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Abstract
In this thesis we introduce and characterize the continuity of multilinear mappings between

asymmetric normed spaces. In particular, we study the completeness properties of the
asymmetric normed semi-vector space of these mappings. As an application, we prove
multilinear versions of the Banach-Steinhaus and closed graph theorems in the framwork of
asymmetric normed spaces. The second purpose of the thesis is to present the concept of
linearization of continuous multilinear operators, on asymmetric normed spaces, through the
tensor product of asymmetric normed spaces.

Ky words: Asymmetric norm, continuous multilinear operator, Banach-Steinhaus
theorem, closed graph theorem, tensor asymmetric norm.

Résumé
Dans cette thése, nous introduisons et caractérisons la continuité des opérateurs multilinéaires

entre espaces asymétriques normés. Nous étudions en particulier les propriétés de complétude
de semi-espace vectoriel asymétrique normé de ces opérateurs. Comme application, nous
prouvons des versions multilinéaires des théoremes de Banach-Steinhaus et de graphe fermé
dans le cadre des espaces asymétriques normés. Le deuxieme objectif de la these est de
présenter le concept de linéarisation d'opérateurs multilinéaires continus sur des espaces
asymétriques normés, a travers le produit tensoriel des espaces asymétriques normés.

Mots clés: Asymeétrique norme, opérateur multilinéaire continu, théoreme de Banach-
Steinhaus, théoréme de graphe fermé, asymétrique norme tensorielle.
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0.1 Introduction

The main topic treated in this thesis is the study of the continuity of multilinear mappings
between asymmetric normed spaces, following the classical scheme of linear operators. It
is difficult to localize the first moment when asymmetric norms were used, but it goes back
as early as 1968 in a paper by Duffin and Karlovitz (1968) [16], who proposed the term
asymmetric norm. Talking about Asymmetric Topology, there are two basic references:
the book of Murdeshwar and Naimpally [36] and the book of Fletcher and Lindgren [19],
the survey paper [8] may be viewed as a skeleton of this book.

A systematic study of the properties of asymmetric normed spaces started with some
papers ([38], [39], [40], [41]) of S. Romaguera from the polytechnic university of Valen-
cia and his collaborators from other universities in spain: Alegre, Ferrer, Garcia-Raffi,
Sanchez Pérez, Sdnchez Alvarez, Sanchis, Valero.

One of the recent advances in Computer Science was due to the possibility of establish-
ing a Mathematical model that account the distance between algorithms and programs
when they are analyzed in terms of their computational complexity (complexity distance),
where computational complexity is interpreted in terms of running time, for example. Sev-
eral authors have done a big effort in obtaining a robust Mathematical theory, which was
a useful tool that played, in this context, a similar role that normed vector spaces have
played in different scientific areas. In the context of Computational Complexity, it is
shown that asymmetric normed vector spaces constitute a very satisfactory model (see
[20]).

An asymmetric metric (also known as a quasi metric) is a mapping satisfying all the
axioms of a metric except the symmetry condition. An asymmetric norm on a real vector
space X is a positive function satisfies the subadditivity, the homogeneity and that p(z) =
p(—z) = 0 implies x = 0.



Concerning the continuity of linear operators between asymmetric normed spaces, in
spite of the existing differences, some results from the symmetric case have their counter-
parts in the asymmetric one, a study that was initiated in [23].

The characterization of the compactness and precompactness of subsets on asymmetric
normed vector spaces can be found in [21] and [3]. More information on the structure of
these spaces and compact sets on them (with respect to different topologies) can be found
in [11].

Our main motivation is to show that the results that worked for the case of linear oper-
ators between asymmetric normed spaces could be extended to the multilinear operators,
so the main goal of this thesis is to introduce and study the continuity of multilinear
mappings on asymmetric normed spaces. As far as we know that is a first attempt in
this regard. Let Xy, ..., X,, and Y be vector spaces and T" a mapping from X; x ... x X,,
into Y. We may fix m — 1 coordinates and so obtain a mapping from an X, into Y. If
such a mapping is linear for each X, then T is said to be m-linear (multilinear). We give
some characterizations, for the class of continuous multilinear operators, by asymmet-
ric norm inequalities similar to linear case and using the notion of N-asymmetric norm.
Also we prove some fundamental theorems concerning this mappings in the framwork of
asymmetric normed spaces.

A second purpose of the thesis is to present the concept of linearization of continuous
multilinear operators, on asymmetric normed spaces, through the m-fold tensor product
X1 ®...® X, of N-asymmetric normed spaces X1, ..., X,,. We show that the continuous
multilinear operators 7', on asymmetric normed spaces, associated with a unique continu-
ous linear mapping 77, defined on X; ®...® X,,, endowed with a projective N-asymmetric
norm. The results related to the symmetric case for order m > 2 have been treated in

some classical works. For example, in the symmetric case, we can found some details



about these concepts in [42] and for m = 2 in [44] or [14].

The thesis consists of four chapters. In Chapter 1 we establish the notation of the
thesis. We introduce some important results concerning asymmetric norm and continuous
linear mappings between asymmetric normes spaces and we recall the main definitions
and properties of the continuous multilinear mappings on normed spaces.

In Chapter 2 of this thesis we give a result that gives the characterization of the continu-
ous multilinear mappings between asymmetric normes spaces. We study the completeness
properties of the asymmetric normed semi-vector space of these mappings.

As an application, in Chapter 3, using the asymmetric version of the Banach-Steinhaus
theorem for linear operators we prove that the separately continuity of a multilinear
operator implies the continuity of this mapping between asymmetric normed spaces. Also
we present a multilinear versions of the Banach-Steinhaus and closed graph theorems in
asymmetric normed spaces.

In the last chapter (Chapter 4) we recall the most important results for the algebraic
theory of tensor product of vector spaces. We introduce an asymmetric norm on tensor
product of vector spaces to realized a linearization of the continuous multilinear mappings

defined in this tensor product.



Chapter 1

Asymmetric normed spaces.

Contents of the chapter:
1) QUASI-METRIC SPACES.
2) ASYMMETRIC NORMED SPACES.
3) MULTILINEAR LINEAR OPERATORS BETWEEN NORMED SPACES.
In this chapter we present the concepts and results used throughout the thesis on

asymmetric normed spaces and multilinear linear operators between normed spaces.



1.1 Quasi-metric spaces

In the following, let X be a non-empty set.

Definition 1.1.1 A quasi-metric on X is a function d : X x X — R with the following

properties
1. for all z,y € X we have d(x,y) = d(y,x) =0 if and only if x = y.
2. for all x,y,z € X we have d(x,y) < d(z,z) + d(z,y) (triangle inquality).

The pair (X, d) is called quasi-metric space.
If d(x,y) = d(y,x) = 0 does not imply = = y for some z,y € X, the function d is called

a quasi-semimetric, and the pair (X, d) is called a quasi-semimetric space.

Remark 1.1.2 Ifd is a quasi-metric on X, then the function d defined on X x X by

d(z,y) = d(y,z), z,y€X,
1 a quasi-metric on X called the conjugate of d.
And the function d* defined on X x X by
d*(z,y) = max{d(z,y),d(z,y)}, @,y€X,
is a metric on X.

Definition 1.1.3 (Balls) Let (X,d) be a quasi-metric space, xog € X and r > 0. The

open ball, of radius r centered at xg, is the set defined by
By(xo,r) ={z € X : d(zg,x) <71}.
The closed ball of radius r centered at xq is defined by

Bjlzo,r] = {x € X : d(xo,z) <7}.



Let z € X, we say that a set V' C X is a neighborhood of the point z if and only if
Ir > 0: By(x,r) C V.

The collection neighborhoods of the point = is denoted by Vy(z).
The topology 74 of a quasi-metric space (X, d) can be defined starting from the family

Vd(l’)

Definition 1.1.4 The convergence of a sequence (z,), to x with respect to T4, called

d-convergence, in symbols x,, 4, x, can be characterized in the following way:
Ty ELINMPEIEN d(z,x,) — 0.
Proposition 1.1.5 [7, Page 4] Let (x,), be a sequence in a quasi-metric space (X, d).
1. If (z,), is d-convergent to x and d-convergent to y, then d(z,y) = 0.

2. If (xy,), is d-convergent to x and d(y,z) = 0, then (x,), is also d-convergent to y.

1.2 Asymmetric normed spaces

For the general theory of asymmetric normed spaces we refer the reader to the monograph

[7]. In the following, let X be a real vector space.

Definition 1.2.1 A function p : X — R* is an asymmetric norm on the the real vector

space X if for every x,y € X and o € R we have
1. p(x) = p(—x) =0 if and only if x =0

2. plax) = ap(z)



3. plx+y) < plz)+ py).

We say that the pair (X, p) is an asymmetric normed space.
If p(xz) = p(—x) = 0 does not imply x = 0 for some = € X (i.e. satisfies only the condi-
tions 2) and 3)), the function p is called a asymmetric seminorm, and the pair (X, p) is

called an asymmetric seminormed vector space.

Asymmetric norm conjugate and symmetrization
The asymmetric norm conjugate to p is the function p : X — RT defined by p(z) =
p(—z). As a consequence, the asymmetric norm p induces a norm p°® defined on X by the
formula p*(z) = max {p(x), p(—z)}, this norm is referred to as the symmetrization of the

asymmetric norm p.

Topology of asymmetric norm

Every asymmetric norm p, on a vector space X, induces a quasi-metric d, on X x X

defined by
dp(z,y) =ply —z), z,yeX

If p is an asymmetric norm on X, then the topology 7,4, will be simply denoted by 7, and
we will say that 7, is the topology induced by p.
Tp is a T topology on X, that is for any pair x,y of distinct points in X, at least one of
them has a neighborhood not containing the other. The topology 7, is generated by the
asymmetric open balls By, (z,e) = {y € X : p(y — x) < £}, where € > 0.

Moreover the collection {B,(x,¢) : € > 0} forms a fundamental system of neighbor-

hoods for the topology 7,. However, in general this topology is not Hausdorff (see [24]).

Proposition 1.2.2 [7] If (X,p) is an asymmetric space, then any ball B,(xo,7) is open
in the topology T, and any ball Bylxo,r] is closed in the topology T5.



Also, the following inclusions hold:
Bys(xg,7) C By(xo,7) and Byps(zo,7) C By(xo,r),
with simalar inclusions for the closed balls.

