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Notaions
K The field of real or complex numbers.
p′ The conjugate of the number p (1 ≤ p ≤ ∞), that is 1

p +
1
p′ = 1

E∗ The topological dual of E.
BE The closed unit ball of E

L(E; F) The set of all linear operators.
I The ideal of all linear operator.
K The set of all compact linear operators.
W The set of all weakly compact linear operators.
L f The set of all finite rank linear operators.
Πp(X, Y) The ideal linear p-summing
ILip The ideal of Lipschitz operators.
Lip0 The set of all Lipschitz operators that vanish at 0.

X# The Lipschitz dual of the pointed metric space X.
M(X) The linear space of all molecules on the metric space X.
mxx′ The molecule defined by mxx′ = χ{x} − χ{x′} for x, x′ ∈ X, where

χA is the characteristic function of the set A.
Æ(X) The Arens-Eells space of X.
T∗ The adjoint operator of T.
T# The Lipschitz adjoint operator of T.
TL The linearization of the operator T.
L f The set of all finite rank linear operators.
Lip0F The set of Lipschitz finite rank operators.
Πp The set of all linear p-summing operators (1 ≤ p < ∞).
ΠL

p The set of all Lipschitz p-summing operator (1 ≤ p < ∞).
H(U, F) The space of all holomorphic mappings from U into F.
H∞

v (U, F) The space of weighted holomorphic mappings
ΠH

∞
v

p (U, F) The set of all p-summing weighted holomorphic mappings from U into F (1 ≤ p ≤ ∞).
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Introduction

The concept of p-summing operators—first studied by Grothendieck for p = 1 [16] and later
extended by Pietsch to all p > 0 [24]—has profoundly shaped Banach space theory (see, e.g.,
[11, 12, 26]). Its success has spurred analogous notions of p-summability in various nonlinear
settings: multilinear and polynomial mappings [1, 2, 13, 22], Lipschitz functions [14, 28], and
holomorphic mappings [18, 21].
In this memory , we concentrate on two leading examples of such nonlinear operator ideals:
The first one is the classes of Lipschitz p-summing operators, was introduced by Farmer and
jhonson for 1 ≤ p < ∞ (see [14]) and Manaf Adnan Saleh Saleh for 0 < p < 1 . Recall that a
mapping T : X −→ Y between two pointed metric spaces is Lipschitz p-summing if there exists a
constant C ≥ 0 such that for all (xi)i≤n, (x′i)i≤n in X and all (ai)i≤n ⊂ R+

(
n

∑
i=1

aid(T(xi), T(x′i))
p

) 1
p

≤ C sup
f∈BX#

(
n

∑
i=1

ai| f (xi)− f (x′i)|p
) 1

p

.

Farmer and Johnson in [14] proved basic fundamental properties and leave to interested readers
a list of open problems (what results about p-summing operators have analogues for Lipschitz
p-summing operators?). In this part we present tow fundamental theorems, namely Pietsch’s
Domination Theorem and Pietsch’s Factorization Theorem.
The second one is the classes of p-summing weighted holomorphic mappings. witch intro-
duced recently by M. G. Cabrera-Padilla, A. Jiménez-Vargas and A. Keten Çopur, Let E and F be
complex Banach spaces, and let U ⊂ E be an open set equipped with a positive continuous weight
v : U → (0, ∞). We denote by H(U, F) the space of all holomorphic maps U → F, the weighted
supremum norm

∥ f ∥v = sup
x∈U

v(x) ∥ f (x)∥.
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CONTENTS 2

The corresponding Banach space of bounded weighted holomorphic functions is

H∞
v (U, F) =

{
f ∈ H(U, F) : ∥ f ∥v < ∞

}
,

with the special case F = C written H∞
v (U). For a detailed overview of these spaces see Bonet’s

survey [4]. Given 1 ≤ p ≤ ∞, a mapping f ∈ H(U, F) is said to be p-summing weighted
holomorphic if there is a constant C ≥ 0 such that

(
n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

≤ C sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

if 1 ≤ p < ∞,

max
1≤i≤n

|λi| v(xi) ∥ f (xi)∥ ≤ C sup
g∈BH∞

v (U)

(
max

1≤i≤n
|λi| v(xi) |g(xi)|

)
if p = ∞,

for any n ∈ N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. We denote by π
H∞

v
p ( f ) the infimum of all

constants C satisfying the inequality above, and by ΠH
∞
v

p (U, F) the set of all p-summing weighted
holomorphic mappings from U into F.
In this part, we show that ΠH

∞
v

p (U, F) form an injective Banach ideal in the weighted holomorphic
category, and we present natural analogues of Pietsch’s Domination and Factorization Theorems.

This memory is divided into four chapters as follows ,
The first chapter is a preliminaries which contains some basic concepts and fundamentals of p-
Summing Operators
In chapter two we study the ideal of Lipschitz p-summing. Domination and Factorization theorems
related to this classes are given. The inclusion theorem is also studied.
The third chapter is devoted to study the class p-summing weighted holomorphic mappings. We
prove that it is an injective Banach ideal of weighted holomorphic mappings which. Pietsch
Domination Theorem, Pietsch Factorization Theorem are presented.
In the last chapter we study the duality of the classes of p-summing weighted holomorphic map-
pings, under a suitable version dH

∞
v

p∗ of the Chevet–Saphar tensor norms.
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Chapter 1

Preliminaries

In this chapter, we present the fundamental theory of p-summing operators based on two key
references: the monograph Absolutely Summing Operators by J. Diestel, H. Jarchow, and A. Tonge
[12], and A. Pietsch’s book Operator Ideals [25].

1.1 Fundamentals of p-Summing Operators

Definition 1.1 Let 1 ≤ p < ∞. A linear operator T : E −→ F is said to be p-summing if there
exists a constant C ≥ 0 such that for all finite sequence (xi)1≤i≤n in E

(
n

∑
i=1
∥T(xi)∥p

) 1
p

≤ C sup
∥ξ∥E∗≤1

(
n

∑
i=1
|ξ(xi)|p

) 1
p

. (1.1)

The infimum of all such constants C ≥ 0 is denoted by πp(T). The collection of all p-summing
operators between E and F is denoted by Πp(E, F).

Theorem 1.1 [12, Page 39] If 1 ≤ p ≤ q < ∞, then Πp(E, F) ⊂ Πq(E, F). Moreover, πq(T) ≤
πp(T) for every u ∈ Πp(E, F).

The following basic result about p-summing operators is due to A. Pietsch, and it characterizes
the p-summability by means of a domination theorem.

Theorem 1.2 (Pietsch Domination Theorem) [12, page 44]
Let 1 ≤ p < ∞ and T ∈ L(E, F). Then T is p-summing if and only if there exist a constant C

and a regular Borel probability measure µ on BE∗ (with the weak star topology) so that

∥T(x)∥ ≤ C
∫

BE∗
|⟨x, x∗⟩|p dµ(x∗), x ∈ E. (1.2)

In this case, πp(T) is the least of all the constants C such that (1.2) holds.

3



1.1. FUNDAMENTALS OF P-SUMMING OPERATORS 4

In order to adapt the previous result into a factorization theorem, we present basic examples of
p-summing linear operators.

Example 1.1 see [12, Example 2.9 (b),(d)]
(1) Let K be a compact Hausdorff space, let µ be a positive regular Borel measure on K, and let
1 ≤ p < ∞. The canonical inclusion

Jp : C(K) −→ Lp(µ),

is p-summing with πp(Jp) =
∥∥Jp
∥∥ = µ(K)

1
p .

(2) Let (Ω, Σ, µ) be a finite measure space and let 1 ≤ p < ∞. The formal inclusion map

I∞,p : L∞(µ) −→ Lp(µ),

is p-summing, with πp(I∞,p) = µ(Ω)
1
p .

We denote by iE the isometric embedding E −→ C(BE∗) given by iE(x) = ⟨x, .⟩.

Corollary 1.1 [12, page 45] (Pietsch Factorization Theorem)
Let 1 ≤ p < ∞ and T ∈ L(E, F). The following are equivalent
(i) T is p-summing.
(ii) There exist a regular Borel probability measure µ on BE∗ (with the weak star topology), a closed
subspace Ep of Lp(µ) and a linear continuous operator ũ : Ep −→ F such that Jp ◦ iE(E) ⊂ Ep and
ũ ◦ Jp ◦ iE(x) = T(x) for all x ∈ E.
In other words, if Jp is the map iE(E) −→ Ep induced by Jp, then the following diagram commutes:

E T−→ F

iE ↓ ↑ T̃

iE(E)
Jp−→ Ep

∩ ∩

C (BE∗)
Jp−→ Lp(µ).

In addition, we may choose µ and T̃ so that
∥∥∥T̃
∥∥∥ = πp(T).

Dif Ramdhan



1.2. LINEAR OPERATOR IDEALS 5

1.2 Linear operator ideals

1.2.1 Finite rank operator

Recall that a linear operator T ∈ L(E, F) is said to have finite rank if T(E) is a finite dimensional
subspace of F. The class of all finite rank linear operators between Banach spaces is denoted by
L f (E, F). An operator has rank one if and only it has the form

x∗ ⊗ y : x 7−→ ⟨x, x∗⟩ y

i.e. if u ∈ L f (E, F) we have

u =
n

∑
i=1

x∗i ⊗ yi,

where (x∗i )
n
i=1 ⊂ E∗ and (yi)

n
i=1 ⊂ F (see [25, Page 25]).

Remark 1.1 1. It is not hard to establish that T = x∗ ⊗ y is in Πp(X, Y),with πp(u) =

∥x∗∥ · ∥y∥. clearly ∥x∗∥ · ∥y∥ = ∥T∥ ≤ πp(T), so we only need to check that πp ≤ ∥x∗∥ · ∥y∥.
but this follows from

(
m

∑
k=1
∥T(x)k∥p)

1
p = ∥x∗∥ · ∥y∥ · (

m

∑
k=1
|⟨ x∗

∥x∗∥ , xk⟩|p)
1
p ≤ ∥x∗∥ · ∥y∥ · ∥(xk)m

1 ∥weak
p

which is valide for all choices of finitely many vectors x1, ..., xm from X

2. Let T ∈ L(X, Y) have finite rank. then T is p-summing for every 1 ≤ p < ∞

To see why this is so, take y1, ...yn to be a basis for T(x). then we can find x∗1 , ...x∗n ∈ X with
T(x) = ∑n

k=1⟨x∗k , x⟩yk for all x ∈ X this exhibits T as a sum of rank one operators and so
as a member of the vector space Πp(X, Y)

1.2.2 Linear operator ideals

Definition 1.2 An operator ideal I is a subclass of the class L of all continuous linear opera-
tors between Banach spaces such that for all Banach spaces E and F its components I(E, F) :=

L(E, F)∩I satisfy:
(i) I(E, F) is a linear subspace of L(E, F) which contains the finite rank operators.

