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Introduction

Introduction

In classical set theory, an element’s membership is strictly binary. It belongs entirely

or not at all to a given collection. However, real-world human reasoning contains in-

herent vagueness. Linguistic expressions and complex data are filled with ambiguity.

Binary logic fails to capture these uncertainties adequately.

To address this limitation, Professor Lotfi A. Zadeh introduced Fuzzy Sets in

1965 [67]. He allowed membership values to span continuously between 0 and 1.

Zadeh laid the mathematical foundation for approximate reasoning. He built a

bridge between math and human intuition.

As engineering and data environments grew more complex, limitations emerged.

Precise, crisp membership grades could not handle secondary uncertainties. They

failed against conflicting expert opinions and heavy data noise [49]. To model these

higher-order uncertainties, the theory naturally evolved.

Zadeh extended his original work in 1975 to introduce Type-2 Fuzzy Sets (T2FS)

[69]. In T2FS, the membership grade itself becomes a fuzzy set [81]. This framework

creates a deeper Footprint of Uncertainty (FOU) [49]. In recent years, this trajectory

culminated in Type-3 Fuzzy Sets (T3FS) [80]. Type-3 sets generalize Type-2 sets

by modeling membership grades as Type-2 fuzzy entities. This progression offers

unprecedented mathematical flexibility for deep uncertainty representation.

The primary objective of this dissertation is to provide a rigorous mathematical

review of these three generations of fuzzy sets. We analyze their definitions, math-

ematical operations, and foundational algebraic structures. To achieve this, this

master dissertation is organized into three core chapters:

• Chapter 1: Type-1 Fuzzy Sets. This chapter reviews foundational con-

cepts of classical fuzzy sets and relations. It details their operational charac-

teristics, projections, and Cartesian products. It also introduces the crucial

role of triangular norms (t-norms) and t-conorms [34].

• Chapter 2: Type-2 Fuzzy Sets. This chapter shifts focus to membership
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Introduction

functions within Type-2 spaces [49]. We analyze geometric representations,

including triangular, trapezoidal, and Gaussian membership functions [36]. It

introduces new methods of partitioning the closure of support (CoS).

• Chapter 3: Type-3 Fuzzy Sets. The final chapter explores advanced

mathematical definitions and set-theoretic operations of Type-3 systems [80].

Particular emphasis is placed on the hierarchical interpretation of alpha-cuts

(α-cuts). We analyze their crucial role in type-reduction and uncertainty han-

dling.
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Chapter 1

Fuzzy Sets

Fuzzy set theory was proposed by Zadeh[67] in 1965 as an extension of the classical

notion of a set. With the proposed methodology, Zadeh introduced a mathematic

method with which decision making using fuzzy descriptions of some information

becomes possible. The basis of this theory is the fuzzy set, which is a set that does

not have clearly defined limits and can contain elements only at some degree. In

other words, elements can have a certain degree of membership. Hence, suitable

functions are used namely membership functions that determine the membership

degree of each element in a fuzzy set. If we consider an input variable x with a field

of definition X, the fuzzy set A in X is defined as A = {⟨x, µA(x)⟩ | x ∈ X}, where

µA(x) is the membership function of X in fuzzy set A and may range from 0 to 1.

1.1 Fuzzy sets

We begin by recalling fuzzy sets and exploring their fundamental properties and

operations. The concept of fuzzy set was first introduced by Lotfi A. Zadeh in his

paper [67].

Definition 1. [67] Let X be a nonempty set.

A fuzzy set A = {⟨x, µA(x)⟩ | x ∈ X} is characterized by a membership function

µA : X → [0, 1], where µA(x) is interpreted as the degree of membership of the
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Chapter 01 Type-1 Fuzzy Sets

element x in the fuzzy subset A for x ∈ X.

Notation 2. The set of all fuzzy subsets of X will be denoted by F (X).

Example 3. Let X = {x, y, z} be a set. F1 = {(x, 0.2), (y, 1.0), (z, 0.9)} and F2 =

{(x, 0.1), (y, 0.8), (z, 0.5)} are two fuzzy subsets on X.

Example 4. We can define the membership function µA(x) for the fuzzy set "Num-

bers Close to 5" as follows:

µA(x) =



0 if x ≤ 2

x−2
3 if 2 < x ≤ 5

8−x
3 if 5 < x < 8

0 if x ≥ 8

1.2 Operations of fuzzy sets

For two fuzzy sets A and B on a set X, several operations are defined in the following

way (see [67]).

(i) A ⊆ B if µA(x) ≤ µB(x), for any x ∈ X;

(ii) A = B if µA(x) = µB(x), for any x ∈ X;

(iii) A ∩ B = {⟨x, µA(x) ∧ µB(x)⟩ | x ∈ X};

(iv) A ∪ B = {⟨x, µA(x) ∨ µB(x)⟩ | x ∈ X};

(v) Ā = {⟨x, 1 − µA(x)⟩ | x ∈ X}.

Example 5. If we consider the fuzzy sets

A1(x) =


1, if 40 ≤ x < 50,

1 − x−50
10 , if 50 ≤ x < 60,

0, if 60 ≤ x ≤ 100.

2
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A2(x) =



0, if 40 ≤ x < 50,

x−50
10 , if 50 ≤ x < 60,

1 − x−60
10 , if 60 ≤ x < 70,

0, if 70 ≤ x ≤ 100.

