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Resume

n this thesis, we have studied four problems of three types of fractional differential equations with

integral boundary conditions:

v At first, their solutions are presented in form of nonlinear integral equations by using the Green
function, which her properties are analyzed to determine the appropriate way to solve the pro-

posed problems.

v Secondly, we proved the positivity, existence and uniqueness of solutions to the proposed prob-
lems by using some fixed theorems.

v Next, we give a new results concerning the stability of fractional equations in Ulam-Hyres sense

to prove the stability of solutions for proposed problems.

v/ Finally, several examples are presented to confirm the effectiveness of some utilized theorems.

Keywords: Fractional differential equations, Integral boundary conditions, Fixed point theorems,
Ulam-Hyers stability.

ans cette thése, nous avons étudié quatre problemes de trois types d’équations différentielles frac-

tionnaires avec des conditions aux limites intégrales:

v/ Premierement, nous représentons leurs solutions qui sont en forme d’équations intégrales non
linéaires utilisant la fonction de Green, dont les propriétés sont étudiées pour déterminer la maniere

appropriée pour résoudre les problémes proposés.

v Deuxiemement, nous avons prouvé la positivité, 1’existence et l'unicité des solutions aux prob-

lemes proposés basée a certains théoremes de point fixe.

v Ensuite, nous avons donné de nouveaux résultats concernant la stabilité des équations fraction-

naires au sens d’Ulam-Hyers pour prouver la stabilité des solutions aux problémes proposés.

v Enfin, plusieurs exemples sont donnés pour confirmer 'efficacité de certains théoremes utilisés.

Mots-Clés: Equation différentielles fractionnaires, Conditions aux limites intégrales, Théoremes de

point fixe, Stabilité d’Ulam-Hyers.
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General introduction

ractional calculus was begun from a letter written by L'Hospital to Leibniz in 1695
anf
dzr

apparent paradox, from which one day useful consequences will be drawn”(Oldham

asking him if n = 1 , what does it mean

Leibniz then responded saying “An

et Spanier, see [31], which is the first monograph devoted to Fractional Calculus in 1974). A
lot of contributions to the theory of fractional calculus take up by famous mathematicians.
In June of same year, the “First Conference on Fractional Calculus and its Applications” has
organized by Ross at the University of New Haven, and edited its proceedings [34]. Since
then the application of fractional calculus is extended to many fields of science and engineering
(mathematical physics, biology, bioengineering, control theory, hydrology, thermodynamics,
mechanic and finance; see the books [13,24,32,37]).

Various types of fractional derivative definitions were introduced in history (the most pop-
ular ones are Riemann-Liouville and Caputo). Unfortunately, they do not inherit all the opera-
tional behaviors from the typical first derivative, such as the rules of product, quotient, compo-
sition and chain and semigroup property. A new type of fractional derivative was introduced
by Khalil et al. in [20] and developed by Abdeljawad [1] called "conformable fractional deriva-
tive", its has a limit form as in the classical derivative and its properties are almost similar than
the classical one, which has made it an interesting subject of several topics.

As same as the fractional calculus, the development of the Ulam-Hyers stability also has
a long history. In 1940, Ulam asked the following question in a seminar at Wisconsin Uni-
versity about stability of group homomorphism: does there exists a relationship between the
exact and approximate homomorphisms, from a group ©, to a metric group O, (for more de-
tails see [42,43]). After one year, Hyers gave The first reply to Ulam’s question in the context
of Banach spaces in the case of additive mappings, this type of stability is called Ulam-Hyers
stability. In 1978, Rassias in [33]] gave more extension to Hyers’s idea, where the bound for
the norm of Cauchy difference was setting in more general form. This concept of stability is
termed as Ulam-Hyers-Rassias stability. The classical concept of Ulam-Hyers stability is re-
quired to find a function which satisfies a suitable approximation inequality. This approach
can guarantee that there exists a close exact solution useful in many applications such as nu-

merical analysis and optimization, where finding the exact solution is impossible. Recently, the



stability research is also be a key for developing the fractional calculus, for the Ulam-Hyers sta-
bility of fractional differential equations, see [5,9,(10,19/23,28,46] and for conformable fractional
differential equations, see [8|25,53].

Differential equations with integral boundary conditions are an important class of problems
which arise in the fields of electro chemistry, chemical engineering, cellular systems, heat trans-
mission, plasma physics, thermo elasticity, heat conduction, underground water, population
dynamics, blood fow models, ect. They spring up when values of the function on the bound-
ary are related to its values inside the domain, they have physical significations (total mass,
moments, - - - ) and with the fact that fractional-order models are more degrees of freedom than
integer-order models, that is, we refer the reader to studying the following fractional prob-
lems with integral boundary conditions [3,6}7,(10, 11,18, 26| 27,36, 38-40, 44, 46-49| 51, 52] and
the references cited therein, for specifically; the authors in [50] concerned with the p-Laplacian
fractional differential equations involving left Riemann-Liouville derivatives and the Riemann-

Stieltjes integral boundary condition:

— Dy, (0 (D)) (1) = Af (8,2 (1)), B€ (0,1, a€ (1,2, t€(0,1),

z(0) =0, Dgz(0) =0, (1) :/o z(t)dA(t).

The p-Laplacian operator ¢, is defined as ¢, (t) = [t|"~>, p > 1, where (p,) "

= ¥q Lyl_q,
the function f : (0,1) x (0,+00) — (0,+00) is continuous. A is a function of bouniiedqvari—
ation and fol z (t) dA (t) denotes the Riemann-Stieltjes integral of x with respect to A, dA can
be a signed measure. The main results are established by using the method of upper and
lower solutions and the Schauder fixed point theorem. Only a few authors have discussed
the conformable fractional problems with integral boundary conditions, see [17,29,30,141} 54].
Among them some work is devoted to the Ulam-Hyers stability of nonlinear fractional differ-
ential equations with integral boundary conditions as well, see [4}/6], for instance; M. Houas et
al. in [19] studied the The main results by applying the contraction mapping, O’'Regan fixed
point theorem and theory of Ulam-Hyers stability to the following fractional boundary value

problem involving left Caputo fractional derivatives with nonlocal boundary conditions:

t— S)U—l

“D§+ (CD('?+ + )\) z(t) = f (¢ z(t)) —l—/o (FTf (s,x(s))ds, t €10,T],

2(0) = z0 + g (z), x<T):9/"M

i ) x(s)ds, n € (0,T),

where «, 8 € (0,1], a+ S € (1,2], f and g are continuous functions, and o, p, A, x,, 0 are real

constants.



The main contribution of this thesis is the study of the existence, uniqueness and stability
of solutions of certain fractional differential equations with integral boundary conditions. This
thesis consists of 4 chapters as follows:

We begin by recalling, in Chapter 1, the notions of gamma and Beta functions, which play
an important role in the theory of fractional differential equations. Then, we give the concepts
of derivation and fractional integration in the sense of Riemann Liouville, Caputo and con-
formable and their properties. Next, we cite some useful fixed point theorems. We finish it by
giving an overview on the Ulam-Hyers stability definitions for fractional differential equations
considered.

In the second chapter, we use the Guo-Krasnoselskii fixed point theorem, the Banach con-
traction mapping principle and the Ulam-Hyers stability to prove the existence, uniqueness
and stability of positive solution for the following mixed fractional boundary value problem
(mixed-FBVP) with integral boundary conditions involving both right conformable and left

Caputo fractional derivatives:
Dy (*D§ex) (1) = f (L (1), £ € (0.1),

! (P1)

2 (0) = 7/0 (8 dt, “De.x (1) = 0,
where «, 5 € (0,1], v € (0,1) and the function f : [0,1] x Ry — R, is continuous. Finally,
the main result is strengthened through examples. The results in this chapter are published in
“Moroccan |. of Pure and Appl. Anal.” in title “A new class of mixed fractional differential equations
with integral boundary conditions” , see [15].

In the third chapter, we concerning by the the following two conformable fractional bound-
ary value problem (two-CFBVP) with integral boundary conditions:

DI DS (t) + Mf (t,x (t) =0, t € (0,1),

! (P2)
Do (0) = 0. 2 (1) = [ w(t)
where o, € (0,1], A > 0, v > 0 and the function f : [0,1] x R, — R, is continuous. We estab-
lish the existence, uniqueness of positive solution by using the Guo-Krasnoselskii fixed point
theorem and the Banach contraction principle theorem. Also, we give the theory of Ulam-Hyers
stability of solutions for the problem considered. We end this chapter with two illustrative ex-
amples. The results in this chapter are accepted for publication in “Stud. Univ. Babes-Bolyai
Math.” in title “Nonlinear two conformable fractional differential equation with integral boundary
condition” , see [14].
In the last chapter, we used Guo-Krasnoselskii fixed point theorem and Banach contraction
mapping principle combined with Ulam-Hyers stability to study the existence, uniqueness and

10



stability of positive solution for the following two p-Laplacian problems involving conformable
fractional derivatives (p-Laplacian CFPs) with integral boundary conditions:

Dy, (p (Dge)) (t) = —f (L. (), t € (
) =

vp (Dg+z) (0) = 0, wp (D) (1

2 (0) = 7/ .

D2, (¢ (Dfr)) () = £ (£, (1), £ € (0,1),

0 (D5a) (0) =0, (5 (D5.)) 0) =1 [, (D) (), (P

0,1,
/ , (Dg, ) (1) dt, (P3)

and

z (0) =0, a:'(O):/\/le(t)dt,

where a, 5 € (1,2], the function f : [0, 1] xR; — R, is continuous, the parameter A and y belong
to [1,2) and the p-Laplacian operator ¢, (t) = t[t|"*, p > 1, where (¢,) " = ¢,, é + é = 1. One
example is also given to show the applicability of our results.

We end this thesis with a general conclusion and some perspectives.

11



CHAPTER 1

PRELIMINARY CONCEPTS OF FRACTIONAL
CALCULUS

%his chapter is concerned with basic results, functions, definitions, lemmas, theorems, no-
tations, which will be used throughout the thesis.

1.1 Some special functions

We give the special functions Gamma and Beta, which use in the formation of fractional order
derivatives and integration, by:

1.1.1 Gamma function

The Gamma function [32] was introduced by the Swiss mathematician Leonhard Euler in 1729,
by
[(p) = / t*~te~tdt, Re(p) > 0.
0

I' is a extension of the factorial function to positive real values and complex argument with
positive real part. Some of the most important properties are

12



1.2. FRACTIONAL CALCULUS 13

1.1.2 Beta function

The Beta function [32] is studied by Euler and Legendre, which is a kind of Euler integral. For

complex numbers p and ¢, the function is defined by :

1
Bpa)= [ &7 (1= )" ds, Re(p) >0, Relq) >0
0
which is symmetric function. The relationship between beta function and gamma function

I'(p)T (q)
B(p,q) = Tora
1.2 Fractional calculus

1.2.1 The Riemann-Liouville fractional integrals and derivatives

The starting point of the Riemann-Liouville definition was Cauchy’s integral formula:
Let f : [a,b] — R is a continuous function. The left primitive of f is given by

EJ@:/fmwn

For the primitive second of f and according to Fubini’s theorem, we have

T2 f (1) = /: (/:f(@)d@) i = /: (t— 1) f (r)dr.

