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Introduction

In 1983, Atanassov [3] introduced a new notion called an intuitionistic fuzzy
set (or Atanassov’s intuitionistic fuzzy set) as a generalization of Zadeh’s fuzzy
set [62]. In fuzzy set theory, the non-membership degree of an element x can
be viewed as va(z) = 1 — pa(z) (using the standard strong negation on the
real interval [0, 1]), which is fixed, while in intuitionistic fuzzy setting, the non-
membership degree is a more-or-less independent degree: the only condition is that
va(x) <1—pa(z). Certainly, fuzzy sets are Atanassov’s intuitionistic fuzzy sets
by setting va(z) =1 — pa(x).

Based on Atanassov’s intuitionistic fuzzy set, Burillo and Bustince [I5], [T6] intro-
duced the concept of intuitionistic fuzzy relation, in particular, they introduced
the intuitionistic fuzzy order (or intuitionistic fuzzy ordered set) as a natural
generalization of fuzzy order relation previously introduced by Zadeh [63]. Intu-
itionistic fuzzy relations theory has been applied to many different fields, such
as decision making, mathematical modeling, medical diagnosis, control systems,
machine learning, market prediction, and so on.

One of the important problems of fuzzy and intuitionistic fuzzy ordered set is to
obtain an appropriate concept of the particular elements on such structures, like
an upper bound, a maximum, a supremum, maximal elements and their duals, in
order to obtain new structures and particular classes of fuzzy and intuitionistic
fuzzy ordered sets. Several theoretical and applicational results connected with
this problem can be found, e.g. in Bélohlavek [9], Bodenhofer and Klawonn [12],
Bustince and Burillo [I8, [I9], Coppola et al. [2I], Tripathy et al. [54] and Zadeh
[63]. In particular, Tripathy and his colleagues [54] introduced the concepts of
the upper bound, the supremum and their duals of subsets on a universe X with
respect to an intuitionistic fuzzy order defined on it. Also, they introduced and
studied a concept of lattice with respect to an intuitionistic fuzzy order defined on
it. This concept is extensively used and discussed in the fuzzy and intuitionistic
fuzzy settings by several authors [9, [36], 50, 56, [68].

Above, there is presented the general context of this thesis. But, in a
particular context, this thesis aims to study the following four notions:
(i) the notion of an intuitionistic fuzzy ideal (resp. a filter) on a crisp
lattice;

(ii) the notion of an intuitionistic fuzzy ideal (resp. a filter) on an intu-
itionistic fuzzy ordered lattice;

(iii) the notion of an intuitionistic fuzzy complete lattice;

(iv) the notion of fixed point property of intuitionistic fuzzy lattices.



The notion of an ideal or its dual (a filter) is recognized as one of the most important
concepts in the lattices theory and theory of other algebraic structures used in
formal fuzzy logic. These notions are mainly used to translate connections between
properties on algebraic structures and to define congruence relations and quotient
algebras [55] [43]. They are played a central role in Stone representation theorem for
Boolean lattice [48] and in the extensive theory of representation of a distributive
lattice [22] [27] 45]. In topology and approaches to its analysis, ideals and filters are
appeared to provide very general contexts to unify the various notions of sequences
convergence and limit in arbitrary topological spaces, and to express completeness
and compactness in metric spaces [I3, [68]. In fuzzy setting, for the same purposes,
several authors introduced and investigated the concepts of some kinds of fuzzy
ideals and fuzzy filters in different ways and on different structures. The first
approach considered fuzzy ideal and fuzzy filter as fuzzy sets on crisp structures,
like on lattices or on residuated lattices [111 24} [32] B3, 53], on BL-algebras [35] and
on ordered ternary semigroups [2, [8, 20]. The second approach proposed similar
notions on fuzzy structures, see e.g., Mezzomo et al. [38] for the approache in fuzzy
ordered lattices.

Extended approaches based on Atanassov’s intuitionistic fuzzy sets were proposed
by many authors. One of the approaches considered intuitionistic fuzzy ideals and
filters as Atanassov’s intuitionistic fuzzy sets on a crisp structure. For example
Kim and Jun [3I] introduced the notion of intuitionistic fuzzy interior ideals
of semigroups. Banerjee and Basnet in [7] studied the notion of intuitionistic
fuzzy ideals on a ring, Akram and Dudek [I] introduced and studied a concept of
intuitionistic fuzzy Lie ideals. Qin and Liu [34] [44] introduced and investigated
the properties of intuitionistic fuzzy filters on a residuated lattice and Thomas
and Nair [51], [62] considered intuitionistic fuzzy sublattices, intuitionistic fuzzy
ideals and intuitionistic fuzzy filters on a lattice. In [59], Xu introduced the notion
of interval valued intuitionistic (T, S)-fuzzy filter on a lattice implication algebra
subsequently, some basic properties of it were obtained.

Due to the usefulness of these concepts in different structures, the first
aim of this thesis is to investigate the intuitionistic fuzzy ideals and
filters on a crisp lattices. The second aim is to extend the results
of fuzzy ideals and filters to intuitionistic fuzzy ideals and filters on
intuitionistic fuzzy lattices. For both approaches, we present interesting
characterizations of these notions in term of lattice operations and in
term of their (o, 8)-level sets. Moreover, we extend the notion of a prime
ideal (resp. prime filter) to intuitionistic fuzzy ideal (resp. intuitionistic
fuzzy filter) with respect to the lattice operations and investigate their
various characterizations and properties.

As the third purpose of the dissertation, based on the concept of in-
tuitionistic fuzzy lattice previously proposed by Tripathy et al. [54],



we introduce the notion of intuitionistic fuzzy complete lattice and in-
vestigate its basic characterizations. This notion is a generalization of
the notion of crisp complete lattice. In that point, we extend these
characterizations by considering other completeness criteria. The char-
acterizations of intuitionistic fuzzy complete lattices discussed in terms
of the existence of the supremum or the infimum of their subsets, in
terms of intuitionistic fuzzy chains and maximal chains and in terms of
intuitionistic fuzzy ascending (resp. descending) chains are given. Fur-
thermore, we show that an intuitionistic fuzzy lattice X is complete if
and only if any intuitionistic fuzzy monotone mapping f : X — X has
a fixed point, i.e., an intuitionistic fuzzification of Tarski-Davis’s fixed
point theorem [23|, [49]. This leads to see clearly that any intuitionis-
tic fuzzy complete lattice has the fixed point property and vice versa.
These results show the key role of the fixed point property for estab-
lishing a completeness criterion for intuitionistic fuzzy lattices.

Note that many function spaces, in general fuzzy or intuitionistic fuzzy function
spaces, can be viewed as intuitionistic fuzzy lattices. This fact allows the obtained
results to be used for expressing mathematical problems in fuzzy and intuitionistic
fuzzy function spaces. Particularly, the fixed point property for these spaces as
intuitionistic fuzzy lattices can be employed to examine the theoretical solvability
of linear, integral or differential equations and to develop numerical approaches for
their solutions.

This thesis is structured as follows.

e In Chapter 1, we provide generalities on intuitionistic fuzzy sets, intuitionistic
fuzzy relations and intuitionistic fuzzy lattices, that we need throughout this
thesis.

e In Chapter 2, we investigate the intuitionistic fuzzy ideal and filter concepts
on a lattices and their fundamental properties. We present interesting charac-
terizations of these notions in terms of lattice operations and in terms of their
(a, B)-level sets. Moreover, we extend the notion of prime ideal (resp. prime
filter) to intuitionistic fuzzy ideal (resp. intuitionistic fuzzy filter) with respect
to the lattice operations and investigate their various characterizations and
properties.

e In Chapter 3, we define the intuitionistic fuzzy ideal and filter on an intu-
itionistic fuzzy ordered lattice and we present interesting characterizations of
these notions in terms of lattice operations and in terms of their («, 3)-level
sets. Also, we introduce and investigate two interesting kinds, principal and
prime intuitionistic fuzzy ideals and filters.

e In Chapter 4, we introduce the notion of an intuitionistic fuzzy complete
lattice and investigate its basic characterizations in terms of the existence of

xi



the supremum or the infimum of their subsets or in terms of intuitionistic
fuzzy chains and maximal chains. Also, we extend these characterizations by
considering others completeness criteria. We provide a characterization of
intuitionistic fuzzy complete lattice in terms of intuitionistic fuzzy ascending
(resp. descending) chains and maximal chains. In that chapter, we show that
an intuitionistic fuzzy complete lattices has the fixed point property and
vice versa, i.e., an intuitionistic fuzzification of Tarski-Davis’s fixed point
theorem [23] [49]. These results show the key role of the fixed point property
for establishing a completeness criterion for intuitionistic fuzzy lattices.

e Finally, general conclusions and future research are drawn.

Most parts of results presented in this thesis has already been published or sub-
mitted for publication in peer-reviewed international journals. Results included in
Chapter 2 has been described in [40] and those included in Chapter 4 has been
described in [67].
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1 Generalities on intuitionistic fuzzy sets

and relations

The purpose of this first chapter is to provide a basic introduction to the binary
relations, posets, lattices, t-norm. Next, we recall some basic notions of fuzzy sets,
intuitionistic fuzzy sets and intuitionistic fuzzy relations. Many of the properties
of these concepts will be used in the next chapters.

1.1. Binary relations, ordered sets and lattices

This section contains the basic definitions and properties of binary relations, posets,
lattices.

A binary relation on a set X is a subset of X2, i.e., it is a set of couples (z,y) € X2.
For a relation R C X2, we often write xRy instead of (z,y) € R. Two elements x
and y of a set X equipped with a relation R are called comparable elements, denoted
by z }f y, if it holds that xRy or yRxz. Otherwise, they are called incomparable
elements, denoted by z ||g y, or simply z || y when no confusion can occur. We
denote by R® the complement of the relation R on X, i.e., for any z,y € X, xR
denotes the fact that (z,y) ¢ R. We denote by R! the transpose of the relation
R on X, ie., for any z,y € X, xR'y denotes the fact that yRz. We denote by
R? the dual of the relation R on X, i.e., for any =,y € X, 2R% denotes the
fact that yR°z. A relation R on a set X is said to be included in a relation S
on the same set X, denoted by R C S, if, for any z,y € X, xRy implies that
xSy. The union of two relations R and S on a set X is the relation R U S on
X defined as RUS = {(z,y) € X? | xRy V xSy}. Similarly, the intersection
of two relations R and S on a set X is the relation R NS on X defined as
RNS ={(r,y) € X?| 2Ry AzSy}. If RNS =0, then R and S are called disjoint
relations. The composition of two relations R and S on a set X is the relation
Ro S on X defined as Ro S = {(x,2) € X? | (3y € X)(zRy A ySz)}. For any
n € N* the n-th power relation R™ of R is recursively defined as follows:

(R'*=R)A(Vn = 1)(R"™  =R"oR).

A binary relation R on a set X is called:
(i) reflexive, if, for any = € X, it holds that xRx;

(ii) irreflexive, if, for any « € X, it holds hat xRx;
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(iii) symmetric, if, for any x,y € X, it holds that xRy implies that yRz;
(iv) antisymmetric, if, for any z,y € X, it holds that xRy and yRz imply that
T =1Y;

(v) asymmetric, if, for any x,y € X, it holds that Ry implies that yR¢z;

(vi) transitive, if, for any z,y,z € X, it holds that xRy and yRz imply that zRz;
(vil) complete, if, for any z,y € X, either 2Ry or yRz holds.
A binary relation R on a set X is called:
(i) a pseudo-order relation, if it is reflexive and antisymmetric;

(ii) a strict order, if it is irreflexive and transitive;
(iii) an order relation, if it is reflexive, antisymmetric and transitive;
(iv) a total order relation, if it is reflexive, antisymmetric, transitive and complete;

For more details on binary relations, we refer to [22] [45] @7].

A partial order (order, for short) is a binary relation < over a set X which is
reflexive (a < a, for any a € X), antisymmetric (a < b and b < a implies a = b, for
any a,b € X) and transitive (e < b and b < ¢ implies a < ¢, for any a,b,c € X). A
set with an order relation is called an ordered set (also called a poset). Further,
{x,y}* denotes the set of all upper bounds of = and y, while {z,y}' denotes the
set of all lower bounds of z and y, i.e., {z,y}* ={z€ X |z <2z A y <z} and
{ryf={zeX|z<2 A z<y}.

A strict order is a binary relation < on a set X that is irreflexive (a < a does
not hold for any a € X), asymmetric (if a < b, thus b < a does not hold for
any a,b € X) and transitive. A given binary relation ~ on a set X is said to be
an equivalence relation if it is reflexive, symmetric (a ~ b implies b ~ a, for any
a,b € X) and transitive. If < is an order, then the corresponding strict order < is
the irreflexive kernel given by:

a<b if a<b and a #b.

Conversely, if < is a strict order, then the corresponding order < is the reflexive
closure given by
a<b if a<b or a=hb.

Two elements x and y of X are called comparable if z < y or y < x; otherwise they
are called incomparable, and we write x || y. Using the strict order <, the relation
(x is covered by y) denoted as x < y, if x < y and there exists no z € X such that
x < z < y. A poset can be conveniently represented by a Hasse diagram, displaying
the covering relation <. Note that < y if there is a sequence of connected lines
upwards from x to y.
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For more details about order, strict order and equivalence relations we refer to
[45].