Then their union is

(A1 ∪ A2)(x) =



1, if 40 ≤ x < 50,

1 − x−50
10 , if 50 ≤ x < 55,

x−50
10 , if 55 ≤ x ≤ 60,

1 − x−60
10 , if 60 ≤ x ≤ 70,

0, if 70 ≤ x ≤ 100.

The intersection can be expressed as

(A1 ∩ A2)(x) =



0, if 40 ≤ x < 50,

x−50
10 , if 50 ≤ x < 55,

1 − x−50
10 , if 55 ≤ x < 60,

0, if 60 < x ≤ 100.

The complement of A1 can be written

A1(x) =


0, if 40 ≤ x < 50,

x−50
10 , if 40 ≤ x < 60,

1, if 60 ≤ x ≤ 100.

Example 6. Let X = R and let A be the set of reals greater than 10 and B the set

of reals close to 1 are characterized respectively by its membership functions

µA(x) =

 0, if x ≤ 10,

(1 + (x − 10)−2)−1, if x > 10,

and

µB(x) =

 0, if x ≤ 10,

(1 + (x − 10)4)−1, if x > 10.

So, we get A∩B set of reals greater than 10 and close to 11 given by its membership

3
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function

µA∩B(x) =

 0, if x ≤ 10,

min[(1 + (x − 10)−2)−1, (1 + (x − 10)4)−1], if x > 10.

And A ∪ B the set of real numbers greater than 10 or close to 11 given by its

membership function

µA∪B(x) = max[(1 + (x − 10)−2)−1, (1 + (x − 10)4)−1], x ∈ X.

1.3 Membership Functions in Type-1 Fuzzy Sets

This section provides the rigorous analytical definitions for the membership func-

tion typologies discussed previously, utilizing the specific numerical parameters il-

lustrated in the provided graphical representations.

1.3.1 Triangular Membership Function

The Triangular Membership Function is defined by a triplet (a, b, c). According to

the graphical instance, these parameters are assigned as a = 2, b = 5, and c = 8.

The piecewise linear function is expressed as:

µA(x) =



0, x ≤ 2

x−2
3 , 2 < x ≤ 5

8−x
3 , 5 < x < 8

0, x ≥ 8

(1.1)

Example Analysis: This function is ideally suited for modeling the linguistic

variable "Average Height". As shown in the diagram, an individual with a value of

5 units represents the absolute prototype of the set (µA = 1), while the membership

degree decreases linearly as the value deviates toward the boundaries of 2 and 8.
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1.3.2 Trapezoidal Membership Function (TrapMF)

The Trapezoidal form expands the modal peak into an interval [b, c]. Based on the

visual data, the parameters are defined as a = 2, b = 4, c = 7, and d = 9. The

mathematical formulation is:

µA(x) =



0, x ≤ 2

x−2
2 , 2 < x ≤ 4

1, 4 < x“‘ ≤ 7

9−x
2 , 7 < x < 9

0, x ≥ 9

(1.2)

Example Analysis: This profile represents a "Comfortable Temperature

Range". Any temperature within. the plateau [4, 7] maintains a full membership

of 1, providing a stable region of "comfort" before the gradual transition into "un-

comfortable" zones (Average Height, Comfortable Temperature, Skill Distribution)

. (slopes between 2 − 4 and 7 − 9).

1.3.3 Gaussian Membership Function (GaussMF)

The Gaussian function provides a smooth bell curve determined by the center c = 5

and width σ = 2. Its analytical form, which avoids the sharp vertices of linear

models, is defined as:

µA(x) = exp
(

−1
2

(
x − 5

2

)2)
(1.3)

Example Analysis: This curve is employed for modeling "Skill Distribution"

or natural phenomena. Unlike linear functions, the Gaussian model never reaches

absolute zero, reflecting the probabilistic nature of human skills where even extreme

outliers retain a minimal, non-zero degree of membership in the distribution.

5
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1.4 α−cuts

Definition 7. (The α-cut of a fuzzy set) [37] Let A be a fuzzy set on a set X.

The α-cut of A is the crisp subset

Aα = {x ∈ X | µA(x) ≥ α} where α ∈ [0, 1].

Particular cases:

1. If α = 0, then A0 = X.

2. If α = 1, then A1 = Ker(A).

Example 8. Let X = {L, M, N, O, P, K}, and A be a fuzzy subset of X given by

A = {< L, 0.1 >, < M, 0.3 >, < N, 1.0 >, < O, 0.7 >, < P, 0.5 >, < K, 0.0 >}.

Then, the α-cut of A is given by:

6
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A0 = {x ∈ X, A(x) > 0} = X;

A0.1 = {x ∈ X, A(x) ≥ 0.1} = {L, M, N, O, P};

A0.2 = {x ∈ X, A(x) ≥ 0.2} = {M, N, O, P};

A0.3 = {x ∈ X, A(x) ≥ 0.3} = {M, N, O, P};

A0.4 = {x ∈ X, A(x) ≥ 0.4} = {N, O, P};

A0.5 = {x ∈ X, A(x) ≥ 0.5} = {N, O, P};

A0.6 = {x ∈ X, A(x) ≥ 0.6} = {N, O};

A0.7 = {x ∈ X, A(x) ≥ 0.7} = {N, O};

A0.8 = {x ∈ X, A(x) ≥ 0.8} = {N};

A0.9 = {x ∈ X, A(x) ≥ 0.9} = {N};

A1 = {x ∈ X, A(x) ≥ 1} = {N}.