Cauchy’s formula for repeated integral ( [32], p.64) is

[ Tn—1 1 t . .
J;if(t):/a/a / f(Tn)dTn"'dedﬁ:(n_l)!/a(t—T) "f(r)dr, t >0, neN.

Moreover, the right primitive of f is given by

¢ b
Bt = [ redas=— [ reas
t
We could define in the same way the right-sided integral of order n'" of f by

(="
(n—1)!

If n is substituted by a positive real number and the Euler gamma function is used instead of

Jp- [ (1) =

/t (s " f(s) ds.

the factorial, a new notions of fractional integration is obtained:

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



1.2. FRACTIONAL CALCULUS 14

Definition 1.1. The left and right Riemann-Liouville fractional integral of order @ > 0 of a

function « € L (a, b) are defined respectively by

() = [ = e s
() = ﬁ/t (s — £ 2 (s) ds

Further, the definitions of Riemann-Liouville and Caputo fractional derivatives are giving

by:

Definition 1.2. [24] The left Riemann-Liouville’s fractional derivative of order n — 1 < o <

n, n € N* of a continuous function z : [a,b] — R is given by

Do) = o (4) [ (- sy () ds.

The right Riemann-Liouville’s fractional derivative of order n — 1 < a < n, n € N* terminating

at b of z is defined by

DYz (t) = FE;—l_);) (%)n/tb (s — )"z (s) ds.

Definition 1.3. [24] The left Caputo fractional derivative of ordern — 1 < a < n, n € N*of a
function z € AC" ([a,b],R) is given by

Do, 3 (f) = ﬁ / St = grmet (%)n 2 (s)ds.

The right Caputo fractional derivative of order n — 1 < a < n, n € N* terminating at b of
z € AC™ ([a,b] ,R) is defined by

“DE 1 (1) = E_—l)n) /tb (s —1)"t (%)nx (s) ds.

T T'(n—a

Remark 1.1. When a = 0, we write D%, D“ and .

Next Lemma present some properties between the fractional integrals and derivatives:

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



1.2. FRACTIONAL CALCULUS 15

Lemma1.1. [24]Forn—1<a <n,n €N andz € L(a,b)

()
Dy (Iy-x (1) = Dgv (Igva (1) = “Dy- (Ii-x (1) = Dy (Igvx (1) = = (1)

(ii) If z € C (a, b) with a fractional derivative belongs to C' (a,b) N L (a, b), then

"2 (g .
& (Do (8) =z () = Y k!( ) (t—a)*".

" (—1)F ) )
Il?_ (Dl?é—‘r (t)) =T (Zf) — E (D/{—l(b) (b o t)af .

k=1
(iii) Ifx € AC™ (a,b) or x € C™ (a,b), then
n—1 (k)
s D) =) -3 W - a)
k=0 ’
ok ®
i Dp @) =at -3 T gy
k=0 ’

1.2.2 Conformable fractional calculus

The conformable fractional derivative is a new well behaved definition of fractional derivative,
based on a simple limit definition. The original definition of the conformable derivatives of

order 0 < a < 11is defined in [20] and generalized in [1].

Definition 1.4. [20] The left conformable fractional derivative starting from a of a function
z : [a,+00) — R of order 0 < a < 1 is defined by

Do (1) = lim z(t+e(t—a)") —z()

, forallt > a.
e—0 £

If D¢,z exists on (a,b) then D¢,z (a) = lim+ Dz (t). If DY x (1)) exists and is finite, then we
t—a

say that z is left-differentiable at .
The right conformable fractional derivative of order 0 < a < 1 terminating at b of = is

defined by
a(t+ed—1)"" —z(t)

Dz (t) = —ll_I}(l) . , forallt > a.
If Dy z () exists on (a, b) then Dy x (b) = lim D,z (t). If Dj-x (ty) exists and is finite, then we

say that z is right-differentiable at ¢,.

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



1.2. FRACTIONAL CALCULUS 16

Remark 1.2. [20]
(i) Note that if x is differentiable, then
Dra(t)=(t—a) "2/ (t), Dpa(t)=—(b—t) "2 (1),

where 2/ (t) = lim._o [z (t + &) — z ()] /e.

(ii) If the conformable fractional derivative of = of order « exists, then we simply say z is a-
differentiable.

(iii) Differentiability implies a-differentiability, but the contrary is not true, that is, a non-

differentiable function can be a-differentiable.

Definition 1.5. [20] The left and right conformable fractional integral of a function x of order

0 < a < 1 are defined respectively by

I¢x(t) = / (s —a)* "z (s)ds,

7o 2 (#) :/t (b= 5" 2 (s) ds.

Remark 1.3. [20] When a = 0 we write D* and Z¢.
The next lemma introduce some conformable fractional integrals and derivatives properties.
Lemma 1.2. [20] For 0 < o < 1, we have

(i) If x is a continuous function on (a, b) then

ar (Zgra () = Dy (Zy (1) = = (t).
(ii) If D%, x, Dy x are continuous on (a,b) then
ar (Dgra(t)) =z (t) —x(a), Iy (Dya(t) =z (t) — = (b).

For the extension to the higher order p € (n,n + 1] (n € N), we have

Definition 1.6. [1] The left fractional derivative starting from a of a function = : [a, +00) — R
of order p € (n,n + 1], where (™ (t) exists, is defined by

(n) _ \Hl=pN L (n)
D7,z (t) = D7 (™ (£) = lim = (tte(t—a)™ ") -2 ()

e—0 €

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



1.3. SOME FIXED POINT THEOREMS 17

The right fractional derivative of order p € (n,n + 1] terminating at b of x is defined by

™ (t4ed—t)" ) — 2™ (1)
p _ (_1\"tlpyp—n, . (n) — (_1\" T € (
Df-x (1) = (<) DY (1) = (~1)" lim L .

If (D’ z) (¢) exist on (a,b) then (D”, z) (a) = lim;,+ (D7, 2) (t).
Remark 1.4. Note that if p = n + 1 then the fractional derivative of z becomes (") (¢) and
Dia(t)=(t—a)"" 2" (), Dy a(t)=(=1)" (0" 2" (1),

where 2" (t) = lim._,q [z" (t + ) — 2" ()] /e.

Definition 1.7. [1] The corresponding left and right conformable fractional integral of order
p € (n,n + 1] are defined as

() = S5 (= a7 ) () = [ 9 s 0 (o) ds

n!

1 b
1z (t)=J" D ((b— 0" 2) (1) = o / (s—1)"(b—s)" " (s)ds.
s Jt
Lemma 1.3. [1] For p € (n,n + 1] (n € N), we have

(i) If x is n-continuous, then, for all a < t < b we have

Df, (I, z (b)) = D (10 x (1) == (t).

(ii) If x is (n + 1)-differentiable for t > a, then, for all t > a we have

" 2® (a "
1P, D0z (t) =2 (t)— ) k!( )(t—a) .

k=0

(iii) If x is (n + 1)-differentiable for t < b, then, for all t < b we have

n o (—1)F ) .
DY x(t) =a(t) - Z(l)k—!(b) (b—1t)".

k=0

1.3 Some fixed point theorems

Fixed point theorems play a major role in establishing the existence theory for initial and bound-
ary value problems. We collect here some well-known fixed point theorems which used in
studying of our main results. Let the Banach space £ = C([0,1],[0,+00)) with the norm

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



1.4. STABILITY CONCEPTS 18

|z|| = maxicpqy |z (t)]. To facilitate the use of next Theorem, we provide the following def-

initions and theorem:

Definition 1.8. [13] Let E be a real Banach space. A nonempty closed convex set P C FE is
called a coneif forallz € Pand A > 0, Ax € Pand if x, —x € P then z = 0.

Definition 1.9. [13] An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Theorem 1.1. (Ascoli-Arzela [12]). Let the compact space E. If T is an equicontinuous, bounded subset
of C (E), then T is relatively compact.

Theorem 1.2. (Guo-Krasnoselskii fixed point theorem [16]]). Let P C E be a cone and 2y, 2y are two
bounded open subsets of E with Qy C Q. Assume that T : P N (Q2\Q1) is a completely continuous
operator such that either

Tzl > |z||, z € PN and ||Tx| < ||z||, = € P NIy or,
1Tzl < z||, z€ PNOQ and ||Tx| > ||z||, z € PN ORy.

Then T has at least one fixed point in P N (2\).

Theorem 1.3. (The Banach contraction principle theorem [2,12]). Let the Banach space E, P C E a
nonempty closed subset. If T : P — P is a contraction mapping, then T has a unique fixed point in P.

1.4 Stability concepts

This section will give a new definitions and properties of Ulam-Hyers stability for various frac-
tional differential equations, we present four types of stability definitions, namely Ulam-Hyers
stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias and generalized Ulam-Hyers-
Rassias. For the problems (PI), (P2), and (P4), we focus on the following inequalities:

Let E = C'([0,1],[0,+00)) be the Banach space with the norm |[z|| = max;cp |z (t)] and
P C Eis a cone. For the positive real number ¢ and the function ¢ € E, we have for all ¢ € [0, 1]
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1.4. STABILITY CONCEPTS 19

DI (D) (t) — f(t,y (1)| <, (1.1)
DY (D) (t) — [ (t,y (1) < ¢ (1), (1.2)
DY (D) (t) — f (t,y (1))| < ep (1), (1.3)
DPDy (1) + Af (ty (1)] < e, (1.4)
DDy () + Af (ty (1)| < ep(t), (1.5)
DDy () + Mf (t,y ()] < ¢ (2), (1.6)
o (t) — Tz (t) <, (1.7)
o (t) = T (t) ()] < ep(t), (1.8)
o (t) — T ()| < p(t), (1.9)

where the operator 7 : P — P defined by
Tx(t)==2(t), t€[0,1].
Remark 1.5. (i) Ulam-Hyers stability = generalized Ulam-Hyers stability.

(ii) Ulam-Hyers-Rassias stability = generalized Ulam-Hyers-Rassias stability.

(iii) Ulam-Hyers-Rassias stability for ¢ (-) = 1 = Ulam-Hyers stability.

