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Notation

e R" we denote the n-dimensional real Euclidean space.

e N we denote the collection of all natural numbers and Ny = N U {0}.
e 7 we denote the set of all integer numbers.

e For a = (ay,...,ap) € Nj, we write |a] = a3 + ... + a.

e The FEuclidean scalar product of x = (z1,...,x,) and y = (y1,...,Yn) is given by
TY = T1Y1 + oo + TnYn.

e The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).
o frRgmeans fSg S [
e As usual for any = € R, [z] stands for the largest integer smaller than or equal to x.
e supp/f is the support of the function f , i.e., the closure of its non-zero set.

e Let £ C R" be a measurable set. |E| stands for the (Lebesgue) measure of E. g

denotes its characteristic function.
e S(R™) is used in place of set of all Schwartz functions on R”.

e S'(R™) the dual space of all tempered distributions on R"™.
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Given a function f € L,

by

(R™); the Hardy-Littlewood maximal operator is defined

1 n
M)() 2= sup / )y v e

r>0

The Fourier transform of a function f € S (R") is defined by

F()E) = f(6) = (2m) 2 / o f(2)dr, 1€ R

n

Its inverse is denoted by F~*(f) or f.

The convolution f * g is is defined by

frg(r) = . fle—y)gly)dy f,g€SR")



Introduction

The history of Herz space goes back to the authors Beurling and Herz in the sixty‘s of
the last century [18]. In 1968, Herz and Beurling presented some fundamental form of
Herz spaces to study some convolution algebras. Later, Herz generalized these space to
convergence for Hardy space.

Recently, as a generalization of Lebesgue space with variable exponent, Herz space with
variable exponents are introduced. In fact, in 2010 Izuki proved the boundedness of
sublinear operators on Herz space with variable exponents K (R") and K7, (R")
in [20]. In 2012, Almeida and Drihem obtained boundedness results for a wide class
of classical operators on Herz space K;‘((_'))’q(R”) and K;((_')), (R") in [2]. In 2016, Drihem

and Seghiri gave a new norm equivalents of the variable Herz spaces K;((,'))q(,)(R") and

K

p(.'))q(.)(]R"), and they proved the atomic decomposition for Herz-type Hardy spaces of

variable smoothness and integrability.

Our work is divided in to three chapters.

In the first one, we collects fundamental notation and concepts. We also give some key
lemmas needed in the proofs of main statements.

In the second chapter we define Herz type-Hardy space with variable smoothness and
integrability and present a few aspects of their properties. We present the boundedness
of pseudo-differential operators on local variable Herz-type Hardy spaces

In the last chapter, we presente the molecular decomposition of Herz type Hardy space

and the boundedness of singular integral operator of convolution type on such spaces.



CHAPTER 1

THE MIXED LEBESGUE-SEQEUNCE

SPACES

In this chapter, we expose the concepts and results used throughout this theses. We recall
some fundamental proprieties on modular space, variable Lebesgue spaces and mixed

Lebesgue-sequence spaces. We also give some key technical lemmas that we will use later.

1.1 Definition and basic properties of modular space

We refer to the monographs [10] and [11] for an exposition on semi-modular spaces. We

start by recalling about the semi-modular functional space.

Definition 1.1 Let X be a (real or complex) vector space. A function o : X — [0, +00]

is called a semi-modular on X if it satisfies the following condition:
1. 0(0) =0.
2. o(Az) = o(x) for all x € X, and all X with |\| = 1.
3. o(A\x) =0 for all X > 0 implies x = 0.

4. o is left-continuous on [0, +00) for every x € X.

The function o is called a modular if, in addition,



5. o(z) = 0 implies x = 0.

We say that o is continuous if

6. the mapping X\ — o(\x) is continuous on [0, +00) for all x € X.

A semi-modular ¢ is said to be quasi-convex if there exist L > 1 such that
o(dz + (1 —08)y) < L(do(x) + (1 d)o(y))
forallx,y e X and 0 <90 <1, if L =1 it’s said to be convex.
Now we give examples of modular functions :

Example 1.2 Let () is a Lebesque measurable subset of R™.

(a) If 1 < p < oo, then

0(9) = [ lg()Pds
Q
defines a continuous modular on the space of all measurable functions on €.

(b) If 1 < p < oo, then

defines a continuous modular on R™.

(¢) Let oo (t) == 00 - X(1,00)(t). Then

%U%zé%&ﬂmwm

defines a semi-modular on on the space of all measurable functions on £ which is not
continuous.

(d) Let w € L. (R™) with w > 0 almost everywhere and 1 < p < co. Then

loc

o(f) = /Q |f(2)|w(z)d.



defines a continuous modular on the space of all measurable functions on €.
Definition 1.3 If o be a semimodular or modular on X, then
X,={reX: Aliino o(Ax) =0}
18 called a semimodular space or modular space, respectively.
Proposition 1.4 If p is a semimodular or modular on X, then
X, ={r e X,3X>0:9(A\z) < oo}
15 called a semimodular space or modular space, respectively.

Theorem 1.5 Let o be a semimodular on X. Then X, is a quasi-normed R-vector space.

The quasi-norm, called the Luxemburg quasi-norm, is defined by
) x
|||, := inf {)\ >0: Q(X) < 1} .
Lemma 1.6 (Norm-modular unit ball property). Let o be semi-modular on X. Then

[zl <1 ofx) < 1.

If o is continuous, then also

|zll, <1< o(z) <1, and : ||z]|, =1 < o(z) = 1.
Corollary 1.7 Let ¢ be a semi-modular on X and x € X,.
(@) I all, < 1, then o(x) < [l2],

(b) If1 < |lzllo, then [lz]l, < ofx).
(©) llzllo < o(z) + 1.

Remark 1.8 The proof of the above results can be found in [7].



1.2 Variable Lebesgue spaces

In this section we recall and present some properties of variable Lebesgue spaces. Given

an open set ) C R"”. We put
Po(2) :={p: measurable : p(-) : @ — [¢, 00| : for some ¢ > 0}.

The elements of Py(2) are called exponent functions. In order to distinguish between
variable and constant exponents, we will always denote exponent functions by p(-).

We denote by
P(Q) := {p: measurable: p(-) : Q C R" — [1, 00[}.
Given p € Py(f2) and a set E C Q, let
p (E) = ess — inf,cpgp(z), pT(E) = ess-sup, pp().
If the domain F = 2 = R", we will simply write
p-=p R"),  p"=p(R")

Definition 1.9 Given Q and p € Py(Q). The variable Lebesgue space LPY) () is defined

by
LPO(Q) = {f measurable : I\ > 0 : Aliin0 or0) @) (Mf) = O} ,

equipped with the following quasi-norm
[ f1lrer ) := If{A > 02 0pe0) ) (f/A) < 1}

Definition 1.10 Given Q and p € Py(9Q), define L) (Q) by

loc

Lp(')(Q) .= {f measurable : f € L’ (K),: for every compact set: K C Q}.

loc



Lemma 1.11 If p € P (R"), then |[fl,) < 1 and 0, (f) < 1 are equivalent. For
f € LU (R™) we have:

(i) I 1fllpey < 1, then o,y (f) < [1flln)-

(@) I L < fllpc), then | Fllpey < 2y (f) -

For the proof of this Lemma, see [10].