1.5 T-norms and t-conorms

The history of triangular-norms (t-norms) started with Menger [41]. His main idea

was to construct metric spaces where probability distributions are used to describe

the distance between two elements.

1.5.1 T-norms

Definition 9. [35] A t-norm T on [0, 1] is a function T : [0, 1]2 → [0, 1] satisfies the

following four axioms:

(T1) Commutativity: (∀x, y ∈ [0, 1])(T (x, y) = T (y, x)).

(T2) Associativity: (∀x, y, z ∈ [0, 1])(T (x, T (y, z)) = T (T (x, y), z))).

(T3) Monotonicity: (∀x, y, z ∈ [0, 1])(x ≤ y ⇒ T (x, z) ≤ T (y, z)).

(T4) Boundary condition: (∀x ∈ [0, 1])(T (x, 1) = x).

Conditions (T4) and (T3) imply that for any t-norm T it holds that T (x, y) ≤

x, T (x, y) ≤ y, T (x, y) ≤ Min(x, y) and T (x, 0) = 0.

7
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Example 10. The following four operations are the most common t-norms:

(T5) Minimum: TM(x, y) = min{x, y}.

(T6) Product: TP (x, y) = x · y.

(T7) Lukasiewicz: TL(x, y) = max{x + y − 1, 0}.

(T8) Drastic product:

TD(x, y) =


x, if y = 1

y, if x = 1

0, if x, y < 1.

Let T be a t-norm on [0, 1]. An element α ∈]0, 1[ is called a zero divisor of T

if there exists some b > 0 such that T (a, b) = 0. An element α ∈ [0, 1] is called an

idempotent element of T if T (a, a) = a. T is called Archimedean if T (x, x) < x, for

any x ∈ [0, 1]. Each α ∈ [a, b] is an idempotent element of the Minimum t-norm

TM(Actually TM is the only t-norm whose set of idempotent is equal [0, 1]), TM has

no zero divisor. Each α ∈]0, 1[ is a zero divisor of the Lukasiewicz t-norm TL as well

of the Drastic product t-norm TD. For two t-norms T1 and T2 on [0, 1], we define:

T1 ≤ T2 ⇔ (∀x, y ∈ [0, 1])(T1(x, y) ≤ T2(x, y)).

Let T1 and T2 be two t-norms. If T1 ≤ T2, then T1 is called weaker than T2 (or

equivalently, T2 is called stronger than T1). Note that TD is the weakest t-norm,

and TM is the strongest t-norm, i.e., for any t-norm it holds: (T9) TD ≤ T ≤ TM .

Since, TL ≤ TP , it obviously holds: (T10) TD ≤ TL ≤ TP ≤ TM .

Example 11. 1. T0(x, y) =

 0, if (x, y) ∈ [0, 1[2

min(x, y), otherwise;

2. T1(x, y) = max(x + y − 1, 0);

3. T1.5(x, y) = xy
2−x−y+xy

;

4. T2(x, y) = xy;

8
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5. T2.5(x, y) = xy
x+y−xy

;

6. T3(x, y) = min(x, y).

We have T0 ≤ T1 ≤ T1.5 ≤ T2 ≤ T2.5 ≤ T3.

Proof. 1. T0(x, y) =

 0, if (x, y) ∈ [0, 1[2;

min(x, y), otherwise.

If (x, y) ∈ [0, 1[2 then, T0 ≤ T1.

If (x, y) /∈ [0, 1[2, i.e., (x, y) ∈ {1} × [0, 1] or [0, 1] × {1}.

If (x, y) ∈ {1}× [0, 1] : T0(x, y) = T0(1, y) = y and T1(x, y) = T1(1, y) = y

then, T0 ≤ T1.

If (x, y) ∈ [0, 1]×{1} : T0(x, y) = T0(x, 1) = x and T1(x, y) = T1(x, 1) = x

then, T0 ≤ T1. So, T0(x, y) ≤ T1(x, y).

Then, T0 ≤ T1.

2. T1(x, y) = max(x + y − 1, 0) there are two cases:

(1) x + y − 1 ≤ 0 ⇒ T1(x, y) = max(x + y − 1, 0) = 0 ≤ T1.5(x, y);

(2) x + y − 1 > 0 ⇒ T1(x, y) = max(x + y − 1, 0) = x + y − 1.

T1.5(x, y) − T1(x, y) = xy

2 − x − y + xy
− (x + y − 1)

= (xy − (x + y − 1)(2 − (x + y) + xy))
2 − x − y + xy

.

Since (2 − x − y + xy) > 0, it is suffices to determine the sign of the

numinator [xy + (x + y − 1)(x + y − xy − 2)]

(x + y − 1)(x + y − xy − 2) + xy

= (x + y − 1)((x + y − 1) − (xy + 1)) + xy

= (x + y − 1)2 − (x + y − 1)(xy + 1) + xy

= (x + y − 1)2 − x2y − xy2 + 2xy

= (x + y − 1)2 + (xy − x2y) + (xy − xy2) ≥ 0.

Therefore, T1.5(x, y) − T1(x, y) ≥ 0.

Then, T1(x, y) ≤ T1.5(x, y).

9



Chapter 01 Type-1 Fuzzy Sets

(3) T2(x, y) = xy.

T1.5(x, y) − T2(x, y) = xy

2 − x − y + xy
− xy

= xy − xy(2 − (x + y) + xy)
2 − x − y + xy

.

