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Notation

� Rn we denote the n-dimensional real Euclidean space.

� N we denote the collection of all natural numbers and N0 = N [ f0g:

� Z we denote the set of all integer numbers.

� For � = (�1; :::; �n) 2 Nn0 ; we write j�j = �1 + :::+ �n:

� The Euclidean scalar product of x = (x1; :::; xn) and y = (y1; :::; yn) is given by

xy = x1y1 + :::+ xnyn:

� The expression f . g means that f 6 cg for some independent constant c (and

non-negative functions f and g).

� f � g means f . g . f:

� As usual for any x 2 R; [x] stands for the largest integer smaller than or equal to x.

� suppf is the support of the function f , i.e., the closure of its non-zero set.

� Let E � Rn be a measurable set. jEj stands for the (Lebesgue) measure of E. �E
denotes its characteristic function.

� S(Rn) is used in place of set of all Schwartz functions on Rn:

� S 0(Rn) the dual space of all tempered distributions on Rn.
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� Given a function f 2 L1loc(Rn); the Hardy-Littlewood maximal operator is de�ned

by

M(f)(x) := sup
r>0

1

jB(x; r)j

Z
B(x;r)

jf(y)jdy;8x 2 Rn:

The Fourier transform of a function f 2 S (Rn) is de�ned by

F(f)(�) = f̂(�) = (2�)�n=2
Z
Rn
e�ix�f(x)dx; x 2 Rn

Its inverse is denoted by F�1(f) or �f .

� The convolution f � g is is de�ned by

f � g(x) =
Z
Rn
f(x� y)g(y)dy f; g 2 S (Rn)
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Introduction

The history of Herz space goes back to the authors Beurling and Herz in the sixty�s of

the last century [18]. In 1968, Herz and Beurling presented some fundamental form of

Herz spaces to study some convolution algebras. Later, Herz generalized these space to

convergence for Hardy space.

Recently, as a generalization of Lebesgue space with variable exponent, Herz space with

variable exponents are introduced. In fact, in 2010 Izuki proved the boundedness of

sublinear operators on Herz space with variable exponents _K�
p(�);q(Rn) and K�

p(�);q(Rn)

in [20]. In 2012, Almeida and Drihem obtained boundedness results for a wide class

of classical operators on Herz space _K
�(�)
p(�);q(R

n) and K�(�)
p(�);q(R

n) in [2]. In 2016, Drihem

and Seghiri gave a new norm equivalents of the variable Herz spaces _K
�(�)
p(�);q(�)(R

n) and

K
�(�)
p(�);q(�)(R

n); and they proved the atomic decomposition for Herz-type Hardy spaces of

variable smoothness and integrability.

Our work is divided in to three chapters.

In the �rst one, we collects fundamental notation and concepts. We also give some key

lemmas needed in the proofs of main statements.

In the second chapter we de�ne Herz type-Hardy space with variable smoothness and

integrability and present a few aspects of their properties. We present the boundedness

of pseudo-di¤erential operators on local variable Herz-type Hardy spaces

In the last chapter, we presente the molecular decomposition of Herz type Hardy space

and the boundedness of singular integral operator of convolution type on such spaces.
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Chapter 1

The Mixed Lebesgue-seqeunce

spaces

In this chapter, we expose the concepts and results used throughout this theses. We recall

some fundamental proprieties on modular space, variable Lebesgue spaces and mixed

Lebesgue-sequence spaces. We also give some key technical lemmas that we will use later.

1.1 De�nition and basic properties of modular space

We refer to the monographs [10] and [11] for an exposition on semi-modular spaces. We

start by recalling about the semi-modular functional space.

De�nition 1.1 Let X be a (real or complex) vector space. A function % : X �! [0;+1]

is called a semi-modular on X if it satis�es the following condition:

1. %(0) = 0.

2. %(�x) = %(x) for all x 2 X, and all � with j�j = 1.

3. %(�x) = 0 for all � > 0 implies x = 0.

4. % is left-continuous on [0;+1) for every x 2 X.

The function % is called a modular if, in addition,
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5. %(x) = 0 implies x = 0.

We say that % is continuous if

6. the mapping � �! %(�x) is continuous on [0;+1) for all x 2 X.

A semi-modular % is said to be quasi-convex if there exist L > 1 such that

%(�x+ (1� �)y) � L(�%(x) + (1 �)%(y))

for all x; y 2 X and 0 � � � 1, if L = 1 it�s said to be convex.

Now we give examples of modular functions :

Example 1.2 Let 
 is a Lebesgue measurable subset of Rn.

(a) If 1 6 p <1, then

%p(g) :=

Z



jg(x)jpdx:

de�nes a continuous modular on the space of all measurable functions on 
.

(b) If 1 6 p <1, then

%p ((xj)) :=
1X
j=0

jxjjp :

de�nes a continuous modular on Rn.

(c) Let'1(t) :=1 � �(1;1)(t). Then

%1(f) :=

Z



'1(jf(x)j)dx:

de�nes a semi-modular on on the space of all measurable functions on 
 which is not

continuous.

(d) Let ! 2 L1loc (Rn) with ! > 0 almost everywhere and 1 6 p <1. Then

%(f) :=

Z



jf(x)j!(x)dx:
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de�nes a continuous modular on the space of all measurable functions on 
.

De�nition 1.3 If % be a semimodular or modular on X; then

X% = fx 2 X : lim
��!0

%(�x) = 0g

is called a semimodular space or modular space, respectively.

Proposition 1.4 If % is a semimodular or modular on X, then

X% = fx 2 X;9� > 0 : %(�x) <1g

is called a semimodular space or modular space, respectively.

Theorem 1.5 Let % be a semimodular on X. Then X% is a quasi-normed R-vector space.

The quasi-norm, called the Luxemburg quasi-norm, is de�ned by

kxk% := inf
n
� > 0 : %(

x

�
) 6 1

o
:

Lemma 1.6 (Norm-modular unit ball property). Let % be semi-modular on X. Then

kxk% � 1, %(x) � 1:

If % is continuous, then also

kxk% < 1, %(x) < 1; and : kxk% = 1, %(x) = 1:

Corollary 1.7 Let % be a semi-modular on X and x 2 X%:

(a) If kxk% � 1; then %(x) � kxk%.

(b) If 1 < kxk%, then kxk% � %(x).

(c) kxk% � %(x) + 1.

Remark 1.8 The proof of the above results can be found in [7].
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1.2 Variable Lebesgue spaces

In this section we recall and present some properties of variable Lebesgue spaces. Given

an open set 
 � Rn: We put

P0(
) := fp : measurable : p(�) : 
 �! [c;1[ : for some c > 0g:

The elements of P0(
) are called exponent functions. In order to distinguish between

variable and constant exponents, we will always denote exponent functions by p(�):

We denote by

P(
) := fp : measurable : p(�) : 
 � Rn �! [1;1[g:

Given p 2 P0(
) and a set E � 
; let

p�(E) = ess� infx2Ep(x); p+(E) = ess-supx2Ep(x):

If the domain E = 
 = Rn; we will simply write

p� = p�(Rn); p+ = p+(Rn):

De�nition 1.9 Given 
 and p 2 P0(
): The variable Lebesgue space Lp(�)(
) is de�ned

by

Lp(�)(
) :=
n
f measurable : 9� > 0 : lim

��!0
%Lp(�)(
)(�f) = 0

o
;

equipped with the following quasi-norm

kfkLp(�)(
) := inff� > 0 : %Lp(�)(
)(f=�) 6 1g:

De�nition 1.10 Given 
 and p 2 P0(
), de�ne Lp(�)loc (
) by

L
p(�)
loc (
) := ff measurable : f 2 Lp(�)(K); : for every compact set : K � 
g:
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Lemma 1.11 If p 2 P (Rn), then kfkp(�) 6 1 and %p(�)(f) 6 1 are equivalent. For

f 2 Lp(�) (Rn) we have:

(i) If kfkp(�) 6 1, then %p(�)(f) 6 kfkp(�).
(ii) If 1 < kfkp(�), then kfkp(�) 6 %p(�)(f) .

For the proof of this Lemma, see [10].