1.4.1 Ulam-Hyers stability definitions for a mixed-FBVP

Definition 1.10. [35,45] The mixed-FBVP is Ulam-Hyers stable if there exist constants
A > 0 such that for each € > 0 and for each solution y € E of the inequality (1.1) there exists a
solution z € E of the mixed-FBVP such that

ly (1) —z ()] < Ae, t € [0,1].

Definition 1.11. [35,/45] The mixed-FBVP is generalized Ulam-Hyers stable if there exists
8 € C(R:,Ry), 6(0) = 0 such that for each £ > 0 and for each solution y € E of the inequality
(1.1), there exists a solution = € F of the problem such that

ly () —z ()] <0(e), t €[0,1].

Definition 1.12. [35,/45] The mixed-FBVP is Ulam-Hyers-Rassias stable with respect to ¢
if there exists a real number ¢ > 0 such that for each ¢ > 0 and for each solution y € E of the
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inequality there exists a solution z € E of the problem such that
ly (1) —z ()] < cep(t), t €[0,1].

Definition 1.13. [35,45] The mixed-FBVP is generalized Ulam-Hyers-Rassias stable with
respect to ¢ if there exists a real number ¢ > 0 such that for each solution y € E of the inequality
(1.2) there exists a solution = € E of the mixed-FBVP such that

ly () —z ()] < cp(t), t€[0,1].

Remark 1.6. [35]45]

1. A function y € E is a solution of inequality (1.1) if, and only if, there exists a function
w € C([0,1],R) such that

(@) |w(t)| <e te01],
(b) DI (“Diey) () = f (t.y (1) +w (t), t €[0,1].

2. Also a function y € E is a solution of the inequality if, and only if, there exist h €
C ([0,1],R) such that

@ [h(@)] < ¢ () te]01],
(b) DY (“Diy) () = £ (t,y (1)) +h (1), € 0,1]
3. Similarly for there exist a function ® € C ([0, 1], R) such that

@ [® (1) <ep(t)tel0,1],
(b) Dy (D§ey) (t) = f(t,y (£) + @ (¢), ¢ € [0,1].

1.4.2 Ulam-Hyers stability definitions for two-CFBVP

Definition 1.14. [14] The two-CFBVP is Ulam-Hyers stable if there exists c¢; € R, such that
for each ¢ > 0 and for every solution y € E of the inequality (1.4) there exists a unique solution
z € E of the problem with

ly = [l < cpe, t € [0,1].

Definition 1.15. [14] The two-CFBVP is generalized Ulam-Hyers stable if there exists §; €
C (Ry,Ry), 85 (0) = 0 such that for each ¢ > 0 and for every solution y € E of the inequality
(1.4), there exists a unique solution x € E of the two-CFBVP with

Hy—IL‘HSQf(&),tE[O,l].
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Definition 1.16. [14] The problem is Ulam-Hyers-Rassias stable with respect to ¢ if there
exists c; € R such that for each ¢ > 0 and for every solution y € E of the inequality (1.5) there
exists a unique solution = € E of the equations with

ly =zl < cpep(t), T €[0,1],

Definition 1.17. [14] The two-CFBVP is generalized Ulam-Hyers-Rassias stable with re-
spect to ¢, if there exists ¢, € R, such that for every solution y € E of the inequality (1.6)
there exists a unique solution = € E of the equations with

ly =zl < crep (1), t € [0,1],

1.4.3 Ulam-Hyers stability definitions for p-Laplacian CFPs

In this subsection, we present Ulam-Hyers stability definitions for the p-Laplacian problems
and (P4). In view of Definition 4.1 in [23], Definition 12 in [21] and the definitions (4, 5, 6,
7) in [22], we give the following definitions:

Definition 1.18. The operator 7 is Ulam-Hyers stable, if there exists ¢; € R, such that for each
e > 0, the inequality (1.7) has a unique fixed point say z* (t) = T z* (t), such that

|z (t) — 2" (t)] <ecy, t €]0,1].

Definition 1.19. The operator 7 is generalized Ulam-Hyers stable, if there exists §; € C' (R, R} ),
s (0) = 0 such that for each £ > 0, the inequality (1.7) has a unique fixed point z* (¢), such that

2 (1) — 2" (£)] < 05 (), t € [0,1].

Definition 1.20. The operator 7 is Ulam-Hyers-Rassias stable with respect to ¢ if there exists
¢y € R, such that for each ¢ > 0, the inequality (1.8) has a unique fixed point z* (¢), such that

|z (t) — 2" ()] < cpep(t), te€]0,1].

Definition 1.21. The operator 7 is generalized Ulam-Hyers-Rassias stable with respect to ¢, if
there exists ¢y, € R, , the inequality (1.9) has a unique fixed point z* (¢), such that

[z (t) = 2" ()] < epep(t), t€[0,1].

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



CHAPTER 2

MIXED-FBVP WITH INTEGRAL BOUNDARY
CONDITIONS

% his chapter is devoted to give the positivity, existence, uniqueness and stability results
of solution for the mixed-FBVP with integral boundary conditions involving both right

conformable and left Caputo fractional derivatives:
D (*Dfx) (1) = f (t.w (1), t € (0, 1),

1 (P1)
2 (0) = 7/0 v (#) dt, Dex (1) = 0,

where o, 5 € (0,1], v € (0,1) and the function f : [0,1] x R, — R, is continuous. Our
main tool is a Guo-Krasnoselskii fixed point theorem, The Banach contraction principle theorem
and Ulam-Hyers stability. The results in this chapter are published in “Moroccan |. of Pure and
Appl. Anal.” in title “A new class of mixed fractional differential equations with integral boundary

conditions” , see [15].

2.1 Solution form of the problem

Before we proceed to the main results, we give the equivalent solution to the problem (PI). Let
the Banach space £ = C ([0, 1], [0, +-00)) with the norm ||z|| = maxc(o,1) | ()].

Theorem 2.1. The mixed-FBVP has a solution x € E if, and only if, x satisfies the nonlinear and

homogeneous Fredholm integral equation of the second kind,

1
z(t) = / G (t,s) f(s,x(s))ds, (2.1)
0
where
(1—s)" e (L= (=) )+t = (t—9)" , 0<s<t<1,
Gts) = I'(a+1) (G-P1)
e (1= (=)™ +0 L 0<t<s<lL.

22
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Proof. (i) First we prove the necessity. In view of Lemma (ii)), we apply If, on
D (“Dgrx) (t) = f(t,z (1), 0 <t <1, (A-P1)
and with the boundary condition
"Dy (1) = 0, (B-P1)
we get

“Diea (t) =T f (tx (t)),

it follows, in view of Lemma (I.T} (ii)), we apply I§; on above expression together with

the boundary condition

x(0) = 7/01 x (t) dt, (C-P1)

we get

8
—~
~
~—
I

7/01 () dt + 1010 f (Lo (1)

where
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and with Fubini theorem, we have

B ) = s [ ([ e-na) -9 s e
1

1 t 2.2)
—8)* (1 =) f(s,z(s))ds.
5[ == (o)

_F(()é+ 0

Now, we integrate (2.2) on [0, 1] in both sides and using the Fubini theorem, we obtain

-2 [ea= s [[[ 0= prnas) a
—ﬁ/l[/tu—s) (=) F (o6

_ a+1 / 1dt / z (s)) ds (23)
_F(a1+1)/0 V (t—s)° dt]( s)P 7 f (s, (s)) ds
~ vy | 0= a0 s as
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Substituting (2.3)) into (2.2)) yields

- ¢ v a+1 a « (1_3)ﬂ_1
:r(t)—/o [(1—7)(04+1) (1-(1—=9)"")+t —(t—s)}mf(s,x(s))ds

1 v —(1— )t O‘—(l_s)ﬁ_l s,z (s))ds
[ ey -9 e ri s o

:/O G(t,s) f (5,2 (s)) ds.

(ii) Now, let z € E be the solution to the integral equation (2.1).

e Let us first show that z satisfies the boundary condition (C-P1): From (2.1, function of
Green (G-P1)) and Fubini theorem, we obtain

v = [Cw = [ 605760 ()
—7/01 [/OtG(t,s)f(s,x(s))ds—l—/th(t,s)f(s,m(s))ds dt

1 (2.4)
= /0 G(0,s) f(s,z(s))ds
—7/0 {/ G(t,s)dt—i—/OSG(t,s)dt] f(s,x(s))ds.
On the other hand and from function (G-PI), we have
! _ v(1—s) _ )P (] = g)etP
/S Glts)dt = T T a1 9) [(1 ) (1=s) } 25)
iy T - 0
and
’ _ s -1 a+8 1 a1 51
/OG(t’S>dt_(1—7)F(oz+2) [(1—5) —(1—5)+}+m5 (1—s)""".

(2.6)
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Substituting (2.5)) and (2.6) into (2.4), using Eq.(G-P1) we obtain

x(O)—'y/O a:(t)dt:/o G (0,s) f(s,x(s))ds
— 7(@—}—2)/0 [1—(1—s)a+1] (1—95)°""f(s,z(s))ds

(1-yT
:/O G(O,s)f(s,:c(s))ds—/o G (0,5) f (s, (s)) ds
=0.

e Now, we show that 2 € FE satisfies the boundary condition (B-P1): using (2.1), the
function (G-P1)) and definition of °Df; in (1.3)), we get

‘Diix(l) = ﬁ/o (1—15)""2'(s)ds
= ﬁ/o (1—s)" i %—C: (s,r) f(r,z(r))drds
+ ﬁ/{) (1—s5)" S % (s,r) f(r,x(r))drds

T T(a) r1(1 ) /01 /05(1 =) [ = (s =) (L= )T f (ry (r)) drds
T F1<1 ~a) /o1 /S1 (1= (=) f (2 () drds
~ T(a) Pl(l ~ o) /01 /01 (1—9) s (1=1)""" f(r,x (r)) drds
" T(a) F1(1 —a) /01 /OS (1—8) (s =) (1 =r)"" f(r,a(r))drds.
Using Fubini theorem, we obtain

“Dy.x (1) = & o r1(1 e Uol (1—s)" sa—lds} Uol (1= f(ra(r))dr

1

CT(@T(-a) / [/ (1=9)" (s = T>“‘1ds} A=)’ f(ra (r) dr.

(2.7)

Using the relation between the beta and Euler gamma functions (subsection [1.1.2), we

have

_ [ (gt gy = LT B)
B(a,ﬁ)—/o (1—8)""slds = Tlatf) (2.8)
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and using the change of variable ;1 = ==, we obtain

/ (1—5)*(s—7r)*"ds=B(a,1—a). (2.9)

From (2.7), and (2.9) we obtain the boundary condition (B-PI).

e It remains to show that © € E satisfies the equation (A-P1): in view of Definition
(2.1), (G-P1)) and Fubini theorem we get

€ L e —s) s = (s =) (=) f(r 2 (r)) drds
Dy () = rrrmr=ay [, [, =97 7 = =0 =) S G ) ard

! o —8) s N1 — )T f (o (1) drds
i L e = e ) dra

1“11 Y /t /1 (t—s) s (1 —r)"" f(r,2(r))drds
- T(a) Fl—a// (t=5)"" (s =) (1=r)""" f(r,a(r) drds

0

T T (o) Fl—a /01{

T 1_04/{/ (t—s) s—r)a_lds](1—T)B_1f(r,x(7"))d7".