Since 2 − (x + y) + xy > 0, thus it is enough to determine the sign of the

numinator

xy − xy(2 − (x + y) + xy) = xy + xy(x + y − xy − 2)

= xy(x + y − xy − 1)

= xy((x − 1) + y(1 − x))

= xy(x − 1)(1 − y) ≤ 0.

Thus, T1.5(x, y) − T2(x, y) ≤ 0. Then, T1.5(x, y) ≤ T2(x, y).

(4) T2.5(x, y) = xy
x+y−xy

.

T2(x, y) − T2.5(x, y) = xy − xy

x + y − xy

= xy(x + y − xy) − xy

x + y − xy

= xy(x + y − xy − 1)
x + y − xy

.

The denominator is positive (x + y − xy > 0), the numerator sign should be

studied

xy(x + y − xy − 1) = xy(x(1 − y) + (y − 1))

= xy((1 − y)(1 − x)) ≤ 0.

Thus, T2(x, y) − T2.5(x, y) ≤ 0. Then, T2(x, y) ≤ T2.5(x, y).

3. Finally,

T2.5(x, y) − T3(x, y) =


xy

x+y−xy
− x, if x ≤ y;

xy
x+y−xy

− y, otherwise.

10
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If x ≤ y: T2.5(x, y) ≤ min(x, y).

If x > y: T2.5(x, y) ≤ min(x, y).

Thus, for all (x, y) ∈ [0, 1[2 T2.5(x, y) ≤ T3(x, y).

Consequently,

T0(x, y) ≤ T1(x, y) ≤ T1.5(x, y) ≤ T2(x, y) ≤ T2.5(x, y) ≤ T3(x, y).

Definition 12. A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous t-norm

if ([0, 1], ∗), is a topological monoid with unit 1 such that a ∗ b ≤ c ∗ d whenever

a ≤ c and

b ≤ d (a, b, c, d ∈ [0, 1]).

1.5.2 T-conorms

Definition 13. [35] A t-conorm is a function S : [0, 1]2 → [0, 1] that for any x, y, z ∈

[0, 1] satisfies (T1) − (T3) of Definition 9 and the following boundary condition

S(x, 0) = S(0, x) = x, S(x, 1) = S(1, x) = 0.

Remark 14. Given a t-norm T , we find the associated dual t-conorm S by S(x, y) =

1 − T (1 − x, 1 − y). The dual t-conorms w.r.t. TM , TP , TL and TD are given by:

(S1) Maximum: SM(x, y) = max{x, y}.

(S2) Probabilistic sum: SP (x, y) = x + y − x · y.

(T7) Lukasiewicz: SL(x, y) = min{x + y, 1}.

(T8) Drastic sum:

SD(x, y) =

 1, if (x, y) ∈ [0, 1]2

max{x, y}, otherwise.

Definition 15. (Duality between operation) [42] A t-norm T and a t-conorm

S are said to be dual for the strict negation n if they satisfy the following formulas

11
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for all x, y ∈ [0, 1] :

S(x, y) = N(T (N(x), N(y)));

T (x, y) = N(S(N(x), N(y))).

Example 16. Let X = {a, b, c}, let A and B be two fuzzy subsets of X such that

A = {⟨a, 0.2⟩, ⟨b, 0.4⟩, ⟨c, 0.8⟩}, B = {⟨a, 0.9⟩, ⟨b, 0.1⟩, ⟨c, 0.5⟩}. We can use the oper-

ators of Lukasiewicz to define the union and the intersection by

1. µA∩T B(x) = T (µA, µB) = max(µA(x) + µB(x) − 1, 0), for any x ∈ X;

2. µA∪SB(x) = S(µA, µB) = min(µA(x) + µB(x), 1), for any x ∈ X.

Then, we get

1. A ∩T B = {⟨a, 0.1⟩, ⟨b, 0⟩, ⟨c, 0.3⟩};

2. A ∪S B = {⟨a, 1⟩, ⟨b, 0.5⟩, ⟨c, 1⟩}.

12



Chapter 2

Type-2 Fuzzy Sets

In 1975, Zadeh presented the definition of type-2 fuzzy set(T2 FS)[1]. How to provide

the membership function of a fuzzy set, different people have different means. T2

FSs can give people much greater freedom to achievement of membership grade, can

put out a better solution for the problems of linguistic ambiguity and data noise,

thus the study of T2 FS becomes a hot topic in artificial intelligence.

Mendel and his collaborators have done great works on type-2 fuzzy logic sys-

tems, type-2 fuzzy control and application[2], especially converted the discuss of in-

terval type-2 fuzzy sets(IT2 FS) to the upper membership function (UMF) and lower

membership function(LMF) of the corresponding footprint of uncertainty (FOU)

(i.e., two type-1 fuzzy sets), and the study of IT2 FS are widely used in neural

network[3], mobile robot [4] and the analysis of linguistic dynamic orbits based on

IT2 FSs [5].

By the Zadeh’s definition, for a given type-1 fuzzy set, it is not difficult for us

to present the corresponding analysis representation and its geometry figure. In

2014, Mo and Wang presented the method of partition of FOU to represent a given

IT2 FS. However, it is not easy to represent a general type-2 fuzzy sets[6], and

in 2017, Wang and Mo sorted general T2 FSs into four classes: discrete, partially

connected, connected and compounded T2 FSs[7], and then used partition of CoS

to substituted partition of FOU, and second/third partition of CoS is presented to

13



Chapter 02 Type-2 Fuzzy Sets

represent single-connected, and complex-connected general T2 FSs.

