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1 Introduction

Besov spaces of variable smoothness and integrability, B;‘((_))’q(,), initially appeared in the paper of
Almeida and Hasto [2]. Several basic properties were established, such as the Fourier analytical
characterization and Sobolev embeddings. When p, g, a are constants they coincide with the
usual function spaces B)) ;. Later, [9] characterized these spaces by local means and established
the atomic characterization. Afterwards, Kempka and Vybiral [20] characterized these spaces
by the ball means of differences and also by local means, see [19] for the duality of Bg((_‘))!q(_)
spaces.

Variable Besov-type spaces have been introduced in [11]-[13], where their basic properties
are given, such as the Sobolev type embeddings and that under some conditions these spaces
are just the variable Besov spaces. For constant exponents, these spaces unify and generalize
many classical function spaces including Besov spaces, Besov—Morrey spaces (see, for example,
[35, Corollary 3.3]). Independently, Yang et al. [32] studied these function spaces where several
properties are obtained such as atomic decomposition and the boundedness of trace operator.
Also, Tyulenev [26, 27] has studied a new function space of variable smoothness. Triebel-
Lizorkin spaces with variable smoothness and integrability F&g;?q(_) were introduced in [7],
in which Diening et al. proved a discretization by the so—called @-transform. Also atomic
and molecular decompositions of these function spaces are obtained and used to derive trace
results. Subsequently, Vybiral [28] established Sobolev—Jawerth embeddings of these spaces. In

[33], Triebel-Lizorkin type spaces of variable smoothness and integrability were introduced and
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studied. Their function spaces generalize classical Triebel-Lizorkin-type spaces and Triebel—
Lizorkin spaces with variable smoothness and integrability.

The motivation to study such function spaces comes from applications to other fields of
applied mathematics, such that fluid dynamics and image processing, see, for example, [22].

The main aim of this paper is to present another Besov-type spaces with variable smoothness
and integrability which covers Besov-type spaces with fixed exponents. We establish their ¢-
transform characterization in the sense of Frazier and Jawerth. We also characterize these
spaces by smooth atoms and give some basic properties and Sobolev-type embeddings.

The paper is organized as follows. First we give some preliminaries where we fix some
notation and recall some basics facts on function spaces with variable integrability and we
give some key technical lemmas needed in the proofs of the main statements. For making the
presentation clearer, we give the proof of some lemmas later in Section 6. We then define the
Besov-type spaces %z((_')),’;((,')). In this section several basic properties such as the ¢-transform
characterization are obtained. In Section 4 we prove elementary embeddings between these
functions spaces, as well as Sobolev embeddings. In Section 5, we give the atomic decomposition
of ‘BZ((.'));((_')) spaces.

2 Preliminaries

As usual, we denote by R™ the n-dimensional real Euclidean space, N the collection of all
natural numbers and Ng = N U {0}. The letter Z stands for the set of all integer numbers.
The expression f < g means that f < c¢g for some independent constant ¢ (and non-negative
functions f and g), and f = g means f < g < f. As usual for any z € R, [z] stands for the
largest integer smaller than or equal to x.

By supp f we denote the support of the function f, i.e., the closure of its non-zero set. If
E C R" is a measurable set, then |E| stands for the (Lebesgue) measure of E and xg denotes
its characteristic function.

The Hardy-Littlewood maximal operator M is defined on L. _(R™) by

loc
Mf(2) = sup
© o0 B, 7)) e

£ (y)|dy

and

Ma(f) = |—,13| /B F()ldy.

The symbol S(R™) is used in place of the set of all Schwartz functions on R™. We denote by
S’(R™) the dual space of all tempered distributions on R™. The Fourier transform of a tempered
distribution f is denoted by Ff while its inverse transform is denoted by F~1!f.

For v € Z and m = (mq,...,my) € Z", let Qum be the dyadic cube in R", Qy.m =

{(z1,...,2n) :m; <2%; <m;+1,i=1,2,...,n}. For the collection of all such cubes we use
Q:={Qum:vEZLmMEeL"}.

For each cube @, we denote its center by cq, its lower left-corner by zq, ,, =27"m of Q = Qum
and its side length by {(Q). For r > 0, we denote by r@Q the cube concentric with @ having the
side length r{(Q). Furthermore, we put vg = —log, I(Q) and vg = max(vg, 0).
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For v € Z, p € S(R") and = € R", we set 3(z) := o(—x), po(x) := 2""p(2"x), and

@v,m(x) = 21}%90(21):5 - m) = |Qv,m|§¢v(x - va,m) ifQ= Qv,m~

By ¢ we denote generic positive constants, which may have different values at different
occurrences. Although the exact values of the constants are usually irrelevant for our pur-
poses, sometimes we emphasize their dependence on certain parameters (e.g. ¢(p) means that
¢ depends on p). Further notation will be properly introduced whenever needed.

The variable exponents that we consider are always measurable functions p on R™ with range
in [¢, 00[ for some ¢ > 0. We denote the set of such functions by Py. The subset of variable
exponents with range [1, co[ is denoted by P. We use the standard notation p~ := essinf,egn
p(z) and p* = esssup ,epnp().

The variable exponent modular is defined by

oo = [ ewn(1f@)io

where g, (t) = t?. The variable exponent Lebesgue space LP(*) consists of measurable functions

f on R™ such that g,)(Af) < oo for some A > 0. We define the Luxemburg (quasi)-norm on
this space by the formula

Il o= {25 02 000 (£) <1}

A useful property is that || f||,.y < 1 if and only if g, (f) < 1, see, for example, [6, Lemma
3.2.4].
Let p,q € Py. The mixed Lebesgue-sequence space Eq(‘)(L”(‘)) is defined on sequences of

LPO)_functions by the semi-modular

:QZLI(')(LP('))((fv v Zlnf{A >0: Qp()( fii >§1}

27O
The (quasi)-norm is defined from this as usual: '
[(fo)vlleac) (Lrery = inf {/i >0 0patr(Lr0)) <i(fv)v> < 1}- (2.1)
If gt < oo, then we can replace (2.1) by the simpler expression
0090 (Lr) (( Z|||fv\q )||p<>
Furthermore, if p and ¢ are constants, then £4¢ (L”(‘ ) = ¢9(LP). The case p := oo can be
included by replacing the last semi-modular by
0¢a) () (( Z|va|q Mloo-
It is known, cf. [2, Theorem 3.6] and [21, Theorem 1], that ¢9¢)(LP0)) is a norm if ¢(-) > 1 is
constant almost everywhere (a.e.) on R™ and p(-) > 1, or if % ﬁ <1 ae. on R", orif

1 < q(z) < p(x) < oo ae. on R™.
We say that g : R™ — R is locally log-Hélder continuous, abbreviated g € Cllgf, if there
exists clog(g) > 0 such that
Clog(g)

log(e + @2)

lg(z) — g(y)| <

I
\x—yl)
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for all z,y € R™. We say that g satisfies the log-Hoélder decay condition, if there exists go, € R
and a constant cjog > 0 such that

Clog

|9(2) = goo| < m

for all x € R®. We say that g is globally-log-Hélder continuous, abbreviated g € C'°8, if it
is locally log-Holder continuous and satisfies the log-Holder decay condition. The constants
Clog(9) and ciog are called the locally log-Hélder constant and the log-Hoélder decay constant,
respectively. We note that all functions g € C’llgf always belong to L.

We define the following class of variable exponents
1
Pplog .= {p eP: » € C’log},

were introduced in [5, Section 2]. We define Ii = limpg oo ﬁ and we use the convention
é = 0. Note that although % is bounded, the variable exponent p itself can be unbounded. It
was shown in [6, Theorem 4.3.8] that M : LP() — LP() is bounded if p € P8 and p~ > 1,
see also [5, Theorem 1.2]. Also if p € P'°%, then the convolution with a radially decreasing

L!-function is bounded on LP():

I Fllpcy < ellellall fllpe-

We also refer to the papers [3] and [4], where various results on maximal function in variable
Lebesgue spaces were obtained.
It is known that for p € P'°8 we have

IxBllpo)lIxa ) = |Bl, (2.3)

with constants only depending on the log-Holder constant of p (see, for example, [6, Section

4.5]). Here p’ denotes the conjugate exponent of p given by ﬁ + p,—l(_) =1

Recall that 7, m,(x) := 2"(1 + 2¥|z|)~™, for any x € R™, v € Ny and m > 0. Note that
No.m € L' when m > n and that |[1, |1 = ¢ is independent of v, where this type of function
was introduced in [18] and [6].

