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Abstract

This paper presents an experimental study conducted to assess the correlation between the intra-axis errors of prismatic
axes for CNC machine tools. The validity and reliability of parametric models for the modeling of intra-axis errors (IAEs)
of CNC machine tools in the context of indirect calibration are also assessed in this work. Three CNC machine tools with
various controllers and guidance technologies were tested using two different measuring instruments. Two predictive models,
namely Bézier and B-spline curves, are described and compared for the first time in this work. Both models are experimen-
tally evaluated for accuracy and predictive efficiency using four evaluation criteria and new data sets from the three tested
CNC machine tools. Results show a strong correlation between the positioning errors and the pitch and yaw errors for all
the tested machines. The results also show that both proposed models are appropriate for the modeling of intra-axis errors,
with the B-spline curves coming slightly on top in terms of performance. Moreover, with the same number of control points
(n=15), the two models provide residuals that are lower than the repeatability of the machine for most intra-axis errors tested.
This experimental study thus confirms that a Bézier model of degree four and a B-spline model of degree two, both with five
control points, are sufficient to represent the intra-axis errors for the tested CNC machine tools.
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1 Introduction leads to an increase in the volume of Abbé errors [5]. Fur-
thermore, the degradation of the linear axes leads to the
amplification of intra-axis errors [6]. In such an environ-

ment, the characterization and assessment of machine tool

Industry is quickly moving towards ever more precise
and intelligent manufacturing [1]. Precise and intelligent

machine tools play an important role in the success of smart
factory concept in the aerospace industry [2]. The challenge
continuing to face this strategic sector, though, is how to
produce parts of high quality while minimizing the work-
ing time and manufacturing costs [3]. However, even if the
machine tool is sufficiently precise during installation, its
performance may gradually degrade over time due to the
intensity of the work to which it is subjected, which causes
wear and tear in the machine subsystems [4]; this in turn
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performance is crucial.

Despite the technological advances that have occurred
both in machine tools and in their control systems, many fac-
tors still hamper the performance of these machines in terms
of precise machining [7], including geometric and kinematic
errors [8], thermal errors [9], servo errors [10], and errors
induced by the cutting force [11]. Geometric errors repre-
sent some of the greatest sources of inaccuracy in machine
tools [12, 13] and are themselves caused by factors such
as imperfect geometries of guideways, carriages, beds, and
lead screws, and their misalignment in the machine struc-
ture [14]. They generally vary slowly over time but can be
affected more rapidly by the thermal error and dynamic
loading [15]. These errors are systematic in nature [16, 17].
In particular, intra-axis errors (IAEs), which are deviations
from the nominal motion of a machine axis, are not constant
[18], but instead, vary according to the nominal position of
the moving mechanical axis [19].
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In the context of indirect calibration and simulation of vol-
umetric errors, i.e., the location error to the tool with respect
to the work piece, intra-axis errors have been modeled by
polynomials in several research works [20-28]. However, the
main disadvantage with polynomial modeling is its inflex-
ibility. Moreover, the polynomial models lend themselves to
very limited extrapolation. These disadvantages limit the use
of polynomial models for modeling geometric errors of CNC
machine tools for precision machining applications in the
context of smart factory. Therefore, robust and reliable mod-
els are still required to meet the challenges faced by industry.

Several recent research works have shown that para-
metric curves such as Bézier [29, 30], B-splines [31, 32],
and NURBS [33] constitute the most popular interpola-
tion techniques for CNC systems. Their benefits outweigh
those of polynomials in terms of flexibility, and they allow
the user great freedom when it comes to controlling the
shape of the final curve. Additionally, they enable the
separation of variables as well as direct calculations point
coordinates. Furthermore, using parametric curves in CNC
machine tool interpolators can lead to reduced machining
time, better precision, and improved surface finish [34].
As well, such curves can also provide smooth tool paths
to control the dynamic behavior of the machine tool [35].

A recursive compensation strategy was proposed by
Khan and Chen [36] for systematic geometric error compen-
sation on five-axis machine tools and inverse technique was
implemented to find the corrected positions of prismatic
and rotary joints. They modeled geometric errors by a cubic
spline function. The pose errors in volumetric workplace
were calculated based on the forward kinematics approach,
whereas the inverse kinematics technique was used to detect
the corrected motions of the joints for compensating this
error through software. More recently, a path planning algo-
rithm for curvature adapted CNC machining of freeform
surfaces was proposed by Bartoii et al. [37]. Their work was
based on a careful geometric analysis of curvature-adapted
machining via so-called second order line contact between
tool and target surface. The tilt angle of the tool was rep-
resented as a cubic B-spline function over a uniform knot
sequence. In a similar context, Lartigue et al. [38] found
that polynomial formats of tool trajectories are well adapted
to high speed machining of free-form surfaces. An algo-
rithm for flank CNC machining of general, doubly curved,
free-form surfaces was proposed by Calleja et al. [39]. To
generate a ruled surface that represents a single continuous
sweep of a rigid conical milling tool, a spline surface fitting
is used in their study. Then, their approach was validated
by comparing the results of their proposed algorithm with
two industrial benchmark models. They claimed that their
proposed algorithm outperform the commercial software in
terms of the approximation error in cases where the patches
are roughly of the same area.
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Notwithstanding the aforementioned advantages, the
use of parametric models in the modeling of intra-axis
errors is quite limited. Furthermore, up to now, no research
has been conducted to choose the optimal number of con-
trol points required to represent each intra-axis error. In
this work, the parametric modeling approach is used in
modeling the intra-axis errors of CNC machine tools.
Accordingly, Bézier and B-spline curves are investigated
as alternative models to replace polynomial curves in the
indirect calibration procedure.

The intra-axis motion errors of each axis can be described
by six degrees of freedom: three translations and three rota-
tions [40], whereas ideally, only one degree of freedom is
present along the axis of the desired movement that it is lin-
ear or of rotation [41]. In other words, the six degrees of free-
dom (the six intra-axis errors) come from the same source,
i.e., the moving axis physical sub-systems. A correlation
may exist between these intra-axis errors. However, most
existing works in this area focus on the relationship between
straightness and angular errors [12, 42, 43]. Rotational error
components contribute more to the machine’s positioning
errors than straightness errors due to the Abbe error [44,
45]. Testing the significance of correlation between the dif-
ferent intra-axis errors is crucial when it comes to the fast
calibration and modeling of machine tool errors. Detecting a
significance of correlation can lead to a significant reduction
in the machine tool error model by omitted certain redun-
dant or correlated errors and hence yields a more reliable
estimation of the remaining parameters in the machine tool
error model during the calibration process [44]. In spite of its
importance, testing the significance of correlation between
the different intra-axis errors on an experimental and statisti-
cal basis was not evaluated in a rigorous way. In this paper, a
statistical analysis-based comparative study is carried out in
order to validate the assumption concerning the correlation
between the intra-axis errors of the same axis.