Convergence in asymmetric normed space
A sequence (z,), in an asymmetric normed space (X, p) is convergent to x € X with
respect to 7, if and only if lin}r p(z, —x) = 0. From this we obtain the following result
n—oo

(see [34, Remark 1.1]).

Proposition 1.2.3 Let Z be a linear subspace of X. Then Z is closed in (X,p) if and

only if it is closed in (X,p).

Completeness in asymmetric normed spaces
There are several notions of Cauchy sequence and more notions of completeness in asym-

metric normed spaces (see [7] and [22]). We present only the following notions:

e A sequence (z,), of elements of X is said to be left (right) K-Cauchy if for every
e > 0 there exists ng € N such that p(z,, —x;) < € (resp. p(zx — x,) < € ) whenever

n >k > ng.

e (X,p) is called left (right) K-complete if every left (right) K-Cauchy sequence in X

is convergent whith respect to 7.

e (X,p) is called bicomplete (or bi-Banach) if the normed space (X, p®) is complete.

Example 1.2.4 As an important example, let u the asymmetric norm on the real vector

space R defined by

+

u(z) = 2" = max{x,0}. (1.1)

10



In this case u(x) = max{—xz,0} = 2~ and v’(z) = max{—z, 2} = |z|. Obviously (R, u)

18 a bi-Banach space.

The asymmetric norm u is called usual asymmetric norm.

1.3 Continuous linear operators.

Let (X,p) and (Y, ¢) two asymmetric normed spaces. We denote by LC(X,Y") the set
of all continuous linear mappings from (X, p) into (Y, q) and by LC*(X,Y) the set of all

continuous linear mappings from normed space (X, p®) to normed space (Y, ¢*).

Definition 1.3.1 A linear map T : (X,p) — (Y, q) is called bounded if there exist a

positive constant K such that
q(T(x)) < Kp(z),

for all z € X.

The next result and its consequences can be found in [18] or [23] and will be used in

the sequel.
Theorem 1.3.2 T € LC(X,Y) if and only if T is bounded.

The following example show that the set LC'(X,Y") is not necessarily a vector space but
it is a cone (or normed semi-vector space). That is, T+S5 € LC(X,Y ) and oT € LC(X,Y)
forall 7,5 € LC(X,Y) and a > 0.

Example 1.3.3 Let id be the identity function from (R,w) into itself. Clearly id is a

continuous linear function but —id is not continuous, because if x < 0,u(—z) = —x, so
sup{u(—z) :u(zx) <1} =

Thus we conclude that LC(X,Y") is not a vector space in general.

11



Following [23, Theorem 1], we can consider an asymmetric norm on the cone LC(X,Y)

of all linear continuous mappings 7" from (X, p) into (Y, ¢) defined by the formula

py(T) == sup {¢(T'(z)) : p(z) < 1}

and also

py(T) =inf {K > 0:q(T(2)) < Kp(z)}.

Proposition 1.3.4 If the linear map T : (X,p) — (Y,q) is continuous, then T :
(X,p) — (Y,q) is continuous. Hence LC(X,Y) C LC*(X,Y).

Proof. Let T € LC(X,Y). Then there is K > 0 such that
q(T'(x)) = q(T(=x)) < Kp(x).
Therefore T' is continuous from (X, p) to (X,q), hence
¢*(T(z)) < max{Kp(z), Kp(x)} = Kp*(z)

We conclude that LC(X,Y) C LC*(X,Y). =
Dual of an asymmetric normed space
A relevant special case of continuous linear operator between asymmetric normed spaces
arises when we take (Y, ¢q) = (R, u). In this case p! will be simply denoted by p* and we
put
X*={T: (X,p) — (R,u),T is linear and continuous} .

This cone is referred to as the dual space of (X, p). Observe that (X*, p*) is a bi-Banach

cone where p* := p¥ (see [23, Theorem 1]).

12



1.4 Example of a bi-Banach space

In what follows, we study and detail an important example given in [20].

For 1 < p < 0o, we will denote by £, the set of infinite sequences x := (z,,),, C R such
that
0, = {(mn)n CR:Y ol < oo} :
n=0

It is well known that (£,, |-||,) is a Banach space, where |[|-[|, is the norm on ¢, defined

by

S

]l = O_nZo lnl”)

Fix p > 1, for each © = (z,,), € ¢, define

. = (Tp)n € L.

D=

vti=(wy)n andlzlly, = [, = G2nle (27)")

S
We will show that ||-||,, is an asymmetric norm on ¢,, such that the norm <|||| +p> is

equivalent to [|-[|,. We need the following lemma.

Lemma 1.4.1 For x = (z,)n € {p, Y = (Yn)n € £, and a € RT the following statements
hold

(a) z =12 — (—x)*.
(b) (ax)™ = axt.
(c) (xp+yn)t <zl 4yt foralln € N.

Proposition 1.4.2 For each p > 1, || - ||+p is an asymmetric norm on £,,.

Proof. Let x = (z,), € ¢, such that ||z|4, = | — z||;p = 0. Then 2t = (—z)* and by

(a) in the previous lemma, x = 0. On the other hand, it is clear that ||0||, = 0.

13



Now let a € R,z = (x,), € {, and y = (yn)n € {p, then |(az)||sp = ||(ax)T]], =
al||x||+p, by (b) in the previous lemma.

Finally by (c) in the previous lemma we have

Iz +yllep = 1+ ) Ml < O (ah + 5
n=0
and so
lz + yllap < 12T+ 4l < 2l + 1571 = 2l + lyll4-
|
Corollary 1.4.3 (¢, - ||+p) is an asymmetric normed linear space, for each p > 1.

Proposition 1.4.4 For each p > 1 we have
Uzllp)® < llzllp < llellp + 1| = @ll4p,
whenever x € 1.
Proof. Let © = (x,,), € {,. Then, it is clear that
zll+p)* = maz{{|z|4p, | = 2l 4p} < ],
Finally, by (a) in the previous lemma, we obtain
lzlly = 2™ = (=) " llp < 27" [l + 1(=2) "1l = ll2llp + I = 2l 4p-
[
Corollary 1.4.5 For eachp > 1,
M) < M-l < 2(11 - [l40)*
Therefore (|| - [|+,)° and || - ||, are equeivalent norms in £,,.

Corollary 1.4.6 For each p > 1, ({,,| - ||+p) is a bi-Banach space.

14



1.5 Multilinear linear operators between normed spaces.

Let m € N and consider X;(j = 1,...,m), Y the normed spaces over K, (either R or C).
A mapping T': X; X ... x X,, — Y is called multilinear (or m-linear ) if the mappings
T,: X; — Y
v o— T(z', .. 27, .. a™),

are linear for each set of fixed z* € X, k # j, i.e.
T(x, .. x? + o7 2™ = \T(2h, .., 20, . ™) + T(2h, .07, ., a™),

forall A € K and 27,¢y/ € X;(j = 1,...,m).
The vector space of such mappings is denoted by L(Xy,..., X,;;Y). If Y = K, we write
L(Xy, ..., Xon).

Remark 1.5.1 The set S of all vectors in'Y of the form T(z',...,a™), 27 € X;(j =
1,...,m) is not in general a vector subspace of Y. In order to see this, let X1 = X5 and
Y be vector spaces such that dim(X;) = dim(Xs) = 2 and dim(Y') = 4. Select a basis

{ay,as} in Xy and a basis (e;)}_, in' Y and define the bilinear mapping T by

T<3717 372) = §imer + §1maea + Eampes + Eamgey

where 11 = & a; + &yay and 2% = nya; + nya0. It is easy to see that

4
S:{z:Z)\ieieY:)\l/\4—/\2/\3:0}

i=1
Let z1 = 2e1 + 269 + €3+ e4 and z3 = ey + es. It is clear that z1,20 € S but 21 — 20 ¢ S, it
follows that S is not a subspace of Y. (see [26, section 1.1]).

15



Let us consider the space X; X ... x X,,, endowed with the norms |||, and s defined
by

lolleo = max [l27] and s(z) = 57, [l27]],

for all z = (2!,...,2™) € X1 X ... X X,,.

Definition 1.5.2 An m-linear mapping T : X1 x ... X X,,, — Y s continuous if it is

continuous as a function between two normed spaces.

As a consequence of this definition, similar to the linear case, we have a result that

gives the characterization of the continuous m-linear mapping.

Theorem 1.5.3 Let X, ..., X,,,Y be normed spaces. For T € L(Xq,...,X,,;Y) the fol-
lowing assertions are equivalent.

(1) T is continuous.

(2) T is continuous in (0, ...,0).

(8) There is a constant K > 0 with

HT(xl, ,xm)H <K ||a:1|| ™ (1.2)

forallzd € X;(j =1,...,m).
(4) T = sup  [T(a',...,a™)| < oo,

27| <1,4=1,..,m
We will write £(X71, ..., X;,; Y) for the vector space of all continuous m-linear mappings.
IfY =K, we write £(X7, ..., X;n).

It is easy to see that
|T|| = inf { K > 0, verifying the inequality (1.2)},

defines a norm on £(X1, ..., X;,; Y) which is complete norm when |||, is complete. For

the general theory of multilinear mappings we refer to [35] or [15].

16



Chapter 2

Continuous multilinear operators

between asymmetric normed spaces

Contents of the chapter:

1) CHARACTERIZATION OF CONTINUOUS MULTILINEAR MAPPINGS.

2) COMPLETENESS PROPERTIES.

3) ADJOINT OF MULTILILINEAR MAPPING.

The results obtained in this chapter have been published in the Journal of Colloquium
Mathematicum. In this chapter we introduce and characterize the continuity of multilinear
mappings between asymmetric normed spaces. In particular, we study the completeness
properties of the asymmetric normed semi-vector space of these mappings. Also we present
the definition of adjoint of an m-linear mapping but the adjoint operator obtained in this
way is additive, positively homogeneous defined from a bi-Banach cone to another bi-

Banach cone.

17



2.1 Characterization of continuous multilinear map-
pings between asymmetric normed spaces.

We give a characterization of continuous multilinear mappings in a way analogous to that
used to characterize linear mappings between asymmetric normed spaces. For studying
the continuity of multilinear mappings between asymmetric normed spaces, we use the
N-asymmetric norms instead of asymmetric norms. We will see why this in the Remark

2.1.5 after characterize the continuity by means of an inequality.

