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Introduction

The main objective of this memory is to improve our knowledge about the notions of filters
and ideals in a fuzzy lattice.

Some specific objectives are:

- Study fuzzy lattices as fuzzy relations and give some proof of their basic properties.

- Extends or translates some notions concerning fuzzy filters in a fuzzy lattice to fuzzy
ideals in a fuzzy lattice.

- Recall the notion of isomorphism between fuzzy lattices, also characterize the converse
image of a fuzzy filters and ideals via an isomorphism.

Fuzzy sets and fuzzy relations have been introduced by Zadeh [17, 18]. In 1990, Yuan
and Wu [16] introduced the concepts of fuzzy sublattices and fuzzy ideals of a lattice. Ajmal
and Thomas [1] defined a fuzzy lattice as a fuzzy algebra and characterized fuzzy sublattices.
Chon in [5] characterized a fuzzy partial order relation using their a-cuts and defined a fuzzy
lattice as a fuzzy relation, developed some basic properties of fuzzy lattices, characterized a
fuzzy lattice using their a-cuts, and showed that a fuzzy totally ordered set is a distributive
fuzzy lattice. Mezzomo [9, 10, 11] characterized the fuzzy lattice through a fuzzy partial
order relation, he defined ideals, filters, a-ideals, a-filters, fuzzy ideals and fuzzy filters of
fuzzy lattices and he characterized theme using their a-cuts and show that a subset of a
fuzzy lattice is a fuzzy ideal if and only if its a-cuts are a crisp ideals. In [8], Mezzomo
define some kinds of ideals and filters of fuzzy lattice. More recently, Amroune, Oumhani
and Davvaz [2, 3] characterized fuzzy filters and fuzzy t-filters using their a-cuts, and they
introduced the notion of fuzzy lattices isomorphism (notion can be found also in [15]).

This memory is organized as follows:



Introduction

In the first chapter, we recall some definitions and well-known results on crisp ordered
sets and crisp lattices, this chapter also focuses on fuzzy sets and fuzzy relations, fuzzy
lattices and related concepts.

The second chapter, we study and characterize diverse types of filters, fuzzy filters, fuzzy
prime filters, a-filters and fuzzy a-filters. Also, we do the same study for ideals and we study

the converse image of fuzzy prime filters and ideals via fuzzy lattices isomorphism.



Chapter 1

Generalities on Orders and Lattices

In this chapter, we recall some basic notions and definitions of orders, lattices, fuzzy rela-
tions, some of their characteristics and related concepts.

Basic references for this chapter are [5, 6, 9, 17].



1.1. Partial Orders and Homomorphisms

1.1 Partial Orders and Homomorphisms

1.1.1 Partial Orders

Definition 1.1.1 Let X be a non-empty set. A binary relation R on X is any subset of
X x X.
A binary relation will be denoted by < .

Definition 1.1.2 A binary relation is said to be

(1) Reflexive if x < x, for all x € X.

(ii) Symmetric if x <y implies y < x, for all z,y € X.

(iii) Antisymmetric if x <y and y < x imply x =y, for all z,y € X.
(iv) Transitive if t <y andy < z imply x < z for all x,y,z € X.

Definition 1.1.3 (Partial order) [6/ Let X be a non-empty set. An order (or partial

order) on X is a binary relation < on X which is reflexive, antisymmetric and transitive.

Definition 1.1.4 A set X equipped with an order relation < is said to be an ordered set

(or partially ordered set). Some authors use the shorthand poset and denoted by (X, <).

Example 1.1.1

1. The relation of divisibility (xRy < x | y) is a partial order on N*, then the couple
(N*|) is a poset.

2. For all a set X, (p(X), <) is a poset, with p(X) is the family of parts of X.

Definition 1.1.5 (Chains and antichains) [6/ Let (X, <) be an ordered set. X is a
chain if, for all x,y € X, either v < y ory < x (that is, if any two elements of X are
comparable). Alternative names for a chain are linearly ordered set and totally ordered set.
At the opposite extreme from a chain is an antichain. The ordered set X is an antichain

if x <y in X, this implies x =y (that is, if any two elements of X are incomparable).
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Example 1.1.2

1. The sets N, 7Z,Q,R equipped with the usual order <, are a chains.

2. The set D(8) = {1,2,4,8} of all divisors of the integer 8 equipped with the relation

divide | is a chain.
Remark 1.1.1
e The only ordered sets that are both chain and antichain are the singletons.
o Inachain: x Ly y<uw
Definition 1.1.6 (Bottom and top) [6] Let X be an ordered set.

o We say X has a bottom element if there exists 0 € X (called bottom) with the property
that 0 < x for all x € X.

e Dually, X has a top element if there exists 1 € X such that x <1 for all x € X.

Note that 0 and 1 are unique when they exist. (The uniqueness comes from the anti-

symmetry of <).
Example 1.1.3 In the ordered set (p(X),C), we have 0 =0 and 1 = X.
Definition 1.1.7 [6] Let X be an ordered set and let A C X.

o An element u € X is an upper bound of A if a < u for all a € A.

e An element |l € X s a lower bound of A if | < a for alla € A.

The set of all upper bounds of A is denoted by A" and the set of all lower bounds by Al
Av={ue X /(Va€ Aa<u} and A ={l € X /(Va € A)a > 1}.

e ug is the least upper bound of A if

(1) uo is an upper bound of A, that is, ug € A* and

(i1) wo < wu for all upper bounds u € A™.



1.1. Partial Orders and Homomorphisms

e [y is the greatest lower bound of A if

i) ly is a lower bound of A, that is, ly € A and
(i) ; ;

(ii) I <y for all lower bounds | € A'.

A least upper bound of A will be denoted by sup A and a greatest lower bound by inf A.
We denote the least upper bound of the set {x,y} by x V y and denote the greatest lower
bound of the set {z,y} by x A y.

Example 1.1.4 Consider the ordered set (N*,|) and Let A = {2,3,4,9} C N*. We have
A" = {362,z € N*}, Al = {1}. Hence
sup A =36, inf A = 1.

Definition 1.1.8 /6, 13, 14] Let X and Y be ordered sets, a map h: X — Y is said to be

(i) an order-preserving (or, alternatively, monotone) if for all z,y € X, x <y in X implies

h(x) < h(y) inY;

(ii) an order-embedding (and we write h : X — Y) if for all x,y € X, x <y in X if and
only if h(z) < h(y) inY;

(iii) an order-isomorphism if it is an order-embedding which maps X onto Y.

Example 1.1.5 The map h : (D (6),]) — (D (30),]|) defined by h(x) = x, for all x €

D (6) is an order-preserving.

1.1.2 Lattices and Homomorphisms

Definition 1.1.9 [6] Let X be a non-empty ordered set.
(1) (X, <) is called a lattice if x V y and x N\ y exist, for all z,y € X;

(il) (X, <) is called a complete lattice if sup A and inf A exist, for all A C X.
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Example 1.1.6

(a) For any set X, the ordered set (p(X),C) is a complete lattice in which
sup{A;/ie€l} =U{A4, i¢€l},
inf{A;,ielI}=n{A i€}

(b) ([0,1], <, max, min) is a complete lattice.

Remark 1.1.2 [6] Let L be a lattice. For all x,y,z,t € L,

(1) z <y implieszVz<yVzandx ANz <yAz,

(i) e<yandz<timplyxVz<yVtandx Az<yAt.

Lemma 1.1.1 [6] Let L be a lattice and let x,y € L. The following are equivalent:

(1) z <y

(i) zVy=y;

(iii) z N y ==

Theorem 1.1.1 [6] Let L be a lattice. Then V and A satisfy, for all z,y,z € L,

(L1) (zxVy) Vz==aV(yV=2); (associative laws )

(L1)? (zAy)Az=aA(yA=2);

(L2) zVy=yVuz; (commutative laws )

(L2)? Ay =yAumx;

(L3) xVx = uz; (idempotency laws )

(L3)? x Ax =

(L4) zV (x Ay) = z; (absorption laws )

(L4)? x A (zVy) ==
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Proof.

(L1) It suffices to prove that (z V y)V z = sup{z,y, z}. This is the case if {z V y, z}" =
{z,y,2}*. But te{z,y,2}" & te{zr,y}*andt> 2
& t>xVyandt >z

& te{zVy,z}"

(L2) Immediate since, for any set .S, sup S is independent of the order in which the elements

of S are listed.
(L3) Straightforward.

(L4) Easily from Lemma 1.1.1, sincez A y <z and x < x V y.
The same proof for (L1)?, (L2)?, (L3)? and (L4)?. =

Definition 1.1.10 A lattice L which has a top and a bottom elements is called bounded

lattice.

Definition 1.1.11 (Sublattices) Let L be a lattice and let M be a non-empty subset of
L. M is a sublattice of L if for all x,y € L,x,y € M impliesxVy € M andx ANy € M.

Example 1.1.7 Any one-element subset of a lattice is a sublattice. More generally, any

non-empty chain in a lattice is a sublattice.

Definition 1.1.12 (Homomorphisms) [6/ Let L and K be lattices. A map h: L — K is
said to be a homomorphism (or, for emphasis, lattice homomorphism) if, for all x,y € L,

it follows that

(1) h(zVy)=h(z)V h(y);

(2) Wz Ay) = h(z) Ah(y).

A bijective homomorphism is a lattice isomorphism.



1.1. Partial Orders and Homomorphisms

1.1.3 Filters and Ideals in a Lattice

Hereunder, we recall some definitions and notions of filters and ideals in a lattice.

Definition 1.1.13 Let L be a lattice. A non-empty subset F' of L is called a filter if for
all v,y € L

(i) Ifye Fandy < x, thenz € F,
(i) z,y € F impliesx Ny € F.
Using the duality principle we define an ideal as:

Definition 1.1.14 Let L be a lattice. A non-empty subset I of L is called an ideal if for
all x,y € L

(1) Ifyel andx <y, thenx €1,
(ii) z,y € I impliesxV y € 1.

Example 1.1.8 In (D (30),|) where D (30) = {1,2,3,5,6,10,15,30}, the subset F =
{2,6,10,30} is a filter whereas I = {1,3,5,15} is an ideal.

Definition 1.1.15 A filter or ideal is called proper if it does not coincide with L.