The main objective of this work is therefore to provide
machine tool designers, manufacturers, and users with new
tools for improving the quality of machines, by quantifying
the correlation between different intra-axis errors and by
exploiting the opportunities offered by parametric mod-
els such as Bézier and B-spline curves. In the proposed
approach, data on the intra-axis errors of the three pris-
matic axes of a CNC machine tool are collected through a
laser interferometer and are then used to the modeling of
the intra-axis errors. The collected data are also used to
better understand how these errors correlate.

This study is broken down into the following
sub-objectives:

— Perform bidirectional tests for the intra-axis errors for
each prismatic axis of the machine using two different
measurement devices;
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— Perform a statistical analysis for the positioning repeat-
ability, accuracy, and reproducibility of results;

— Evaluate the correlation between intra-axis errors;

— Choose the optimum degree and the optimal number of
control points for each measured intra-axis error;

— Evaluate backlash errors;

— Evaluate the ability to extrapolate the models to other
types of machines with various control and guidance
technologies;

— Evaluate the adequacy of the proposed models.

This work therefore covers two distinct and complemen-
tary aspects of machine tool metrology. The first helps to
better understand and interpret the relationships between
intra-axis errors and provides new industrial contribution
by implementing new tools for analyzing and predicting the
performance of machine tools for and by machine tool users.
The second provides new research knowledge to improve the
state of the art in the modeling of CNC machine tool errors.

The remainder of the paper is organized as follows:
Sect. 2 describes the mathematical tools and the statisti-
cal criteria that are used to build and evaluate the proposed
models. Section 3 describes the experimental procedures.
The results and discussion are presented in Sect. 4, and
finally, the conclusion is given in Sect. 5.

2 Modeling approach

Bézier and B-spline forms are among the most impor-
tant tools used for modeling curves and surfaces in CAD/
CAM. Given their advantages presented above, Bézier and
B-Spline curves are used in this study.

(a) Bézier model
Bézier functions are important tools used for mod-
eling smooth curves. A Bézier curve of degree n is a
parametric curve specified by n + I points, defining the
Bézier control polygon. The basis functions used in the
Bézier interpolation are Bernstein polynomials [46]
defined by:

n ny i n—i
8w =(")fa-n M
where:

ny _ i!(:ii)! if 0<i<n
( i ) { 0 else 2)

The parameter ¢ is in the range [0, 1] and there are
n+ I polynomials defined for each i from O to n. The

Bézier curve with respect to the Bernstein basis is thus
defined in the interval [0, 1] as:

n
n
b= ) PB (¢
0] 2(; B0 3)
where P; are the control points defining the Bézier
polygon.
(b) B-spline model
A B-spline curve (S (t)) is defined by:

NOEDIW G )
=0

where N, ;(¢) is the Kth degree B-spline basis function
defined on a nonperiodic and uniform knot vector and
P, are the control points [47]. ¢ is the parametric coordi-
nates ranged within [0, 1].

N = Lif t€lt, 1)
LK 0 otherwise
and
t—t fog —t
Nig(®) = (ﬁ)Ni,K—l(t) + <%>Ni+l,K—l(t)
i+K+1 i i+K i+1
)
[tl-, & +1<] is the knot vector, and the parameter t

ranged within the interval [t ;,7,,,]

(c) Methodology of modeling and selection criteria

In this modeling approach, the terms and the control
points (Egs. (3) and (4)) are introduced successively, but
before any introduction of a new term or additional control
point, the adequacy of the model is tested.

During the modeling process, it is interesting to examine
the relationship between observed data and predicted values.
One approach is to examine what happens when the proposed
model does not fit the observed data exactly, i.e., to analyze
the residuals. Residuals are mainly analyzed to test the validity
of a model and to detect its failures. The decision rule adopted
in the present study is to favor the model if the residual varies
within a tolerance band that is less than or equal to the axis
positioning repeatability. Then, no term or control points can
be added to the model. If not, the model is rejected. In this
case, a new term or a new control point has to be added to the
model and the same procedure is followed until the selection
criterion is satisfied (residual less than repeatability).

The residual in our case is defined as the difference
between the average of the observed values and the values
estimated by the model. It has the particularity of repre-
senting the part that is not explained by the model. It is
commonly noted as follows:
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Y,

N
e, =Y, —Y,

(6)

where:

?,- is the average of the intra-axis error at position #; and

/fi is the estimated model at position i.

For each axis of the tested machine, the positioning
repeatability and the accuracy are calculated according to
ISO 230-2 [48].

R, = max[2S; 1 425; | +|B;|:R; 1 iR; 1] @)

where: R; 1=4S; Tand R; |=4S; |;

R, is the bidirectional positioning repeatability;

B, is the backlash;

i represents the target positions;

R; 1 is the unidirectional positioning repeatability for
the forward direction; and

R; | is the unidirectional positioning repeatability for
the backward direction.

The standard deviation for the forward and the backward
directions can be calculated by the following formulas:

5i I= \/ 3 (YT ) ®)

5; 1= \/ni Y (v 1Y) ©)

andn >3
The bidirectional accuracy is:

A= max[?,. 1425, 1Y, | +25, l] — min [Yi 1-28,1:Y, | -25; |
(10

The difference between the average of the intra-axis errors
for the forward direction (Y¥; 1) and the backward direction
(Y; ]) at each target position is called the backlash. The
maximum of the absolute values of the backlash at all target
positions along the measured axis is the axis backlash [48].

B = max]|B/|] (11)
and
B;=Y;l-Y;1 (12)

To select the most appropriate model, four statistical
indicators are used. These chosen indicators are the most
recommended for assessing and comparing how differ-
ent models fit the same data [49]. The first indicator is the
coefficient of determination (R?):

~ —\2
R = a7 (.-7) (13)

Z?:l (Yi - 7)2
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where n denotes the sample size.
The second indicator is the root mean square error
(RMSE):

RMSE = (14)

The third indicator is the mean absolute error (MAE):

MAE=%2<|Fi—I?",.|) (15)

Finally, the fourth indicator is the mean absolute percent-
age error:

MAPE = 10’?% ; (lF"_ﬁ"|/ w) (16)

3 Experimental procedures

This section describes the procedures, the experimental
techniques, and the materials used for the data acquisition
in order to establish representative models of the intra-axis
errors of the machine tool.