Lemma 1.12 ( generalized Hélder’s inequality ). Let p,q,s € P (R™) such that

1 11
=—+

s() - p() al)
If f € LPY) (R™) and g € L) (R™) then fg € L*0) (R™) and

1fgllsy < cllfllpyllgllac)-

1.2.1 Logarithmic Ho6lder continuity

We say that a function g : R™ — R is locally log-Hélder continuous, abbreviated g € Cll(‘:f,

if there exists cjog(g) > 0 such that

Clog(g)
Py P—) 1)

lg(z) — g(y)| < o

for all z,y € R™. We say that g satisfies the log-Hdlder continuous at the origin (or has

a log decay at the origin), if there exist a constant ¢, > 0 such that

Clog

l9(x) = 9O) = e T D

for all z € R". We say that ¢ satisfies the log-Hdélder continuous at infinity (or has a log

decay at infinity), if there exists g, € R and a constant ¢og > 0 such that

Clog

19(2) = goo| < w



for all x € R®. We say that ¢ is globally-log -Hélder continuous, abbreviated g € C'°8,
if it is locally log-Holder continuous and satisfies the log-Hdélder decay condition. The
constants ciog(g) and ciog are called the locally log-Holder constant and the log-Holder

decay constant, respectively. We note that all functions g € C’llf)’cg always belong to L.

By 75?(]12{") and ﬁzg(R”) we denote the class of all exponents p € P(R") which have a
log decay at the origin and at infinity, respectively. The notation P°(R") is used for all
those exponents p € P(R™) which are locally log-Holder continuous and have a log decay
at infinity, with po, := lim;| o p(2). Obviously we have ﬁlog(R”) C ﬁ;og(R") N 751,05(1[{").
Note that p € ﬁlog(]R”) if and only if p’ € ﬁlog(R”), and since (p')oo = (Poo)’ We write only

pl, for any of these quantities. We define the following class of variable exponents
1 1 1
Pe = {pGP:— ECOg},
p

were introduced in [6, Section 2]. We define Ii = limyy) oo ﬁ and we use the convention

é = 0. Note that although % is bounded, the variable exponent p itself can be unbounded.

1.3 The space ¢at) (Lp('))

The targets of this section are twofold. The first one is to recall the concept of variable
mixed Lebesgue-sequence space £90)(LP1)) originally introduced by Almeida and Hsto in

[1]. The second one is to recall some fundamental properties related to ¢4¢)(LP()).

Definition 1.13 Let p,q € 7510°g (R™). The mixed Lebesgue-sequence space £90)(LP0)) s

defined on sequences of LP") -functions by the modular

00wy (fo)w) = D inf {)‘v >0 0 (%) = 1}'

v

The (quasi)-norm is defined from this as usual:

. 1
(Fo)ollrzan = 0 {10 > 0 0mowron (5 ()e) < 1} (1:2)

10



Since q* < 0o, then we can replace (1.2) by the simpler expression

Qeq()(Lp() ZH|fv|q L :

a)

Furthermore, if p and q are constants, then (1) (LPO)) = ¢4(LP).

Observed in [1, Proposition 3.5 | that g)(z»)) is @ modular if p* < oo and it is
continuous if p*,¢" < 0o . Also in [1, Theorem 3.6] it was shown that (1.2) defines a
norm in £40)(LP0) if ¢(-) > 1 is constant almost everywhere (a.e.) on R” and p(-) > 1,

: 1
Orlf ﬁ—i—

e L) < 1 a.e. More recently, it was observed in [22, Theorem 1] that it also

q(z

becomes a norm if 1 < ¢(z) < p(z) < oo a.e. on R™. Simple calculations show that

1/r
1Dl oo = 10Vl gy » 7> 0.

It is not difficult to verify that [[(fy),[lgc)(zp()) < 0o implies (f,)v € 290 (LPO), which

)
means f, € LP0) for any v € Ny. On the other hand we also note that the left-continuity

of the semi-modular confirms useful equivalence

1(fo)ollpar oy 1 if and only if  0guc)(£rr)((fo)v) < 1 (unit ball property).
The next lemma is a Hardy-type inequality, see [9, Lemma 2].

Lemma 1.14 Let 0 <a <1 and 0<q < oo. Let {ek},o, be a sequence of positive real

numbers, such that

H{gk}keZHEq =1 < oo

Then the sequences {5k Ok = )ik ak_j&?j} and {nk D= Y ek aj_kgj} belong
= kez =

kez
to 01 and
€06 ezl e + [ ezl e = <1,

with ¢ > 0 only depending on a and q.

11



The following lemma is from [8, Lemma 2.11].

Lemma 1.15 Let p € P8 (R"). For any cubes (balls) P and Q, such that P C Q we

+ —

. (@)”f’ _ Ixalloy _ <|@r)”p
— < < C —
P Ixeloey = \IP]

with ¢, C' > 0 are independent of |Q| and |P|.

have

The proof of the following results are given in [2].

Lemma 1.16 Let a« € L®(R™) and r; > 0. If a is log-Holder continuous both at the
origin and at infinity, then

Oé+
(’"—1) if 0<r<n

T2 2

i@ < rg@ x 1 if 3<ry<2n
(%) Zf ry > 211

for any v € B(0,71)\ B(0,%) andy € B(0,r2) \ B(0, %), with the implicit constant not

depending on x,y,r, and rs.
Lemma 1.17 Let p € Pot(R") and let R = B(0,7)\ B(0,3). If |R| > 27", then
1 1
Ixrllp) & [R|7 ~ [R|pe

with the implicit constants independent of r and v € R.

The left-hand side equivalence remains true for every |R| > 0 if we assume, addition-

ally, p € Py (RY) NP (RY).

12



CHAPTER 2

BOUNDENESS OF PSEUDO-DIFFERENTIAL
OPERATORS ON LOCAL VARIABLE

HERZ-TYPE HARDY SPACES

2.1 Variable Herz-type Hardy spaces

The targets of this section are twofold. The first one is to recall the concept of variable
exponent Herz spaces and variable Herz-type Hardy spaces. The second one is to recall
some important results related to these function spaces. Most of the results of this section
was proved by Drihem and Seghiri in [9]

First, we present the concept of variable exponent Herz spaces. For convenience, we

set

By :=B(0,2*), Ry:=B;\By-1 and x,=xp,, kELZL

Definition 2.1 Let p,q € ﬁ;og(R") and a : R" — R with a € L*(R"). The inhomoge-
neous Herz space K;X((f))vq(.)(R”) consists of all f € LPO)(R") such that

HfHKg((j){q() =|f XBOHP(.) + || (2% Xk:)kzl ||gq(-)(Lp(-)) < 0. (2.1)

Similarly, the homogeneous Herz space K;((f))q(,)(R") is defined as the set of all f €

13



LPO(R™\ {0}) such that

HfHK‘*(()) o H (2ka(.)f Xk)kez ||eq<-)(Lp(~)) < 0. (2.2)

If « and p, ¢ are constant, then K (R*) = K ,(R") and K

p(a() R") = K7 (R")

q( )(
are the classical Herz spaces.