Remark 1.1.3 Let L be a bounded lattice. It is easy to show that a filter F' of L s proper
if and only if 0 ¢ F, and dually, an ideal I of L is proper if and only if 1 ¢ I.

Definition 1.1.16 Let L be a lattice. A proper filter F' of L is prime if and only if for all
r,2y€ L, xVy e F imply that x € F ory € F.

Dually, A proper ideal I of L is prime if and only if x,y € L and x Ny € I imply that
veloryel.

Definition 1.1.17 For each x € L, the set | © = {y € L/ x < y} is a filter, it is known as
the principal filter generated by x. Dually, | © = {y € Ly < x} is a principal ideal.

Definition 1.1.18 A proper filter F' of L is said to be a maximal filter if the only filter
properly containing F' is L. In other words, ' is a maximal filter if for each filter X of
L, FFCX CL imply that X = F or X = L. A maximal ideal is defined dually.



1.2. Fuzzy Orders

1.2 Fuzzy Orders

1.2.1 Fuzzy Sets

Definition 1.2.1 [17] A fuzzy subset A in X is characterized by an application p, :
X — [0,1], where [0, 1] means real numbers between 0 and 1.

If x an element of X, p,(x) is the degree of membership of x.

The fuzzy set A in X may be represented as a set of ordered pairs of generic element

x € X and its grade of membership, i.e., A = {(x,uy(x)) /v € X}.

Example 1.2.1 Let X = {a,b,c} be a universal set. Ay = {(a,0.3),(b,1.0),(¢,0.7)} and
Ay ={(a,0.0),(b,0.9),(c,0.7)} be a fuzzy subsets in X.

Notation 1.2.1 Let X a non-empty set. The set of all fuzzy subset of X will be denoted
by F(X).

Definition 1.2.2 [18] The support of a fuzzy set A, denoted by S(A), we mean all elements
of X that belong to A to a nonzero degree. That is, S(A) is a classical set defined by

S(A)={z € X : py(z) >0}.

Example 1.2.2 S(A;) ={a,b,c} and S(Ay) = {b,c}.

1.2.2 Fuzzy Sets Operations

The notion related by the operations on fuzzy sets are defined as follows [1, 17].

Definition 1.2.3 (Equality and inclusion of a fuzzy sets) (a) Let X be a non-empty
set and let A, B € F (X)), we say that A = B, if and only if p,(z) = pug(x) for all x
n X.

(b) We say that A is included in B if and only if p,(x) < pg(x). In symbols A C B <
pa(x) < pg(z), forallx € X.
When a fuzzy set A is included in B, then A is called a fuzzy subset of B.

10
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Definition 1.2.4 (Intersection and union of a fuzzy sets) Let X be a non-empty set

and let A, B € F (X). For all x € X, the operations of union and intersection are defined

CUnion: pasle) = maxuale), ua(o))
= pal@) V pp(2);
Intersection: iy np(zr) = min{ps(z), pg(x)}

= pa(2) A pp(e);

Proposition 1.2.1 Let X be a non-empty set and let A, B,C € F(X), the following prop-

erties hold:
e AN(BNC)=(ANB)NC, Au(BUC)=(AUB)UC.
e ANB=BNA, AUB=BUA.

AUD=A AUX = X.

ANd=0, AnX = A.

e AUBDADANB.
e AN(BUC)=(ANB)U(ANC).
e AU(BNC)=(AUB)N(AUC).

Definition 1.2.5 (Complement of a fuzzy set) The complement of a fuzzy set A is de-
noted by C A and is defined by pioy =1 — p14, For all x € X.

Proposition 1.2.2 Let X be a non-empty set and let A, B,€ F(X), the complement of

fuzzy sets verify the following properties:
e C(ANB)=CAUCB.
e C(AUB)=CANCB.

o C(CA) = A

11
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Definition 1.2.6 (Cartesian product on fuzzy set) [7] The cartesian product applied
to n fuzzy sets can be defined as follows: Let fiy,, fia,, -, s, be membership functions of
Ay, ..., An. Then, the membership degree of (x1,...,z,) € X1 X ... X X, on the fuzzy set

Ay x ... x A, is,

MAlx...xAn(xla >$n) = min {:uAl (ml) vy Mg, (zn)} .

Definition 1.2.7 (The a-cuts of a fuzzy set) Let A be a fuzzy set in X and let o €
10, 1], The a-cut of A, denoted by A, we mean all elements of X that belong to A to a degree
of at least a. That is, A, is a classical set defined by

Ay ={r e X : uy(z) > a}.
If o < 3, then Ag C A,.

Proposition 1.2.3 Let X be a non-empty set and let A, B, € F(X),the a-cuts of fuzzy sets
verify:

e (ANB), = A,NB,.
e (AUB), = A, UB,.

e AC B<= A, C B,, foralla €]0,1].

1.2.3 Fuzzy Relations

Definition 1.2.8 [18] Let X be non-empty set, a fuzzy relation on X, denoted by R, is
defined as the fuzzy set

R={((x,y) g (2.9)) : (,9) € X7},

where the function pgp : X x X — [0, 1] is called membership function. It gives the degree
of membership of the ordered pair (z,y) in R associating with each pair (x,y) in X* a real
number in interval [0,1] .

Two fuzzy relations R and R are equal if and only if, for every pair (v,y) € X2,

R(z,y) =R (z,y).

12
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Remark 1.2.1 Since a fuzzy relations is a fuzzy set, then the a-cut sets and support of
fuzzy relations is defined as in fuzzy sets, i.e., the a-cut of a fuzzy relation R : X x X —

[0,1] is defined as, for all x,y € X,
Ry ={(z,y) € X*: R(z,y) > a}.
In the same way, we define the support of a fuzzy relation S (R) as
S(R) = {(z,y) € X*: R(z,y) > 0}.

Definition 1.2.9 Let X be a non-empty set, a mapping R : X x X — [0,1] is a fuzzy

binary relation. We say

(i) R is a fuzzy reflexive relation if R (z,z) = 1, for all x € X;
(ii) R is a fuzzy symmetric relation if R (z,y) = R (y,x), for all z,y € X;

(iii) R is a fuzzy antisymmetric relation if R (z,y) > 0 and R (y,z) > 0 implies z = v,
for all z,y € X;

(iv) R is a fuzzy transitive relation if R (x, z) > supmin{R (z,y), R (y,2)}, forall z,y €
yeX
X.

Remark 1.2.2 [9] When R is reflexive, then the transitivity can be rewritten by
R is transitive if and only if R (x,z) = supmin{R (z,y), R (y,2)}, for all z,y,z € X.
yeX
First, we know that R (z,z) > supmin{R (z,y), R (y,2)}, for all z,y,z € X. On the
yeX

other hand,
supmin{R (z,y),R(y,2)} > min{R(z,z),R(z,2)}

yeX
= min {1, R (z,2)}
= R(z,z2).
Therefore, we have that R (x,z) = supmin{ R (z,y), R (y,2)}.

yeX

Definition 1.2.10 /5] Let X be a non-empty set.
A binary fuzzy relation R : X x X — [0,1] is called a fuzzy equivalence relation in

X if R s reflexive, transitive and symmetric.

13



1.3. Fuzzy Lattices

A fuzzy relation R is a fuzzy partial order relation if R is reflexive, antisymmetric
and transitive.

A fuzzy partial order relation R is a fuzzy total order relation iff either R (x,y) > 0
or R(y,z) >0 for all z,y € X.

If R is a fuzzy partial order relation on a set X, then (X, R) is called a fuzzy partially
ordered set or fuzzy poset. If R is a fuzzy total order relation in a set X, then (X, R) is
called fuzzy totally ordered set or a fuzzy chain.

Example 1.2.3 Let X = {z,y,2} and let R : X x X — [0,1] be a fuzzy relation such
that R(z,x) = R(y,y) = R(z,2) = 1, R(z,y) = R(z,2) = R(y,2) = 0, R(y,z) = 0.3,
R(z,x) = 0.2, and R(z,y) = 0.6. Then it is easily checked that R is a fuzzy total order

relation.

Proposition 1.2.4 Let (X, R) be a fuzzy poset, a € 10,1] and z,y,z € X. If R(x,y) > «
and R(y,z) > «, then R(x,z) > a.

Proof. Suppose « € |0, 1] such that R(x,y) > o and R(y, z) > «a.
Then, min {R (z.) . R (4.2)} > .

So, supmin{R (x,y), R (y,2)} > min{R (z,y),R(y,z)} > a. Therefore, by definition
yeX
of fuzzy transitivity, R(z,z) > a. =

Corollary 1.2.1 [11] Let (X, R) be a fuzzy poset and z,y,z € X. If R(z,y) > 0 and
R(y,z) > 0, then R(z,z) > 0.

1.3 Fuzzy Lattices

1.3.1 Notions and Definitions

In the following, we give some elementary notions on fuzzy lattices which we need in the

sequel.

Definition 1.3.1 /5] Let (X, R) be a fuzzy poset, and let A be a non-empty subset of X. An
element u € X is said to be an upper bound of a subset A if and only if R (a,u) > 0, for all

14



1.3. Fuzzy Lattices

a € A. An upper bound ug of A is the least upper bound of A if and only if R(ug,u) > 0,
for every upper bound u of A. An element | € X is said to be a lower bound of a subset
A if and only if R(l,a) > 0, for alla € A. A lower bound ly of A is the greatest lower
bound of A if and only if R(l,1y) > 0, for every lower bound l of A.

A least upper bound of A will be denoted by supA and a greatest lower bound by infA.
We denote the least upper bound of the set {x,y} by x Uy and denote the greatest lower
bound of the set {z,y} by x M y.

Remark 1.3.1 /9] Since R is antisymmetric, then the least upper (greatest lower) bound of
A C X, if it ewists, is unique.

Indeed, suppose that uy and uy be two least upper bounds of A. Then R(ug,ui) >0 and
R(uy,ug) > 0. Therefore, by the antisymmetry, ug = uy. Similarly, we prove that infA is

UNLQUE.

Definition 1.3.2 [5] A fuzzy poset (X, R) is a fuzzy lattice if and only if xt Uy and xMy
exist for all x,y € X.