Dif Ramdhan



1.2. LINEAR OPERATOR IDEALS 6

(ii) The ideal property: if v ∈ L(G, E), u ∈ I(E, F) and w ∈ L(F, H), then the composition
w ◦ v ◦ u is in I(G, H).
If ∥.∥I : I → R+ satisfies:
(i’) (I(E, F), ∥.∥I) is a normed (Banach) space for all Banach spaces E and F,

(ii’) ∥idK∥I = 1,

(iii’) If v ∈ L(G, E), u ∈ I(E, F) and w ∈ L(F, H),

∥w ◦ u ◦ v∥I ≤ ∥w∥ ∥v∥I ∥u∥ ,

then (I , ∥.∥I) is called a normed (Banach) operator ideal.

The operator ideal I is said to be closed if each I(E, F) is a closed subspace of L(E, F) for the
sup norm.

Definition 1.3 (injective operator ideal)
A normed operator ideal (I , ∥.∥I) is said to be injective if for every metric injection i : F ↪→ G

and every u ∈ L(E, F) it follows from i ◦ u ∈ I(E, G) that u ∈ I(E, F). Moreover

∥i ◦ u∥I = ∥u∥I ,

The ideal L f of finite rank linear operators is the smallest operator ideal and L the largest one
[25, Theorem 1.2.2].

Proposition 1.1 (Ideal proprty) Let 1 ≤ p < ∞ and let v ∈ Πp(X, Y). then the composition
of v with any bounded linear operator is p-summing. More spesifically, if X0 and Y0 are banach
space then, regardless of how we choose u ∈ L(X, Y) and w ∈ L(X0, X), we always have uvw ∈
Πp(X0, Y0) with πp(uvw) ≤ ∥u∥ · πp(v) · ∥w∥.

Remark 1.2 If X0 is a subspace of X and v : X → Y is p-summing, then the restriction map
v|X0 : X → Y is also p-summing, with πp(v|X0) ≤ πp(v). This follows from the ideal property
when we take u : X0 → X to be the inclusion map and set w to be the identity operator on Y.

Proposition 1.2 (Injectivity of Πp:) If i : Y → Y0 is isometric, then v ∈ Πp(X, Y) if and
only if iv ∈ Πp(X, Y0) in this case, we even have πp(iv) = πp(v)

Proposition 1.3 (Πp, πp) is an injective Banach operator ideal.

Dif Ramdhan



1.3. IDEAL OF COMPACT AND WEAKLY COMPACT LINEAR OPERATORS. 7

1.3 Ideal of compact and weakly compact linear operators.

We say that a bounded linear operator T : E → F is compact (weakly compact) if T(BE) is
relatively compact (respectively, relatively weakly compact)in F. By K(E, F) and W(E, F) we
denote the sets of compact linear operators and weakly compact linear operators from E to F,
respectively.
Schauder theorem about the compactness of the adjoint of a compact linear operator between two
Banach spaces is well known. We will remind it as we need in the sequel of this thesis.

Theorem 1.3 Let T ∈ L(E, F). Then T is compact if and only if T∗ is compact.

The weakly version is due to Gantmacher:

Theorem 1.4 Let T ∈ L(E, F). Then T is weakly compact if and only if T∗ is weakly compact.

Proposition 1.4 ([25]) The classes K,W consitute closed injective Banach operator ideals, where
the ideal norm is the operator norm.

Theorem 1.5 Let 1 ≤ p < ∞.
(1) Every p-summing operator between Banach spaces is weakly compact.
(2) If E is a reflexive space, then every p-summing operator between E and F is compact.

Dif Ramdhan



Chapter 2

Lipschitz p-summing operators

2.1 Metric space

Definition 2.1 Recall that a metric or distance on a non empty set X is a function

d : X× X −→ R+

with the following properties:

1. (i) (Positivity) For all x, y ∈ X, d (x, y) ≥ 0 with equality if and only if x = y.

2. (ii) (Symmetry) For all x, y ∈ X, d (x, y) = d (y, x).

3. (iii) (Triangle inequality) For all x, y, z ∈ X, d (x, y) ≤ d (x, z) + d (z, y).

The set X equipped with the distance d is called a metric space.

2.2 Lipschitz space (Lip)

In the category of metric spaces, the natural morphisms are Lipschitz functions.

Definition 2.2 A function T : X → Y between two metric spaces (X, dX) and (Y, dY) is called
Lipschitz if there exists a constant C > 0 such that:

∀x, y ∈ X, dY(T(x), T(y)) ≤ C dX(x, y). (2.1)

The smallest such constant C is called the Lipschitz constant of T, denoted Lip(T), and is given
by:

Lip(T) = sup

{
dY(T(x), T(y))

dX(x, y)

∣∣∣∣∣ x, y ∈ X, x ̸= y

}
.

8



2.3. THE SPACE LIP0 9

2.3 The space Lip0

Recall that a pointed metric space X is a metric space with a bas point in X denoted by 0.

Definition 2.3 The Lipschitz space Lip0(X, E) is the Banach space of all Lipschitz mappings T

from the pointed metric space X to the Banach space E that vanish at 0, under the Lipschitz norm
given by

Lip (T) := sup
x ̸=y

∥T(x)− T(x′)∥
d(x, x′)

(2.1)

For E = K, we designate X# = Lip0(X, K).

Example 2.1 Let [0, 1] be equipped with the usual metric, and let the distinguished element be
e = 0. For every f ∈ L1[0, 1], we define:

F(t) =
∫ t

0
f (s) ds.

For all a, b ∈ [0, 1], with a ≤ b, we have:

|F(b)− F(a)| =
∣∣∣∣∫ b

a
f (s) ds

∣∣∣∣ ≤ ∥ f ∥1(b− a),

where ∥ f ∥1 is the L1-norm of f .
Thus, F is Lipschitz, and:

Lip(F) ≤ ∥ f ∥1.

Moreover, since F(0) = 0, it follows that F ∈ Lip0[0, 1].

2.4 Molecule space

Now we are going to present some concepts about the space of molecules, the reader can see [29]
or [15] for more details.

Definition 2.4 A molecule on X is a scalar valued function m on X with finite support that
satisfies

∑
x∈X

m (x) = 0.

By M(X) we denote the linear space of all molecules on X.

Dif Ramdhan



2.5. THE PREDUAL OF X# 10

1. For x, x′ ∈ X the molecule mxx′ is defined by

mxx′ = 1{x} − 1{x′},

where 1A is the characteristic function of the set A.

2. For m ∈ M(X) we write

∥m∥M(X) = inf

{
n

∑
j=1

∣∣λj
∣∣ d(xj, x′j), m =

n

∑
j=1

λjmxjx′j

}
,

where the infimum is taken over all representations of the molecule m.

2.5 The predual of X#

Definition 2.5 A Banach space Z has a predual if there is a Banach space E and an isometric
isomorphic operator S : Z −→ E∗, in this case we say that E is the predual of Z and Z is the dual
of E.

Theorem 2.1 The map QX : X# −→ Æ (X)∗ defined by

QX( f ) = fL, where fL(m) = ∑
x∈X

f (x)m(x),

establish an isometric isomorphic between X# and Æ(X)∗. (see [29, Theorem 2.2.2]).

2.6 The linearization of a Lipschitz operator

The Banach space Æ(X) has some remarkable properties. We mention the following ones.

Theorem 2.2 ([29, Theorem 2.2.4 ])
Let X be a pointed metric space and E be a Banach space and let T : X −→ E be a Lipschitz map
which preserves the base point; that is T(0) = 0. Then there is a unique bounded linear map TL :

Dif Ramdhan



2.7. LIPSCHITZ P-SUMMING OPERATORS 11

Æ(X) −→ E such that T = TL◦ δX that is, the diagram

X T //

δX ""F
FF

FF
FF

FF
E,

Æ(X) ,
TL

<<xxxxxxxxx

commutes. Furthermore ∥TL∥ = Lip(T)

The operator TL is referred to as the linearization of T. The correspondence

T ←→ TL

establishes an isomorphism between the vector spaces Lip0(X, E) and L(Æ (X) , E).

Theorem 2.3 ([9, Lemma 3.1])
Let X,Y two pointed metric spaces and let T : X −→ Y be a Lipschitz map which preserves the
base point. Then there is a unique bounded linear map T̂ :Æ(X) −→Æ(Y) such that T̂δX = δYT

that is, the diagram
X T //

δX
��

Y

δY
��

Æ(X) T̂ // Æ(Y)

commutes. Furthermore
∥∥T̂
∥∥ = Lip(T).

Sawashima [27] defined the Lipschitz adjoint (or dual) of T ∈ Lip0(X, Y) as the continuous linear
operator

T# : Y# −→ X#

g 7−→ T#(g) = g ◦ T

2.7 Lipschitz p-summing operators

This section based on the article of J. D. Farmer and W. B. Johnson, Lipschitz p-summing operators
(see[14]).

Definition 2.6 A mapping T ∈ Lip0(X, Y) is Lipschitz p-summing if there exists a constant

Dif Ramdhan



2.7. LIPSCHITZ P-SUMMING OPERATORS 12

C ≥ 0 such that for all (xi)i≤n, (x′i)i≤n in X and all (ai)i≤n ⊂ R+

n

∑
i=1

aid(T(xi), T(x′i))
p ≤ Cp sup

f∈BX#

n

∑
i=1

ai| f (xi)− f (x′i)|p.

The infimum of all such constants C ≥ 0 is denoted by πL
p(T). This class of mappings is denoted

by ΠL
p(X, Y). Thanks to an argument detailed in [14] the scalars a1, . . . , an can be removed from

the definition.

2.7.1 Pietsch factorization theorem

The Theorem characterizing the Lipschitz p-summing operators is the following.

Theorem 2.4 Let 1 ≤ p < ∞. The following properties are equivalent for a mapping T ∈
Lip0(X, Y) and a positive constant C.

1. πL
p (T) ≤ C.

2. There is a probability µ on BX# such that

d(T(x), T(y)) ≤ C

(∫
BX#

| f (x)− f (y)|p dµ ( f )

) 1
p

.