N

(t— 5 5o 1ds]( T (e () dr

(2.10)
Using the change of variables y =  and p = =", we obtain

t t
/ (t—s5) s> lds = / (t—s)“(s—r)*"ds=B(a,1—a). (2.11)

0 r

From (2.10), (2.11) and we obtain

1 t
Dy (t) = / Q=n)"" f(ra(r)dr — / (1 —7r)" f (2 (r))dr. (2.12)
0 0

By applying the right conformable derivative Z in both sides of (2.12), we obtain (A-PT).
This completes the proof.

O
Now, we prove a several important properties of the Green’s function (G-P1I).
Lemma 2.1. Forallt € (0,1) and s € [0,1), we have
1. G(t,s) > 0and continuous.

2. t°G (1,s) < G(t,s) <G(1,s).
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Proof. 1. Forallt € (0,1) and from (G-P1), we have:

(o — (t — S)a—l) (1-s)"" | 0<s<t<l,

oG (t,s) 1
o T'(a)
o1 (1— )"t ,0<t<s<l.
Clearly that % > 0forallt e (0,1] and s € [0, 1), then G (¢, s) is increasing with respect

tot € (0,1]. Therefore, for all ¢ € (0,1] and s € [0, 1), we have

CGlis) 2G(0,s) = [(1 —7);(@_1_ 2) (1 - (1= S)OCH)} (1-— S)ﬁ_l > 0.

2. Using the increasing of the Green’s function G (t, s) with respect to ¢, we obtain for all
te (0,1]and s € [0,1),

G(t,s) <G(l,s) = F(al—i—l) [(1—7)7(04—1—1) (1—(1—5)““)%—1—(1—5)0‘] (1—s)"".

On the other hand, From (G-P1) we have

irters [ (=9 + i (1= = (1) s <t

G(t,s)—1°G(1,5) | Hoy
1—s) '
( S) y(1-t) [1 _ (1 o S)a—‘rl] + to (1 B S)a s>t
(1-nT(a+2) T(a+1) ; S 2L

consequently, t*G (1,s) < G (t,s) < G (1,s).

2.2 Main results

For the convenience of studying the existence uniqueness and stability of positive solutions of
the mixed-FBVP (PI), let us define: the Banach space £ = C'([0,1], [0, +00)) with the norm
||| = maxcjoq | ()| and the cone P by

P={zeck x(t)=t"|z|, t €[0,1]},

Furthermore, we define the operator 7 : £ — E by

Tx(t) = /0 G (t,s) f(s,x(s))ds,
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where G defined in (G-P1). Obviously, by Theorem we can conclude that any fixed point of
operator 7 coincide with the solution of problem (PI).
The operator 7 has the following properties.

Lemma22. 1. 7 (P)cCP.
2. The operator T : P — P is completely continuous.

Proof. 1. Let x € P. From Lemma we have

Tx(t) :/0 G (t,s) f(s,xz(s))ds
zta/o G(1,8) f (5,2 () ds
> ta/ G (t,s) f(s,x(s))ds.

0

Then, for all £ € [0, 1] we have

Tax(t) >t maux/0 G(t,s) f(s,x(s))ds =t ||Tx|.

- te(0,1]
Hence 7x € P.

2. Let ©y C P be bounded, which is to say there exists a positive constant r, > 0 such that
|lz|| < 7o forall x € Qy. Define now

Lo = t .
0 te[()rfllfciieﬂof< 796)

Then, for all = € Qy, the Lemma 2.1 gives that
1

|Tz| = max/ G(t,s) f(s,x(s))ds < Lo/ G (1,s)ds,

te(0,1] Jo 0

which implies that 7 (€2) is bounded in P.
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For each = € ), we have from Lemma

!U@%W=LA%§@®f@w@»m

As consequence, for all t1, ¢, € [0,1], t; < ty, we have

(7))~ Ty @)l =| [ (7 (s

t1

S/Q‘(TI)/(S)‘CZS

clat+P)Lofts—t
- pr(a+1)

Then, |7z (t2) — Tx (t1)] — 0 as t; — t» which implies that the set 7 (€)) is equicontinu-
ous.

Now, from Arzela-Ascoli theorem we conclude that 7" (Q2) is compact, ie., 7 : P = P
is a completely continuous operator.
O

We give some important notations as follows:

t t
f° = lim max (,x)’ fo = lim min (,x))
z—0 ¢€[0,1] x z—0¢€(0,1] x
t t
f° = lim maxf(7x), foo = lim minf<’$).
x—+00t€(0,1] x x—+00 te(0,1] T

and

1 1—p
A = / G(1,s)ds, Ny= pa/ G (1,s)ds.
0 p
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where p € (0, 1) and the function G is defined in (G-PI).
Now, we are in position to prove the following results of problem (PI).

2.2.1 Existence results via Guo-Krasnoselskii fixed point theorem

Theorem 2.2. Assume that, There exists ro > 1 > 0, such that for all x € [ry,rs], forall t € [0, 1]:

Then, the mixed-FBVP has at least one positive solution.

Proof. Letxz € PN 9Qy, ie, x € Pand |z]| = ri. Using Lemma[2.T} we get

te(0,1]

1Tz = max/o G(t,s)f(s,x(s))dsZt“/O G(15) f (5,2 () ds

> %ta/o G(1,s)ds

2

1—p
1
> —t° G (1,s)ds
= [ A
1 1=r
> —p° G(1,s)ds =,
Ay

p

then [|7z|| > |
Forz € PN 0Dy, ie., x € Pand ||z| = ry, using Lemma[2.1} we get

Tx(t):/o G(t,s)f(s,x(s))dsg/o G(1,s) f(s,x(s))ds
S%/IG(l,s)ds:m,

then, || 7z| < |z||. Applying Theorem [1.2] yields that 7 has at least one fixed point 2 € P N
(22\Q1) with 7y < ||z|| < ro. It follows from Theorem [2.1|that the mixed-FBVP has at least
one positive solution x. [

Theorem 2.3. Assume that, the following conditions:
0 1
Alf < 57 A2foo > 27

are fulfilled. Then, the mixed-FBVP has at least one positive solution.
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Proof. From the definition of f°, there exists r; > 0, such that

ftz) < (f'+e)a, forall ¢t €0,1], 0 <z <ry, wheree > 0 satisfies Aje <

Letz € PNoQy, ie, x € Pand |z|| = r,. Using Lemma 2.1 we obtain

T:E(t):/o G(t,s)f(s,a:(s))ds§/0 G(1,s) f(s,x(s))ds
S(f0+5)/0 G(1,s)x(s)ds

<) el [ G
<Ay (£ +2) |l

< [l

Consequently, ||[7Tz| < ||z].
By the definition of f,, there exists 3 > 0, such that

f(t,z) > (fo —€)z, forall t € [0,1], x > r3, where ¢ > 0 satisfies Aye < 1.

Letx € PN 0Dy, ie., z € Pand ||z| = ro with 7y = max {2ry, p~%rs}. We have
x(t) >t [|x]| > p%ry > 13, fort € [p,1—p],
and hence, by the inequality
ft,z)> (fo—¢€)a, fort € p,1—p|, x € PNOIN and Age < 1.

Using Lemma 2.1} we have

| Tx| = max/o G(t,s) f(s,x(s))ds> ta/o G (1,s) f(s,x(s))ds

te(0,1]

N| —

(2.13)

1—p
Zta/ G(1,s) f(s,x(s))ds, 0 <p<1/2

1—p?

Zt“(foo—e)/2 G(1,s)x(s)ds
t20¢

1—p?
> e lell i [ G
p

> Mg (foo =) [l = |-

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



2.2. MAIN RESULTS 33

From Theorem 1.2/ the operator 7 has at least one fixed point z € P N (2\Q;) with ry < [z <
r9. It follows from Theorem [2.1| that the problem has at least one positive solution z. ~ [J

Theorem 2.4. Assume that, the following conditions:

Aafo =2, Aif* < (2.14)

1
4 )
are satisfied. Then, the mixed-FBVP has at least one positive solution.
Proof. From the definition of fj, there exists r; > 0, such that
f(t,z) > (fo—¢e)x, forall t €0,1], 0 <z <1, where ¢ > 0 satisfies Age < 1.

Letz € PN0OQy, ie, z € Pand ||z]| = r;. Using Lemma[2.1} we obtain
1
7ol 2t [ G191 (s, (s)) ds
0
1
zta(fo—g)/ G(1,s)x(s)ds
0

1
2o (fy — G(1,s)d
> 2 (f, e>||as||/0 (1,5)ds

t2a 1—p?
> o (fo=9) ||:E||p2°‘/ G, s)ds, tep1—p)
p2
> Az (fo—e) |||l
> ||z .

By the definition of f°°, there exists 4 > 0, such that
ftx) < (f*+e)x, forall ¢t €[0,1], x > ry, where ¢ > 0 satisfies Aje < 1/4.
it follows, there exists § > 0, such that
§= tem[g:)ﬁf(t,m), forall t € 0,1].

Then

ft,x) <(f*+e)x+d, forall t€[0,1], z>ry.
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Letz € P NNy, ie, x € Pand ||z|| = rp with r, = max {2ry, 20A,}. Using Lemma 2.1} we get

Tx(t) :/0 G(t,s) f(s,z(s))ds
S/o G(1,s) f(s,x(s))ds
S/O G(1,8)[(f*4+¢e)x(s)+d]ds

§(f°°+5)/01G(1,3)x(s)ds+5/01G(1,s)d5

<A (fF +e) flzlf 4 oAy
|

Id

— A
5 + 0N

x

IA

<

2
2

IN

+

|

< ||}

Consequently, ||7Tz|| < ||z||. Applying Theorem [1.2|yields that 7 has at least one fixed point
z € PN (Q\Q) and Theorem [2.1| ensure that the mixed-FBVP has at least one positive

solution . n
By the two Theorems and we directly obtain the following corollary.