Definition 2.1.1 An N-asymmetric norm is an asymmetric norm p on the real vector
space X, for which p(x) = 0 implies x = 0. We say that the pair (X, p) is a N -asymmetric

normed space.

Example 2.1.2 [t is easy to see that the function
p:R—R" p(z)=|z|+max{z,0} (2.1)

is an N -asymmetric (callad the usual N -asymmetric norm). More generally, we can define

an N -asymmetric norm p on the Banach lattice X by the formula
p(x) = [lz]| + [[max {z, 0} .

Throughout this chapter, (X1, p1)..., (Xin, pm) will be real N-asymmetric normed spaces
and (Y, ¢) be an asymmetric normed space. Let us consider the space X x...x X,,, endowed

with the N-asymmetric norms p., and s defined by

Poo(®) = max p;(a?) and s(x) =37, pi(a?),

1<j<m
forall z = (2!, ...,2™) € X; x ... x X,,,. We know that s and p, are equivalent asymmetric
norms on Xj X ... X X,, whose induced topology coincides with the product topology (see

[1, Lemma 6)).

18



Definition 2.1.3 An m-linear mapping T : X7 X ... X X,,, — Y s continuous if it is

continuous as a function between two asymmetric normed spaces.

(X1, ..., X;n; Y) we denote the set of all continuous multilinear mappings

,,,,, Pm;q)

between the N-asymmetric normed space X; X ... x X,, and the asymmetric normed

space Y and by LC(SPS

......

_qs)(Xl, oty Xm;Y) the normed vector space of all continuous

multilinear operators between the normed vector spaces (Xi,p5), x... X (X, p,) and

(Y q°).

Theorem 2.1.4 Let (X1,p1), ..., (X, pm) be N-asymmetric normed spaces, (Y, q) be an
asymmetric normed space and T : X1X, ..., xX,, — Y be a multilinear mapping. The
following statements are equivalent:

(i) T is continuous.

(i) T is continuous in (0, ...,0).

(i1i) There is a constant M > 0 such that
AT oo a™) < Mpy(ah)...p(a™) (2:2)

for every 27 € X;,j =1,...,m.
(iv)
| T = sup q(T(x*, ..., 2™)) < . (2.3)

(P15---Pm;q) p;(29)<1,j=1,...m

Proof. (i) implies (i7) is obvious.
(17) = (i7i). Assume that 7" is continuous at (0, ...,0). Then we can choose r > 0 such

that T'(B,..(0,7)) C B,(0,1). Since

( rat re™ ) r _
Poo PEREE) =3 T,
2p1(z1) 2D (™) 2
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for all (z!,...,2™) € X1X, ..., xX,, with 27 # 0, j =1, ..., m, one has

’ (T%p?;l)"“’zpzzm))) <t

By multilinearity of 7' we obtain (2.2) with M = 22, If 27 = 0 for some j = 1,...,m we

have T'(z',...,2™) = 0 and the inequality (2.2) remains valid.

(73i) = (7). Let us consider the space X X ... x X,;, endowed with the asymmetric norm
s. Let us fix a = (a',...,a™) € X; x ... x X,;, and we prove that T'(B(a,r)) C B,(T(a),¢),
for every e > 0, where r < min {1,.%} and k = Jmax {Poo(@)? (1 + poo(a))™7}. Let
y=T(z) € T(B,(a,r)) with z = (2!, ..., 2™). Then, using the inequality (2.2) and taking

into account that

T(z) —T(a) = ZT(al, A A A AL )
j=1
we obtain
qly = T(a)) < 70 Mpi(a')..pj1(a/ )p; (¢ — @’ )pjsa (ZF).c.pm(2™)

< ZTzl ij(zj — 7 )poo(@)? oo ().

On the other hand, since p,, < s, we get that
Poo(2) < 8(2 = a) + pos(a) <74 poola) < 1+ po(a)
which yields
gy —T(a)) < Z Mp;(27 = @) (14 poo(@))™ ™ poo(a)’™
< Z Mp;(z" — a’)k

= k:Ms(z —a)

kMr < kM- = e,
< r < i
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(77i) = (iv). Starting from (2.2) we get

T D= sup o(T(zt, ..., a™
|| |(P1 ..... Pm;q) pj(9)<1,j=1,....m ( ( ))
< sup Mpy(2)..pm(z™) = M < 00

pj(27)<1,j=1,...m
(iv) = (4ii). If p;(27) = 0 for some j = 1, ..., m, the the inequality (2.2) is evident. Suppose

that ||T|( ;< 09, then there exists a constant M > 0 such that
P1 3q

.....

x! ™

T
IO RNED
for all 27 € X; with p;(2?) # 0,7 = 1,...,m and we obtain (2.2). m

))SMa

Remark 2.1.5 For many asymmetric norms, there are no continuous multilinear map-
pings. Those are the ones that has may non-zero elements x' € Xy such that p(z') = 0
(i.e. p1 is not an N-asymmetric norm). Indeed, if the m-linear mapping T is continuous,
then T(x', ...,2™) = 0 for allx? € X; with j > 1. This is obvious, since if T(x*,...;x™) # 0
we have

q(T(zh 22, ...,2™) >0 or q(T(x',—2?% ...,2™)) >0
what contradicts that

0<q(T(z", 2% ....2™)) < Mpi(2")pa(2?)..pm(z™) = 0

or

0<gq(T(z',—2*...,2™)) < Mpi(z")pa(—2?)..pp(z™) = 0.
Now we give an easy example of a continuous bilinear mapping.

Example 2.1.6 We can define the bilinear map T : (R, p)x (R, p) — (R, u) by T'(z,y) =
xy, where u is the usual asymmetric norm on R defined by (1.1) and p is the usual N -

asymmetric norm defined by (2.1). It is easy to see that

u (T (z,y)) = max {xy, 0} < |z[|y| < p(z)p(y),
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for all z,y € R.

Proposition 2.1.7 Let T € LC, (X1, ..., X3 Y). Then,
q(T (2!, ..., 2™)) < HT](p1 """" - pi(xh)..pm(z™), (2.4)
for all x7 € X;,j =1,...,m. Moreover ||T|( . can be calculated also by the formula
HT\( , = inf {M >0: M satisfies (2.2)}. (2.5)
P15 Pm;q

Proof. For every 7 € X such that 27 # 0, j = 1,...,m we get, from (2.3),

! ™

pi(zt)” pm(z™)

q(T'( ) <7

ceey
(171 77777 Pm;(l)

and we obtain the inequality (2.4). If 2/ =0 for some j =1,...,m, the inequality is
obvious. On the other hand, if A is the right side member of the equality (2.5) then it is

clear that A < HT!( . For the reverse inequality, if M > 0 satisfies (2.2), follows
p1

,,,,, Pm;q)

that

I — s (T <M

(P1s--Pm;a)

and so HT]( <\ =
p1

,,,,, pm;q)

An immediate consequence of the Theorem 2.1.4 is the following corollary.

Corollary 2.1.8 Let m € N. The following are equivalent for the multilinear mapping
T:X1 X ...xX Xopig — Y.

(i) T is continuous from (X1,p1) X ... X (Xoma1,P2ms1) to (Y, q).

(11) T is continuous from (X1,p1) X ... X (Xoms1, Pomy1) to (Y, 7).

Consequently,

LC Xl,...,X2m+1;Y) C LC? (Xl,...,X2m+1;Y),

(P15+5P5,4139°)
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and

1T =T, < I

5 ; (p 2 )’
aaaaa P27n+1aq 1:--sP2m+15

Jor allT € LC (X1, .o, Xoma13 Y).

Proof. The equivalence (i) < (i7) it follow from

sup q(T(x!, ... z?™H)) = sup  q(T(=z, ..., —x?™T1))
p;(29)<1 pj(—z9)<1
j=1,....2m+1 j=1,....2m+1
= sup  q(T(x!, ..., 2¥™H)).
pj(z7)<1
j=1,....2m+1
With this we have ||T| = ||T|_ :

(P1s++P2m4+139) (P1,--P 2m+159)

Now let T € LC (X1, Xomy13Y). For all 2/ € X; such that p3(a?) <1,

J=1,..2m+ 1, we have

g(T(a', ..., 2"™)) <||T|

(P15 P2m4139)

and

q(T(at, .., h) <7

(B> P2m+150)
This implies that
ITI=  swp g(T(, .2 ) <|T] < o0

ps( 29)<1j=1,..2m+1 (P1P2m 4 159)

and the proof follows. m

Remark 2.1.9 As in the linear case, the set LC (X1, .y X3 Y) is a cone (or
..... pm;q)(Xl’ 7XmaY) fOT all T,S

(X1, ..., Xpn; YY) and all « > 0. We have no proof for the fact that

77777 Pm;q)

normed semi-vector space), that is T + S, o1 € LC,,
belongs to LC’(P1

,,,,, Pm;q)

this set is a vector space or not.
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Now we introduce an asymmetric semi-norm on the cone LC | (X1, X3 V). In

,,,,, Pm;a)
the following proposition, the properties of the asymmetric semi-norm are easy to verify.

Proposition 2.1.10 The number |||( is an asymmelric semi-norm on the cone of
P1

,,,,, Pm;q)
all continuous multilinear mappings between N -asymmetric normed spaces Xy X ... X X,

and Y.

As the linear case, we consider an extended asymmetric norm on the space LC’@Di P ) (X1, X3 Y)
by the same formula
T = su T(z!, ..., ™)),
H |(P1 ,,,,, Pm;q) »; (xj%)<1q ( ’ ))
with the possibility that ||T| = +00.
(P15+-sPm;q)
With the asymmetric norm || -|( | we associates an extended normon LC¢, . ., (X1, X3 Y)
P1s--es pm;q e Pmo
defined by
||T|fp1 ,,,,, Pm;(l) = max {HT|(1’71 ,,,,, pm;q) ) ’|_T|(p1,...,pm;q)} '
Corollary 2.1.11 For allT € LC?, . .qS)(Xh oy X3 Y') we have
S ;
S
“TH = HT‘(m 77777 Pmia) (26)
Proof. In order to establish (2.6), we may suppose ||T|‘:p oy < 00 Then we obtain
Lseees m;
1T < oo and ||—T| < oo. For every 27 € X;,j =1,...,m, we get
(p1,---,pm;q) (P1---,Pm;3q)
1 1
(TG ea™) < T, pred)epn(a™)
s S (1 s m
<L piah)epi@™)
and
AT a™) < =T, pia)epne™)
s sl s m
< TP gt



Consequently,

s 1 m s Sl s m
PTG ™) < ITE pia)pha™)
and thus |T|| < ||T)° . m
(P1s---sPm;a)

2.2 Completeness properties

For studing the completeness properties of the cone LC’(p1 (X1, ..., Xin; Y) we need

----- Pm;q)

the following

can be calculated by the following formula

P1s---s prn?‘l)
Ty = sup ¢ (T(z, ..., x2™)), 27
T = 500 GG 2.7
for all T € chp‘i,...,pfn;qs)(Xh ey X3 Y.