2.7.2 Pietsch domination theorem

Theorem 2.5 1. T ∈ ΠL
p(X, Y)

2. For some (or any) isometric embedding J of Y into a 1-injective space Z, there is a factor-
ization

L∞(µ)
I∞,p // Lp(µ)

B
��

X

A

OO

T // Y
J // Z

Dif Ramdhan
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with µ a probability and Lip(A) · Lip(B) ≤ C.
(Pietsch factorization theorem).

The domination theorem immediately implies the monotonicity of the Lipschitz p−summing norm.
Then we have the following theorem.

Theorem 2.6 If 1 ≤ p ≤ q < ∞, then ΠL
p(X, Y) ⊂ ΠL

q (X, Y). Moreover, πL
p (T) ≤ πL

q (T).

For a linear operator T ∈ L(E, F) it is clear that πL
p (T) ≤ πp (T). J.D. Farmer and W.B. Johnson

proved that the reverse inequality is true. This justifies that the notion of Lipschitz p-summing
operator is really a generalization of the concept of linear p-summing operator.

Theorem 2.7 [14, Theorem 2] Let T be a bounded linear operator from E into F and 1 ≤ p < ∞.
Then πL

p (T) = πp (T)

Dif Ramdhan



Chapter 3

p-Summing weighted holomorphic
mappings

This chapter based on the paper: p-Summing weighted holomorphic mappings introduced recently
by M. G. Cabrera-Padilla, A. Jiménez-Vargas and A. Keten Çopur (see [7])

3.1 Holomorphic mappings

In this section we give some definitions and properties related to Holomorphic mappings.

Definition 3.1 Let f : Ω −→ C be a function defined on a non-empty open set Ω.

1. We say that f is differentiable at z ∈ Ω if there exists l ∈ C such that

lim
w→z

f (w)− f (z)
w− z

= lim
h→0
h∈C∗

f (z + h)− f (z)
h

= l.

We denote l = f ′(z) and call it the derivative of f at z.

2. We say that f is holomorphic on Ω if f is differentiable at every point of Ω. We denote by
H(Ω) the set of holomorphic functions on Ω.

Example 3.1 1. The function f (z) = zn is holomorphic on C, for every n ∈N.

2. The function f (z) = z̄ is not differentiable at any point of C because

f (z + h)− f (z)
h

=
z + h− z̄

h
=

h̄
h
=

cos(−θh) + i sin(−θh)

cos(θh) + i sin(θh)

and the limit limh→0
h̄
h does not exist (as the value depends on the direction of approach).

Notation: Let E and F be complex Banach spaces and let U be an open subset of E. Let H(U, F)

be the space of all holomorphic mappings from U into F.

14



3.2. THE IDEAL OF WEIGHTED HOLOMORPHIC MAPPINGS 15

3.2 The ideal of weighted holomorphic mappings

Definition 3.2 A weight v on U is a (strictly) positive continuous function. The space of weighted
holomorphic mappings, denoted by H∞

v (U, F), is the Banach space of all mappings f ∈ H(U, F)

such that
∥ f ∥v := sup {v(x) ∥ f (x)∥ : x ∈ U} < ∞,

under the weighted supremum norm ∥ · ∥v. In particular, H∞
v (U) := H∞

v (U, C).

By G∞
v (U) we denote the space of all linear functionals on H∞

v (U) whose restriction to BH∞
v (U) is

continuous for the compact-open topology see [3, 5, 6],.

Theorem 3.1 [3, 5, 6] Let U be an open set of a complex Banach space E and let v be a weight
on U.

1. G∞
v (U) is a closed subspace of H∞

v (U)∗, and the mapping Jv : H∞
v (U)→ G∞

v (U)∗, given by
Jv(g)(ϕ) = ϕ(g) for ϕ ∈ G∞

v (U) and g ∈ H∞
v (U), is an isometric isomorphism.

2. For each x ∈ U, the functional δx : H∞
v (U)→ C, defined by δx( f ) = f (x) for f ∈ H∞

v (U),
is in G∞

v (U), and there exists gx ∈ BH∞
v (U) such that gx(x) = ∥δx∥ := supg∈BH∞

v (U)
|g(x)|.

3. The mapping ∆v : U → G∞
v (U) given by ∆v(x) = δx is in H∞

v (U,G∞
v (U)) with ∥∆v∥v ≤ 1.

4. For every complex Banach space F and every mapping f ∈ H∞
v (U, F), there exists a unique

operator Tf ∈ L(G∞
v (U), F) such that Tf ◦ ∆v = f . Furthermore,

∥∥Tf
∥∥ = ∥ f ∥v.

5. The correspondence f 7→ Tf is an isometric isomorphism from H∞
v (U, F) onto L(G∞

v (U), F)

3.3 p-Summing weighted holomorphic mappings

The concept of p-Summing weighted holomorphic mappings introduced recently by M. G. Cabrera-
Padilla, A. Jiménez-Vargas and A. Keten Çopur as a generalization of linear p-Summing mappings
to the non linear case

Dif Ramdhan
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Definition 3.3 Given 1 ≤ p ≤ ∞, a mapping f ∈ H(U, F) is said to be p-summing weighted
holomorphic if there is a constant C ≥ 0 such that

(
n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

≤ C sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

if 1 ≤ p < ∞,

max
1≤i≤n

|λi| v(xi) ∥ f (xi)∥ ≤ C sup
g∈BH∞

v (U)

(
max

1≤i≤n
|λi| v(xi) |g(xi)|

)
if p = ∞,

for any n ∈ N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. We denote by π
H∞

v
p ( f ) the infimum of all

constants C satisfying the inequality above, and by ΠH
∞
v

p (U, F) the set of all p-summing weighted
holomorphic mappings from U into F.

Remark 3.1 ΠH
∞
v

p (U, F) ⊆ H∞
v (U, F) with ∥ f ∥v ≤ π

H∞
v

p ( f ) for all f ∈ ΠH
∞
v

p (U, F). Indeed, for
such a function f , note that

v(x)∥ f (x)∥ = (v(x)p∥ f (x)∥p)
1
p ≤ π

H∞
v

p ( f ) sup
g∈BH∞

v (U)

(v(x)p |g(x)|p)
1
p ≤ π

H∞
v

p ( f )

for all x ∈ U.

Definition 3.4 [8] A Banach ideal of weighted holomorphic mappings (in short, a Banach
weighted holomorphic ideal) is an assignment

[
IH∞

v , ∥ · ∥IH∞
v

]
which associates with every pair

(U, F), where U is an open subset of a complex Banach space E and F is a complex Banach space,
a set IH∞

v (U, F) ⊆ H∞
v (U, F) and a function ∥ · ∥IH∞

v : IH∞
v (U, F)→ R+

0 satisfying the properties:

(P1)
(
IH∞

v (U, F), ∥ · ∥IH∞
v

)
is a Banach space with ∥ f ∥IH∞

v ≥ ∥ f ∥v for all f ∈ IH∞
v (U, F).

(P2) For any h ∈ H∞
v (U) and y ∈ F, the map h · y : x 7→ h(x)y from U to F is in IH∞

v (U, F)

with ∥h · y∥IH∞
v = ∥h∥v∥y∥.

(P3) The ideal property: if V is an open subset of E such that V ⊆ U, h ∈ H(V, U) with
cv(h) := supx∈V(v(x)/v(h(x))) < ∞ , f ∈ IH∞

v (U, F) and T ∈ L(F, G), where G is a
complex Banach space, then T ◦ f ◦ h ∈ IH∞

v (V, G) with ∥T ◦ f ◦ h∥IH∞
v ≤ ∥T∥∥ f ∥IH∞

v cv(h).

A Banach weighted holomorphic ideal [IH∞
v , ∥ · ∥IH∞

v ] is called:

(I) Injective if for any mapping f ∈ H∞
v (U, F), any complex Banach space G and any isometric

linear embedding ι : F → G, we have that f ∈ IH∞
v (U, F) with ∥ f ∥IH∞

v = ∥ι ◦ f ∥IH∞
v

whenever ι ◦ f ∈ IH∞
v (U, G).
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Proposition 3.1 [ΠH
∞
v

p , π
H∞

v
p ] is an injective Banach weighted holomorphic ideal.

Proof 3.1 We will prove the case 1 ≤ p < ∞, and for p = ∞ a similar proof works.
(P1) Let n ∈ N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. If f ∈ ΠH

∞
v

p (U, F) and π
H∞

v
p ( f ) = 0, then

∥ f ∥v = 0 by Remark 3.1, and so f = 0. Given f1, f2 ∈ ΠH
∞
v

p (U, F), one has

(
n

∑
i=1
|λi|p v(xi)

p ∥( f1 + f2)(xi)∥p

) 1
p

≤
(

n

∑
i=1

(|λi| v(xi) ∥ f1(xi)∥+ |λi| v(xi) ∥ f2(xi)∥)p

) 1
p

≤
(

n

∑
i=1
|λi|p v(xi)

p∥ f1(xi)∥p

) 1
p

+

(
n

∑
i=1
|λi|p v(xi)

p∥ f2(xi)∥p

) 1
p

≤
(

π
H∞

v
p ( f1) + π

H∞
v

p ( f2)
)

sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

and thus f1 + f2 ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p ( f1 + f2) ≤ π

H∞
v

p ( f1) + π
H∞

v
p ( f2).