Corollary 2.1. Assume that one of the two following conditions
e f9=0and f,, = +o0.
* fo=+ocand f>* =0.

is satisfied. Then, the mixed-FBV P has at least one positive solution.
2.2.2 Uniqueness results via Banach contraction principle theorem
Theorem 2.5. Assume there exists L > 0 such that
|f (t,x) = f(t,y)| < L|z—yl|, forall t €0,1] andall x,y € P. (2.15)
If
0< LA, <1, (2.16)

then, the mixed-FBVP has exactly one positive solution in P.
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Proof. Let x,y : [0,1] — R, & # y, two positive solutions of the mixed-FBVP (PI). Using (2.15)
and Lemma2.T| we get

T () — Ty (1)) < / G (1) |(f (5,2 () — F (s (s)))] ds
SL/O G (1,5) |z (s) — y () ds < LA, ||z — y]|.

Consequently, |7z — Ty| < LA, ||z — y||. By the condition (2.16), the operator T is a strictly
contraction. From Theorem [I.3)and Theorem 2.1} the mixed-FBVP has exactly one positive
solution in P. N

2.2.3 Ulam-Hyers stability results

In this subsection, we present fourth types of Ulam-Hyers stability for the problem (PI). Sup-
pose that the function f satisfying the conditions in Eq.(2.15) and Eq.(2.16).

Theorem 2.6. The problem is Ulam-Hyers stable and consequently generalized Ulam-Hyers stable.

Proof. Lety € E be any solution of the inequality (1.1), then by Remark[1.6} we have

D (“Dgry) (t) = f (t,y (1) +w (1), t € [0,1].

Using Theorem 2.1} we can write

which gives

\y@)— [ 91y < 217)

Now, let 2 € E be a unique solution of the mixed-FBVP (PI), from Lemma 2.Tjwe have for any
t € [0,1]

ly ( = ‘y G (t,s) f(s,x(s))ds

t,s) f(ty(s))ds

IA
<

_I_

c\

Gts y(s)) — f(s,x(s)))ds|.
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From (2.17), (2.15) and Lemma 2.1 we have
ly — =l <ehy + LAy [ly — =],

which further implies
|y — | < Ae,

where A = 24— > 0. Then, the mixed-FBVP is Ulam-Hyers stable. Moreover, if we set

1-LA;

6 (¢) = A, then the problem is generalized Ulam-Hyers stable. O

Theorem 2.7. Let ¢ : [0,1] — R be a differentiable and increasing function such that ¢ (0) # 0. The
mixed-FBVP is Ulam-Hyers-Rassias stable. Further the mixed-FBVP is generalized Ulam-
Hyers-Rassias stable.

Proof. Lety € E be any solution of the inequality (1.3), then by Remark [1.6} we have
DI (‘D§ey) (1) = f (Ly (1) + 2 (1), t € [0.1].
Using Theorem 2.1} we obtain
1 1
v = [ Gyt [ oo
0 0
From Remark[L.6, we have

- [ s < [ Gl

Se/olG(t,s)gp(s)ds (2.18)
<o [Guoewat [ Guoeman).

By the increasing function ¢ € E and Lemma we have

s<t=¢(s) <e() t ¢
G (t,s) < G(1,s) }:/0 G(t’S)SD(S)dSS@(t)/O G(1,s)ds (2.19)
and
s<1=p(s) <p(l) ! 1
G(t,5) <G (1,5) }:' | Glts)p(s)dsse(l) | G s)ds (2.20)
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From (2.18),(2.19) and (2.20), we obtain

’ /Gtsf(sy()ds

Let it : [0,1] — R, be a function defined by:

o (1)
v (0)

The function p is differentiable on |0,1[ and for all ¢ € | 0,1[, we have

o (1)
v (0)

The function ¢ is differentiable and increasing, then ,u’ (t) <0.
On other hand, we have 1 (0) = 0. Then, from (2.21)) we obtain

,u(t):go(t)/OtG(l,s)ds—l—go(l)/t G(1,s)ds — Ao (t).

W) = ¢ (1) [/ G 1,s)ds Al} o) — e (1)1,

\y@)— [ 956 < 2Eanm).

Let z € E be a unique solution of the mixed-FBVP (P1), from Lemma 2.1 we have

1y _ \y G t,s) f (s, (s)) ds

' ) F (hy(s)ds

/ G (1) (f (5.5 () — f (s, (s))) ds|

0

From (2.22), (2.15) and Lemma2.1jwe have
ly — =l < cep(t),

where

- Ao (1)
CCUne

<8[ /Glsds—i—g& /Gls }

(2.21)

(2.22)

Then, the mixed-FBVP is Ulam-Hyers-Rassias stable. Consequently, From Remark 1.5 the

mixed-FBVP is generalized Ulam-Hyers-Rassias stable, which completes the proof.

]
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2.3 Examples

In this subsection, we present an examples to explain the applicability of the main results.
Example 2.1. Consider the mixed-FBVP witha=pg=~=1/2.
o If f(t,2) = (1+¢)xIn(1+ x), we have

' =0 and fs = +o0.

Thus, by the first part of Corollary 2.1 we can get that the problem has at least one
positive solution.

o If f(t,z) = (2t + 1) e " cosx, we have
fo =400 and f>* =0,

then by the second part of Corollary 2.1, we can get that the problem has at least one

positive solution.

cos(z(t))

* Consider the continuous function f (t,z (t)) = =5

, for any ¢t € [0,1] and any = > 0.
Then, we have

1 1 ! 28 — 3
lf(t,x)— ft,y)| < <zl|z—y|, L=-=, Alz/ G(l,s)dSZ—ﬁandLA1%0.7l<1.
3 3 ; NG

From Theorem 2.5 the mixed-FBVP has exactly one positive solution x on [0, 1].

Now, let y € E be a solution of inequality

. cos (y (¢
\Di/z (-D2) () - %‘ <e te01],

then, by Theorem [2.6| the mixed-FBVP is Ulma-Hyers stable with

A 4 —
A= ! :8 9\/E>O.
1—LA, 217 —28

On the other hand, consider the inequality

’Di? (‘Dy%y) (1) - %‘ <ep(t), te0,1],

where ¢ (t) = ¢'. By Theorem 2.6/ the problem is Ulam-Hyers-Rassias stable with

e WA (84-9Yme

(1—LA) @ (0)  21/7— 28
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Example 2.2. Consider the following mixed-FBVP

DY (*DY2x) () = mmmiems 0 <t <1,
1

z(0) = %/ x (t)dt, “Dyix (1) = 0.

0

(2.23)

The function f (¢, z (t)) = 117r:t(j-)x(t) is continuous for any ¢ € [0,1] and any = > 0. As

1 1
If (t,x) — f(t,y)] < Tin lz —y|, L=1/11mrand Ay = / G (1,s)ds ~ 33.63 and LA, ~ 0.97,
0
therefore, by Theorem 2.5, the mixed-FBVP (2.23) has exactly one positive solution = on [0, 1].
Let y € E be a solution of the inequality

y(t)

0.8 (¢ 0.2
DYE (“Dypy) (t) — Tirel +y (1)

‘ge,te[o,l].

Using Theorem [2.6| the mixed-FBVP (2.23) is Ulma-Hyers stable with

Ay
= ~ 1121.
A 1— LA,
Let y € E be a solution of the inequality
y (t)

DYS (D02 (1) <o), tefo),

 1lmet 4y (b)

where ¢ () = ¢'. By Theorem 2.6} the mixed-FBVP (2.23) is Ulam-Hyers-Rassias stable with

1
c:)\ﬁ:)\e>0.

v (0)
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CHAPTER 3

TWO-CFBVP WITH INTEGRAL BOUNDARY
CONDITIONS

U n this chapter, we discussed the existence, uniqueness and stability results of a positive
solution for the two-CFBVP with integral boundary conditions:

DL Dyx (t) + M (t,x(t) =0, t €(0,1),

1 2)
Dy (0) = 0, (1) =1 / v (1) dt,

where «, € (0,1], A > 0, 7 > 0 and the function f : [0,1] x Ry — R, is continuous. ,
applying the Guo-Krasnoselskii fixed point theorem, The Banach contraction principle theorem
and Ulam-Hyers stability. The results in this chapter are accepted for publication in “Stud. Univ.
Babes-Bolyai Math.” in title “Nonlinear two conformable fractional differential equation with integral
boundary condition” , see [14].

3.1 Solution form of the problem

Let the Banach space £ = C ([0, 1], [0, +-00)) with the norm ||z|| = maxcjo,1) |« ()].
Firstly, we present the solution of the linearized equation related to the two-CFBVP (P2): let
gekl

DD (t) + Mg (t) =0, (A-P2)

with the boundary conditions

Dz (0) =0, (1) = 7/0 x (t)dt. (B-P2)

Lemma 3.1. The problem represented in (A-P2)-(B-P2)) has a unique solution x given by

x(t):)\/o G (t,s)g(s)ds,

40
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where

1 [(ﬂ-ﬁ)l@z_v) (1-s%) — (" - 36)} 1 0<s<t<l,

G(t,s) = 3 (G-P2)
w%ﬁ(l—sﬁ)sa’l, 0<t<s<l1.
Proof. By the continuity of g and Lemma 1.2}, we apply Z}), it follows Z¢, on (A-P2), we obtain
2 (t) = 2(0) + I3 Dgx (0) — MIL T g (), t € [0, 1]

This, together with the boundary conditions (B-P2), give

x(t):v/olx(t)dtJr)\I " I0.g (1) — NS I, g (1), t €[0,1]. (3.1)

Now, we integrate (3.1) from 0 to 1 in both sides and by using the Fubini theorem, we get

/Ox(t)dt:’y/o x(t)dt—I—%/o sa_l(l—sﬂ)g(s)ds—m/o s (1—5")g(s)ds,

which implies

/1 x(t)dt = A /1 s (1 —s") g (s)ds. (3.2)
0 B+1) 1 =7)Jo
Substituting into (3.1), which yields
_ Ay 1
z(t) = (1_7)/0 T (1-5")g(s)ds

B/ 11— 5f) ds——/ 5) g (s) ds.

Next, the Green function G in has several important properties given as follows:
Lemma 3.2. Forany (t,s) in [0,1] x [0,1] and v € [0,1):

1. 0 < G (t,s) and continuous.

2. G(1,8) <G (t,s) <G(0,s).

3. G(0,5) =G (s,s) = %G (1,s).
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Proof. Obviously that G is positive and continuous for all ¢ € (0, 1). From

—flgl 0<s <t <1,
oG (t,s)
ot

0, 0<t<s<l,

it is evident that % <0, for0 < t,s <1, then G (t,s) is decreasing with respect to ¢ € [0, 1],
and therefore

G(l,s) <G(t,s) <G(0,s), for0<t,s<1.

A simple calculation shows that

= frl-v — M) s =G (s,
09 = FErna- (1=57) 5" = Clss).

_ Y a—1 __ ’Yﬁ s
G(l,s) = BrDa=7) (1-5")s _—ﬁ+1—’yG(O’ ).