Calibrating a 5-axis machine tool can be a very complex,
time-consuming, and expensive task, especially when machine
downtime is considered. A measuring approach using 5/6D
laser technology can reduce the complexity, time, and cost.
5/6D equipment can easily be used and all motion errors of
an axis can be simultaneously measured from a single setup.
Accordingly, two CNC machine tools were tested (Figs. 1 and
2) using 5/6D equipment manufactured by Automated Preci-
sion Inc. (API). To assess the validity of the proposed approach
and the generality of the proposed models, a third machine was
tested using the Renishaw laser interferometer measurement

Fig. 1 Matsuura MC.760 VX five-axis machine tool
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Fig.2 Mitsui Seiki HU40-T five-axis horizontal machining center

system (Fig. 3). With the 5/6D device, five intra-axis errors
(not the roll) for each axis were measured in one setup. How-
ever, with the Renishaw laser interferometer, only the position-
ing errors and the two straightness errors for each axis were
measured.

The types and characteristics of the three tested machines
are given in Table 1.

An example of measurements along the X-axis of the
Matsuura MC.760 VX machine tool using the 5/6D API
instrument is illustrated in Fig. 4.

A G-code program was used to move the machine from
one static position to another along a straight path across the
available travel according to a linear feed move GO1 instruc-
tion at a commanded feed rate of 1000 mm/min, pausing for
a few seconds at each position.

Before the data acquisition was started, certain values
were specified, such as the downtime (r=7 s), which defines
exactly when the software reads the static position of the

Fig.3 Huron KX 8-five five-axis machining center

moving axis at each target. Furthermore, warm-up sequences
were performed to reach the machine thermal steady state.
These warm-up sequences were immediately followed by
the data acquisition. When the first target is measured during
the data acquisition process, the CNC program moves the
machine to the next measuring point. After reaching the last
point of the forward direction, the CNC program reverses
the direction of motion and stops again at each measuring
point to allow the 5/6D system to read data for the back-
ward direction. When the starting point is reached, the first
cycle is completed (Fig. 5). The machine must then pass the
first measuring point to start the next cycle. This process is
repeated until all the five cycles have been completed. As
shown in Fig. 5, each cycle contains two travels, one for the
forward direction and the other for the backward direction.
The forward and backward travels allow the evaluation of
the backlash for each axis.

During the laser interferometer measuring process, an
overrun distance of 2 mm is used (Fig. 5) to ensure that the
first and the last targets are collected in the right direction.

The methodology was implemented in a way that
each linear axis of the CNC machine tool is measured
separately. Therefore, for measurements taken along the
X-axis, the coordinates of the axes which are not under
test were Y= —215.810 mm, Z= —124.540 mm, A =0.0°,
and C=180°. Whereas, the coordinates of the station-
ary axes during the measurement along the Y axis were
X=-384.664 mm, Z= —124.377 mm, A=0.0°, and
C=0.0°. Finally, when measuring along the Z-axis, the
coordinates of the stationary axes were X = —365.396 mm,
Y= —-235.435 mm, A=0.0°, and C=0.0°.

4 Results and discussion

The positioning repeatability, the accuracy, and the back-
lash errors of the three tested machines were presented in
this section. The correlation between the different intra-
axis errors was also calculated and explained, followed by
a comparative analysis of the two proposed models. Then,
the more appropriate of the two models was selected. Tests
were carried out without any kind of compensation on the
controller of the machine, and thus represent the machine’s
physical characteristics, not numerical quantities present in
the machine’s compensation tables.

4.1 Analysis of the positioning repeatability,
the accuracy, and the backlash errors of the
three tested machines

Table 2 presents the results of the linear positioning error

in terms of the bidirectional repeatability, backlash errors,
and accuracy, evaluated according to ISO 230-2 [48], for
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Table 1 Characteristics of the three tested machines

Matsuura MC.760 VX

Five-axis machining center

Mitsui Seiki HU40-T

Five-axis machining center

Huron KX 8-five

Five-axis machining center

Drive technology Ball screw feed-drive systems

Controller Yasnac MX3 controller
Guiding technology
Travels on X/Y/Z axes

Measuring device used

Hydrostatic bearings
760/440 /485 [mm]
5/6D API

Ball screw feed-drive systems Ball screw feed-drive systems

Fanuc 15iMa controller Siemens 40D controller
Prismatic slides
611/562/710 [mm]

5/6D API

Linear ball bearing slides
650/700/450 [mm]
Renishaw laser interferometer

the three axes, X, Y, and Z, of the three tested machines.
The table shows that the Matsuura MC-760 VX machine
provides the best results in terms of accuracy for the X- and
Y-axes. In contrast, the Huron KX 8-five machine provides
the worst results in terms of accuracy, whereas it is the most
repeatable machine, and gives the fewest backlash errors
among all the axes tested.

Generally, systematic errors can be compensated and
decreased down to the repeatability limit, whereas random
errors cannot be compensated. So, a machine with a poor
accuracy and a good repeatability is always more appropriate
than an accurate but less repeatable machine.

A graphical representation of the linear positioning errors
of the Z-axis for the three tested machines is shown in Figs. 6,
7 and 8. The most important point that can be drawn from
Fig. 6 is the offset between the results of the forward and the
backward directions of the Matsuura machine, which can be
explained by the effect of the backlash error, which exceeds
12 um (Table 2). The results also show that this machine is
still the worst in terms of backlash errors, even for the X- and
Y-axes (Table 2). It should be noted that in comparison to
the two other tested machines, the Matsuura MC-760 VX is
the oldest one, and may be affected by wear due to its daily
use, especially on the Z-axis exposed to gravity. On the other

Fig.4 Measuring setup on the Matsuura MC-760 VX machine tool
using 5/6D API device
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hand, Fig. 7 shows that the HU40 machine suffers from poor
repeatability, which in some cases exceeds 8 um (Table 2).
These results remain puzzling, especially for a machine dedi-
cated to high performance machining. The backlash of the
Huron is the smallest (Fig. 8) and does not exceed 0.8 um in
the worst case (Table 2).

4.2 Assessment of the correlation between intra-axis
errors

Although the six intra-axis errors of an axis are defined
individually in the literature and in standards, and are mod-
eled separately in the literature, it is interesting to analyze
whether they are correlated. To assess the hypothesis of
correlation, the correlation coefficient between each two
intra-axis errors of each axis is calculated. The correlation
coefficient provides reliable information about the strength
of a linear relationship between the two assessed intra-axis
errors. According to Taylor [50], a correlation coefficient in
absolute value || < 0.35 generally represents a weak corre-
lation. The correlation is considered modest or moderate if
|| is between 0.36 and 0.67. However, if 0.68 < |r| <0.89,
the correlation is considered strong or high, and finally, if
|r| > 0.9 the correlation is considered very strong. Tables 3,
4 and 5 show the calculated correlation coefficients for each
couple of intra-axis errors for the three axes of the Matsuura
machine tool.