Example 1.3.1 Let X = {z,y,z} and let R : X x X — [0,1] be a fuzzy relation such that
R(z,z) = R(y,y) = R(z,2) = 1, R(z,y) = R(z,2) = R(y,z) = 0,R(y,z) = 0.5, R(z,2) =
0.3, and R(z,y) = 0.2. It is easy to check that R is a fuzzy partial order relation. Also, we

can calculate the calley tables

Ulx |y ]|z MNlx |y |z
rTlxr|x | T |z |y |~z
Y| T Yy|ly Yyl1y|l1y|=
zZlx|y|~® zZ |z |z|=%

Thus, (X, R) is a fuzzy lattice.

1.3.2 Fuzzy Lattices Properties

Proposition 1.3.1 [9] Let (X, R) be a fuzzy poset and Y C X. If R = R|yxy, that is, R
is a fuzzy relation on'Y such that for all z,y € Y, R(x,y) = R(z,y), then (Y, R) is a fuzzy

poset.

15



1.3. Fuzzy Lattices

Lemma 1.3.1 [9] Let R: X x X — [0,1] be a fuzzy relation. If R is a fuzzy partial order

relation on X, then S(R) is a partial order relation on X.

Proof. Let R be a fuzzy partial order relation on X.

Since R(xz,x) =1 for all x € X, (z,z) € S(R).

Then, S(R) is reflexive.

Suppose (z,y) € S(R) and (y,z) € S(R). Then, R(z,y) > 0 and R(y,z) > 0, hence
T =y.

Then, S(R) is antisymmetric.

Suppose (z,y) € S(R) and (y, z) € S(R). Then, R(z,y) > 0 and R(y, z) > 0. Since

R(x,z) > supmin[R(z,y), R(y,2)]
yex
> min[R(z,y), R(y, z)] > 0.
That is, (z, z) € S(R).
Then, S(R) is transitive.

Hence, S(R) is a partial order relation on X. m

Proposition 1.3.2 [9/ Let R : X x X — [0, 1] be a fuzzy relation. R is a fuzzy partial order

relation on X if and only if R, are partial order relations on X, for all a € ]0,1] .

Proof. For the direct implication. Let R be a fuzzy partial order relation on X.

Since R(z,z) =1 for all x € X, then (z,z) € R, for all a € |0, 1]. Then, R, is reflexive.

Suppose (z,y) € R, and (y,z) € R,. Then, R(z,y) > a > 0 and R(y,x) > a > 0, by
the fact that R is fuzzy antisymmetric, x = y. Then, R, is antisymmetric.

Suppose (z,y) € R, and (y,2) € R,. Then, R(x,y) > « and R(y,z) > «. Since
R(z,z) > supmin {R(z,y), R(y, 2)}, R(z,2z) > min{R(z,y), R(y,z)} > «, that is, (z,z2) €
R,. Then,y%i is transitive.

Hence, R, are partial order relations on X.

For the converse implication. Suppose that R, is a partial order for all o € |0, 1]. Then,

(x,z) € R, for all & € ]0,1]. Thus (z,z) € Ry, that is, R(x,xz) = 1. Then, R is reflexive.

Suppose that R(z,y) > 0 and R(y,x) > 0. Then, R(z,y) > v > 0 for some v € ]0,1]

and R(y,x) > w > 0 for some w € ]0,1]. Take u = min(v,w). Then, R(z,y) > u > 0 and
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R(y,x) > u > 0. Thus, (z,v), (y,z) € R,. Since R, is antisymmetric, x = y. Then, R is
antisymmetric.

Let z,y,z € X and o = min (R(z,y), R(y,z2)). So, if @ = 0 the problem is solved.
If « # 0, we have (z,v),(y,z) € R,, since R, is a partial order, then (z,z) € R,.
Therefore, R(x,z) > a = min{R(z,y), R(y,2)}, for all y € X and Therefore, R(x,z) >
SIEI)I() min {R(z,y), R(y, 2)}, that is, R is fuzzy transitive relation.
y

Hence, R, are partial order relations on X. m

Proposition 1.3.3 [5] Let (X, R) be a fuzzy poset. If (X, R,) are lattices for all o € ]0,1],
then (X, R) is a fuzzy lattice.

Proof. Let (X, R) is a fuzzy poset. Suppose that (X, R,) is a crisp lattice, for all « € ]0, 1].

For all z,y € X, if R(z,y) > 0 or R(y,z) > 0 the problem is solved i.e., = V y exists
and x Vy = x or y.

Otherwise R (z,y) = 0 and R (y,z) = 0. Since (X, R,) is a lattice for all a € |0, 1],
then there exists o € |0, 1] and an element r € X such that (z,7) € R,, (y,7) € R,, and
(r,u) € R, for every upper bound u of {x,y}.

Then there exists r € X such that R(z,r) > a >0, R(y,r) > a > 0and R(r,u) > a >0
for every upper bound u of {z,y} .

So, there exists a least upper bound r of {z,y} on (X, R).

Similarly, we may show that there exists a greatest lower bound [ of {z,y} on (X, R).

For more detail see [5]. m

Remark 1.3.2 If (X, R) is a fuzzy lattice, (X, R,) may not be a crisp lattice as seen in the

following example.

Example 1.3.2 Let X = {a,b,c,d} and let R: X x X — [0,1] be a fuzzy relation defined
by the table

R| a b c |d
a | 1 011010
b 103 1 0 [0}
c 05| 0 110
d|0704]01|1
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It is easy to see that (X, R) is a fuzzy lattice.

Consider the relation Ry 5

Ros|alb|lc|d
a |1[0]0]0
b [0]1]0/0
c [1]0]1/0
d {11001

It is not difficult to see that (X, Ros) is a poset but not a crisp lattice.

Proposition 1.3.4 [11] Let (X, R) be a fuzzy lattice, (X, S(R)) be a bounded lattice and
z,y € X. Then My and x Uy in terms of (X, R) coincide with x Ny and x \V y in terms

of (X,S(R)).

Proof. Consider x,y € X. Suppose R(x,y) > 0, then x My = z. Since R(x,y) > 0,
then (z,y) € S(R). So, z Ay = x. Now, suppose that (z,y) € S(R), then R(z,y) > 0
and x Ay = x. Therefore, x My = z. If R(y,z) > 0, is analogously the previous. If the
conditions R(z,y) = 0 and R(y,z) = 0 occur simultaneously, then we suppose z My = z.
So, since R(z,y) = 0 and R(y,z) = 0, then (z,y) ¢ S(R) and (y,x) ¢ S(R). Hence, by
hypothesis, © A y = z. For other hand, if (z,y) ¢ S(R) and (y,z) ¢ S(R), then R(x,y) =0
and R(y,x) = 0. Hence, by hypothesis, xMy = z. The proof for Uy with zVy is analogous.

Proposition 1.3.5 [5] Let (X, R) be a fuzzy lattice and let x,y,z € X. Then

~

R(z,zUy) >0, R(y,zUy) >0, R(zxMNy,z) >0 and R(zNy,y) > 0.
2. R(z,z) >0 and R(y,z) > 0 implies R(x Uy, z) > 0.

3. R(z,z) >0 and R(z,y) > 0 implies R(z,x My) > 0.

4. R(x,y) >0 if and only if t Uy = y.

5. R(z,y) >0 if and only if x My = x.

6. If R(y,z) > 0, then R(xMy,xMz) >0 and R(z Uy,x U z) > 0.
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Proof. Let (X, R) be a fuzzy lattice and let z,y, z € X.

1. x Uy is the least upper bound of {x,y}, then x Ll y is an upper bound of x and
y. So R(x,zUy) > 0,R(y,x Uy) > 0. Similarly, we prove that R(z My,x) > 0,
R(zMy,y) > 0.

2. R(z,z) > 0 and R(y, z) > 0, mean that z is an upper bound of {z,y}, since x Uy is
the least upper bound. So, R(z Uy, z) > 0.

3. R(z,z) >0 and R(z,y) > 0, prove that z is a lower bound of {z,y}, since My is the
greatest lower bound. So R(z,zMy) > 0.

4. For the direct implication, suppose R(x,y) > 0. Since R(y,y) =1 > 0, R(zUy,y) > 0.
And since R(y,x Uy) > 0. So, by the antisymmetric, z Uy = y.

For the converse implication suppose x Uy = y. Then R(z,y) = R(z,z Uy) > 0.
5. The proof is similar to that of (4).

6. Suppose R(y, z) > 0. Then

R(zMy,z) > supmin|R(xMy,t), R(t,2)],
tex

> min[R(zMNy,y), Ry, 2)] > 0.
Since R(zMy,z) > 0, xMy is a lower bound of {x, z}. Since Mz is the greatest lower

bound of {z, 2z}, R(x My,xMz) > 0.

R(y,zUz) > supmin[R(y,t), R(t,z U 2)]
tex

> min[R(y, z), R(z,z U z)] > 0.

Since R(z,zUz) > 0, x U z is an upper bound of {z,y} . Since x LIy is the least upper
bound, so R(z Uy, z U z) > 0.

Proposition 1.3.6 [5] Let (X, R) be a fuzzy lattice and let z,y,z € X.Then
() zUz=z;zNx =z

(2) zUy=yUx;zNy=yNx.

19
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3) (zUy)Uz=zU(yUz); (zNy)Nz=xM(yMz).
(4) zUy)Nz=ua; (zNy)Uz = .
Proof. (1) and (2) are straightforward.

(3) Since R(x,z U (yUz)) > 0 and

R(y,zU(yUz)) > fél)r() min [R(y,t), R(t,z U (y U 2))]

> min[R(y,yUz), Ry zxU(ylUz))] >0,

R(zUy,z U (yUz)) >0 by (2) of Proposition 1.3.5.

Since
R(z,zU(yUz2)) > supmin[R(z,t),R(t,z U (yL 2))]
tex
> min[R(z,yUz2),RyUz,zU(yU=z))] >0,

R((zUy)Uz,xU(yUz)) >0 by (2) of Proposition 1.3.5.

Similarly, we may show R(z L (yL z), (xUy)Lz) > 0. By the antisymmetric, (zUy) Uz =

U (yUz).

Similarly, we prove that (z My) Mz =z M (y M z).