Let us denote

1/q 1 1/q
[{gn}Hlez 2000y <Z||9k||q ) and  [[{gr}|e 10y = (Z ||9k!|§(.)>

k=—o0
for sequences { g }rez of measurable functions (with the usual modification if ¢ = 00).

The following statement plays a crucial role in our work.

Proposition 2.2 Let o € L*®(R"), p,q € ﬁgog(]R”). If a and q are log-Holder continuous
at infinity, then

K@(‘)

p(ra() (RY) = K55 (RY).

P(+),900

Additionally, if o and q have a log decay at the origin, then

HfHKD‘(()) o [ Xk}Hz‘;(O)(ch)) +[[{2" f Xk}Héq;O(LP(-))' (2.3)

Lemma 2.3 Let g € 751)% (R™), p € 751? (R™) with 1 < p~ < p™ < oo, and let o and q be

log-Holder continuous, at infinity, with o € L™ (R™) and

- o Qoo < i (2.4)
P o
If a sublinear operator T satisfies
i@l % [ A g sy, (2.5
R |7 — Yl

for any integrable and compactly supported functions f, and T is bounded on LPC) (R"),

a() n
then T is bounded on K, o).q() (R

14



Lemma 2.4 Let q € 75L0g (R"), p € 752°g (R™) N ﬁzg (R™) with 1 < p~ < pt < oo,
and let o and q are log-Hélder continuous, both at the origin and at infinity, such that

a € L*®(R™) and

n 1
——<a§a+<n<1——>. 2.6
pr p- (26)
Let T be as in Lemma 2.3. Then T is bounded on K;‘((f){q(,) (R™).

Since the Hardy-Littlewood maximal operator M is sublinear, satisfies the size condi-
tion (2.5) and it is bounded on LPO)(R™) if p € P(R™) and 1 < p~ < p+ < oo (see [7,

Theorem 4.3.8]), we immediately arrive at the following result.
Corollary 2.5 Let 0 < g < oo, p € P(R") with 1 < p~ < p* < 00, and a € L®(R").

(i) If (2.4) holds and « satisfies the log decay condition at infinity, then M is bounded

() n
on Ky (R").

(i) If (2.6) holds and « has a log decay both at the origin and at infinity, then M is

o) n
bounded on Ky (R").

Now, we recall the definition of variable Herz-type Hardy spaces. Let G f be the
grand maximal function of f defined by

Gnf(z) = sup |oy(f)(2)],

pEAN

where Ay = {p € S(R") : sup|, <y g<n 2707 0(x)| < 1} with ¢, := ¢ ().

Definition 2.6 Let p,q € 751)°g(R") and o : R — R with o € L>®(R™) and N > n + 1.
The inhomogeneous Herz-type Hardy space HK") (R™) consists of all f € S'(R™)

p()4()
such that Gy f € K;‘((,'){q(.) (R™) and we define

HfHHK;((j){q(,) = HGNfHKZY((-')),q(-)'

15



Similarly, the homogeneous Herz-type Hardy space HK a((')) 0 (R™) is defined as the set
of all f € S8'"(R™) such that Gy f € Ka( () (R™) and we define

1 lasees =G fllgacr

Definition 2.7 Let a« € L*¥(R"), p € P(R"), q € ﬁoog(R”) and s € Ng. A function a is
said to be a central (a(-), p(-))-atom, if

(i) suppa C B(0,r) ={x € R": |z| <7}, 7 >0,

(i) lall, < (BOA2m, 0 <7<
(i)l < [BW.7)

(iv) [gn 2Pa(z)dz =0, |B] < s.

e/ >,

A function a on R" is said to be a central (af(-),p(-))-atom of restricted type, if it

satisfies the conditions (iii), (iv) above and suppa C B(0,7),r > 1
The following atomic decomposition.

Theorem 2.8 Let o and q are log-Hélder continuous at infinity and p € ﬁ;og(R”) with
1<p <p'<oo. Forany fe HK (())q() (R™), we have

= Z )\k(lk, (27)
k=0

where the series converges in the sense of distributions, N\, > 0, each ay is a central

(a(-), p(+) )-atom of restricted type with suppay C By and

s 1/gco
(Z |)‘k|qoo> < CHfHHK"‘(') :
p(-):q(*)

k=0
Conversely, if as > n(l — i} and s > Laoo +n(i - I)J, and if (2.7) holds, then
feHK (R™), and

p(-),q(")
1/geo
||f||Hch(() . ~ inf <Z|)\k|qm> 7

where the infimum is taken over all the decompositions of f as above.

16



Theorem 2.9 Let o and q are log-Hdolder continuous, both at the origin and at infinity

and p € ﬁgOg(R”) with 1 <p~ < p" < oco. Forany [ € HK;((_'))q(.) (R™), we have

[e.e]
f= Z AV (2.8)
k=—o00
where the series converges in the sense of distributions, N\, > 0, each ay is a central

(a(-), p(+) )-atom with suppay C By, and

1 1/4(0) 0o 1/qoo
SO ) () <l
=0 p(-),q(")

k=—00

Conversely, if a(-) > n(1 — p%) and s > Loﬁ —|—n(p—1, — 1)J, and if (2.8) holds, then
fe HK;((.'){q(.) (R™), and

1 1/4(0) 00 1/qo0

k=—o00 k=0

where the infimum is taken over all the decompositions of f as above.

2.2 An characterization for variable Herz-type Hardy
spaces

In this section, we establish some real-variable characterizations of variable Herz-type

Hardy spaces. To begin with, present the concepts of various maximal functions as follows.

Definition 2.10 Let f € S'(R") and ¢ € S(R") with [y, ¢ (x)dx = 1. Fort > 0, set
¢, =t (-/t). For any v € R™ we define the maximal functions o' (f), ox(f), o5 n(f)
and y;(f) by

0 (f) () = sup |(f * @) (z)|

t>0

ey (f)(x) = sup [(f*¢,) ()

lz—y|<t

17



pow (f) () =sup sup |(fxp) (@), N>1

t>0 |z—y|<Nt

and

S ()@= s [(Fre)®) (ﬁ)  Men.

n+1
(y:t)€R+

Next we give the following characterization

Theorem 2.11 Let g € 75;°g( R"™),p € 77 *(R™) with 1 < p~ < p* < 00, and let o and q
be log-Holder continuous, at infinity such that o € L* (R™) and o~ > 0. For ¢ € S (R"),

the following statements are equivalent:

(a) f€ HKSY ) (R™).