Definition 1.1. [22] Let (X,<1) and (Y, <2) two posets, then the mapping f :
X — Y is monotone (or order-preserving) if x <1y = f(z) <2 f(y), for any
(2,y € X)

Definition 1.2. [22] Let P be an ordered set. Then P is a chain if for any
x,y € P, either v <y ory <z (that is, if any two elements of P are comparable).
Alternative names for a chain are linearly ordered set and totally ordered set.

Zorn’s lemma is a result in set theory that appears in proofs of some non-constructive
existence theorems throughout mathematics.

Theorem 1.1. (Zorn’s lemma) Let P be a non-empty ordered set in which every
nonempty chain has an upper bound. Then P has a maximal element.

Many important properties of an order set (L, <) are expressed in terms of the
existence of certain upper bounds or lower bounds of subsets of X. Particularly,
we are interested in two of the most important classes of ordered sets defined in
this way. They are a lattice and a complete lattice. We often write x V y instead of
sup{x, y} when it exists and = Ay instead of inf{z,y} when it exists. Similarly, we
write \/ S (the join of S) and A S (the meet of S) instead of sup S and inf .S when
they exist.

Definition 1.3. [22] Let (X, <) be an ordered set.
(i) If x V y exists for any x,y € X, then (X, <) is called a V-semi-lattice.
(ii) If x Ny exists for any x,y € X, then (X, <) is called a N-semi-lattice.
(1ii) (X, <) is called a lattice if it is both a N-semi-lattice and a \V-semi-lattice.
(w) If\/ S, \S exist for any S C X, then (X, <) is called a complete lattice.

A bounded lattice is a lattice that additionally has a greatest element 1 and a
smallest element 0, which satisfy 0 < z < 1, for any x in X.

A lattice (L, <, A, V) is distributive if the following additional condition holds
xA(yVz)=(@Ay)V(xAz), forany z,y,z € L.

This means that the meet operation preserves non-empty finite joins. It is known
that the above condition is equivalent to its dual

xV(yAz)=(xVy)A(xzVz), forany z,y,z € L.

Definition 1.4. [22] Let L and L’ be two lattices. A mapping f : L — L' is called

an homomorphism if f(x Ay) = f(z) A f(y) and f(xVy) = f(z)V f(y), for any
x,y € L. If f is a bijection, then f is called an isomorphism.
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1.2. Ideals and filters on a crisp lattice

Ideals are of fundamental importance in algebra. Filters, the order duals of lattice
ideals, have a variety of applications in logic and topology.

Definition 1.5. [22] A nonempty subset I on a lattice L is called an ideal of L if,
for any x,y € L, the following conditions are satisfied:

1. ifyel andx <y, thenx € I,
2. ifx,y € I impliesxVy € I.

The definition can be more compactly stated by declaring an ideal to be a non-empty
down-set closed under join.

A dual ideal is called a filter. Specifically, a non-empty subset of L determined by
the following definition.

Definition 1.6. [22] A nonempty subset F' on a lattice L is called a filter if, for
any x,y € L, the following conditions are satisfied:

1. ifye Fandy <z, thenx € F,
2. ifx,y € F impliesx Ny € F.
The set of all ideals (resp. filters) of L is denoted by Z(L) (resp. F(L)), and carries

the usual inclusion order.

More precisely, an ideal or filter is called proper if it does not coincide with L.
More precisely, an ideal I of a lattice with 1 is proper if and only if 1 ¢ I , and
dually, a filter F' of a lattice with 0 is proper if and only if 0 ¢ F' . For any a € L,
the set | a is an ideal (also known as the principal ideal generated by a). Dually,
1 a is a principal filter.

Definition 1.7. [22] An ideal I on a lattice L is called a prime ideal if, x Ay € L,
thenx €I ory eI, for any x,y € L.

Definition 1.8. [22] A filter F' on a lattice L is called a prime filter if, ztVy € F,
then x € F ory € F, for any x,y € L.

Definition 1.9. [22] Let L be a lattice. A proper ideal (resp. filter) A is said to
be a mazimal ideal (resp. mazimal filter or more usually known as an ultrafilter) if
the only ideal (resp. filter) properly containing A is L.

Example 1.1. (i) The following are ideals in P(X)
(a) all subsets not containing a fized element of X,
(b) all finite subsets (this ideal is non-principal if X is infinite).

(i1) Let (X,%) be a topological space and let x € X. Then the set {V C X |
(U € R)x € U CV} is a filter in (X,%).



CHAPTER 1. GENERALITIES ON INTUITIONISTIC FUZZY SETS AND RELATIONS

1.3. t-norms and t-conorms

The history of triangular-norms (¢-norms) started with Menger [37]. His main idea
was to construct metric spaces where probability distributions are used to describe
the distance between two elements. Schweizer and Sklar [46] provided the axioms
of t-norms, as they are used today.

Definition 1.10. [41] A t-norm T on [0,1] is a function T : [0,1]> — [0,1] satisfies
the following four axioms:

(T1) Commutativity: (Vx,y € [0,1))(T(x,y) = T(y,x));

(T2) Associativity: (Va,y,z € [0,1))(T(x,T(y,2)) = T(T(x,y),2)));

(T3) Monotonicity: (Vz,y,z € [0,1)(z <y =T(z,2) <T(y,2));

(T4) Boundary condition: (VYx € [0,1))(T(z,1) = x).

Conditions (T4) and (T3) imply that for any t-norm 7 it holds that T'(z,y) <
T(x,y) <y, T(x,y) < Min(z,y) and T'(z,0) = 0.

Example 1.2. The following four operations are the most common t-norms:
(T5) Minimum: Tar(z,y) = min{z, y}

(T6) Product: Tp(z,y) = x.y

(T7) Lukasiewicz: Tr(x,y) = max{z +y — 1,0}
(T8)

T8) Drastic product:
z if y=1
Tp(x,y) =<y if =1
0 if z,y<l.

Let T be a t-norm on [0, 1].

An element a €]0, 1] is called a zero divisor of T if there exists some b > 0 such
that T'(a,b) =

An element a € [0,1] is called an idempotent element of T if T'(a,a) = a.

T is called Archimedean if T'(z,z) < z, for any x € [0, 1].

Each a € [a, b] is an idempotent element of the Minimum ¢-norm Ty (Actually Tas
is the only ¢-norm whose set of idempotent is equal [0, 1]), T has no zero divisor.
Each a €]0,1[ is a zero divisor of the Lukasiewicz t-norm T}, as well of the Drastic
product t-norm 7.

For two t-norms T} and Ts on [0, 1], we define:
Tl S T2 ~ (vxay € [07 1])(T1($,y) S TQ(Ivy)) .
Let be T and Ty two t-norms. If 77 < T, then T; is called weaker than T3 (or,

5
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equivalently, T» is called stronger than 7). Note that T is the weakest t-norm,
and Ty is the strongest t-norm, i.e. for any t-norm it holds: (T9) Tp < T < Ty
Since Ty, < Tp, it obviously holds: (T10) Tp < Tp, < Tp < Ty

Triangular conorms (t-conorms) are dual operations of ¢-norms, we recall the
following definition of conorms.

Definition 1.11. [4I] A t-conorm is a function S : [0,1]*> — [0, 1] that for any
z,y, z € [0, 1] satisfies (T1)-(T3) and the following boundary condition S(x,0) =
S(0,z) =z, S(z,1) = S(1,2) =0

Remark 1.1. Given a t-norm T, we find the associated dual t-conorm S by
S(x,y)=1-T(1 —2,1—1y).
The dual t-conorms w.r.t. Ty, Tp,Tr, and Tp are given by:

(S1) Maximum: Sy (z,y) = max{z,y}

(S2) Probabilistic sum: Sp(z,y) =2 +y — s.y
(T7) Lukasiewicz: Sp(z,y) = min{z +y, 1}

)

(T8) Drastic sum:

1, if (z,y) €[0,1)?

max{z,y}, otherwise

SD(x’y) = {

1.4. Intuitionistic fuzzy sets

This section contains the basic definitions and properties of fuzzy sets, intuitionistic
fuzzy sets and several operations on intuitionistic fuzzy sets. The notion of fuzzy
set was introduced in 1965 by Lotfi A. Zadeh in the paper [62].

Definition 1.12. [62] Let X be a nonempty set. A fuzzy set A = {{x,pa(z)) |
x € X} is characterized by a membership function pa : X — [0,1], where pa(x) is
interpreted as the degree of membership of the element x in the fuzzy subset A, for
e X.

For two fuzzy sets A and B on a set X, several operations are defined in the
following way (see [62]).

(i) AC Bif pa(x) < pp(x), for any z € X;
(if)

(ili) ANB = {(z,pa(x) Apup(@)) |z € X};
(iv) AUB = {(z,pa(z) V up(2)) |z € X}

A=Bif pa(z) = pp(x), for any z € X;
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(v) A={{z,1~pa(2)) |z € X}
Definition 1.13. [42] Let A be a fuzzy set on a set X. The support of A is the
crisp subset on X given by

Supp(A) = {z € X | pa(z) > 0}.

Definition 1.14. [42] Let A be a fuzzy set on a set X. The kernel of A is the
crisp subset on X given by

Ker(A)={x € X | pa(z) =1}.

Definition 1.15. [42] Let A be a fuzzy set on a set X. The height of A is the
highest value taken by its membership function given by

H(A) = suppa(z)
reX
Example 1.3. Let X = [0,1] with o, 8 € R and let a,b € R. We define the fuzzy
set A on X by

0,ifr<a—aorb+p <z,
1, if a<z<b,

1+(%%), if a—a<z<a,

1=(%%), if b<z<b+p.

pa(z) =

Then Ker(A) = [0,1], Supp(A) = [a — a,b+ 5] and H(A) = 1.

In the sequel, we give the following definition of level sets (which is also often called
a-cuts) of a fuzzy set.
Definition 1.16. [42] Let A be a fuzzy set on a set X. The a-cut of A is a crisp
subset

Ao = {2 € X | pa@) > a},

where a € [0,1], Ag = X and Ay = Ker(A).

In 1983, Atanassov [3] proposed a generalization of Zadeh membership degree and
introduced the notion of the intuitionistic fuzzy set.

Definition 1.17. [3] Let X be a nonempty set. An intuitionistic fuzzy set (IFS,
for short) A on X is an object of the form A = {(x,pa(x),va(z)) | x € X}
characterized by a membership function pa : X — [0,1] and a non-membership
function vy : X — [0, 1] which satisfy the condition:

0 <pa(z)+valx) <1, for any z € X.
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For any € X the number m4(x) = 1 — pa(z) — va(z) is called the hesitation
degree or the intuitionistic index of x to A.

The class of intuitionistic fuzzy sets on X is denoted by IFS(X).

Certainly, fuzzy sets are intuitionistic fuzzy sets by setting v4(x) = 1—pa(z).

Example 1.4. Let X be the set of all countries with elective governments. Assume
that we know for every country x € X the percentage of the electorate that have
voted for the corresponding government. Denote it by M (z) and let pu(x) = 1\/11(%)
(degree of membership, validity, etc.). Let v(z) = 1—p(xz). This number corresponds
to the part of electorate who have not voted for the government. Using only the
fuzzy set theory, we cannot consider this value in more detail. However, if we

define v(z) (degree of non-membership, non-validity, etc.) as the number of votes

given to parties or persons outside the government, then we can show the part of
electorate who have not voted at all or who have given bad voting-paper and the
corresponding number will be w(x) = 1 — p(x) — v(x) (degree of indeterminacy,
uncertainty, etc.). Thus, we can construct the set {{z,u(z),v(z)) |z € X} and
obviously,

0 <up(x)+v(x) <l

For two intuitionistic fuzzy sets A and B on a set X, several operations are defined
as follows (see, e.g., Atansssov [ [5l 0], Biswas [I0] and Gy [57]). Here we will
present only those which are related to the present work.

(i) ACBif pu(x) < pp(z) and va(z) > vp(x), for any z € X;
(ii)) A=Bif pa(z) = pp(zr) and va(z) = vp(x), for any z € X
(iii) AN B = {{z,pa(x) Apup(@),va(z) Vp(r)) | v € X}

(iv) AUB = {{(z,pa(2) V pp(x),va(z) Avp(a)) |z € X};

) A= {{z,va(@), pa(z)) |z € X};

) [A] = {{z, pa(z),1 = pa(@)) |z € X}

) (A) = {(8,1 — va(@), va(@)) | @ € X};

(viii) Ker(A) = {z € X | pa() = 1 and va(z) = 0};

(ix) Supp(A) ={z € X [ pa(x) >0 or (pa(z) =0 and va(z) <1)}.

In the sequel, we need the following definition of level sets (which is also often
called (a, B)-cuts) of an intuitionistic fuzzy set.

Definition 1.18. [61] Let A be an intuitionistic fuzzy set on a set X. The (a, B)-
cut of A is a crisp subset

(v
(vi

(vii

Asp={z e X | pa(z) > a and va(z) < B},
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where «, § € [0,1] with a + 8 < 1.

1.5. Intuitionistic fuzzy relations

This section contains the basic definitions and properties of fuzzy relations, intu-
itionistic fuzzy relations, intuitionistic fuzzy order relations and several operations
on intuitionistic fuzzy relations. The notion of fuzzy relations was first introduced
by Zadeh [63] as a natural extension to a fuzzy set and plays an important role in
the theory of such sets and their applications.

Definition 1.19. [63] Let X and Y be two nonempty sets. A binary fuzzy relation
from X to Y, is a fuzzy subset of X XY characterized by a membership function
wr which associates with each pair (z,y) its grade of membership pr(x,y) in the
interval [0, 1].

Burillo and Bustince [I5] [I6] introduced the concept of intuitionistic fuzzy relation
as a natural generalization of fuzzy relation.