(4) Since R(z,zUy) > 0 and R(xz,x) =1 > 0, x is a lower bound of {z Uy,z}. If z is a

lower bound of {z Uy,x}, then R(z,z) > 0. Thus z is the greatest lower bound of

{z Uy,z}. Hence (z Uy) Mz = . Similarly, we may show (z My)Ux = z.

Definition 1.3.3 [5] Let (X, R) be a fuzzy lattice. (X, R) is distributive if and only if

zMNyUz)=(zNy)U(xMNz) and (zUy)N(zUz)=zU(yMz).

Theorem 1.3.1 Let (X, R) be a fuzzy totally ordered set. Then (X, R) is a distributive

fuzzy lattice .

Proof. See [5]. m
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Chapter 2

Filters and Ideals in a Fuzzy Lattice

The main goal of this chapter is to study and characterize diverse types of filters, fuzzy
filters, fuzzy prime filters, a-filters and fuzzy a-filters in a Fuzzy Lattice. Also,, we do the
same study for ideals and we study the converse image of fuzzy prime filters and ideals via

fuzzy lattices isomorphism.
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2.1. Classical Filters and Classical Ideals in a Fuzzy Lattice

2.1 Classical Filters and Classical Ideals in a Fuzzy
Lattice

In this section, we will study classical filters and ideals of fuzzy lattice (X, R) and prove

So,me properties.

2.1.1 Definitions and Properties

Definition 2.1.1 /8] Let (X, R) be a fuzzy lattice, and F' be a non-empty subset of X. F
is a filter of (X, R) if it satisfies the following conditions:

(i) Ifre€e X,y € F and R(y,x) >0, then x € F.
(i) Ifx,y € F, thenxMy € F.

Definition 2.1.2 [8] Let (X, R) be a fuzzy lattice, and I be a non-empty subset of X. I is
an ideal of (X, R) if it satisfies the following conditions:

(1) Ifre X,yel and R(z,y) > 0, thenz € I.
(i) Ifx,y €, thenax Uy € I.

Example 2.1.1 Let (X, R) be the fuzzy lattice defined in Example 1.5.2, and let F' = {a, b},
I ={c,d} be a non-empty subsets of X. We can then see easily that F is a filter and I is
an ideal of (X, R).

Proposition 2.1.1 [9] Let (X, R) be a fuzzy lattice, Y C X is a filter (ideal) of (X, R) if
and only if Y is a filter (ideal) of (X, S(R)).

Proof. Suppose that Y is a filter of (X, R). Then,

(i) xe X,y eY,if (y,z) € S(R),then R(y,z) > 0. So,, z € Y.

(ii) =,y € Y, then z Ay € Y. Straightforward from that; x My coincides with z A y.
Hence, Y is a filter of (X, S(R)).

Conversely, let Y be a filter of (X, S(R)).
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(i) z € X,y €Y, if R(y,x) > 0, then (y,x) € S(R) and z € Y.

(ii) z,y € Y, then My € Y. Straightforward from the fact that x A y coincides with x My.

Similarly, we can prove that Y is an ideal of (X, R) iff Y is an ideal of (X, S(R)).

Hence, Y is a filter of (X, R). =

2.1.2 Filters and Ideals Generated by a non-emty subset

Let Y be a non-empty subset of X. A filter (ideal) W in X is said to be generated by
Y, if Y C W and for any filter (ideal) Z in X, Y C Z implies W C Z. The filter (ideal)
generated by Y will be denoted by TY (| Y).

Lemma 2.1.1 [3] IfY be a non-empty subset of a fuzzy lattice (X, R), then
1Y={rxe X/R(ayN...May,x) >0, for So,me ay,..,a, €Y}
18 the filter generated by Y, and
1Y={re X/R(z,a;U...Uay,) >0, for some ay,..,a, € Y}
18 the ideal generated by Y.

Proof. Let 1Y = {zx € X/R (M a;,z) > 0,a4,..,a, € Y}.

Firstly, we prove that T Y is non-empty. Let a € Y, since R(a,a) > 0, then a €7 Y,
hence TY # 0.

To prove that T Y is a filter, let z €7 Y and y € X such that R(x,y) > 0, there exist
ai,as, ..,a, €Y such that R (M a;,xz) > 0. Then, R (M ,a;,y) >0, then y €T Y.

On the other hand, let z,y €T Y, then there exist aq, as, .., a,, by, ba, .., b, € Y such that
R(M_ja;,x) > 0 and R (M7,b;,y) > 0. It follows that, R ((Mfya;) M (TT7b;) ,2) > 0
and R ((M_ya;) 1 (M7,b;) ,y) > 0. Hence, R (M a;) M (M72,b;) , My) > 0. Therefore,
rxMNyely.

Next, let a € Y. Since R(a,a) > 0, we have a €T Y. Then, Y CT Y.

Finally, suppose that F' is a filter with Y C F. Then for any = €7 Y, then there
exist ai,as,..,a, € Y such that : R (M a;,z) > 0, then z € F. Therefore, T Y C F.

Analogously for ideal. =
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2.1. Classical Filters and Classical Ideals in a Fuzzy Lattice

Proposition 2.1.2 [8] Let (X, R) be a fuzzy lattice and Y C X such that (Y, R) is a
complete fuzzy lattice. Then TY and | 'Y satisfy the following properties:

() YTy,

(ii) YCW =TY T W;

(iii) 17V =1 Y.

(iv) Y ClY;

(V) YCW =Y ClW;

(vi) 1LY =LY,

Proof.

(i) Let y € Y, since R (y,y) > 0, then y €1 Y.

(ii) Supposethat Y C W and x €7 Y, then there exists aq, .., a, € Y such that R (a; M ... M a,,x) >
0.AsY C W, and R(a; M...May,,x) > 0. So, z €] W.

(iii) It suffices to prove that 17Y CTY.
Suppose that €17 Y, then there exists ay,..,a, €Y such that R (a; M...Ma,,z) > 0.
Since aq,..,a, €TY and 7Y is a filter, then a,; M ...Ma, €T Y.

So, there exists by, .., b, € Y such that R (b; M...Mby,a; M...May,) > 0. By the transitiv-
ity, there exists by, .., b,, € Y such that R (b; M ...Mb,,,x) > 0. Therefore, x €7 Y.

In the same manner, we prove the properties (iv), (v) and (vi). m
Proposition 2.1.3 [8] Let (X, R) be a fuzzy lattice. Then,
(i) X € F(X) and X € I(X);
(i) "W € F(X), for all W € F(X);

(iii) NZ € I(X), for all Z € I(X);
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Proof.
(i) Evident

(ii) Suppose y € "W, then y € W for all W € F(X). If R(y,z) > 0, for some x € X, then
x e W, for all W € F(X), since W is a filter, and hence x € NW. Thus, "W € F(X).

If x,y € "W, then z,y € W, for all W € F(X), since each W is a filter, then z My € W.
Therefore, x My € W.

(iii) Similar to (i) .

2.1.3 Types of Classical Filters and Ideals in a Fuzzy Lattice

Definition 2.1.3 A filter Y of (X, R) such that Y # X is called proper filter of (X, R).
Duality, an ideal Y of (X, R) such that Y # X is called proper ideal of (X, R).

Definition 2.1.4 [12] Let (X, R) be a fuzzy lattice and Y C X be a filter of (X, R). Then
Y is a prime filter if Y is proper (Y # X) and for all x,y € X,z Uy € Y imply x € Y or
yey.

Dually, Y is a prime ideal if Y is proper (Y # X) and for all z,y € X,z Ny €Y imply
reY oryeY.

Definition 2.1.5 [8] LetY be a proper filter (ideal) of (X, R). We say that the filter (ideal)
Y is a mazximal filter (ideal) of (X, R), if Y C Z C X, then either Z =Y or Z = X, for
any filter (ideal) Z.

Definition 2.1.6 /8] Let (X, R) be a fuzzy lattice and x € X. Then, the set defined by:
Tx={y€ X :R(x,y) >0} is called principal filter of (X, R) generated by x.

Dually, the set defined by: | v = {y € X : R(y,x) > 0} is called principal ideal of
(X, R) generated by .

We denote the set of all principal filters generated by elements of X by PF(X) whereas
PI(X) denote the set of all principal ideals generated by elements of X.
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Proposition 2.1.4 [3] (PF(X),C, A, Y) is a lattice with (T ) A (Ty) =T 2)Nn(Ty) =1
(zUy) and (Tx) Y (Ty) =1 (T2)U(Ty) =1 (xMy), for any T z,Ty € PF(X).

Proof. Let a € X,
a€l (zUy) R(xUy,a) >0

a€(]z)and a € (Ty)
a€(Tz)N(Ty)

& ac(la)A(Ty).
We have R(zMy,z) > 0and R(xMy,y) >0, then T2 CT (zMy) and Ty CT (xMy),

hence (T 2) U (Ty) €T (xMy). Thus (T 2) U (Ty)) €T (zMy).
On the other hand, if a €7 (zMy), hence R (zMy,a) > 0. then x € (T x) or y € (T y),

hence z €7 ((T2)U(Ty)) and y €T ((T2)U(Ty)) so, 2Ty €T ((T2)U(Ty)) and then
ae€l (Tz)U(Ty)). Thus T (xMy) CT ((T ) U (T y)), which complete the proof. m

=
< R(z,a)>0and R(y,a) >0
~
~

Proposition 2.1.5 (PI(X),C, A,Y) is a lattice with (| ) A (] y) = (| x)N(l y) =] (xMNy)
and (L ) Y (Ly) = ((L2) U (L)) =] (xUy), for any | x,] y € PI(X).

2.1.4 Classical a-Filters and a-Ideals in a Fuzzy Lattice

Definition 2.1.7 [10] Let (X, R) be a fuzzy lattice, « € ]0,1] and Y C X. Y is an a-filter
of (X, R),if it satisfies

(i) frxe X,yeY and R(y,x) > o, then x € Y;
(ii) fz,y € Y, thenzMy €Y.

Definition 2.1.8 Let (X, R) be a fuzzy lattice, a € ]0,1] and Y C X. Y is an a-ideal of
(X, R), if it satisfies

(i) fzeX,yeY and R(z,y) > a, then z € Y,

(ii) If z,y € Y, thenx Uy € Y.