2.1 Some Technical Lemmas

In this subsection we present some results which are useful for us. The following lemma is from
[20, Lemma 19], see also [7, Lemma 6.1].

Lemma 2.1 Let o € C’llgcg and let R > ciog(0), where ciog(er) is the constant from (2.2) for
a. Then

20y, s r(z —y) < e 2°*Wn, (2 —y)

with ¢ > 0 independent of x,y € R"™ and v,m € Ny.

The previous lemma allows us to treat the variable smoothness in many cases as if it were

not variable at all, namely we can move the term inside the convolution as follows:
2y i r % f(@) S €+ (2700 f)(2), @ € R,

where ¢ > 0 is independent of v and m.
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Lemma 2.2 Letr,R,N >0, m > n and 6,w € S(R") with supp Fw C B(0,1). Then there
exists ¢ = c(r,m,n) > 0 such that for all g € S'(R™), we have
0r *wn * g(x)| < ¢ Ay m * oy * g|" (@), zeR", (2.4)
where Op = R"0(R-), wny = N"W(N-), nNm = N"(1 4+ N|-[)~™ and
A =max(1,(NR™H)™).

The proof of this lemma is given in [12, Lemma 2.2].

We will make use of the following statement, see [5, Lemma 3.3].

Lemma 2.3 Let p € P°5. Then for every m > 0 there exists 3 € (0,1) only depending on m
and ciog(p) such that

Cy
\QI/ |f(y)["¥ dy + min(|Q|™, 1)<|Q/((e+|x|)_m+(e+|y|)—m)dy>,

for every cube @ C R™, all z € Q C R™ and all f € LP0) + L> such that N fllLee)ppee <1
Let p € P'°8. In the proof of this lemma we need only that

/ F)PWdy <1
Q

2| (o)
PO )

where, vp = —log, I(P) and v}, = max(vp,0).

The following lemma is the Z‘J(')(L;E:;)—Version of Lemma 4.7 from Almeida and Hésto [2]

and/or ||fllec < 1. We set

)

5(1(-)([/12(-))

H(fv)v”gq(-)(L;((:;) = sup

(we use it, since the maximal operator is in general not bounded on £9)(LP()), see [2, Example
4.1]).

Lemma 2.4 Let 7 € C°, 7= > 0, p € P8, ¢ € Plog with 0 < ¢- < gt < oo and

loc”
7+ < (1p)~. For any m large enough, there exists ¢ > 0 such that

| (170,m, * fv)ngq(z)(L;E_';) < C||(fv)v‘|gq(~>(L;((:)))

for any (f.), € (L7 ().
The proof of this lemma is postponed to the Appendix.

Let L;E)) be the collection of functions f € L‘fo(c) (R™) such that

Ixp
117 = s | 5%

‘ <oo, pE€Py, T:R"=RT,

where the supremum is taken over all dyadlc cubes P with |P| > 1. Notice that
q()
XpP <1 (2.5)

p(-)/a(")

1 £l = oS sup ’W

)
Loy P€Q7|P\21

Recall that 6, = 2""0(2"-), v € Z.
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Lemma 2.5 LetveZ, 7€ C%%, 7= >0, pePy® and 0,w € S(R™) with supp Fw C B(0, 1).

loc”

For any f € 8'(R™) and any dyadic cube P with |P| > 1, we have

‘Gv*wv*f

|P|T(A) < cflwy * £ ()
such that the right-hand side is finite, where ¢ > 0 is independent of v and l(P).

(")

XP
p(+)

We will present the proof in the Appendix.
Lemma 2.6 Let a,7 € C\°%, 7= >0 and p,q € Py with 0 < ¢~ < gt < oo. Let (fi)ren, be

loc”
a sequence of measurable functions on R™. For all v € Ny and x € R™, let

z) =y 27" ()
k=0

Then there exists a positive constant c, independent of (fi)ren, such that
H(gv)v“gq(-)(L;E;;) < C||(fv)v‘|gq<->(L;((:)>)’ 6> 0.

The proof of Lemma 2.6 can be obtained by the same arguments used in [12, Lemma 2.10]
and [20, Lemma 8§].
a(-),7 (")
3 The Spaces %p(')’q(.)
In this section we present the Fourier analytical definition of Besov-type spaces of variable
smoothness and integrability and we prove their basic properties in analogy to the Besov-type

spaces with fixed exponents. Select a pair of Schwartz functions ® and ¢ such that

supp F® C B(0,2) and |FP®(E)|>c if ¢ < g (3.1)
and 5 5
supp Fo C B(0,2)\B(0,1/2) and |Fe(&)|>c if £ <l < 3 (3.2)

where ¢ > 0. We put ¢, 1= 2""p(2%-),v € N.

Definition 3.1 Let a: R" - R, 7: R® — R and p,q € Py. Let ® and ¢ satisfy (3.1) and
(3.2), respectively. The Besov-type space ‘Bp(( _')) is the collection of all f € S'(R™) such that

2ve() %
(ffxp>
|P| vzvlt

Using the system (¢, )ypen, we can define the quasi-norm

[} 1
1 vo ¢
IfllBer = SUp |P|T< > 2| pu *f))aall%)

+
=vp

< 00, (3.3)

||f\|%a< )7() 1= SUp
al) 0a() (Lr())

PeQ

where @q s replaced by .

for constants a and p, q € (0, 00, with the usual modification if ¢ = co. The Besov-type space
By consist of all distributions f € §'(R") for which || f[|gsr < co. It is well-known that these
spaces do not depend on the choice of the system (¢, )ypen, (up to equivalence of quasi-norms).
Further details on the classical theory of these spaces can be found in [8, 31] and [35], see also
[10] for recent developments. Moreover, Bg,Y are just the classical Besov spaces, see [23] and

[25] for the theory of these function spaces.
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One recognizes immediately that if «, 7, p and ¢ are constants, then

@()T() o, T
B)at) = Bra

in the sense of equivalent quasi-norms. When ¢ := oo the Besov-type space %Z(( )) ’;(')

all distributions f € S’(R™) such that

consist of

2020, * f

|P|T(') < 0.

p(+)

sup
PeQ, v2v+

XP

Let B be any ball of R” with radius 277, J € Z. In the definition of the spaces ‘B ( ) ()) if we
replace the dyadic cubes P by the balls By, then we obtain equivalent quasi-norms. From these
if we replace dyadic cubes P in Definition 3.1 by arbitrary cubes P, we then obtain equivalent
quasi-norms.

The Besov space of variable smoothness and integrability B is the collection of all

f € 8'(R™) such that

a(’)
p(-),q()

||f||B”((')> o = ||(2va(')80v * f)veNOng(-)(Lp(-)) < 00,
pr(),q(-

which introduced and investigated in [2], see [20] for further results. Taking o € R and ¢q €

(0, 00) as constants we derive the spaces By, 4 studied by Xu in [30]. Obviously,
a,0
B b().0

p()a

in the sense of equivalent quasi-norms. We refer the reader to the recent paper [34] for further
details, historical remarks and more references on embeddings of Besov-type spaces with fixed
exponents. We mention that the variable Triebel-Lizorkin version of our spaces introduced on
this paper is given in [14]. Variable Besov—Morrey spaces are given in [1], see [17] and [29] for
the variable 2-microlocal Besov—Triebel-Lizorkin-type spaces.

Sometimes it is of great service if one can restrict suppeg in the definition of %p( 7q(( )) to
a supremum taken with respect to dyadic cubes with side length < 1. The next lemma can be
obtained by an argument similar to that used in the proof of [11, Lemma 3.6].

Lemma 3.2 Leta,7 € Clog 77 >0 andp,q € Péog with (Tp—1)" >0 and 0 < gt < c0. A
tempered distribution f belongs to %a( )’T( ) if and only if

2”0‘(' Y f
Hf” ga()r() = Sup (P.,.(U,)XP < 00.
:D( )a(-) PeQ,|P|<1 ‘ ‘ v>vp [1040) (LP())
Furthermore, the quasi-norms ||f||%a( 20 and ||f\|#a( )-(y are equivalent.
P( )a(-)

Remark 3.3 We like to point out that thls result with fixed exponents is given in [35, Lemma
2.2].