Let λ ∈ C and f ∈ ΠH
∞
v

p (U, F). An easy calculation yields

(
n

∑
i=1
|λi|p v(xi)

p ∥(λ f )(xi)∥p

) 1
p

= |λ|
(

n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

≤ |λ|πH
∞
v

p ( f ) sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

and so λ f ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p (λ f ) ≤ |λ|πH

∞
v

p ( f ). Hence π
H∞

v
p (λ f ) = 0 = |λ|πH

∞
v

p ( f ) if λ =

0. For λ ̸= 0, it is clear that π
H∞

v
p ( f ) = π

H∞
v

p (λ−1(λ f )) ≤ |λ|−1 π
H∞

v
p (λ f ), hence |λ|πH

∞
v

p ( f ) ≤
π
H∞

v
p (λ f ), and, consequently, π

H∞
v

p (λ f ) = |λ|πH
∞
v

p ( f ). In this way,
(

ΠH
∞
v

p (U, F), π
H∞

v
p

)
is a

normed space.
To show that it is a Banach space, let ( fn)n≥1 be a sequence in ΠH

∞
v

p (U, F) such that ∑n π
H∞

v
p ( fn)

converges. Since ∥ fn∥v ≤ π
H∞

v
p ( fn) for all n ∈N and (H∞

v (U, F), ∥ · ∥v) is a Banach space, then

∑n fn converges in (H∞
v (U, F), ∥ · ∥v) to a function f ∈ H∞

v (U, F). Given m ∈N, x1, . . . , xm ∈ U

Dif Ramdhan
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and λ1, . . . , λm ∈ C, we have

(
m

∑
k=1
|λk|p v(xk)

p

∥∥∥∥∥ n

∑
i=1

fi(xk)

∥∥∥∥∥
p) 1

p

≤ π
H∞

v
p

(
n

∑
i=1

fi

)
sup

g∈BH∞
v (U)

(
m

∑
k=1
|λk|p v(xk)

p |g(xk)|p
) 1

p

≤
n

∑
i=1

π
H∞

v
p ( fi) sup

g∈BH∞
v (U)

(
m

∑
k=1
|λk|p v(xk)

p |g(xk)|p
) 1

p

for all n ∈N. Taking limits with n→ ∞, we deduce

(
m

∑
k=1
|λk|p v(xk)

p

∥∥∥∥∥ ∞

∑
i=1

fi(xk)

∥∥∥∥∥
p) 1

p

≤
∞

∑
i=1

π
H∞

v
p ( fi) sup

g∈BH∞
v (U)

(
m

∑
k=1
|λk|p v(xk)

p |g(xk)|p
) 1

p

,

using that, for any x ∈ U, one has∥∥∥∥∥ n

∑
i=1

v(x) fi(x)− v(x) f (x)

∥∥∥∥∥ ≤
∥∥∥∥∥ n

∑
i=1

fi − f

∥∥∥∥∥
v

for all n ∈N. Hence f ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p ( f ) ≤ ∑∞

n=1 π
H∞

v
p ( fn). Furthermore,

π
H∞

v
p

(
f −

n

∑
i=1

fi

)
= π

H∞
v

p

(
∞

∑
i=n+1

fi

)
≤

∞

∑
i=n+1

π
H∞

v
p ( fi)

for all n ∈ N, and so f is the π
H∞

v
p -limit of the series ∑n fn. This proves the completeness of

π
H∞

v
p .

(P2) Let h ∈ H∞
v (U) and y ∈ F. Note that h · y ∈ H∞

v (U, F) with ∥h · y∥v = ∥h∥v ∥y∥. We can
suppose h ̸= 0 and obtain

(
n

∑
i=1
|λi|p v(xi)

p ∥(h · y)(xi)∥p

) 1
p

= ∥y∥ ∥h∥v

(
n

∑
i=1
|λi|p v(xi)

p
∣∣∣∣( h
∥h∥v

)
(xi)

∣∣∣∣p
) 1

p

≤ ∥y∥ ∥h∥v sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

.

Thus h · y ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p (h · y) ≤ ∥h∥v ∥y∥. Conversely, note that ∥h∥v∥y∥ ≤ π

H∞
v

p (h · y)
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by Remark 3.1.
(P3) Let V be an open subset of E such that V ⊆ U, h ∈ H(V, U) with cv(h) < ∞, f ∈ ΠH

∞
v

p (U, F)

and T ∈ L(F, G). Observe that T ◦ f ◦ h ∈ H∞
v (V, G). For any n ∈ N, λ1, . . . , λn ∈ C and

x1, . . . , xn ∈ V, we obtain

(
n

∑
i=1
|λi|p v(xi)

p ∥(T ◦ f ◦ h)(xi)∥p

) 1
p

≤ ∥T∥
(

n

∑
i=1
|λi|p

v(xi)
p

v(h(xi))p v(h(xi))
p∥ f (h(xi))∥p

) 1
p

≤ ∥T∥πH
∞
v

p ( f ) sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p

v(xi)
p

v(h(xi))p v(h(xi))
p|g(h(xi))|p

) 1
p

= ∥T∥πH
∞
v

p ( f ) sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|pv(xi)

p|(g ◦ h)(xi)|p
) 1

p

≤ ∥T∥πH
∞
v

p ( f )cv(h) sup
0 ̸=g∈BH∞

v (U)

(
n

∑
i=1
|λi|pv(xi)

p||g||pv
∣∣∣∣( g ◦ h

cv(h)||g||v

)
(xi)

∣∣∣∣p
) 1

p

≤ ∥T∥πH
∞
v

p ( f )cv(h) sup
g0∈BH∞

v (V)

(
n

∑
i=1
|λi|pv(xi)

p|g0(xi)|p
) 1

p

,

since g ◦ h ∈ H∞
v (V) with ∥g ◦ h∥v ≤ cv(h)∥g∥v. So, T ◦ f ◦ h ∈ ΠH

∞
v

p (V, G) and π
H∞

v
p (T ◦ f ◦ h) ≤

∥T∥π
H∞

v
p ( f )cv(h).

(I) Let f ∈ H∞
v (U, F) and ι : F → G be an into linear isometry such that ι ◦ f ∈ ΠH

∞
v

p (U, G).
Given n ∈N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U, we have

(
n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p ∥(ι ◦ f )(xi))∥p

) 1
p

≤ π
H∞

v
p (ι ◦ f ) sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

and so f ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p ( f ) ≤ π

H∞
v

p (ι ◦ f ). The opposite inequality follows from (P3).
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3.4 Composition weighted holomorphic ideal

Definition 3.5 [8] Given an operator ideal I, a mapping f ∈ H∞
v (U, F) belongs to the compo-

sition ideal I ◦ H∞
v , and we write f ∈ I ◦ H∞

v (U, F), if there are a complex Banach space G, an
operator T ∈ I(G, F) and a mapping g ∈ H∞

v (U, G) such that f = T ◦ g.

Proposition 3.2 For 1 ≤ p < ∞, the Banach ideal of p-summing weighted holomorphic mappings
ΠH

∞
v

p and the corresponding composition ideal Πp ◦ H∞
v do not coincide.

Proof 3.2 Let 1 ≤ p < ∞. Clearly, ∆v ∈ ΠH
∞
v

p (C,G∞
v (C)) with π

H∞
v

p (∆v) ≤ 1. On the
other hand, the equality idG∞

v (C) ◦ ∆v = ∆v and the uniqueness of the linearization shows that
T∆v = idG∞

v (C) (the identity map on the infinite-dimensional Banach space G∞
v (C)). Hence T∆v /∈

Πp(G∞
v (C),G∞

v (C)) by Weak Dvoretzky–Rogers Theorem [12, 2.18]. Finally, [8, Theorem 2.7]
asserts that ∆v /∈ Πp ◦ H∞

v (C,G∞
v (C)).

3.5 Pietsch domination

Let P(BH∞
v (U)) be the set of all Borel regular probability measures µ on the compact set (BH∞

v (U), w∗).

Theorem 3.2 Let 1 ≤ p < ∞ and f ∈ H∞
v (U, F). The following statements are equivalent:

(i) f is p-summing weighted holomorphic.

(ii) There is a constant C ≥ 0 and a measure µ ∈ P(BH∞
v (U)) such that

∥ f (x)∥ ≤ C

(∫
BH∞

v (U)

|g(x)|p dµ(g)

) 1
p

(x ∈ U).

In this case, π
H∞

v
p ( f ) is the infimum of all constants C ≥ 0 satisfying the inequality and, in fact,

this infimum is attained.

Proof 3.3 (i) ⇒ (ii): In order to apply an unified abstract version of Piestch Domination
Theorem stated in [23], consider the functions S : H∞

v (U, F)×U ×C→ [0, ∞[ and R : BH∞
v (U) ×
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U ×C→ [0, ∞[ defined, respectively, by

S(h, x, λ) = |λ| v(x) ∥h(x)∥ ,

R(g, x, λ) = |λ| v(x) |g(x)| .

Note first that for any x ∈ U and λ ∈ C, the function Rx,λ : BH∞
v (U) → [0, ∞[, given by

Rx,λ(g) = R(g, x, λ),

is continuous. For every n ∈N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U, we have

(
n

∑
i=1

S( f , xi, λi)
p

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

≤ π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

= π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

(
n

∑
i=1

R(g, xi, λi)
p

) 1
p

,

and therefore f is RS-abstract p-summing. Hence, by applying [23, Theorem 3.1], there is a
measure µ ∈ P(BH∞

v (U)) such that

S( f , x, λ) ≤ π
H∞

v
p ( f )

(∫
BH∞

v (U)

R(g, x, λ)p dµ(g)

) 1
p

for all x ∈ U and λ ∈ C, and therefore

∥ f (x)∥ ≤ π
H∞

v
p ( f )

(∫
BH∞

v (U)

|g(x)|p dµ(g)

) 1
p

for all x ∈ U.
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(ii)⇒ (i): Given n ∈N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U, we have

n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p ≤ Cp
n

∑
i=1

∫
BH∞

v (U)

|λi|p v(xi)
p |g(xi)|p dµ(g)

= Cp
∫

BH∞
v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
)

dµ(g)

≤ Cp sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
)

.

Hence f ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p ( f ) ≤ C, and thus π

H∞
v

p ( f ) ≤ inf{C ≥ 0 satisfying (ii)}.

3.6 Pietsch factorization

We consider the following mappings. Given µ ∈ P(BH∞
v (U)) and 1 ≤ p < ∞, I∞,p : L∞(µ) →

Lp(µ) and j∞ : C(BH∞
v (U)) → L∞(µ) denote the formal inclusion operators. Consider also the

mapping ιU : U → C(BH∞
v (U)) defined by

ιU(x)(g) = g(x) (x ∈ U, g ∈ BH∞
v (U)),

and the isometric linear embedding κF : F → ℓ∞(BF∗) given by

⟨κF(y), y∗⟩ = y∗(y) (y∗ ∈ BF∗ , y ∈ F).

We now construct the following useful mapping.

Lemma 3.1 Let µ ∈ P(BH∞
v (U)). Then j∞ ◦ ιU ∈ ΠH

∞
v

p (U, L∞(µ)) with π
H∞

v
p (j∞ ◦ ιU) ≤ 1 for

any 1 ≤ p < ∞.

Proof 3.4 Clearly, j∞ ◦ ιU ∈ H(U, L∞(µ)). Let n ∈ N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. By
Theorem 3.1, for each i = 1, . . . , n, there exists gxi ∈ BH∞

v (U) such that |gxi(xi)| = ∥ιU(xi)∥∞ :=
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supg∈BH∞
v (U)
|g(xi)|. Given 1 ≤ p < ∞, one has

(
n

∑
i=1
|λi|p v(xi)

p ∥j∞(ιU(xi))∥
p
L∞(µ)

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p ∥ιU(xi)∥p
∞

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p |gxi(xi)|p
) 1

p

≤ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

.

We are now ready to state the announced result.

Theorem 3.3 Let 1 ≤ p < ∞ and f ∈ H∞
v (U, F). The following assertions are equivalent:

(i) f is p-summing weighted holomorphic.