Proposition 2.1.6 [10] If o < 3, then any a-filter is a B-filter.
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Proof. Let Y be an a-filter and o < 5. Then for any x € X, if R(y,x) > [, then
R(y,x) > a,so, x €Y.
Therefore, Y is a S-filter of (X, R). m

Proposition 2.1.7 If a < 3, then any a-ideal is a B-ideal.

Corollary 2.1.1 [10] Let (X, R) be a fuzzy lattice, o € ]0,1]. All filter of (X, R) is an
a-filter. Dually, all ideal of (X, R) is an a-ideal.

Example 2.1.2 Let X ={a,b,c,d} and let R: X x X — [0, 1] be a fuzzy relation defined

by
Rial| b c | d
al1]03]07]04
b|0| 1 |01 0
c|0] 0] 110
d|0| 0 ]02] 1

Let F ={b,c}, I ={a,d} be a filter, an ideal respectively of (X, R).
F is a 0.1-filter and I is a 0.4-ideal.

2.2 Fuzzy Filters and Fuzzy Ideals in a Fuzzy Lattice

In what follows (X, R) denotes a fuzzy lattice.

2.2.1 Definitions and Properties

Definition 2.2.1 [3] A fuzzy subset f in (X, R) is called a fuzzy filter of X if it satisfies

(F1) forallz,y € X, f(zTy) = min{f(z), f(y)};

(F2) f is an order-preserving, that is, for all x,y € X, R (x,y) > 0 implies f(x) < f(y).
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Definition 2.2.2 A fuzzy subset g in (X, R) is called a fuzzy ideal of X if it satisfies
(I1) for allx,y € X, g(x Uy) <max{g(x),g(y)};
(I2) For all z,y € X, R (x,y) > 0 implies g(y) < g(z).

Example 2.2.1 Let (X, R) be a fuzzy lattice where X = {z,y,z,t} and R: X x X — [0, 1]

1s a fuzzy relation given by

Rl z |y z | w
x| 1 010
y 03| 1 0 [0}
2105(02] 1 (0

1

w|08]04|0.1
The fuzzy set f = {(x,0.7),(y,0.4),(2,0.2), (w,0.0)} is a fuzzy filter of (X, R).
The fuzzy set g = {(x,0.1),(y,0.3),(2,0.4), (w,0.7)} is a fuzzy ideal of (X, R).

Theorem 2.2.1 [12] Let (X, R) be a fuzzy lattice. A non-constant fuzzy subset f is a fuzzy
filter of (X, R) if and only if a non-empty subsets f, are filters for every o € 10, 1].

Proof. For the direct implication. Let f be a fuzzy filter of (X, R) such that f, # 0.

If x € f, and R (z,y) > 0, then a < f(x) < f(y), it follows that y € f,.

On the other hand, suppose that z,y € f,. It follows that f(z) > a and f(y) > «. This
implies that min {f(z), f(y)} > a. Hence, f(zMy) > «a, i.e., x My € f,.

Therefore, f, are filters for every o € 10, 1].

For the converse implication. Let f be a non-constant fuzzy subset of X such that for
every a € 10,1], fo # 0 and f, # X, suppose that the cut f, is a crisp filter of (X, R).

For any z,y € X, if min {f(x), f(y)} # 0, we denote min { f(z), f(y)} = a, then f(z) >
a and f(y) > «, it follows that z,y € f, which implies that x My € f,, i.e., f(zMNy) > a.
Hence, f(xMy) > min{f(x), f(y)}. If min{f(z), f(y)} = 0, then the relation f(xMy) >
min {f(z), f(y)} is trivially.

On the other hand, setting f(z) = «. If R(z,y) > 0 and x € f,, then y € f,, it follows
that a = f(x) < f(y), it is easy to see that if f(x) =0, we obtain f(z) < f(y).

Therefore, f is a fuzzy filter of (X, R). =
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Theorem 2.2.2 Let (X, R) be a fuzzy lattice. A non-constant fuzzy subset g is a fuzzy ideal
of (X, R) if and only if a non-empty subsets g, are ideals for every o € 10, 1].

Proposition 2.2.1 [12] Let (X, R) be a fuzzy lattice in which (X, R,) are crisp lattices, for
every « € 10,1]. In this case, if [ is a fuzzy filter of (X, R), then the non-empty subsets f,
are crisp filters of (X, Ry) for every a € ]0,1].

Proof. Suppose that (X, R,) is a crisp lattice for all a € ]0,1], and let f be a fuzzy filter
of (X, R) such that f, # () for every a € ]0, 1].

Let x,y € fq, from f(z) > a and f(y) > «, it follows that f(xMy) > min{f(z), f(y)} >
a. Therefore, x My € f,.

On the other hand, let x € f, and let (z,y) € R,. It follows that f(z) > « and

R(z,y) > a>0,ie, a< f(z) < f(y), this implies that y € f,. =

Proposition 2.2.2 Let (X, R) be a fuzzy lattice in which (X, Ry) is a crisp lattice, for
every « € |0,1]. In this case, if g is a fuzzy ideal of (X, R), then the non-empty subsets g,
are crisp ideals of (X, R,) for every a € 0, 1].

Example 2.2.2 Let X = {a,b,c,d,e, f} and let R : X x X — [0,1] be a fuzzy relation
defined by

Ria|b| ¢ | d | e |f
a|1|1| 1 1 1 |1
b|0[(1]04/04/04]1
c|0]0] 1 |0 [04]1
djojo| 0|1 1|1
el0[0] 0|0 1|1
f10/0] 0] 0] 0|1

It is easy to see that (X, R) is a fuzzy lattice and for all o € 10,1] (X, Ry) s a crisp

lattice.
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Note that if « < 0.4, then the relation R, given by

Ro|la|blcld|elf
a |[1]1]1[1]1]1
b [O]1 11|11
c [0[0]1]0]1]1]|
d |0|0j0|1]1]1
e |0J0]0O]|0O]1]1
f10[0]0]0]0]1
And if a > 0.4, the
Roylalb|c|d|el|f
a [1]1]1[1]1]1
b |0[1]0]0]0]1
c [0[0]1]0]0]1]|
d |0j0lO|1 |11
e |0j0]0O[0O]1]1
f10[0]0]0]0]1

n the relation R, given by

Let f and g be the fuzzy sets defined on X by

f=4(a,0.1),(b,0.2),(¢,0.2),(d,0.5), (e,0.6), (f,0.6)},

g=1{(a,0.7),(b,0.4),(c,04),(d,0.2),(e,0.2),(f,0.1)} .

fis a fuzzy filter and g is a fuzzy ideal of (X, R).

It is easy to verify that fo1 = X is a crisp filter of (X, Ro1), foo = {b,c,d,e, f} is a
crisp filter of (X, Roa), fos = {d,e, f} is a crisp filter of (X, Ro5) and fos = {e, f} is a
crisp filter of (X, Rog)-

And that go1 = X is a crisp ideal of (X, Ro1), go2 = {a,b,c,d,e} is a crisp ideal of

(X, Ro2), goa = {a,b,c} is a crisp ideal of (X, Ro4) and go7 = {a} is a crisp ideal of

(X, R0.7).

2.2.2 Characterizations of Fuzzy Filters and Fuzzy Ideals in a

Fuzzy Lattice

We give further some characterizations of the fuzzy filters and the fuzzy ideals.
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Theorem 2.2.3 [3] Let (X, R) be a fuzzy lattice. A fuzzy set f on X is a fuzzy filter in
(X, R), if and only if it satisfies (F'1) and

(F3) forall v,y € X, f(x) > min {f(x Ny), [(4)}.

Proof. Suppose that (F'3) is satisfied, i.e., for all z,y € X, f(x) > min{f(zMy), f(y)}. If
R (z,y) > 0 it follows that z My = x, i.e., f(y) > min{f(zNy), f(x)} = f(z). Hence, (F2)
satisfied.

On the other hand, if (F2) is satisfied, then R (z My,y) > 0 and R (z My, z) > 0. Hence,

min{f(zNy), f(y)} <min{f(x), f(y)} < f(z), hence (F3) is satisfied. m

Theorem 2.2.4 Let (X, R) be a fuzzy lattice. A fuzzy set g on X is a fuzzy ideal in (X, R),
if and only if it satisfies (I1) and

(I3) for allz,y € X, g(x) <max{g(xUy),g(y)}.

Theorem 2.2.5 [3] A fuzzy set f in a fuzzy lattice (X, R) is a fuzzy filter of X if and only
if it satisfies

(F4) for allz,y,z € X, R(xMy,z) >0 implies f(z) > min{f(z), f(y)}.

Proof. Let z,y,z € X. We have R(xMy,z) > 0= f(z) > min{f(z), f(y)}. Then,
R(z,y)>0 = R(zMuz,y)>0
= fly) =2 min {f(z), f(2)}

= [ly) = f(2).
Hence, (F2) is satisfied.

On the other hand, since R (z My, z My) > 0, it follows that f(xMy) > min {f(x), f(y)}.
Hence, (F'1) is satisfied.
Conversely, suppose that f is a fuzzy filter of X. If R(xMy,z) > 0, then f(z) >

f(xMy) > min{f(x), f(y)}. =

Theorem 2.2.6 A fuzzy set g in a fuzzy lattice (X, R) is a fuzzy ideal of X if and only if

it satisfies

(I4) for all x,y,z € X, R(z,xUy) > 0 implies g(z) < max{g(z),q(y)}.
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Theorem 2.2.7 [8] A fuzzy set [ in (X, R) is a fuzzy filter of X if and only if it satisfies
(F1) and

(F5) forallz,ye X, f(zxUy) > f(x).

Proof. Suppose that f is a fuzzy filter of (X, R). Let z,y € X, R(z,zUy) > 0 implies
f(zUy) > f(z). Hence, (F'5) is satisfied.

Conversely, suppose that (F'5) is satisfied. Let z,y € X such that R (z,y) > 0, since
flzUy) > f(x), it follows that f(y) > f(z). m

Theorem 2.2.8 A fuzzy set g in (X, R) is a fuzzy ideal of X if and only if it satisfies (11)

and
(I5) for all z,y € X, glxMy) > g(x).
Corollary 2.2.1 [12] A fuzzy set f in X is a fuzzy filter of a fuzzy lattice (X, R) if and
only if for any x,a4,...,a, € X,
R(ay M ...May,x) >0 implies f(x) > min{f(ai),..., f(an)}.