The following conclusion implies under some suitable conditions the variable Besov-type
« n\7m L
spaces ‘Bp(());(()) are just the Besov spaces Boo(gj O=5)

[11, Theorem 3.8], the details being omitted.
Theorem 3.4 Let a,7 € C\°%, 7= >0 and p,q € Py with pt,qt < oco. If (rp—1)" >0 or

loc?

(tp—1)" >0 and q := oo, then

, whose proof is similar to that of

B 7() B:o(g:n(f(d— 0
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with equivalent quasi-norms.

Remark 3.5 From this theorem we obtain

1
21}(@(%)4‘"(7’(%) p(@) ))|S0'u * f(.l?)l < CHfH%a((:)),q—((-,)) (34)

for any f € B;‘(gs)igj),x ER" a,T € Cllgff,T_ >0 and p,q € Péog, where ¢ > 0 is independent

of v and z.

In the following theorem we have the possibility to define these spaces by replacing v > v;
by v € Ny in Definition 3.1, where the main arguments used in its proof rely on [11, Theorem
3.12], so we omit the details and when 7 := 0, was obtained by Sickel [24].

Theorem 3.6 Let a,7 € Cllgf, 77 >0 andp,q € Péog with pT,qt < oo. If (tp— 1)t <0 or

(tp—1)" <0 and q := oo, then
2(1(.)801) * f >
TIpiy XP

Let ® and ¢ satisfy, respectively (3.1) and (3.2). By [16, pp. 130-131], there exist functions
U € S(R™) satisfying (3.1) and ¢ € S(R™) satisfying (3.2) such that for all £ € R™,

)
20 (Lr())

||f\|;a<->,f(-> ‘= sup
p().a() PeQ

is an equivalent quasi-norm in %Z((.')) ’qT((_')),

FOE)FU(E) + Y FE2 ) Fp(277¢) =1, (3.5)

Jj=1

where ® = ®(—) and @ = @(—-). Furthermore, we have the following identity for all f €
S'(R™); see [16, (12.4)]

F=Usxduf+> th*Fy*f

v=1
= D fmU(—m)+ Y 27" Y Gk 27 m)Yu( — 27 m).
meZL™ v=1 meZL™

Recall that the ¢-transform S, is defined by setting (S,)0,m = (f, ®m) where ®,,(z) = ®(x—m)
and (Sy)v,m = (f, Pv.m) Where @, m(z) = 22 (22 —m) and v € N. The inverse ¢-transform
Ty is defined by

oo
TwA = Z )\O,m\I’m + Z Z )\v,mwv,ma
meZ™ v=1mezn

where A = { A, 1 Fveng,mezn C C, see [16].
For any ~y € Z, we put

< 00
29 (Lr())

2020, * f
( [P0 XP)
11211;—'7

1o 2= sup
B0 Peo

where ¢_,, is replaced by ®_,.
Lemma 3.7 Let a,7 € C°%, 7= > 0, p,q € PY® and 0 < ¢t < oo. The quasi-norms

loc’

Hf||;a((5>,((,)) and ||f||§BZ(<.)),;(<.)) are equivalent with equivalent constants depending on .
al)r Jiac



Variable Besov-type Spaces 9

Proof The proof is a straightforward adaptation of [12, Lemma 3.9] and [35, Lemma 2.6]. We

will present the proof into two steps.

Step 1 In this step we prove that
115 a(r() S Hf||%a<>f<>
),a(-)
We need only to consider the case v > 0. By the scaling argument, it suffices to consider the

case
[fll g <1 (3.6)
r(-),a(-)

and show that the modular of f on the left-hand side is bounded. In particular, we will show
that

S SRR <
2 H PO | Pl =

v=vh—v a()

for any dyadic cube P. As in [35, Lemma 2.6], it suffices to prove that for all dyadic cube P
with I(P) > 1,

0 : )
ua( )SOU * f q
Ip = _ <
pi= 2 TR ey =
and for all dyadic cube P with I(P) < 1
vp—1
P 2va(~)<pv " f q(+)
Jp = _— <ec.
: 1,_12,:_7 PO | Py =
—vp q(-
The estimate of Ip, clearly follows from the inequality
(- )
o * [
<
H‘ P[0 by

)

aC
for any v = —v,...,0 and any dyadic cube P with [(P) > 1. This claim can be reformulated

as showing that

H%jf »() = 7
From (3.1) and (3.2), we find w, € S(R"), v = —v,...,—1 and 1,72 € S(R™) such that
Yo =wyux®, v=—v,...,—1 and @ =po=m %D+ 12 * ;.
Therefore
Yok f=wyxPxf forv=—y,...,—1
and

ok f=m*xPxf+n e f.

Using Lemma 2.5, (2.5) and (3.6) to estimate the left-hand side of (3.7) by

CH‘I)*fH p()+CH901*f|| () <ec
T() 7’()
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To estimate Jp, denote by P(v) the dyadic cube containing P with I(P(vy)) = 2YI(P). If
vp >+ 1, applying the fact that vp(,) = vp — 7, and P C P(7y), we then have

vp—1
P 2vo¢(~)(pv *f q(+)
s 2 | TEeyre | o =
V=VP(y) acy
If 1 <wvp <7, we write
Jp=Jp+J3,
where
1 ) )
21}(1( )L,O *f q
1. v
Jp = Z P[0 XpP "
v=vp—7y m
and
P o (BRI
re v=0 ‘P‘T() xp &'

Let P(2V?) be the dyadic cube containing P with [(P(27)) = 2YP{(P) = 1. By the fact that

|pr)™0)

< nvp‘rJr <
|P|.,-() ~ 2 ~ C(’Y)?

we have

vp—1 211(1(')%0” * f' a() -
— S C.

J2 < v
P~ Z ‘P(2’UP)|T() XP(2 P) ()

UV=Up(2vP) a()

By the arguments similar to that used in the estimate for Ip, we obtain J}g <ec.
Step 2 We will prove that
< *
a()r() al),r() -
||f||%p(_),q(_) Hf”%p((»)),q((»))

It suffices to show that (
q
<c

D+ f
|P7¢)

()
a(")

for all P € Q with I(P) > 1 and all f € 80" with

)

Hf” a7 0) <1 (3.8)

This claim can be reformulated as showing that

Dx f
PFOX],

There exist g, € S(R"), v = —,..., 1, such that
1
Duf=o  xP s f+ D 0p*pyxf
v=1—7

see [16, p. 130]. Using Lemma 2.5 we get

[o—y * @y * [ T()NH(I)—'y*fH oS¢
p() p()
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and
||Qv*%*f|| T()N|‘wv*f|| 7—()—07 v=1-7,...,1,
P() p()
by using (2.5) and (3.8). The proof is complete. O
Definition 3.8 Let p,g € Py, 7: R" — RT and let o : R® — R. Then we define
brae) = A= Pumbveromezn € € [Allyeo.r) < 00},
where (a()+2)
mezmn viat % A'u,mX'u,m
Al o= s [ (22 ) .
()aC) Pco |P| v>oh leaC) (LrO))

If we replace dyadic cubes P by arbitrary balls B; of R™ with J € Z, we then obtain
equivalent quasi-norms, where the supremum is taken over all J € Z and all balls B; of R™.
Lemma 3.9 Let o, 7 € C’llgf, T >0, p,q€ ’PIOg 0<qt <oo,veENy,mEZL", € Qym
and X € b;y((;))’;((f)). Then there exists ¢ > 0 independent of x,v and m such that

[Aom| < ¢ 2_v(a(x)+%)‘Qv,mlT(x)||>‘||bu((_'))vT((_‘)> ||Xv,m||;(1)

Proof Let )\ € ba( ): T()), v €Ny, m € Z™ and x € Qy m, With Qy ,n € Q. Then

‘)\v,m|p7 = |Qv,m|71/ |)\v,m|p7Xv,m(y)dy'

v,m

Using the fact that 2v(@(@) =) < ¢ and 2(7(#)=7(W) < ¢ for any z,y € Qv,m, we obtain

qu(a(@)+3)p™ » ou(a(w)+3)p .
W|/\vm| S 1Quml / m|/\v,m|p Xo,m (Y)dy.

v, m

Applying Hoélder’s inequality to estimate this expression by
ou(a()+3)p~
|Qu,m [P770)

where we have used (2.3). Therefore for any = € Qy m,

c|Qum| ™

nl? o | ol S 1A Dl
-2 P p(-).a(") P
P

Pl S 270D

7(z) Al iy -1
Qum[" Allgaer o) [xvmllyc):
which completes the proof. O

As in [12], and using Lemma 3.9 we obtain the following statement.