(ii) There exist a measure µ ∈ P(BH∞
v (U)), an operator T ∈ L(Lp(µ), ℓ∞(BF∗)) and a mapping

h ∈ ΠH
∞
v

p (U, L∞(µ)) such that the following diagram commutes:

L∞(µ)
I∞,p // Lp(µ)

T
��

U

h

OO

f
// F

κF// ℓ∞(BF∗)

In this case, π
H∞

v
p ( f ) = inf

{
∥T∥π

H∞
v

p (h)
}

, where the infimum is taken over all factorizations of
κF ◦ f as in (ii), and this infimum is attained.

Proof 3.5 (i) ⇒ (ii): If f ∈ ΠH
∞
v

p (U, F), Theorem 3.2 yields a measure µ ∈ P(BH∞
v (U)) such

that

∥ f (x)∥ ≤ π
H∞

v
p ( f )

(∫
BH∞

v (U)

|g(x)|p dµ(g)

) 1
p

(x ∈ U).

By Lemma 3.1, the mapping h := j∞ ◦ ιU is in ΠH
∞
v

p (U, L∞(µ)) with π
H∞

v
p (h) ≤ 1. Take the space

Sp := lin(I∞,p(h(U))) ⊆ Lp(µ) and the operator T0 ∈ L(Sp, ℓ∞(BF∗)) defined by

T0(I∞,p(h(x))) = κF( f (x)) (x ∈ U).
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Using Theorem 3.1 and denoting In = {i ∈ {1, . . . , n} : αi ̸= 0}, note that ∥T0∥ ≤ π
H∞

v
p ( f ) since

∥∥∥∥∥T0

(
n

∑
i=1

αi I∞,p(h(xi))

)∥∥∥∥∥
∞

=

∥∥∥∥∥ n

∑
i=1

αiT0(I∞,p(h(xi)))

∥∥∥∥∥
∞

=

∥∥∥∥∥ n

∑
i=1

αiκF( f (xi))

∥∥∥∥∥
∞

≤
n

∑
i=1
|αi| ∥κF( f (xi))∥∞ =

n

∑
i=1
|αi| ∥ f (xi)∥

≤ π
H∞

v
p ( f )

n

∑
i=1
|αi|

(∫
BH∞

v (U)

|g(xi)|p dµ(g)

) 1
p

= π
H∞

v
p ( f )

n

∑
i=1
|αi|

(∫
BH∞

v (U)

|Jv(g)(δxi)|
p dµ(g)

) 1
p

≤ π
H∞

v
p ( f )

n

∑
i=1
|αi|

(∫
BH∞

v (U)

∥g∥p
v ∥δxi∥

p dµ(g)

) 1
p

≤ π
H∞

v
p ( f )

n

∑
i=1
|αi| |gxi(xi)| = π

H∞
v

p ( f )
n

∑
i=1
|αi| gxi(xi)

= π
H∞

v
p ( f ) ∑

i∈In

αi

(
αi

|αi|
gxi

)
(xi) = π

H∞
v

p ( f )

∣∣∣∣∣∑i∈In

αi

(
αi

|αi|
gxi

)
(xi)

∣∣∣∣∣
≤ π

H∞
v

p ( f ) sup
g∈BH∞

v (U)

∣∣∣∣∣ n

∑
i=1

αig(xi)

∣∣∣∣∣ = π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

∣∣∣∣∣ n

∑
i=1

αiιU(xi)(g)

∣∣∣∣∣
= π

H∞
v

p ( f )

∥∥∥∥∥ n

∑
i=1

αiιU(xi)

∥∥∥∥∥
∞

= π
H∞

v
p ( f )

∥∥∥∥∥ n

∑
i=1

αih(xi)

∥∥∥∥∥
L∞(µ)

= π
H∞

v
p ( f )

∥∥∥∥∥ n

∑
i=1

αi I∞,p(h(xi))

∥∥∥∥∥
Lp(µ)

for any n ∈ N, α1, . . . , αn ∈ C and x1, . . . , xn ∈ U. Since the Banach space ℓ∞(BF∗) is injective
(see [12, p. 45]), there is a T ∈ L(Lp(µ), ℓ∞(BF∗)) such that T|Sp

= T0 with ∥T∥ = ∥T0∥.
Consequently, κF ◦ f = T ◦ I∞,p ◦ h with ∥T∥π

H∞
v

p (h) ≤ π
H∞

v
p ( f ).

(ii) ⇒ (i): We can write κF ◦ f = T ◦ I∞,p ◦ h as in (ii). Let n ∈ N, λ1, . . . , λn ∈ C and
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x1, . . . , xn ∈ U. We have

(
n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p ∥κF( f (xi))∥p
∞

) 1
p

=

(
n

∑
i=1
|λi|p v(xi)

p ∥∥T(I∞,p(h(xi)))
∥∥p

∞

) 1
p

≤ ∥T∥
(

n

∑
i=1
|λi|p v(xi)

p ∥∥I∞,p(h(xi))
∥∥p

Lp(µ)

) 1
p

= ∥T∥
(

n

∑
i=1
|λi|p v(xi)

p ∥h(xi)∥
p
L∞(µ)

) 1
p

≤ ∥T∥π
H∞

v
p (h) sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

.

Hence f ∈ ΠH
∞
v

p (U, F) with π
H∞

v
p ( f ) ≤ ∥T∥π

H∞
v

p (h). Taking the infimum over all factorizations
of κF ◦ f as in (ii), it follows that π

H∞
v

p ( f ) ≤ inf
{
∥T∥π

H∞
v

p (h)
}

.

3.7 Inclusion relations

The next result establishes some inclusion relations between classes of p-summing weighted holo-
morphic mappings in terms of p,

Proposition 3.3 If 1 ≤ p < q ≤ ∞, then

(ΠH
∞
v

p (U, F), π
H∞

v
p ) ≤ (ΠH

∞
v

q (U, F), π
H∞

v
q ) ≤ (ΠH

∞
v

∞ (U, F), π
H∞

v
∞ ) = (H∞

v (U, F), ∥ · ∥v).

Proof 3.6 Let n ∈ N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. We first prove the coincidence. Let
f ∈ ΠH

∞
v

∞ (U, F). For all x ∈ U, we have

v(x)∥ f (x)∥ ≤ π
H∞

v
∞ ( f ) sup

g∈BH∞
v (U)

v(x) |g(x)| ≤ π
H∞

v
∞ ( f ).

Hence f ∈ H∞
v (U, F) with ∥ f ∥v ≤ π

H∞
v

∞ ( f ). Conversely, given f ∈ H∞
v (U, F), Theorem 3.1
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provides

|λi| v(xi) ∥ f (xi)∥ = |λi|v(xi)∥Tf (δxi)∥ ≤ ∥Tf ∥ |λi| v(xi)∥δxi∥

= ∥ f ∥v|λi|v(xi) sup
g∈BH∞

v (U)

|g(xi)| = ∥ f ∥v sup
g∈BH∞

v (U)

|λi|v(xi) |g(xi)|

for all i ∈ {1, . . . , n}, hence

max
1≤i≤n

|λi| v(xi) ∥ f (xi)∥ ≤ ∥ f ∥v sup
g∈BH∞

v (U)

(
max

1≤i≤n
|λi| v(xi) |g(xi)|

)
,

and so f ∈ ΠH
∞
v

∞ (U, F) with π
H∞

v
∞ ( f ) ≤ ∥ f ∥v.

We now prove the first inequality. Let f ∈ ΠH
∞
v

p (U, F). Assume first q < ∞. Taking

βi = |λi|
q
p v(xi)

q
p−1 ∥ f (xi)∥

q
p−1

(i = 1, . . . , n),

we have

(
n

∑
i=1
|λi|q v(xi)

q ∥ f (xi)∥q

) 1
p

=

(
n

∑
i=1
|βi|p v(xi)

p ∥ f (xi)∥p

) 1
p

≤ π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

(
n

∑
i=1
|βi|p v(xi)

p |g(xi)|p
) 1

p

.

Since q/p > 1 and (q/p)∗ = q/(q− p), Hölder inequality yields

sup
g∈BH∞

v (U)

(
n

∑
i=1
|βi|p v(xi)

p |g(xi)|p
) 1

p

= sup
g∈BH∞

v (U)

(
n

∑
i=1

(|λi| v(xi) ∥ f (xi)∥)q−p (|λi| v(xi) |g(xi)|)p

) 1
p

≤
(

n

∑
i=1
|λi|q v(xi)

q ∥ f (xi)∥q

) 1
p−

1
q

sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|q v(xi)

q |g(xi)|q
) 1

q

,

and thus we obtain

(
n

∑
i=1
|λi|q v(xi)

q ∥ f (xi)∥q

) 1
q

≤ π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|q v(xi)

q |g(xi)|q
) 1

q

.
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This shows that f ∈ ΠH
∞
v

q (U, F) with π
H∞

v
q ( f ) ≤ π

H∞
v

p ( f ) if q < ∞. For q = ∞, the same follows
from the coincidence and Proposition 3.1.
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Chapter 4

Duality

4.1 Banach-valued H∞
v -molecules

In this section we study the duality of the spaces of p-summing weighted holomorphic mappings.
(see [7]).

Proposition 4.1 Let x ∈ U and y ∈ F. Then the function v(x)δx ⊗ y : H∞
v (U, F∗)→ C defined

by
(v(x)δx ⊗ y)( f ) = ⟨v(x) f (x), y⟩ ( f ∈ H∞

v (U, F∗)) ,

belongs to H∞
v (U, F∗)∗ and ∥v(x)δx ⊗ y∥ = v(x) ∥δx∥ ∥y∥.

Proof 4.1 Clearly, v(x)δx ⊗ y is linear. For any f ∈ H∞
v (U, F∗), we have

|(v(x)δx ⊗ y)( f )| = |⟨v(x) f (x), y⟩| ≤ v(x) ∥ f (x)∥ ∥y∥ = v(x)
∥∥Tf (δx)

∥∥ ∥y∥
≤ v(x)

∥∥Tf
∥∥ ∥δx∥ ∥y∥ = ∥ f ∥v v(x) ∥δx∥ ∥y∥ ,

and thus v(x)δx ⊗ y ∈ H∞
v (U, F∗)∗ with ∥v(x)δx ⊗ y∥ ≤ v(x) ∥δx∥ ∥y∥. For the converse in-

equality, take y∗ ∈ BF∗ such that |⟨y∗, y⟩| = ∥y∥ and consider gx · y∗ ∈ H∞
v (U, F∗). Since

∥gx · y∗∥v = ∥gx∥v ∥y∗∥ ≤ 1, we deduce that

∥v(x)δx ⊗ y∥ ≥ |(v(x)δx ⊗ y)(gx · y∗)| = v(x) |⟨(gx · y∗)(x), y⟩|

= v(x) |⟨gx(x)y∗, y⟩| = v(x) |gx(x)| |⟨y∗, y⟩| = v(x) ∥δx∥ ∥y∥ .