Proof. Let f be a fuzzy filter in X. Suppose that R (a; M...Ma,,z) > 0, it follows that
f(z) > flaaM...MNa,) > min{f(a),..., f(a,)}.

Conversely, for any a;,as € X, R (a1 Mag, a; Mag) > 0implies f(ai;Maz) > min { f(aq1), f(a2)}.
Hence, (F'1) is satisfied.
On the other hand, since R (aj,as) > 0 implies that R (a; Masg, as) > 0, it follows that

f(az) > min{f(a1), f(az)}. Hence, f(az) > f(a1). =

Corollary 2.2.2 A fuzzy set g in X is a fuzzy ideal of a fuzzy lattice (X, R) if and only if

for any x,aq,...,a, € X,
R(z,a;U...Uay,) > 0 implies g(x) < max{g(ai),...,g(a,)}.
Let Y be a crisp set of the fuzzy lattice (X, R), and ¥y be a fuzzy set in X defined by

Uy (2) a, ifreY,
y \T) =
[, otherwise.

For all x € X and «, 5 € [0, 1] such that a > .
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Theorem 2.2.9 [12] Let F' be a non-empty crisp set of X. Then F is a filter if and only if
Uy is a fuzzy filter of X. Moreover (Vp), = F.

Proof. Let F be a filter of X and z,y € X :

1) If zMy € F. Then, Yp (zMNy) > min{Vr(z),Yr(y)}.

2) If aMy ¢ Fthenax ¢ Fory¢F. Hence, Vp (zMNy) =min{Vp (z),¥r(y)}.
On the other hand, let z € X and R (z,y) > 0.

1) If z € F then y € F. Hence, ¥ (z) < ¥r (y) = a.

2) Ifx ¢ F, then 5 =Vp(z) < Up(y).

Conversely, suppose that U is a fuzzy filter of X.
If 2,y € F, then o = min {Vr (2),Vr (y)} < Vp(zMNy). Hence, x My € F.
On the other hand let =z € F, if R(x,y) > 0 then, ¥p (y) > Vg (z) = a. Therefore,
y e F.
Finally, let z € X
reUp), © Vp(r)=a

& xzeF.
Which complete the proof. m

Theorem 2.2.10 Let I be a non-empty crisp set of X. Then I is an ideal if and only if U,
is a fuzzy ideal of X. Moreover (¥y), = I.

Example 2.2.3 Let (X, R) be the fuzzy lattice defined in Example 2.2.2, the crisp set F' =
{e, f} is a filter of X, and the crisp set I = {a,b} is an ideal of X.
We can, for all x € X and o, € [0,1] such that o > B, verify that Vr (V;) is a fuzzy
filter (ideal) of X, where
a, ifreF, a, ifrel,
Up(x) = 4 And ¥ (z) = !

B, otherwise. B, otherwise.

Corollary 2.2.3 [12] Let F be a non-empty crisp set of X such that (X, R,) is a crisp
lattice for all a € 10,1]. If Y is a fuzzy filter of X, then F is a crisp filter on (X, Ry).
Moreover (¥p), = F.
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Proof. Suppose that U is a fuzzy filter of X.

1) If z,y € F, then a = min{Vr () ,¥p (y)} < VYp(zMy). Hence, x My € F.
2) If z € F and R (x,y) > 0, therefore ¥ (y) > ¥ (x) = . Hence, y € F.

Finally, let x € X

re(¥p), © Yp(r)=a

& e F.

Corollary 2.2.4 Let I be a non-empty crisp set of X such that (X, R,) is a crisp lattice
for all a € 10,1]. If Uy is a fuzzy ideal of X, then I is a crisp ideal on (X, R,). Moreover
(¥y), =1.

For any family of fuzzy sets (f;),.; and (gi),c; in X we define the fuzzy set N;c;f; and
Nicrg; in X as follows:

Nierfi = { (@, infie; fi (7)) /2 € X}.

Niergi = {(z,supic; i (v)) Sz € X}

Theorem 2.2.11 /3] Let (f;)
a fuzzy filter of (X, R).

be a family of fuzzy filters of (X, R). Then NMicrf; is also

il

Proof. Let (f;),.; be a family of fuzzy filters of X. If z,y € X, we have fi(x My) >
min { f;(x), fi(y)} for all i € I, then,

infier fi(x My) = infie; min {f;(), fi(y)} = min {inf;c;(fi(2)),infies (fi(y))} -

On the other hand let z,y € X, if R(x,y) > 0, then it holds that f;(y) > fi(z) for all
i € I. Therefore, inf;c; f;(y) > inficr fi(x). m

Theorem 2.2.12 Let (g;),; be a family of fuzzy ideals of (X, R). Then Nicrg; is also a
fuzzy ideal of (X, R).
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2.2.3 Fuzzy Filters and Fuzzy ldeals Generated by a non-emty

subset

Definition 2.2.3 Let 6 be a fuzzy set in (X, R). A fuzzy filter (fuzzy ideal) p in X is said
to be generated by 6, if § C p and for any fuzzy filter (fuzzy ideal) ¥ in X, 6 C ¢ imply
p Cp. The fuzzy filter (fuzzy ideal) generated by 6 will be denoted by T 6 (] 6).

Theorem 2.2.13 /3] If 6 is a fuzzy set, then
16(x)= max{' ?11111 }(5 (a;) /R (M_ja;,x) > 0,a1, a9, ..., an € X}
1€1,..,n
is the fuzzy filter generated by 6, and

1o(x) = max{ min 0 (a;) /R (x,U}  a;) > 0,ay,a9,...,a, € X}

Ze{lz’n}

1s the fuzzy ideal generated by 9.

Proof. Let 7§ (z) = max {minie{l,“’n} d(a;) /R(Mya;,z) > 0,a1,a9,...,a, € X} .
First, we prove that T 0 is a fuzzy filter.
Let z,y € X such that R (z,y) > 0, if there exit ay, as, ....., a,, such that R (M_;a;,z) > 0.
Then, R (M a;,y) > 0 and
10 () = max{mineq, ny6(a;)/R([Mya;,2) >0, a1,0az,...,a, € X}
< max {minie{lwn} 0 (a;) /R (Mqa;,y) >0, a,as,...,a, € X}

= 14().
On the other hand, let x,y € X. If there exist ay, as, ..., a,, by, ba, ..., b,, such that

R (M ja;,x) >0 and R (M7 bg,y) > 0, then R (M a;) M (M ,bx) , 2z MNy) > 0.
Hence, 1§ (x My) > min {minie{lv,_m} 6 (a;) , mingeqr, my 6 (bk)} )

Since,

min {16 (2),16 ()}

= min {max {minie{lwn} d(a;) /R(Mqa;,x) > 0,a1,az,...,a, € X} ,

max {minke{l,_’m} 0 (by) /R (M 1bg,y) > 0,b1,ba, ..., by, € X}}

= max {min {minl-e{ly,,,n} 6 (a;) ,minge(r, my 0 (bk)} /R (M ya;,x) >0, and

R (M bk, y) > 0,aq,az,...,a45, b1, b9, ..., by € X},

it follows that T 0 (zMy) > min {7 d (z), T d(y)}. Hence, T ¢ is a fuzzy filter.
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To show that 6 C1 4, since R(z Mz, x) > 0, it follows that 1§ (x) > min{d (z),d (z)} =
d(z).
Finally, suppose that 1 is a fuzzy filter with 6 C 1. Then for any z € X,
76(xr) = max {minie{lwn} d(a;) /R(Mqa;,x) > 0,a1,az,...,a, € X}
< max {minie{lwn} Y (a;) /R (M a5, ) > 0,a1,as,...,a, € X}
< max{¢ (2)}
= ¥ (z).

Analogously for ideal. m
We denote the set of all filters of X by FF (X) whereas F'I (X) denote the set of all
ideals of X.

Proposition 2.2.3 [12](FF (X), A, Y,0,1) is a closed lattice where for any F,G € FF(X)
FYG=1(FUG), FAG = FnNG, 0 is defined by 0(z) = 0 and 1 is defined by 1(x) = 1.

Proposition 2.2.4 (FI(X),A,Y,0,1) is a closed lattice where for any F,G € FI(X)
FYG =] (FUG), FAG = FNG, 0 is defined by 0(z) = 0 and 1 is defined by 1(x) = 1.

2.2.4 Fuzzy o-Filters and Fuzzy a-Ideals in a Fuzzy Lattice

Definition 2.2.4 [3] Let (X, R) be a fuzzy lattice, a € 10,1]. A fuzzy set f in (X, R) is
called a fuzzy a-filter of X if it satisfies.

(F1) forallx,y € X, f(xMy) = min{f(z), f(y)},

(FA) for allz,y € X, R(x,y) > « implies f(x) < f(y).

Definition 2.2.5 Let (X, R) be a fuzzy lattice, o € 10,1]. A fuzzy set g in (X, R) is called
a fuzzy a-ideal of X if it satisfies.

(I1) for allz,y € X, g(xUy) < max{g(z),9(y)}
(TA) forallz,y e X, R(y,x) > a= g(x) < g(y).
Example 2.2.4 The fuzzy filter f (ideal g) defined in Example 2.2.2 is a fuzzy 0.4-filter

(ideal).
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Proposition 2.2.5 [12] If o < 3, then any fuzzy a-filter (fuzzy a-ideal) is a fuzzy B-filter
(fuzzy [-ideal).

Proof. Let f be a fuzzy a-filter of (X, R) and o < /3. Then, for any z,y € X, it holds that
R(z,y) =2 B = R(z,y) > a= f(z) < f(y).

Analogously for ideal. m

Theorem 2.2.14 [3] Let (X, R) be a fuzzy lattice and (f;),.; be a family of filters such that
fi is a fuzzy a;-filters of (X, R). Then Nicr fi is a fuzzy sup,c; cu-filter of (X, R).

Proof. Let (X, R) be a fuzzy lattice and suppose that for all i € I, f; is a fuzzy «o;—filter
of (X, R).
For all x,y € X,
R(z,y) > sup;c; 0 = fi(x)> fily),Viel
= infier fi(z) > infic; fi(y) ™
= (Nierfi) () = (Nierfi) (y) -

Theorem 2.2.15 Let (X, R) be a fuzzy lattice and (g;),.; be a family of ideals such that g;

el

is a fuzzy o-ideals of (X, R). Then Nicrg; is a fuzzy inf;c; a;-ideal of (X, R).