Lemma 3.10 Let a,7 € C\°%, 7= > 0, p,q € ’Plog and ¥, ¢ € S(R™) satisfy, respectively,

loc

(3.1) and (3.2). Then for all A € ba());(())

Tw/\ = Z AO,m\I/m“‘i Z Av,mﬂ’v,m

meZL™ v=1mezn

converges in S'(R™); moreover, T : b — S'(R™) is continuous.

For a sequence A = {Av,m}veNo,mGZ" - (C, 0<r <ooand a fixed d > 0, set

1
. _ [Av,nl” )?
e
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and A7 rd T {)\v m, rd}UGNO mezr C C.

The proof of the following lemma is postponed to the Appendix.
Lemma 3.11 Leta,7 € C\°%, 77 >0, p,g € P8, 0 < ¢* < o0 and 0 < r < (T:%. Then for

loc’

d large enough

Al e ~ Al «
A%l 2T () ALl a()e()-

By this result, Lemma 3.7 and by the same arguments given in [12, Theorem 3.14] we obtain

the following statement.

Theorem 3.12 Let a,7 € Cllgf, T >0, pg € P and 0 < ¢t < co. Suppose that ®,

U e S(R") satzsfymg (3 1) and p, v € S(R™) satisfy (3.2) such that (3.5) holds. The operators

S, %p( ;) q( — ba(()) ( and Ty : bp(())q(()) — %;((_'))’;((,')) are bounded. Furthermore, Ty 0 S, is

the identity on %p( ok ‘1( )
From Theorem 3.12, we obtain the next important property of spaces %Z((")) 7;((.}).

Corollary 3.13 Leta,7 € Cllgf, 7 >0, p,qg € P and 0 < ¢t < oo. The definition of the
)

spaces %Z‘((f));;(_) is independent of the choices of ® and .

4 Embeddings

For the spaces ‘B )) introduced above we want to show some embedding theorems. We say a

quasi-Banach space A1 is continuously embedded in another quasi-Banach space Ay, A1 — As,
if A; C Ay and there is a ¢ > 0 such that || f]la, < c||f]la, for all f € A;. We begin with the

following elementary embeddings.

Theorem 4.1 Let a,7 € Cllof, 77 >0 and p,q,qo,q1 € P(l)og
() I 4o < au. then
a(-),7(") af-),7(")
%p( )ao() %p(')a‘h(').
(ii) If (g — 1)~ > 0, then

a0 (1),7() a1 (1),7()
B0ty 7 Bot)a)
The proof can be obtained by using the same method as in [2, Theorem 6.1]. We next
consider embeddings of Sobolev-type. It is well-known that

«0,T «1,T
Bpm Bpl q’

ifao—p%:al—pﬂl,whereo<po<p1SOO,0§7'<ooand()<q§oo(seee.g. [35,
Corollary 2.2]). In the following theorem we generalize these embeddings to variable exponent

case.

log

Theorem 4.2 Let g, a1, T € C’llgcg, 7= > 0 and po,p1,q € P,

and ag(+) =40ty = a1() =, with (p—l) <1, then

with g7 < co. If ap(+) > a1(+)

a0()() () ()
Byat) 7 Bpiha()

Proof Let f € %;‘s((_‘))’;((_‘)) with || f[[eoc).-() < 1 and P be any dyadic cube of R™.
: 0 ().a()
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Case1l [(P)>1. Let @, C P be a cube, with £(Q,) =27" and z € , C P. By Lemma 2.2
we have for any m > n, d >0

|00 * F(2)] < c(um * |0 * fI2(2)) 7.
We have

Nv,m * |90v * f|d(z)
d
re (1422 —2))™

00 * F(2)]° o0+ £(2)]"
— v SN (g —  —dz,
/3@ Tropo gt 2 /Q A+ 2w — 2

keZm,||klloo 22

where Q¥ := Q, + kl(Q,). Let z € QF with k € Z" and |k| > 4y/n. Then |z — 2| > |k[27v!
and the second integral is bounded by

¢ [k Mg (Ipw * f19),

where the positive constant ¢ independent of x, k and v. Fix r,d > 0 such that

0 <r <min(1,(po7)”) and 0 < d < min (p—l a_ L)

2r’ 2r’
Then
1 -
0<r< imin <p;,qd,2>.
We have
|(zones fxp) !
|P|T vENp Ilea() (LP1())
21}041 rd
<[ (o e+ 110 (41)
|P| vEN I1ea() (LP1())
o 2va1(.) k b(-) N rd
o | (I (bt 11 e (1)
|P[™) (L1
kEZ™ || k|00 >2 vENg 11£a() (LP1())
where
snt(+) 1 n nt(-)
b() = — ar — 26]0g<q—T>T(~) — Clog (041 — p_l) - 7’t—7 — K, k>0
and 0 = (=b)" — & with ol T () = 1, where s will be chosen later.
Estimate of (4.1). We will prove that (4.1), with power %, is bounded by
uen () p
| (F i L) gt (43)
|P| vENg 1124 (LP1()) po(-):a(-)

By the scaling argument, we see that it suffices to consider the case when the left-hand side of
(4.3) is less than or equal 1. Therefore we will prove that
q(’)

o0

c 2vai(s)

1
W(MSQUU% * f|d))d'XP
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for some positive constant ¢ > 0. This clearly follows from the inequality

c 2va1(J . a() 2va00)¢7 % f a()
(M. o % F|9))d <[|Z——Tr 4 497
|| 2 ot e | <P e
q(+) q(+)
=J4.
This claim can be reformulated as showing that
c 6—5%72UQ1C) . q(+)
— (M. o % f|4)a <1,
‘P‘T() ( 3Qv(|30 f| )) XpP pr()
q(+)
which is equivalent to
p1(z)
0 a@) 211011(@171(@ iy PL(R)
<
| e M, 1) 4o < 1 (4.4
Since a1 and p; are log-Holder continuous, we can move 9V (®)-5%) inside the integral by
Lemma 2.1:
——zv(al(x)_ﬁ) dy\ % 6_Q(1w) v(ay ()= 55%5)d dy\3
0 Q(”)W(Mgmﬂ%*f\ DERS Pl (Mzq, (2777 110 g,  f|7)2  (4.5)

for any x € Q, C P. Observe that 0 < d < Z. The right-hand side of (4.5) can be rewritten
as

T(z)

1 L i) [P - -—r _
<|P|r (6777 Mg, (27075, « f|d>>df<f’) | (4.6)

By Lemma 2.3, Remark 3.5 and since % and 7 are log-Holder continuous,

) . =@
5~ @@ ( 1 / 2"l W)= 5@) Y o, 4 f(y)lddy> '
3Q1}

3Q0|

can be estimated by

c = v W) - prty)" - s
B0 Ly & T e F)ITd +1Qu1g()
vl J3Q,
. 1)(m1(y)—m)7‘ -
5/ QU S T aw)T(w) 2 W) low * f(y)|7® dy + h(x)
3Qy

for any s > 0 large enough, where

g(x) = (e+|z|)° + Msq,((e+[-))7°), z€R"s>0
and

hz) = (e+lz) ™+ M((e+]-))7*)(x), =eR" s>0.

These two functions will be used throughout the paper. Therefore (4.6), with power %, is

bounded by

6T 2 gy # 17
Pl

12°77 x3q,

c

1
X3P tr() +c,

Hpo(-w-)

by Holder’s inequality, with m + % = 1. The second norm is bounded and the first norm
is bounded if and only if

<1
po(+)

)

67772020 0) oy, % flysp
|P|m()
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which follows immediately from the definition of §. Now, we find that the left-hand side of (4.4)
can be rewritten as

1 n

5§~ atm 9V (@)= 57t) L\ Pr(@)—po(x)
M v fIh)e
L e (e < 51
5~ oy g @)+t )
P[@

po(x)
(Mo, (s *fld))3> ds
o(=z)

1 —_d_ vo (- B
S/P|P|T(z)po(r)<5 7 Msgq, (2 °<>dgou*f|d>> da.