Proof. Let « is the right side member of the equality (2.7). Then

||—T|(p oy sup q(=T(z,...,2™))
Lyeobm p;( #9)<1,j=1,..,m
< sup ¢ (T(zh,...,2™)) =«
pj(xj)glujzlv'“’m
and
T = sup q(T(zt, ..., 2™
H ’(m ..... Pm;q) pi( 29)<1,j=1,..m ( ( ))
< sup ¢ (T(zh,...,2™)) =
pj(e9)<1,j=1,...,m
This implies ||T|fp _— < a. Also, for all 27 € X such that p;(2?) < 1,5 =1,...,m, we
Toeees ms
have

o(T (', ....a™)) < |7

(P1seees
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and

1 m
Q(_T($ 7.”71‘ )) S H_T|(pla'~-:i"'m§Q) S HT|

Then a < ||T|fp [

----- Pm;q)

Proposition 2.2.2 Let m an odd natural number. The set LC

closed in the space

(o i, )

(Y-, Pin3a®)

Proof. Let (7). be a sequence in LC, ~ (Xi,..,X;;Y) that converges to T €
. We will show

(X1, ...y Xpn; V). Indeed, there exist ng € N such that

,,,,,

LC?® (X1, ..., X;m; Y) with respect to the extended norm |||;g
pP1

(PF,---Pin3a®)

that 7 € LC,,

----- Pm;q)

||T|(p17---~,z)m 9 T ||T|?Pl VVVV pm;3d)
s s
< HTno T’(p ,,,,, P Q)+H no‘(m 77777 Pm;q)
s
S 1 + ||Tn0|(ﬁ1 ~~~~~ Pm;a) < o0

In the following theorem we show that the cone LC’(p1 (X1, ..., X;n; Y) is bi-Banach

,,,,, Pm;q)

if Y is a bi-Banach asymmetric space.

Theorem 2.2.3 Let (X1,p1), ..., (Xom, pm) be N-asymmetric normed spaces, (Y, q) be an

asymmetric normed space and assume that (Y, q) is bi-Banach. Then LC(S . (X1, X3 Y)

......

Pinia®)

18 a bi-Banach space with respect to the asymmetric norm |||( . Consequently, if
r1

m s odd, <LC(p1 iy (X1 oy X3 V), [

----- Pm;q)

)) 18 a bi-Banach cone.

.....

(P1,---sPmsq

Proof. Consider a Cauchy sequence (7},), C LCG, X1, ..., Xon; Y') with respect to

f,m,pfn;qs)(
the extended norm H|‘(9 . Hence for all £ > 0, there exists ng € N such that
pP1

1T = Till < T — T,

(P15--Pm;a)

<,

26



for all n, k > ng. Which means that (7},),, is a Cauchy sequence in the Banach space

(chpi’ ----- piia) (X1 oo X3 ¥), H'H(p‘i pfn;qs)> '

.....

Thus, there exists ' € LC(, X1,y Xon; Y) such that |1, = T|| — 0. As T,, = T

,,,,, p%;qs)(

is continuous we get that

q° (Tn(xl, o x™) =T (2, nx™)) < |IT, - T| pi(zh), ..., ps, (™)
and (T, («',...,2™)), is convergent to T'(x',...,2™) in the Banach space (Y,¢*) for all
) € X;, j =1,..,m. Then there is k > ng such that ¢* (T — T})(a?, ...,2™)) < . By
using the formula (2.7), for every n > ng and 27 € X; with p;(27) <1, j =1,...,m, we

have

¢ (T =T,z ....,a™) = ¢ (T(z,...,2™) — Tp(xt, ..., 2™)
¢ (T(zh,...,2™) — Ti(2!, ..., 2™))
+qs (Tk(xlv >ajm) - Tn(ajlv ’xm))
< €+HTn_Tk|(p1 77777 Pm;q)

< 2e.

By taking the supremum over all 2/ € X; with p;(27) <1, j = 1,...,m, we obtain

T — Tn|(5 ) < 2g, for every n > ny.

Pls- Pm;q)

The second claim is a consequence of the first one and of the above proposition. =

2.3 Adjoint of multililinear mapping

The definition of adjoint of an m-linear mapping between normed spaces is due to Ra-
manujan and Schock [37]. We now present a similar definition for the multilinear map-

pings between asymmetric normed spaces but the adjoint operator obtained in this way
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is additive, positively homogeneous defined from a bi-Banach cone to another bi-Banach

cone.

Definition 2.3.1 Let (X1,p1), ..., (X, pm) and (Y, q) be N-asymmetric normed spaces.
ey (X150 X3 V') we define the adjoint of T' by

,,,,,

X, X R), f—T*(f): X1 x ... x X,,, — R,

(171 cPmW) (

with

For the proof of the main theorem of this section we need the following consequence of

Hahn-Banach theorem for asymmetric normed spaces (see [7, Theorem 2.2.2]).

Proposition 2.3.2 Let (X,p) be a space with asymmetric seminorm. If xo € X with

p(zo) > 0, then there exists a continuous linear functional ¢ : X — R such that

|l =1 and @(zo) = p(wo). (2.8)

Theorem 2.3.3 The mapping T* is additive, positively homogeneous, bounded and || T*| =

I

o WheTE |T*| is the smallest bounded constant for T*.
Tseees m;

Proof. For all f € Y* we can write

T, = swp w(fT ™))
P1s---sPm; pj(CC])Sl
7j=1,..m
< ¢ (f) sup q(T(z',....,2™))
pj(27)<1
Jj=1,..m
- q*(f) ||T|(p1 ----- pmia)
which means that T* is bounded and ||T*| < ||T |(p g 1D order to establish the reverse
1oeees ms

inequality, let 27 € X such that p;(2?) < 1 for all j = 1,...,m and T(a',...,2™) # 0.
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By the above proposition there exist f € Y* such that ¢*(f) = 1 and f (T(z?,...,2™)) =
q(T(2',...,2™)). Hence

||T*(f)| ; >u (f(T(:El, vxm))) =u (C.Z(T(xl’ 7xm))) =dq (T(mla 7$m)) )
from which it follows that

[T = (7))
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Chapter 3

Fundamental theorems

Contents of the chapter:

1) SEPARATELY CONTINUITY OF CONTINUOUS MULTILINEAR MAPPINGS.

2) MULTILINEAR ASYMMETRIC BANACH-STEINHAUS THEOREM.

3) CLOSED GRAPH THEOREM.

The results obtained in this chapter have been published in the Journal of Colloquium
Mathematicum. In this chapter we prove multilinear versions of the Banach-Steinhaus

and closed graph theorems in the framwork of asymmetric normed spaces.
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3.1 Separately continuity of multilinear mappings

Definition 3.1.1 [27/The multilinear mapping T : X1 X ... X X, — Y between normed
spaces is separately continuous if it is continuous with respect to each variable while the

other variable is fized.

Remark 3.1.2 Obuiously, the continuity implies the separately continuity, but the reverse

implication is true if X1, ..., X,, are Banach spaces (see [27, Page 4] or [14, Page 8)).

This result is true in the asymmetric framework under some requirements. For the

proof we need some linear preliminaries.

Definition 3.1.3 [3//An asymmetric normed space (X, p) is said to be of the half second
category if the condition X = Up>1E, implies int, (clz(Ep)) # 0 for some m € N, where
int,(A) is the interior of the set A in the topological space (X, 1,) and clz(A) is the closure
of A in the topological space (X, 75).

Note that if p is a norm on X, the notion of space of the half second category coincides
with the classical notion of space of the second category (see [2] or [34]).

The next result, an asymmetric version of the Banach-Steinhaus theorem for linear
operators, can be found in [2] and will be used in the sequel. For the proof of this

theorem we need the following lemma.

Lemma 3.1.4 If (X,d) is a quasi-metric space of the half second category and F is a
family of real valued lower semicontinuous functions on (X,d) such that for each x € X
there exists b, > 0 such that f(x) < b, for all f € F, then there exist a nonempty open
set U in (X,d) and b > 0 such that f(x) <b forall f € F and z € U.
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Proof. For each n € N let

E, = ()4~ (~oc,n).

feFr
Then each E,, is closed in (X, d). Moreover X = U, E,,. Indeed, by our hypothesis, given
x € X there exists n, € N such that f(zx) <n, forall f € F,soz € E,,.

Hence, there exists m € N such that U # (), where
Then, for each x € U and f € F we obtain f(x) < m. This completes the proof. m

Theorem 3.1.5 [2, Theorem 2.6] Let (X, p) and (Y, q) be two asymmetric normed spaces.
Suppose that (X, p) is of the half second category. If F is a family of continuous linear

operators such that supq(T'(z)) < oo for every x € X, then
TeF
sup sup {¢(T'(z)) : p(z) < 1} < 0.
TeF
Proof. For each x € X there exists b, > 0 with

q(T(z) <b,, forall TeF.

For each T' € F define a function hy : X — R, by hr(z) = ¢(T(x)). We first show that
hr is lower semicontinuous on X with respect to the quasi-metric d_. Indeed, let z € X
and (), be a sequence in X such that d_(z,r,) — 0. Then p(x — z,) — 0. By the
linear continuity of 7" we deduce that ¢(7'(z) — T'(z,)) — 0. From the fact that

¢(T(x)) = q(T(xn)) < ¢(T(2) = T(xy)), forallneN,

it follows that for each € > 0 there is ny € N such that hy(x) — hy(x,) < € for all n > ny.