Definition 1.20. [I5,[16] Let X and Y be two nonempty sets. An intuitionistic
fuzzy binary relation (an intuitionistic fuzzy relation, for short) from X to Y is an
intuitionistic fuzzy subset of X XY, i.e., is an expression R given by

R= {((x,y),uR(x,y),z/R(x,y)> | (xay) e X x Y},

where
pr: X xY —=[0,1], and v4 : X xY — [0, 1]

satisfy the condition

OSMR(m7y)+VR(SUay) < 17 (11)

for any (z,y) € X xY. The value pur(zx,y) is called the degree of membership of
(z,y) in R and vr(x,y) is called the degree of non-membership of (x,y) in R.

Several operations on intuitionistic fuzzy relations are defined (see, e.g., Atansssov
[4, 5, [6], Biswas [10] and Gy [57]). Here we will present only those which are related
to the present work.

Let R, P be two intuitionistic fuzzy relations. R is said to be contained in P
(or we say that P contains R), denoted by R C P, if for any (z,y) € X xY
it holds that pgr(x,y) < pp(z,y) and vgr(z,y) > vp(z,y). The transpose (or

the inverse) R' of R is the intuitionistic fuzzy relation from Y to X defined by

Rt = {{(x,y), pre (2, 9), vre (2,9)) | (z,y) € X x Y}, where puge(z,y) = ur(y,z)
and vg:(x,y) = vg(y,z) for any (z,y) € X x Y.
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The intersection of two intuitionistic fuzzy relations R and P is defined as

RNP = {((x,y),min(,uR(x,y),up(a:,y)),max(VR(x,y),Vp(a:,y))> | (a:,y) € XXY}

The union of two intuitionistic fuzzy relations R and P is defined as

RUP = {((x,y),max(,uR(x,y),,up(x,y)),min(l/R(x,y),Vp(x,y))> ‘ ('T’y) € XXY}'

Let R, P and @ be three intuitionistic fuzzy relations from a universe X to a
universe Y.

(i) if R C P, then R! C P?;
(i) (RUP)! = R'U P
(iii) (RN P)t =R NP
(iv) (R")" = R;

(v) RN(PU@Q)=(RNP)U(RNQ)and RU(PNQK)=(RUP)N(RUQ);

(v RUPDR,RUPDP,RNPCR,RNPC P,

(vii) f RO Pand R2 Q, then R2D PUQ;

(viii) if RC Pand RC Q, then RC PNQ.
Let R be an intuitionistic fuzzy relation (intuitionistic fuzzy relation on X, for

short). The following properties are crucial in (see e.g., [15} [16] 54 [65]):

(1) Reflezivity: pr(x,z) =1, for any 2 € X. In this case we note that vr(z,z) =
0, for any x € X.

(ii) Antisymmetry: for any x,y € X, x # y then

NR(xay) 7é ,LLR(ya‘x)
vr(z,y) # vr(y, @) (1.2)
ﬂ-R(I,y) = 7TR(97$)

where mg(x,y) = 1 — pr(x,y) — vr(z,y).

(iii) Perfect antisymmetry: for any x,y € X with x # y and

:U’R(x7y) >0
or

pr(z,y) =0 and vg(x,y) <1,

10
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then
1r(y, ) =
and (1.3)
VR(yv {E) =1.
(iv) Transitivity:
RO RSV R. (1.4)

In the above definition, the composition RO‘;:f R used in the transitivity means that
RSP R = {((2,2), ayex{Blur(@y),urly, =)} Ayex{plvala.y), valy, 2} |
x,z € X}, where «, 8, XA and p are t-norms or t-conorms taken under the intu-
itionistic fuzzy condition

0 < ayex{Blur(,y), pry: 2)I} + Ayex{plvr(z,v), vr(y, 2)]} <1,

for any x,z € X. The properties of this composition and the choice of o, 3, A

and p, for which this composition fulfills a maximal number of properties, are
investigated in [I5]-[19], [25]. If no other conditions are imposed, in the following

we will take @ = sup, § = min, A = inf and p = max.

Note that Bustince and Burillo in [18], mentioned that the definition of intuitionistic
fuzzy antisymmetry does not recover the fuzzy antisymmetry for the case in which
the considered relation R is fuzzy. However, the definition of intuitionistic fuzzy
perfect antisymmetry recovers the definition of fuzzy antisymmetry given by Zadeh
[63] when the considered relation is fuzzy. This note justifies the following definition
of intuitionistic fuzzy order.

Definition 1.21. [I5, [16] Let X be a nonempty crisp set and R be an intuition-
istic fuzzy relation on X. R is called an intuitionistic fuzzy order or a partial
intuitionistic fuzzy order if it is reflexive, transitive and perfect antisymmetric.

A nonempty set X with an intuitionistic fuzzy order R defined on it is called an
intuitionistic fuzzy ordered set and is denoted by (X, ugr,vg). It easily follows that
each partially ordered set (X, <) and each fuzzy ordered set (X, R) can be viewed
as intuitionistic fuzzy ordered sets.

Example 1.5. Let X = {a,b,c,d,e}. Then the intuitionistic fuzzy relation R
defined on X by

R= {<($,y),ﬂR(iB7y),VR(CC,y)> | T,y € X}7

where ur and vy are given by the following tables:

11
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ur(,.) lal b e d e

a 110|0)| 055 040

b 01 1]10| 035|045

c 00| 1 0 | 0.70

d 0o(o|o0o| 1 0

e o(o|o| 0 1

vir(..) b c d e

a 1] 040 0451 0.25
b 0.30 | 0] 0.20 | 0.85 | 0.10
c 1 1 0 0.85 | 0.15
d 1 1 0 1
e 1 1 0.90 | 0

is an intuitionistic fuzzy order on X.

Example 1.6. Let m,n € N. Then the following intuitionistic fuzzy relation R
on N is an intuitionistic fuzzy order, where

1,if m=n 0,if m=n
pr(m,n)=q 1-2 if m<n andvg(m,n)=4 &, if m<n
0, if m>n, 1, if m>n

On the basis of the above definition of perfect antisymmetry we define a complete
(or total) intuitionistic fuzzy order as follows

Definition 1.22. [65] An intuitionistic fuzzy order R on a universe X is called
complete (or total) if for any x,y € X it holds that

[wr(z,y) > 0 or (ur(z,y) =0 and vr(z,y) < 1)]

[wr(y,z) >0 or (ur(y,z) =0 and vr(y,z) < 1)].

Definition 1.23. [65] An intuitionistic fuzzy ordered set (X, ugr,vg) in which R
1s linear is called a linearly intuitionistic fuzzy ordered set or an intuitionistic fuzzy
chain.

1.6. Intuitionistic fuzzy lattices

In this section, we recall the basic definitions and properties of intuitionistic fuzzy
lattices and some related notions that will be needed throughout the next chapters.
The concept of an intuitionistic fuzzy lattice was introduced by Thomas and Nair

12
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[62] as an intuitionistic fuzzy set on a crisp lattice stable by the supremum and the
infimum of the binary operations M and L.

Definition 1.24. [52] Let L be a lattice and A = {{z,pa(x),va(z)) | x € L} be
an IFS on L. Then A is called an intuitionistic fuzzy sub-lattice (fuzzy lattice, for
short) if for any x,y € L, the following conditions are satisfied:

(i) pa(zUy) > palz) Apaly);
(i4) pa(xMy) > pa(z) A pa(y);
(ii1) va(z Uy) <wva(x) Vva(y);

(i) va(xNy) <wva(xz)Vva(y).

Example 1.7. Figure 1.1 shows the Hasse diagram of a lattice L = {0, a,b,1}.
The intuitionistic fuzzy set A on L given by A = {< 0,0.5,0.1 >, < a,0.4,0.5 >, <
b,0.4,0.3 >,< 1,0.7,0.3 >} is an intuitionistic fuzzy lattice.

1

0

Figure 1.1: Hasse diagram of a lattice (L, <,M,U) with L = {0,a,b,1}.

For further details on intuitionistic fuzzy lattices, we refer to [39, 511 52].

1.7. Intuitionistic fuzzy ideals and filters on a lat-
tice

The notion of intuitionistic fuzzy ideal (resp. filter) on a lattice was first introduced
by Thomas and Nair [52].

Definition 1.25. [52] Let L be a lattice and I = {{(z, ur(z),vi(z)) | x € L} be an
IFS on L. Then I is called an intuitionistic fuzzy ideal on L (IF-ideal, for short)
if for all x,y € L the following conditions are satisfied:

(i) pr(zUy) > pr(z) A pr(y);
(i4) pr(zMy) > pr(x) vV pr(y);

(ii) vi(zUy) <wvi(z) Vvr(y);
() vi(zNy) <vi(x) Avi(y).

13
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Example 1.8. Let L be the lattice given by the Hasse diagram in Figure 2.1. The
intuitionistic fuzzy set I on L defined by I = {< 0,0.5,0.1 >, < a,0.4,0.3 >, <
b,0.1,0.2 >,< 1,0.1,0.3 >} is an IF-ideal.

Definition 1.26. [52] Let L be a lattice and F = {{z,up(z),vr(x)) | z € L} be
an IFS on L. Then F is called an intuitionistic fuzzy filter on L (IF-filter, for
short) if for any x,y € L, the following conditions are satisfied:

(i) pr(zUy) = pr(z) V pe(y);
(i) pr(xNy) > pr() A pe(y);
(iti) ve(zUy) <ve(x) Ave(y);

(iv) vr(xNy) <ve(z)Vvr(y).

Example 1.9. Let L be the lattice given by the Hasse diagram in Figure 2.1. The
intuitionistic fuzzy set F' on L defined by F' = {< 0,0.1,0.6 >, < a,0.2,0.6 >, <
b,0.1,0.5 >,< 1,04,0.3 >} is an IF-filter.

Remark 1.2. Notice that every IF-ideal on L is an L-IF-lattice, but the converse
is not true in general. Indeed, let L be the lattice given by the Hasse diagram
in Figure 2.1 and A € IFS(L) defined by A = {< 0,0.3,0.1 >,< ,0.4,0.5 >
,< 5,0.4,0.3 >,< 1,0.7,0.3 >}. Then A is an L-IF-lattice, but since pa(a) =
pa(aml) =0.4 % max{0.4;0.7}, then it holds that A is not an IF-ideal on L. As

well since pa(0) = pa(amb) = 0.3 # min{0.4;0.4}, then it holds that A is not an
IF-filter on L.

The following results will be needed throughout this chapter.

Proposition 1.1. Let L be a lattice, L? be its order-dual lattice and A € IFS(L).
Then it holds that A is an IF-ideal on L if and only if A is an IF-filter on L% and
conversely.

Proposition 1.2. [52] Let L be a lattice, A and B are two intuitionistic fuzzy sets
on L. Then it holds that

(i) if A and B are two IF-ideals on L, then AN B is an IF-ideal on L;

(ii) if A and B are two IF-filters on L, then AN B is an IF-filter on L.

1.8. Intuitionistic fuzzy ordered lattice

In this section, we recall some basic concepts related to the intuitionistic fuzzy
ordered lattices. Further information can be found in [54].

14
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Definition 1.27. [54] For an intuitionistic fuzzy ordered set (X, ur,vg) and
x € X. The intuitionistic fuzzy sets R>(,) and R<[y) defined in X by

Rxpo) = {{y, bRro 1y (W), VRo (W) |y € X}, where

/J’RZ[,T,] (y) = MR(SU, y) and VRZ[,T] (y> = VR(x7y)7
Repa) = {(¥: broyy (W), VR (¥)) | y € X}, Where

KR« (y) = /LR(:%Z) and VR [y (y) - VR(yax)'

are called, respectively the dominating class of x and the class dominated by x.

Remark 1.3. The notions of the dominating class of x and the class dominated
by x are generalizations of the classical notions T x and | x in a usual poset.

Next, we recall the definition of the upper bounds, the lower bounds, the supremum
and the infimum on intuitionistic fuzzy ordered sets.

Definition 1.28. [54] Let (X, ugr,vr) be an intuitionistic fuzzy ordered set and A
be a subset of X.

(i) The set of upper bounds of A with respect to R is the intuitionistic fuzzy
subset of X defined by

U(R, A)(y) = () Rz (), (1.5)

T€EA
forye X

(i1) The set of lower bounds of A with respect to R is the intuitionistic fuzzy
subset of X defined by

L(R7 A)(y) = ﬂ RS[z] (y) ) (1'6)

z€A

forye X.

Definition 1.29. [54] Let (X, ugr,vgr) be an intuitionistic fuzzy ordered set and A
be a subset of X. An element x € X is called the least upper bound (or a supremum)
of A with respect to R if:

(i) z € Supp(U(R, A)) and

(ii) for all other y € Supp(U(R,A)), wpr(xz,y) > 0 or (ur(z,y) = 0 and
VR(x,y) < 1)

An element © € X is called the greatest lower bound (or an infimum) of A with
respect to R if:

(i) x € Supp(L(R, A)) and

15
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(ii) for all other y € Supp(L(R,A)), pr(y,z) > 0 or (ur(y,z) = 0 and
vr(y,z) < 1).
Remark 1.4. Let (X, ugr,vr) be an intuitionistic fuzzy ordered set and A be a
subset of X. If the supremum and the infimum of A with respect to R exist, then
from the perfect antisymmetry of R they are unique and denoted by supgr(A4) and
infr(A), respectively.