The elements of the following tensor product space could be referred to as F-valued H∞
v -molecules

on U.

Definition 4.1 Let E and F be complex Banach spaces, let U be an open subset of E and let v

28
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be a weight on U. Define the linear space

lin((v∆v)(U))⊗ F := lin {v(x)δx ⊗ y : x ∈ U, y ∈ F} ⊆ H∞
v (U, F∗)∗.

Each element γ ∈ lin((v∆v)(U))⊗ F can be expressed in a form (not necessarily unique):

γ =
n

∑
i=1

λiv(xi)δxi ⊗ yi,

where n ∈ N, λi ∈ C, xi ∈ U and yi ∈ F for i = 1, . . . , n; and its action as a functional on a
mapping f ∈ H∞

v (U, F∗) comes given by

γ( f ) =
n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩ .

4.1.1 Projective norm

Given two linear spaces E and F, the tensor product space E ⊗ F, equipped with a norm α, is
usually denoted by E⊗α F, and the completion of E⊗α F by E⊗̂αF. Consider the projective norm
π on u ∈ E⊗ F, defined by

π(u) = inf

{
n

∑
i=1
∥xi∥ ∥yi∥ : n ∈N, x1, . . . , xn ∈ E, y1, . . . , yn ∈ F, u =

n

∑
i=1

xi ⊗ yi

}
,

where the infimum is taken over all such representations of u.
We now show that the projective norm and the operator canonical norm coincide on the space of
F-valued H∞

v -molecules on U.

Proposition 4.2 Let γ ∈ lin((v∆v)(U))⊗ F. Then ∥γ∥ = π(γ), where

∥γ∥ = sup {|γ( f )| : f ∈ H∞
v (U, F∗), ∥ f ∥v ≤ 1}

and

π(γ) = inf

{
n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥ : γ =

n

∑
i=1

λiv(xi)δxi ⊗ yi

}
.
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Proof 4.2 Let ∑n
i=1 λiv(xi)δxi ⊗ yi be a representation of γ. Since γ ∈ H∞

v (U, F∗)∗ and

|γ( f )| =
∣∣∣∣∣ n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩
∣∣∣∣∣ ≤ n

∑
i=1
|λi| v(xi) ∥ f (xi)∥ ∥yi∥

=
n

∑
i=1
|λi| v(xi)

∥∥Tf (δxi)
∥∥ ∥yi∥ ≤ ∥ f ∥v

n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥

for all f ∈ H∞
v (U, F∗), we have that ||γ|| ≤ ∑n

i=1 |λi| v(xi) ∥δxi∥ ∥yi∥. Since this holds for each
representation of γ as above, it is deduced that ||γ|| ≤ π(γ).
To prove that π(γ) ≤ ||γ||, suppose by contradiction that ∥γ∥ < π(γ). Note that γ ̸= 0 and
consider the set B = {µ ∈ lin((v∆v)(U))⊗ F : π(µ) ≤ ∥γ∥}. Clearly, B is a closed convex subset
of lin((v∆v)(U))⊗π F. Applying the Hahn–Banach Separation Theorem to B and {γ}, we can
take a functional η ∈ (lin((v∆v)(U))⊗π F)∗ with ∥η∥ = 1 such that

∥γ∥ = sup{Re(η(µ)) : µ ∈ B} < Re(η(γ)).

Define fη : U → F∗ by

⟨ fη(x), y⟩ = η (δx ⊗ y) (x ∈ U, y ∈ F).

We now show that fη is holomorphic. By [20, Exercise 8.D], it suffices to prove that for each
y ∈ F, the function fη,y : U → C, defined by

fη,y(x) = η(δx ⊗ y) (x ∈ U),

is holomorphic. For it, let a ∈ U and since ∆v : U → lin((v∆v)(U)) is holomorphic, there exists
D∆v(a) ∈ L(E, lin((v∆v)(U))) such that

lim
x→a

δx − δa − D∆v(a)(x− a)
∥x− a∥ = 0.

Define the function T(a) : E→ C by

T(a)(x) = η(D∆v(a)(x)⊗ y) (x ∈ E) .
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Clearly, T(a) is linear and

|T(a)(x)| = |η(D∆v(a)(x)⊗ y)| ≤ ∥η∥π (D∆v(a)(x)⊗ y)

≤ ∥D∆v(a)(x)∥ ∥y∥ ≤ ∥D∆v(a)∥ ∥x∥ ∥y∥

for all x ∈ E, hence T(a) ∈ E∗. Since

fη,y(x)− fη,y(a)− T(a)(x− a) = η(δx ⊗ y)− η(δa ⊗ y)− η(D∆v(a)(x− a)⊗ y)

= η ((δx − δa − D∆v(a)(x− a))⊗ y)

for all x ∈ U, it follows that

lim
x→a

fη,y(x)− fη,y(a)− T(a)(x− a)
∥x− a∥ = lim

x→a
η

(
δx − δa − D∆v(a)(x− a)

∥x− a∥ ⊗ y
)
= 0.

Thus fη,y is holomorphic at a with D fη,y(a) = T(a), as required.
Given x ∈ U, we have

v(x)|⟨ fη(x), y⟩| = v(x) |η (δx ⊗ y)| ≤ v(x) ∥η∥π(δx ⊗ y) ≤ v(x) ∥δx∥ ∥y∥ ≤ ∥y∥

for all y ∈ F, and so v(x)
∥∥ fη(x)

∥∥ ≤ 1. Therefore fη ∈ H∞
v (U, F∗) and

∥∥ fη

∥∥
v ≤ 1. Furthermore,

µ( fη) = η(µ) for all µ ∈ lin((v∆v)(U))⊗ F. Then ∥γ∥ ≥ |γ( fη)| ≥ Re(γ( fη)) = Re(η(γ)),
and we arrive at a contradiction.

4.1.2 p-Chevet–Saphar H∞
v -norms

The p-Chevet–Saphar norms dp on the tensor product of two Banach spaces E⊗ F are well known
(see, for example, [26, Section 6.2]).
Our study of the duality of the spaces of p-summing weighted holomorphic mappings requires the
introduction of the following H∞

v -variants of such norms.

Definition 4.2 Let E and F be complex Banach spaces, let U be an open subset of E, let v be a
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weight on U and let 1 ≤ p ≤ ∞. For γ ∈ lin((v∆v)(U))⊗ F, define:

dH
∞
v

1 (γ) = inf


 sup

g∈BH∞
v (U)

(
max

1≤i≤n
|λi| v(xi) |g(xi)|

)( n

∑
i=1
∥yi∥

) ,

dH
∞
v

p (γ) = inf


 sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p

∗
v(xi)

p∗ |g(xi)|p
∗
) 1

p∗
( n

∑
i=1
∥yi∥p

) 1
p
 (1 < p < ∞),

dH
∞
v

∞ (γ) = inf


 sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi| v(xi) |g(xi)|

)(max
1≤i≤n

∥yi∥
) ,

where the infimum is taken over all such representations of γ as ∑n
i=1 λiv(xi)δxi ⊗ yi.

Motivated by the analogue concept for tensor product spaces, we introduce the following.

Definition 4.3 A norm α on lin((v∆v)(U))⊗ F is said to be a reasonable H∞
v -crossnorm if it

enjoys the following properties:

(i) α(v(x)δx ⊗ y) = v(x) ∥δx∥ ∥y∥ for all x ∈ U and y ∈ F,

(ii) For every g ∈ H∞
v (U) and y∗ ∈ F∗, the linear functional g⊗ y∗ : lin((v∆v)(U))⊗ F → C

defined by (g⊗ y∗)(v(x)δx ⊗ y) = v(x)g(x)y∗(y) is bounded on lin((v∆v)(U))⊗α F with
∥g⊗ y∗∥ ≤ ∥g∥v ∥y∗∥.

Theorem 4.1 dH
∞
v

p is a reasonable H∞
v -crossnorm on lin((v∆v)(U))⊗ F for any 1 ≤ p ≤ ∞.

Proof 4.3 We will only prove it for 1 < p < ∞. The other cases follow similarly.
Let γ ∈ lin((v∆v)(U)) ⊗ F and let ∑n

i=1 λiv(xi)δxi ⊗ yi be a representation of γ. Clearly,
dH

∞
v

p (γ) ≥ 0. Given λ ∈ C, since ∑n
i=1(λλi)v(xi)δxi ⊗ yi is a representation of λγ, we have

dH
∞
v

p (λγ) ≤

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λλi|p

∗
v(xi)

p∗ |g(xi)|p
∗
) 1

p∗
( n

∑
i=1
∥yi∥p

) 1
p

= |λ|

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p

∗
v(xi)

p∗ |g(xi)|p
∗
) 1

p∗
( n

∑
i=1
∥yi∥p

) 1
p

.

If λ = 0, we obtain dH
∞
v

p (λγ) = 0 = |λ| dH
∞
v

p (γ). For λ ̸= 0, since the preceding inequality
holds for every representation of γ, we deduce that dH

∞
v

p (λγ) ≤ |λ| dH
∞
v

p (γ). For the converse
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inequality, note that dH
∞
v

p (γ) = dH
∞
v

p (λ−1(λγ)) ≤ |λ−1|dH
∞
v

p (λγ) by using the proved inequality,
thus |λ| dH

∞
v

p (γ) ≤ dH
∞
v

p (λγ) and hence dH
∞
v

p (λγ) = |λ| dH
∞
v

p (γ).
We now prove the triangular inequality of dH

∞
v

p . Let γ1, γ2 ∈ lin((v∆v)(U))⊗ F and let ε > 0. If
γ1 = 0 or γ2 = 0, there is nothing to prove. Assume γ1 ̸= 0 ̸= γ2. We can choose representations

γ1 =
n

∑
i=1

λ1,iv(x1,i)δx1,i ⊗ y1,i, γ2 =
m

∑
i=1

λ2,iv(x2,i)δx2,i ⊗ y2,i,

so that  sup
g∈BH∞

v (U)

(
n

∑
i=1
|λ1,i|p

∗
v(x1,i)

p∗ |g(x1,i)|p
∗
) 1

p∗
( n

∑
i=1
∥y1,i∥p

) 1
p

≤ dH
∞
v

p (γ1) + ε

and  sup
g∈BH∞

v (U)

(
m

∑
i=1
|λ2,i|p

∗
v(x2,i)

p∗ |g(x2,i)|p
∗
) 1

p∗
( m

∑
i=1
∥y2,i∥p

) 1
p

≤ dH
∞
v

p (γ2) + ε.