In the paper, the classification and the method of partition of CoS is introduced,

and for aT2 FS, its representation is also given, and the properties of T2 FSs are

also discussed.

2.1 Definitions

Definition 17. A fuzzy set is of type-2, if its membership function is a type-1 fuzzy

set.

Definition 18. A type-2 fuzzy set ω can be defined equivalently by a type- 2 mem-

bership function µ2
ω(x, u), where x ∈ X, u ∈ Jx ⊆ I, i.e.,

ω =
{(

(x, u), µ2
ω(x, u)

)
| x ∈ X, u ∈ Jx ⊆ [0, 1]

}
or

ω =
∫

x∈X

∫
u∈Jx

µ2
ω(x, u)
(x, u)

where x (or u ) is the primary (secondary) variable, Jx ⊆ I is the primary

membership, 0 ≤ µ2
ω(x, u) ≤ 1 is the secondary membership function,

∫∫
is the

union of all the admission x and u. For the discrete case,
∫

is replaced by ∑.

In 2016, Mendel provided primary membership Jx another definition, Jx ⊆ X ×I

instead of Jx ⊆ I, so the symbol Lx which is a nonempty close subset is used to

represented primary membership grade

By using multi-mapping, Mo and Wang presented new definition for type-2 fuzzy

set as follows:

Definition 5. Let C
(
2I
)

be the set of all nonempty close subset of I = [0, 1], a

type-2 fuzzy set ω on X is defined as

ω =
{
(x, y, z) | x ∈ X, u ∈ Lx ∈ C

(
2I
)

, z = µ2
ω(x, u) ∈ I

}

14



Chapter 02 Type-2 Fuzzy Sets

where x, u, z are the primary/secondary/third variables respectively, Lx is the

primary membership grade defined by a multi-mapping

µ1
ω : X → C

(
2I
)

i.e., for every x ∈ X, there is Lx ∈ C
(
2I
)
, such that

µ1
ω(x) = Lx

µ1
ω is called the primary membership function, and µ2

ω is the secondary member-

ship function defined as follows:

µ2
ω :

⋃
x∈X

x × Lx → I

Where the secondary membership function can be seen as the membership func-

tion of a type-1 fuzzy set on ⋃x∈X x × Lx.

Mo and Wang also provided the two-segment definition for type-2 fuzzy sets.

Definition 6. A type-2 fuzzy set ω on X is defined as

µω : X →
⋃

x∈X

ILx

where µω is the membership function of ω, ILx is the set of all the fuzzy set on

Lx ∈ C
(
2I
)
, i.e.,

ILx = {fx | fx : Lx → I}

2.2 Operations of fuzzy sets type-2

Definition 19 (Mathematical Operations). Operations on general Type-2 fuzzy sets

are governed by Zadeh’s Extension Principle. Let Ã and B̃ be two Type-2 fuzzy sets,

15



Chapter 02 Type-2 Fuzzy Sets

their Union (∪), Intersection (∩), and Complement (¬) are defined as:

µÃ∪B̃(x, w) = sup
w=max(u,v)

min (µÃ(x, u), µB̃(x, v)) (2.1)

µÃ∩B̃(x, w) = sup
w=min(u,v)

min (µÃ(x, u), µB̃(x, v)) (2.2)

µ¬Ã(x, w) = µÃ(x, 1 − u) (where w = 1 − u) (2.3)

Example 20. Let two discrete secondary memberships at element x be µÃ(x) =

0.5/0.6 + 1.0/0.7 and µB̃(x) = 1.0/0.5 + 0.4/0.8. Evaluating the intersection via the

minimum pairwise combination yields:

µÃ∩B̃(x) = 1.0/0.5 + 0.4/0.6 + 0.4/0.7 (2.4)

2.3 Membership Functions in Type-2 Fuzzy Sets

2.3.1 Triangular Membership Function:

Practical Example: “Warm Temperature”

In this model, we represent the concept of "Warm Temperature" using a Tri-

angular Interval Type-2 Fuzzy Set. Due to varying expert opinions, a single crisp

membership value is insufficient. Thus, we utilize:

• Upper Membership Function (UMF): The maximum degree of member-

ship.

• Lower Membership Function (LMF): The minimum guaranteed degree

of membership.

• Footprint of Uncertainty (FOU): The region between UMF and LMF.

Definition 21. The UMF and LMF are defined as follows:

16
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Upper Membership Function (UMF):

µU(x) =



0, x ≤ 20

x−20
10 , 20 < x ≤ 30

40−x
10 , 30 < x < 40

0, x ≥ 40

Lower Membership Function (LMF):

µL(x) =



0, x ≤ 22

x−22
8 , 22 < x ≤ 30

38−x
8 , 30 < x < 38

0, x ≥ 38

Temperature (◦C) UMF LMF

20 0 0

25 0.5 0.375

30 1.0 1.0

35 0.5 0.375

40 0 0

Table 2.1: Membership values for Warm Temperature.

Example 22.

Graph Explanation:

The blue dashed line represents the UMF, while the solid red line represents the

LMF. The shaded area denotes the FOU. This is widely used in intelligent control,

HVAC systems, and robotics.