3.2 Main results

For investigating the existence, uniqueness and stability of positive solutions for the two-CFBVP
(P2), we define the Banach space £ = C ([0, 1], [0, +00)) with the norm ||z|| = max,cp 1) |= (t)].
Further, we define the cone P in E by

VB

lall. 1€ [0,1], 7 [o,1>},

and the operator 7 : £ — E as

Tx(t) = )\/0 G (t,s) f(s,z(s))ds,

under the properties of G'in Lemma|3.2|and our assumptions on f, the operator is well-defined,
continuous, positive and has the following properties.

Lemma3.3. (i) 7 (P) C P.

(ii) The operator T : P — P is completely continuous.
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Proof. (i) From Lemma [3.2]and the definition of the cone P, we have

Tx(t) = )\/ G(t,s) f(s,x(s))ds

> szﬁ— /GOS (s,x(s))ds

A 1
= T, O

A 1
% telon /0 Gt s)f(s,2(s))ds

5 Jf Tzl forallte[0,1].

Then, for all ¢ € [0, 1] we have

Tx(t)> 7B

Hence 7x € P.

(ii) Let z € €, then there exists a positive constant L, such that

sup max f (t,z) < Lo,
Jl<ro t€10.1]

then, it holds that

1 1
1Tz (1) = max)\/ Gt s) f (5,2 (s))ds < )\LO/ G (0,5)ds,
t€[0,1] 0 0
which implies that 7 ()) is bounded. Hence, for all ¢, ¢, € [0,1], t; < ¢ and by

Lemma [3.2] we have

Tz (ty) — Tz (t)] < maX/QG(t,s)f(s,x(s))ds

te[0,1] J4

t2
< Lo/ G (0,s)ds

L0>\1(5+1—7) 2 _ B g1
wum—w/tl (1=o7) 5"
0)‘<ﬂ+1_7) o go

D A

| Tz (t2) — T (t1)|| — 0ast; — ty which implies that the set 7 (€) is equicontinuous. By
the Arzela-Ascoli theorem the operator 7 : 2y — ) is compact. We thus complete
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the proof.
O

Lemma 3.4. The two-CFBVP has a positive solution x € E if and only if it is a fixed point of T in
P.

Proof. Let x be a fixed point of 7 in P, then

x(t):)\/ G(ts) f(s.2(s))ds, t€[0.1],
0 (3.3)

1
zy/x@mmm%u@f@xmy
0
and thus, by the continuity of f and Lemma(l.2) we obtain

DL Dyx(t) = \f (t,x(t)).

Furthermore, the equality (3.3) directly implies (B-P2) Therefore, z is a positive solution of the
two-CFBVP (P2). Moreover, the Lemmas 3.1|and [3.3]imply that z is a fixed pointof 7 in P. [

Before presenting our results, we present some important notations as follows:

1 1B !
A :/GO’SdS7A :—/GO,sds.
1 . (0,s) 2 Gr1-+, (0, s)
and
t t
f° = lim max £ ’x>>f0=hm min f(t,)
z—=0t€[0,1] x z—0 te[0,1] T
¢ ¢
f7 = lim max M>foo = lim min I ,x).
r—+00 te(0,1] X T—r+00 t€(0,1] €T

3.2.1 Existence results via Guo-Krasnoselskii fixed point theorem

Theorem 3.1. Assume there exists ro > r1 > 0, such that

T2
t,x) < —, xe|0,r], t€|0,1],
f(to) < 5w el te (0.1
™1
t,x) > —, x € |0,r], t€|0,1],
fta)2 i welon]. te0.1]

then the two-CFBVP has at least one positive solution.
Proof. By Lemma for x € PN o, we have

1
Tzl > Tz (t) > 54'7—157/ G (0,8) —ds =11.
=7 Jo
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For x € P N 0y, we get

Hmy:/o G(O,s)f(s,x(s))dsg/o G(0.5) 2 ds = s

1

Applying Theorem [1.2] yields that 7 has at least one fixed point z € P N (,\Q;) with r; <
||| < ro. It follows by Lemma [3.4]that the problem has at least one positive solution z. [

Theorem 3.2. Let

B+
76

70

and fo ~ B—I——l—’y

foo =

are satisfied, then for each \ € ( A A > the two-CFBVP (P2) has at least one positive solution.

Proof. From the definition of f°, there exists r; > 0, such that
f(tz) < for, forallt €[0,1], 0<z <7y,
For z € P N 0%, we have
1 1
I1Tol =2 [ 60,51 (a6 ds <2 [ G 0.5) £ (5)ds <A1 ol Ar < ]
0 0

Consequently
[Tl < lzll, = € PO OQ. (3.4)

By the definition of f., there exists r3 > 0, such that
f(t,x) > foom, forallt €0,1], x > r3.

If x € P N 0OQy with ry = max {2ry, r3}, then by the definition of cone P, we have

HTJ:H:)\/O G0.5)f(s,2(s))ds > /\foo/ G(0,5) 7 (s) ds

>
> el [ 60)
>z
Hence
|Tz|| > [[z]|, = € PN Oy, (3.5)

From (3.4)-(3.5) and Theorem we assurance that the operator 7 has at least one fixed point
z € PN (Q\) withry < |jz| < ro. It follows from Lemma that the two-CFBVP has at
least one positive solution z. O
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Theorem 3.3. If

B+
76

78

fo= 2(6+1—7)

and [ <

are hold, then for each \ € ( D ) the two-CFBVP (P2) has at least one positive solution.

Proof. From the definition of f;, there exists r; > 0, such that
f(t,z) > fox, forallt €[0,1], 0 <z <.

Further, for = € P with ||z|| = 1, then as previously

B

1
N G(0,5)ds > |||
s hllel [ GO0.5ds > ]

1
HTWZAA(Haﬁﬁﬂ@@Z

Hence
| Tz|| > ||z||, z € PNoLy.

By the definition of f°°, there exists 4 > 0, such that
f(t,x) < f®x, forallt €]0,1], x > 1y,
it follows, there exists § > 0, such that
5_21[6&}1(]f(t ,14), forallt€[0,1], 0 <z <ry.

Then

f(t,z) < fx+9, forallt €[0,1], x > 0.

If x € PN 0Oy, with ry = max {2r1, ;Wﬁ } we get

| T || :A/O G(0,s) f(s,x(s))ds < / G(0,8) (f®x(s)+d)ds
< meﬂ+®A1
< el

Thus
|Tz|| < ||z||, 2 € PN OQy.

Applying Theorem1.2]yields that 7 has at least one fixed point z € P (©2,\(%;) and Lemma
ensure that the two-CFBVP has at least one positive solution x. O
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3.2.2 Uniqueness results via Banach contraction principle theorem

Theorem 3.4. Assume there exists L > 0 such that
\f (t,z) — f(t,y)| < L|x—y|, for almost every t € [0,1], and all x,y € E.
Then, if
A =MLA; <1, (3.6)

the two-CFBVP has exactly one positive solution defined on [0, 1].

Proof. Using Lemma we have

[Tz () =Ty @ < A/ G(0,8)[(f (s,2(s)) = f (5,9 (s)))| ds

0
1
< wa—yw/cxm@ds
0
= Aoyl

By Theorem [1.3/and Lemma 3.4} there is a unique and positive z in E with z = T z. O

3.2.3 Ulam-Hyers stability results

This subsection present fourth types of Ulam-Hyers stability for the problem (P2), namely
Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias, and generalized
Ulam-Hyers-Rassias:

Theorem 3.5. Let holds, then the two-CFBVP is Ulam-Hyers stable and consequently gener-
alized Ulam-Hyers stable.

Proof. Lety € E be any solution of the inequality (1.4). Thank to Lemma 3.1} we have
1
v =2 [ G f (s ds
0
which yields

(t - 5’8) s* s

-3 [ 609 (o) i

IN

(1 - 35) s*Lds

IA
Q)
=
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Let z € E be the unique solution of the two-CFBVP (P2), we have for any ¢ € [0, 1]

y(t) -2 ()] = p@—xl<ma@f@x@»m

:‘Mﬂ—AA<Nt$f@y@D%+AA<Nt@f@y@»%
—)\/0 G (t,s) f(s,x(s))ds

g‘mw—AA(ﬂt$f@y®D%

+AA<NL$G@w®»—f@$®»%

< 5A1+)\L/O G(0,9)|(y(s) —x(s))|ds,

which implies
ly — zf| <ehr+ ALA |ly — |,

on simplification it gives
|y — x| < ecy, where ¢y =
which completes the proof. By putting
0y (e) = ecy, 0;(0) =0,

then the two-CFBVP is generalized Ulam-Hyers stable. O

Theorem 3.6. Let (3.6) holds. Assume that, there exists an increasing function ¢ € E and there exists
o, € Ry such that for any t € [0, 1]

15+I§+90 (t) < opp(t),

then the solutions of the two-CFBVP is Ulam-Hyers-Rassias stable. Further the solutions of the
considered two-CFBVP is generalized Ulam-Hyers-Rassias stable.

Proof. Similar to the proof of Theorem let y € E be any solution of the inequality (L.5),
Thank to Lemma 3.1, we obtain

IN

€ (()1+I§+90 (t>

< eoup(t).

‘Mﬂ—kzuﬂt@f@ywﬂw
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Let z € E be the unique solution of the two-CFBVP (P2), we have for any ¢ € [0, 1]

y(t) —z ()] < \yu)—A/o G (t,s) [ (ty(s)) ds

A / G (t5) (f (5,5 () — f (s, (s))) ds

< o+ [ G091~ ()] ds

which implies that
1

1 —ALAY’

which completes the proof of the theorem. Moreover, if we set

ly — x| < creopp (t), where cy =

p(e) =cep(t),»(0)=0.

Analogously one can easily prove that the solutions of two-CFBVP are generalized Ulam-
Hyers-Rassias stable. O

3.3 Examples

Example 3.1. Consider the two-CFBVP with 3 =1, a = 1, v = 3. By simple calculations

we obtain 3 :15_7 =2 and
A = /1G(05)ds= il /1(1—56)8%5:2
' 0 ’ BB+ A=) Jo 3
6 ! 2
ANy = ———M— G (0,s)ds = —.
2 ﬁ—i—l—’y/o (0,5) ds 5

Set the continuous functions f and F, for any ¢ € [0, 1] and any « > 0, by

and F (t,z) = (2t +1) (sinz + ¢ "),

floy =] D2 (6a) €0,1]x (0,2,
)= 2(t+ 1)z, (t,x) € [0,1] x (2,00),

we have
=0, foo=2 and Fy =00, F>* =0.

For A € (2,3), for specified function f the Theorem [3.2] (or for function F' the Theorem

272

gives that the two-CFBVP has at least one positive solution x defined on [0, 1].