Theorem 2.2.16 [12] Let (X, R) be a fuzzy lattice and « € |0,1]. A mapping f : X — [0, 1]
is a fuzzy a-filter of (X, R) if and only if fo =0 or fo = X or fo is an a-filter of (X, R).

Proof. Let f: X — [0,1] be a fuzzy a-filter for all o € ]0,1]. Suppose that f, # ¢ and
fa # X, To prove that the cut f, is an a-filter.

Let x,y € fa, ie., f(z) > aand f(y) > «, then f(zMy) > a. Therefore, x My € f,.

Let z € f, and R (x,y) > a then f(x) > a, since f (y) > f(x) > a. Therefore, y € f,.

Conversely, suppose that f, is an a-filter of (X, R) for all & € |0,1]. Let z,y € X.

If min {f(x), f(y)} = 0, then we have f(zMy) > min{f(x), f(y)}. Hmin{f(x), f(y)} =
A, then f(z) > Aand f(y) > A, then x,y € f\ this implies that My € f\, hence f(zMy) > A.
Consequently, f(zMy) > min{f(z), f(y)}.

On the other hand, if f(z) =0, it holds that f(z) < f(y). Otherwise we put f(z) = A,
we have R (z,y) > o and x € f), hence y € f,. Therefore, A = f(z) < f(y) which complete
the proof. m
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Theorem 2.2.17 Let (X, R) be a fuzzy lattice and o € |0,1]. A mapping g : X — [0,1] is
a fuzzy a-ideal of (X, R) if and only if go =0 or go = X or g, is an a-ideal of (X, R).

Theorem 2.2.18 [12] Let (X, R) be a fuzzy lattice such that (X, Ry) is a crisp lattice for
every a € 10,1] and f be a fuzzy subset of (X, R). f is a fuzzy a-filter of (X, R) if and only
if fa =0 or fo =X or f, is a crisp filter of (X, R,).

Proof. Suppose that (X, R, ) is a crisp lattice for every o € |0, 1]. Let f be a fuzzy a-filter
of (X, R). Suppose that f, # ¢ and f, # X.

If x,y € fo, we have f (z) > a and f(y) > «a, hence f(z My) > min{f(x), f(y)} > a.
Therefore, x My € f,.

On the other hand, let « € f, and (x,y) € R,. Hence, f (z) > a and R (z,y) > «, then
a < f(x) < f(y), which implies that y € f,.

Conversely, suppose that f, is a crisp filter of (X, R,) for all @ € ]0,1]. Let z,y € X, if
min { f(z), f(y)} = 0, we have immediately f(zMy) > min {f(x), f(y)}, if min{f(z), f(y)} #
0, we put min {f(x), f(y)} = A\, A € ]0,1], then z,y € f\ which implies that z My € fy,
hence f(xMy) > A, and then f(zMy) > min{f(z), f(y)}.

On the other hand, if f(z) = 0, we have f(z) < f(y). If f(z) # 0 we put f(z) = A,
A €]0,1] then R (z,y) > A and f(z) > A, this implies that € f\ and (z,y) € R,, hence
y € fr. Therefore, A = f(z) < f(y) which complete the proof. m

Theorem 2.2.19 Let (X, R) be a fuzzy lattice such that (X, R,) is a crisp lattice for every
a € 10,1] and g be a fuzzy subset of (X, R). g is a fuzzy a-ideal of (X, R) if and only if
o = ¢ or go = X or g, is a crisp ideal of (X, R,) .

2.3 Fuzzy Prime Filters and Fuzzy Prime Ideals In a
Fuzzy Lattice

In this section, we will focus on prime filters and fuzzy prime filters of a fuzzy lattice (X, R).
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2.3.1 Definitions and Properties

We recall that F' C X is a prime filter of a fuzzy lattice (X, R) if F' is proper (F # X) and
forall z,y e X,z Uy € Fimplyx € ForyekF.

Dually, I is a prime ideal if I is proper (I # X) and for all z,y € X, x My € I imply
reloryel.

Definition 2.3.1 [12] Let (X, R) be a fuzzy lattice and f be a fuzzy filter of (X, R). Then
f is called a fuzzy prime filter if for any x,y € X, f(xUy) = max{f(x), f(y)}.

Definition 2.3.2 Let (X, R) be a fuzzy lattice and g be a fuzzy filter of (X, R). Then g is
called a fuzzy prime ideal if for any x,y € X, g(x My) = max{g(z),g(y)}.

Example 2.3.1 Let X = [0,1] and R be the fuzzy relation on X defined by

1 ifr=y,
R(z,y) =4 A (A €]0,1])) iz <y,

0 otherwise.

R is a fuzzy ordering relation on [0, 1].

Since R (z,y) >0 or R(y,z) > 0, for every xz,y € [0,1], then R is a fuzzy total ordering
relation. Hence, ([0, 1], R) is a fuzzy lattice.

f, g are a fuzzy sets defined by

£100,1) = [0,1], f(w) = o,

9:10,1] = [0,1], f(z) =1 — .

f 18 a fuzzy prime filter, and g is a fuzzy prime ideal.

Theorem 2.3.1 [12] Let (X, R) be a fuzzy lattice. If f is a non-constant fuzzy filter of
(X, R). f is a fuzzy prime filter of X if and only if fo = ¢ or fo = X or f, is a prime filter
of X for all a € [0, 1].

Proof. Let f be a fuzzy prime filter of (X, R) with f, # ¢ and f, # X. If Uy € f, implies
that f(z Uy) > « it follows that max {f(x), f(y)} > «, i.e., z € f, or y € f,. Hence, f, is
a prime filter of X.
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Conversely, let f be a non-constant fuzzy subset of X such that for every o € [0,1] f,
is a prime filter of X.
Let z,y € X, setting f(z Uy) = A it follows that Uy € f,, which implies x € f) or

y € f, Le., max{f(z), f(y)} = A, which implies max {f(x), f(y)} = f(zUy).
In other hand, since f is a filter, R (z,(zUy)) > 0 and R (y,(xUy)) > 0 this imply

flzUy) > f(x) and f(zUy) > f(y), it follows that f(zUy) = max{f(z), f(y)}. Hence, f

is a prime filter of X. m

Theorem 2.3.2 Let (X, R) be a fuzzy lattice. If g is a non-constant fuzzy ideal of (X, R).
g s a fuzzy prime ideal of X if and only if g, = ¢ or g = X or g, s a prime ideal of X
for all o € [0, 1].

Example 2.3.2 Let (X, R) be the fuzzy lattice defined in Example 2.2.2.

Let f ={(a,0.0),(,0.3),(c,0.3),(d,0.5),(e,0.5), (f,0.6)} . be the fuzzy filter of (X, R).

f s a fuzzy prime filter of X.

It is easy checked that fo3 = {b,c,d,e, f}, fos ={d,e, f}, fos ={f} are a prime filters
of X.

Let g = {(a,0.8),(b,0.5),(c,0.3),(d,0.5),(e,0.3),(f,0.0)} . be the fuzzy ideal of (X, R).

g 1s a fuzzy prime ideal of X.

It is easy checked that fo3 = {a,b,c,d, e}, fos ={a,b,d}, fos = {a} are a prime ideals
of X.

Remark 2.3.1 Let (Y;),_; be a family of fuzzy prime filters (ideals) of (X, R). MierY; is

el

not a fuzzy prime filter (ideal).

Example 2.3.3 Let (X, R) be a fuzzy lattice where X = {0,a,b,1} and R is a fuzzy relation

given by
R|0ja |0 1
0 1/02]03|0.7
a 0|1 0 06|
b 100 1 0.5
110]0 |0 1
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Let Fy = {(0,0.0), (a,0.7), (5,0.0), (1,0.7)} , F» = {(0,0.0), (a,0.0), (b,0.4), (1,0.8)} be
two fuzzy prime filters of (X, R).

So, F1 N Fy, ={(0,0.0),(a,0.0),(b,0.0),(1,0.7)} .

It is easily to checked that Fy N Fy is a fuzzy filter, but (Fy N Fy) (aUb) = (F1NF) (1) =
min (Fy (1), F (1)) =0.7.

In other hand, max {(F; N F3) (a),(F1 N Fy) (b)} = max (0,0) = 0 # 0.7. Hence Fy N F,
s mot a fuzzy prime filter.

Let I, = {(0,0.4), (a,0.2), (b,0.0), (1,0.0)}, I, = {(0,0.6), (a,0.0), (b,0.5), (L,0.0)} be
two fuzzy prime ideals of (X, R).

So, I; N I = {(0,0.4) , (a,0.0), (b,0.0),(1,0.0)} .

It is easily to checked that IyNI5 is a fuzzy ideal, but (I; N I3) (aMb) = (I; N 1) (0) = 0.6.

In other hand, max {(I, N I3) (a), (I N I3) (b)} = max(0,0) = 0 # 0.6. Hence I, N I is

not a fuzzy prime ideal.

Theorem 2.3.3 [3] Let F be a proper filter of (X, R). F is prime filter if and only if for
any filters H and G, HNG C F implies H C F or G C F.

Proof. Suppose that F'is a prime filter and H, G are two filters satisfying H NG C F. If
H ¢ F, then there exists © € H,and v ¢ F. Let y € G. ThenzUUy € Hand Uy € G
as H,G are filters, R(z,zy) > 0 and R(z,zUy) > 0, and so, x Uy € H N G. From
HNG C F we have x Uy € F. Since F is a prime filter, it holds that y € F. Therefore,
GCF.

Conversely, let F' be a proper filter of X verifying for any filters H and G, HNG C F
implies H C F or G C F. Let z,y € X such that z Uy € F. ({z}) and ({y}) are filters by
Lemma 2.1.1. Since ({z}) N {({y}) = {zUy}) C F, it follows that ({z}) C F or ({y}) C F.
Thus, z € F or y € F. This shows that F'is a prime filter. m

Theorem 2.3.4 Let I be a proper ideal of (X, R). I is a prime ideal if and only if for any
tdeals H and G, HNG C I implies H C I or G C I.
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Proof. Consider two ideals H and G verifying H NG C I and suppose that H & I and
G & I, then there exist x,y in X such that z € H,x ¢ [ and y € G, y ¢ I. Since H,G
are ideals, R(zMy,z) > 0 and R(zMy,y) > 0, hence x My € H and 2z My € G, so,
xMye HNG. From HNG C I we have x My € I. Since [ is a prime ideal, it holds that
r€loryel, thismean H C [ or G C I, contradiction.