It is well known that the straightness error of a linear axis
is defined as the distance between two parallel lines in the
general direction of the axis, which contains exactly all the
measuring points. Any slope should therefore be removed
from the raw data of straightness errors.

Regarding the results of the Y-axis of the Matsuura
machine tool, Table 3 shows that there is no correlation
between the linear positioning error Eyy and the straight-
ness error motion in the Y-axis direction (horizontal
straightness error) Eyy. The correlation between the linear
positioning error Eyy and the straightness error motion in
the Z-axis direction (vertical straightness error) E,, was
found modest. However, a strong correlation was observed
between Eyy and the two angular errors, i.e., the angular
error motion around the C-axis (yaw) E.y and the angular
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Fig. 5 Machine program sum- 1 2 3 4 5 6 7 8 9 10 11
mary
Cycle 1
Cycle2
Overrun
L

error motion around the B-axis (pitch) Egy. The correla-
tion between Eyy and E,y was found modest. These results
also show that there is no correlation between Eyy and the
yaw error Ey. Moreover, the correlation between Eyy and
the pitch error Egy is weak. In addition, no correlation was
observed between E,y and Egy. The correlation between
Eqy and E,y and Ezy was found respectively weak and
modest.

The Y-axis results presented in Table 4 confirm that the
correlation between the linear positioning error Ey, and
the two angular errors E,, and Ey still remains strong.
However, a modest correlation was observed between the
straightness error E,, and the two angular errors E,, and
Ecy. The correlation between the straightness error Eyy
and Eyy, E,y, E,y, and Ey is generally weak.

Contrary to previous observations, the results of the
Z-axis presented in Table 5 show that there is a strong cor-
relation between Ey, and the two angular errors E,, and

Ejy,. Moreover, Table 5 confirms yet again the strong cor-
relation between the linear positioning error and the pitch
and yaw errors. For the second time, the strong correlation
between the pitch and yaw errors can be also observed.

It is commonly accepted that the three translations
errors (linear positioning error and straightness errors) of
machine tools can be significantly affected by the three
angular errors (pitch, yaw, and roll) due to the Abbe and
Bryan principles. During the measurement of the linear
positioning errors with a laser interferometer, the Abbe
error has a significant effect. As shown in Fig. 9a, b, the
angular error motion (Egy) around the B-axis (yaw) and
the angular error motion (E.y) around the C-axis (pitch)
contribute to the linear positioning errors due to Abbe
errors.

According to the Abbe principle, the linear position-
ing error measured by the laser interferometer system at
any point in the work envelop of the machine tool can be

Table 2 Bidirectional

o Machine tested Axis Bi-directional accuracy ~ Backlash (um) Bi-directional
repeatability, accuracy,.and (um) repeatability
bacl.(l.asl} errors of the linear (um)
positioning error of the three
axes, X, ¥, and Z, of the three Matsuura MC.760 VX X 7.4 0.7 2.0
tested machines y 73 33 46

Z 16.4 121 133
Mitsui Seiki HU40-T X 24.7 2.1 8.5
Y 15.3 1.9 8.5
Z 14.9 1.6 6.8
Huron KX 8-five X 29.8 0.6 1.5
Y 15.8 0.8 1.3
Z 6.4 0.2 0.9
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Fig.6 Linear positioning errors,
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affected by angular errors, and their effects are amplified
by the Abbe offset according to the following equation:

Exx = exx —Ecx X 1y, + Epy X 1, (17)
where eyy is the linear positioning error arbitrarily chosen
at the ball screw level, Eyy is the linear positioning error
measured with the laser interferometer, and 7,,, and 7, are the
Abbe offset in the Y- and Z-directions, respectively. Equa-
tion (17) also demonstrates the high correlation between Eyy
and the two angular errors Ey and Ezy shown in Table 3.

Conversely to the Abbe principle, which concerns the
linear positioning errors, the Bryan principle is mainly
applied on the horizontal and vertical straightness errors
of machine tools. Figures 10 and 11 show the effect of the
Bryan offset on the horizontal straightness error of the
moving table.

Fig.7 Linear positioning errors, x10°

-78 -63
7 Nominal position [mm]

The measured horizontal straightness error can be derived
according to the Bryan principle as follows:

Eyx = eyx + Ecx X by, — Exx X1, (18)

where Eyy is the measured horizontal straightness error
and eyy is the horizontal straightness error at the ball screw
level.

Similarly, the measured vertical straightness error can be
computed according to the Bryan principle as follows:

Eyy = ezx — Epy Xty + Egx X1y, (19)
where E,y is the measured vertical straightness error and
e,y 1s the vertical straightness error at the ball screw level.
The effects of the Bryan and angular errors on the vertical
straightness error are shown in Figs. 12 and 13.
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Fig.8 Linear positioning errors, 6 : -
mean unidirectional and + two
unidirectional repeatability of

the Z-axis of the Huron 8-five Sr
KX machine
4+
3 -

Linear positioning error[um]

Mean forward

Mean backward

1 1 1 1

According to Eqs. (18) and (19) and Figs. 10, 11, 12 and
13, the angular error motion around the C-axis (pitch) and
the A-axis (roll) will affect the horizontal straightness error
by the amounts of Eqy X 1., and E,y X t,,., respectively,
while the angular error motion around the B-axis (yaw) and
A-axis (roll) will affect the horizontal straightness error by
the amounts of Egy X t,,,,andE,y X t,,,,, respectively. Fur-
thermore, the larger the Bryan offset, the higher the correla-
tion between the pitch, roll, yaw, and the straightness error.
This means that the position of the straightness reflector on
the machine table has a great effect on the measured straight-
ness error.

4.3 Modeling of intra-axis errors

It is well known that indirect calibration of machine
tool errors consists in the measurement of volumetric
errors with an appropriate measuring instrument and
the use of a linear parametric model establishing the
relationships between the intra-axis errors, link errors,
and the measured volumetric errors. This method usu-
ally requires using a function of representation for each

Table 3 Coefficients of correlation between the intra-axis errors of
the X-axis of the Matsuura machine

1 1 1
140 185 230 278 320 365 410

7. Nominal position [mm]

intra-axis error and link errors with optimal numbers of
coefficients or control points. Fewer coefficients (fewer
control points) mean fewer unknowns and an improved
numerical conditioning. Furthermore, the efficiency of
parameter identification is primarily based on the analysis
of the Jacobian matrix properties. The estimated coef-
ficients (control points) are enhanced when the Jacobian
has a low condition number. Previous studies [20] have
shown experimentally that a 4-degree polynomial model
is sufficient to represent the intra-axis error of a CNC
machine tool. However, polynomials have been critiqued
for their inflexibility and their very limited extrapola-
tion. To account for these limitations, parametric models
with 5 control points which is equivalent to a polynomial
model with 5 coefficients (degree 4) is tested to repre-
sent the intra-axis errors. The present study shows that a
Bézier model of degree 1 to 3 does not meet the required
selection criteria, and provides a residual greater than the
repeatability of the machine. However, a fourth degree
Bézier model with 5 control points appears to be more
robust, providing residuals identical to that of the polyno-
mial model, and satisfying the selection criteria because