Fix arbitrary r, s ∈ R+ and define

λ3,iv(x3,i)δx3,i =

 r−1λ1,iv(x1,i)δx1,i if i = 1, . . . , n,

s−1λ2,i−nv(x2,i−n)δx2,i−n if i = n + 1, . . . , n + m,

y3,i =

 ry1,i if i = 1, . . . , n,

sy2,i−n if i = n + 1, . . . , n + m.

It is clear that γ1 + γ2 = ∑n+m
i=1 λ3,iv(x3,i)δx3,i ⊗ y3,i and thus we have

dH
∞
v

p (γ1 + γ2) ≤

 sup
g∈BH∞

v (U)

(
n+m

∑
i=1
|λ3,i|p

∗
v(x3,i)

p∗ |g(x3,i)|p
∗
) 1

p∗
(n+m

∑
i=1
∥y3,i∥p

) 1
p

.
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An easy verification gives

 sup
g∈BH∞

v (U)

(
n+m

∑
i=1
|λ3,i|p

∗
v(x3,i)

p∗ |g(x3,i)|p
∗
) 1

p∗
p∗

≤

r−1 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λ1,i|p

∗
v(x1,i)

p∗ |g(x1,i)|p
∗
) 1

p∗
p∗

+

s−1 sup
g∈BH∞

v (U)

(
m

∑
i=1
|λ2,i|p

∗
v(x2,i)

p∗ |g(x2,i)|p
∗
) 1

p∗
p∗

and
n+m

∑
i=1
∥y3,i∥p = rp

n

∑
i=1
∥y1,i∥p + sp

m

∑
i=1
∥y2,i∥p .

Using Young’s Inequality, it follows that

dH
∞
v

p (γ1 + γ2) ≤
1
p∗

 sup
g∈BH∞

v (U)

(
n+m

∑
i=1
|λ3,i|p

∗
v(x3,i)

p∗ |g(x3,i)|p
∗
) 1

p∗
p∗

+
1
p

n+m

∑
i=1
∥y3,i∥p

≤ r−p∗

p∗

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λ1,i|p

∗
v(x1,i)

p∗ |g(x1,i)|p
∗
) 1

p∗
p∗

+
rp

p

n

∑
i=1
∥y1,i∥p

+
s−p∗

p∗

 sup
g∈BH∞

v (U)

(
m

∑
i=1
|λ2,i|p

∗
v(x2,i)

p∗ |g(z2,i)|p
∗
) 1

p∗
p∗

+
sp

p

m

∑
i=1
∥y2,i∥p .

Since r, s were arbitrary in R+, taking above

r = (dH
∞
v

p (γ1) + ε)
− 1

p∗

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λ1,i|p

∗
v(x1,i)

p∗ |g(x1,i)|p
∗
) 1

p∗
 ,

s = (dH
∞
v

p (γ2) + ε)
− 1

p∗

 sup
g∈BH∞

v (U)

(
m

∑
i=1
|λ2,i|p

∗
v(x2,i)

p∗ |g(x2,i)|p
∗
) 1

p∗
 ,

we obtain that dH
∞
v

p (γ1 + γ2) ≤ dH
∞
v

p (γ1) + dH
∞
v

p (γ2) + 2ε, and thus dH
∞
v

p (γ1 + γ2) ≤ dH
∞
v

p (γ1) +

dH
∞
v

p (γ2) by the arbitrariness of ε. Hence dH
∞
v

p is a seminorm. To prove that it is a norm, note
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first that

π(γ) ≤
n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥

=
n

∑
i=1
|λi| v(xi) |gxi(xi)| ∥yi∥

≤
(

n

∑
i=1
|λi|p

∗
v(xi)

p∗ |gxi(xi)|p
∗
) 1

p∗
(

n

∑
i=1
∥yi∥p

) 1
p

≤ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p

∗
v(xi)

p∗ |g(xi)|p
∗
) 1

p∗
(

n

∑
i=1
∥yi∥p

) 1
p

,

by applying Hölder’s Inequality, and therefore π(γ) ≤ dH
∞
v

p (γ) by taking the infimum over all
representations of γ. Now, if dH

∞
v

p (γ) = 0, then π(γ) = 0 and thus γ = 0 by Proposition 4.2.
Finally, we show that dH

∞
v

p is a reasonable H∞
v -crossnorm on lin((v∆v)(U)) ⊗ F. First, given

x ∈ U and y ∈ F, we have

v(x) ∥δx∥ ∥y∥ = ∥v(x)δx ⊗ y∥ = π(v(x)δx ⊗ y) ≤ dH
∞
v

p (v(x)δx ⊗ y)

by Propositions 4.1 and 4.2 and by proved above, and, conversely, one has

dH
∞
v

p (v(x)δx ⊗ y) ≤

 sup
g∈BH∞

v (U)

v(x) |g(x)|

 ∥y∥ = v(x)∥δx∥∥y∥.
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Second, given g ∈ H∞
v (U) and y∗ ∈ F∗,

|(g⊗ y∗)(γ)| =
∣∣∣∣∣ n

∑
i=1

λi(g⊗ y∗)(v(xi)δxi ⊗ yi)

∣∣∣∣∣ =
∣∣∣∣∣ n

∑
i=1

λiv(xi)g(xi)y∗(yi)

∣∣∣∣∣
≤

n

∑
i=1
|λi| v(xi) |g(xi)| |y∗(yi)| =

n

∑
i=1
|λi| v(xi) |Jv(g)(δxi)| |y

∗(yi)|

≤ ∥g∥v ∥y
∗∥

n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥ = ∥g∥v ∥y

∗∥
n

∑
i=1
|λi| v(xi) |gxi(xi)| ∥yi∥

≤ ∥g∥v ∥y
∗∥
(

n

∑
i=1
|λi|p

∗
v(xi)

p∗ |gxi(xi)|p
∗
) 1

p∗
(

n

∑
i=1
∥yi∥p

) 1
p

≤ ∥g∥v ∥y
∗∥ sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p

∗
v(xi)

p∗ |g(xi)|p
∗
) 1

p∗
(

n

∑
i=1
∥yi∥p

) 1
p

.

Taking infimum over all the representations of γ, we deduce that |(g⊗ y∗)(γ)| ≤ ∥g∥v ∥y∗∥ dH
∞
v

p (γ).
Hence g⊗ y∗ ∈ (lin((v∆v)(U))⊗

dH
∞
v

p
F)∗ with ∥g⊗ y∗∥ ≤ ∥g∥v ∥y∗∥.

We now compute dH
∞
v

p with a simpler formula for p = 1 and p = ∞. In fact, the 1-Chevet–Saphar
H∞

v -norm coincides with the projective norm.

Proposition 4.3 For γ ∈ lin((v∆v)(U))⊗ F, we have

dH
∞
v

1 (γ) = inf

{
n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥

}

and

dH
∞
v

∞ (γ) = inf

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi| v(xi) |g(xi)| ∥yi∥

) ,

where the infimum is taken over all such representations of γ as ∑n
i=1 λiv(xi)δxi ⊗ yi.

Proof 4.4 Let γ ∈ lin((v∆v)(U))⊗ F and let ∑n
i=1 λiv(xi)δxi ⊗ yi be a representation of γ. We
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have

π(γ) ≤
n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥ =

n

∑
i=1
|λi| v(xi)

 sup
g∈BH∞

v (U)

|g(xi)|

 ∥yi∥

≤
n

∑
i=1

max
1≤i≤n

|λi| v(xi) sup
g∈BH∞

v (U)

|g(xi)|

 ∥yi∥ =

max
1≤i≤n

|λi| v(xi) sup
g∈BH∞

v (U)

|g(xi)|

( n

∑
i=1
∥yi∥

)

=

 sup
g∈BH∞

v (U)

(
max

1≤i≤n
|λi| v(xi) |g(xi)|

)( n

∑
i=1
∥yi∥

)

and therefore π(γ) ≤ dH
∞
v

1 (γ). Conversely, since dH
∞
v

1 is a crossnorm, we have

dH
∞
v

1 (γ) ≤
n

∑
i=1
|λi| v(xi)d

H∞
v

1 (δxi ⊗ yi) =
n

∑
i=1
|λi| v(xi) ∥δxi∥ ∥yi∥ ,

and thus dH
∞
v

1 (γ) ≤ π(γ).
On the other hand, we have

sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi| v(xi) |g(xi)| ∥yi∥

)
≤
(

max
1≤i≤n

∥yi∥
)

sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi| v(xi) |g(xi)|

)
,

and taking the infimum over all representations of γ gives

inf

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi| v(xi) |g(xi)| ∥yi∥

)
: γ =

n

∑
i=1

λiv(xi)δxi ⊗ yi

 ≤ dH
∞
v

∞ (γ).

Conversely, we can assume without loss of generality that yi ̸= 0 for all i ∈ {1, . . . , n} and since
γ = ∑n

i=1 λiv(xi) ∥yi∥ δxi ⊗ (yi/ ∥yi∥), we obtain

dH
∞
v

∞ (γ) ≤ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi| v(xi) ∥yi∥ |g(xi)|

)
,
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and taking the infimum over all representations of γ, we conclude that

dH
∞
v

∞ (γ) ≤ inf

 sup
g∈BH∞

v

(
n

∑
i=1
|λi| v(xi) |g(xi)| ∥yi∥

)
: γ =

n

∑
i=1

λiv(xi)δxi ⊗ yi

 .

4.1.3 Duality

Given p ∈ [1, ∞], we will show that the dual of the space lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F can be canonically

identified as the space of p-summing weighted holomorphic mappings from U to F∗.

Theorem 4.2 For 1 ≤ p ≤ ∞, the space (ΠH
∞
v

p (U, F∗), π
H∞

v
p ) is isometrically isomorphic to

(lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F)∗, via the mapping Λ : ΠH

∞
v

p (U, F∗)→ (lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F)∗ defined by

Λ( f )(γ) =
n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩

for f ∈ ΠH
∞
v

p (U, F∗) and γ = ∑n
i=1 λiv(xi)δxi ⊗ yi ∈ lin((v∆v)(U))⊗ F. Furthermore, its inverse

comes given by ⟨
Λ−1(φ)(x), y

⟩
= φ(δx ⊗ y)

for φ ∈ (lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F)∗, x ∈ U and y ∈ F.