Definition 1.30. [54] An intuitionistic fuzzy ordered set (X, ugr,vr) is called an
intuitionistic fuzzy lattice with respect to the intuitionistic fuzzy order R (or simply,
intuitionistic fuzzy lattice) if each pair of elements {x,y} of X has a supremum
and an infimum.

Example 1.10. Let R be an intuitionistic fuzzy relation on X = {a,b,c,d,e}
defined by the following tables:

ur(,.) | a b |ec|d]| e ve(,.) | a b c d e
a 1 0.7 0| 0] 0.1 a 0.2\ 1 1 0.7
b 0 110|001 b 0.8| 0 110108
c 0510711108 c 03102 0 0 | 0.1
d 0 0 |0|1]05 d 0.8 1 1 0 | 0.4
e 0 0 |10]|0)| 1 e 0.7 08| 07|06\ 0

1t is easy to verify that R is reflexive, perfect antisymmetric and min-maz transitive.
This implies that (X, pr,vr) is an intuitionistic fuzzy ordered set. The following
table describes the supremum and the infimum of each subset of two elements {x,y}
of X.

{x,y} SupR{xvy} infR{xvy}
{CL, b} b a
{a,¢} | a c
{CL, d} d a
{a,e} | e a
{b,c} | b c
{b,d} | e a
{b,e} | e b
{C, d} d cC
{c,e} | e c
{d,e} | e d

So, (X, pr,VR) is an intuitionistic fuzzy lattice.

Definition 1.31. [54] Let (X, ur,vr) be an intuitionistic fuzzy ordered set.

(i) An element T € X s called the greatest element (the mazimum) of X with

16



CHAPTER 1. GENERALITIES ON INTUITIONISTIC FUZZY SETS AND RELATIONS

respect to R or the intuitionistic fuzzy mazimum of X if

NR(SU, T) >0
or
pr(z, T)=0 and vr(z, T) <1,
foranyx € X .
(i) An element L € X is called the smallest element (the minimum) of X with

respect to R or the intuitionistic fuzzy minimum if

MR(J-vx) >0
or
pr(L,z) =0 and vr(Ll,z) <1,

forany x € X.

17






2 Characterizations of intuitionistic
fuzzy ideals and filters on a lattice

In this chapter, we provide interesting characterizations of intuitionistic fuzzy
ideals and filters on a lattice in terms of the lattice operations, and in terms of
their («, 5)-level sets. Moreover, we extend the notion of a prime ideal (resp. a
prime filter) to an intuitionistic fuzzy ideal (resp. an intuitionistic fuzzy filter) with
respect to the lattice operations and investigate their various characterizations and
properties.

2.1. Characterizations of intuitionistic fuzzy ideals
and filters in terms of lattice operations

In this section, we characterize the notion of IF-ideals and IF-filters on a lattice in
terms of the lattice-operations. We start with the key results.

Theorem 2.1. Let L be a lattice and A € IFS(L). Then for any x,y € L the
following four statements hold

(i) (na(xTy) = pa(z) V paly)) if and only if (x <y = pa(x) = pa(y));

(1) (na(zUy) > pa(x)Vpaly)) if and only if (x <y = pa(z) < pa(y));

)
(i1i) (va(xMy) <wva(xz)Ava(y)) if and only if (x <y = va(x) <wvaly));
() (va(zUy)

Uy) <wva(xz) Ava(y)) if and only if (x <y = valz) >valy

Proof. Let z,y € L.

(i) Suppose that pa(zMy) > pa(z) V paly). If ¢ <y then My = z. Since
pa(zny) > pa(x)Vpaly), it follows that pa(z) = pa(xMy) > pa(w)Vpa(y).
Hence, pa(x) = pa(y).

Conversely, suppose that (x < y = pa(z) > pa(y)). Then it follows that
pa(@y) > pa(z) and pa(=y) > paly). Hence, pa(zMy) > pa(e)Vpa(y).

(ii) Suppose that pa(zUy) > pa(x) V pa(y). If 2 <y then z Uy = y. Since
pa(zUy) > pa(x)Vpa(y), it follows that pia(y) = pa(zly) > pa(z)Vpa(y).
Hence, pa(z) < pa(y).

Conversely, suppose that (z < y = pa(r) < pa(y)). Then it follows that
pa(r) < pa(zUy) and pa(y) < pa(eUy). Hence, pa(zUy) = pa(@)Vpa(y).
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(iii) The proof is similar to (i).
(iv) The proof is similar to (ii).

O

As corollaries, we obtain the following interesting properties of IF-ideals and
IF-filters.

Corollary 2.1. Let L be a lattice and I be an IF-ideal on L. Then for any x,y € L
it holds that

(i) If ¢ <y, then pr(x) > pr(y), (i.e., the map py : L — [0,1] is antitone);
(i1) If © < y, then vi(z) < vi(y), (i.e., the map v : L — [0,1] is monotone).

Remark 2.1. The converse of the above implications are not necessarily hold.
Indeed, let us consider the lattice L given by the Hasse diagram in Figure 2.1 and
I the intuitionistic fuzzy ideal on L given by I = {< 0,0.5,0.1 >,< a,0.4,0.3 >
,<5,0.1,0.2>,<1,0.1,0.3 >}. It is easy to verify that pr(a) = 0.4 > ur(b) = 0.1,
but a,b are incomparable elements.

Corollary 2.2. Let L be a lattice and F be an IF-filtker on L. Then for any
x,y € L it holds that

(i) If x <y, then up(x) < pr(y), (i.e., the map pp : L — [0,1] is monotone);
(i1) If v <y, then vp(x) > vp(y), (i.e., the map vy : L — [0,1] is antitone).

Remark 2.2. The converse of the above implications are not necessarily hold.
Indeed, let us consider the lattice L given by the Hasse diagram in Figure 2.1 and F
the intuitionistic fuzzy ideal on L given by F = {< 0,0.1,0.6 >, < a,0.2,0.6 >, <
b,0.1,0.5 >, < 1,0.4,0.3 >}. It is easy to verify that up(b) = 0.1 < pp(a) = 0.2,
but a,b are incomparable elements.

Corollary 2.3. Let L be a lattice has smallest element 1 or greatest element T
and I be an IF-ideal on L. Then it holds that

(i) pr(L) =maxpr(L) and pr(T) = min ur (L), where pr(L) = {pr(x) |z € L};
(i) vi(L) = minvi(L) and vi(T) = maxvy(L), where vi(L) = {vi(z) | x € L}.

Corollary 2.4. Let L be a lattice has smallest element 1 or greatest element T
and F be an IF-filter on L. Then it holds that

(i) pr(L) =minpp(L) and pp(T) = max up(L), where pup(L) = {ur(z) [z €
L};

(i1) vr(Ll) = maxvp(L) and vp(T) = minvp(L), where vp(L) = {vp(x) | €
L}.

In the following theorem we provide a basic characterization of IF-ideals on a
lattice.
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Theorem 2.2. Let L be a lattice and I € IFS(L). Then it holds that I is an
IF-ideal on L if and only if the following two conditions are satisfied:

(i) pr(xUy) = pr(x) A pr(y) for z,y € L;

(ii) vi(x Uy) =vi(z) Vvi(y) for z,y € L.

Proof. Suppose that I is an IF-ideal on L. Then for any z,y € L it holds that
pr(zUy) > pr(x) Apr(y) and vi(z Uy) < vi(z) Vrr(y). Since z < x Uy and
y < x Uy, from Corollary 2.1] it follows that

pr(x) = pr(xUy)
and
pr(y) = pr(zUy).
Hence, pr(x) A pr(y) > pr(zUy). Thus, pr(zUy) = pr(x) A pr(y).
In addition, since x < z Uy and y < Uy we obtain from Corollary that
vi(z) <vi(zUy)
and
vi(y) <vi(zUy).
Hence, vi(z) Vvi(y) < vi(zUy). Thus, vi(zUy) = vi(z) Vvi(y).
Conversely, suppose that pr(zUy) = pr(z) A pr(y) and vi(z Uy) = vi(z) V vr(y),

for any z,y € L. Then it is easy to see that

pr(rUy) > pr(z) A pr(y)

and
vi(z Uy) <wvr(z)Vr(y).

Next, we show that pr(xMy) > pr(x) V pr(y) and vi(z Ny) < vi(z) Avr(y) for
x,y € L. Let x,y € L. Since z U (xMy) =z and y U (x My) = y then it holds
that pr(z U (zMy)) = pr(z) and pr(y U (zMy)) = pr(y) . From Definition [1.25]

(hypothesis (i) and (ii)) it follows that

pr(z) A pr(xNy) = pr(x)
and

pr(y) A pr(eNy) = pr(y) .

Hence, pr(xMy) > pr(z) and pr(zNy) > pr(y). Thus, pr(zNy) > pr(z) V ur(y),
for any x,y € L. In the same way, we obtain that v;(z My) < vi(x) Avi(y), for
any x,y € L. Therefore, I is an IF-ideal on L. O
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In the same manner, the following theorem provides a basic characterization of
[F-filters on a lattice.

Theorem 2.3. Let L be a lattice and F € IFS(L). Then it holds that F is an
intuitionistic fuzzy filter on L if and only if the following conditions are satisfied:

(i) prp(rNy) = pr(x) A pr(y) for z,y € L;
(1) vr(xNy) =vp(x) Vvr(y) forz,y € L.

Proof. The proof is a direct application of Proposition and Theorem O

2.2. Characterizations of intuitionistic fuzzy ideals
and filters in terms of their level sets

In this section, we provide some interesting characterizations and properties of
IF-ideals and IF-filters in terms of their level sets.

Proposition 2.1. Let L be a lattice and A € IFS(L). The following statements
hold

(i) if A is an IF-ideal, then its support Supp(A) is an ideal on L;
(ii) if A is an IF-filter, then its support Supp(A) is a filter on L.

Proof. Let A € IFS(L).

(i) Suppose that A € IFS(L) is an IF-ideal. We show that Supp(A) is an ideal
on L.

(a) Let x € Supp(A) and y < z, then it holds that
pa(x)>0or (ua(z) =0and va(z) <1).

There are two cases to consider : (y <  and pa(z) > 0) and (y < z
and (pa(z) =0 and va(z) < 1)).

First case: suppose that y < z and pa(xz) > 0. Since y < z, then it
holds that Uy = x. This implies that ps(x) = pa(zUy) > 0. From
Theorem (i), it follows that pa(x Uy) = pr(x) A pr(y) > 0. Hence,
ta(y) > 0. Thus, y € Supp(A).

Second case: y < z and (pa(x) =0 and v4(x) < 1). Since y < , then
it holds that x Uy = . This implies that pa(z) = pa(zUy) =0 and
va(z) =va(zUy) < 1. From Theorem [2.2] it follows that pa(z Uy) =
pr(x) Apr(y) =0and va(rUy) = vi(x) Vr(y) < 1. Hence, pa(y) >0
or (ua(y) =0 and v4(y) < 1). Thus, y € Supp(A).
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(b) Let z,y € Supp(A). We show now that x Uy € Supp(A). There are four
cases to consider.

First case: let pa(z) > 0 and pa(y) > 0. Since A is an IF-ideal, then
from Theorem (1) it follows that pa(z Uy) = pr(z) A pr(y) > 0.
Hence, x Uy € Supp(A).

Second case: let (ua(x) =0and va(z) < 1) and (pa(y) = 0and va(y) <
1). From Theorem [2.2]it follows that pa(x Uy) =0 and va(x Uy) < 1.
Hence, x Uy € Supp(A).

Third case: pa(z) > 0 and (ua(y) = 0 and va(y) < 1). From The-
orem it follows that pa(x Uy) = 0 and va(r Uy) < 1. Hence,
x Uy € Supp(A).

The last case (pa(x) =0 and va(x) < 1) and pa(y) > 0 is analogous to
the third case. Thus, Supp(A) is an ideal on L.

(ii) Follows from Proposition and (i).
O

Remark 2.3. The converse of the above implications are not necessarily hold.
Indeed, let us consider the lattice L given by the Hasse diagram in Figure 2.1
and A € IFS(L) given by A = {< 0,0.5,0.1 >,< a,0.4,0.5 >,< b,0.4,0.3 >, <
1,0.7,0.3 >}. It is easy to verify that Supp(A) = L is an ideal and a filter on L,
but A is neither an IF-ideal nor an IF-filter on L.

The following theorem provides a characterization of IF-ideals (resp. IF-filters) in

terms of their level sets.

Theorem 2.4. Let L be a lattice and A € IFS(L). The following statements hold
(i) A is an IF-ideal if and only if their level sets are ideals on L;

(ii) A is an IF-filter if and only if their level sets are filters on L.

Proof. Let A € IFS(L) and A, s their level set, where o, 8 € [0,1] satisfying
a+p <1

(i) Suppose that A is an IF-ideal on L. We show that A, s is an ideal on L for
a, f € [0,1] satistying oo+ 5 < 1.
(a) Let a,8 € [0,1] satisfy o« + 8 < 1, x € Ay p and y € L such that
y < z. Since z € A, g, then it holds that pa(z) > o and va(z) < 6.
Since y < z, from Corollary it follows that pa(y) > pa(z) and
va(y) < va(z). This implies that pa(y) > « and va(y) < . Hence,
y € Aa g, for any a, 8 € [0,1] satisfying o + 8 < 1.

(b) Let a, 8 € [0,1] satisfy « + 8 < 1 and z,y € A, p. Then it holds
that (pa(z) > « and va(z) < B) and (pa(y) > a and va(y) < B).