Lemma 1.12 ( generalized Hölder�s inequality ). Let p; q; s 2 P (Rn) such that

1

s(�) =
1

p(�) +
1

q(�) :

If f 2 Lp(�) (Rn) and g 2 Lq(�) (Rn) then fg 2 Ls(�) (Rn) and

kfgks(�) 6 ckfkp(�)kgkq(�):

1.2.1 Logarithmic Hölder continuity

We say that a function g : Rn ! R is locally log-Hölder continuous, abbreviated g 2 C logloc ,

if there exists clog(g) > 0 such that

jg(x)� g(y)j � clog(g)

log(e+ 1=jx� yj) (1.1)

for all x; y 2 Rn. We say that g satis�es the log-Hölder continuous at the origin (or has

a log decay at the origin), if there exist a constant clog > 0 such that

jg(x)� g(0)j � clog
log(e+ 1=jxj)

for all x 2 Rn. We say that g satis�es the log-Hölder continuous at in�nity (or has a log

decay at in�nity), if there exists g1 2 R and a constant clog > 0 such that

jg(x)� g1j �
clog

log(e+ jxj)
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for all x 2 Rn. We say that g is globally-log -Hölder continuous, abbreviated g 2 C log,

if it is locally log-Hölder continuous and satis�es the log-Hölder decay condition. The

constants clog(g) and clog are called the locally log-Hölder constant and the log-Hölder

decay constant, respectively. We note that all functions g 2 C logloc always belong to L
1.

By ~P log0 (Rn) and ~P log1 (Rn) we denote the class of all exponents p 2 P(Rn) which have a

log decay at the origin and at in�nity, respectively. The notation P log(Rn) is used for all

those exponents p 2 P(Rn) which are locally log-Hölder continuous and have a log decay

at in�nity, with p1 := limjxj!1 p(x). Obviously we have ~P
log
(Rn) � ~P log0 (Rn)\ ~P

log

1 (Rn).

Note that p 2 ~P log(Rn) if and only if p0 2 ~P log(Rn), and since (p0)1 = (p1)0 we write only

p01 for any of these quantities. We de�ne the following class of variable exponents

P log :=
n
p 2 P : 1

p
2 C log

o
;

were introduced in [6, Section 2]. We de�ne 1
p1
:= limjxj!1

1
p(x)

and we use the convention
1
1 = 0. Note that although 1

p
is bounded, the variable exponent p itself can be unbounded.

1.3 The space `q(�)
�
Lp(�)

�
The targets of this section are twofold. The �rst one is to recall the concept of variable

mixed Lebesgue-sequence space `q(�)(Lp(�)) originally introduced by Almeida and Hästö in

[1]. The second one is to recall some fundamental properties related to `q(�)(Lp(�)).

De�nition 1.13 Let p; q 2 ~P log0 (Rn). The mixed Lebesgue-sequence space `q(�)(Lp(�)) is

de�ned on sequences of Lp(�) -functions by the modular

%`q(�)(Lp(�))((fv)v) =
X
v

inf
n
�v > 0 : %p(�)

� fv

�1=q(�)v

�
� 1
o
:

The (quasi)-norm is de�ned from this as usual:

k(fv)vk`q(�)(Lp(�)) = inf
n
� > 0 : %`q(�)(Lp(�))

� 1
�
(fv)v

�
� 1
o
: (1.2)
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Since q+ <1, then we can replace (1.2) by the simpler expression

%`q(�)(Lp(�))((fv)v) =
X
v



jfvjq(�)

 p(�)
q(�)
.

Furthermore, if p and q are constants, then `q(�)(Lp(�)) = `q(Lp).

Observed in [1, Proposition 3.5 ] that %`q(�)(Lp(�)) is a modular if p
+ < 1 and it is

continuous if p+; q+ < 1 . Also in [1, Theorem 3.6] it was shown that (1.2) de�nes a

norm in `q(�)(Lp(�)) if q(�) � 1 is constant almost everywhere (a.e.) on Rn and p(�) � 1,

or if 1
p(x)

+ 1
q(x)

� 1 a.e. More recently, it was observed in [22, Theorem 1] that it also

becomes a norm if 1 � q(x) � p(x) � 1 a.e. on Rn. Simple calculations show that

k(fv)vk`q(�)(Lp(�)) = k(jfvj
r)vk

1=r

`q(�)=r(Lp(�)=r)
; r > 0:

It is not di¢ cult to verify that k(fv)vk`q(�)(Lp(�)) < 1 implies (fv)v 2 `q(�)(Lp(�)), which

means fv 2 Lp(�) for any v 2 N0. On the other hand we also note that the left-continuity

of the semi-modular con�rms useful equivalence

k(fv)vk`q(�)(Lp(�)) � 1 if and only if %`q(�)(Lp(�))((fv)v) � 1 (unit ball property).

The next lemma is a Hardy-type inequality, see [9, Lemma 2].

Lemma 1.14 Let 0 < a < 1 and 0 < q � 1: Let f"kgk2Z be a sequence of positive real

numbers, such that 

f"kgk2Z

`q = I <1:

Then the sequences
n
�k : �k =

P
j�k a

k�j"j

o
k2Z

and
n
�k : �k =

P
j�k a

j�k"j

o
k2Z

belong

to `q and 

f�kgk2Z

`q + 

f�kgk2Z

`q = cI;

with c > 0 only depending on a and q.
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The following lemma is from [8, Lemma 2.11].

Lemma 1.15 Let p 2 P log (Rn). For any cubes (balls) P and Q, such that P � Q we

have

C

�
jQj
jP j

�1=p+
�
k�Qkp(�)
k�Pkp(�)

� c

�
jQj
jP j

�1=p�
with c; C > 0 are independent of jQj and jP j.

The proof of the following results are given in [2].

Lemma 1.16 Let � 2 L1(Rn) and r1 > 0. If � is log-Hölder continuous both at the

origin and at in�nity, then

r
�(x)
1 . r

�(y)
2 �

8>>>><>>>>:

�
r1
r2

��+
if 0 < r2 � r1

2

1 if r1
2
< r2 � 2r1�

r1
r2

���
if r2 > 2r1

for any x 2 B(0; r1) n B(0; r12 ) and y 2 B(0; r2) n B(0;
r2
2
), with the implicit constant not

depending on x; y; r1 and r2.

Lemma 1.17 Let p 2 ~P log1 (Rn) and let R = B(0; r) nB(0; r
2
). If jRj � 2�n, then

k�Rkp(�) � jRj
1

p(x) � jRj
1
p1

with the implicit constants independent of r and x 2 R.

The left-hand side equivalence remains true for every jRj > 0 if we assume, addition-

ally, p 2 ~P log0 (Rn) \ ~P log1 (Rn) :
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Chapter 2

Boundeness of pseudo-differential

operators on local variable

Herz-type Hardy spaces

2.1 Variable Herz-type Hardy spaces

The targets of this section are twofold. The �rst one is to recall the concept of variable

exponent Herz spaces and variable Herz-type Hardy spaces. The second one is to recall

some important results related to these function spaces. Most of the results of this section

was proved by Drihem and Seghiri in [9]

First, we present the concept of variable exponent Herz spaces. For convenience, we

set

Bk := B(0; 2k) ; Rk := Bk nBk�1 and �k = �Rk ; k 2 Z:

De�nition 2.1 Let p; q 2 ~P log0 (Rn) and � : Rn ! R with � 2 L1(Rn). The inhomoge-

neous Herz space K�(�)
p(�);q(�)(R

n) consists of all f 2 Lp(�)(Rn) such that



f


K
�(�)
p(�);q(�)

:=


f �B0

p(�) + 

 �2k�(�)f �k�k�1 

`q(�)(Lp(�)) <1: (2.1)

Similarly, the homogeneous Herz space _K
�(�)
p(�);q(�)(R

n) is de�ned as the set of all f 2

13



Lp(�)(Rn n f0g) such that



f

 _K�(�)
p(�);q(�)

:=


 �2k�(�)f �k�k2Z 

`q(�)(Lp(�)) <1: (2.2)

If � and p; q are constant, then K�(�)
p(�);q(�)(R

n) = K�
p;q(Rn) and _K

�(�)
p(�);q(�)(R

n) = _K�
p;q(Rn)

are the classical Herz spaces.

Let us denote

kfgkgk`q>(Lp(�)) :=
 1X
k=0

kgkkqp(�)

!1=q
and kfgkgk`q<(Lp(�)) :=

 �1X
k=�1

kgkkqp(�)

!1=q

for sequences fgkgk2Z of measurable functions (with the usual modi�cation if q =1).

