q/0 a(t)|u(t)|? dt.

p

Obviously, J; is Gateaux -differentiable on W15 (0, +00).

Moreover, we have

<mww=AMWWMwmmw+£wwmmwwmwmﬁ

400 400
+ /0 lu(t) P~ 2u(t)v(t) dt + /0 a(t)|u(t)|92u(t)v(t) dt.

For u € WHYH | we consider the functional .J, defined by :

Ty = / R ) di

Proceeding as in Chapter 2, we prove that .J, is Gateaux differentiable on W (0, +00)
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o Using the same arguments as in Chapter 2, we deduce that the derivative J’ is continuous

on WHHE(0, 400). and

= [ WP o+ / () () (0) i

+oo +oo +00 (3'4)
+/ lu(t) [P~ 2u(t dt+/ ()7 2u(t)v(t) dt — ft,u(t))v(t) dt.
0 0 0

Therefore, J € C*(W#(0, 400),R).
claim 2 : J is bounded from below

For every u € WHH(0, +00), we have

oo 1 / 1 /
J(u) = —[u' (B + ~a@)|u'(2)]" ) dt

+ [ (o= Sawuor) a-x [ R

Since p < ¢, we obtain

v

RS
Q=

hence

oo
J(u) >1 / (@) + a(t)u(B)]7) dt
+o0o +oo
w2 [ Quor e a=x [ Feaw)a

Using the definition of the modular py, we get

ju— +00
T = o)+ pula) = /0 F(t, u(®)) dt.

By Proposition (3.1)), for ||u||y1,z sufficiently large, we have
pr () 2 [l pa(u) = (u'llf

Therefore,
Leome o Lyoiw e
J(u) = [l + =l — A F(t,u(t)) dt.
q q 0
Using the inequality

a? + b < (a+b)P < 2071 (aP 4 bP)

we deduce that

J(u) = (llallzr + |IU’||H)”—A/0 " Pt u(t) d.

1
q2rt
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Since

lullwre = llulle + o]l a,

it follows that

J(u) >

+oo
2 o ||y — )\/0 F(t,u(t))dt.

Using the growth assumption on F', we obtain

a
50 2 il = Mellalhror 2] = 25
q2p1 wLH rlp ’Y+1 wl.H “/—l-l .
Since 0 < v+ 1 < p, we conclude tha t : J(u) is bounded from below .
claim 3 : J satisfies the (PS) condition
Let (u,) C W(0,400) be a sequence such that
| J(un)| < C (3.6)

and

J(u,) =0 in (WH(0,+00))".

From , and since v < p — 1 in all cases we deduce that the sequence (u,) is bounded
in W# | Thus passing to a subsequence if necessary , there exists v € W4 such that u, — u
weakly in WHH

Moreover by 3

(T (un) = J'(w), un — u) = /;Oo (lun B2 (8) = [ (O () (i (2) — (1)) dt
+o0
X /0 a(t) (Ju, (0172, (8) — o' (H)]"*0/ () (u,(8) — /(1)) dt

Since the embedding
W (0, 4-00) <> C;.(0, +00)

is compact, it follows that

u, = u in Cp,(0,400).
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Hence, there exist two positive constants My, My > 0 such that
[t = ttf| oo < M,

and

| tn ] oor < Mo.

Using assumption (h), we obtain

[t un(®)) = £ u(0)] fun(t) = u(t)|

<y POl (0) = )] 0.1 (0)) = . u(0)
1

<l =l £ 6 un6)) = £ )

< (It @)+ (e uo)

g% (a(t) + B ()] + at) + ﬂ(t)|u(t)l”)

hence
2Mia(t)  MiS(t)

r(t) r(t)
2Mya(t)  MyB(t)
r(t) (r(t))r
2Mia(t) 4 Mj5(t)
r(t) (r(t))r
2Ma(t)  Mij(1)
r(t) (r(t)) !

Therefore, by the Lebesgue Dominated Convergence Theorem, we get

(lun ()7 + ut)")

@) (Jun®)" + @)

(lenle, + i)

(M3 + lull.,.) € L}(0, +00).

A/Om(f(t, un(t)) = [t u(t))(un(t) — u(t)) di — 0.

Since
J (up) — 0
and
u, —u in WHH(0, +-00),
we have
(J' (un) — J'(w), up, — u) — 0.
Consequently,

S, — 0,

33



where

&zﬁanﬁw%mw—wwvw@y%®—wmw
+[:mmwoﬁuw*wﬁw—wuw*wanwuw—wu»ﬁ.

We can rewrite S,, as follows
A%=AMQ%@P%WMJMWPWwN%W—MMMt
[ a (20 — 10 O 0 ) 0 — 1) d
0+oo
[ WP o0 - @) d
0+oo
ﬁA a(O)lu (0112 (1) (£) — ' (1) d.

Since

U, — v in WHH(0, +00),

and
/[P € L1(0,400),

a(t)|u|""u’ € L71(0, 400),

we obtain
—+00
| woraw e - v o,
0

and

/O ) at)|u' ()72 (t) (uy, (1) — /() dt — 0,
as n — +00.