Proof 4.5 We prove it for 1 < p < ∞. The cases p = 1 and p = ∞ can be proved similarly.
Let f ∈ ΠH

∞
v

p (U, F∗) and let Λ0( f ) : lin((v∆v)(U))⊗ F → C be the linear functional given by

Λ0( f )(γ) =
n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩

for γ = ∑n
i=1 λiv(xi)δxi ⊗ yi ∈ lin((v∆v)(U))⊗ F. Note that Λ0( f ) ∈ (lin((v∆v)(U))⊗

dH
∞
v

p∗
F)∗
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with ∥Λ0( f )∥ ≤ π
H∞

v
p ( f ) since

|Λ0( f )(γ)| =
∣∣∣∣∣ n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩
∣∣∣∣∣ ≤ n

∑
i=1
|λi| v(xi) ∥ f (xi)∥ ∥yi∥

≤
(

n

∑
i=1
|λi|p v(xi)

p ∥ f (xi)∥p

) 1
p
(

n

∑
i=1
∥yi∥p∗

) 1
p∗

≤ π
H∞

v
p ( f ) sup

g∈BH∞
v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p
(

n

∑
i=1
∥yi∥p∗

) 1
p∗

,

and taking infimum over all the representations of γ, we deduce that |Λ0( f )(γ)| ≤ π
H∞

v
p ( f )dH

∞
v

p∗ (γ).
Since γ was arbitrary, then Λ0( f ) is continuous on lin((v∆v)(U)) ⊗

dH
∞
v

p∗
F with ∥Λ0( f )∥ ≤

π
H∞

v
p ( f ).

Hence there is a unique continuous function Λ( f ) : lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F → C that extends Λ0( f ).

Further, Λ( f ) is linear and ∥Λ( f )∥ = ∥Λ0( f )∥. Let Λ : ΠH
∞
v

p (U, F∗)→ (lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F)∗

be the mapping so defined.
Clearly, Λ0 : ΠH

∞
v

p (U, F∗) → (lin((v∆v)(U))⊗
dH

∞
v

p∗
F)∗ is linear. To show its injectivity, if f ∈

ΠH
∞
v

p (U, F∗) and Λ0( f ) = 0, then v(x) ⟨ f (x), y⟩ = Λ0( f )(v(x)δx ⊗ y) = 0 for all x ∈ U and
y ∈ F, hence f (x) = 0 for all x ∈ U and thus f = 0. Then Λ is also linear and injective.
Indeed, let ϕ ∈ lin((v∆v)(U))⊗̂

dH
∞
v

p∗
F and let {γn} be a sequence in lin((v∆v)(U))⊗

dH
∞
v

p∗
F such

that dH
∞
v

p∗ (γn − ϕ)→ 0 when n→ ∞. Given a, b ∈ C and f , g ∈ ΠH
∞
v

p (U, F∗), an easy calculation
shows that

Λ(a f + bg)(γn) = Λ0(a f + bg)(γn) = (aΛ0( f ) + bΛ0(g))(γn) = (aΛ( f ) + bΛ(g))(γn)

for all n ∈N, and taking limits with n→ ∞, we have that Λ(a f + bg)(ϕ) = (aΛ( f )+ bΛ(g))(ϕ).
Hence Λ is linear. For the injectivity of Λ, note that if f ∈ ΠH

∞
v

p (U, F∗) and Λ( f ) = 0, then
Λ0( f ) = 0 which implies that f = 0 by the injectivity of Λ0.
To prove that Λ is a surjective isometry, let φ ∈ (lin((v∆v)(U))⊗̂

dH
∞
v

p∗
F)∗ and define fφ : U → F∗

by ⟨
fφ(x), y

⟩
= φ(δx ⊗ y) (x ∈ U, y ∈ F) .

As in the proof of Proposition 4.2, it is similarly proved that fφ ∈ H∞
v (U, F∗) with

∥∥ fφ

∥∥
v ≤ ∥φ∥.
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We now prove that fφ ∈ ΠH
∞
v

p (U, F∗). Fix n ∈N, λ1, . . . , λn ∈ C and x1, . . . , xn ∈ U. Let ε > 0.
For each i ∈ {1, . . . , n}, there exists yi ∈ F with ∥yi∥ ≤ 1 + ε such that

⟨
fφ(xi), yi

⟩
=
∥∥ fφ(xi)

∥∥.
Clearly, the function T : Cn → C, defined by

T(t1, . . . , tn) =
n

∑
i=1

tiλiv(xi)
∥∥ fφ(xi)

∥∥ , ∀(t1, . . . , tn) ∈ Cn,

is linear and continuous on (Cn, || · ||p∗) with ∥T∥ =
(

∑n
i=1 |λi|p v(xi)

p
∥∥ fφ(xi)

∥∥p
) 1

p . For any
(t1, . . . , tn) ∈ Cn with ||(t1, . . . , tn)||p∗ ≤ 1, we have

|T(t1, . . . , tn)| =
∣∣∣∣∣φ
(

n

∑
i=1

tiλiv(xi)δxi ⊗ yi

)∣∣∣∣∣ ≤ ∥φ∥ dH
∞
v

p∗

(
n

∑
i=1

λiv(xi)δxi ⊗ tiyi

)

≤ ∥φ∥

 sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p
( n

∑
i=1
∥tiyi∥p∗

) 1
p∗

≤ (1 + ε) ∥φ∥ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

therefore

(
n

∑
i=1
|λi|p v(xi)

p ∥∥ fφ(xi)
∥∥p
) 1

p

≤ (1 + ε) ∥φ∥ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

and since ε was arbitrary, we have

(
n

∑
i=1
|λi|p v(xi)

p ∥∥ fφ(xi)
∥∥p
) 1

p

≤ ∥φ∥ sup
g∈BH∞

v (U)

(
n

∑
i=1
|λi|p v(xi)

p |g(xi)|p
) 1

p

,

and we conclude that fφ ∈ ΠH
∞
v

p (U, F∗) with π
H∞

v
p ( fφ) ≤ ∥φ∥.

Finally, for any γ = ∑n
i=1 λiv(xi)δxi ⊗ yi ∈ lin((v∆v)(U))⊗ F, we get

Λ( fφ)(γ) =
n

∑
i=1

λiv(xi)
⟨

fφ(xi), yi
⟩
=

n

∑
i=1

λiv(xi)φ(δxi ⊗ yi) = φ

(
n

∑
i=1

λiv(xi)δxi ⊗ yi

)
= φ(γ).

Hence Λ( fφ) = φ on a dense subspace of lin((v∆v)(U))⊗̂
dH

∞
v

p∗
F and we conclude that Λ( fφ) = φ.
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This also justifies the last statement of the theorem. Moreover, π
H∞

v
p ( fφ) ≤ ∥φ∥ =

∥∥Λ( fφ)
∥∥.

In light of Theorem 4.2 and taking into account Propositions 3.3, 4.2 and 4.3, we can identify the
space H∞

v (U, F∗) with the dual space of lin((v∆v)(U))⊗̂F ⊆ H∞
v (U, F∗)∗.

Corollary 4.1 The space (H∞
v (U, F∗), ∥ · ∥v) is isometrically isomorphic to (lin((v∆v)(U))⊗̂∥·∥F)∗,

via the mapping Λ : H∞
v (U, F∗)→ (lin((v∆v)(U))⊗̂∥·∥F)∗ given by

Λ( f )(γ) =
n

∑
i=1

λiv(xi) ⟨ f (xi), yi⟩

for f ∈ H∞
v (U, F∗) and γ = ∑n

i=1 λiv(xi)δxi ⊗ yi ∈ lin((v∆v)(U))⊗ F, with inverse

⟨
Λ−1(φ)(x), y

⟩
= φ(δx ⊗ y)

for φ ∈ (lin((v∆v)(U))⊗̂∥·∥F)∗, x ∈ U and y ∈ F.
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Summary and Keywords

ملخص
للعالمين: الجمعية، p ية الليبشيتز المؤثرات هو الأول الخطية: غير للمؤثرات المثاليات من مهمين مثالين العمل هدا في نتناول

p الموزونة الهولومورفية بالمؤثرات يتعلق الثاني المثالي . 2009 سنة المقدمة J. D. Farmer and W. B. Johnson,
M. G. Cabrera-Padilla, A. Jiménez-Vargas and A. Keten Çopur طرف من حديثا المدروسة الجمعية،

التفكيك. ومبرهنة للهيمنة بيتش نظريتي نثبت الفئتين، هاتين من كل في 2024 سنة ،
الثنائي الفضاء نحدد Chevet–Saphar� نوع من المناسب بالنظيم العنصري الضرب حاصل تزويد خلال من أخيرا،

الجمعية، p الموزونة الهولومورفية للدوال
الموزونة، الهولومورفية الدوال , الجمعية p ية الليبشيز المؤثرات منتهي ، بعد ذي مؤثر جمعي، p المفتاحية:مؤثر الكلمات

لبيتش التفكيك ومبرهنة الهيمنة مبرهنة

Abstract
This work focuses on two examples of nonlinear operator ideals: the ideal of Lipschitz p-
summing operators and the ideal of p-summing weighted holomorphic mappings. The First
one was introduced by Farmer and Johnson in 2009 , and the second one by M. G. Cabrera-
Padilla, A. Jiménez-Vargas and A. Keten Çopurin 2024 . In each category, we establish
the corresponding Pietsch Domination and Factorization theorems. Finally, by equipping a
suitable tensor product with an appropriate Chevet–Saphar–type norm, we identify the dual
of the space of p-summing weighted holomorphic mappings.
keywords: p-summing operators, Lipschitz p-summing operators, Weighted holomorphic
mappings, Pietsch Domination and Factorization theorems. .

.

45


	Introduction
	Preliminaries
	Fundamentals of p-Summing Operators
	Linear operator ideals
	Finite rank operator
	Linear operator ideals

	Ideal of compact and weakly compact linear operators.

	Lipschitz p-summing operators
	Metric space
	Lipschitz space (Lip)
	The space Lip0
	Molecule space
	The predual of X#
	 The linearization of a Lipschitz operator
	Lipschitz p-summing operators
	Pietsch factorization theorem
	Pietsch domination theorem


	p-Summing weighted holomorphic mappings
	Holomorphic mappings
	The ideal of weighted holomorphic mappings
	p-Summing weighted holomorphic mappings
	Composition weighted holomorphic ideal 
	Pietsch domination
	Pietsch factorization
	Inclusion relations

	Duality
	Banach-valued Hv-molecules
	Projective norm
	p-Chevet–Saphar Hv-norms
	Duality