The last expression is bounded if and only if

ol

1 d =0
—— (0770 Mg, (20|, * f|? < 1.
H|P|T( " Msa oo x 7% rOr0)
This norm is bounded by
M 5_q<.>i<»)2—uio(8)r|gpv « f|7O)
¢,
|P|" X3P | sacrrn

where we have used again Lemma 2.3 and Remark 3.5. Since the maximal function is bounded
in LP() when p € P'°% and p~ > 1, this expression is bounded by

T

1 vag () 1
H5 aOTO 27T |y * fITOT x3p

+c.
|P| ;Do(-)T(-)
The last quasi-norm is bounded if and only if
_
H 67T 2° Oy x flxap |
[P0 Po()

due to the choice of §.

Estimate of (4.2). The summation in (4.2) can be rewritten as
DRI
kezr |k|<4y/n kezn |k|>4v/n

The estimation of the first sum follows in the same manner as before. Let us prove that

var () |E12C) (M, o % f% 3
H( || (~kQ’;(‘S@ f19)) XP) <1 (4.7)
|Q ‘T() vENy gq(-)(Lm(‘))
for any k € Z" with |k| > 4y/n, where Q* := Q(cp, 2|k|I(P)). Therefore we will prove that
© 2va1(-)|k‘b(-)fnr(-) L a()
Mg 4))a <1
;J pr— Marlleos 10|,
This clearly follows from the inequality
c 2va1(-)|k‘b(-)fn‘r(-) al a()
|P|™() (Mg (o = f19))*xp 10

q(+)

Qvao(~)<pv * f
RS U Xok

|QF[70)

1oV =4
)

po (-
q(-)
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for some positive constant ¢. This claim can be reformulated as showing that

pr1

()
a dr < 1.

p1(z)
6 atm Qv (@)p1(@)| | (b(z) —nr(2))p1 ()
/p | P|7@p1 (@) (Mg (o = £17))

Since, again, a; and p; are log-Holder continuous, we can move 91 (@)= 5% ) inside the integral
by Lemma 2.1:

‘k|—clog(0¢1—p"—i —a gu(en (@)~ 5y)

1
|P|T(x) (MQ§(|§0'U*f|d))d

=

1 —nov(a(-)—==
§|P|T(E)<MQ5(|]€ gv(e: () “('))d%*ﬂd)) ;

where the implicit constant is independent of z,v and k. We have

1 1
RPOTO6TT0 (s fI '
P70 A\ kg @O )
r )

|k|(b()fn7())#6fw |<pv * f‘d O\
— Mk . 4.8
( |P|" Q¥ |k‘n2—v(a1(.)_#)d (4.8)

As before, let us prove that this expression, with power % is bounded. Observe that QF C
Q(x,|k|2' ) = QF. We have

1 _ 1 1 _ 1 1 ~
0 d@T@) = (2”5) @@ T e (2”5) aw) (V) 2”q<m>r<m), re€Q,CP, ye ij_

From Lemma 2.1 it follows that

1 1 1
vamr@ < |k|os(aR) 2V amrm

and

(2v6)~ D@ T T < |k|clog(q%)

for any x € Q,, y € Qﬁ, where the implicit constant is independent of z,y, k and v. Again by
Lemma 2.3 combined with Remark 3.5 and since % and 7 are log-Holder continuous,

snt(z)

|| E 2008 (G2)T(@) —R) 55— 5 e

T

1 ) —_n g Tr (@)
" (@_k [ 2w, f(y)lddy)
vl JQF

k - L, vr(a (1) = ) L
<||th| Qk(s aW) W) 2 'r('y)ply |va*f(y)|'r(y)dy
v v
1
Hetla) ™+ o [ (el dy
Q| J
|k‘_fl_ — L v(al(y)_ﬁ)r _r_
S B [T s ) -+ b
v t

for any s > 0 large enough with m + % = 1. Therefore the left-hand side of (4.8), with

power —

%, is bounded by

1
=

k|8~ <>T()2va()((§)r| fI7O
FoLoD BETe « f|7C n 1 n
| £ : 12777 e I K7 +

‘ [Pl xar

ro()7()
T
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by Holder’s inequality. As before the second term is bounded and the first norm is bounded if

and only if

/ 5~ 2= gvan(y)po () o % f(y)[Po@)
k

, dy <1
|OF[Po)7(w) Vot

which follows immediately from the definition of §. The desired estimate, follows using similar

arguments as above, with suitable choice of x, and by taking m large enough.

Case 2 [(P) < 1. Since 7 is log-Holder continuous, we have
|p|—7'(9€) < C|P|—T(y)(1 + 2P | — y‘)clog(T) < C|P|_T(y)(1 + 2%z — y|)01ug(7')

for any z,y € R™ and any v > vp. Therefore,

1 a |00 * fl?xs0
- - < e J1AYRe
P70 No,m * (low * fl*x30,) < Tv,m—ciog () * ( RS

and

1 4 o * Xk
W%,m * (Jpo * f] XQ';) S Mo, m—ciog (1) * <|P|T()d .

The arguments here are quite similar to those used in the case [(P) > 1, where we did not need
to use Lemma 2.3, which could be used only to move |P|™) inside the convolution and hence
the proof is complete. a

Remark 4.3 We would like to mention that similar arguments give

B0 ()7() gm0

po(-),q(") 00,q(+)

if ag, 7 € CI°%, 77 > 0 and po, q,7 € PYE, with ¢+ < oc.

loc?

Let o, 7 € Ci%, 7~ > 0,p,q € Pi*®. From (3.4), we obtain

loc»

a(),7() a()+nT() =5ty ! on
By(hat) T Booee 2 SRY).

Similar arguments of [35, Proposition 2.3] can be used to prove that

n a(),7(")
S(R)<—>‘B ()"

Therefore, we obtain the following statement.

Theorem 4.4 Let a,7 € C\°%, 7= > 0 and p,q € Py with ¢* < co. Then

loc?

SR") = Bl o 5™,

Now we establish some further embedding of the spaces 98B () ;(())

Theorem 4.5 Let a,7 € C\°,7= >0 and p,q € Plog with g7 < oo. If (p2 —p1)* <0, then

loc?

)T+ 55 500 a(-),r()
Boua BT
Proof Recall that
BoO0  _ pal)
p(),q() 7 Tp()q()
in the sense of equivalent quasi-norms. Using the Sobolev embeddings

OO ERETHE , geC)nt()

p2(),q(+) p1(-)q()
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.. . a()+nt(+) a(:),7(+)
(see [2, Theorem 6.4]) it is sufficient to prove that B, ety = By (Galy
(2200t )
‘P‘T() " UZ'U}JE

In view of the definition of B;‘l(g) o) Spaces the last expression is bounded by

‘We have

sup

< H(Qva(.)@v * f)veNo HE‘I(')(LPI(‘))'
PeQ,|P|>1

eq(l)(Lm(‘))

o < a()tnr(e) -
Il S Al geconee

2, f
‘P‘T() r va}t

< sup H(2v(a(~)+nr(-))+n7(~)(vp—v)LPU * f)
PeQ,|P|<1

Now we have the estimates

sup
PeQ,|PI<1

£a()(LP1())

v>up H£<1(‘)(LP1(~))

< sup [|UCOTTOD oy ) penollpae (oo
PeQ,|PI<1

which completes the proof. O

5 Atomic Decomposition

The idea of atomic decompositions leads back to M. Frazier and B. Jawerth in their series of
papers [15] and [16]. The main goal of this section is to prove an atomic decomposition result

for ‘B;((:)) ’qT((_')). We define for a > 0, . : R” — R and f € S'(R"), the Peetre maximal function

vy,
901) a2va( )f( ) = sup |50 * f(y)‘

eN
yER® (1+2U|$_y|)a Y .

where g is replaced by ®. We now present a fundamental characterization of spaces under

consideration.
Theorem 5.1 Let7,a € C’llgf, 7= >0 and p,q € PYE. Let m be as in Lemma 2.4, a > =
and ® and ¢ satisfy (3.1) and (3.2), respectively. Then
a2va )f'
1500 3= sup H (P - XP) (5.1)
Bo)aly |P| v>oh leaC) (LrO))

s an equivalent quasi-norm in %a( )qT(())

Proof We divide the proof in two steps.