Table 4 Coefficients of correlation between the intra-axis errors of
the Y-axis of the Matsuura machine

X-axis Eyy Eyy E,x Epy Ecqx
Eyx 1 -0.02 0.37 0.70 0.82
Eyy 1 0.50 0.18 0.06
E,x 1 0.03 0.30
Egy 1 0.37
Ecx 1

Y-axis Eyy Eyy Ezy Eyy Ecy
Eyy 1 0.30 0.26 -0.19 -0.06
Eyy 1 0.24 -0.83 0.84
Ey 1 -0.59 0.67
E,y 1 -0.76
Eqy 1
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Table 5 Coefficients of correlation between the intra-axis errors of
the Z-axis of the Matsuura machine

Z-axis Ey, E,, E,, E,, Ey,
Ey, 1 0.51 ~0.68 0.96 -0.75
E,, 1 -0.17 0.66 —0.40
E,, 1 —0.96 0.81
E,, 1 —0.74
Eyy 1

the residual is within the repeatability range of the tested
axis (Figs. 14, 15 and 16). On the other hand, the results
also show that a second degree B-spline model with 5

control points meets the selection criterion well (Figs. 14,
15 and 16). The offset between the two curves (backward
and forward) in Figs. 14, 15 and 16 indicates the influ-
ence of the backlash error.

Equations (18) and (20) show the selected Bézier and
B-spline models, respectively.

For the Bézier model:

n=4

P(u) =)' B;y(u).P, (20)
i=0

P(u) = By 4(u).Py + By 4(1).P, + By 4().P, + By 4(u).P; + By 4(10).P,

@n
Programmed position Epx
linear interferometer .#) Linear retro-reflector

Laser beam

Laser

a) 3D view

Ball screw

AR

Ball screw

b) Top view

Fig.9 Linear positioning error measurement with Abbe error
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Fig. 10 Angular error motion
around C-axis (Ey) due to hori-
zontally non-parallel guideways

Straightness measurement plan
A

Ecx Inclined guide-way
Actual target

Ecx

—

E

For the B-spline model:
=4
P@u) =) N3u).P, 22)
i=0

P(u) = Ny3(u).Py + Ny 5().Py + Ny3(u).Py + N3 3(u).Py + Ny 5(10).P,
(23)

The basis functions B; () and N;3(u) and i =0, 1,...4
are calculated based on Egs. (1) and (5), respectively.

After a proper optimization process, a spline and Bezier
curves are fully defined if the control points P; and the basis

Fig. 11 Angular error motion
around A-axis (roll; E,y) and its
effect on the horizontal straight-
ness error

Ideal guide-way

functions B, , and N;, are well defined. In this study, a uni-
form and fixed knots vector is used. By fixing the knot vector,
only the control points have to be optimized. This allows as
reducing the B-spline fitting problem to a linear least squares
problem.

The Bézier and B-spline control points of Egs. (18) and
(20) can be estimated using the least square method. Accord-
ingly, the control points (P;,i = 0,1 ... 4) of each model of
the intra-axis error are estimated and presented in Tables 6,
7,8,9, 10 and 11 in the appendix.

As explained earlier, four statistical indices were used
to select the most accurate model. First, the selection

GRS
Ball SCI’;;.

I
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Fig. 12 Angular error motion

around A-axis (r(?u) and i~ts Straightness measurement plan Eax straighitness
effect on the vertical straight- g P i reflector
ness error Z />: !

Ball screw °

1
Rail

Fig. 13 Angular error motion

around B-axis (yaw) and its . Epx
effect on the vertical straight- Straightness measurement plan

NESS error ! Straightness reflector
i txbr
i
i
i
!
E, z
Straightnesserror BN U S ) Bx
: L
Carriage /
Out-of-straightness of the guide-way
0 .
,x10° ! ! ! ! |
: : Residuz;l for B-spline mudel(rofward)
p— : : : : — ~ ~Residual for Bezier model(forward)
g -0.005F R e ST P . N Residual for B-spline model(backward) | |
E : : f : ———Residual for Bezier model(backward)
: 1*Sigma repeatability range
[=] : : : : : :
= .0.01F : Bipe | B T
on : : :
k= £
£ : _ =
=) , : : : : g
E -0.015F A O Experimental data(forward) o =
& 4 '*' Control points of B-spline(forward) ‘%
= R ]
(=% B-spline curve(forward) m
e ———Bezier curve(forward)
g <] Control points of Bezier(forward)
.E -0.0 O Experimental data(backward) N : : :
i) #  Control points of B-spline(backward) : :
B-spline curve(backward) 2 S R B ]
: — ——Bezier curve(backward) : : i : :
~0.025F ............ Control points of Bezier (backward) i
i i i i i i i : i i
-600 -500 -400 -300 -200 -100 0 —gOO -500  -400 -300 -200 -100 0
X Nominal position [mm] X Nominal position [mm]
a) Average readings and fitted models b) Residuals

Fig. 14 Linear positioning error of the X-axis of the Mitsui Seiki HU40 machine. a Average readings and fitted models. b Residuals
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Linear positioning error [mm]
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b) Residuals

Fig. 15 Linear positioning error of the Y-axis of the Mitsui Seiki HU40 machine. a Average readings and fitted models. b Residuals
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Fig. 16 Linear positioning error of the Z-axis of the Mitsui Seiki HU40 machine. a Average readings and fitted models. b Residuals
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Huron

Mitsui Seiki

Matsuura

indices

Table 6 Comparison of the statistical indices of the three models for the linear positioning errors of the three tested machines

TAES Statistical

@ Springer

Forward Backward Forward Backward

Backward

Forward

Bz Bs Poly Bz Bs Poly Bz Bs Poly Bz Bs Poly Bz Bs Poly Bz Bs

Poly

0.99
0.69
0.60

12.7

0.99
0.70
0.61

12.2

0.99
0.70
0.61

12.2

0.99
0.70
0.62

54.3

0.99
0.70
0.62

50.2

0.99
0.70
0.62

50.2

0.99
0.49
0.40

6.1

0.99
0.49
0.40

6.1

0.99
0.49
0.40

6.1

0.99
0.47
0.39

10.0

0.99
0.43
0.36
8.3

0.99
0.43
0.36
83

0.98
0.18
0.15

25.3

0.98
0.19
0.16

26.7

0.98
0.19
0.16

26.7

0.99
0.15
0.12

13.8

0.98
0.17
0.13

16.6

0.98
0.