The following statement plays a crucial role in our work.

Proposition 2.2 Let � 2 L1(Rn), p; q 2 ~P log0 (Rn). If � and q are log-Hölder continuous

at in�nity, then

K
�(�)
p(�);q(�)(R

n) = K�1
p(�);q1(R

n):

Additionally, if � and q have a log decay at the origin, then



f

 _K�(�)
p(�);q(�)

�


f2k�(0)f �kg

`q(0)< (Lp(�))

+


f2k�1f �kg

`q1> (Lp(�))

: (2.3)

Lemma 2.3 Let q 2 ~P log0 (Rn) ; p 2 ~P log1 (Rn) with 1 < p� � p+ <1, and let � and q be

log-Hölder continuous, at in�nity, with � 2 L1 (Rn) and

� n

p1
< �1 <

n

p01
. (2.4)

If a sublinear operator T satis�es

jTf (x)j .
Z
Rn

jf (y)j
jx� yjndy; x =2 suppf; (2.5)

for any integrable and compactly supported functions f , and T is bounded on Lp(�) (Rn) ;

then T is bounded on K�(�)
p(�);q(�) (R

n).

14



Lemma 2.4 Let q 2 ~P log0 (Rn) ; p 2 ~P log0 (Rn) \ ~P log1 (Rn) with 1 < p� � p+ < 1,

and let � and q are log-Hölder continuous, both at the origin and at in�nity, such that

� 2 L1 (Rn) and

� n

p+
< �� � �+ < n

�
1� 1

p�

�
. (2.6)

Let T be as in Lemma 2.3. Then T is bounded on _K
�(�)
p(�);q(�) (R

n).

Since the Hardy-Littlewood maximal operatorM is sublinear, satis�es the size condi-

tion (2.5) and it is bounded on Lp(�)(Rn) if p 2 P ln(Rn) and 1 < p� � p+ � 1 (see [7,

Theorem 4.3.8]), we immediately arrive at the following result.

Corollary 2.5 Let 0 < q � 1, p 2 P ln(Rn) with 1 < p� � p+ <1, and � 2 L1(Rn).

(i) If (2.4) holds and � satis�es the log decay condition at in�nity, thenM is bounded

on K�(�)
p(�);q(R

n).

(ii) If (2.6) holds and � has a log decay both at the origin and at in�nity, then M is

bounded on _K
�(�)
p(�);q(R

n).

Now, we recall the de�nition of variable Herz-type Hardy spaces. Let GNf be the

grand maximal function of f de�ned by

GNf(x) := sup
'2AN

j'�N(f)(x)j;

where AN := f' 2 S(Rn) : supj�j�N;j�j�N jx�@�'(x)j � 1g with 't := t�n'( �
t
).

De�nition 2.6 Let p; q 2 ~P log0 (Rn) and � : Rn ! R with � 2 L1(Rn) and N > n + 1.

The inhomogeneous Herz-type Hardy space HK�(�)
p(�);q(�) (R

n) consists of all f 2 S 0(Rn)

such that GNf 2 K�(�)
p(�);q(�) (R

n) and we de�ne



f


HK

�(�)
p(�);q(�)

:=


GNf




K
�(�)
p(�);q(�)

:

15



Similarly, the homogeneous Herz-type Hardy space H _K
�(�)
p(�);q(�) (R

n) is de�ned as the set

of all f 2 S 0(Rn) such that GNf 2 _K
�(�)
p(�);q(�) (R

n) and we de�ne

f


H _K

�(�)
p(�);q(�)

:=


GNf




_K
�(�)
p(�);q(�)

:

De�nition 2.7 Let � 2 L1(Rn), p 2 P(Rn), q 2 ~P log0 (Rn) and s 2 N0. A function a is

said to be a central (�(�); p(�))-atom, if

(i) suppa � B(0; r) = fx 2 Rn : jxj � rg; r > 0;

(ii) kakp(�) � jB(0; r)j��(0)=n; 0 < r < 1;

(iii) kakp(�) � jB(0; r)j��1=n; r � 1;

(iv)
R
Rn x

�a(x)dx = 0; j�j � s.

A function a on Rn is said to be a central (�(�); p(�))-atom of restricted type, if it

satis�es the conditions (iii), (iv) above and suppa � B(0; r); r � 1

The following atomic decomposition.

Theorem 2.8 Let � and q are log-Hölder continuous at in�nity and p 2 ~P log0 (Rn) with

1 < p� � p+ <1. For any f 2 HK
�(�)
p(�);q(�) (R

n), we have

f =
1X
k=0

�kak; (2.7)

where the series converges in the sense of distributions, �k � 0, each ak is a central

(�(�); p(�))-atom of restricted type with suppak � Bk and 1X
k=0

j�kjq1
!1=q1

� ckfk
HK

�(�)
p(�);q(�)

:

Conversely, if �1 � n(1 � 1
p1
) and s �

j
�1 + n( 1

p1
� 1)

k
, and if (2.7) holds, then

f 2 HK�(�)
p(�);q(�) (R

n), and

kfk
HK

�(�)
p(�);q(�)

� inf

8<:
 1X
k=0

j�kjq1
!1=q19=; ;

where the in�mum is taken over all the decompositions of f as above.
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Theorem 2.9 Let � and q are log-Hölder continuous, both at the origin and at in�nity

and p 2 ~P log0 (Rn) with 1 < p� � p+ <1. For any f 2 H _K
�(�)
p(�);q(�) (R

n), we have

f =
1X

k=�1

�kak; (2.8)

where the series converges in the sense of distributions, �k � 0, each ak is a central

(�(�); p(�))-atom with suppak � Bk and �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q1

� ckfk
H _K

�(�)
p(�);q(�)

:

Conversely, if � (�) � n(1 � 1
p� ) and s �

j
�+ + n( 1

p� � 1)
k
, and if (2.8) holds, then

f 2 H _K
�(�)
p(�);q(�) (R

n), and

kfk
H _K

�(�)
p(�);q(�)

� inf

8<:
 �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q19=; ;

where the in�mum is taken over all the decompositions of f as above.

2.2 An characterization for variable Herz-type Hardy

spaces

In this section, we establish some real-variable characterizations of variable Herz-type

Hardy spaces. To begin with, present the concepts of various maximal functions as follows.

De�nition 2.10 Let f 2 S 0(Rn) and ' 2 S(Rn) with
R
Rn ' (x) dx = 1. For t > 0, set

't = t�n' (�=t) : For any x 2 Rn we de�ne the maximal functions '�+(f), '�N(f), '�r;N(f)

and '��M(f) by

'�+ (f) (x) = sup
t>0
j(f � 't) (x)j

'�r(f)(x) = sup
jx�yj<t

j(f � 't) (y)j

17



'�r;N (f) (x) = sup
t>0

sup
jx�yj<Nt

j(f � 't) (y)j ; N > 1

and

'��M (f) (x) = sup
(y;t)2Rn+1+

j(f � 't) (y)j
�

t

jx� yj+ t

�M
; M 2 N.

Next we give the following characterization

Theorem 2.11 Let q 2 ~P log0 (Rn) ; p 2 ~P log1 (Rn) with 1 < p� � p+ <1, and let � and q

be log-Hölder continuous, at in�nity such that � 2 L1 (Rn) and �� > 0. For ' 2 S (Rn),

the following statements are equivalent:

(a) f 2 HK
�(�)
p(�);q(�) (R

n) :

(b) For some N > 1; '�r;N (f) 2 K
�(�)
p(�);q(�) (R

n) :

(c) '�r(f) 2 K
�(�)
p(�);q(�) (R

n) :

(d) '�+ (f) 2 K
�(�)
p(�);q(�) (R

n) :

Moreover,

kfk
HK

�(�)
p(�);q(�)

�


'�r;N (f)

K�(�)

p(�);q(�)
� k'�r(f)kK�(�)

p(�);q(�)
�


'�+ (f)

K�(�)

p(�);q(�)
:

Theorem 2.12 Let q 2 ~P log0 (Rn) ; p 2 ~P log0 (Rn) \ ~P log1 (Rn) with 1 < p� � p+ < 1,

and let � and q be log-Hölder continuous, both at the origin and at in�nity such that

� 2 L1 (Rn) and �� > 0. For ' 2 S (Rn), the following statements are equivalent:

(a) f 2 H _K
�(�)
p(�);q(�) (R

n) :

(b) For some N > 1; '�r;N (f) 2 _K
�(�)
p(�);q(�) (R

n) :

(c) '�r(f) 2 _K
�(�)
p(�);q(�) (R

n) :

(d) '�+ (f) 2 _K
�(�)
p(�);q(�) (R

n) :

Moreover,

kfk
H _K

�(�)
p(�);q(�)

�


'�r;N (f)

 _K�(�)

p(�);q(�)
� k'�r(f)k _K�(�)

p(�);q(�)
�


'�+ (f)

 _K�(�)

p(�);q(�)
:

Proof. By similarity we only consider the homogeneous case. (b) =) (c) =) (d) : This

follows from

'�+ (f) (x) � '�r(f) (x) � '�r;N(f) (x) :

18



Note that for any N > n+ 1;

'�r(f) (x) . GN (f) (x) : (2.9)

(a) =) (c) : This is a consequence of (2.9). To complete the proof, it su¢ ces to show that

(d) =) (b) and (d) =) (a):

We �rst prove (d) =) (b): For l; N 2 N, de�ne

g�";l;N (x) = sup
jx�yj<Nt<1="

j(f � 't) (y)j
� Nt

Nt+ "

�
(1 + "N jyj)�l :

So by the Fatou lemma of series and integration, we only need to prove that



g�";l;N

 _K�(�)
p(�);q(�)

. Nn=r


'�+ (f)

 _K�(�)

p(�);q(�)
; 0 < r < 1.

Now, we further de�ne

h�";l;N (x) = sup
jx�yj<Nt<1="

t jry (f � 't) (y)j
� Nt

Nt+ "

�
(1 + "N jyj)�l .

As in [28] if l is su¢ ciently large, then we have

h�";l;N (x) � c
�
M
�
g�";l;N

��
(x)
�1=�

; 0 < � < 1;

where the positive constant c is independent of ";N and f . Let

A" :=
�
x : h�";l;N (x) � ~cg�";l;N (x)

	
; and Ac" := RnnA"

where ~c will be chosen later. Take 0 < � < 1 such that 0 < �� � �+ < n
�
1
�
� 1

p�

�
; then

by Lemma 2.4, we obtain that



g�";l;N�A"

K�(�)
p(�);q(�)

� 1

~c



h�";l;N

 _K �(�)
p(�);q(�)

� c

~c



M �
g�";l;N

�� 

1=�
_K
��(�)
p(�)=�;q(�)=�

� c

~c



 �g�";l;N�� 

1=�_K� �(�)
p(�)=�;q(�)=�

=
c

~c



g�";l;N

 _K�(�)
p(�);q(�)

;
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Therefore,



g�";l;N

 _K�(�)
p(�);q(�)

�


g�";l;N�A"

 _K�(�)

p(�);q(�)
+


g�";l;N�A"

 _K�(�)

p(�);q(�)

�


g�";l;N�A"

 _K�(�)

p(�);q(�)
+
c

~c



g�";l;N

 _K�(�)
p(�);q(�)

� 2


g�";l;N�A"

 _K�(�)

p(�);q(�)
;

provided that ~c is su¢ ciently large. Thus the proof that (d) =) (b) can be reformulated

as showing that



g�";l;N�A"

 _K�(�)
p(�);q(�)

. Nn=r


'�+ (f)

 _K �(�)

p(�);q(�)
0 < r < 1. (2.10)

It will know that, see [28]

g�";l;N (x) � cNn=r
�
M
�
'�+ (f)

�r
(x)
�1=r

; for any 0 < r < 1 and x 2 A".

Now choosing r such that 0 < �� � �+ < n
�
1
r
� 1

p�

�
; then by Lemma 2.4, and the last

inequality we get



g�";l;N�A"

 _K�(�)
p(�);q(�)

. Nn=r


 �M �

'�+ (f)
�r�1=r 



_K
�(�)
p(�);q(�)

. Nn=r


M �

'�+ (f)
�r 

1=r

_K
r�(�)
p(�)=r;q(�)=r

. Nn=r


'�+ (f)

 _K�(�)

p(�);q(�)
:

This �nishes the proof of (d) =) (b): Moreover,



'�r;N(f)

 _K�(�)
p(�);q(�)

. Nn=r


'�+ (f)

 _K�(�)

p(�);q(�)
: (2.11)

Now we consider (d) =) (a): It is easy to verify that

'��M (f) (x) . '�r(f) (x) +
1X
k=0

2�kM'�r;2k+1 (f) (x) ; (2.12)

and since

GN (f) (x) . '��M (f) (x) (2.13)
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for all N > M + n + 1 see [12]. From (2.12), (2.13) and (2.11 ), we have gives that if N

is large enough, then

u�";l;N�A"

 _K�(�)
p(�);q(�)

.


'�r(f)

 _K�(�)

p(�);q(�)
+

1X
k=0

2�kM


'�r;2k+1 (f)

 _K �(�)

p(�);q(�)

.


'�+ (f)

 _K�(�)

p(�);q(�)

1X
k=0

2�k(M�n=r)

.


'�+ (f)

 _K�(�)

p(�);q(�)

for any N large enough, where M > n=r. Hence the proof of Theorem is completed.

Remark 2.13 If � and q are constants, then the statements corresponding to Theorems

2.11 and 2.12 can be found in [38, Theorem3.3].

2.3 Local variable Herz-type Hardy spaces

In this section, we give the de�nition of local variable Herz-type Hardy spaces and the

atomic decomposition of these function spaces.

Let ~GNf be the maximal function f de�ned by

~GNf(x) = sup
'2AN

sup
0<t<1;jx�yj<Nt

j (f � 't) (y)j;

where AN = f' 2 S(Rn) : supj�j�N;j�j�N jx�@�'(x)j � 1g and 't = t�n'( �
t
). Then we

introduce localized variable Herz-type Hardy spaces as follows.

De�nition 2.14 Let q 2 ~P log0 (Rn); � 2 L1(Rn) and p 2 ~P log0 (Rn) with 1 < p� � p+ <

1.

(i) If � and q be log-Hölder continuous, both at the origin and at in�nity and let � (�) �

n
�
1� 1

p�

�
. Then a function f 2 Lp(�)(Rnnf0g) is said to be in the space h _K�(�)

p(�);q(�) (R
n)

if ~GNf belongs to the space _K
�(�)
p(�);q(�) (R

n) for any N > �+p�

p��1+1: Moreover, we de�ne

that

kfk
h _K

�(�)
p(�);q(�)

=



 ~GN (f)





_K
�(�)
p(�);q(�)

:

21



(ii) If � and q be log-Hölder continuous, at in�nity and �1 � n
�
1 � 1

p1

�
. Then a

function f 2 Lp(�) (Rn) is said to be in the space hK�(�)
p(�);q(�) (R

n) if ~GNf belongs to

the space K�(�)
p(�);q(�) (R

n) for any N > �1p1
p1�1 + 1: Moreover, we de�ne that

kfk
hK

�(�)
p(�);q(�)

=



 ~GN (f)





K
�(�)
p(�);q(�)

:

Now, we establish the maximal function characterizations of the local variable Herz-

type Hardy spaces.

Theorem 2.15 Let � and q are log-Hölder continuous at in�nity and p 2 ~P log1 (Rn) such

that 1 < p� � p+ < 1, and �1 � n
�
1 � 1

p1

�
: For f 2 S 0(Rn), the following statements

are equivalent:

(a) f 2 hK
�(�)
p(�);q(�) (R

n) :

(b) ~'�r (f) = sup
0<t<1

sup
jx�yj<t

j(f � 't) (y)j 2 K
�(�)
p(�);q(�) (R

n) :

(c) ~'�+ (f) = sup
0<t<1

j(f � 't) (y)j 2 K
�(�)
p(�);q(�) (R

n) :

Moreover,

kfk
hK

�(�)
p(�);q(�)

� k~'�r (f)kK�(�)
p(�);q(�)

�


~'�+ (f)

K�(�)

p(�);q(�)
:

Theorem 2.16 Let � and q are log-Hölder continuous both at the origin and at in�nity

and p 2 ~P log0 (Rn) \ ~P log1 (Rn) such that 1 < p� � p+ < 1, and � (�) � n
�
1 � 1

p�

�
: For

f 2 S 0(Rn), the following statements are equivalent:

(a)f 2 h _K
�(�)
p(�);q(�) (R

n) :

(b) ~'�r (f) = sup
0<t<1

sup
jx�yj<t

j(f � 't) (y)j 2 _K
�(�)
p(�);q(�) (R

n) :

(c) ~'�+ (f) = sup
0<t<1

j(f � 't) (y)j 2 _K
�(�)
p(�);q(�) (R

n) :

Moreover,

kfk
h _K

�(�)
p(�);q(�)

� k~'�r (f)k _K�(�)
p(�);q(�)

�


~'�+ (f)

 _K�(�)

p(�);q(�)
:

We omit the proofs of Theorems 2.15 and 2.16 since they are essentially is similar to

the proof of Theorem 2.12.
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On the other hand, we obtain the following relation between the local variable Herz-

type Hardy spaces and the variable Herz-type Hardy spaces as follows.