Since x is arbitrary, we conclude that h¢ is lower semicontinuous on (X, d.).
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Put the family
H == {hT T S f} .

Since for each = € X, hr(x) = q(T'(z)) < b, for all T € F, we can apply Lemma 3.1.4
and thus there exists a nonempty open subset U on the asymmetric normed space (X, p)
and a § > 0 such that hy(z) <o forall T € F and x € U.

Fix z € U. Then, there exists r > 0 such that B,(z,7) C U. Take an ¢ € ]0,7[. Then,
B, [z,e] C U, where B, [z,e] ={y € X :p(y — 2) <e}. Put b= (0+0b_,)/c and let x € X
such that p(z) < 1. We will prove that ¢(7'(x)) < b for all T' € F. Indeed, first note that
plex +z—z) =ep(x) <e,soecx+ze€U.

Now take T' € F. Then

dT(@) = ~a(T(er)) = Zq(T(er+ = — 2) = Zq(T(ex + 2) + T(~2)
< Sla(T(er +2) + g(T(-2))] =~ lhr(ex + 2)) + hr(—2)
< é(é +b_,)=0b.

Thus

glég):sup {¢(T(x)) : p(z) <1} < b < 0.

Now we give the main result of this section.

The main theorem

Theorem 3.1.6 Let (X1,p1), ..., (Xin, Pm) be N-asymmetric normed spaces and (Y, q) be
an asymmetric normed space. Suppose that (X;,p;) is of the half second category for all
7 =1,...,m. The m-linear mapping T : X1, ..., X,, — Y 1is separately continuous if and

only if T is continuous.
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Proof. The part “if” is obvious. We prove the “only if” part by induction on m € N.
For m = 1 there is nothing to prove. Suppose that the statement is true for m — 1. Given
(zh,..,2™) € X1 X ... X X,,,, define the mappings T, m-1 : (X, pm) — (Y,q) and
Tom = (X1,p1) X ooo X (Xon—1,Pm—1) — (Y, q) by

Tom (2!, oy ™) = Tha g (™) := T(2', ..., 2™).

By the assumption it is clear that the linear mapping T,: ,m-1 is continuous and the
(m — 1)-linear mapping T~ is separately continuous. Then T, is continuous by the

inductive hypothesis. Now consider the family
F = {Tx17._.71‘m71 pi(a?) <1, j=1,...,m— 1} :
The continuity of T,» implies that

sup Q(Tpr gm—r(2™)) = sup q(Txm(xl, ...,:vm_l)) < 00,
T  om—1€F pj(29)<1,j=1,..,m—1

for every 2™ € X,,. So by the asymmetric version of the Banach-Steinhaus theorem

(Theorem 3.1.5) we have

It follows that

17 = sup ¢ (T(2!, ..., 2™))

(P15-Pm;3q) pi(@)<1,j=1,..,m

= sup ( sup  q(To,.. gm—1 (xm))>
Pm

pj(z9)<1,j=1,....,m—1 (zm)<1
= sup sup Q(Txl,..,,xm_1<xm)) < o9,
Tzl ..... szlef pm(wm)ﬁl

which proves that 7" is continuous from (X1, p1) X ... X (X, pm) to (Y, q). =
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3.2 Multilinear asymmetric Banach-Steinhaus theo-

rem
To prove the main theorem, we need some linear preliminaries.

Definition 3.2.1 Let be (X, p), (Y, q) asymmetric normed space. A family F CLC(X,Y)

18 called pointwisely bounded if

supq(T'(z)) < oo, for every x € X. (3.1)
TeF

In this case the condition (3.1) is equivalent to

supg(T'(x)) < oo, for every z € X. (3.2)
TeF

The following version of the uniform boundedness principle was proved in [34].

Theorem 3.2.2 Let (X, p) be a right p-K-complete asymmetric normed space, (Y, q) an
asymmetric normed space and T CLC(X,Y'). Suppose that the family T is pointwisely
bounded. Then

sup sup ¢(T(z)) < oo and sup sup G(7T(z)).
TeFp(z)<1 TeFp(x)<1

As it is shown by Example 2.2 in [2] if the asymmetric normed space (X, p) is biBanach,

then the Banach-Steinhaus theorem could not hold, even for linear functionals.

Example 3.2.3 [2, Example 2.2/ We consider the asymmetric normed space ({1,p),

where

61:{(:Cn)nCR (p)nll; = Z|xn|<oo}

and

) =2°° = (20 € 1. (3.3)
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Let Xy, = {(xp)n € 01 : 2kxop_1 + 9, = 0} . Since Xy is a closed vector subspace of {1 for
every k € N, the subspace

X = ﬁXk

k=1

18 a closed vector subspace of (1.
Since the norm p® is equivalent to the norm ||-||; on {1, we have that X is a closed vector
subspace of the Banach space (¢1,p®) and then (X, p®), is a Banach space. Therefore (X, p)
18 a biBanach space.
Let f, : X — R be given by f,(x) = 2n+ 1)xo,_1, for everyn € N. Let x = (z,,), € X.
Since

folz) < (2n+ D)y, < (2n+ 1)p(x),

we have that f, is a continuous linear map from (X, p) to (R,u), for every n € N.
+oo
r = (x,)n € X, then ||z||, = > (2n+ 1) |z2,-1|, so that

n=1

(271 + 1).1’2”_1 S (2n + 1) |l’2n_1| S ||.I'||1 .

Therefore, f,(z) < ||z|, for every n € N.
Now, we will prove that sup {f,(x) : p(x) <1} = 2n + 1, for every n € N. Indeed, if
p(z) <1, then f,(x) =2n+ 1. If we consider t = (xI'),, such that

1, ifi=2n—1
0, ifie N—{2n—1,2n}

thent € X, p(t) =1 and f,(t) = 2n+ 1. Hence,
sup{fn(x) : p(z) <1} =2n+1,

Consequently,

supsup { fu(z) : p(z) < 1} = +oc.
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Let (X1,p1), -, (Xim, Pm) be N-asymmetric normed spaces and (Y, ¢) be an asymmet-

ric normed space. As the linear case, a family F CLC,, (X1, .., Xin; Y) is called

,,,,, Pm;q)

pointwisely bounded if

supq(T(z',...,2™)) < oo, (3.4)
TeF

for every 27 € X;,j = 1,...,m. In this case the condition (3.4) is equivalent to

supg(T(z',...,2™)) < oo,
TeF

for every 27 € X;,j =1,...,m.
We also need the following lemma.

Lemma 3.2.4 If (X, p) is a right K-complete asymmetric normed space such then (X, D)

18 too.

Proof. Let (z,), a right K-Cauchy sequence in (X,p). Then for each € > 0, there is
no € N such that

plrs —x,) <e, forr>s>ng.
And then
p(—zs +x,) =p(xs — ) < g, forr>s>ny.

This proves that is a right K-Cauchy sequence in (X, p). Thus, by hypothesis, ther
exists y € X such that (—z,), converges to y in (X, p).

Therefore, for each £ > 0, there is ng € N such that

p(_ajn - y) <g, for n Z N,

and thus we have that

Plen+y) =p(—z, —y) <e, forn > ny.
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Hence the sequence (), converges to —y in (X,p). =
Mimicking the proof of [43, Theorem 1] we present a Banach-Steinhaus theorem for

multilinear mappings between asymmetric normed spaces.

Theorem 3.2.5 Let (X1,p1), ..., (Xon, pm) be right K-complete N -asymmetric normed spaces,
(Y, q) an asymmetric normed space and F be a pointwisely bounded family in LC'(p1 i) (X1, Xon3 V).

Then

yeens

sup ||T\(p oy SO0
TeF Loreobmid

Proof. First, note that the product space X; x ... x X,,,, endowed with the N-asymmetric
NOrm poo = max{pi,...,Pm}, is right K-complete (see [1, Lemma 6]). It follows that
X1 X ... x X,, is also right K-complete with p,.. For each integer n € N cosider F), the
subset of X; x ... x X,,, of all (zy, ..., z,,,) such that

supq(T(zt,...,2™)) <n and supg(T(x!,...,2™)) < n.
TeF TeF

Each F), is closed. Perhaps the simplest way to see this is to note that the maps supgo T
TeF

and supgoT are lower semi-continuous on X; X ... x X, with respect to the N-asymmetric
TeF

norm pso, since ¢,q : ¥ — R are semi-continuous with respect to ¢ and § respectively

(see [7, Proposition 1.1.8]) and all 7' € F are continuous. In addition,
X1 X o X Xy, = Up>1 By,
because if (1, ...,2,) € Xj X ... X X,,, there exists ny,ns € N so that
supq(T(z',....,2™)) <mny and supg(T(z',...,2™)) < ns.
Ter TeF

Then (2, ...,2™) € F,, with n = max {n;,ny} . By the asymmetric Baire category theorem

(see [34, Theorem 1.11]), there must be some ny € N such that F),, contains an open ball
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B, (a,r) with (a',...,a™) € X X ... x X,,,. It is clear that, for every (t!,...,t™) € B,_(0,r)
we have (0,2, 3, ...,t™) € B,_(0,r). We can compute, for T € F,

q(T(t', a® +12,...,a™ + t™))
<q(T(at +tHa? + 2, ..,a™ +t™)) + (T (a, a® + t2,...,a™ + t™))
S 2n0.

Using the same argument and taking account that (¢',0,¢3, ....¢+™) and (0,0,3,...,t™)
belongs to B, (0,7), we get g(T(t*,a? a® +t3,...,a™ + t™)) < 2ng and then

q(T(th, 12, a3 + 13, ..., a™ + t™))
<q(T(t,a? +12,...,a™ +t™) +q(T(t', a?,a® + 3, ..., a™ + t™))
S 4710.

By repeating this argument m times, we obtain
q(T(t, ..., t™)) < 2™ny,

for every (t',...,t™) € B,_(0,7). On the other hand,

HT|(?1 ,,,,, L {Q(T(xlv SEAS)) :pj(mj) <lLj=1..m}
thom : ,
= Sup{Q(T(?777)) pj(t]) Sraj - 17"'7m}
< ano.
rm

Since this holds for every T € F the result is proved. m

3.3 Closed graph theorem
The graph I'; of a mapping f : X — Y is the subset of X x Y given by

Py ={(z,y) e X XY 1y = f(x)}.
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The closed graph theorem for the continuous multilinear operators between asymmetric
normed spaces can easily be derived from the asymmetric closed graph theorem in the
linear case [34, Theorem 4.2] and Theorem 3.1.6.