R2

EXX

17

RMSE (um)
MAE (um)
MAPE %

R2

0.13
16.6

0.94
1.16

1.1

126.0

0.94

1.17

1.1

127.2

0.94
1.17

1.1

127.2

0.94
1.20

1.11

66.75

0.93

0.93
1.20

1.11

66.61

0.96
0.34
0.28
13.92

0.96
0.32
0.26
12.30

0.96
0.32
0.26
12.30

0.94
0.37
0.29
9.76
0.93
0.60
0.51
193.83 21.47

0.94
0.39
0.31
10.95
0.95
0.54
0.45

171.87

0.94
0.39
0.31
10.95
0.95
0.54
0.45

171.87

0.99
0.43
0.38
10.88
0.99
0.10
0.08
0.60

0.99
0.48
0.40
12.33

0.99
0.48
0.40
12.33
0.99
0.10
0.08
0.60

0.99
0.80
0.70
3.60
0.99
0.13
0.11
11.97

0.99
0.80
0.70
3.58
0.99
0.13
0.11

12.06

0.99
0.

EYY

1.20

1.11

66.61

80

RMSE (um)
MAE (um)
MAPE %

R2

0.70
3.58
0.99
0.13
0.11

12.06

0.95
0.48
0.40

50.18

0.95
0.47
0.40
55.90

0.95
0.47
0.40
55.90

0.93
0.52
0.43
83.92

0.93
0.51
0.43

102.9

0.93

0.51

0.43
102.9

0.98
0.43
0.35
24.74

0.98
0.40
0.32
21.47

0.98
0.40
0.32

0.99
0.10
0.08
0.60

EZZ

RMSE (um)
MAE (um)
MAPE %

approach was applied on the results of the Matsuura
machine. In order to assess the generality of the selected
models, additional tests were carried out on two other
types of machine tools with different controllers and guid-
ance technologies. Table 12 shows the linear positioning
errors of the three tested machines. By taking the polyno-
mial model as reference, it can be seen from Table 12 that
both models are adequate and have a very high R-squared.
Moreover, the results show that the four statistical indi-
ces for the polynomial and Bézier models are identical.
Furthermore, the four statistical indices of the Bézier and
B-spline models are almost the same, with the B-spline
model having a small advantage in terms of prediction
accuracy.

The results of the pitch (Figs. 17 and 18) and yaw
(Figs. 19 and 20) errors presented in Table 13 show that
both models remain adequate in most cases. It can also be
observed from Figs. 17, 18, 19 and 20 that the backlash of
the yaw error is greater than that of the pitch error.

The approach is also assessed on new results obtained
from the Huron 8-five KX machine with the Renishaw laser
interferometer measurement system. Figures 21, 22 and 23
show the results of the linear positioning errors of the three
axes of the Huron machine. They show that both models
provide high fit quality.

The horizontal and vertical straightness errors of the
Huron machine are presented in Figs. 24 and 25. It can be
seen from these figures that the magnitude of the straight-
ness errors is small as compared to the linear positioning
errors. Furthermore, the lateral backlash is small, and in
some cases, negligible. On the other hand, a closer look at
these figures reveals that the capability of the models to rep-
resent the straightness errors decreases thanks to the small
magnitude of the straightness errors, which in some cases is
close to the repeatability of the reading.

Most residuals presented above show a periodic behavior
not captured by the models. This periodic behavior is often
of relatively high frequency, which is difficult to capture with
Bézier or B-spline models. This kind of behavior requires
complimentary models with periodic functions. However,
the tested models represent well the low frequency oscilla-
tion resulting from the slow variation of the geometric error
along the measured axis.

Overall, and from a machine tool metrology perspective,
the B-spline and Bézier models show very competitive char-
acteristics in all the comparisons. Furthermore, the flexibil-
ity and the differentiability [51, 52] of these models in turn
contribute to their status as alternatives to the polynomial
models for the modeling of intra-axis errors, and hence, they
can be integrated into the geometric error Jacobian matrix
during the indirect calibration process of a CNC machine
tool.
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Table 7 Comparison of the statistical indices of the three models for the angular errors of the Matsuura and Mitsui Seiki machines

IAES  Statistical indices = Matsuura Mitsui Seiki
Forward Backward Forward Backward
Poly Bz Bs Poly Bz Bs Poly Bz Bs Poly Bz Bs
Egx R? 0.98 0.98 0.98 0.97 0.97 0.97 0.83 083 082 0.5 0.75 0.75
RMSE (arcsec) 0.13 0.13 0.14 0.14 0.14 0.14 0.19 0.19 0.19 0.22 0.22 0.22
MAE (arcsec) 0.10 0.10 0.10 0.10 0.10 0.10 0.15 015 0.15 0.18 0.18 0.18
MAPE % 7.85 7.85 8.67 4.60 4.60 4.64 8.8 8.8 9.8 102 10.2 11.2
Ex R? 0.93 0.93 0.93 0.93 0.93 0.93 0.80 080 0.79 091 0.91 0.91
RMSE (arcsec) 0.13 0.13 0.13 0.12 0.12 0.12 0.19 0.19 020 0.15 0.15 0.15
MAE (arcsec) 0.11 0.11 0.11 0.10 0.10 0.10 0.15 0.15 0.15 0.11 0.11 0.11
MAPE % 7.56 7.56 7.67 6.09 6.09 6.03 9.5 9.5 85 112 11.2 10.9
E,y R? 0.75 0.75 0.76 0.72 0.72 0.72 093 093 093 096 0.96 0.96
RMSE (arcsec) 0.13 0.13 0.13 0.15 0.15 0.15 197 197 197 2.00 2.00 2.00
MAE (arcsec) 0.12 0.12 0.12 0.11 0.11 0.11 .52 152 152 171 1.71 1.71
MAPE % 13.2 13.2 12.1 15.2 15.2 14.3 7.8 7.8 6.7 7.6 7.6 5.9
Eqy R? 0.95 0.95 0.94 0.95 0.95 0.95 076 076 0.78 0.75 0.75 0.78
RMSE (arcsec) 0.09 0.09 0.09 0.08 0.08 0.08 0.78 078 0.77 0.68 0.68 0.68
MAE (arcsec) 0.07 0.07 0.08 0.06 0.06 0.06 0.67 067 066 0.59 0.59 0.59
MAPE % 8.2 8.2 9.1 7.77 7.77 7.2 122 122 113 128 12.8 14.1
E,, R? 0.95 0.95 0.95 0.94 0.94 0.94 079 079 080 0.74 0.74 0.72
RMSE (arcsec) 0.12 0.12 0.11 0.15 0.15 0.15 020 020 0.19 0.1751 0.1751  0.17
MAE (arcsec) 0.09 0.09 0.09 0.12 0.12 0.12 0.16 0.16 0.16 0.14 0.14 0.14
MAPE % 153 153 14.2 13.86 13.86 11.05 153 153 151 16.44 16.44 15.44
Eg, R? 0.83 0.83 0.84 0.87 0.87 0.87 092 092 092 0% 0.94 0.94
RMSE (arcsec) 0.09 0.09 0.09 0.13 0.13 0.13 0.14 014 0.14 0.13 0.13 0.13
MAE (arcsec) 0.07 0.07 0.07 0.11 0.11 0.11 0.11  0.11 0.11 0.11 0.11 0.11
MAPE % 11.73 1173 13.12 1437 1437 1292 135 13.5  10.1 9.32 9.32 9.42