Theorem 2.17 Let � and q are log-Hölder continuous both at in�nity and p 2 ~P log1 (Rn)

such that 1 < p� � p+ < 1, and �1 � n
�
1 � 1

p1

�
: Suppose that ' 2 S(Rn) such thatR

Rn ' (x) dx = 1, and Z
Rn
x�' (x) dx = 0; for all � 2 Nn; j�j � N:

Then

kf � ' � fk
HK

�(�)
p(�);q(�)

. kfk
hK

�(�)
p(�);q(�)

Moreover, if f 2 hK�(�)
p(�);q(�) (R

n), then f � ' � f 2 HK�(�)
p(�);q(�) (R

n) :

Theorem 2.18 Let � and q are log-Hölder continuous both at the origin and at in�nity,

and p 2 ~P log0 (Rn)\ ~P log1 (Rn) such that 1 < p� � p+ <1, and � (�) � n
�
1� 1

p�

�
: Suppose

that ' 2 S(Rn) such that
R
Rn ' (x) dx = 1, andZ

Rn
x�' (x) dx = 0; for all � 2 N; j�j � N:

Then

kf � ' � fk
H _K

�(�)
p(�);q(�)

. kfk
h _K

�(�)
p(�);q(�)

Moreover, if f 2 h _K�(�)
p(�);q(�) (R

n), then f � ' � f 2 H _K
�(�)
p(�);q(�) (R

n) :

Proof. By similarity we only consider the homogeneous case. Take  2 S(Rn) such thatR
Rn  (x) dx = 1: Using Theorem 2.12, we have



f � ' � f



H _K

�(�)
p(�);q(�)

�


 sup
t>0
j t � (f � ' � f)j




_K
�(�)
p(�);q(�)

. c


 sup
0<t<1

j t � f j



_K
�(�)
p(�);q(�)

+ c


 sup
0<t<1

j t � ' � f j



_K
�(�)
p(�);q(�)

+c


 sup
t�1
j't � (f � ' � f)j




_K
�(�)
p(�);q(�)
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On the other hand, it will know that, see [28]

sup
0<t<1

j t � f j . ~GNf(x) (2.14)

and

sup
0<t<1

j t � ' � f j . ~GNf(x) (2.15)

and

sup
t�1
j t � (f � ' � f)j . ~GNf(x): (2.16)

From (2.14), (2.15) and (2.16), we see that



f � ' � f



H _K

�(�)
p(�);q(�)

.


 ~GNf




_K
�(�)
p(�);q(�)

=


f



h _K
�(�)
p(�);q(�)

:

Now we give the notion of block.

De�nition 2.19 Let � 2 L1(Rn); p 2 P(Rn) and q 2 ~P log0 (Rn). A function a is said to

be a central (�(�); p(�))-block, if

(i) suppa � B(0; r) = fx 2 Rn : jxj � rg; r > 0;

(ii) kakp(�) . r��(0); 0 < r < 1;

(iii) kakp(�) . r��1 ; r � 1:

A function a is said to be a central (�(�); p(�))-block of restricted type, if it satis�es the

condition (iii), above and suppa � B(0; r); r � 1:

Next we come to the atomic decomposition theorems.

Theorem 2.20 Let � and q are log-Hölder continuous at in�nity and p 2 ~P log0 (Rn) with

1 < p� � p+ <1. For any f 2 hK
�(�)
p(�);q(�) (R

n), we have

f =

1X
k=0

�kak; in the sense of S 0(Rn): (2.17)
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where the series converges in the sense of distributions, �k � 0,each ak is a central

(�(�); p(�))-block of restricted type with suppak � Bk and 1X
k=0

j�kjq1
!1=q1

� ckfk
hK

�(�)
p(�);q(�)

:

Conversely,if �1 � n(1� 1
p1
), and if (2.17) holds, then f 2 hK�(�)

p(�);q(�) (R
n), and

kfk
hK

�(�)
p(�);q(�)

� inf

8<:
 1X
k=0

j�kjq1
!1=q19=; ;

where the in�mum is taken over all the decompositions of f as above.

Theorem 2.21 Let � and q are log-Hölder continuous, both at the origin and at in�nity

and p 2 ~P log0 (Rn) with 1 < p� � p+ <1. For any f 2 h _K
�(�)
p(�);q(�) (R

n), we have

f =
1X

k=�1

�kak; in the sense of S 0(Rn); (2.18)

where for k � 0; ak is a central (�(�); p(�))-atom, while for k > 0; ak is a central

(�(�); p(�))-block, with suppak � Bk and �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q1

� ckfk
h _K

�(�)
p(�);q(�)

:

Conversely,if � (�) � n(1 � 1
p� ) and s �

j
�+ + n( 1

p� � 1)
k
, and if (2.18) holds, then

f 2 H _K
�(�)
p(�);q(�) (R

n), and

kfk
h _K

�(�)
p(�);q(�)

� inf

8<:
 �1X
k=�1

j�kjq(0)
!1=q(0)

+

 1X
k=0

j�kjq1
!1=q19=; ;

where the in�mum is taken over all the decompositions of f as above.

Remark 2.22 In the necessity part of the Theorems 2.20 and 2.21, the atoms in the

decompositions (2.17) and (2.18) can be taken to be supported in dyadic annuli.
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2.4 Pseudo-di¤erential operators on local variable Herz-

type Hardy spaces

Recently, the boundedness of pseudo-di¤erential operators on variable function spaces

was studied by many authors (see [35, 37]).In this section is to show the boundedness

of pseudo-di¤erential operators of order zero on local variable Herz-type Hardy spaces

hK
�(�)
p(�);q(�) and h _K

�(�)
p(�);q(�).

Theorem 2.23 Let q 2 ~P log0 (Rn) and p 2 ~P log1 (Rn) with 1 < p� � p+ < 1, and let �

and q are log-Hölder continuous, at in�nity such that � 2 L1(Rn) and �1 � n
�
1� 1

p1

�
.

If

Tf (x) :=

Z
Rn
f̂ (x)� (x; �) e2�ix�d�

with � 2 C1 (Rn � Rn) and
��@
x@�� � (x; �) �� � c
;� (1 + j�j)�j�j ; then

kT (f)k
hK

�(�)
p(�);q(�)

� c kfk
hK

�(�)
p(�);q(�)

:

Theorem 2.24 Let q 2 ~P log0 (Rn) and p 2 ~P log0 (Rn) \ ~P log1 (Rn) with 1 < p� � p+ < 1,

and let � and q are log-Hölder continuous, both at the origin and at in�nity such that

� 2 L1(Rn) and � (�) � n
�
1� 1

p�

�
. If T be as in theorem 2.23, then

kT (f)k
h _K

�(�)
p(�);q(�)

� c kfk
h _K

�(�)
p(�);q(�)

:

Proof. By similarity we only consider the homogeneous case. Let f 2 h _K�(�)
p(�);q(�) (R

n), by

Theorem 2.21, we have

f =
1X

l=�1

�lal; (2.19)

in the sense of distributions, where for l � 0; al is a central (�(�); p(�))-atom, while for

l > 0; al is a central (�(�); p(�))-block, with suppal � Bl and

kfk
h _K

�(�)
p(�);q(�)

� inf
 �1X
l=�1

j�ljq(0)
!1=q(0)

+

 1X
l=0

j�ljq1
!1=q1

.
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By Proposition 2.2, it su¢ ces to estimate



�2k�(0)~'�+ (T (f))�k	

`q(0)< (Lp(�))
and



�2k�1 ~'�+ (T (f))�k	

`q1> (Lp(�))
:

For k < 0, we have



�2k�(0)~'�+ (T (f))�k	

`q(0)< (Lp(�))
. F1 + F2 + F3,

where

F1 :=

0@ �1X
k=�1

 
2k�(0)

k�2X
l=�1

j�lj


~'�+ (Tal)�k

p(�)

!q(0)
1A 1

q(0)

F2 :=

0@ �1X
k=�1

 
2k�(0)

�1X
l=k�1

j�lj


~'�+ (Tal)�k

p(�)

!q(0)
1A 1

q(0)

and

F3 :=

0@ �1X
k=�1

 
2k�(0)

1X
l=0

j�lj


~'�+ (Tal)�k

p(�)

!q(0)
1A 1

q(0)

For F3, by the Lp(�)-boundedness ofM, we get

2k�(0)
1X
l=0

j�lj


~'�+ (Tal)�k

p(�) . 1X

l=0

j�lj 2k�(0)


M (Tal)




p(�)

.
1X
l=0

j�lj 2k�(0)


Tal

p(�)

.
1X
l=0

j�lj 2k�(0)


al

p(�)

. 2k�(0)
1X
l=0

j�lj 2�l�
�

2l�(�)al

p(�)

. 2k�(0)
� 1X
l=0

j�ljq1
�1=q1

:

Therefore, we conclude that

F3 .
� 1X
l=0

j�ljq1
�1=q1

.
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For F2, similar to the estimate of F3 and applying Lemma 1.14, we obtain

F2 .

0@ �1X
k=�1

 �1X
l=k�1

j�lj 2(k�l)�(0)
!q(0)

1A 1
q(0)

.
� �1X
k=�1

j�kjq(0)
�1=q(0)

:

For F1. By Theorem 4 in [17], we can write

't � (Tal) (x) =
Z
Rn
Kt (x;x� y) al (y) dy;

then we expand Kt (x;x� y) in a Taylor series about y = 0. By the vanishing moment

of al, we get that

't � (Tal) (x) =
X

j�j=N+1

Z
Rn
@�yKt (x;x� y) y�al (y) dy:

where 0 < � < 1 and N 2 N satisfying that N + 1 > �+ + n( 1
p� � 1). Noting that x 2 Rk

with k � l + 2, by Theorem 4 in [17], we have

j't � (Tal) (x)j . jxj�(n+N+1)
Z
Rn
jyjN+1 al (y) dy

. 2l(N+1)2�k(n+N+1) kalk1

. 2(k�l)�+2l(N+1)2�k(n+N+1)


2l�(�)al

1.

Applying Hölder�s inequality and the fact that al is a central (�(�); p(�))-atom, we obtain

2k�(0)~'�+ (Tal)�k

p(�) . 2(k�l)�+2l(N+1)�k(n+N+1)

�Bl

p0(�)

�Bk

p(�)
. 2(k�l)�+2l(N+1)�k(N+n+1)



�Bl

p0(�)

�Bk

p(�)
. 2(l�k)

�
N+1+n��+� n

p�

�
;

where in the last estimate we have used Lemma 1.15. Then, we obtain

2k�(0)
k�2X
l=�1

j�lj


~'�+ (Tal)�k

p(�) . k�2X

l=�1

j�lj 2(l�k)
�
N+1+n��+� n

p�

�
.
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Therefore, by Lemma 1.14, we have

F1 .
� �1X
k=�1

j�kjq(0)
�1=q(0)

.

For k � 0; we choose a radial smooth function � such that supp� � B (0; 1) and � = 1

near the origin. We split T = T1 + T2 by decomposing K (x; y) = K1 (x; y) +K2 (x; y) =

�K (x; y) + (1� �)K (x; y) : Then T1 and T2 are of order zero. We have



�2k�1 ~'�+ (T (f))�k	

`q1> (Lp(�))
.
 1X
k=0

 
2k�1

1X
l=�1

j�lj


~'�+ (T1al)�k

p(�)

!q1! 1
q1

+

 1X
k=0

 
2k�1

�1X
l=�1

j�lj


~'�+ (T2al)�k

p(�)

!q1! 1
q1

+

 1X
k=0

 
2k�1

k�2X
l=0

j�lj


~'�+ (T2al)�k

p(�)

!q1! 1
q1

+

 1X
k=0

 
2k�1

1X
l=k�1

j�lj


~'�+ (T2al)�k

p(�)

!q1! 1
q1

:= H1 +H2 +H3 +H4.

To estimate H1, since supp~'�+ (T1al) � Bl+1 and Lp(�) boundedness ofM, we deduce that

1X
l=�1

j�lj2k�1


~'�+ (T1al)�k

p(�) . 1X

l=k�1

j�lj2k�1


kM (T1al)




p(�)

.
1X

l=k�1

j�lj2k�1


kT1al

p(�)

.
1X

l=k�1

j�lj2k�1


kal

p(�)

.
1X

l=k�1

j�lj2(k�l)�1 .

Therefore, by Lemma 1.14, we obtain

H1 .
� 1X
k=0

j�kjq1
�1=q1

.
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For H4, it is obvious that

1X
l=k�1

j�lj


~'�+ (T2al)�k

p(�) . 1X

l=k�1

j�lj2(k�l)�1 :

Again by Lemma 1.14, we get

H4 .
� 1X
k=0

j�kjq1
�1=q1

.

For H2, it will know that

j(K2)t (x; y)j . cm (1 + jyj)�m (2.20)

for any m � n see ([12], Theorem 4). If x 2 Rk and l < 0 < k, by (2.12) we obtain that

't � (T2aj) (x) =
����Z
Rn
(K2)t (x; x� y) al (y) dy

����
.
Z
Rn

1

(1 + jx� yj)m jal (y)j dy

. 2l(N+1) jxj�(N+n+1)
Z
Rn
jal (y)j dy

. 2l(N+1)2�k(N+n+1) kalk1

So by the fact that 2l�(0) � 2l�(y) (y 2 Bl and l < 0) ; we get

2k�1't � (T2al) (x) . 2l(N+1)+k�1 jxj�(n+N+1)


al

1

. 2(k�l)�+2l(N+1)�k(n+N+1)


2l�(�)al

1; k � 0 > l:

Applying Hölder�s inequality and the fact that al is a dyadic central (�(�); p(�))-atom, we

obtain



2k�1't � (T2al)�k

p(�) . 2(k�l)�+2l(N+1)�k(n+N+1)

�Bl

p0(�)

�Bk

p(�)
. 2(k�l)�+2l(N+1)�k(n+N+1)



�Bl

p0(�)

�Bk

p(�)
. 2(l�k)

�
N+1+n��+� n

p�

�
;
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where in the last estimate we have used Lemma 1.15. We take N 2 N satisfying that

N + 1 > �+ + n( 1
p� � 1), then

2k�1
�1X

l=�1

j�lj


~'�+ (T2al)�k

p(�) . c2

�k
�
N+1+n��+� n

p�

� �1X
l=�1

j�lj 2l
�
N+1+n��+� n

p�

�

. 2�k
�
N+1+n��+� n

p�

�� �1X
l=�1

j�ljq(0)
�1=q(0)

.

Therefore,

H2 .
� �1X
l=�1

j�ljq(0)
�1=q(0)

.

For H3, by similar argument in the estimate H2, we obtain

2k�1
k�2X
l=0

j�lj


~'�+ (T2al)�k

p(�) . k�2X

l=0

2
(l�k)

�
N+1+n��+� n

p�

�
.

Again by Lemma 1.14, we get

H4 .
� 1X
k=0

j�kjq1
�1=q1

.

The proof is complete.

Remark 2.25 Corresponding statements to Theorems 2.23 and 2.24, with �; p and q

constants, can be found in [26], while with � and q constants Theorems 2.23 and 2.24 are

proved in [37], under the assumption that the maximal operatorM is bounded on Lp(�)(Rn)

(both in the homogeneous and the inhomogeneous situation). Here we are requiring the

log-Hölder continuity at two points only (zero and in�nity).
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Chapter 3

Boundedness of singular integral

operator of convolution type on

variable Herz-type Hardy spaces

In recent years, it turned out that atomic and molecular decomposition of some function

spaces are extremely useful in many aspects. This concerns, for instance, the investigation

of (compact) embeddings between function spaces. But this applies equally to questions

of mapping properties of some operators, such as Calderón-Zygmund operators, the com-

mutator of Calderón-Zygmund operator with a BMO function and to trace problems,

where arguments can be equivalently transferred to the sequence space, which is often

more convenient to handle. In this chapter, we shall give the boundedness of singular

integral operators of convolution type on HK�(�)
p(�);q(�) (R

n). To do this, we establish the

molecular decompositions of inhomogeneous Herz-type Hardy spaces.