For two asymmetric normed spaces (X, p) and (Y, ¢) consider X x Y endowed with the

asymmetric norm
r(z,y) =p@) +q(y), (z,y) € X xY.

Theorem 3.3.1 (linear case). Let (X,p) and (Y,q) be asymmetric normed spaces.
Suppose that (X, p) is right p-K-complete and of half second category, and (Y,q) is right

qg-K-complete. If T : X — Y is a linear operator with closed graph, then T is continuous.

Let T': X; X ... x X;;, — Y be a multilinear mapping between asymmetric spaces
(X1,01); s (Xon, pm) and (Y, q). The graph of T, in symbols G(T'), is the set of elements
(21, ...,2™),y) € (X1 x ... x X,;,) x Y such that y = T(x!,...,2™). Consider the space

(X1 X ... x X;n) X Y endowed with the asymmetric norm r defined by

r(z) = aly) + 3_ (@),
for all z = ((2!,...,2™),y) € (X1 X ... x X,;,) X Y.

Theorem 3.3.2 Assume that (X;,p;),j = 1,...,m, is Hausdorff N-asymmetric normed
space, right K-complete and of the half second category, (Y, q) is right K-complete and the
graph of T is closed in (X1,...,Xmm) X Y. Then T is continuous.

Proof. For each set of fixed 2%, k # j, j = 1,...,m, define the linear mapping
T,: X; — Y, Ti(x): =T . 2?20 L a™)
and the set

Z; =GN ({z'} x o x {a77'} x X; x {27t} x Lox {2™}) x V.
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It is easy to check that Z; is closed in (X3 x ... x X,,) X Y and G(1}) = ¢(Z;), for every

7 =1,...,m, where 9 is the homeomorphism
Y ({a'h x ox T x X x {a T x ox {2 x Y — X x Y

defined by
Y((at, . T ™) ) = ().
Then G(7}) is closed in X; x Y and by the closed graph theorem (see [34, Theorem 4.2])

each Tj is continuous. It follows that 7" is separately continuous. Therefore, by Theorem

3.1.6, T" is continuous. m
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Chapter 4

Linearization of Continuous

Multilinear Mappings.

Contents of the chapter:

1) THE ALGEBRAIC THEORY OF TENSOR PRODUCTS.

2) THE PROJECTIVE ASYMMETRIC NORM.

3) LINEARIZATION OF CONTINUOUS MULTILINEAR MAPPINGS.

This chapter has a twofold purpose: firsty, we offer a depth of theory of tensor product
of bi-Banach spaces for the order m > 2 especially the projective N-asymmetric norm.

Secondly we present the concept of linearization of continuous multilinear operators.
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4.1 The algebraic theory of tensor products.

4.1.1 Tensor products of vector spaces.

The basic question answered by tensor product constructions is the following

Is there a vector space V' such that L(V,Y") coincides with (is isomorphic to) L(X, ..., X;n; Y)?
i.e. can we, in some way, linearize multilinear mappings? The object is we construct the
tensor product X; ® ... ® X,,, of Xy, ..., X,,.

The tensor product X; ® ... ® X,,, of the vector spaces X, ..., X, can be constructed from

the elements of the space L(X1, ..., X,,)*. For 2/ € X;(j = 1,...,m) we define the linear

mapping
'@ @™ L(Xy, .., X)) — R,

by
@ @a™(¢) = p(at, . 2™,

for each m-linear form ¢ on X; x ... x X,,. The functional 2! ® ... ® 2™ is called an

elementary tensor.

Definition 4.1.1 The subspace of L(X1, ..., X,,)* spanned by the collection of elementary
tensors
{t'®. @™ e X;(j=1,...m)},
18 called the tensor product of X1, ..., X,, and will be denoted by X1 ® ... ® X,;
X ®..0 X, = spam ({$1 ®.@z"reX;(j=1,.., m)}) .
The elements of this space are called tensors.

So a typical tensor u € X; ® ... ® X,,, has the form

u:Z)\ix%@...@xT, (4.1)

=1
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where (\;)7; C R, (z]), C X;(j =1,...,m) and n € N is arbitrary.

Here are some basic algebraic properties of elementary tensors.

Proposition 4.1.2 Let X1, ..., X, be vector spaces. Then for allz?,y? € X;(j =1,...,m)
and A € K we have
Do'®@.0@+P)®.01"m=2'® .07 ®.02"+1'® .09 ®@...Q z™.
DAN'® .07 .02 =(2'®.0\)®..01")
3) If 27 =0 for some j=1,...m then 2' ® ... ® 2™ = 0.

Note that the typical description of an element u € X; ® ... ® X,,, given in (4.1) can

always be rewritten, using 3) above, in the form

n
usz}@...@xT
i=1
In the next proposition we show a criterion useful to identify when a tensor « is null.

Definition 4.1.3 A subset S of the algebric dual space X* is said to be separating if for
any x,y € X, x # y there exists ¢ € S such that p(z) # v(y), equivalently, if (x) =0
for every ¢ € S, then x = 0.

Proposition 4.1.4 Letu= Y 2/®..0z" € X1 ®...0 X,,,. The following are equivalent
i=1
(i) u = 0.
(i) S o' (x})...¢™(x7") = 0 for all ¢/ € S; where S; is separating subset of Xi(j =
i=1
1,...,m).
(iii) ;gol(a:})gpm(x;”) =0 forall ¢’ € X3(j =1,...,m).

n .
Proof. (i)=>(ii) Suppose that u = > 2! ® ... ® 27" = 0. Let ¢’ € S;, separating subsets
i=1

of X7(j =1,...,m), consider the m-linear form T" € L(Xy, ..., X;,) defined by



so that we have

- ZT(@%, o) = Zgol(:c})-.-som(x?)-

(ii)==(iii) Let S; C X be separating subsets of X7 such that

> 6N ()). g™ (2]") =0,
=1

for all ¢/ € S;(j = 1,...,m). We have

Pt (Zx;qs?(xf)...w(xr)) =0.

Since &; is separating subsets of X7,

> w6 (2})...¢" (a") =0,
=1

for all ¢’ € S;(j = 2,...,m). Therefore

D@ @) @) 0" (@) = ' (Zx}¢2<x?>...¢m<x?>> =0,

for all p* € X; and all ¢’ € S;(j = 2, ..., m). Then
(Zso )23 ¢° (af ¢m(:v2”)> =0.
Since S is separating subsets of X3 we have
Sl a0 ) = 0
i=1

for all o' € X7 and all ¢/ € S;(j = 3, ..., m). Therefore
S a7 = # (2 e ) =0,
i=1 =1
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for all ¢’ € Xi(j =1,2) and all ¢’ € S;(j = 3,...,m). By repeating this process a finite
number of times we obtain (iii).

(iii)==(i), let us suppose that ig@l(x})gpm(xr) =0 for all ¢/ € X;(j =1,...,m) and
show that u(T) = 0 for all T € L(X1, .., X».).

Let T € L(X1,...,X,,) and define Z; = span {x”l, .l j=1,..,m. Let S denote the

restriction of T' to Z1 X ... X Z,,. For l =1, ..., m — 1 consider
B, = {ell, ...ei”} ,np <,

a base for the finite dimensional space Z;. Given (x!,...,2™) € Z; x ... X Z,, then for
[=1,...,m—1 we can write, uniquely,

ny
I _ Ll
x = E A €

i=1
where ()\ﬁl)zl:l C R. Thus

ni NMm—1

1 m o 1 m—1 1 m—1 m
S(x*,...,a™) = E E Ay A S (61'1»---’6%,173; )
i1=1 tpm—1=1

ni Nm—1

D D DAt B Gl VAN GO}

i1=1 im_1=1

where 021 € Z; and 0?1"” € Zy with 1 <1 <m—1,1<14; <mn are defined by

..... 2

ny
l N _ pl § L1 ! m m\ __ 1 m—1 m
Hil(x ) - Hil ( )\ileil> - )\il a'nd H’L'l ..... tm—1 ('r ) - S <e’i17 s eim,17'r ) )

=1

finally we obtain
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Now choose algebraic complements, H; for Z; so that
Xj = Zj ) Hj(] = ]_, ...,m),

then if 27/ = 27 + 2”7 € X; with 27 € Z; and 2”7 € H; define ¢ (27) = ¢} (7). Then
we obtain qﬁ{ € X extension of ¢{ foryj=1,...mand [ =1,....k. Now T and S may be

different m-linear forms on X; x ... x X,, but they coincides on Z; x ... X Z,,. Thus we

have
w(T) = Xn:x} ® ..z (T) = zn:T(:c}, )
i=1 i=1
n n k
= D Sl w) =D Y (@) (@)
i=1 =1 [=1
k- n N
= Yot d )
l;l =1
= > 0=0.
=1
[

4.1.2 Linearization of multilinear mappings.

The purpose of this is to show in what sense the tensor product is the vector space through
witch multilinear mappings can be linearized. To achieve this we need to introduce a
special multilinear mapping that will be very useful.

For the vector spaces X1, ..., X,,, we consider the canonical mapping
Om X1 X .. XX, — X1 ®..0X,,.

Define by

om(xt, 2™ =2'® ... @ 2™
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It is clear that the mapping o, is multilinear.

Theorem 4.1.5 Let Xy,...,X,, and Y be vector spaces. For every m-linear mapping
T:X,x..x X, —Y there exists a unique linear mapping T, : X1 ® ... ® X,, — Y
given by

T (le ®...® xl»”) ST ().
=1

i=1
such that T =Ty, o 0, i.e. the following diagram commutes

T=Tro0, X;X.. XXy, X Q. 90X, ~5Y

The correspondence T «—— T, establishes an isomorphism between the vector spaces
L(Xy,.... X0} Y) and L(X; ® ... ® X, Y). The linear operator Ty, is called lineariza-

tion of the m-linear mapping T .

Proof. To show that the linear mapping 7T}, is well defined. First note that if o € Y™*

then o o T is a multilinear form in X; X ... x X,,. Now, if u = > 7] ® ... ® 27 = 0, then
i=1

for all functional ¢ € Y* we have

@(iT(:ﬁi,,IT)) = Zn:onT(xg"_";p?)
i=1 =1

= Zx}@...@aﬁ”(gpoT):u(gpoT):O.

i=1
As the only element of a vector space that negates all linear functionals is the zero of this

space, we have
0= ZT (zi,.o2l) = Tp(w),
i=1

then 77 (u) = 0. Therefore T}, is well defined.