So, I is a prime ideal implies then, for any ideals H and G such that H UG C I, implies
HCTlTorGCl.

On the other hand, let I be an ideal of X verifying for any ideals H and G, HNG C |
implies H C [ or G C I, and show that [ is a prime ideal. For this, let z,y in X with
xMyel.

x My € I, this implies | zN | y =| (xNy) C I, this implies | z € T or | y € I, i.e.,
reloryel.

Hence [ is prime. m

Theorem 2.3.5 [12] Let (X, R) be a fuzzy lattice. If F is a filter of (X, R), then F is a
prime filter of X if and only if Vi is a fuzzy prime filter of X.

Proof. Let F is a prime filter of X and z,y € X.
IfreForyeF,then Vp(zUy) =a=max{¥p(z),Vr(y)}.
Ifx ¢ Fandy ¢ F, then ¥p (zUy) = =max{Up (z),Vr(y)}.
Conversely, if ¥ is a fuzzy prime fuzzy filter of X, then ¥ (z Uy) = max{Vr (z), Y (y)}.
If rtUy € F then ¥p (x Uy) = «, hence max {Ur (z),Vr (y)} = a, then ¥ (z) = o or
Ur (y) = o, which impliesz € Fory € F. m

Theorem 2.3.6 Let (X, R) be a fuzzy lattice. If G is an ideal of (X, R), then G is a prime

ideal of X if and only if V¢ is a fuzzy prime ideal of X.

Theorem 2.3.7 [12] Let (X, R) be a fuzzy lattice and f be a non-constant fuzzy filter sat-
1sfying the following condition: for any fuzzy filters h and g: hN g C f implies h C f or
g C f. Then f is fuzzy prime filter.

Theorem 2.3.8 Let (X, R) be a fuzzy lattice and g be a non-constant fuzzy ideal satisfying
the following condition: for any fuzzy ideals h and k: hNk C g implies h C g or k C g.
Then g is fuzzy prime filter.
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2.3.2 Lattices Homomorphisms, Filters and Ideals

Next, we will define the notion of homomorphism between fuzzy ordered structures.

Definition 2.3.3 [12] Let (X, R) and (Y, R) two fuzzy lattices. The function h: X — Y is

said to be an homomorphism if it satisfies
(1) A(zUy) =h(x)Uh(y) and h(xMy) = h(z) T h(y), for all z,y € X.
(2) R(z,y) < R(h(z),h(y)), for all z,y € X.

If h is a bijection, then h is said to be an isomorphism.

Example 2.3.4 Let (X, R) be the fuzzy lattice defined in Example 2.2.1.
Let Y = {2 ¢/, 2/, v/, w'} and let R : Y x Y — [0,1] is a fuzzy relation defined by

!/ / /

R| 2|y |2 |V]w
1 0 [0]O0
v 103 1000
Z106[05] 1|00
v 107105 0 | 1]0
w [09]07[04]1] 1

It is easy to prove that (Y,R) is a fuzzy lattice.
The function h : X — Y, where h(z) = 2, h(y) = v/, h(z) = 2’ and h(w) = W', is an

homomorphism.

Let (X, R) and (Y, R) two fuzzy lattices and h : X — Y be an homomorphism. Let § be
a fuzzy set in Y. We denote by h~! (§) the set A~ (§) = {(z,6 (h (z))) /Jz € X }.

Definition 2.3.4 [15] Let (X, R), (Y, R) be L-fuzzy posets. A map h: X — Y is said to
be

(1) an L-fuzzy order-embedding if R(x,y) = R(h(zx), h(y)) for all x,y € X;

(2) an L-fuzzy order-isomorphism if it is an L-fuzzy order-embedding which maps X onto

Y.
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Theorem 2.3.9 [12] Let (X, R) and (Y, R) be two fuzzy lattices and let h : X — Y be an
isomorphism. [ is a fuzzy filter of (Y, R) if and only if h=' (f) is a fuzzy filter of the lattice
(X, R). In addition, h=' (f) is isomorphic with the fuzzy filter f.

Proof. Let h: X — Y be an isomorphism and f a fuzzy filter of Y.
Let x,y € X, then

Wt (f)@ny) = f(h(zny))

= [(h(z)Th(y))

> min{f (h(x), f(h(y))}

= min{A™(f) (z),h7" (f) ()}
Hence h™ (f) (z My) > min {1 (f) (x),h"2(f) (v)}.

On the other hand, let 2,y € X, R (x,y) > 0 implies h=* (f) (z) < 71 (f) (y) .
Since h is an isomorphism and R (z,y) > 0 implies R (h (z),h (y)) > 0.

Using the fact that f is a filter % (A (x), h (y)) > 0, this implies that f (h (z)) < f(h(y)).
Which equivalently 2=t (f) (z) < h7(f) (v).

Consequently, h=! (f) is a fuzzy filter of the lattice (X, R).

h
h

Conversely, let h™! (f) be a fuzzy filter and let a,b € Y, then there exists a unique pair
(z,y) € X? such that a = h(x) and b = h(y). We have
flamib) = f(h(z) T h(y))
= [(h(zMy))
= hH(f) (@ny)
> min{h ' (f) (z
= min{f (h(z)),

= min{f(a), (b)}
Hence f (aMb) > min{/ (a). f ()}
On the other hand, for a,b € Y, R (a,b) > 0, we have to prove that f(a) < f(b).

kh\_/
/'\
A
\_/
S—
—

a,b € Y, since h is an isomorphism, then there exists a pair (x,y) € X? such that
a=h(z)b=nh(y). R(a,b) =R (h(z),h(y)) = R(x,y) > 0 [4, 15], this implies h~* (f) (z) <

h=1 (f) (y) which means that f (h(x)) < f(h(y)), i.e., f(a) < f(b).
Consequently, f is a fuzzy filter. =
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Theorem 2.3.10 Let (X, R) and (Y,R) be two fuzzy lattices and let h : X — Y be an
isomorphism. g is a fuzzy ideal of (Y, R) if and only if h=' (g) is a fuzzy ideal of the lattice
(X, R). In addition, h='(g) is isomorphic with the fuzzy ideal g.

Theorem 2.3.11 [12] Let (X, R) and (Y,R) be two fuzzy lattices and let h: X — 'Y be an
isomorphism. If h™1 (f) is a fuzzy a-filter of the lattice (X, R), then f is a fuzzy a-filter of
(Y, R).

Proof. Let h: X — Y be an isomorphism and h~* (f) be a fuzzy a-filter of Y.
The verification of the axiom (F'1) is straightforward.
For a,b €Y, R(a,b) > a, we have to prove that f(a) < f(b).
R(a,b) 2 = R(h(x) h(y)za
R(z,y) > «
h=H(f) (x) < B (f) ()
fh(@) < f(h(y)
fla) < f(b).

Ll

As desired. =

Theorem 2.3.12 Let (X, R) and (Y, R) be two fuzzy lattices and h : X — Y be an iso-
morphism. If h™'(g) is a fuzzy a-ideal of the lattice (X, R), then g is a fuzzy a-ideal of
(Y, R).

Theorem 2.3.13 [12] Let (X, R) and (Y,R) be two fuzzy lattices and let h : X — 'Y be an
isomorphism. Then f is a fuzzy prime filter of (Y, R) if and only if h= (f) is a fuzzy prime
filter of the fuzzy lattice (X, R).

Proof. Let h: X — Y be an isomorphism and let f be a fuzzy prime filter of Y.
Suffices to prove that A~ (f) (x Uy) = max{h™' (f) (), 7' (f) (y)}.
Let z,y € X, then
Wt (f)(@uy) = f(h(zuy)
= f(h(x)Uh(y))
= [(h(z)) U f(h(y))
= max{h7" (f) (z), L7 (f) (W)}
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Hence h™! (f) is a fuzzy prime filter.
Conversely, let A~ (f) be a fuzzy prime filter and let a,b € Y, then there exists a unique
pair (z,y) € X? such that a = h(z) and b = h(y). We have
flalb) = S (h(z) U h(y))

= f(h(zUy))
= (h7f) (zUy)
= max{(h7'f)(z), (A1 f) (v)}
= max {f (a), f (b)}.

Hence, f is a fuzzy prime filter of Y. =

Theorem 2.3.14 Let (X, R) and (Y,R) two fuzzy lattices and let h : X — Y be an iso-
morphism. Then g is a fuzzy prime ideal of (Y,R) if and only if h=' (g) is a fuzzy prime
ideal of the fuzzy lattice (X, R).
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Conclusion

In this memory, we have study some characterizations of filters, ideals, fuzzy filters, fuzzy
ideals, a-filters, a-ideals, prime filters and prime ideals of a fuzzy lattice.
The notion of isomorphism between fuzzy lattices was recalled, also the converse image

of a fuzzy filter and fuzzy ideal via an isomorphism has been characterized.
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Abstract

In this memory, we will study some characterizations of filters, ideals, fuzzy
filters, fuzzy ideals, a-filters, a-ideals, prime filters and prime ideals of a fuzzy
lattice.

We will recall the notion of isomorphism between fuzzy lattices, also the
converse image of a fuzzy prime filter will be characterized via an isomorphism.

Keywords: Fuzzy lattice, fuzzy filter, fuzzy ideal, a-filter, a-ideal, lattices
homomorphism.

Résumé

Dans ce mémoire, nous étudierons quelques caractéristiques de filtres, idéaux,
filtres flous, idéaux flous, a -filtre, a -idéal, filtres et idéaux premiers d’un treillis
flou.

Nous rappellerons La notion d'isomorphisme entre treillis flous, de méme
que l'image inverse d'un filtre premier flou seront caractérisée via un
isomorphisme.

Mots-clés: Treillis flou, filtre flou, idéal flou, a -filtre, a -idéal,
homomorphisme de Treillis.
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