(b) For some N > 1, 9% \ (f) € Ka(()q (R").
(0) 9% (f) € Kpl) o) (R™).
(@) 7 (f) € Ky (RY).
Moreover,
e, [6on Ollgatr = IooDler = 03 (Dl -

Theorem 2.12 Let q € 75i)og (R™),p € ﬁéog( R™) N Plog( R™) with 1 < p~ < pt < o0,
and let o and q be log-Hélder continuous, both at the origin and at infinity such that
a € L*®(R™) and a~ > 0. For p € S(R"™), the following statements are equivalent:

(a) f€ HKOY ) (R™).

(b) For some N > 1, o5 v (f) € KO‘(())q()
(€) 9%(f) € Kyl yy (RY).

(

d) o* (f )GKO‘(())q()(]R").

(R™).

Moreover,

©Y.N (f)Hkg(S'){q(') ~ ||90*v(f)HK§(<f)>’q(‘) ~ ||90+ HK”‘(()) o

||f’|HK§<(»S),q<»> ol
Proof. By similarity we only consider the homogeneous case. (b) = (¢) = (d) : This

follows from



Note that for any N > n + 1,

wy(f) () S Gn (f) (2).

(2.9)

(a) = (c) : This is a consequence of (2.9). To complete the proof, it suffices to show that

(d) = (b) and (d) = (a).
We first prove (d) = (b). For I, N € N, define

Gin@ = s [(Fre) @) () (14 eN )™

lz—y|<Nt<l/e Nt +e¢

So by the Fatou lemma of series and integration, we only need to prove that

Hg;,l,NHKS(S)’q(_) N Nn/THSDi (f) H[.(;((‘,)),q(.)7 0<r<l.

Now, we further define

v (@) = su tIV, (f * 1+eNy)™".
)= 9,70 )] () (4N o)
As in [28] if [ is sufficiently large, then we have
5 \1/6
hiin(z) <c <M (g:,l,N) (37)) , 0<d <,

where the positive constant c is independent of ¢, N and f. Let
A, = {:E chiin () < C9Z 1N (Q})} , and AZ:=R"\A.

where ¢ will be chosen later. Take 0 < § < 1 such that 0 < o~ < a™ < n(%

by Lemma 2.4, we obtain that

1

Hg;l:NXAE Kaffﬁ?),q(.) = E|h:’l’NHKPEX~)(;f)1(~)
c . N8 ||1/6
= ’éHM (9Z0) HK%?M(-)/&
Cll o L6
= 6” (924 ”K;f(-?;é),q(-)/é

C
= gl
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Therefore,

HgalNHKa(<)> © < LNXAl o0 + Hg:lNXAE ko)
S ;L(.S,q(.) Hgé‘ l NHKO‘(()) .
= 2||g:,l,NXA8 PO

p(-),q(+)

provided that ¢ is sufficiently large. Thus the proof that (d) = (b) can be reformulated

as showing that

) n/r
Moy SN i (N || o0 0<r <L (2.10)

It will know that, see [28]
* n/r * r 1/r
gin (@) S eN™T (M (5 () (x)) ", forany0<r <1 andz € A..

Now choosing r such that 0 < o~ < at < n(% — p—l_), then by Lemma 2.4, and the last

inequality we get

< Nn/r M * m1/r
o 5 NTIMEE D)) e
n/r * |/
S N HM (90-4- (f)) { K;(ag/)r o
< NTT ca() -
~ | D HKp<(~>),q<~>
This finishes the proof of (d) = (b). Moreover,
; a0 SN o 2.11
| PN ”K o HK o) (2.11)
Now we consider (d) = (a). It is easy to verify that
i (f) () )+ Z 279G g (f) (), (2.12)
and since
G (f) (2) S war (f) (2) (2.13)
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for all N > M +n+ 1 see [12]. From (2.12), (2.13) and (2.11 ), we have gives that if N

is large enough, then

o0
HUZ,Z,NXAE K50 S ’ QD*V(JC)HK;(.-))M') + kz:% 2—kM‘ Sy () HKPE%)(;()I(.)
o
S ’ 0L (f) HK"U Z 9—k(M—n/r)
p(-):q(") =0
S et Hkaé&?),q(‘)

for any N large enough, where M > n/r. Hence the proof of Theorem is completed. m

Remark 2.13 If o and q are constants, then the statements corresponding to Theorems

2.11 and 2.12 can be found in [38, Theorem3.3].

2.3 Local variable Herz-type Hardy spaces

In this section, we give the definition of local variable Herz-type Hardy spaces and the
atomic decomposition of these function spaces.

Let Gy f be the maximal function f defined by

Gnf(z) = sup sup [ (fx¢) (y),

PEAN 0<t<1,|z—y|<Nt
where Ay = {p € S(R") : sup|,<n pj<n [2°0°@(x)| < 1} and @, = t7"¢(;). Then we

introduce localized variable Herz-type Hardy spaces as follows.

Definition 2.14 Let q € ﬁgog(R”),a € L>*(R") and p € ﬁéOg(R”) with 1 < p~ < p™ <

Q.

(1) If « and q be log-Holder continuous, both at the origin and at infinity and let o (-) >
n(l—p%). Then a function f € LPO)(R™\{0}) is said to be in the space hK;((-.){q(-) (R™)

if G f belongs to the space K;‘((f))’q(.) (R™) for any N > ij_l +1. Moreover, we define

that
Fllgegy ., =[G ()

o)

Koy,a0)
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(i) If a and q be log-Holder continuous, at infinity and ao, > n(l — i) Then a

function f € LPC) (R™) is said to be in the space hKa(.') . (]R") if Gnf belongs to
the space K (())q( (R™) for any N > M + 1. Moreover, we define that

1A lnto =[G )],

a(s) ’
P(')vQ(')
Now, we establish the maximal function characterizations of the local variable Herz-

type Hardy spaces.

Theorem 2.15 Let o and q are log-Hélder continuous at infinity and p € 75:? (R™) such
that 1 < p~ < p™ < 00, and as > n(l — —) For f € §'(R™), the following statements
are equivalent:

(a) f € RIS (RY).

(b) @% () = sup sup |(f =) ()] € Ky} (RT).

0<t<liz—y|<t
() 21 (f) = sup [(f * 20) ()] € K,y (RY).

Moreover,

~ "A¥ %
s % 05 (Dllgor =[5 D

Theorem 2.16 Let o and q are log-Hélder continuous both at the origin and at infinity
and p € 75i)0g (R™) N ﬁzg (R™) such that 1 < p~ < p* < oo, and o (-) > n(1 — —) For
f € S'(R™), the following statements are equivalent:

(a)f € hKSY ) (R™).