23



CHAPTER 2. CHARACTERIZATIONS OF IF-IDEALS AND IF-FILTERS ON A LATTICE

From Theorem it follows that pa(x Uy) = pa(z) A paly) > o and
va(zUy) = va(z) Vva(y) < B. Hence, zUy € Ay for o, 8 € [0,1]
satisfying o + 8 < 1. Thus, A, g is an ideal on L for o, € [0,1]
satisfying a4+ 8 < 1.

Conversely, suppose that all level sets of A are ideals on L. We show that A
is an IF-ideal on L. Let z,y € L, @ = pa(z) A pa(y) and g =va(z) Vva(y).
Then it follows that (ua(x) > a and va(z) < B8) and (pua(y) > « and
va(y) < ). The case « = 0 or § =0 is obvious. Let «, 8 € [0, 1] satisfying
a+ B <1and z,y € Ay g. Since A, g is an ideal on L, then it holds
that z Uy € Ay p o, B8 € [0,1] satisfying o + 8 < 1. This implies that
palzUy) > aand va(xUy) < 8. Hence, pa(x Uy) > pa(z) Apa(y) and
va(zUy) <valz) Vvaly).

On the other hand, let @ = pa(rUy) and f = va(zUy). The case a =0
or 8 = 0 is also obvious. Otherwise a, 8 € [0,1] satisfy « + < 1 and
rUy € Ayp. Since Ay p is an ideal on L, z < Uy and y < 2 Uy,
it follows that =,y € A, g, for any «,8 € [0,1] satisfy o« + 8 < 1. This
implies that (ua(x) > « and va(z) < B) and (pa(y) > « and va(y) < B).
Hence, pa(x) A pa(y) > pa(zUy) and va(z) Vva(y) < va(zUy). Thus,
pa(x) A paly) = palz Uy) and va(z) Vva(y) = va(z Uy). Therefore,
Theorem [2.2] guarantees that A is an IF-ideal on L.

(ii) Follows from Proposition and (i).

2.3. Prime intuitionistic fuzzy ideals (resp. filters)

on a lattice

In this section, we introduce and characterize the prime IF-ideals (resp. IF-filters)

on a lattice.

Definition 2.1. An IF-ideal I on a lattice L is called a prime IF-ideal if, for any

x,y €L,
pr(zny) < pr(e) vV our(y)

and
vi(zMy) > vi(x) Avi(y) -

Definition 2.2. An IF-filter F' on a lattice L is called a prime IF-filter if for

x,y €L,
pr(rUy) < pr(x) vV pre(y)
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and
vr(xUy) > vr(z) Ave(y) .

A combination of Theorem and Definition leads to the following character-
ization of prime IF-ideals.

Proposition 2.2. Let L be a lattice and I € IFS(L). Then it holds that I is a
prime IF-ideal on L if and only if the following conditions hold:

(i) pr(zUy) = pr(x) A pr(y), for any z,y € L;
(i) pr(zNy) =

(#i1) vi(zUy)
(

() vi(xNy) = vi(x) Avi(y), for any x,y € L.

pr(x) V pr(y), for any x,y € L;

vi(x) Vur(y), for any z,y € L;

Similarly, Theorem and Definition lead to the following characterization of
prime IF-filters.

Proposition 2.3. Let L be a lattice and F € IFS(L). Then it holds that F is a
prime IF-filter on L if and only if the following conditions hold:

(1) pr(zUy) = pr(x) vV ur(y), for any v,y € L;
(

n
(i) pr(xNy) = pr(®) A pr(y), for any z,y € L;
14

(iti) vp(zUy) r(z) ANvp(y), for any x,y € L;
(iv) vr(x Ny) = ve(r) Vvr(y), for any z,y € L.

The following proposition shows that the support of a prime IF-ideal (resp. prime
IF-filter) on a lattice is a prime ideal (resp. prime filter) on that lattice.

Proposition 2.4. Let L be a lattice and A € IFS(L). Then it holds that
(i) if A is a prime IF-ideal, then its support Supp(A) is a prime ideal on L;

(ii) if A is a prime IF-filter, then its support Supp(A) is a prime filter on L.

Proof. (i) Suppose that A is a prime IF-ideal on a lattice L. From Proposition
it holds that Supp(A) is an ideal on L. Next, we prove that Supp(A) is prime.
Let ,y € L such that My € Supp(A). Then pa(xMy) > 0or (pa(zNy) =
0 and v4(x My) < 1). We consider the following cases.

a) If ua(xMy) > 0, then the fact that A is prime IF-ideal on L implies
I
that
pa(@) V paly) = pa(zny) > 0.

This implies that either pa(x) > 0 or pa(y) > 0. Hence, either z €
Supp(A) or y € Supp(A).
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(b) If (na(zNy) =0 and va(zMy) < 1), then the fact that A is prime
IF-ideal on L implies that

pa(z) vV pa(y) = pa(zny) =0

and

va(@) Avaly) =va(zNy) <1.
These imply that (1a(z) =0 A pa(y) =0) and (va(z) <1Vwva(y) <1).
Hence, (ppa(z) =0 and va(z) < 1) or (ua(y) =0 and va(y) < 1). Thus,
either x € Supp(A) or y € Supp(A).

Therefore, Supp(A) is a prime ideal on L.
(ii) Follows by using Proposition and (i).
O

In the same manner, we get the following theorem which provides a characterization
of prime IF-ideals (resp. prime IF-filters) in terms of their level sets.

Theorem 2.5. Let L be a lattice and A € IFS(L). Then it holds that
(i) A is a prime IF-ideal if and only if their level sets are prime ideals;

(ii) A is a prime IF-filter if and only if their level sets are prime filters.

Proof. (i) From Theorem A is an IF-ideal on L if and only if A, g is an ideal
on L for a, 8 € [0, 1] satisfying o + 8 < 1. It remains to show the primality.
Suppose that A is a prime IF-ideal on L. Let x,y € L such that zMy € A, 3.
Then from Proposition [2.2]it follows that

(pa(zy) = pa(z) Vpaly) >«

and
va(zMy) =va(x) Avaly) < B).

These imply that either (ua(x) > « and va(z) < B) or (ua(y) > « and
va(y) < ). Hence, either x € A, g or y € Ay g. Thus, A, p is a prime ideal
for any a, 8 € [0, 1] satisfying a + 58 < 1.

Conversely, suppose that A, g is a prime ideal for any «, 8 € [0,1] such
that « + 8 < 1 and A is not a prime IF-ideal on L. Then it holds that
there exist z,y € L such that pa(zMNy) > pa(x) V pa(y) and va(zNy) <
va(z) Ava(y). These imply that (ua(zMy) > pa(z) and pa(zny) > paly))
and (va(xMNy) < va(z) and va(zNy) < va(y)). If we put pa(zNy) =«
and va(z My) = B, then it follows that (ua(z) < a and va(z) > B) and
(pa(y) < a and va(y) > B). Hence, x My € Ay 3 and z,y ¢ A, p. That
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is a contradiction with the fact that A, s is a prime ideal on L, for any
a,f € [0,1]. Hence, A is a prime IF-ideal on L.

(ii) Follows from Proposition and (i).

2.4. Interaction of prime intuitionistic fuzzy ide-
als (resp. filters) with the basic set-operations
and a lattices-homomorphism

In this section, we study the interaction of prime IF-ideals (resp. IF-filters) with
the basic set-operations and with a lattices-homomorphism.

2.4.1. Interaction of intuitionistic fuzzy ideals (resp. filters)
with the basic operations

In this subsection, we discuss the interaction of IF-ideals (resp. IF-filters) with
intersection, union, complement and two associated intuitionistic fuzzy sets.

Proposition 2.5. Let (A;);cr be a family of IF-sets on a lattice L. Then it holds
that

(i) if A; is a prime IF-ideal on L, for any i € I, then OIAZ- is a prime IF-ideal
1€
on L;
(i1) if A; is a prime IF-filter on L, for any i € I, then 'ﬂlAi is a prime IF-filter
1€

on L.

Proof. (i) Suppose that for any ¢ € I, A; is a prime IF-ideal on L. From
Proposition it follows that ﬁ A; is an IF-ideal on L. It remains to show

that ﬁ A; is prime. Let z,y E L such that z My € ﬂ A;. Then it follows

that 33 I_I y € A;, for any i € I. Since for i € I, A; 1s a prime IF-ideal, we
obtain

pa,(xNy) < pa, () Vpa,(y)

and
va,(zNy) > va,(x) Avi(y).

This implies that
poa(ENY) < pa(@Ny) < pa @)V pa, (y)
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and
v (xNy) > va,(xNy) >va,(x) Avi(y),

iel

for any ¢ € I. Hence,

poa(@ny) < N\Gua @)V ia, )

iel
and
vVn Ai(x M y) > \/(VAi(‘/E) A Vl(y)) .
1€l
iel
Thus,
na(@ny) <pna(@)Viena(y)
i€l i€l iel
and

Vn Ai(fﬁﬂy) > vn Az(x) AVn Aq(y)
iel ier I

i€

Therefore, AﬂIAi is a prime IF-ideal on L.
1€

(ii) Follows from Proposition and (i).

O

Remark 2.4. The union of two IF-ideals (resp. IF-filers) is not necessarily an
IF-ideal (resp. IF-filter). Indeed, let us consider the lattice L given in E'xample
A and B be two intuitionistic fuzzy sets on L defined by A = {< 0,0.5,0.1 >, <
a,0.4,0.5 >,<b,04,0.3 >,<1,0.1,0.3 >} and B={<0,0.7,0.2 >, < a,0.5,0.5 >
,<,0.6,0.3 >,<1,0.4,0.5>}. We can observe that A and B are IF-ideals on L,
but vaup(1l) = vaup(aUl) = 0.3 # vaup(a) Vvaup(l) = 0.5. Hence, AU B is not
an IF-ideal.

The following propositions discuss the relationship between IF-ideal (resp. IF-filter)
and its complement.

Proposition 2.6. Let L be a lattice and A € IFS(L). Then it holds that
(i) A is a prime IF-ideal if and only if A is a prime IF-filter on L;

(ii) A is a prime IF-filter if and only if A is a prime IF-ideal on L.

Proof. (i) Suppose that A is a prime IF-ideal, then for any z,y € L from
Proposition [2.2] it follows that

pa(zlUy) = wva(zUy)
va(z) Vrva(y)
pa() vV pz(y)
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and

pr(xNy) = va(zNy)
va(z) Ava(y)
p(z) A pz(y)

In a similar way, we prove vy(z Uy) = vg(x) A vg(y) and vg(z MNy) =
vx(z) V v4(y). Applying Proposition guarantees that A is a prime IF-
filter on L.

The sufficient condition follows from Proposition [I1.1I] and the first implication.

(ii) Follows from the fact that A = 4 and (i).

Proposition 2.7. Let L be a lattice and A € IFS(L). Then it holds that
(i) A is a prime IF-ideal if and only if [A] is a prime IF-ideal on L;
(i1) A is a prime IF-filter if and only if [A] is a prime IF-filter on L.
Proof. (i) Suppose that A is a prime IF-ideal on a lattice L. Since [4] =

{{z,pa(x),1 — pa(z)) | x € X}, then it easily to see that [A] is an IF-
ideal on L. Moreover, we have that

pany) = pa(zNy)
= pa(@)Vpaly)
= pa)(@) V pa(y)
and
va(zNy) = 1—pa(xNy)

1— (pa(2) Vv pa(y))
= (A—pa@) A1 —pay))
= vay(®) Avpa(y).

Thus, we can conclude that [A] is a prime IF-ideal on L.

Conversely, suppose that [A] is a prime IF-ideal. By using the same method
as above we get that A is a prime IF-ideal on L.

(ii) Follows from Proposition and (i).
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Proposition 2.8. Let L be a lattice and A € IFS(L). Then it holds that
(i) A is a prime IF-ideal if and only if (A) is a prime IF-ideal on L;

(ii) A is a prime IF-filter if and only if (A) is a prime IF-filter on L.

Proof. The proof is similar as in Proposition [2.7] O

2.4.2. Interaction of intuitionistic fuzzy ideals (resp. filters)
with a lattices homomorphism

In this subsection, we study the interaction of IF-ideals (resp. IF-filters) with a
lattices-homomorphism.

Definition 2.3. [30] Let f : L — L’ be a mapping from a lattice L to another
lattice L' and A = {{(x, pa(x),va(z)) | x € L} be an IFS on L. The image of A by
s defined by £(A) = {{u, F(1a)(w). fva) () | y € L'}, where

) sup{pa(x) |z e fTHY)Y i FN ) # 6
T = { 0. i £y) = &
and
| il e ), ) # 0
Tt { L, F ) = 6.

Similarly, if A" = {(y, pa(y),va (y)) |y € L'} is an IFS on L', then
FHAY) = {(, [ (par) (@), fH (van) (@) | @ € LY,
where [~ (par)(x) = pa (f(2)) and [~ (va) (@) = va(f(2)).

In the following theorem, we will show that the image of an IF-ideal (resp. IF-filter)
is an IF-ideal (resp. IF-filter).

Theorem 2.6. Let L, L’ be two lattices and f : L — L' be a lattices-homomorphism.
Then it holds that

(i) if A is an IF-ideal on L, then f(A) is an IF-ideal on L';

(i1) if A is an IF-filter on L, then f(A) is an IF-filter on L'.

Proof. (i) Let A be an IF-ideal on L. For y,z € L' we have
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flpa)yUz) = sup{pa(z)|ze fHyuz)}
= sup{pa(uVo)|ue f(y) and v e f71(2)}
sup{(pa(u) A pa(v)) |u e f~ (y) and v € f7'(2)}
sup{pa(u) | ue f~(y)} Asup{pa(v) |ve f1(2)}
= flpa)y) A flpa)(z).