17
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2.3.2 Trapezoidal Membership Function:

Practical Example: “Comfortable Speed”

We represent "Comfortable Speed" for a vehicle where drivers have different

perceptions of comfort.

Definition 23. Upper Membership Function (UMF):

µU(x) =



0, x ≤ 40

x−40
20 , 40 < x ≤ 60

1, 60 < x ≤ 100

120−x
20 , 100 < x < 120

0, x ≥ 120

18
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Lower Membership Function (LMF):

µL(x) =



0, x ≤ 50

x−50
15 , 50 < x ≤ 65

0.7, 65 < x ≤ 95

110−x
15 , 95 < x < 110

0, x ≥ 110

Speed (km/h) UMF LMF

40 0 0

60 1.0 0.67

80 1.0 0.70

100 1.0 0.67

120 0 0

Table 2.2: Membership values for Comfortable Speed.

Example 24.

Interpretation:

Speeds between 60 and 100 km/h are highly comfortable according to the UMF, but

the LMF remains lower (0.7) to account for stricter driver preferences. This model

is ideal for stable states like safety levels or quality of service.
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2.3.3 Gaussian Membership Function:

Practical Example: “High Blood Pressure”

Medical diagnosis often involves uncertainty. We use a Gaussian Interval Type-2

Fuzzy Set to model "High Blood Pressure."

Definition 25. Upper Membership Function (UMF):

µU(x) = e
− (x−140)2

2(20)2

Lower Membership Function (LMF):

µL(x) = 0.7 · e
− (x−140)2

2(15)2

Example 26.

Why Gaussian?

The Gaussian function is smooth and mimics natural data distribution perfectly. It is

highly effective in medical fields, image processing, and machine learning because it

provides a more realistic, gradual transition than triangular or trapezoidal functions.
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Blood Pressure (mmHg) UMF LMF

100 0.14 0.02

120 0.61 0.29

140 1.00 0.70

160 0.61 0.29

180 0.14 0.02

Table 2.3: Membership values for High Blood Pressure.

Graph Explanation:

The blue dashed curve (UMF) and the solid red curve (LMF) enclose the FOU,

representing the medical uncertainty around the central value of 140 mmHg.

2.4 Advanced Representations: α-planes

Definition 27 (α-plane Decomposition). An α-plane slices a general Type-2 fuzzy

set horizontally at a specific secondary membership level α ∈. It decomposes a three-

dimensional general Type-2 system into a series of computable Interval Type-2 fuzzy
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sets:

Ãα = {((x, u), µÃ(x, u) ≥ α) | ∀x ∈ X} (2.5)

Example 28. In a complex control loop, computing mathematical operations directly

on a continuous 3D function is intensive. By choosing α = 0.5, we slice the set

horizontally, reducing the representation into a simple 2D interval bounded boundary

at that exact elevation.

2.5 Algebraic Framework: t-norms and t-conorms

Definition 29 (Type-2 Triangular Norms). In Type-2 fuzzy logic, t-norms and t-

conorms extend point-value logical operations to functional combinations. A Type-

2 t-norm models generalized intersection (AND), while a Type-2 t-conorm models

generalized union (OR).

Example 30. Using the Product t-norm framework to calculate the intersection of

two Interval Type-2 sets Ã and B̃ yields boundary formulas determined by direct

multiplication:

µ̄Ã∩B̃(x) = µ̄Ã(x) × µ̄B̃(x), µ
Ã∩B̃

(x) = µ
Ã

(x) × µ
B̃

(x) (2.6)

If µ̄Ã(x) = 0.8 and µ̄B̃(x) = 0.9, the combined upper boundary evaluates to 0.8×0.9 =

0.72.
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Chapter 3

Type-3 Fuzzy Sets: Operations

and Properties

The final chapter investigates the mathematical definitions and set-theoretic oper-

ations governing general Type-3 fuzzy systems. It provides a detailed study of the

hierarchical interpretation of alpha-cuts (α-cuts) and α-planes [49]. This chapter

demonstrates how continuous, multi-layered volumetric structures can be systemat-

ically decomposed into crisp, computable intervals, drastically reducing mathemat-

ical complexity and facilitating efficient type-reduction.

3.1 Definitions

Definition 31. Let X be a universal set. A Type-3 fuzzy set T is defined as:

T =
{(

x, µT (x)
)

| x ∈ X
}

where µT (x) is a Type-2 fuzzy set on [0, 1]. Equivalently:

µT (x) =
∫

u∈[0,1]

fx(u)
u

, fx(u) =
∫

v∈[0,1]

τx(u, v)
v

Thus, the tertiary membership function is:

τx : [0, 1] × [0, 1] → [0, 1]
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Chapter 03 Type-3 Fuzzy Sets: Operations and Properties

with τx(u, v) being the tertiary membership grade of u at secondary level v.

3.2 Operations of fuzzy sets type-3

Let A and B be two Type-3 fuzzy sets on X, with tertiary membership functions

τA(x, u, v) and τB(x, u, v).

Union

τA∪B(x, u, v) = τA(x, u, v) ⊕ τB(x, u, v)

where ⊕ is a t-conorm (e.g., maximum or probabilistic sum).

Intersection

τA∩B(x, u, v) = τA(x, u, v) ⊗ τB(x, u, v)

where ⊗ is a t-norm (e.g., minimum or product).

Complement

τAc(x, u, v) = 1 − τA(x, u, v)

3.3 Membership Functions in Type-3 Fuzzy Sets

Several membership function shapes are used.