Now, for all (z',...,2™) € X; X ... x X, we have

T o0y, (ml, ...,xm) =T,(2'®..@2™) =T (ml, ...,xm) :
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It follow that T'= T}, o o,y,.
For the uniqueness of the linearization, suppose s € L(X; ® ... ® X,,,Y’) such that T =
$00,. Thus, forany u =Y 7; ® ... @ 2" € X; ® ... ® X,

i=1

n n

s(u) = Zs(xll ®.Qx") = ZS (am(:vil, ,J:Z”))

= Zsoam(aﬁ},...,x?‘) :ZTLoam(a:},...,xlm)
i=1 i=1

= ZTL(J:%®...®$;”)
i=1

= TL<U),

which is proves that s = T7,.

Finally, let us show that the mapping
O L(Xy,.. . X3Y) — LX1®...0 X,,,Y),T— T,

is an isomorphism.

Clearly, if S,T € L(Xy,...,X,n;Y) and A € K we have
(S+AT), =S, + Ty,

and then ® is linear.

Now let T' € ker . In this case,

Ty, <ix3 ®...® xT) =0,

i=1
forall Yzl ®..®@ 2" € X1 ® ... ® X,,,. In particular
i=1

0=T,(z'®..@2™) =T(z",...,a™),
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for any 27 € X;(j =1,...,m). It follows that "= 0 and then ® is injective.
To prove that the map ® is also surjective, consider the linear mapping ¢ € L(X; ® ... ®
X, Y) and define the mapping S : X; x ... x X, — Y by

Szt ..,2™) =¢(z' @ ... ® ™),

the linearity of u and Proposition 4.1.2 assert that S is m-linear. From we have demon-
strated in this proof, there exists a unique linear mapping S, € L(X; ® ... ® X,,,Y) such
that

S:SLOUma

on the other hand, for all 27 € X;(j = 1,...,m) we have
pooy(xl,..,zm) = @' ®..@2™) = S .., 2™m),
thus S = ¢ o g,,,. Now, since Sy, is the sole mapping checks S = Sy o gy, , it follows that
¢ =S =P(9).
Where the surjectivity of ®. m

Remark 4.1.6 By the isomorphism stated in the previous theorem and if we take Y = R,

we can write the identification of the algebric dual of tensor product;
(X1 ®..0 X)) = L(Xy,.... Xpn)-

The property of the tensor product described in Theorem 4.1.5 is called universal
property of tensor products. A part from enjoying this property, the tensor product is the

unique vector space to the extent of being able to linearize m-linear maps:
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Proposition 4.1.7 (Uniqueness of the tensor product)

Let m € N and X1, ..., X, be vector spaces. Suppose there exists a vector space W and
a multilinear mapping S : X1 X ... X X,,, — W with the property that, for every vector
space Y and every multilinear mapping T from X; X ... x X, into Y, there is a unique
linear mapping v : W — Y such that T = w o S. Then there is an isomorphism ® :

X1®..® X, — W such that

forallz? € X;(j =1,...,m).
Proof. We start by showing that the vector space W is spanned by
S(X1 X .. x X)) = {S(xl, na™), ) € X;(j =1, ,m)} .

Suppose that
W 2 span {S(X1 X ... x X;n)}.

Then
W = span {S(X; x ... x X;,,)} & Z.

Where Z # {0} being some proper subspace of .
So, a mapping u would not be uniquely determined by the requirement 7" = w0 .S because
such a relation would be preserved under modifications of u in the subspace Z. Now,

applying the given property of W and S to the canonical m-linear mapping
Om X1 X ... XX, — X1 ®...0 X,
we obtain a linear mapping u : W — X; ® ... ® X,,, such that 0,, =uo S, i.e.

u(S(xt, .., 0" =r'® .. 2™,
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for all 27 € X;(j = 1,...,m).
On the other hand, if Sy, : X7 ®...® X,, — W is the unique linearization of the m-linear

mapping S we have

Thus
Spou(S(zt,...,a™)) = S(zt, ..., a™),

and

uoSr(z'®.@2™) =2r"®..0a™,

for every 2/ € X;(j =1,...,m).
Since X; ® ... ® X,,, and W are spanned by the elements 7! ® ... ® ™ and S(z!, ..., 2™)
respectively, it follows that uw oSy, and S7, ou are the application identity of X; ®...® X,,
and W respectively. We conclude that & = S}, is the required isomorphism. m

Now we will use Proposition 4.1.4 and Theorem 4.1.5 to prove another interesting

property of tensor products, namely the commutativity. Consider a permutation

n:{1,...,m} —{1,....,m}.

n

Foreach u =Y 7l ® .. ®@2" € X; ® ... ® X,,, it is obvious that
i=1

u'l = Zl’?(l) ®..Q $?(m) € Xn(l) ®..Q Xﬂ(m)‘

i=1
Proposition 4.1.8 If  : {1,....m} — {1,...,m} is any permutation. Then the vector
space X1 ® ... ® X, 1s isomorphic to X,y ® ... ® X;(m).

Proof. Fixed a permutation 7 : {1,...,m} — {1,...,m} and consider the mapping

T:Xi%x...xX, — Xn(l) ®..R Xn(m),
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defined by
Tz, .. 2™ ="M ® .. "™,

The Proposition 4.1.2 asserts that 7" is m-linear. By Theorem 4.1.5 there exists a unique
linear mapping 17,

TL I~ L(Xl ® ® Xm7XT](1) ® ® Xn(m))7

such that

T zl@..@xm) =>T(z, .., a7 = an(l)@) ®mn(m).

i=1 1=1

Let us verify that the linear mapping T}, is isomorphism. If Y x! ® ... ® 2" € ker(T}) we
i=1
have

Zx?(l) ®..% x?(m) =0.

=1

Applying Proposition 4.1.4 we have

1 m
> e (x?( )> -+ Pr(m) (x?( )> =0,
i=1

for all ¢, ;) € Xn(])(j =1,...,m). Rearranging the terms of the last sum we get

2901 Pm(z™) =0,

for all p; € X7(j =1,...,m). Again, applying Proposition 4.1.4 we obtain

ix} ® .0z =0,
i=1

and therefore T}, is injective. It remains to show the surjectivity, given

U—ZZE X .. ®l’ n(m )EXW(1)®...®X,7(m).
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If we take u = > 2 ® ... ® 27 we obtain directly 77 (u) = v. Then T}, is surjective and
i=1

hence it is an isomorphism. m

Now we introduce the tensor product of linear operators.

Proposition 4.1.9 Let s; : X; — Y;(j = 1,...,m) be linear mappings between vector

spaces. Then there is a unique linear mapping
s X1®.8X, mYI®..Q0Y,,

such that
s('® ... ®@2™) = s51(2') ® ... ® s (™).

We write

S§=51X ... Sy
Proof. Define an m-linear mapping
TeLXi X..xX,Y1®..0Y,),

by
T(x, ..., 2™) = s51(z2") @ ... ® sp(z™).

The linearization of T' gives the unique linear mapping
T, e (X1 ®..0 X, Y1 ®...0Y,),

such that
To(r' ®..@2™) =s(2') ® ... ® s, (a™).

Then taking s1 ® ... ® s, =T7. =
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4.1.3 Tensor as multilinear forms.

The tensor product X; ® ... ® X, is defined as a space of linear functionals on the space
L(Xy, ..., X;n). There are other, equally natural approaches, some of which we describe in

the following. We show that tensors can be viewed as multilinear forms.

Proposition 4.1.10 For all vector spaces X1, ..., X,, we have a canonical embedding
X1 ®...0 X, C LIX{,..,X).

Proof. With each (2',...,2™) € X; x ... x X,, we can associate a multilinear form

om € L(X{, ..., X)) where

77777

for all ¢/ € X 3 (j =1,...,m). By the linearity of all ¢/ we can prove that the mapping

is multilinear. Let ¥y : X; ® ... ® X,,, — L(X7T, ..., X}})) the unique linearization of U,
n

to see that this mapping is injective. Suppose that ¥, (Zx} R ..® a:;”> = 0, it follows
i=1

that ZTacll 777777
=1

S @)™ (@) = 0,

i=1
for all ¢’ € Xi(j =1,...,m) and so, by Proposition 4.1.4 this becomes

Zn:mzl ®..Qz" =0.
i=1

Thus, we have the canonical embedding

X1 ® .9 X, C L(X], ..., X5).
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Remark 4.1.11 By the last canonical embedding, the elementary tensors 7' ® ... ®@ 2™ €
X1 ®...0 X, is identified with the multilinear form that maps (o', ...,0™) € X;®...0 X},

to (o', zt) ... (™, ™). In other word we have
@ @am(eh ., 0" = ot (ah)... o™ (a™),

forallg? € Xx(j=1,...,m).

4.2 The asymmetric projective tensor product.

The results related to the projective norm for of order m > 2 have been treated in some

document, for example, we found some details about these concepts in [42].

4.2.1 The projective N-asymmetric norm.

Let (X1,p1), .y (Xon, pm) be N-asymmetric normed vector spaces. The aim of this sub-
section is to introduce an N-asymmetric norm on X; ® ... ® X,,, to realized linearization
of the continuous multilinear mappings defined in X; x ... x X,,,. More precisely, we want
an N-asymmetric norm on X; ® ... ® X, such that for every asymmetric normed space

(Y, q), an m-linear mapping 7" : X; X ... x X, — Y is continuous if and only if
TLX1®®Xm—>}/,

is continuous linear mapping relative to this N-asymmetric norm. Consider first the

elementary tensor z' ® ... ® 2™, 27 € X;(j =1, ...,m), since T' = T}, o ,,, where
om(xt, 2™ =2 ® ... 1™,
it is natural to require that the mapping

Om : (X1,01) X oo X (X ) — (X1 ®@ ... ® X, p)
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is continuous. It follows that there is a constant C' > 0 such that
p(z'®..®@z™) < Cpi(z")..pm(z™),

for all 27 € X;(j = 1,...,m). Incorporating the constant & in the N-asymmetric norm to

be defined in the tensor product, it must then be true that
p(e'®..@z™) <pi(ah)..pm(z™),

for any elementary tensor ' ® ... ® 2™.