(b) % (f) = sup sup |(fx*¢p,)(y) € Ko, (R").

0<t<llz—y|<t
() @4 (f) = sup |(f* @) W) € K2 ) (R™).
o<t«1
Moreover,
Hf”hkz?((ﬁ),qc) ~ 15 (f)|’K§<(-5),q<-> - H(M HK&(S )

We omit the proofs of Theorems 2.15 and 2.16 since they are essentially is similar to

the proof of Theorem 2.12.
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On the other hand, we obtain the following relation between the local variable Herz-

type Hardy spaces and the variable Herz-type Hardy spaces as follows.

Theorem 2.17 Let o and g are log-Hélder continuous both at infinity and p € 7510g (R™)
such that 1 < p~ < pt < 00, and as > n(l — —) Suppose that ¢ € S(R™) such that
Jgn @ (x)dz =1, and

/ 2o (x)dr =0, forall €N |3 < N.

Then
||f 2R f”HKa(.') ) 5 ||f||hKa(")q(')

(R™), then f— ¢+ f € HK"D (R").

Moreover, if f € hK(\) PO)a()

q(’)

Theorem 2.18 Let a and q are log-Hdélder continuous both at the origin and at infinity,
andp € 75i)og (R™) ﬂﬁlog (R™) such that1 < p~ < p" < o0, and a (-) > n(1— —) Suppose
that ¢ € S(R") such that [, ¢ (x)dz =1, and

/xﬁgo(aj)dx:(), for all p € N,|B] < N.

Then
— Q% -&A < ol

Moreover, if f € hK;‘((.'){q(,) (R™), then f — p* f € HK (())q() (R™).

Proof. By similarity we only consider the homogeneous case. Take 1) € S(R™) such that
Jgn ¥ (2) dz = 1. Using Theorem 2.12, we have

Q

[f == f“HK§<(.5),q<.) [ Sfig Wex (F == )l Hkgéﬁ),qm
S CH os<1£1 [, % f] HK‘!(') a() + CH supl Vuxox ]l HK’(’X(('-))"Z(')

+CHStlZlII)|90t (f—exf) IHK() "
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On the other hand, it will know that, see [28]

(Engt*ﬂ:Séwf@) (2.14)

and
ﬂgJ%*¢*ka@mﬂ@ (2.15)

and
igﬂwt*u*—¢*fN:5@NfW) (2.16)

From (2.14), (2.15) and (2.16), we see that

If— o= fHHKZ(.S),qo S HGNfHK&(f)),m - HthK&(f)),q(‘)'

Now we give the notion of block.

Definition 2.19 Let o € L*°(R™),p € P(R™) and q € ﬁéog(R”). A function a is said to
be a central (a(-),p(+))-block, if
(i) suppa € B(0,7) = {z e R : |z| <7}, >0,
(ii) [lall,., S 7@, 0<r<1,
(i) lll o S 70, 721
A function a is said to be a central (a(-),p(+))-block of restricted type, if it satisfies the

condition (iii), above and suppa C B(0,r),r > 1.
Next we come to the atomic decomposition theorems.

Theorem 2.20 Let o and q are log-Hélder continuous at infinity and p € ﬁ;og(R”) with
1<p <p'<oo. Forany f € hK;((f){q(.) (R™), we have

f= Z Neag, in the sense of S'(R™). (2.17)
k=0
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where the series converges in the sense of distributions, A\, > 0,each ai is a central

(a(-), p(+) )-block of restricted type with suppay C By and

o 1/qe0
<Z |)‘k|qoo> < CHthKa((')) o
k=0 Pl

Conversely,if as > n(1l — Ii), and if (2.17) holds, then f € hK;‘((f){q(,) (R™), and

s 1/qco
al- ~ inf Z Mg | ¥
s ( I ) ,

k=0

where the infimum is taken over all the decompositions of f as above.

Theorem 2.21 Let o and q are log-Hélder continuous, both at the origin and at infinity
and p € ﬁ;Og(R") withl <p~ <p" < oco. Forany f € hf(;((f){q(,) (R™), we have

f= Z Agag, in the sense of S'(R™), (2.18)

k=—oc0
where for k < 0, a; is a central (af-),p(-))-atom, while for k > 0, a is a central

(a(-), p(+) )-block, with suppay C By and

1 1/4(0) o 1/qs0
< > |/\k|q(o)> + (Z |)\k|qoo> < c||f||hka((-)) "
p(-),q(-

k=—o00 k=0

Conversely,if a(-) > n(l — L) and s > {a* +n(L — 1)J, and if (2.18) holds, then

P P
() n
fe HE () 40 (R™), and

1 1/4(0) s 1/qo0
Wiy, = (3 ) o (Spes) L.
P k=0

k=—o00

where the infimum is taken over all the decompositions of f as above.

Remark 2.22 In the necessity part of the Theorems 2.20 and 2.21, the atoms in the

decompositions (2.17) and (2.18) can be taken to be supported in dyadic annuli.
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2.4 Pseudo-differential operators on local variable Herz-
type Hardy spaces

Recently, the boundedness of pseudo-differential operators on variable function spaces
was studied by many authors (see [35, 37]).In this section is to show the boundedness
of pseudo-differential operators of order zero on local variable Herz-type Hardy spaces

o) o)
By a A0 PR )
Theorem 2.23 Let q € 75100g(R”) and p € 75:?(1[{") with 1 < p~ < pt < oo, and let «
and q are log-Hélder continuous, at infinity such that o € L>®(R") and o > n(l — zt)
If

Tf(x):= | flx)o(x,€)e™dg

R'fl
with o € C* (R™ x R"™) and ‘8;850 (2,8) | < ey (1+ 1) then

T . <c . :
17 P ey, < M ety

Theorem 2.24 Let q € ﬁgog(R”) and p € ﬁ;Og(R”) N ﬁzg(R”) with 1 < p~ < pt < o0,

and let o and q are log-Hélder continuous, both at the origin and at infinity such that
o€ L®(R") and a (-) > n(l — p%) If T be as in theorem 2.23, then
T (- < ca() -
| (f)Hth((»)),q(») - CHthKp((-)),q(-)
Proof. By similarity we only consider the homogeneous case. Let [ € h[.(;:((_'){q(_) (R™), by

Theorem 2.21, we have

f = Z )\lal, (219)

l=—o0

in the sense of distributions, where for [ < 0,a; is a central («(-),p(-))-atom, while for

[ >0, a; is a central (a(-),p(+))-block, with suppa; C B; and

-1 1/4(0) 0o 1/goo
Hf”hka((-)) 0 ~ inf ( Z ‘)\l’tJ(O)> + (Z ‘)\l|q<>o> .
A =0

l=—00
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By Proposition 2.2, it suffices to estimate