5 Conclusion

A correlation assessment and modeling of the intra-axis
errors are fundamental to improving the performance of
the CNC machine tool. From experimental observations,
the correlation between intra-axis errors is evaluated in
this paper. Furthermore, this work developed and evaluated
two prediction models (Bézier and B-spline). Based on the
experimental data, the control points of each model were
estimated. To choose the degree of the model and the num-
ber of the control points in a rigorous way, statistical criteria
were applied.

Based on the experiments and analysis conducted, the
following observations were made:

The results show that there is no correlation between the
linear positioning error Eyy and the horizontal straight-
ness error Eyyx. However, a strong correlation was
observed between the linear positioning error and the

pitch and yaw error. This observation was confirmed for
the three tested machines.

No correlation was observed between the horizontal
straightness error Eyy and the yaw error Egy. Similarly,
no correlation was seen between the straightness error
E,x and Eqy.

The analysis of the residuals shows that a Bézier model
of degree four and a B-spline model of degree two, both
with five control points, satisfy the selection criteria.

In terms of meeting the performance criteria, the two
suggested models are adequate, but the B-spline model
performs slightly better in terms of prediction accuracy.
To generalize our approach, additional tests were carried
out on two other types of machines with different control-
lers and guidance technologies. The results show that the
two proposed models remained valid.

This study shows that the parametric models can be used
successfully as alternatives to the polynomial models for
the modeling of intra-axis errors of a CNC machine tool.
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Appendix
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Fig. 17 Angular error motion around B-axis of the X-axis (Egy) of the Matsuura machine. a Average readings and fitted models. b Residuals
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Fig. 18 Angular error motion around A-axis of the Y-axis (E,y) of the Matsuura machine. a Average readings and fitted models. b Residuals
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Fig. 19 Angular error motion around C-axis of the X-axis (E-x) of the Matsuura machine. a Average readings and fitted models. b Residuals
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Fig.20 Angular error motion around B-axis of the Z-axis (Eg;) of the Matsuura machine. a Average readings and fitted models. b Residuals
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Fig. 21 Linear positioning error of the X-axis (Eyy) of the Huron 8-five KX machine. a Average readings and fitted models. b Residuals
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Table 8 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors (IAEs) in the forward direction of the
X-axis of the Matsuura machine tool

Control points

PO

P1

P2

P3

P4

Axis TIAEs
X Exx Bz
Bs
Evx Bz
Bs
E,x Bz
Bs
Egx Bz
Bs
Ecx Bz
Bs

(- 440; 0.0009)
(- 440; 0.0008)
(—440; 0.0004)
(- 440; 0.0004)
(—440; 0.0018)
(—440; 0.0018)
(—440; 1.2661)
(—440; 1.2671)
(—440;—0.3541)
(- 440; — 0.3999)

(= 340; — 0.0040)
(—373.3333;-0.0021)
(= 340;—0.0012)
(—373.3333;-0.0007)
(—340; 0.0018)
(—373.3333;-0.0011)
(—340; 0.5727)
(—373.3333; 0.8572)
(= 340;—2.2577)
(—373.3333; — 1.4440)

(—240; - 0.0033)
(—240; — 0.0040)
(—240;-0.0011)
(—240; — 0.0004)
(—240; 0.0008)

(—240; — 0.0000)
(—240; 1.7685)

(—240; 1.7518)

(—240; -2.3297)
(—240; —2.9325)

(= 140; — 0.0065)

(- 106.6667; —0.0032)
(- 140; 0.0016)

(- 106.6667; 0.0004)
(- 140; 0.0011)

(- 106.6667; 0.0007)
(— 140; 2.7887)

(- 106.6667; 2.5186)
(= 140; — 4.9578)

(— 106.6667; —3.8968)

(—40; 0.0019)
(—40; 0.0019)

(—40;-0.0010)
(—40; —0.0009)
(—40; —0.0001)
(—40;-0.0001)
(—40; 2.2401)

(—40; 2.2672)

(—40;—2.6731)
(—40; —2.7370)

Table 9 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors in the backward direction of the X-axis of

the Matsuura machine tool

Control points

PO

P1

P2

P3

P4

Axis IAEs
X Exx Bz
Bs
Evx Bz
Bs
E,x Bz
Bs
Exx Bz
Bs
Ecx Bz
Bs

(—440; 0.0002)
(—440; 0.0002)
(—440; 0.0008)
(- 440; 0.0008)
(—440; 0.0010)
(—440; 0.0010)
(—440; 1.5339)
(—440; 1.5291)
(—440;—0.7852)
(—440;-0.7792)

(= 340; — 0.0040)
(—373.3333; —0.0024)
(—340;—0.0013)
(—373.3333; — 0.0005)
(—340; —0.0038)
(—373.3333;—0.0017)
(—340; 0.5452)
(—373.3333; 0.9752)
(—340; - 1.7416)
(—373.3333; — 1.4835)

(= 240; — 0.0040)
(—240; - 0.0043)
(—240; 0)
(—240; 0.0000)
(—240; 0.0008)
(—240; —0.0004)
(—240; 2.1945)
(—240; 2.0141)
(—240; — 3.4682)
(—240; - 3.1575)

(= 140; - 0.0062)
(- 106.6667; —0.0033)
(- 140; 0.0010)

(- 106.6667; 0.0005)
(- 140; 0.0004)

(- 106.6667; 0.0001)
(- 140; 3.0397)

(- 106.6667; 2.7032)
(— 140; — 4.1992)

(- 106.6667; —3.7022)

(—40; 0.0016)
(—40; 0.0015)

(= 40; —0.0002)
(= 40;—0.0002)
(= 40; —0.0008)
(= 40; —0.0008)
(—40; 2.2344)

(—40; 2.2561)