Example 3.2. Consider the two-CFBVP with 3 = 3,0 = 1,7 = 2 and the continuous

4
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function f (t,x) = 5 sinz. As

1 2
If (t,x) — f(ty)| < §\$—y\ and Ay = 5

For )\ € (0,5), the Theorem [3.4] give that the two-CFBVP has exactly one positive solution
x defined on [0, 1]. Now, let

1
‘D(;y’ (t) + sinz| <eg, tel0,1],

5(t+2)

then, by Theorem [3.5 the two-CFBVP is Ulma-Hyers stable with ¢; = . On the other
hand, Consider the inequality

sin x

'D(iry/ (t) +

<et, t€0,1],

3
5(t+2)
by Theorem [4.5/the two-CFBVP is Ulam-Hyers-Rassias stable with

I S S SR
TTINAN 22T (ar)B
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CHAPTER 4

P-LAPLACIAN CFPS WITH INTEGRAL
BOUNDARY CONDITIONS

U n this chapter, we will investigate the existence, uniqueness and stability as well the positiv-
ity of solutions for two p-Laplacian CFPs with integral boundary conditions:

Dy, (pp (D)) (1) = —f (L2 (), t € (
) =

wp (Do) (0) = 0, @p (D) (1

2 (0) = y/olx

D2, (i (Dge)) (1) = £ (1,2 (1)) , £ € (0,1),

2y (D) (0) = 0, (0, (DGs)) (0) = g / oy (D) (1) dt, P4

0,1,
/ , (Dg.x) (1) d. °3)

and

2(0) =0, x’(O):A/le(t)dt,

where a, 5 € (1,2], the function [ : [0, 1] xR; — R, is continuous, the parameter A and vy belong
: -2 -1

to [1,2) and the p-Laplacian operator ¢, (t) = ¢ |t["" ", p > 1, where (¢,) = ¢, % + % = 1.

Our main tool is a Guo-Krasnoselskii fixed point theorem, The Banach contraction principle

theorem and Ulam-Hyers stability. One example is also given to show the applicability of our

results.
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4.1 Solutions form of the problems

Let £ = C'([0,1], [0, 4+00)) be the Banach space with the norm ||z|| = max;cp 17|z (¢)|.

Firstly, we give the corresponding linear systems of (P3): for any given function g € E, we have
D (9pD5x) () = =g (1), £ € (0,1),
1
¢p (Dgrx) (0) =0, ¢, (Dgr) x (1) = M/O ppDgrx (t) dt, (A-P3)

z(0) =0, x(l):)\/olx(t)dt.

To get the linear solution representation of problem (P3), we decompose (A-P3) into two cou-
pled problems:

1 (B-P3)
v(0) =0, v (1) :u/ v (t)dt,
0
and
Dg+a (t) = ¢q (v) (1), £ € (0,1)
1 (C-P3)
2(0) =0, = (1) :)\/ (1) di
0
where
v(t) = @p (Dge) (1) (4.1)
Lemma 4.1. The problem (B-P3) has a unique solution defined on |0, 1] given by
/ Hi (t,s)g(s)ds =y, (Dgrx) (1), (4.2)
where
(ﬁt(l—s)ﬂ—t)sﬁ*l, 0<s<t<l,
Hi(t,s) = (H-P3)

t(1+2ffu>(1—s)sﬁ—2, 0<t<s<l.
Proof. According to Lemma ((1.3),(ii)), applying ]Ig+ on (B-P3)) gives

v (t) =0 (0)+v' (0)t T} g(t).
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4.1. SOLUTIONS FORM OF THE PROBLEMS 53

This, together the boundary conditions, implies
v(0) =0, v(1) =/ (0) = I g(1),
then
1
v (0) = ]I0+g (1) + u/ x(s)ds.
0
Hence
1 1 ¢
v(t) = ,ut/ v(s)ds +t/ (1—8)s""2g(s)ds — / (t —s)s°2g (s) ds. (4.3)
0 0 0
Now we integrate from 0 to 1 in both sides and we use Fubini’s theorem, we get

/Olv(t)dt:g/olv(s)ds+%/ol(1—s)sﬁ_2g(s)ds—%/01(1—3)23B_29(3)d3'

Therefore

1 = L 1 —5)s% g (s)ds
Azdﬂﬁ—%2_uké(l )71 (s) ds.

Substituting the above expression into Eq. (4.3) and with the relation (4.1), we arrive at the
desire result. n

Lemma 4.2. The problem (A-P3) has a unique solution

z(t) = /1G1ts (/‘HlsT ch)d (4.4)

where

Gi(t,s) = (G-P3)

where H, is defined by (H-P3).

Proof. In a similar way that is used to prove Lemma we can get that boundary value prob-
lem (C-P3) has a unique solution, which is given by

= /0 G (t,5) 4 (v) (s) ds.

Substituting (4.2)) into the above expression to get (4.4). The proof is completed. O
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Remark 4.1. The existence of positive solutions of (B-P3)) or (C-P3) was discussed in [54], by
employing a fixed point theorem in a cone, where the expression of Green functions has two

parts.
Next, we give the solutions representations for linear systems of problem (P4)

Lemma 4.3. For any given function g € E, the following problem

D, (2 (Dfr) (8) = g (1), £ € (0,1),

0 (D5ea) () = 0. (2 (D5.)) 0) =1t [, (D) (), (A-P4)
2 (0) = 0, x’(O)—A/lx(t)dt,

has a unique solution, which is given by

z(t) = /GQts (/HQST dT)d (4.5)

where
Gy (t,s) =572 (G-P4)
and

H, (s,7) = 7772 (H-P4)

s (1—7)%, 0<s<7<L.

Proof. By the relation (4.1)), the problem (A-P4) decomposed by the following coupled BVPs:

D0+U():_g(t)7 tG(O,l),

) (B-P4)
v (0) =0, v'(0) :,u/o v (t)dt,

and

(C-P4)
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4.1. SOLUTIONS FORM OF THE PROBLEMS 55

By Lemma ((T.3),(ii)), we apply the operator I/, on both sides of (B-P4) combining with the
boundary conditions to get

1
o) =t [ o+, (4.6)
0
Now we integrate from 0 to 1 in both sides and by using the Fubini theorem, we get
[emai= st [Ty
v — —5)" 5" g (s)ds.
0 2= Jo
Substituting above expression into (4.6), which yields
ut [t t
v(t) = 5 (1—15)s"2g(s)ds + / (t —s)s"72g (s)ds. 4.7)
—HJo 0

By the standard way, we can get that (C-P4) has a unique solution, which is given by

x(t) = /0 Ga (t,s) @4 (v) (s)ds.

Substituting (4.7) into the above expression to get (4.5). The proof is completed. O

4.1.1 Properties of the Green functions

In order to investigate the properties of the Green functions G, in (G-P3), H; in (H-P3), G
(G-P4) and H, in (H-P4), we have

Lemma 4.4. For any (t,s) € (0,1) x (0,1) and p, A € [1,2), the following properties are satisfied.
Vi=12
() 1. 0<Gi(t,s), continuous and 2.G; (t,s) < 525572
2. Gi(t,s) <3G (1,s).
3. Gy (t,s) < Ga(l,s) <2G2(1,s).
4. Gi(t,s) < 525572

5. tG;(s,8) <Gt s).

G) 1. 0<H(,

s), continuous and 2 H; (t,s) < 525772,
2. H1 (t, S) S

%Hl (LS)'
3. H2 (t, 8) S H2 (1 8) QHQ (1 8)
4. H;(t,s) < ﬁsﬂd.

5. t H;(s,s) < H; (t,s).
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Proof. (i) 1. Obviously that G| is positive and continuous for all ¢ € (0, 1) and

(5 (1=s)—1)s"" 0<s<t<1,

—G (t =
at 1(75)
(14+25)(1—s)s*2 0<t<s<1,
) 21—’ +1, 0<s<t<l,
aGQ(t,s) = 5472
25 (1—s)%, 0<t<s<1

We have, for s < ¢

2
(% (1 _ S) _ 1) Sa—l S 5 A Sa—Z S (L + 1) 304—2 — SQ_Q,

(% (1—5)°+ 1) 5272

and fort < s

VAN
N
)
| ‘
>
+
—_
~__
”n
Q
b
I
)
N
>~
”n
2
b

A 2 a-2 A —2 2 —2
[e% (0% < (0%
R I e L L
Hence
0 2
. . < a—2
atG’ (t:5) < 2 )"
2. Ifs <t
Gi(t,s)=|s(1—1) tis (1— s)} s < [s (1—s)+ % (1-— s)} §92
< (1+%) (1—s)s*!
2
<—1_ a—1
2_/\( s) s
:§G1(175)7
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and ift < s
t AS 1 AS 1
_ 7 _ « < _ a
G (t, s) s(1+2—)\)(1 s) s _(1+2_)\>(1 s)s
A
< (14— (1-— a-l
_<+2_A)( s)s
2
<— . a—1
_2_)\(1 s)s
2
:XGl(l,S),
then, it is clear that
2 2 2 2
- 1 — 1_ a—1< a—1< a—2
N (Ls) =g (I=s)s s o™ s o=

3. On the other hand, we have aGg—Ef’s) >0, for 0 < t,s < 1, then G, (t, s) is increasing

with respect to ¢, and therefore,

G (t’s) < Gy (173) = (2);8>\ (1 _5) + 1) (1 —S)Sa_2

A 2
< a—2 — a—2'
< (—2 3 + 1) s s

4. Moreover, observe that, By the definition of G;: for s <t

Gi(t,s) = {(1 — 1) +tL (1-— 3)] s&7 > {(1 —5) +t£ (1- S)} go-1

2—-A 2—-A
As
> _ a—1
_t{l—l—z_)\} (1—3s)s
=tG (s, ).
Go (t,s) = (%t (1—s)"+(t— s)) 5972 > % (1—5)2s72 522> 5271
tA 2 a1
> . e
> 2_)\(1 s)"s
> tGy (s, s)
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Fort <s

Gl(t,s):t(l%—;f)\) (1—s)s2 2t(1+ As )(1—3)50—1 — 1G4 (s, 5) .

tA tA
Ga(t5) = 5y (1= )™ 2 5mg (1= )™ = 4G (s.5).

(ii) The proof can be easily accomplished by (i), so we omitted it.

4.2 Main results

Let £ = C([0,1],[0, +00)) be the Banach space with the norm ||z|| = max;c( 1) |= (£)|.

For investigating the existence, uniqueness and stability of positive solutions for the p-Laplacian
CFPs and (P4), we define the cone P in E by

P={zeckE, z({t)>0,tel01]}.