Hence, from S,, — 0, we deduce that
+00
A (I ()~ (8) = (82 (1)) u, (8) — w/(8))
+A“}@Q%®P%mw—mww2wmy%@—ww»ﬁ+o

To complete the proof of the Palais-Smale condition, we distinguish two cases.

Case 1: p>2 and ¢ > 2.

Using the inequalities



and

. _ 1
(a2 = lol"2y) (@ = ) = 5l = ",

for all x,y € R, we obtain
+00
[ - vp
0
+oo
<2 [ (lu 0 2u 0 - W OF ) (0 ~ @) dr
0

and .
JRCITACERI oI
<2 / " a0 (00 — 1 (@) ()
X (ul (t) —u/(t)) dt.
Hence, i .
| —vopas [ anngn - vora
=4 " (B P 2 (0) — W P20 0)) (1) — (1) e
+o0
+ 2 / a(t) (| (1)~ 2u, (8) — ' (D)2 (1))
X (ul (t) —u'(t)) dt — 0.
Therefore,

u, — u  strongly in W' (0, +00).

Case 2: 1<p<2 and 1<qg<2.

Using the inequalities

(SIS

-1 T —ulP
P \ y\ﬁy

V2 (|2 4 Jyp)

:Oaﬂp‘gw-—>MAP‘Zy)(w-—>y{

and

N

g—1 |z -yt

2—q >
V2 (|zfa+ [yle)

(22 — yl*2y) (@ — )

v

we obtain

+o0o
/0 ul (£) — (1) P

M)

sc( / " (P () — o OP 2 ®) (1) — (1) dt)

2—p

. ( [ (o + |u’<t>|p)dt) .
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Similarly, for the double phase term, we have

[ atoh o - wiop i
sc( / e (RO, ) — WO )

X (u (1) — u'(t)) dt)

. ( [t uior+ \u'(t)\q)dt> q

By using Holder’s inequality, we obtain

[ i —wiopa
y H (o) - W(t)wu'(t)) )=o)

X

OF + W OF) " H
Similarly, for the double phase term, we have
+oo
| alo - e
0

<C | o8 (o720 = ) ) = ]|

X

(om0 + el or)  df

In the same way,

/0+o° un (£) — u(t)|P dt < C

((|un<t>|p-2un<t> — ()P 2u(t) ) (un(t) - u<t>>)

((un<t>p+|u<t>p))p ,

X

and

/0 o) lun(t) — u()|2dt < C

(a<t> (e ()17 20 (8) = ()| 20(t) ) (1) — u<t>>)

<a<t>(|un<t>|q + ru<t>|q)) -

X
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Hence,

pr (U, —u) + pg(ul, —u') — 0.

By Proposition (3.1)(v)), it follows that
[tn = ullpr(400) — 0

and

1wy, — || 0,400y — 0.

Therefore,
ot =l 0500y = l1tim — ll 10,500y + 12y — 2710200y — 0.

Hence,

Uy — U strongly in W (0, +-00).
Consequently, the functional J satisfies the Palais—Smale condition.
Remark 3.1. For 1 < p < 2 and g > 2, the proof follows the same lines as in Case 2.

Claim 4. Consider {e,es,...}, a Schauder basis of the see ([7]) W (0, +00), and for each
k € N, let X}, be the subspace of W (0, +00) generated by the vectors {ej, es,. .., ex}. For p > 0,
define
Kilp) = {u € X : ullwrn = p}.

For any p > 0, we consider the odd homeomorphism
X Ki(p) = SF1

defined by
X(U) = (517527 s 7£k)7

where S*~1 denotes the unit sphere in R*.

From Theorem (2.1)) and Proposition (2.1), we deduce that

V(K(p)) = k.

It follows from assumption (hs) that
+oo
/ F(t,u(t))dt > 0, Vu € Ki(p).
0
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Then

+00
;%:iﬁh/ F(tu(t)) dt
0

u€Ky(p

is strictly positive.

Let

1
Ak = Nkl_pp
p

and note that A\, > 0.

Thus, for every A > A\ and every u € Ky(p), we have

1

400 400
ﬂm:ié mwwﬁ+él a(t)|u/(1)]7 dt

1

+o0 . 1 [t q
+_£ hﬁﬂﬁ+54 a(t)|u(t)|” dt

p

—A/%wF@u@Dﬁ

<[ n(a) + ()] — v

1 V4
<1 [nu'nsz . ||u||§;H} .

p
< Ll — Ak
p
1
< —pP — Ap
p

1
S;Pp_Akﬂk:O

Therefore,
J(u) <0=supJ(u) <0 Yu € Ki(p).

By Theorem (2.2)), the functional J possesses at least k pairs of distinct critical points.
Consequently, the considered double phase problem ({3.1)) admits at least k distinct pairs of

nontrivial solutions.

]
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3.4 Example

We consider the following double phase problem

~ (WO +

+ [u(®)|u(t) +

(0P (1))

1 i () Pu(t) = e ulul € [0, +00),
u(0) = u(400) = 0.