Now let u be arbitrary tensor in X; ® ... ® X,,, with the representation
usz%@...@xT

i=1
then it follow from the triangle inequality that the N-asymmetric norm must satisfy

n

p(u) < pi(a})..pm(}).

i=1

Since this holds for every representation of u, it follows that
p(u) < inf Zpl(le)pm(azzn),
i=1

the infimum being taken over all representations of w.
The quantity that is mentioned to the right of last inequality is the biggest possible

candidate for a "natural" N-asymmetric norm on X; ® ... ® X,,.

Definition 4.2.1 Let Xy, ..., X,, be N-asymmetric normed vector spaces over K. For

each tensor u € X1 ® ... ® X,,,, we put
n
mo(u) = inf Y pi(a})..pm(al"), (4.2)
i=1

where the infimum is taken over all possible representations of u.
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To prove that m, is an N-asymmetric norm on the tensor product, we need the following

lemma.

Lemma 4.2.2 Let X be an N-asymmetric normed vector space. Then the topological

dual space X* 1s separating subset of the algebraic dual.
Proof. Let x € X and suppose that
p(z) =0, for every ¢ € X*.

Then we have two cases; p(z) > 0 or p(z) = 0.
If p(x) > 0, by the consequences of the asymmetric Hahn-Banach (Proposition 2.3.2) we

have
p(z) =sup{p(z),p € X7, [[¢] <1} =0,
which is a contradiction. Consequently we have p(x) = 0 and then x = 0 because p is an

N-asymmetric norm. =

Proposition 4.2.3 Let (X1,p1), ..., (X, pm) be N-asymmetric normed vector spaces over

R. Then m,, as defined in (4.2), is an N-asymmetric norm on X1 ®...Q X,,. Furthermore

To(r' ® ... @ 2™) = p1(zh)..pm(z™), for all 2l € X;(j =1,...,m).

The N-asymmetric norm 7, is known as the projective N-asymmetric norm and we shall
denote by X; ®;, ... ®,, X, the tensor product X; ®...® X,, endowed with the projective

N-asymmetric norm T,.
n

Proof. First note that, if ¢/ € X¥(j = 1, ...,/m) then the value of the sum ;gpl(le)gom(x;")

is independent of the representation of v = > x! ® ... ® 7. In order to see this, let
i=1

u € X7 ®..® X, admits two representations

n k
u=>Y i ®."=) ye.. oy
=1 =1
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consider the multilinear form 7" € L(Xy, ..., X,,) defined by

St (). (@) = (ilxl © .. ® x;.n> (T)
= (iy5®~-®y%”> (T)

i=1
= 2o )"
It is clear that 7,(u) > 0 for any u € X; ® ... ® X,,,. Suppose that 7,(u) = 0. Then, for

n
every € > 0 there is a representation of u of the form > z! ® ... ® 2 such that
i=1

> pi(a}).pm(a}) < e
i=1

Hence, for every ¢/ € X*(j =1,...,m) we have

Zwl(:ﬁ)---s@( <e|le - lle™ (4.3)

Since the value of the Zcp (z})...¢o™(x™) is independent of the representation of u it

(2

follows that, by passage to the limit in (4.3), for ¢ — 0 we obtain

Zs@l(wi)-wm(ﬁl) =0.

But, by the previous lemma, the dual spaces X7(j = 1,...,m) are separating subsets of
the respective algebraic duals and so, by Proposition 4.1.4, it follows that u = 0.
Now, we prove that m,(Au) = Am,(u) for all A > 0. Is clear that this equality is satisfied

for A = 0. Suppose that A # 0. If > x! ® ... ® 2" is a representation of u then
i=1

n

=Y (A\})®..0a"

i=1
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and so we have
Ta(Mu) <Y pi(Az))pm(2]) = A _pr(a)epm ().
i=1 =1
Since this holds for every representation of w, it follows that m,(Au) < Am,(u). On the

other hand, using this last inequality for the scalar A™!, we have
Ta(u) = To(A ) < A g (M),

this gives Am,(u) < m,(Au). We conclude that m,(Au) = Am,(u) for all A > 0 and all
ueEXI®..0 X,

Now to prove that 7, satisfies the triangle inequality. Given u,v € X; ® --- ® X,,, for
any € > 0, we can find a representation of u and v of the form

n k
u=Y al@ @, v=)Y Yoy
=1

=1

such that

k

19

and > pl(yi)'-'pm(y?l)ﬁm(v)ﬂj-
=1

Zpl(xi)--pm(wi”) < 7a(u) +

n+k
Let us pose u +v = > 2! ® -+ ® 2™ with
i=1

g:xgiflgign
j .
1

=y ifn+l1<i<n+k

z
and j = 1, ..., m. Then we can write

zZ

n k
;pl(fvi)-.-pm(%”) + ;pl(y@-l)---pm(y?)
n l?z+k

= i=n+

n-+k

60



It follows that

Ta(u +v) < Zpl(zil)-.-pm(zzm) < Ta(u) + 7a(v) + ¢,

for all € > 0. This proves that m,(u + v) < 7wa(u) + 7,(v).
Now, let us show that m,(2' ® - - - ® ™) = p1(21)...pp(z™) for any 27 € X;(j =1,...,m).
It is clear that

ra(e © - ©27) < pr(a)opna™).

By the consequences of the asymmetric Hahn-Banach theorem, (see Proposition 2.3.2) for

any 27 € X;(j = 1,...,m) there exists = BX;_« such that

||¢j‘ —1 and ¢ (a9) = p;(a?), (j = 1,...,m) with p;(z7) > 0.

If pj(z7) = 0 for 1 < j < m then 2/ = 0 because p; is an N-asymmetric, and the
equality required is satisfied.

Consider the m-linear form 7" € L(Xj, ..., X;,) (of finite type) defined by

By Theorem 4.1.5, the linearization of T is a linear functional
TL1X1®"'®Xm—>R,

such that for any u = > 2zl @ - @27 € X; ® --- ® X,, we have
=1

Tl < LTt e- o)
= 2T ap)
= Lo ah)] o)

- épmxn.npm(m?»
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Taking the infimum over all representations of v we conclude that
Tr(u)] < ma(u),
forall u € X7 ® -+ ® X,,. In particular, for the elementary tensor we have

P1(@).prn(a™) = [0} (@)™ ()| = | T @ - @ 2™)| < mula @ -+ @ ),

it follows that m,(z' ® - -+ ® 2™) = py(a!)..pm (™) for all 27 € X;(j =1,...,m). m

4.3 Linearization of continuous multilinear mappings.

Before addressing the linearization of continuous multilinear mapping, we consider the

projective tensor product of continuous linear operators.

Proposition 4.3.1 Let s; € LC(X,,Y;), (j=1,...,m) be continuous linear operators
between asymmetric normed vector spaces (X;,p;) and (Y;,q;). Then there is a unique

continuous linear operator s1® ... Q Sy, @ X1 Qpy oo Qpy Xop — Y1 Qpy . @, Yy such that
510 .. @80 ®...01™) =51(z") @ ... @ 5 (™),

for every 27 € X;,(j = 1,...,m). Moreover
Is1 @ .. @ sl = [ ] syl
j=1

Proof. By Proposition 4.1.9 there is a unique linear operator

Q.. Q8 (X1®..0X,) — 1®..0Y,),
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such that $; ®...® s, (' ®@...@2™) = s1(z!) @ ... @ 5, (™) for every 2’ € X;,j =1,...,m.
We may suppose s; #0, j=1,...,m. Let u € X; ® ... ® X,, and let > 2! @ ... @ 2" be a

i=1
representation of u. Then

Ta (851 Q... @ 8n(u)) = 7, (Zsl(xll) ®..Q sm(a,{”))

=1

< D m(n@) @@ sn()
_ qu(sl(xg))...qm(sm(w?‘D
<

[T pa(ah).pm(@,
j=1 i=1

from which it follows that
T (81 @ oo. @ $p(u)) < H l|sj| ma(u),
j=1

so that the linear operator s; ® ... ® s, is continuous for the projective asymmetric norm

omnX;®..8 X, and V] ®..RY,, Moreover

Is1® ... @ sl <[] llssl-

j=1
On the other hand,
Is1] - Ism| = sup qi(si(zh))... sup gm(sm(z™))
pi(z')<1 pm(z™)<1
= sup q1(s1(x1)..qm(sm (™))
= sup 7o (51(2!) @ ... @ s (™))
pj(z9)<1(j=1,...,m)

= sup T (51 @ ... @ szt @ ... @ 2™))

pj(l‘])gl(jil 7777 m)

< sup {7 (51 ®@ . @ Sp(w)) ,u € X @y ... @p Xy, with m,(u) < 1}
= [|$1® ... ® sp].
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Thus we have
|51 @ .. @ S| = ||51] --- || S| -

Theorem 4.3.2 Let (X1,p1), ..., (Xon,Pm) be real N-asymmetric normed vector spaces
and let (Y, q) be a real asymmetric normed vector space. For every continuous m-linear
mapping T : X1 X ... x X,, — Y there exists a unique continuous linear operator Ty, :

X1 ®p, oo Qny Xow — Y satisfying
Ty (2} @..@a") =T (z},...,z]"),
for every 27 € X;(j =1,...,m). Moreover,
172l = |71,
Proof. Let T}, : X;®...® X,, — Y the unique linearization of T". Let us show that T7, is

n
continuous for the projective asymmetric norm on X; ®...@ X,,. Foru = > 2/ ®..Qz" €
i=1

X ®...® X, we have
A(To(w) < 3 q(Th o) < IT] S pi(ad)epmlal?)
i=1 ;
Taking the infimum over all representations of u it follows that

¢(Te(u)) < [T ma (1),

(P1s--Pm;a)

showing that

T € LC(Xy ®ry oo @ny X, Y) and  ||T1] < ||T]

(P15--Pm;a)

On the other hand for any 27 € X;(j = 1,...,m),
(T a™) = (Tt © - ©0™) < [Tolpr(a"). (™),

this becomes ||T|( | < |TL|. Thus, we conclude that || 77| = ||7T| n
Pl 3q

(Pl ~~~~~ Pm;q)

,,,,,
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