H {Zka(o)@i (T (f)) Xk} ||£q<(0)(Lp(_)) and H {2kam¢i (T (f)) Xk} ng;o (L)~

For k < 0, we have

{22 (T () X Hl w0 gocr) S Fr + Fa + F,

where C
_ k—2 w0\ @
P ( 3 (w@ > g <Taz>><kllp<.>> )
k=—o0 l=—00
B . q(0) %0)
Py (Z (QM@Z Il |5 <Taz>><kllp<.>> )
k=—00 I=k—-1
and

. - q(0)\ «(0)
. ( > (03 wile: ol )
k=—o00 =0

For Fj, by the LP®)-boundedness of M, we get

2ka(0)z |)\l‘ H@*Jr (TCL[) Xk”p() S Z ‘)\l’ Qka(O)HM (Tal) Hp()

=0 1=0

S 2RO Tal]
=0

S Z Al Zka(o)Haal(.)
1=0

5 2](20((0)2 |)\l| 2—loﬁ HQZOé(-)al Hp()
=0

5 2ka(0) <Z |)\l|qoo )
=0

1/¢o

Therefore, we conclude that
1/400

Fs (3o ™)
=0
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For F,, similar to the estimate of F3 and applying Lemma 1.14, we obtain

-1 -1 q(0) ﬁ
nx( 3 (3 i)

k=—o0o0 \l=k-—1
—1 1/¢(0
(5 )™
k=—00

For F;. By Theorem 4 in [17], we can write
oo+ (Tar) (2) = | Ki(zsz—y)ai(y)dy,
R
then we expand K, (z;z — y) in a Taylor series about y = 0. By the vanishing moment
of a;, we get that
«(Ta) (z) = > / 0K, (r;0 — y) y’ar (y) dy.
B|=N+1

where 0 < # < 1 and N € N satisfying that N +1 > o™ +n(p% —1). Noting that = € Ry
with k& > [+ 2, by Theorem 4 in [17], we have

o % (Tag) ()] S |7 [ |y ey (y) dy
Rn

< QUN+1)9—k(n+N+1) ||al ” .

< 9(k=Dat 9l(N+1)g—k(n+N+1) H2la(~)

~Y

a Hl
Applying Holder’s inequality and the fact that a; is a central (a(-), p(-))-atom, we obtain

H2ka (Tal Xk:H " 2(k—l)a+2l(N+1) k(n+N+1) HXBz

ol

< lk=Da QUN-+1)—K(N-+n-+1) HXBz 0 HXBkH

< o(I=h) (N+1+nfa+fp—7)7

where in the last estimate we have used Lemma 1.15. Then, we obtain

k-2 k—2 o
20 37 I [[2% (Ta) xillyy § 30 2Pt E),

l=—o00 l=—00
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Therefore, by Lemma 1.14, we have

-1

1/4(0)
R (3 me)

k=—o0
For k > 0, we choose a radial smooth function 7 such that suppn C B (0,1) and n = 1
near the origin. We split 7' = T + T, by decomposing K (z;y) = K; (z;y) + Ka (z;y) =
nK (z;y) + (1 —n) K (z;y) . Then T} and T are of order zero. We have

{28 2% (T () X0} e 100y S (Z (2’“‘°° > Il fles <T1az>><k!!p<.>) )

k=0 l=—0c0
[e’s) —1 doo q%.o
+ (% (2’“‘“’ Z |)\l’ H@i (T2az)Xk||p(,)> >

l=—c0
k—

oo 2 oo q%oo
(Z (2]%" M| @5 (Thar) Xk” > )
k=0 =0

1

+ (Z <2ka°° Z M5 (T2al)Xka(.)> )q""

k=0 I=k—-1

Z:H1+H2+H3+H4.

To estimate H, since supp@’ (Tha;) C Byyq and LP0) boundedness of M, we deduce that

o0 o0

Z A (Tyray) Xk?Hp() ~ Z |)‘l|2ka°°H||M<T1al)Hp(-)

l=—o00 l=k—1
o)

S Z |)‘l’2k%o H HTI&l”p(.)

l=k—1
oo

N Z |)‘l|2mOO H Haal(.)
I=k—1

S D a2t

l=k—1

Therefore, by Lemma 1.14, we obtain

<Z|)\ @ ) /qoo
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For Hy, it is obvious that

> NIZG (Toa) xll, oy S 3 Il
I=k—1 Pl

Again by Lemma 1.14, we get

s l/qoo
Hy < (Zym“) .
k=0

For Hs, it will know that

[(K2), (z,9)| S em (T+[y) ™™ (2.20)

for any m > n see ([12], Theorem 4). If x € R and [ < 0 < k, by (2.12) we obtain that
por T @) = | [ (860, (0= )

1
S/R W’az(y)’dy
20 fa 0 [ oy )y

n

S 2[(N+1)2—k(N+n+1) ||al||1

So by the fact that 2% x~ 2!®) (y € B; and I < 0), we get

oo ok (Thay) (w) S 2N+ Hhase | 4N H g1

< 2(k_l)a+25(N+1)_k(n+N+1)H21a(~)alH1, E>0>1.

~

Applying Holder’s inequality and the fact that g, is a dyadic central (a(+), p(+))-atom, we

obtain

k Dat ol(N+1)—k(n+N+1)
2 HXBI

H2kaoo90t * (Thay) Xka(,) 5 HXBk Hp(.)

< glk= Dat ol(N+1)—k(n+N+1) HXBz

HXBk Hp(~)

o(1=F) <N+1+nfoz+fp—7> 7

N
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where in the last estimate we have used Lemma 1.15. We take N € N satisfying that
N+1>a" +n(;=—1), then

koo Z VY e (TQ(M)Xka(,) S cgfk(N+1+n7a+fp%) Z A 21(N+1+n7a+,p%>
I=—o0 e
-1
5 Q—k(N-FH—n—oﬁ—p"—i) ( |)\l‘q(0) )1/11(0).

Therefore,

! 1/q(0)
H, < ( Z ’)\Z|Q(0)> )

l=—00

For Hj, by similar argument in the estimate H, we obtain

k—2 k—2

2 SN[ (Toan) i, £ 3 20t

=0 =0

Again by Lemma 1.14, we get

1/qeo

Hy s (3 ™)
k=0
The proof is complete. =

Remark 2.25 Corresponding statements to Theorems 2.23 and 2.24, with o,p and g
constants, can be found in [26], while with o and q constants Theorems 2.23 and 2.24 are
proved in [37], under the assumption that the mazimal operator M is bounded on LP¢)(R™)
(both in the homogeneous and the inhomogeneous situation). Here we are requiring the

log-Hélder continuity at two points only (zero and infinity).
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CHAPTER 3

BOUNDEDNESS OF SINGULAR INTEGRAL
OPERATOR OF CONVOLUTION TYPE ON

VARIABLE HERZ-TYPE HARDY SPACES

In recent years, it turned out that atomic and molecular decomposition of some function
spaces are extremely useful in many aspects. This concerns, for instance, the investigation
of (compact) embeddings between function spaces. But this applies equally to questions
of mapping properties of some operators, such as Calderén-Zygmund operators, the com-
mutator of Calderén-Zygmund operator with a BMO function and to trace problems,
where arguments can be equivalently transferred to the sequence space, which is often
more convenient to handle. In this chapter, we shall give the boundedness of singular
integral operators of convolution type on H K]?t((.ﬂ),q(.) (R™). To do this, we establish the

molecular decompositions of inhomogeneous Herz-type Hardy spaces.
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3.1 Molecular decompositions of variable inhomoge-
neous Herz-type Hardy spaces

The main goal of this section is to prove an molecular decomposition result for H Kg(f))q(.) (R™).