3.3.1 Triangular Type-3 Membership Function

Simple and computationally efficient.

f(x) = max
(

1 − |x − c|
a

, 0
)
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3.3.2 Trapezoidal Membership Function

Mathematical DefinitionAn Interval Type-3 (IT3) Trapezoidal Membership Func-

tion is characterized by a three-dimensional volumetric space formed by vertical

or horizontal slice decompositions across secondary membership levels α ∈ [0, 1]

[1.2].At each specific α-plane, the continuous IT3 fuzzy set collapses into a baseline

Interval Type-2 fuzzy set bounded by a parameterized Upper Membership Func-

tion (UMF) and a Lower Membership Function (LMF) [1.1, 1.2]:Upper Membership

Function (UMF): Denoted as µ̄Ãα
(x), defines the wider outer boundary of the fuzzy

volume [1.1, 1.2].Lower Membership Function (LMF): Denoted as µ
Ãα

(x), defines

the narrower inner core of the fuzzy volume [1.1, 1.2].The mathematical piecewise

formulations at any given α-plane are expressed as follows [1.1]:

µAα(x) = max
(

0, min
(

x − a1(α)
b1(α) − a1(α) , 1,

d1(α) − x

d1(α) − c1(α)

))

µÃα
(x) = max

(
0, min

(
x − a2(α)

b2(α) − a2(α) , 1,
d2(α) − x

d2(α) − c2(α)

))
Where the parameters a(α), b(α), c(α), and d(α) are functions that vary dynam-

ically (linearly or non-linearly) with respect to the α-level, representing the con-

traction and shifting of the trapezoidal footprint across the hierarchical secondary

axis [1.1].2. Numerical Example To model a safe "Comfortable Speed" for an au-

tonomous train under highly dynamic weather conditions, let us evaluate the sys-

tem parameters at a specific horizontal slice α = 0.5 [1.1]:UMF Parameters (Outer

Trapezoid): [a1 = 20, b1 = 40, c1 = 60, d1 = 80] LMF Parameters (Inner Trape-

zoid): [a2 = 30, b2 = 45, c2 = 55, d2 = 70] Evaluation at a current velocity of

x = 35 km/h: UMF Boundary

(= µ) := µ(35) = max
(

0, min
(35 − 20

40 − 20 , 1,
80 − 35
80 − 60

))
= min

(15
20 , 1,

45
20

)
= 0.75

LMF Boundary (µ):µ(35) = max
(
0, min

(
35−30
45−30 , 1, 70−35

70−55

))
= min

(
5
15 , 1, 35

15

)
= 0.33Result:

At x = 35 km/h and α = 0.5, the resulting fuzzy primary membership grade is pre-

cisely bounded within the interval [0.33, 0.75] [1.1, 1.2].3.
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3.3.3 Gaussian Membership Function

Smooth and widely used in control systems.

f(x) = e− (x−c)2

2σ2

Remark 32. In fuzzy sets of the third type (Type-3 Fuzzy Sets), the representation of

the belonging function geometrically requires a three-dimensional space (3D); because

we are not dealing with a simple curve, but with a pyramidal figure in which the levels

of certainty overlap. Here is a graphical representation of a triangular affiliation

function of the third type in which the uncertainty imprint (FOU) appears and the

horizontal cut planes take triangular and intersecting three-dimensional shapes.

3.4 Alpha-Cut in Type-3 Fuzzy Sets

The α-cut of a Type-3 fuzzy set is the collection of all tuples whose tertiary mem-

bership value is at least α.

Mathematically:

˜̃Aα = {(x, u, v) | µ ˜̃A(x, u, v) ≥ α}

Example of Alpha-Cut in Type-3 Fuzzy Sets Suppose:

µ ˜̃A(x, u, v) = 0.85

and:

α = 0.7

Since:

0.85 ≥ 0.7
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the tuple (x, u, v) belongs to the α-cut set.

If:

µ ˜̃A(x, u, v) = 0.4

then:

• It is excluded from the α-cut.

Role of Alpha-Cuts in Type-3 Fuzzy Systems Alpha-cuts are essential be-

cause they simplify higher-order fuzzy structures.

They are used in:

• Type reduction

• Defuzzification

• Rule evaluation

• Optimization

• Approximate reasoning

Type Reduction Using Alpha-Cuts Type reduction in Type-3 systems is ex-

tremely difficult.

Alpha-cuts help by:

• Decomposing fuzzy structures

• Converting higher-order fuzzy sets into intervals

• Simplifying computations
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3.5 T-Norm and T-Conorm in Type-3 Fuzzy Sets

In fuzzy logic systems, T-norms and T-conorms are fundamental mathematical

operators used to generalize logical AND and OR operations.

They are essential in:

• Fuzzy inference systems

• Decision making

• Fuzzy control

• Approximate reasoning
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• Aggregation operations

In Type-3 Fuzzy Sets (T3FS), these operators become more sophisticated

because they must handle tertiary uncertainty.

3.5.1 T-Norm

Definition 33. A T-norm is a function used to model fuzzy intersection (AND

operation).