Step 1 It is easy to see that for any f € S'(R™) with || f]|" pa()r(y < 00 and any = € R" we
Bl
have

2%, x f(2)] < @270 f(2).
This shows that the right-hand side in (3.3) is less than or equal (5.1).

Step 2 We will prove in this step that there is a constant C' > 0 such that for every

a(),
fesy

Y ey <C a()m() - 5.2
||f||%p(<_)>:q(<_)> = ”fH%,,((.f,q((,)’ (5.2)
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We choose ¢ > 0 such that a > 7 > pﬂ,. By Lemmas 2.2 and 2.1 the estimates

222W) |, x F(y)] < Cy 270 (1, 0 * [0 * FI1(y))F
< Co (Moeng(e) * (2790 % 1) (y)) 7 (5.3)

are true for any y € R”, v € Ny and any w > n. Now divide both sides of (5.3) by (1+2%|x—y]|)°.
In the right-hand side we use the inequality

14+2%x—y])"*<Q+2%x—2)"*Q1+2%y—2])% =,v,2€RY

in the left-hand side take the supremum over y € R™ and get for all f € ‘BZ((:))’;((.')), any x € P
any v > v}, and any w > max(n, at + cjog())

(592720 F(@))" < Co st # (20, ¢ F1)1(3),

where Cy > 0 is independent of z,v and f. An application of Lemma 2.4 gives that the left
hand side of (5.2) is bounded by

(Uv,at * (QW(A)W?) * f)f )
XP
UZU;

C sup

PeQ |P|T()t

S ”(21}06(.)9012 * f)vHZq(-)(L;E:)))
=C ()7 () -
HfH“Bp((«)),q((«))
The proof is complete. O

Atoms are the building blocks for the atomic decomposition.

Definition 5.2 Let K € No,L+1 € Ny and let v > 1. A K-times continuous differentiable
function a € CK(R™) is called [K, L]-atom centered at Qy m, v € Ng and m € Z", if

supp a C YQuy m, (5.4)

0%a(z)] < 2°0P1H2) | for0<|B| <K, x€R" (5.5)
and if

/ 2Pa(x)dr =0, for0<|3| <L andv>1. (5.6)

If the atom a located at @, ,, that means if it fulfills (5.4), then we will denote it by @y m.
For v = 0 or L = —1 there are no moment conditions (5.6) required.

For proving the decomposition by atoms we need the following lemma, see Frazier and
Jawerth [15, Lemma 3.3].

Lemma 5.3 Let ® and ¢ satisfy, respectively, (3.1) and (3.2) and let g,m be an [K, L]-atom.

Then
)—M

l9j * 0om ()] < ¢ 20 DEFVE (L L ov|g — g

ifv<j, and

|05 % Qom (@)] < € 2UTIERMFVTEQ 4 9|g —aq, )TV

if v > j, where M is sufficiently large, ¢; = 29p(27.) and g is replaced by .

Now we come to the atomic decomposition theorem.
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Theorem 5.4 Let a,7 € C\°%,7~ > 0 and p,q € P*

loc?

0<p <pt<ooandlet K,L+1¢cNy such that

with 0 < ¢~ < ¢t < oo. Let
K> ([t +nrt]+1)7, (5.7)

L (-1, {n(m_l)_a]) (5.8)

Then f € §'(R™) belongs to %Z((f))’;((_')), if and only if it can be represented as

and

o0
f= Z Z Ao,mOuvm,  converging in S'(R"), (5.9)

v=0mezZn"

where 0y are [K, L]-atoms and A = {\ym }veny,mezn € bp(())q((')). Moreover, ian)\Hba(,),T(-),
p().a()

where the mﬁmum is taken over admissible representations (5.9), is an equivalent quasi-norm

in By} 7).

If p, ¢, 7, and « are constants, then the restriction (5.7), and their counterparts, in the
atomic decomposition theorem are K > ([a+n7]+1)" and L > max(—1, [n(m —1)—al),
which are essentially the restrictions from the works of [10, Theorem 3.12].

Proof The proof follows the ideas in [15, Theorem 6] and [12].

Step 1  Assume that f € %Z(()’QT(() and let ® and ¢ satisfy, respectively (3.1) and (3.2). There

exist functions ¥ € S(R™) satisfying (3.1) and ¢ € S(R™) satisfying (3.2) such that

fZ‘I’*E’*f-FZ%*@v*f,

v=1

see Section 3. Using the definition of the cubes Q) we obtain for all z € R",

Z/ (x—y)U = f dy—i—ZQ”" Z/ o2 (x — y)y * f(y)dy,

meZﬂ 0,m meZﬂ v, m

with convergence in &'(R™). We define for every v € N and all m € Z",

/\U,m = C& sup WJU * f(y)|a (510)
YEQuv,m
where
Cy = max{ sup |DY¢(y)] : o] < K}
lyl<1
Define also
1 o ,
o2 [ B ) s fwdy i A 20,
Ouv.m(T) == v,m (5.11)
0 if Ay m =0.

Similarly we define for every m € Z" the numbers A ,,, and the functions gg ., taking in (5.10)
and (5.11) v = 0 and replacing ¥, and & by ¥ and ®, respectively. Let us now check that such

Ov,m are atoms in the sense of Definition 5.2. Note that the support and moment conditions
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are clear by (3.1) and (3.2), respectively. It thus remains to check (5.5) in Definition 5.2. We
have

(n+181)
Dooum@l <5 [ DD = )l Swldy( s (o F0)])

Cs YEQu,m

v(n+|3])
< 2C— / (DP) (2 (x — y))ldy

v, m

< 2”(”+\IBD‘QU,"L|
< 9ulBl

The modifications for the terms with v = 0 are obvious.

Step 2 Next we show that there is a constant ¢ > 0 such that ||)\||ba(<)> e < c\|f||%a()) -
q q

For that reason we exploit the equivalent quasi-norms given in Theorem 5.1 involving Peetre’s
maximal function. Let v € N. Taking into account that |z —y| < ¢ 277 for z,y € Qym we

obtain
gu(a(z)—a(y) < Clog ()v < Clog(a)?u <e
~ log(e+ ﬁ) ~ log(e+2) ~

if v > [logy ] + 2. If 0 < v < [logy ¢] + 2, then 2°(@(®)—aW)) < gv(e™—a”) < ¢ Therefore,
272 apy 5 f(y)] < ¢ 27|y x f(y)]

for any x,y € Qy,m and any v € N. Hence,

Z /\v,mzva(w)va C Z gvel®) sup |'(/) *f( )‘Xvﬁn(x)

mezn mezn YEQu.m

2002y # [ — 2)|

<c sup (14 2°|2])*xo,m ()
m%n ‘Z‘SC 2—v (1+2v‘z|)a o
<c w;ﬁana(i)f(x) Z Xv,m(x)

mezm™
= c ;20 f(a),

where a > ¢ p)t and we have used ) . Xv,m(2z) = 1. This estimate and its counterpart for

v = 0 (which can be obtained by a similar calculation) give
*, )
||>\||b§<(-'>)qu<(-'>) < ey f)v”“(‘)(L;Eff) = C”fH‘B:;((-'))f;((-'))7
by Theorem 5.1.

Step 3  Assume that f can be represented by (5.9), with K and L satisfying (5.7) and (5.8),
respectively. Similar arguments of [12, Theorem 4.3], by using Lemmas 2.4, 2.6, show that

fe ‘BO‘())QT(( ) and that for some ¢ > 0,

atyr) < eI acyre)-

Hf”%p((-)),q((-)) <l H"m(-)),q((-))

Step 4  The convergence of (5.9). Let ¢ € S(R™). Using (5.4)—(5.5)—(5.6) and the Taylor
expansion of ¢ up to order L with respect to the off-points zq, ,., we get

[ 3 Amtunewiy

mezn
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/ 2 Aomom(y < - (y—ﬂva,m)ﬁ%)dy

mezn |B|<L
for fixed v. The last factor in the integral can be uniformly estimated from the above by
27 ")~ sup (L+[af)F Y [0%(a)],
veRr |BI<L+1

where M > 0 is at our disposal and the positive constant ¢ is independent of z and v. From
(5.8) we obtain

L+1>—a(-)+n<mm(1(7p))—1).