First we give the notation of molecule

Definition 3.1 Letp € P (R"),a : R" — R with o € L*(R") and a > n(1 — Ii) Let

[ € N,
1
sz{aoo—i—n(——l)J.
Poo
Let
0 1
5>max<—,a— ——1>, boo=1——+¢
and
1 o0
aoo—l———a— €
Poo n

A function M; € LPO (R") is said to be a dyadic central (o (-),p();s,e),-molecule of
restricted type if it satisfies

() 1Ml <1,

.. Goo /boo nboo 1600 /boo
() Ry (M) = (DI | 1 24|
(ili) [on M, (z) 2Pdz =0 for any 8 with |8] < s.

< 00,

In the next statement we shows that the molecular is a generalization of atom.

Lemma 3.2 Let a,p, s, €, 000, bs be as in Definition 3.1. Let | € Ny. If M; is central
(a(-),p(-))-atom of restricted type supported on B(0,2'), then M, is a central (a (-) ,p(+); s, €),-

molecule of restricted type.
We immediately arrive at the following result.

Lemma 3.3 Let «,s,e,a;,b,1 € Ny be as in Definition 3.1, and p € 752? (R™) with

1 <p < pt < oo. Let aand q be log-Holder continuous, both at the origin and at
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infinity. Then there exists a constant C' such that for any dyadic central (o(-), p(-); s, €);-
molecule of restricted type M,

<C,

||Ml||HKa() (y(RT) =

where C' > 0 s independent of .

Proof. We follows the idea of [30]. Let M, be a dyadic central (« (-),p(-); s, €),-molecule.
1
Assume that 2% < [|M|, 5~ < 2"*! 0, > 0. Recall that

Bvl = {J} € Rn : |1}| < 2”1—1} and Rk+vl = {x c RTL . 2k+vl—1 S |x‘ < 2k+vl}
for any k € Ny. Therefore

Z Ml XkJrvl )a S Rn’

where x;,,, and x,, are respectively the characteristic function of Ry, and B,k > 0.
Let My, = Mix;,,- We denote by P; the class of all real polynomials of degree less than
s. Let Pg, M, € Ps be the unique polynomial satisfying

/R (M (x) = Pr,Myi(x))z” =0, |5 <s.

Let QU{ = (PRk:Ml7k)Xk+vl’ k> 0.
Step 1. In this step we prove that there is a positive constant C' and sequences of numbers

{A\Lk} ren, such that

o

(Z A )q; <C, (3.1)

k=0
and

M = Nigarr + Qui,

where each a;, is a (a (-),p(-))-atom and the constant C' is independent of [. Without

loss of generality, assume that R,y (M;) = 1, which leads to

boo aoo < szlaoon

1= Ml = (Ml =
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where ¢ > 0 is independent of [. Let {goék 7] < s} € Ps(R™) be such that

1
(i e, = o (@)@t (2)de = 6y

B |Rk+vl | Rk+vl

Then
Lk Lk
Qui(z) =Y (M, ¢} Yppn 95 (@), @ € Ry (3.2)
18|<s
In addition by Holder’s inequality
1
Que(@)] S —— | M ()| dix
|Rk+vl | Rk+q,l
HXRk"f”l P'()
N My,
| Rt I8l
< HMl,ka(.)
HXRk-H)l p()

for any x € Ry, where the last estimate follows by Lemma 1.17. Therefore

HMl,k — Qi

’p(-> S HMI:ka@)
S H ’_‘nboo Ml:ka(')
§ 2vlawn2—(k+vl)nboo

27(k+vl)nboo

— C2—nkaoo |Bk+vz |_a°°/n ,

Consequently M, — Quix = 7,a1k, where v, = 27" and a; is a central (a(-), p(-))-
atom of support contained in Byy,,, K > 0. The constant ¢ is independent of k£ and [.

Let
A\ — Vi if k>0,
0, otherwise.
Therefore we obtain the estimate (3.1).
Step 2. In this step we prove that Y > Q. has a (a (), p(-))-atom decomposition. Let

{gpé.’k ] < s} € Ps (R™) be the dual basis of {7 : |y| < s} with respect to the weight
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m on Rk?-l-vu that is

1

| Rk"‘r'l)l | Rk+vl

gpé.’k (x)xVdx = 0,,.

If set " (z) = 3 Byfa¥ and ¥* () = 32 700k (2) , then we have

v]<s lv<s

Tijjk j 780vk> - Zﬁ $7> = 262{;5]7 = Bi;jk

[v[<s IvI<s

So <p] HOEDY ﬁi]kgofjk( ). For x € Ry.,,, we have

[v|<s
(Mg, " >Rk+vl Mszﬁlk ”) R ? ¢ (@)
[v|<s
L oLk
- Z<Mlkax >Rk+ 51}]90] )7
lv|<s
which together with (3.2) implies that
Qui(z) = Y (M, >Rk (@), if 2 € Ry (3.3)

l71<s
We set £ == {z eR":1<|z| <2}, F:={zeR": |z| <1}, {e;:|j| <s} € Ps(R")
satisfying

1
B /E e; (x)xdr =0,

and {&; : |j| < s} € Py (R") satisfying

z)xdr =6,
AL

1
wéjk (Jf) 2Vdr = E/ 2(k+vl)|'y|w?k (2k+vly) yvdy,
E

Noting that

1

‘Rk‘i’vl ‘ Rk+’ul

Ojy =
we get e; (y) = 2’“'”’%% (2¥y). Thus in turn leads to that for k& > 0,

wé,k( ) o—(k+u)ljl (2 (ktv1) ),x S RkJr'ul-
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Similarly, we have

Uit (y) = 27"0lg; (277 le) , w €

Let C := sup {|l¢;]|.,[I& .} Then we have

J:lil<s
5" (@) | < C27 ¢l for & > 0,
where the constant C' is independent of [. Let
Lk 5 j
Ny = Z |Ri+vz|<Ml,iaxj>[zi+vla k> 0.
i=k
First observe that
o (o)
1l 5 j
N = RO} =S
i=0 i=0

Now by Holder’s inequality and Lemma 1.17 it follows

]lek] < Z/ |Ml7i (x) :L‘j| dx
i=k B

M (x)dde = [ M, (x)2/dr = 0.
Rn

it+vy

i+vg

< Z H H] Ml,in(,)HXRHvz

i=k

()’