32



3.1 Molecular decompositions of variable inhomoge-

neous Herz-type Hardy spaces

The main goal of this section is to prove an molecular decomposition result forHK�(�)
p(�);q(�) (R

n).

First we give the notation of molecule

De�nition 3.1 Let p 2 P (Rn) ; � : Rn ! R with � 2 L1(Rn) and � � n
�
1 � 1

p1

�
. Let

l 2 N0;

s �
�
�1 + n(

1

p1
� 1)

�
:

Let

" > max
� s
n
;
�1
n
+
1

p1
� 1
�
; b1 = 1�

1

p1
+ "

and

a1 = 1�
1

p1
� �1

n
+ ":

A function Ml 2 Lp(�) (Rn) is said to be a dyadic central (� (�) ; p (�) ; s; ")l-molecule of

restricted type if it satis�es

(i) kMlkp(�) � 1,

(ii) Rp(�) (Ml) = kMlka1=b1p(�)




j�jnb1Ml




1�a1=b1
p(�)

<1,

(iii)
R
RnMl (x)x

�dx = 0 for any � with j�j � s:

In the next statement we shows that the molecular is a generalization of atom.

Lemma 3.2 Let �; p; s; "; a1; b1 be as in De�nition 3.1. Let l 2 N0. If Ml is central

(� (�) ; p (�))-atom of restricted type supported on B(0; 2l), thenMl is a central (� (�) ; p (�) ; s; ")l-

molecule of restricted type.

We immediately arrive at the following result.

Lemma 3.3 Let �; s; "; al; bl; l 2 N0 be as in De�nition 3.1, and p 2 ~P log1 (Rn) with

1 < p� � p+ < 1. Let � and q be log-Hölder continuous, both at the origin and at
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in�nity. Then there exists a constant C such that for any dyadic central (�(�); p(�); s; ")l-

molecule of restricted type Ml;

kMlkHK�(�)
p(�);q(�)(R

n)
� C;

where C > 0 is independent of l:

Proof. We follows the idea of [30]. LetMl be a dyadic central (� (�) ; p (�) ; s; ")l-molecule.

Assume that 2vl < kMlk
� 1
�1

p(�) � 2vl+1; vl � 0. Recall that

Bvl =
�
x 2 Rn : jxj < 2vl�1

	
and Rk+vl =

�
x 2 Rn : 2k+vl�1 � jxj < 2k+vl

	
for any k 2 N0. Therefore

Ml(x) =
1X
k=0

Ml(x)�k+vl(x); x 2 Rn;

where �k+vl and �vl are respectively the characteristic function of Rk+vl and Bvl ; k > 0.

Let Ml;k =Ml�k+vl. We denote by Ps the class of all real polynomials of degree less than

s. Let PRkMl;k 2 Ps be the unique polynomial satisfyingZ
Rk

�
Ml;k(x)� PRkMl;k(x)

�
x� = 0, j�j � s.

Let Ql;k =
�
PRkMl;k

�
�k+vl ; k > 0:

Step 1. In this step we prove that there is a positive constant C and sequences of numbers

f�l;kgk2N0 such that � 1X
k=0

j�l;kj
q1
� 1
q1

< C; (3.1)

and

Ml;k = �l;kal;k +Ql;k;

where each al;k is a (� (�) ; p (�))-atom and the constant C is independent of l. Without

loss of generality, assume that Rp(�) (Ml) = 1, which leads to

 j�jnb1Ml




p(�) =



Ml



� a1
b1�a1

p(�) � c2vla1n;
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where c > 0 is independent of l. Let f'l;kj : jjj � sg 2 Ps ( Rn) be such that

'l;k� ; '

l;k
v

�
Rk+vl

=
1

jRk+vlj

Z
Rk+vl

'l;k� (x)'
l;k
v (x)dx = ��;� :

Then

Ql;k(x) =
X

j�j�s

Ml; '
l;k
�

�
Rk+vl

'l;k� (x); x 2 Rk: (3.2)

In addition by Hölder�s inequality

jQl;k(x)j .
1

jRk+vlj

Z
Rk+vl

jMl;k(x)j dx

.


�Rk+vl

p0(�)
jRk+vlj



Ml;k




p(�)

.


Ml;k




p(�)

�Rk+vl

p(�)

for any x 2 Rk, where the last estimate follows by Lemma 1.17. Therefore

Ml;k �Ql;k



p(�) .



Ml;k




p(�)

.


 j�jnb1Ml;k




p(�)2

�(k+vl)nb1

. 2vla1n2�(k+vl)nb1

= c2�nka1 jBk+vlj
��1=n ;

Consequently Ml;k � Ql;k = 
kal;k, where 
k = c2�nka1 and al;k is a central (�(�); p(�))-

atom of support contained in Bk+vl, k � 0. The constant c is independent of k and l.

Let

�k =

8<: 
k; if k � 0;

0; otherwise:

Therefore we obtain the estimate (3.1):

Step 2. In this step we prove that
P1

k=0Ql;k has a (� (�) ; p (�))-atom decomposition. Let

f'l;kj : jjj � sg 2 Ps (Rn) be the dual basis of fx
 : j
j � sg with respect to the weight
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1
jRk+vl j

on Rk+vl, that is



'l;kj ; x



�
=

1

jRk+vlj

Z
Rk+vl

'l;kj (x)x

dx = �j;
:

If set 'l;kj (x) =
P
jvj�s

�l;kvj x
v and  l;kj (x) =

P
jvj�s

� l;kvj'
l;k
v (x) ; then we have

� l;kvj =


 l;kj ; '

l;k
v

�
=
X
j
j�s

�l;kv



'l;kj ; x



�
=
X
j
j�s

�l;kv
�j
 = �l;kvj :

So 'l;kj (x) =
P
jvj�s

�l;kvj'
l;k
v (x) : For x 2 Rk+vl, we have



Ml;k; '

l;k
j

�
Rk+vl

'l;kj (x) =


Ml;k;

X
jvj�s

�l;kvj x
v
�
Rk+vl

'l;kj (x)

=
X
jvj�s



Ml;k; x

v
�
Rk+vl

�l;kvj'
l;k
j (x),

which together with (3.2) implies that

Ql;k(x) =
X
jjj�s



Ml;k; x

j
�
Rk+vl

'l;kj (x), if x 2 Rk+vl. (3.3)

We set E := fx 2 Rn : 1 � jxj � 2g, F := fx 2 Rn : jxj � 1g, fej : jjj � sg 2 Ps (Rn)

satisfying
1

jEj

Z
E

ej (x)x

dx = �j;
;

and f~ej : jjj � sg 2 Ps (Rn) satisfying

1

jF j

Z
F

~ej (x)x

dx = �j;
:

Noting that

�j;
 =
1

jRk+vlj

Z
Rk+vl

 l;kj (x)x

dx =

1

jEj

Z
E

2(k+vl)j
j l;kj
�
2k+vly

�
y
dy,

we get ej (y) = 2kj
j 
l;k
j

�
2ky
�
. Thus in turn leads to that for k > 0;

 l;kj (x) = 2
�(k+vl)jjjej

�
2�(k+vl)x

�
, x 2 Rk+vl.
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Similarly, we have

 l;kj (y) = 2
�vljjj~ej

�
2�vl�1x

�
, x 2 F .