Let
1 +
o (0, () (1~ )) +1) <<
min(1, %)
and s(-) = a(-) + 20 (t — 1). Here if ﬂ > 1 then we take t = 1. Then L 4+ 1 > —s(+). Since
0v,m are [K, L]-atoms, then for every S > 0, we have
v ()] < 25 (1+ 2%y —zq, )"
Therefore,

X sty >dy‘

mez”

(L+lyP)
<c?2 L+1)/ E 2V Y dy
B " 1+2°ly —zq,,.1)°
mezn )
2\ M
_ . o—u(L+1) vp (L+[yl) ">
=c2" E:/ S 2 \)\Um| ST E (5.12)

hEZrL QO h meZ?L

Applying [7, Lemma A.2] to obtain

Z [Avm (1 + 2%y — IQv,nl|)7S < Z [ Av,m Mo, % Xo,m (Y)-

meZ™ mezn

Since we have in addition the factor (14|y[2)~ %, Hélder’s inequality, the fact that IXQo.n H(M)/
~1,and (1+|y]?)~ 7 < (14 |hf2)~ % give that the term (5.12) can be estimated by

- Y 1 n
2 v(L+1) Z (1 + |h|2) W’qv,g * ( Z 22 |\, m|X'U m>XQO h
hezn 0k mezr o
S o PO 200787 3 Wiamlxgmxe
PeQ,j>jh mezn 2
S M 0005
)

where the first inequality follows by Lemma 2.4, L+14s(-) > 0 and by taking M large enough.
We claim that
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Then the convergence of (5.9) is now clear. We prove our claim. By the scaling argument, we
see that it suffices to consider \ € ba( () with || A b ()7 () < 1. From Lemma 3.9,
p(+),00

,O0

o] < ¢ 277 ETHTTD|Q, |7

for any = € Qu,m, v € Ng, m € Z". Let P be a dyadic cube and v > v;. We have

p(z)

/ (PT(JL’ Z 2“(3(96)+ )|)‘Um|va( )) dLL'

mezZn
s e i)™
(ks 3 2 |Av,m|xv,m<x>)
P |P| @) mezn
p(z)
(|P|T (z) Z 21)(01 s )|>‘ |Xv m( )) dz
mezn
1 " p(z)
5/ <m Z 2v(a(x)+§) )\v,m|Xv,m(x)) dx
P mezZn
<1
Therefore
||>\||bs( O S L
The proof is complete. O

6 Appendix
Here we present the proof of Lemmas 2.4, 2.5 and 3.11.

Proof of Lemma 2.4 By the scaling argument, we see that it suffices to consider when
[(fo)o ng( )(LT( )) <1 (6.1)

and show that for any dyadic cube P,

oo

—_t
v=Up

C MNym * |f'u| a0)

<1
P[0 8

XP
()
a()

for some constant ¢ > 0. We distinguish two cases:

Case 1 [(P)>1. Let Q, C P be a cube, with ¢(Q,) =277 and = € Q, C P. We have
Nv,m * | fol(x)
:2”"/ wdz
ro (1+ 2%z — z[)™
|fo(2)] / |fo(2)]
= — _ WEN
/SQU T2 — ) 2 A+2vz—z)m

keZm |kl oo >2

= J(foxsq,)(z) + Z Jv,k(vaQg)(x)a

kezm | klloo 22
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where QF := Q, + kl(Q,). Let 0 < r < $min(p~,¢,2) and define p = £ and ¢ = . Then

r
clearly, % + % < 1. Thus we obtain

H <77vm |fv P)
|P|T( vENy

T

£aC) (Lr())

fUXSQU " 6.2
vENg zq(-)(Lp(-))
Jgk(vaQk) "
. i), ) W
Z < |P|7C) veN 1240 (LP())

keZm,||k]lo0 22

FEstimate of (6.2). We will prove that (6.2) is bounded by a constant independent of P. Clearly,

we need to show that

c ']l(vaSQ )
VI IO/ 2 v
P[0 ) +

H‘ P[0 X?’P

(7
a()

=0

for some positive constant c. This claim can be reformulated as showing that

a1 cJ,(fy
H(S ()M < 1. (6.4)

P70 »0)

Let d > 0 be such that 7t < d < (7p)~. We have
d_ . 10)
Msq, (fo) _ ((Msq,(f,))70 1 ¢
|P|70) P4 '
Hence, we will prove that
67T (Mag, ()70
dv XP 5 1
|P| pOTC)
d
By Holder’s inequality,
—d_ |fv‘7 ¢ d
|QulMsq, (I£]70) S || 55 X3@. [13Qulx3q. lli()

30| P()7()
where % = p(')lT(_) + % The second quasi-norm is bounded, while the first is bounded if and
only if

fo
SoXse.|| S
H QT

Notice that SQUCU?: 1 Q where {Qh}3 , are disjoint dyadic cubes with side length l(Qh)
1(Qy). Therefore x3q, < Zh 1 X and

], < S]], <
T ) X3Qu < —Xor| SL
|Qu]™C) p(-) h=1 |Qh| p(+)

where we used (6.1). We can use Lemma 2.3 to obtain that

(Msg, (f.)) 7
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can be estimated by
=4 s
Msq, (|fol70) + [3Qu[*g(z)

for any =z € @, and any s > 0, where g is the same function as in Theorem 4.2. Taking into
account that % and 7 are log-Holder continuous, § € [27%,1 4 277], by Lemma 2.1,

d

67T (Mg, (f,)) 7

does not exceed

Mg, (6770 f,|700) + c2507@ |Q,[°g(x) S Msq, (16770 f,|700) + h(w),

where the positive constant ¢ is independent of v and x and we used the fact that

gé%x 2vd/q(m)7’(m)|Qv|s < 1,

since s > 0 can be taken large enough. Here h is the same function as in Theorem 4.2. Therefore,
_a _d_ 4 d
(5 ‘?<')M3Q,,(fv))’<" < ./\/l<5 FIOkO) |fv\f(') o )
IGLION |P|¢ v

P
B ExessiAks
S TXSP

+c

r()7()
d

+c

r()T()
d

. _ ()7 () p(O)r()
since &2 € P8 (B1)” >land M: L~ @ — L 4

if and only if

is bounded. The last norm is bounded

<S1

~

P
H S |fU|X3P
p(-)

[[C)

which follows immediately from the definition of §.
Estimate of (6.3). We will prove that (6.3) is bounded by a constant independent of P.

The summation in (6.3) can be rewritten as

Z et Z . (6.5)
kezm,|k|<4v/n kez™,|k|>4v/n
The estimation of the first sum follows in the same manner as in the estimate of J!(f,x30,),
so we need only to estimate the second sum. Let now prove that

2
H <|k|b(<) Jv,k(vaQ{‘;)XP) < H < ~fv XQk>
|P|7C) veNo lleat) (Lr() |QF|() veN,

)

gQ(-)(Lp(-))

where QF = Q(cp, 2|k|I(P)) and

cog%T- sT(-
b(')IZm—n<1+ti>T+—2l (qd) ()— d()

and s will be chosen later. Again, by the scaling argument, we see that it suffices to consider

when the last quasi-norm is less than or equal 1 and show that the modular of a constant times
the function on the left-hand side is bounded. In particular, we will show that for any dyadic
cube P,

< 1 |k|b(')J37k(vaQﬁ) a() -1
()

v=0 a()
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for some positive constant ¢. This estimate follows from the inequality

c [P0 72, (Foxgy) 1) 0

- 9=V
[P0 g <[lighs QO] Xy ™
=9
for any v € Ny. This claim can be reformulated as showing that
d
— o (KO (foxgr)TO
5" a0 Vs v <1. 6.6
H | P4 xe por) (6.6)

Let z € QF, x € Q, with k € Z" and |k| > 4y/n. Then z = h + k27" for some h € Q,,
|z — z| > |k]27v"L. Hence