Similarly, for y,z € L'

fwa)yuz) = inf{vaz) |ze fH(yU2)}
inf{ra(uVo)|ue f~Hy)and v e f1(2)}
inf{(pa(u) Vpa(v)) |ue f7H(y) and v € f7(2)}
inf{va(u) [ue f7H(y)} vinf{va(v) [ve f7(2)}
= fra)(y) Vv f(va)(2).

Thus, we can conclude that f(A) is an IF-ideal on L'.

(ii) Follows from Proposition and (i).

In the following theorem, we will show that the inverse image of an IF-ideal (resp.
IF-filter) is an IF-ideal (resp. IF-filter).

Theorem 2.7. Let L, L' be two lattices and f : L — L' be a lattices-homomorphism.
Then it holds that

(i) if A’ is an IF-ideal on L', then f~1(A’) is an IF-ideal on L;

(ii) if A" is an IF-filter on L', then f=1(A’) is an IF-filter on L.

Proof. (i) Let A’ be an IF-ideal on L’. For any z,y € L it holds that

U pa)(@uy) = pal(flzUy))
par(f(x) A par(f(y))
S pa) (@) A fH (par) (y)
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and

fTHva)@ly) = va(f(zU

|
N
=
—
~
—
8
S—
—_

= fTHva)
Therefore, f~1(A’) is an IF-ideal on L.

(ii) Follows from Proposition and (i).

O

The next results show that the above Theorems and of the image and the
inverse image of an IF-ideal (resp. IF-filter) are also relevant to a prime IF-ideal

(resp. prime IF-filter).

Theorem 2.8. Let L, L' be two lattices and f : L — L' be a lattices-homomorphism.

Then it holds that
(i) if A is a prime IF-ideal on L, then f(A) is a prime IF-ideal on L';

(i1) if A is a prime IF-filter on L, then f(A) is a prime IF-filter on L’.

Proof. (i) Let A be a prime IF-ideal on L. Theorem [2.6| guarantees that f(A) is
an IF-ideal on L’. Next, we show that f(A) is prime. The fact that A is a

prime IF-ideal implies that for y,z € L

flpa)ynz) = sup{pa(z)|zec f~H(ynz)}
— suplua(uno) |ue fy) and v e f71(2))

sup{(pa(u) V pa(v)) [u € f7'(y) and v € f7(2)}
sup{pa(u) [u € [T (y)} Vsup{pa(v) [v e 7 (2)}

= flpa)y)V f(ua)(z).

Similarly, for y,z € L’ it holds that

flva)yne) = inf{va(z) |z e fH(yn2)}
inf{va(unv)|uec f(y) andve f1(2)}

nf{(jua(w) A pa(v)) | w € f1(y) and v € F1(2)}
inf{va(u) |ue fHy)} Ainf{va(v) |v e f71(2)}

= fwa)) A fra)(z).
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We conclude that f(A) is a prime IF-ideal on L'.
(ii) Follows from Proposition and (i).
O

Theorem 2.9. Let L, L' be two lattices and f : L — L' be a lattices-homomorphism.
Then it holds that
(i) if A’ is a prime IF-ideal on L', then f=1(A’) is a prime IF-ideal on L;

(ii) if A’ is a prime IF-filter on L', then f=Y(A’) is a prime IF-filter on L.

Proof. (i) Let A’ be a prime IF-ideal on L'. Theorem guarantees that f~1(4’)
is an IF-ideal on L. We only need to show that f~!(A’) is prime. Since A’ is
a prime IF-ideal, it follows that for any x,y € L,

par(f(zMy))
= pa(f(@)Vpa(fly)
= [N pa)(@) VT (pa) ()

S par) (@ Ny)

and

foa)@ny) = va(fzny)
= va(f(2) Ava(f(y))
= ST wa)@) A ST van) ()

Therefore, we conclude that f~1(A’) is a prime IF-ideal on L.

(ii) Follows from Proposition and (i).
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3 Characterizations of intuitionistic
fuzzy ideals and filters on an
intuitionistic fuzzy ordered lattice

In this chapter, we introduce the notions of intuitionistic fuzzy ideal and filter on
an intuitionistic fuzzy ordered lattice and we present interesting characterizations
of these notions in terms of the intuitionistic fuzzy ordered lattice operations and
in terms of their («, 8)-level sets. Moreover, we introduce two interesting kinds,
principal and prime intuitionistic fuzzy ideals and filters, and then we investigate
their different properties.

3.1. Intuitionistic fuzzy ideals and filters on an in-
tuitionistic fuzzy ordered lattice

In this section, we generalize the notion of fuzzy ideals and filters given by Mezzomo,
et al.[38] to the intuitionistic fuzzy case and providing their basic characteriza-
tions.

Definition 3.1. Let (X, ug,vr) be an intuitionistic fuzzy ordered set and A be an
intuitionistic fuzzy subset on X. Then A is called an intuitionistic fuzzy ideal on
X if for any x,y € X the following conditions are satisfied:

(i) pa(rUy) > pa(z) A paly);
(ii) va(xUy) <va(z)Vrva(y);
(i1i) pa(z) > paly) A pr(,y);

(iv) va(x) <valy)Vvr(z,y).

Definition 3.2. Let (X, ug,vr) be an intuitionistic fuzzy ordered set and A be a
subset on X. Then A is called an intuitionistic fuzzy filter on X if for any x,y € X
the following conditions are satisfied:

(i) pa(rNy) > pa(z) A paly);
(i) va(zMy) <wva(x) Vva(y);
(i) pa(z) > pa(y) A pr(y,);

(i) va(z) <va(y) Vvr(y,x).
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Example 3.1. Consider the intuitionistic fuzzy lattice of Example[I.7, A and B
are two intuitionistic fuzzy sets on X

(i) A =1{< a,05,0.1 >,< 504,03 >,< ¢0.1,0.2 >,< d,0.1,0.3 >,} is an
IF-ideal on X ;

(i) B = {< a,0.1,0.6 >,< 5,0.2,0.6 >,< ¢,0.1,0.5 >,< d,04,0.3 >,} is an
IF-filter on X.

We state the following result based on Proposition [3.1

Proposition 3.1. Let (X, ugr,vgr,M,U) be an intuitionistic fuzzy lattice, (X, pge, Vg, U, M)
be its order-dual lattice and A € IFS(X). Then it holds that A is an IF-ideal

on (X, ur,vr,M,U) if and only if A is an IF-filter on (X, pgt,vgre,U, M) and vice

versa.

Combining Definition and Definition we easily get also the following
one.

Proposition 3.2. Let (X, ur,vr) be an intuitionistic fuzzy ordered set, A and B
are two intuitionistic fuzzy sets on X. Then it holds that

(i) if A and B are two IF-ideals on X, then AN B is an IF-ideal on X;
(ii) if A and B are two IF-filters on X, then AN B is an IF-filter on X.

Proof. (i) Let A= {(z,jia(x),va(a)) | = € X}

and B = {{z,up(z),vp(z)) | x € X} be two intuitionistic fuzzy sets. Then
ANB = {(z, panp(7), vanp(7)) [ © € X}, where panp(z) = {na(@)Aus (@)}
and vanp(z) = {va(z) Vvp(z)}.

pans(@Uy) = {palzUy) Aps(zUy)}

{{palx) Apa(y)} AMus(e) Aps(y)tH
{{ra(x) Aps (@)} AMpaly) A ps(y)t
{panB(x) A ans(y)}

AVARAVARLY,

Similarly, we get that vanp(z Uy) < {vanp(x) Vvans(y)}

panp(®) = {pa(z) App()}
> {{pay) Apr(z,y)} AMusy) A pr(z,y)t}
> {{paly) Nus(y)} A pr(e,y)}
> {pans(y) A pr(z,y)}

Similarly, we get that vanp(x) < {vans(y) vV vr(z,y)}.
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Hence, AN B is an IF-ideal on X.
(ii) Follows from Proposition and (i).
O

Remark 3.1. The union of two intuwitionistic fuzzy ideals (resp. filers) does not
necessarily be an intuitionistic fuzzy ideal (resp. filter). Indeed, let us consider the
lattice X given in Fxample A and B are two intuitionistic fuzzy sets on X
defined by A = {< a,0.5,0.1 >, < b,0.4,0.5 >,< ¢,0.4,0.3 >,< d,0.1,0.3 >} and
B ={<4a,0.7,0.2 >,< b,0.5,0.5 >,< ¢,0.6,0.3 >,< d,0.4,0.5 >}. We can see
that A and B are two intuitionistic fuzzy ideals on X. We have,

AUB={<a,0.7,0.1 >,<b,0.5,0.5 >,<¢,0.6,0.3 >,<d,04,0.3 >}.

vaug(b) = 0.5 £ vaup(d) V vgr(b,d) = 0.3. which prove that AU B is not an
IF-ideal on X.

3.2. Characterizations of intuitionistic fuzzy ideals
and filters in terms of the intuitionistic fuzzy
ordered lattice operations

In this section, we characterize the notion of IF-ideals and IF-filters on IF-lattice
in terms of the IF-ordered lattice operations. First, we need the following key
results.

Theorem 3.1. Let X be an IF-lattice and A € IFS(X). Then for any x,y € X,
the following four statements hold

(i) (na(x) > pa(y) A pr(e,y)) if and only if (ur(w,y) > 0= pa(r) > pa(y));
(i) (pa(z) > paly) A pr(y,z)) if and only if (ur(z,y) > 0= pa(z) < pa(y));
(i1i) (va(z) <wvaly)Vvr(z,y)) if and only if (vr(z,y) <1 = va(z) <va(y));

(z) <
(i) (va(x) <valy)Vve(y,x)) if and only if (vr(z,y) <1=va(z) = va(y)).

Proof. Let z,y € X.

(i) Suppose that pa(z) > pa(y) A pr(z,y). Then pa(z) > pa(y) or pa(z) >
pr(z,y). If pr(x,y) > 0, then pa(z) > pr(x,y) does not hold in general.

Hence, pa(z) > pa(y).

Conversely, suppose that (ur(z,y) > 0= pa(x) > pa(y)). We show that
pa(r) > pa(y) A pr(z,y). There are three cases to consider pa(y) = 0 or

pa(y) > pr(w,y) or pa(y) < pr(w,y).
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First case: suppose that pa(y) = 0. This implies pa(y) A pr(z,y) = pa(y).
Since pa(z) > pa(y), then we get pa(z) > paly) A pr(z,y).

Second case: suppose that pa(y) > pr(x,y). Since pa(x) > pa(y), then it
holds that pa(z) > pr(z,y). Hence, pa(z) > pa(y) A pr(z,y).

Third case: Supposing 14(y) < r(e,y), we have pa(y) A pr(e,y) = pa().
Since pa(x) > pa(y), then it holds that pa(x) > pa(y) /\,uR( Y).

Thus, pa(z) > ua(y) A pr(z,y), for any z,y € X.
(ii) The proof is similar as in (i).

(iii) Suppose that va(z) < va(y) V vr(z,y). Then va(z) < va(y) or va(z) <

vr(z,y). If vr(z,y) < 1, then vua(zr) < vr(z,y) does not hold in general.
Hence, va(z) < va(y).

Conversely, suppose that (vg(z,y) < 1 = va(z) < va(y)). We show that
va(z) <va(y) Vvgr(x,y). There are three cases to consider v4(y) = 1 or
va(y) < vr(z,y) or va(y) = vr(z,y).

First case: suppose that v4(y) = 1. This implies that v4(y)Vvr(z,y) = va(y).
Since v4(x) < va(y), then it holds that va(x) < valy) V pr(z,y).

Second case: suppose that v4(y) < vr(z,y). Since va(z) < va(y), then we
get va(x) < vp(z,y). Hence, va(x) <va(y) Vvr(z,y).

Third case: Supposing v4(y) > vr(z,y), we have va(y) V vg(z,y) = va(y).
Since v4(x) < va(y), then it holds that va(x) < wva(y) Vvr(z,y).

Thus, va(z) < va(y) Vvgr(z,y), for any z,y € X.
(iv) The proof is similar as in (iii).

O

As corollaries of Theorem we obtain the following interesting properties of
IF-ideals and IF-filters. The proofs are straightforward.

Corollary 3.1. Let (X, ugr,vr) be an IF-lattice and I be an IF-ideal on X. Then
for x,y € X it holds that

(i) if ur(z,y) > 0, then ur(z) > wur(y), (i-e., the map pur : X — [0,1] s
antitone);

(i1) if ur(x,y) > 0, then vi(z) < vi(y), (i.e., the map vy : X — [0,1] s
monotone).

Corollary 3.2. Let (X, ur,vr) be an IF-lattice and F' be an IF-filter on X. Then
for any x,y € X it holds that
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(i) if pr(z,y) > 0, then pp(xz) < pr(y), (i-e., the map pp : X — [0,1] is
monotone);

(i) if ur(z,y) > 0, then vp(z) > vp(y), (i.e., the map vp : X — [0,1] is
antitone).