Furthermore, define the operators 7; : £ — E as

T () :/OlGi(t,s)% </01Hi(s,r)f(r,x(7))dr) ds, i = 1,2,

under the properties of the Green functions G; and H;, (i = 1,2) in Lemma#4.4{and the continu-
ity and positivity of f, the operator is well defined, continuous, positive and has the following
properties. Let 7 = {71, T2}, G ={G1, Go} and H = {H,, H,} .

Lemma4.5. (i) 7 (P) C P.
(ii) The operator T : P — P is completely continuous.
Proof. (i) It’s easily to accomplish.

(ii) For the uniformly boundedness of 7: for any (¢,z) € [0,1] x €, there exists a positive
constant L, such that

Ly = sup max f(t,z) + 1,
Jal| <r t€(0.1
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then by Lemma[4.4] it holds that

t€[0,1]

q—1 1
zLA /G(l,s)% /H(S,T)dr) ds
0

: (
<AL 1/ G, s) (/OlH(l,T)dT>ds

Hence, 7 (€)) is uniformly bounded.
Now for the equicontinuity of 7: for all 0 < ¢; < ¢, < 1, by Lemma we have

| Tz (t)|| = max /1G(t, S) ¥q ( OlH(s,T)f(T,x(T))dT) ds

T (t) — T ( t1|</ G (ta,5) — G (1, 5 |¢q(/ H(s,7) f (.2 (7 ))dT)ds

2L (/ H(1,7) dT>/ G (2, 8) = G (tr, 5)| ds

As consequence, for all ¢1, t5 € [0,1], t; < t;, we have by Lemma 4.4

1)
|G<t2,s>—G<t1,s>|—/ G (£, )| ds
t1

Then ||Tx (t3) — Tz (t1)|| — 0 as t; — t, which implies that the set 7 () is equicontinu-

ous.

By the Ascoli-Arzela theorem the operator 7 : Qy — € is compact.

Lemma 4.6. The solution of p-Laplacian CFP (or (P4)) is equivalent to a fixed point of T in P.

Proof. We use the following Lemmas and (4.5 to prove the desire results.

]

Next, to prove the existence, uniqueness and stability results we need the following nota-

tions and assumptions:

e[ [ o]

1—p 1—p -1
Ay = [p2 G (s,s)ds ¢, ( H(r,T) dT)‘| ,
p

p
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where p € (0,1/2). Assume there exists r > r; > 0 such for all ¢ € [0, 1], such that
(Hl) f (t,l’) Z Sop (AQTl), xr € [0,7"1].
H2) f(t,z) <@, (M), z €[0,7].

(H3) For any (¢,z), (t,y) in [0,1] x [0, +00), there exists a constant 0 < L < 1 such that
[f (ta) = F (6 y)l < op (MLz —yl).

Now we enunciate the following existence and uniqueness results for and (P4):

4.2.1 Existence results via Guo-Krasnoselskii fixed point theorem

In this subsection, we establish the existence of positive solution for the problem and
by using technique of Guo-Krasnoselskii fixed point theorem.

Theorem 4.1. Assume that (H1)-(H2) hold, then the p-Laplacian CFP (or (P4)) has at least one
positive solution x € P, withry < ||z| <.

Proof. From Lemma we have: for z € PN oY,

Te(t) = /OlG(t,s)gpq(/Olﬂ(s,T)f(T,x(T))dT)ds
/OltG(s,s)% (/OlsH(T,T)f(T,x(T))dT>ds
/15G(s s)dsgoq(/ HTT)gop(Azmd)

A%

v

> Ayr'p /GSSdS(pq(/HTT )

> Aor'p G(ss)dsgoq( H( )dT)
p p

Z r1,

and if x € P N 0Qy, we get
1 1
ITe Ol =mas | [ Geso, ([ #6nfGomyar) as
te(0,1] | Jo 0

SE/O G(1,9) g, (/OIH(l,T)gop(Alr)dT) ds <r.

So, from Theorem [1.2) and Lemma [4.6| the operator 7 has at least one positive solution z €
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4.2.2 Uniqueness results via Banach contraction principle theorem

In this subsection, we establish the uniqueness of positive solution for the problem and
by using Banach contraction mapping principle.

Theorem 4.2. Let (H3) holds, then the problem (or (P4)) has exactly one positive solution in P.

Proof. By Lemma .4, we have

7o)~ To ) < [ oo ([ H67 o) =yl dr) ds
gi%[fauﬁm%(AvﬂLﬂ¢MmLm—ynm)@
gi%mmx—mlunL@%(AvﬂLﬂm)@
< Lz —vyl|.

Since 0 < L < 1, then the Theorem [1.3land Lemma [4.6|ensure that the p-Laplacian CFP (or
(P4)) has a unique and positive solution x in P with z = T . O

4.2.3 Ulam-Hyers stability results

In this subsection, we study four different types of Ulam stability for the p-Laplacian problems
and (P4), which are Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias.

Theorem 4.3. With the assumption (H3), the p-Laplacian CFP (or (P4)) is Ulam-Hyers stable.
Proof. In view Definition let z be the solution of 7 and z* be an approximation satisfying

ﬁ@:lh@@%<[H@ﬁf@ﬁmm0@. (4.8)

Then, we get

1
G
0
1
G
0

/01 Glt.5) ey ( /01H<sm> (f (rx(r) — f (r.a” <T>>>df) ds

| (t) — =" ()] =
<

x(t) — (t,s) @q (/01 H(s,7) f(r,2" (7)) d7> ds
z(t) — (t,s) @q (/01 H(s,7) f(r,2 (7)) d7‘> ds

_|_

S. Djiab Contributions aux équations aux dérivées fractionnaires conformables



4.2. MAIN RESULTS 62

By assumption (H3) and the inequality (1.7), we have
|z —2*| <e+ L|z -2z,
which further implies
|z —2*| < cye,

where ¢; = %7 > 0. Hence, from Definition the operator 7 is Ulam-Hyers stable. Conse-
quently, the p-Laplacian CFP (or (P4)) is Ulam-Hyers stable. Moreover, if we set

Os (¢) = ecy, 07 (0) = 0,
then and are generalized Ulam-Hyers stable. O
Theorem 4.4. Let (H3) holds. the p-Laplacian CFP (or (P4)) is Ulam-Hyers-Rassias stable.

Proof. In view Definition let 2* (t) the approximation in (4.§), then, we get
1
x(t)—/ G(t,s goq(/ H(s,7) f(r,x (7 ))d7'>ds

/ (/HST (.2 (7)) — £ (, *(ﬂ))m)ds

By assumption (H3) and the inequality (1.8), we have

|z (1) = 2" ()] <

+

|z — 2" <ep(t) + Lz — a7,
which further implies
v — "] < ep(t) ey,

where c¢; = = > 0. Hence, from Definition the operator 7 is Ulam-Hyers-Rassias stable.
Consequently, the p-Laplacian CFP (P3) (or .) is Ulam-Hyers-Rassias stable. Moreover, if we

set

ple) =ep(t),¢(0) =0,

then (or (P4)) is generalized Ulam-Hyers-Rassias stable. O
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4.3 Example

Example 4.1. Let f = a =2, A = u =1, p = 1/4, p = 2 and the continuous function
f(t,x) = (t+1)x(t), we can be checked easily that

For the suggested problem (P4), we have

A= {2/01(5<1—s)+1)<1—5)d5]_2:%.

For the suggested problem (P3), we have

wefe[a] T

On the other hand, the assumption (H3):

\f(t,x) — f(ty)| <ALz —y| <2]z—yl,

is verified for 0 < L < 1, for specified function f the Theorem [3.4] gives that the and
has exactly one positive solution and the Theorems [4.3|and [4.4] assure that this solution is
Ulma-Hyers stable and Ulam-Hyers-Rassias stable.
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General conclusion

Un this thesis, we have posed three types of fractional problems with integral boundary con-
ditions:

w ([PI): Mixed fractional boundary value problem involving both right conformable and left
Caputo-type fractional derivatives.

= : Fractional boundary value problem involving two conformable fractional deriva-
tives.

= and (P4): Nonlinear p-Laplacian operators involving conformable fractional deriva-
tives.

Three important aspects of the fractional problems have been studied. They are :

v Existence results: based a positively diminishing Greens function, we use the Guo-Krasnoselskii
fixed point theorem to prove existence of positive solution for the considered problems.

v Uniqueness results: we have proved results for uniqueness by Banach contraction prin-
ciple theorem.

v Hyers-Ulam stability results: we use Ulam-Hyers stability, generalized Ulam-Hyers sta-
bility, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias to prove stabil-
ity results.

For these aims, each problem from the four suggested problems is converted into an integral
equation via Green function. The Green function properties are analyzed. Then, some classical
fixed-point theorems are used for establish the existence and uniqueness of positive solution.
Hyers-Ulam stability of the proposed problem is also studied. For the application of the results,
an expressive examples are included.

The future work in the thesis may include many aspects for the conformable fractional problems
with integral boundary conditions:

v figure out more fixed point theorems.
v presenting a new numerical methods for solving.
v try to solve the conformable fractional problems with higher order o € (n,n + 1], n € N*.

v searching for methods of resolution of partial differential equations of fractional order in
the sense of conformable fractional derivative.
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Z] n this thesis, we have studied four problems of three types of fractional differential equations with
integral boundary conditions:

v At first, their solutions are presented in form of nonlinear integral equations by using the Green
function, which her properties are analyzed to determine the appropriate way to solve the pro-
posed problems.

v Secondly, we proved the positivity, existence and uniqueness of solutions to the proposed prob-
lems by using some fixed theorems.

v Next, we give a new results concerning the stability of fractional equations in Ulam-Hyres sense
to prove the stability of solutions for proposed problems.

v Finally, several examples are presented to confirm the effectiveness of some utilized theorems.

Keywords: Fractional differential equations, Integral boundary conditions, Fixed point theorems,
Ulam-Hyers stability.

@ ans cette these, nous avons étudié quatre problémes de trois types d’équations différentielles frac-
tionnaires avec des conditions aux limites intégrales:

v/ Premierement, nous représentons leurs solutions qui sont en forme d’équations intégrales non
linéaires utilisant la fonction de Green, dont les propriétés sont étudiées pour déterminer la maniere
appropriée pour résoudre les problémes proposés.

v Deuxiémement, nous avons prouvé la positivité, I'existence et 1'unicité des solutions aux prob-
lemes proposés basée a certains théoremes de point fixe.

v Ensuite, nous avons donné de nouveaux résultats concernant la stabilité des équations fraction-
naires au sens d'Ulam-Hyers pour prouver la stabilité des solutions aux problémes proposés.

v Enfin, plusieurs exemples sont donnés pour confirmer l'efficacité de certains théorémes utilisés.

Mots-Clés: Equation différentielles fractionnaires, Conditions aux limites intégrales, Théoremes de
point fixe, Stabilité d’'Ulam-Hyers.
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