677 [k[*) T2 (fuxgy) () S 877
5 o q(lz)

" Mar (fo)
b(w)—m-l—n(l-i—t%)TJrM k(|k‘*n(1 %)T( )f )

<87 b Cren G g (k7O )

for any z € ), and any v € Ny, where % = p(,)lT(,) —|—%. Observe that QF C Q(z,|k[2'7?) = Qﬁ

By Hoélder’s inequality,

d
A —n(1+¢(y) fo A —n(1+ 54
@ (Rt gy 5 [ g i
' |Q’“\ “locyrey '
The second quasi-norm is bounded, while the first is bounded if and only if
v
= X <1, wé€Ny,
H QIO Ml

which follows by (6.1). Again by Lemma 2.3,

(Mg (k= CH 070 1) 7

does not exceed
Mo (" T)70) £, 767) 4 cmin(1, k207975 (e + o)™ + Mo (e + |- ™))

for any s > 0 large enough. Hence,

d

67T (Mg (] )T g, )

is bounded by

1

c|k2rox ) Mg, (577070 || 0% )4 £, 765) 4 2G5 min(L, [£]"207)) h(a)

< [k[20s ) Mg, (6770370 || H R £,[767) 4 k| (),

where s > 0 large enough such that s > Therefore, the left-hand side of (6.6) is bounded

by

n(q )

+C,
p(IT()
d

d d
ST £, 7O v Ak
M <|k‘nd | fol X )

B 5T £, 70 x g
P4

Q|

r()7T()
d
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b, L7 is bounded. The last norm is bounded if and

only if

H o ﬁ f’l)XQk
Q7O iy~
which follows immediately from the definition of §. Since m can be taken large enough, then

the second sum in (6.5) is bounded by

b fo
(-
Z |Qk|T() @ vENy

kEZ™,|k|>4/n
Case 2 [(P) < 1. As before,

on * ol (@) S T (foxap) @)+ D Talfoxprmm)(@).

k}EZ”,Hk}HWZ2

T

IN

D U I 0% B -0

LO(LPO)  pegn |k|>ay/m
<1

We see that
Jz}(va?)P)(x) = Nv,m * (|fv|X3P)($)v reP

and since 7 is log-Holder continuous, we have
|P|—T($) < C|P|—T(y)(1 + 2VP |z — yl)clog(T) < C|P|—T(y)
for any z € P any y € 3P and any v > vp. Hence

‘P‘_T(w)Ji(vaSP)(x) SJ nv,m—cmg(T) * (‘P‘_T(.)|fU|X3P)(x)’ z € P

Also, we have

PO T2 L (X pat(P)(2) S Mom—erog () * (P17 ful X piri(ry) ().
As before, we obtain

<1

— )

i C Ny,m * fv q(')XP
[P 2()

v=vp q()

where we did not need to use Lemma 2.3, which could be used only to move |P|7() inside the

convolution. The proof is complete. O
Proof of Lemma 2.5 We claim that
27wy # f(2)] S llww = fll =5 (6.7)

p()

for any z € R", any 0 < 7 < p~ and any v € Ny. Indeed, by Lemma 2.2, we have

|wy * f(z)| < c (No,m * |y * f|r($))l/T

for any z € R", any m >n, 0 <r < p~ and any v € Ng. We write
Nom * [wy * f|7 (¢ <Zz =) Mp g.gi-0y (lwo * £I7),
=0

where the implicit constant is independent of x and v. Hélder’s inequality leads to

M (e, -0y (Jww * fI) S 207" [ (wo * )X B@,2i-0) ) IX B2 I
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S 2(v—i)n+inr‘r+va % er

0 IXB(,20) HZ(-),
p(-)

where 1 = ﬁ + ﬁ Making m large enough (6.7) follows.

T

Let P be any dyadic cube. We use again Lemma 2.2, in the form

6y * wy * f(x)l < C(nv,m * ‘wv * f‘r(x))l/r’

where 0 < 7 < min(p~, (p:l_ ), m > n large enough and z € P. By the scaling argument, we

‘ p(*)
for any dyadic cube P, with {(P) > 1, whenever ||w, * f||—~

see that it suffices to prove that

Oy * wy, * f

<
|P|T(') 1

XP

o < < 1. Let Q, C P be a cube, with
p(-)

(Qy)=2""and z € Q, C P. As in Lemma 2.4,

Noan * |wo  f17(2) < Ty (o * fI7xs ) @)+ D0 Tok(lww * fI"xq8) (@).
kezn,| k]l o>2

Thus we obtain

T

Oy * wy x f
|P|7()

T * f1"x50.)
P[0

DY

keZm ||kl >2

XpP

p(+) - ‘ s
J2 (lwo * fI"xqn)
[P0

XP

o
Let us prove that the first norm on the right-hand side is bounded. We have

Ty (lwo * f["x30,)(2) S Maq, (Jwo * fI").

Let d > 0 be such that 77 < d < %. We have

Msq, (Jww * ") _ (211—(M3Q (27w, % f]T))TO )%
|P|TT() ‘P‘dr .

By (6.7), Lemma 2.3 and the fact that 2_% ~ 2_% z,Y € 3Qy,

v nd —on r
2" (Maq, (27w, * fI7)) 7=

(z)

for any s > 0 large enough and any x € @Q,, where the implicit constant is independent of z

(lwo * FI707) +2°

and v. Hence

d
H<J1 |wy * f1"x30,) >’“
XP

dr
|Wv * f|$X3Q )
< |l (L T X3 +e
|P|m() pOre) H < |P|rd p()7()
dr dr
dr
‘wv * f‘ﬁ
< || =_J0
~ ‘P‘rd xsp p('();(‘) te

after using the fact that M : L2 5 L% is bounded. The last norm is bounded by 1 if

and only if

< 1.

~

wy * f
|P|7C) p|r() X3P

p(-)
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Notice that 3P = Uh 1 Ph, where {P;,};_ are disjoint dyadic cubes with side length I(P;,) =
I(P). Therefore xsp = Eh 1 Xp, and

Wy * f
‘P‘—T(_)XSP

p(-)

5 ku fll
]

<1

Using a combination of the arguments used in the corresponding case of the proof of Lemma

2.4 and those used in the estimate of J! above, we arrive at the desired estimate. g

Proof of Lemma 3.11  Obviously,

Mlpacrrer < AT allgac).ro-

p(-).a() (). ()

We will prove that

Al alliaerro S Al o

| de<; ©S | Hb<; -
For each k € Ny define

Q={hez": 251 <2°|27"h —27"m| < 2"}

and
Qo={h€Z":2"27"h —27"m| < 1}.

Then for any € Qym N P,

2vr(a(x Ao
3 : 2| Ayl (6.9)

S, (L2927 — 27 0m])d

can be rewritten as

2'ur(a z)+5 ‘)\v h|r

Z Z (1+2v[2=h — 2-vm))d

k=0 heQy,
DRI,
k=0 heQy
(o)
— N 9n—dk+(v—k)n+tor(a(e)+%) 2{: A (y)dy. (6.10)
k=0 U.cq, Q.= heQy,

Let # € Qu,m N P and y € U,cq, Quv,>- Then y € Q, . for some z € O and k=1 < gv|2—v
27Ym| < 2¥. From this it follows that y is located in the cube Q(z,2%~?3). Therefore, (6.10)
does not exceed

¢ olndtakt o=k / 20T NN, al X (y)dy
k=0 Q(a,2k-v+3) hest

=cC Z 2<n_d+a)kMQ(I72k7v+3) (gv)
k=0
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for some positive constant ¢ independent of v and k and

gv = ZTJ(Q(.)—F%)T Z ‘)\U,h|TX’U7h7 v Z U;-
hez™

Observe that

Mgz or-vt3)(g0) S 25500 1 * go(2)

for any = € @, N P and any L > n large enough, where the implicit constant is independent
of z, k and v. Therefore (6.9) is bounded by

Cnv,L*g'u(fE)a erv,mﬂP-

Thanks to Lemma 2.4, we have

1
90
L)

A allgoe)r 0 S0, * go)o
’ »(),a()

1

ZT(LQ))

Sl(go)oll

SIAlgac).re,
r(-),q()

provided that d is sufficiently large such that d > n 4+ a + L. The proof of the lemma is thus

complete. O
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