Corollary 3.3. Let (X, ugr,vr) an IF-lattice has smallest element L or greatest
element T and I be an IF-ideal on X. Then it holds that

(i) 11(L) = max 7 (X) and (T = min 17 (X), where
pr(X) =A{pr(z) |z € X},

(ii) vr(1) = minv;(X) and vi(T) = max vy (X), where
vi(X) = {vi(2) | € X}

Corollary 3.4. Let (X, ug,vr) be an IF-lattice has smallest element L or greatest
element T and F be an IF-filter on X. Then it holds that
(i) pr(L) =minp(X) and pp(T) = max pp(X), where
pr(X) ={pr(z) |z X},
(ii) vip(L) = maxvy(X) and vp(T) = minve(X), where
vp(X) ={vp(z) |z € X}.

In the following theorem we provide a basic characterization of IF-ideals on IF-
lattice.

Theorem 3.2. Let X be an IF-lattice and I € IFS(X). Then it holds that I is
an IF-ideal on X if and only if the following two conditions are satisfied:

(i) pr(zUy) = pr(x) Apr(y), for any z,y € X;
(id) vi(x Uy) = vi(2) V vi(y), for anyz,y € X.
Proof. Suppose that I is an IF-ideal on X. Then for z,y € X it holds that uy(z U

y) > pr(z) Apr(y) and vr(zUy) < vi(x) Vvr(y). Moreover, since pugr(z,xUy) >0
and pr(y,zUy) > 0, from Corollary it follows that

pr(z) > pr(rUy)

and
pr(y) > pr(zUy).

Hence, pr(z) A pr(y) > pr(zUy) and lastly pr(zUy) = pr(x) A pr(y).
Also, since pg(z, 2 Uy) > 0 and pr(y, 2 Uy) > 0 from Corollary [3.1] we obtain that

vi(z) <vr(zUy)
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and
vi(y) <vi(zUy).

Hence, vi(z) Vvi(y) <vi(zUy). Thus, vi(xz Uy) =vi(z) Vrr(y).
Conversely, suppose that pr(x Uy) = pr(z) A pr(y) and vi(zUy) = vi(z) V vr(y),
for z,y € X. Then it is obvious that

pr(rUy) > pr(z) A pr(y)

and
vi(zUy) <wvi(z)Vrvi(y)

for z,y € X. Next, we show that ur(x) > ur(y) A pr(z,y) and vi(z) < vi(y) vV
vr(z,y), for z,y € X.

Let 2,y € X and pug(x,y) > 0. Then z Uy = y. Since pr(zUy) = pr(z) A pr(y),

it follows that pr(y) = pr(z Uy) = pr(x) A pr(y). Hence, pr(x) > pur(y). Using
Theorem [3.1] (i) we get pr(z) > pr(y) A pr(z,y). In the same way, we obtain that
vi(z) <vi(y) Vvgr(z,y), for x,y € X. Therefore, I is an IF-ideal on X. O

In the same manner, the following theorem provides a basic characterization of
IF-filters on a IF-lattice.

Theorem 3.3. Let X be an IF-lattice and F € IFS(X). Then it holds that F is
an IF-filter on X if and only if the following conditions are satisfied:

(i) pr(zNy) = pp(x) A pr(y), for any z,y € X;

(i1) vr(zMy) = vr(x) Vvr(y), for any z,y € X.

Proof. The proof is a direct application of Proposition [3.1 and Theorem O

3.3. Characterizations of intuitionistic fuzzy ideals
and filters in terms of their level sets

The present section contains some interesting characterizations and properties
about IF-ideals and IF-filters in terms of their level sets.

Proposition 3.3. Let (X, ur,vr) be an IF-lattice and A € TFS(X). The following
statements hold

(i) if A is an IF-ideal, then its support Supp(A) is an ideal on X;

(i1) if A is an IF-filter, then its support Supp(A) is a filter on X.
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Proof. (i) Let A € IFS(X) be an IF-ideal. We show that Supp(A) is an ideal

(a)

(if)

on X.
Let z € Supp(A) and pgr(y,x) > 0. Then it holds that

pa(z) >0or (pa(x) =0and va(z) <1)

There are two cases to consider (ug(y,z) > 0and pa(z) > 0) or (ur(y,z) >0
and (pa(z) =0 and va(z) < 1)).

First case: suppose that pr(y,z) > 0 and pa(z) > 0. From Corollary it
follows that pa(y) > pa(z), which implies pa(y) > 0. Thus, y € Supp(A).

Second case: pr(y,x) >0 and (ua(z) =0 and va(z) < 1). Since pr(y, z) >
0, then it holds that = Ly = x. This implies that pa(z Uy) = pa(z) =0
and va(z Uy) = va(z) < 1. From Theorem [3.2] it follows that pa(z Uy) =
pr(@) Apr(y) =0and va(zUy) =vi(x) Vir(y) < 1. Hence, pa(y) > 0 or
(na(y) =0 and va(y) <1).

Thus, y € Supp(A).

Let z,y € Supp(A). We need to show that x Uy € Supp(A). There are four
cases to consider.

First case: pa(z) > 0 and pa(y) > 0. Since A is an IF-ideal, then from
Theorem (i) it follows that pa(x Uy) = ur(z) A ur(y) > 0. Hence,
x Uy € Supp(A).

Second case: (pa(x) =0 and va(z) < 1) and (pa(y) = 0 and va(y) < 1).
Using Theorem [3.2] we have that pa(zUy) =0 and va(z Uy) < 1. Hence,
x Uy € Supp(A).

Third case: pa(z) > 0 and (pa(y) = 0 and va(y) < 1). From Theorem [3.2]
we get pa(zUy) =0and va(zUy) < 1. Hence, z Uy € Supp(A).

The last case (pa(z) =0 and va(x) < 1) and pa(y) > 0 is analogous to the
third case. Thus, Supp(A) is an ideal on X.

Follows from Proposition and (i).
O

In the following theorem we show a characterization of the IF-ideals (resp. filters)

in terms of their level sets.

Theorem 3.4. Let (X, ur,vr) be an IF-lattice and A € IFS(X). The following
statements hold

(i) A is an IF-ideal if and only if its level sets are crisp ideals on X;

(ii) A is an IF-filter if and only if its level sets are crisp filters on X.
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Proof. Let A € IFS(L) and A, g their level set, where o, 8 € [0, 1] satisfy o+ < 1.

(i) Suppose that A is an IF-ideal on X. We show that A, g is an ideal on X,
for any a, 8 € [0, 1] satisfying a + 8 < 1.

(a) Let o, 8 € [0,1] satisfy a + 8 < 1, x € A, p and y € X such that
pr(y,z) > 0. Since x € A, g, then it holds that pa(z) > « and
va(z) < B. Since pgr(y,z) > 0, from Corollary it follows that
pa(y) > pa(x) and va(y) < va(z). This implies that pa(y) > «
and va(y) < . Hence, y € A, p, for any «, 8 € [0,1], which satisfy
a+p<1.

(b) Let o, 8 € [0,1] satisfy o+ 8 < 1 and =,y € Ays . Then it holds
that (pa(z) > « and va(z) < B) and (pa(y) > a and va(y) < B).
From Theorem [3.2] it follows that pa(zUy) = pa(x) A pa(y) > « and
va(zUy) = va(z)Vra(y) < B. Hence, xUy € A, g, for any «, 5 € [0,1]
satisfying o + 8 < 1. Thus, A, g is an ideal on X, for any «, 5 € [0, 1],
such that o + 5 < 1.

Conversely, suppose that all level sets of A are ideals on X. Now we show that
AisanIF-idealon X. Let x,y € X, o = pa(x)Apa(y) and 8 = va(zx)Vra(y).
Then it follows that (ua(z) > a and vua(x) < B) and (pa(y) > « and
va(y) < ). The case « = 0 or 8 = 0 is obvious. Otherwise, let a, 8 € [0, 1]
satisfy « + 8 <1 and x,y € Ay g. Since A, g is an ideal on X, then it holds
that Uy € A, g for any «, 8 € [0,1] satisfying a4+ 5 < 1. This implies that
palzUy) > aand va(x Uy) < 8. Hence, pa(x Uy) > pa(z) A pa(y) and
valzUy) <wva(z) Vvaly).

On the other hand, let « = pa(zUy) and S =va(zUy). The case « =0
or = 0 is also obvious. Otherwise, let o, € [0,1] satisfy a+ 8 < 1
and z Uy € A, pg. Since A, is an ideal on X, pp(z,zUy) > 0 and
pr(y,x Uy) > 0, it follows that z,y € A, g, for any «, 8 € [0, 1] satisfying
a+ < 1. This implies that (ua(z) > o and va(z) < B) and (1a(y) > « and
va(y) < B). Hence, pia(x) Apa(y) = pa(zUy) and va(z)Vva(y) < valzUy).
Thus, pa(z) Apa(y) = pa(zUy) and va(z) Vva(y) = va(z Uy). Therefore,
Theorem [3.2] guarantees that A is an IF-ideal on X.

(ii) Follows from Proposition and (i).

3.4. Principal intuitionistic fuzzy ideals and filters

In this section, at first we recall the notion of down-set (resp. up-set) in the crisp
case and secondly we define the down-set (resp. up-set) of an intutionistic fuzzy
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ordered set. Then we present their basic properties.

The down-set | S (resp. the up-set 1 .5) of S in a crisp lattice L is defined as
1S={zxeL:z<y, for some y € S}

(resp. 1S ={zxe€L:y<x, for some y € S}).

Similarly, for a given element = of a set X, the down-set | = (resp. the up-set 1 x)
is defined as

le={yeL|y<z}(resp. Ta={yeL|z<y}).

Note that both | S and 1 S coincide with S, when S is an ideal or a filter
respectively.

In the following definition, we define analogously to down-set and up-set on a crisp
lattice L, two intuitionistic fuzzy sets || S and {} .S on intuitionistic fuzzy lattice X
as follows:

Definition 3.3. Let (X, ug,vr) be an IF-lattice and A € IFS(X).
(i) The IF-down set of S denoted by || S is defined by

pys(z) = sup (ws(y) A pr(z,y)),

vys(T) = yig;(vs(y) Vvg(T,y)).

(it) The IF-up set of S denoted by 1 S is defined by

pps () = Sg@((us(y) A pr(Y, ),

vys(x) = inf (vs(y) V va(y, 2)-
Remark 3.2. For any crisp set S on a lattice L, it holds that
(i) 4 §=L5;
(i) + S =18.
Now, we present the following result.

Proposition 3.4. Let (X, ugr,vr) be an IF-lattice and S, T be an intuitionistic
fuzzy subsets on X. Then we have

(i) S €l S;
(ii)) IfSCT, then | S C| T;
(iii) I (4 §) =1 S;
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(iv) $ (SUT) =4 SULT;

Proof.

(v) $(SNT) I SN T.

(i) Let S be an IFS on X and # € X. Then it holds that pg(x) =

pus(x) A pr(z,z) < sup(ps(y) A pr(z,y)). Similarly, we get that vg(z) =
yeX

vs(z)Vvg(z,z) > iél)f((lls(y) V vr(z,y)). Hence, S CJ} S.
y

(ii) On the one hand, pys(x) = sup(us(y) A pr(z,y)). Since ps(y) < pr(y),

yeX

it follows that pys(z) < sup(pur(y) A pur(z,y)) = pyr(z). On the other
yeX

hand, vyg(z) = ig)f((ug(y) V vgr(z,y)). Since vs(y) > vr(y), it follows that
y
vys(z) > ig’((VT(y) Vvg(x,y)) = vyr(z). Therefore, || S Cl} T.
y

(iii) On the one hand,
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tyys) ()

On the other hand,

vys) (@)

sup (pys(y) A pr(z,y))
yeX

sup (sup ((us(2) A pr(y, 2))) A pr(z,y))
yeX zeX

sup (sup (A(ps(2), pr(Y, 2), kr(2,Y))))
yeX zeX

ys;lEpX(A(us(Z), pr(Y, 2), kr(,y)))

sup((us(2) A sup (ur(@,y) A pr(y, 2)))
zeX yeX

sup (s (2), pr(z,2))
zeX

pys ().

Jnf (vys(y) v vr(z,y)

inf (int ((vs(2) V vl 2))) V vl 9)

Jnf (inf (V(vs(2),vR(y, 2), vr(z,))))

y,iznefX(\/(l/s(Z), vr(Y,2),vr(2,Y)))

Inf ((vs(2) v yig)f((VR(L Y) vV r(y, 2)))
Inf (vs(2), vr(z, 2))
VUS(x)~
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Therefore, || (} S) = S

(iv) On the one hand,

pysury(x) = sup(psur(y) A pr(z,y))
yeX

= 522((#5(@/) vV pr(y)) A pr(a,y))

= SEE((“S(?/) A pr(x,y) V (ur(y) A pr(e,y)))

= sup(us(y) A pr(z,y)) vV sup(ur(y) A pr(z,y))
yeX yeX

= ys(@) VvV pyr(z).

On the other hand,

vysury(T) = lnf (VSUT(?J) V vr(z,y))

of (vs(y) Avr(y) V vr(z, y))

= inf ((vs(y) Vvr(z,y) Alvr(y) Vvr(z,y)
uf (vs(y) vV ve(z,y)) A yig)f((VT(y) Vvg(z,y))
(

= wys(@) A pyr(z).

Hence, | (SUR) =l SU| R.

(v) On the one hand,

pysory(x) = sup(psar(y) A pr(z,y))
yeX

= sup((ps(¥) A pr(y)) A pr(z,y))
yeX

< sup(us(y) A pr(z,y)) Asup (ur(y) A pr(z,y))
yeX yeX

= pys(@) A pyr(z).
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On the other hand,

vysnm(x) = lnf { (vsnr(y) V ve(z,y))
= inf ((vs(y )Vur(y))Vve(z,y))
uf (vs(y) v vr(z, y))V?}g)f((VT(y)\/VR(fE,y))

= VUS(x)VVUT()

Hence, || (SN R) Cy SN R.
O]

In the same manner, we obtain a dual version of Proposition [3.4]for the intuitionistic
fuzzy down-set.