By Lemma 1.17 we get

__1
) ~ |Ri+vl|1 Poo

HXR'L'+UZ (-

which yields that
‘le,k:| < V1l =nboo = 52=4n) Z 9i(ll=nbes =500+ m) H "|nbm Ml”p(‘)
i=k

oo
< 9uillil=nboo—i=Fntacon) Z 9i(lj|—ne)
i=k

< 21;[(|j|—nboo—ﬁ+n+awn)2k(\j\—s)7

with the implicit constant not depending on ¢ and [, which yields that

’le:k| 5 21};(\j\—nbw—£+n)2k(\j\fns).
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Consequently, with the help of (3.4),

NP (@) X ()
|Rk+vl |
which tends to zero if k tends to infinity. Using Abel’s transform and (3.5) we obtain

> Quil)

< 2ul(—nbm—£+aw”)2—k”(€+1), (3.5)

can be rewritten as

DD (Mial)y o (@)

k=0 |j|<s

00 k Lk (4 " Lkt (0 Lz
_ ZZ(Z‘RHUZ <Ml’ijxj>m+vl>(¢j () Xieyw (@) 07" (@) X ( ))

jl<s k=0 =0 | Reyo | | R-tvp41]

s e (000 ) S 0t (0

|.7|S5 k=0 |Rk+'Ul | ’Rk+vl+1’

On the other hand, we have

i (BN 1) 7 O (0
’ ‘ Rk+vz ‘ |Rk+vz+1 |

can be estimated by

CINF W (@) || R ™!

n_

< oK (—nboo —52=Facon) 2—k(na+n)

1 oo

< C27M% | Ry yy | e

for some positive constant ¢ independent of [ and k. Let

02—]{:77/(1007 if k Z 07
Avk = (3.6)
0, otherwise
and
Lk Lk, . LE+L "
" ( 1\)73» )(% @)Xy @) Y7 @)Xk w1 ( ))’ i k>0and |j| < s,
aljk - Lk IRk‘H’l| |Rk:+vl+1|

0, otherwise
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Then we have

Zsz ZZAMGM,

k=0 |71<s k=0

where al(jk) is an (a (-),p(-))-atom supported on By,,. In addition we obtain the estimate

(3.1). m

Now we come to the molecular decomposition theorems.

Theorem 3.4 Let o, p,q,s,e,a,b be as in Lemma 3.3. Then f € HK;((.'))q(.) (R™) if and

only if f can be represented as
f = Z )‘lem
k=0

where the series converges in the sense of distributions, A\ > 0, each My is a dyadic

central (a(.),p(.);s,e)-molecule of restricted type, and

o0 1
doo
(D™ )™ S Ul em
=0 p(.)a(.)

Moreover,

p(-), ()

[ty o i (),
k=0

where the infimum is taken over all the decompositions of f as above.

Remark 3.5 Corresponding statement to Theorem 3.4 were proved by Liu and Wang
[36], with « and q constants, under the assumption that the maximal operator M is
bounded on LPY) (R™) (both in the homogeneous and the inhomogeneous situation). Also

Here we are requiring the log-Holder continuity at two points only (zero and infinity).

3.2 Singular integral operator on H K;é(('.))q() (R™)

The target of this section is to show the boundedness of a convolution type singular

integral operator on H K (())q(.) (R™). The main theorem of this chapter is the following.
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Theorem 3.6 Let q € 75:)% (R™) and p € ﬁzg (R™) with 1 < p~ < pt < oo, let
Tf(x)= | K(zy)f(y)dy, x¢ suppf, (3-8)
Rn

for any central (a(-), p(-) )-atom f with the kernel K satisfies

5
{k(x;y)—k(m;())‘ <c ‘y‘

where ¢ is a positive constant and 0 < 6 < 1. Let a and q be log-Holder continuous, at

infinity, with o € L (R") and

1 1
n(l——)gam<n(1——)+5.
P P

If T satisfying [, Tf (z)dx = 0, and bounded on LPCO) (R™), then T is also bounded on

« ) n
HEL o) (RT).

Proof. Let f € HK*" (R™), by Theorem 2.8, we have

p(-),a(")
F=> N,
=0

in the sense of distributions, where each ¢, is a central (a(-), p(+))-atom of restricted type

with suppa; C B; and

00 1/qeo
Z |/\l|qoo < CHfHHK”(') :
—0 p(-),a(-)

By Theorem it suffices to show T'f is a central («(-), p(); 0, €),-molecule of restricted type
where (O‘?"’ -1+ zﬁ) <e< %—l—i, to be determined later, a,, = 1—%—%"4—6, boo =
1-— Ii + €. Obviously, we only need to verify the size condition for molecules, that is

1—aoo /boo

p()

Ry (T (1)) = IT (Pl ™ |11 T () <.

We first estimate HHan (f) ()H o In fact, we have
e

[l=7(5)]

< Nboo < Nnboo < Nboo — oo
pocsnany ST T Dl S 17 [y S 1o,
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On the other hand, for any x with |z| > 2r the vanishing moment of f and the regularity

of K, we have
T (f) (z)] = | s K (zyy) f (y) dy|
=| | (k(@y) = k(@0) f ) dy
ly|°
S| — 3 d
< [ @)l
5 Tn+6 |x|—(n+5) Mf (.I‘)

and since nb,, — n — § < 0, we have

[l=(5)|

Lo a0z > N (f)

S e IM (e

~Y

S T’nboo Hpr(-) 5 ,,,,leoo*aoo.

Lr()(R"/B(0,2r))

Thus, we get
Rp() (T (f)) < T—aooaoo/booT(nboo—aoo)(l—aoo/boo) SJ 1.

Y

This finishes the proof. m

Remark 3.7 Corresponding statement to Theorem 3.6 , with s,p and q constants, can
be found in [30, Theorem 6.2.3], while with s and q constants Theorem 3.6 is proved in
[36, Theorem 3.3].
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Abstract

In this thesis, we study the boundedness of singular integral operators and pseudo-diferential
operators on variable local Herz-type Hardy spaces. To do these, we present some their
properties such us the atomic and molecular decomposition of such spaces.

Key words

Herz spaces, Herz-type Hardy spaces, maximal function, variable exponent, pseudo-differential
operators, singular integral operators, atom, molecule.

Résumé

Dans cette these, nous étudions la continuité d’opérateurs intégraux singuliers et d’opérateurs
pseudo-différentiels sur des espaces de Herz-type Hardy locaux a exposant variables. Pour ce
faire, nous présentons certaines leurs propriétés telles que la décomposition atomique et
moléculaire de tels espaces.

Mot-clés

Espaces de Herz, espaces de Herz-type Hardy, fonction maximale, exposant variable,
opérateurs pseudo-différentiels, intégrale singuliers, atome, moléculaire