T : [0, 1] × [0, 1] → [0, 1]

For two membership values a and b:

T (a, b)

represents:

a AND b

Properties of T-Norms A valid T-norm must satisfy:

Commutativity

T (a, b) = T (b, a)

Associativity

T (a, T (b, c)) = T (T (a, b), c)

Monotonicity

If:

a1 ≤ a2

then:
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T (a1, b) ≤ T (a2, b)

Boundary Condition

T (a, 1) = a

Common T-Norms Minimum T-Norm

T (a, b) = min(a, b)

Algebraic Product

T (a, b) = ab

Bounded Product

T (a, b) = max(0, a + b − 1)

3.5.2 T-Conorm

Definition 34. A T-conorm (or S-norm) models fuzzy union (OR operation).

S : [0, 1] × [0, 1] → [0, 1]

Where:

S(a, b)

represents:

a OR b
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Properties of T-Conorms A valid T-conorm satisfies:

1. Commutativity

2. Associativity

3. Monotonicity

4. Boundary condition:

S(a, 0) = a

Common T-Conorms Maximum T-Conorm

S(a, b) = max(a, b)

Algebraic Sum

S(a, b) = a + b − ab

Bounded Sum

S(a, b) = min(1, a + b)

Example Using Minimum T-Norm Suppose:

µA(x, u, v) = 0.7

µB(x, u, v) = 0.5

Using minimum T-norm:

T (0.7, 0.5) = 0.5
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Thus:

µA∩B = 0.5

Example Using Maximum T-Conorm Given:

µA(x, u, v) = 0.7

µB(x, u, v) = 0.5

Using maximum T-conorm:

S(0.7, 0.5) = 0.7

Thus:

µA∪B = 0.7

Applications T-norms and T-conorms in Type-3 fuzzy systems are used in:

• Artificial Intelligence

• Robotics

• Medical diagnosis

• Intelligent control systems

• Pattern recognition

T-norms and T-conorms are core operators in Type-3 fuzzy logic systems. They

extend classical fuzzy intersection and union into higher-order uncertainty environ-

ments.

Although computationally complex, they provide powerful tools for modeling

highly uncertain real-world systems.
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Conclusion

Throughout this dissertation, we have systematically traced the mathematical evo-

lution of fuzzy set theory from its classic binary-defying origins to its modern, high-

dimensional extensions [67, 69]. By examining Type-1, Type-2, and Type-3 fuzzy

sets, we highlighted how each successive generation absorbs a deeper layer of environ-

mental and linguistic uncertainty [49]. Type-1 sets provided the fundamental bridge

from crisp logic to gradual membership; Type-2 sets successfully captured the vague-

ness inherent in defining membership boundaries themselves [81]; and Type-3 sets

established an advanced hierarchical framework capable of modeling multi-layered,

compound uncertainty [80].

Our rigorous review of the algebraic properties demonstrated that tools like

t-norms, t-conorms, and decomposition theorems remain vital across all types, en-

suring mathematical consistency during system transitions [34]. Furthermore, the

structural analysis of alpha-cuts (α-cuts) highlighted in Type-3 systems revealed

how complex, continuous fuzzy structures can be systematically reduced into crisp,

computable intervals, making intricate operations mathematically tractable [49].

In conclusion, while higher-type fuzzy sets introduce significant computational

complexity and algebraic difficulty, their superior robustness and fidelity in mim-

icking human decision-making make them an indispensable asset for the future of

artificial intelligence, control systems, and automated medical diagnosis. Future

research paths stemming from this work could explore optimizing the algorithmic

performance of Type-3 type-reduction methods or integrating these multi-layered

sets into real-time industrial applications.
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Abstract
This thesis presents a comprehensive mathematical review of the hierarchical evolution of fuzzy sets
across their three generations, aiming to simplify the computational complexity and algebraic
intractability of three-dimensional systems to make them practically computable. The first chapter
addresses fuzzy relations and algebraic triangular norms (t-norms) for Type-1 systems, while the
second chapter focuses on the geometric modeling of Interval Type-2 membership functions and the
analysis of the Footprint of Uncertainty (FOU). Finally, the research concludes in the third chapter
by investigating general Type-3 fuzzy hierarchies and employing alpha-plane (α-planes)
decompositions to transform complex volumetric structures into crisp, actionable intervals,
establishing these advanced systems as a vital cornerstone for next-generation artificial intelligence,
intelligent control, and automated medical diagnosis.

Key words

Type-3 Fuzzy Sets, α-planes, Footprint of Uncertainty, Triangular Norms, Type-Reduction, Artificial
Intelligence.

Résumé

Cette thèse présente une étude mathématique approfondie de l’évolution hiérarchique des ensembles
flous à travers leurs trois générations, visant à simplifier la complexité computationnelle et
l’intraitabilité algébrique des systèmes tridimensionnels pour les rendre calculables en pratique. Le
premier chapitre aborde les relations floues et les normes triangulaires (t-normes) pour le Type-1,
tandis que le deuxième chapitre se concentre sur la modélisation géométrique des fonctions
d’appartenance de Type-2 prévalant sur des intervalles et l’analyse de l’empreinte d’incertitude
(FOU). Enfin, la recherche se conclut au troisième chapitre par l’étude des hiérarchies floues de
Type-3 et l’utilisation de la décomposition en plans alpha (α-planes) pour transformer les structures
volumétriques complexes en intervalles nets, faisant de ces systèmes avancés un pilier essentiel pour
l’intelligence artificielle de nouvelle génération, le contrôle intelligent et le diagnostic médical
automatisé.

Mot-clés

Ensembles flous de Type-3, Plans alpha,Empreinte d’incertitude, Réduction de type, Intelligence
artificielle.
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