(—40;-2.8521)
(—40; —2.8602)
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Table 10 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors in the forward direction of the Y-axis of

the Matsuura machine tool

Axis IAEs Control points
PO P1 P2 P3 P4
Y Exvy Bz (—153; 0.0030) (—115.5; 0.0032) (—78; 0.0022) (—40.5; 0.0030) (—3;-0.0003)
Bs (—153; 0.0030) (—128; 0.0030) (—78; 0.0026) (—28;0.0016) (—3;-0.0003)
Eyy Bz (—153;-0.0017) (—115.5; 0.0034) (—78;—-0.0015) (—40.5; 0.0017) (—3;-0.0009)
Bs (—153;-0.0016) (—128;0.0011) (—78; 0.0004) (—28;0.0004) (—3;-0.0009)
E,v Bz (—153; 0.0003) (—115.5;-0.0018) (—78;0.0021) (—40.5; 0.0001) (—3;-0.0004)
Bs (—153; 0.0003) (—128;-0.0007) (—78; 0.0006) (—28;0.0001) (—3;-10.0005)
E.y Bz (—153;-0.1087) (—115.5;—-0.4848) (—78; 0.0558) (—40.5; 0.0922) (—3;0.5173)
Bs (—153;-0.1101) (—128;-0.3112) (—78;—0.0644) (—28;0.2790) (—3;0.5034)
Ecy Bz (—153; 0.0928) (—115.5; 0.3883) (—78;-1.6571) (—40.5; 0.0505) (—3;-1.1476)
Bs (—153;0.1139) (—128; 0.0885) (=78;-0.7114) (—28;-0.5750) (=3;-1.1217)

Table 11 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors in the backward direction of the Y-axis of

the Matsuura machine tool

Axis IAEs Control points
PO P1 P2 P3 P4
Y Exy Bz (—153;-0.0001) (—115.5;—0.0008) (—78; 0.0006) (—40.5;-0.0010) (—3;-0.0032)
Bs (—153;-0.0001) (—128;-0.0004) (—78;—-0.0002) (—28;-0.0017) (—3;-0.0032)
Eyvy Bz (—153;-0.0020) (—115.5; 0.0040) (—78;-0.0022) (—40.5; 0.0023) (—3;-0.0012)
Bs (—153;-0.0020) (—128;0.0013) (—78;0.0003) (—28;0.0005) (—3;-0.0012)
E;v Bz (—153; 0.0000) (—115.5;-0.0012) (—78;0.0008) (—40.5; 0.0007) (—3;-0.0004)
Bs (—153; 0.0002) (—128;-0.0006) (—78;0.0003) (—28;0.0002) (—3;-0.0004)
Eny Bz (—153;-0.4944) (—115.5; 0.5543) (—78;-0.7596) (—40.5; 0.7521) (—3;0.2967)
Bs (—153;-0.4831) (—128; 0.0485) (—78;-0.0748) (—28;0.4602) (—3;0.3059)
Ecy Bz (—153; 0.0724) (—115.5; 0.2508) (—78;—1.4037) (—40.5;-0.1597) (—3;-1.1734)
Bs (—153;0.0976) (—128; 0.0196) (=78;—-0.6647) (—28;-0.6775) (=3;—-1.1535)

Table 12 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors in the forward direction of the Z-axis of

the Matsuura machine tool

Axis IAEs Control points
PO Pl P2 P3 P4
z Exs Bz (—105.8;—0.0003) (—80.8;—0.0008) (—55.8;-0.0011) (—30.8;—0.0038) (—5.8;-0.0039)
Bs (—105.8;—0.0004) (—89.1333;-0.0006) (—55.8;-0.0017) (—22.4667;—0.0036) (—5.8;—-0.0039)
Eys Bz (—105.8; 0.0004) (—80.8;—0.0003) (—55.8; 0.0009) (—30.8;—0.0001) (—5.8; 0.0000)
Bs (—105.8; 0.0004) (—89.1333; 0.0000) (—55.8; 0.0004) (—22.4667; 0.0000) (—5.8; 0.0000)
E;; Bz (—105.8;—0.0001) (—80.8;—0.0001) (—55.8;—0.0003) (—30.8; 0.0006) (—5.8; 0.0002)
Bs (—105.8;—0.0001) (—89.1333;-0.0001) (—55.8;—0.0000) (—22.4667; 0.0003) (—5.8; 0.0002)
E\z Bz (—105.8;—0.0854) (—80.8;—0.8358) (—55.8;-0.1734) (—30.8;—1.5442) (—5.8;—1.7265)
Bs (—105.8;—-0.0899) (—89.1333;-0.4915) (—55.8;-0.6707) (—22.4667;—1.5193) (—5.8;—-1.7302)
Eg, Bz (—105.8;—0.5004) (—80.8; 0.4365) (—55.8;-0.2125) (—30.8; 0.3819) (—5.8;0.2103)
Bs (—105.8;—0.4967) (—89.1333; 0.0422) (—55.8;0.0752) (—22.4667; 0.2673) (—5.8;0.2168)

@ Springer



The International Journal of Advanced Manufacturing Technology

Table 13 Estimated control points of the Bezier (Bz) and B-spline (Bs) models for the intra-axis errors in the backward direction of the Z-axis of

the Matsuura machine tool

Axis IAEs Control points
PO Pl P2 P3 P4
VA Ex, Bz (—105.8;-0.0114) (—80.8;-0.0124) (—55.8;-0.0137) (—30.8;-0.0152) (—5.8;-0.0159)
Bs (—105.8;-0.0114) (—89.1333;-0.0121) (—55.8;-0.0137) (—22.4667;—-0.0154) (—5.8;-0.0159)
Eys Bz (—105.8;—-0.0003) (—80.8; 0.0005) (—55.8;—0.0004) (—30.8;—0.0000) (—5.8;0.0001)
Bs (—105.8;—0.0003) (—89.1333; 0.0001) (—55.8;—-0.0001) (—22.4667;—0.0001) (—5.8;0.0001)
E,; Bz (—105.8; 0.0004) (—80.8; 0.0003) (—55.8; 0.0001) (—30.8; 0.0004) (—5.8;0.0001)
Bs (—105.8; 0.0004) (—89.1333; 0.0003) (—55.8; 0.0002) (—22.4667; 0.0003) (—5.8;0.0001)
E.z Bz (—105.8; 0.2994) (—80.8; 0.6414) (—55.8;—1.0039) (—30.8;—0.6544) (—5.8;—1.5193)
Bs (—105.8;0.3124) (—89.1333; 0.3938) (—55.8;-0.5061) (—22.4667; - 1.0620) (—5.8;—1.4955)
Eg, Bz (—105.8;—-0.3291) (—80.8;—0.6675) (—55.8;0.1214) (—30.8; 0.5665) (—5.8;0.4474)
Bs (—105.8;—0.3260) (—89.1333;-0.5214) (—55.8;0.0558) (—22.4667; 0.4946) (—5.8;0.4583)
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