We choose
1
p=3, qg=4 (t) =1 et
and h(t,u) = e tulu| , A =1
Then
F(t,u) :/ h(t,s)ds
0
Moreover, we take
()= al)=c',  BH)=c', y=2
1 + t’ Y 9

It is easy to verify that assumption (k) holds. Indeed,
[A(t, w)| = e ulul| = e uf® = B(t)[ul",

where
Since

condition (h;) is satisfied.

Moreover,
F(t,u):/o h(t,g)dg:/o ctelelds >0 Yu£0

which implies that assumption (hs) holds.
Therefore, by the main result established in Chapter 3, the above double phase problem admits

infinitely many pairs of nontrivial solutions.
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Conclusion

In this memoir, we studied the existence and multiplicity of solutions for a class of nonlinear
boundary value problems defined on the half-line [0, +00), using variational methods and tools
from critical point theory.

In the first chapter, we presented the main preliminary results concerning Sobolev spaces,
Musielak—Orlicz and Musielak—Sobolev spaces, as well as Double Phase spaces, together with the
main tools of critical point theory such as the Palais-Smale condition, Krasnoselskii genus theory,
and Clark’s theorem.

In the second chapter, we investigated a nonlinear Kirchhoff problem in W, *?(0, +00). By
applying variational methods and verifying the assumptions of Clark’s theorem, we proved the
existence of infinitely many pairs of nontrivial solutions.

In the third chapter, we extended these results to a Double Phase Kirchhoff problem in
WHH(0, +00), and obtained similar multiplicity results using the same variational framework.

These results show the effectiveness of variational methods and critical point theory in studying
nonlinear problems on unbounded domains, and they open the way for further extensions to more

general operators and growth conditions.
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Abstract

In this memoir, we study the existence and multiplicity of infinitely many pairs of nontrivial so-
lutions for two classes of nonlinear problems posed on the half-line. The first one concerns a
Kirchhoff type problem studied in the classical Sobolev space. while the second one deals with a
double phase problem investigated in the Musielak—Sobolev space . Our approach is based on vari-
ational methods, Krasnoselskii genus theory and the Palais—Smale condition, which are important
tools in critical point theory.

Keywords: variational methods; genus theory; half-line; Kirchhoff problem; double phase prob-

lem; Palais—Smale condition

Résumé

Dans ce mémoire, nous étudions 'existence et la multiplicité d’une infinité de paires de solutions
non triviales pour deux classes de problemes non linéaires définis sur la demi-droite. Le premier
concerne un probleme de type Kirchhoff étudié dans ’espace de Sobolev classique . tandis que le
second traite un probléme de type Double Phase étudié dans 1’espace de Musielak—Sobolev . Notre
approche repose sur les méthodes variationnelles, la théorie du genre de Krasnoselskii ainsi que la
condition de Palais—Smale, qui constituent des outils importants de la théorie des points critiques.
Mots-clés : méthodes variationnelles ; théorie du genre ; demi-droite ; probleme de Kirchhoff ;
probleme Double Phase ; condition de Palais—Smale.
vazlall
wbl e Diluall po puiinal dgsll jue Jolal 213l oo Lilgd 3ae 33 ddasig 3929 duwlys Js> B)Siell 038 9mels

s bl e e duwlyall oda £ 5500y ouliluell Cuad (e d9ymall
o Saw Sl Cadgrguw ebas U] b lgiwlys Crai (Kirchhoff) wguinysS ¢ 5i oo @luie Jgliii 1oVl &lluall

(Musielak) oMuwge cbas jUs] (b lgiwly> Craig (Phase-field) ygoll (ilif g 5i oo @luso Jgliii duli)] &luell
a5 aubhsi  ge (Variational methods) d plill g oll (e 4056 dumgio d)lae e Josdl lin jlasl (b Laeicl 26g

(Smale condition Palais-) Jilew-JU byi G18=55 (Krasnoselskii's genus theory) SuwliwgiwlyS) Guizll
Lasasiy Jel=dl 292 SLWSY

:duzline]l Oladsll
il b by ¢ yghall 45 Jiluso tcbgainysS @lliso ppiiimal] i fopSulpmwgia iU Guind! &y b 1y il g, bl
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Liste des termes

FRANCAIS

ENGLISH

Fonctionnelle d’énergie

Energy functional

Condition de Palais—Smale

Palais—Smale condition

Genre de Krasnoselskii

Krasnoselskii genus

Point critique

Critical point

Théorie des points critiques

Critical point theory

Méthodes variationnelles

Variational methods

Fonction N généralisée

Generalized N-function

Espace de Musielak—Orlicz

Musielak—Orlicz space

Espace double phase

Double phase space

Suite de Palais—Smale

Palais—Smale sequence

Convergence faible

Weak convergence

Convergence forte

Strong convergence

Injection compacte

Compact embedding

Injection continue

Continuous embedding

Base de Schauder

Schauder basis

Fonction de Carathéodory

Carathéodory function

Théoreme de convergence dominée

Dominated convergence theorem

Inégalité de Holder

Holder inequality

Inégalité de Young

Young inequality

Solution non triviale

Nontrivial solution

Multiplicité des solutions

Multiplicity of solutions
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