Let C := sup
j:jjj�s

fkejk1 ; k~ejk1g. Then we have

j l;kj (x) j � C2�(k+vl)jjj; for k � 0, (3.4)

where the constant C is independent of l. Let

N l;k
j =

1X
i=k

j ~Ri+vlj


Ml;i; x

j
�
~Ri+vl

; k � 0:

First observe that

N l;l
j =

1X
i=0

j ~Ri+vlj


Ml;i; x

j
�
~Ri
=

1X
i=0

Z
~Ri+vl

Ml (x)x
jdx =

Z
Rn
Ml (x)x

jdx = 0:

Now by Hölder�s inequality and Lemma 1.17 it follows

jN l;k
j j �

1X
i=k

Z
Ri+vl

��Ml;i (x)x
j
�� dx

�
1X
i=k



 j�jjMl;i




p(:)



�Ri+vl

p0(�):
By Lemma 1.17 we get 

�Ri+vl

p0(�) � jRi+vlj

1� 1
p1

which yields that

jN l;k
j j � c2vl(jjj�nb1�

n
p1+n)

1X
i=k

2i(jjj�nb1�
n
p1+n)



 j�jnb1Ml




p(�)

. 2vl(jjj�nb1�
n
p1+n+a1n)

1X
i=k

2i(jjj�n")

. 2vl(jjj�nb1�
n
p1+n+a1n)2k(jjj�");

with the implicit constant not depending on i and l, which yields that

jN l;k
j j . 2vl(jjj�nb1�

n
p1+n)2k(jjj�n"):
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Consequently, with the help of (3.4),���N l;k
j  l;kj (x)�k (x)

���
jRk+vlj

. 2vl(�nb1�
n
p1+a1n)2�kn("+1); (3.5)

which tends to zero if k tends to in�nity. Using Abel�s transform and (3.5) we obtain

1X
k=0

Ql;k(x)

can be rewritten as
1X
k=0

X
jjj�s



Mk; x

j
�
~Rk+vl

 l;kj (x)

=
X
jjj�s

1X
k=0

� kX
i=0

��� ~Rk+vl

��� 
Ml;i; x
j
�
~Rk+vl

�� l;kj (x)�k+vl (x)
j ~Rk+vlj

�
 l;k+1j (x)�k+vl+1 (x)

j ~Rk+vl+1j

�
= �

X
jjj�s

1X
k=0

N l;k+1
j

� l;kj (x)�k+vl (x)
j ~Rk+vlj

�
 l;k+1j (x)�k+vl+1 (x)

j ~Rk+vl+1j

�
:

On the other hand, we have���N l;k+1
j

� l;kj (x)�k+vl (x)
j ~Rk+vlj

�
 l;k+1j (x)�k+vl+1 (x)

j ~Rk+vl+1j

����
can be estimated by

CjN l;k+1
j jj l;k+1j (x) jj ~Rk+vlj�1

� C2vl(�nb1�
n
p1+a1n)2�k(n"+n)

� C2�kna1j ~Rk+vlj
� 1
p1��1

n

for some positive constant c independent of l and k. Let

�l;k =

8<: C2�kna1 ; if k � 0;

0; otherwise
(3.6)

and

a
(j)
l;k =

8<:
(�N l;k+1

j )

�l;k

�
 l;kj (x)�k+vl

(x)

j ~Rk+vl j
�  l;k+1j (x)�k+vl+1

(x)

j ~Rk+vl+1j

�
; if k � 0 and jjj � s;

0; otherwise
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Then we have
1X
k=0

Ql;k(x) =
X
jjj�s

1X
k=0

�l;ka
(j)
l;k ;

where a(j)l;k is an (� (�) ; p (�))-atom supported on Bk+vl. In addition we obtain the estimate

(3.1):

Now we come to the molecular decomposition theorems.

Theorem 3.4 Let �; p; q; s; "; a; b be as in Lemma 3.3. Then f 2 HK
�(�)
p(�);q(�) (R

n) if and

only if f can be represented as

f =
1X
k=0

�kMk;

where the series converges in the sense of distributions, �k � 0; each Mk is a dyadic

central (� (:) ; p (:) ; s; ")-molecule of restricted type, and� 1X
k=0

j�kj
q1
� 1
q1 . kfk

HK
�(:)
p(:);q(:)

.

Moreover, 

f


HK

�(�)
p(�);q(�)(R

n)
� inf

� 1X
k=0

j�kj
q1
� 1
q1
;

where the in�mum is taken over all the decompositions of f as above.

Remark 3.5 Corresponding statement to Theorem 3.4 were proved by Liu and Wang

[36], with � and q constants, under the assumption that the maximal operator M is

bounded on Lp(�) (Rn) (both in the homogeneous and the inhomogeneous situation). Also

Here we are requiring the log-Hölder continuity at two points only (zero and in�nity).

3.2 Singular integral operator on HK
�(�)
p(�);q(�) (R

n)

The target of this section is to show the boundedness of a convolution type singular

integral operator on HK�(�)
p(�);q(�) (R

n). The main theorem of this chapter is the following.
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Theorem 3.6 Let q 2 ~P log0 (Rn) and p 2 ~P log1 (Rn) with 1 < p� � p+ <1, let

Tf (x) =

Z
Rn
K (x; y) f (y) dy; x =2 suppf; (3.8)

for any central (�(�); p(�))-atom f with the kernel K satis�es

��k (x; y)� k (x; 0)
�� � c

��y���
jxjn+�

; jxj � 2
��y��;

where c is a positive constant and 0 < � � 1. Let � and q be log-Hölder continuous, at

in�nity, with � 2 L1 (Rn) and

n

�
1� 1

p1

�
� �1 < n

�
1� 1

p1

�
+ �.

If T satisfying
R
Rn Tf (x) dx = 0, and bounded on L

p(�) (Rn), then T is also bounded on

HK
�(�)
p(�);q(�) (R

n).

Proof. Let f 2 HK�(�)
p(�);q(�) (R

n), by Theorem 2.8, we have

f =
1X
l=0

�lal;

in the sense of distributions, where each al is a central (�(�); p(�))-atom of restricted type

with suppal � Bl and  1X
l=0

j�ljq1
!1=q1

� ckfk
HK

�(�)
p(�);q(�)

:

By Theorem it su¢ ces to show Tf is a central (�(�); p(�); 0; ")l-molecule of restricted type

where
�
�1
n
� 1 + 1

p1

�
� " < �

n
+ 1
p1
, to be determined later, a1 = 1� 1

p1
� �1

n
+"; b1 =

1� 1
p1
+ ". Obviously, we only need to verify the size condition for molecules, that is

Rp(�) (T (f)) = kT (f)ka1=b1p(�)




j�jnb1 T (f)


1�a1=b1
p(�)

<1:

We �rst estimate



j:jnb T (f) (:)




Lp(:)
: In fact, we have


j�jnb1 T (f)




Lp(:)(B(0;2r))
. rnb1 kT (f)kp(:) . rnb1 kfkp(:) . rnb1��1 :
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On the other hand, for any x with jxj > 2r the vanishing moment of f and the regularity

of K, we have

jT (f) (x)j =
�� Z

Rn
K (x; y) f (y) dy

��
=
�� Z

Rn
(k (x; y)� k (x; 0)) f (y) dy

��
.
Z
Rn

jyj�

jx� yjn+�
jf (y)j dy

. rn+� jxj�(n+�)Mf (x)

and since nb1 � n� � < 0, we have


j�jnb1 T (f)



Lp(:)(Rn=B(0;2r))

. rn+�



j�jnb1�(n+�)M (f)





Lp(:)(Rn=B(0;2r))

. rnb1 kM (f)kp(�)

. rnb1 kfkp(�) . rnb1��1 :

Thus, we get

Rp(�) (T (f)) . r��1a1=b1r(nb1��1)(1�a1=b1) . 1:

This �nishes the proof.

Remark 3.7 Corresponding statement to Theorem 3.6 , with s; p and q constants, can

be found in [30, Theorem 6.2.3], while with s and q constants Theorem 3.6 is proved in

[36, Theorem 3.3].
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Abstract

In this thesis, we study the boundedness of singular integral operators and pseudo-diferential
operators on variable local Herz-type Hardy spaces. To do these, we present some their
properties such us the atomic and molecular decomposition of such spaces.

Key words

Herz spaces, Herz-type Hardy spaces, maximal function, variable exponent, pseudo-differential
operators, singular integral operators, atom, molecule.

Résumé

Dans cette thèse, nous étudions la continuité d’opérateurs intégraux singuliers et d’opérateurs
pseudo-différentiels sur des espaces de Herz-type Hardy locaux à exposant variables. Pour ce
faire, nous présentons certaines leurs propriétés telles que la décomposition atomique et
moléculaire de tels espaces.

Mot-clés

Espaces de Herz, espaces de Herz-type Hardy, fonction maximale, exposant variable,
opérateurs pseudo-différentiels, intégrale singuliers, atome, moléculaire