Proposition 3.5. Let (X, ur,vr) be an IF-lattice and S, T be an intuitionistic
fuzzy subsets on X. Then it holds that

(i) S At S;

(ii) If S C T, then § S C T
(iii) i (1t S) =t S;

(iv) 4 (SUT) = U T;

(v) 4 (SNT) S SN T.

Proof. The proof is a direct application of Proposition [3.1] and Theorem [3.2] [

The following corollary follows immediately from Proposition and Proposi-
tion

Corollary 3.5. Let (X, ugr,vr) be an IF-lattice and S be an intuitionistic fuzzy
subset on X. Then | S and {} S define a topological closure on intuitionistic fuzzy
sets on X.

Combining Proposition Proposition Corollary and Corollary we
obtain the following theorem.

Theorem 3.5. Let (X, ur,vr) be an IF-lattice and S be an intuitionistic fuzzy
subset on X. Then it holds that

(i) If S is an IF-ideal, then | S = S;
(ii) If S is an IF-filter, then + S = S.
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Proof. (i) Suppose that S an IF-ideal on X. On the one hand, Proposition
guaranties that S Cl} S. On the other hand, let z,y € X such that ug(z,y) >
0.

As pys(z) = sup(ps(y) A pr(z,y)), from Corollary it follows that
yeX

pys(x) < sup (ns(z) A pr(z,y)). Since pr(z,z) =1, then
ye

ps(x) A pr(z, )
pis ().

pys(z) <
<

Hence, pys(z) < pg(z), for any z € X.
In the same way, vys(z) = in}"{(us(y) Vvr(x,y)) and from Corollary [3.1|it
ye

follows that vyg(z) > ig)f((us(x) V vg(x,y)). Since vg(z,z) = 0, then
y

vs(z) Vvg(z,x)

Us(x)

vys(z)

AVARLY,

Hence, vys(z) > vg(z), for any € X. Thus, | S =S.
(ii) Follows from Proposition and (i).
O
Remark 3.3. The converse of the above theorem does not necessarily hold. Indeed,

let us consider X as the IF-lattice of Example and S € TFS(X) given by
S ={<a,0.7,0.1 >,<b,04,0.2>,<¢0.3,01 ><d,0.1,0.3 >}

pys(a) = sgg(us(y) A pr(a,y)) = 0.7

and vys(a) = inf (vs(y) V vgr(a,y)) =0.1

yeX
tys(b) = sup (1s(y) A pr(by)) =04
and vyg(b) = ylg)f((l/s(y) Vvg(b,y)) =0.2
pys(e) = sup(ps(y) A pr(c,y)) = 0.3

yeX
and vys(c) = inf (vs(y) V vr(c,y)) =0.1
yeX

pys(d) = sgg(us(y) A pr(d,y)) = 0.1

and vys(d) = (vs(y) Vvr(d,y)) =0.3.

inf
yeX
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Therefore, || S = {< a,0.7,0.1 >, < 1,04,0.2 >,< ¢,0.3,0.1 >,< d,0.1,0.3 >}.
Thus, | S =S but S is not an I[F-ideal on X.

From the above we get the following corollary

Corollary 3.6. Let (X, ugr,vr) be an IF-lattice and S be an intuitionistic fuzzy
subset on X. Then it holds that

(i) if S is an IF-ideal, then |} S is an IF-ideal;
(i1) if S is an IF-filter, then t S is an IF- filter.

The following result follows immediately from Proposition[3.4and Theorem[3.5]

Corollary 3.7. Let (X, pug,vr) be an IF-lattice and S be an intuitionistic fuzzy
subset on X. Then it holds that

(i) If S is an IF-ideal, then |} S is the lowest ideal containing S;

(i5) If S is an IF-filter, then {} S is the lowest filter containing S.

Definition 3.4. Let (X, ugr,vr) be an IF-lattice. For any x € X, we define the
intuitionistic fuzzy singleton T : X — [0,1] by

ui(t)={ 1,ifz=t

a(t) , otherwise,

and
=g oot
B(t) , otherwise,

where «a(t) (resp. [B(t)) is an monotone map (resp. antitone map) with the
condition:
0<a)+8(t) <1, foranyte X.

In the following Proposition we show that the intuitionistic fuzzy down-set (resp.
up-set) of any intuitionistic fuzzy singleton is an intuitionistic fuzzy ideal (resp.
filter).

Proposition 3.6. Let (X, ugr,vr) be an IF-lattice. Then it holds that

(i) U & is an IF-ideal for any x € X;

(i) N T is an IF-filter for any x € X.
Proof. Let x € X. We show that puyz(aUb) = pysz(a) A pyz(b) and vyz(a U b) =
vyz(a) V vyz(b), for any a,b € X.
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(i) On the one hand, we have

pyz(alb) = sgg(uaz(y) A pr(alUb,y))
= sw (1z(y) A (r(a,y) A pr(b,y)))
= Sgg (1z(y) A pr(a,y)) A sg@( (1z(y) A pr(b,y))

= pyz(a) A pyz(b).

On the other hand, we have

uM(aI_Ib) = yig)f((vgz(y)VVR(anay))

= Jnf (vz(y) V (vr(a,y) V vR(by))
= yig)f((vaz (y) Vvr(a,y) Vv yig’((w: (y) Vvr(b,y))

= vya(a) Vs (b).

Therefore, Theorem [3.2] guarantees that |} z is an IF-ideal on X.
(ii) Follows from Proposition and (i).

O

Definition 3.5. Let (X, ugr,vr) be an IF-lattice and x be an element of X. Then
(i) U % is called a principal ideal on X generated by x;

(ii) 1+ T is called a principal filter on X generated by x.

3.5. Prime intuitionistic fuzzy ideals and filters

In this section, we treat with the concept of a prime IF-ideal and IF-filter and their
properties. First we introduce the following definitions.

Definition 3.6. Let (X, ur,vr) be an IF-lattice. A nonempty IF-set A on X is
called a proper IF-set, if there exists © € X such that pa(xr) =0 and va(z) > 0.

Definition 3.7. Let (X, ur,vr) be an IF-lattice. A proper IF-ideal I on X is
called a prime IF-ideal if for any x,y € X

pr(z Ay) < pr(z) Vopr(y),
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and
vi(x Ay) > vi(z) Avr(y).

Definition 3.8. Let (X, ugr,vr) be an IF-lattice. A proper IF-filter F' on X is
called a prime IF-filter if for any x,y € X

pr(eVy) < pp(x)Vur(y),

and
vr(xVy) > ve(x) Ave(y).

Combining Theorem [3.2] and Definition [3.1] we get the following characterization of
prime TF-ideals.

Proposition 3.7. Let (X, ugr,vr) be an IF-lattice and I € IFS(X). Then I is a
prime IF-ideal on X if and only if the following conditions hold:

(i) pr(zUy) = pr(z) A pr(y), for any z,y € X;
(i) pr(zNy) = pr(x) vV pr(y), for any z,y € X;
(ii) vi(xUy) =vi(x)Vrr(y), for any z,y € X;
() vi(xNy) =vi(x) Avi(y), for any xz,y € X.

Also, Theorem [3:2] and Definition [3.2] we get the following characterization of prime
IF-filters.

Proposition 3.8. Let (X, ur,vr) be an IF-lattice and F' € IFS(X). Then F is
a prime IF-filter on X if and only if the following conditions hold:

(i) pr(rUy) = pr(z)V ur(y), for any v,y € X;
(i) pr(xNy) = pr(@) A pr(y), for any x,y € X;

(i4) vrp(zUy) = vp(x) Ave(y), for any x,y € X;
(iv) vp(zy) = vp(2) V ve(y), for any 2,y € X.

3.5.1. Basic properties of prime intuitionistic fuzzy ideals
and filters

Now we proceed with some basic properties about prime IF-ideals and IF-filters
including intersection, union, complement and two associated intuitionistic fuzzy
sets.

Proposition 3.9. Let X be an IF-lattice and A € IFS(X). Then
(i) A is a prime IF-ideal if and only if A is a prime IF-filter on X ;
(ii) A is a prime IF-filter if and only if A is a prime IF-ideal on X.
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Proof. (i) Suppose that A is a prime IF-ideal. Then for any z,y € X from
Proposition [3.7] it follows that

pa(zUy) = wva(zUy)

pr(zNy) = va(zNy)

In similar way, we can prove that v1(zUy) = v4(x) Avg(y) and v4(zMNy) =
vi(z) vV v4(y). Applying Proposition it guarantees that A is a prime
[F-filter on X.

The sufficient condition follows from Proposition [3.1] and the first implication.
(ii) Follows from the fact that A = 4 and (i).

O

Proposition 3.10. Let (X, ug,vr) be an IF-lattice and (4;)ier be a family of
intuitionistic fuzzy sets on X. Then

(i) if (As)icr is a family of prime IF-ideals on X, then 'ﬂIAi is a prime IF-ideal
1€
on X;

(i1) if (Ai)ier is a family of prime IF-filters on X, then _ﬂlAi is a prime IF-filter
1€
on X.

Proof. (i) Suppose that for any ¢ € I, A; is a prime IF-ideal on X. From
Proposition it follows that N A; is an IF-ideal on X. It remains to show
iel

that ‘ﬂIAi is prime. Let x,y € L such that x My € ‘OIAZ-. Then we have
1€ 1€

xMy € Ay, for any ¢ € I. Since for any ¢ € I, A; is a prime [F-ideal, it follows
that
pa, (@ My) < pa,(x) V pa, (y)

and
va,(xNy) > va,(x) Avi(y),
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This implies that
poa@ny) < pa(zny) < pa (@) Vpa(y)

and
v, a @ Ty) > va, (2 ) > wa (1) Avi(y)

for any 7 € I. Hence,

poa(@ny) < N\ua @)V ia, )

iel
and
voazny) > \/(va, () Avi(y).
i€l
iel
Thus,
toa,(@Ny) <pna(@)Viena(y)
i€l i€l i€l
and

voa(@ny) 2voa (@) Avaoaly).

N
i€l i€l

Therefore, QIAZ- is a prime IF-ideal on X.
7

(ii) Follows from Proposition and (i).
O

Remark 3.4. The union of two prime intuitionistic fuzzy ideals (resp. filters)
does not necessarily be a prime intuitionistic fuzzy ideal (resp. filter). Indeed,
from Remark the union of two intuitionistic fuzzy ideals (resp. filters) does not
necessarily be an intuitionistic fuzzy ideal (resp. filter).

Proposition 3.11. Let (X,ur,vr) be an IF-lattice and A € IFS(X). The
following statements hold

(i) A is a prime IF-ideal if and only if [A] is a prime IF-ideal on X;

(ii) A is a prime IF-filter if and only if [A] is a prime IF-filter on X.

Proof. (i) Suppose that A is a prime IF-ideal on IF-lattice X. Since [A] =
{{z,pa(x),1 — pa(x)) | x € X}, then [A] is an IF-ideal on X. We need to
show that [A] is prime, so we have that

pazny) = pa(zNy)
= pa(@)Vpaly)
pray () vV oppay(y)
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and

vazNy) = 1—pa(xNy)
= 1—(pa(@)V paly)
= (1—pa@) A1 —paly))
= (@) Ava(y).

Hence, we can conclude that [A] is a prime IF-ideal on X.

Conversely, suppose that [A] is a prime IF-ideal. In the same way, it follows
that A is a prime IF-ideal on X.

(ii) Follows from (i).
O

Proposition 3.12. Let (X,ur,vr) be an IF-lattice and A € IFS(X). The
following statements hold

(i) A is a prime IF-ideal if and only if (A) is a prime IF-ideal on X;
(i) A is a prime IF-filter if and only if (A) is a prime IF-filter on X.

Proof. The proof is analogous to Proposition |3.11 O

3.5.2. Characterizations of prime intuitionistic fuzzy ideals
and filters in terms of their level sets

In this subsection, we provide some interesting characterizations and properties
about prime IF-ideals and IF-filters in terms of their level sets.

Proposition 3.13. Let X be an IF-lattice and A € IFS(X). Then
(i) if A is a prime IF-ideal, then its support Supp(A) is a prime ideal on X;

(ii) if A is a prime IF-filter, then its support Supp(A) is a prime filter on X.

Proof. (i) Suppose that A is a prime IF-ideal on a IF-lattice X. From Propo-
sition it holds that Supp(A) is an ideal on X. Next, we prove that
Supp(A) is prime. Let z,y € X such that 2 My € Supp(A). Then it holds
that pa(zMy) >0o0r (pa(xMy) =0 and va(xMy) < 1). We consider the
following cases:

(a) If pa(zMy) > 0, then the fact that A is prime IF-ideal on X implies
that

pa(@) V paly) = pa(zny) > 0.
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This implies that either pa(x) > 0 or pa(y) > 0. Hence, either z €
Supp(A) or y € Supp(A).

(b) If (a(zMy) =0 and va(zMy) < 1), then the fact that A is prime
IF-ideal on X implies that

pa(z) vV pa(y) = pa(zy) =0
and
va(x) Avaly) =va(zNy) < 1.

These imply that (11a(z) =0 A pa(y) =0) and (va(z) <1V wva(y) <1).
Hence, (ua(z) =0and va(z) < 1) or (ua(y) =0 and va(y) < 1). Thus,
either x € Supp(A) or y € Supp(A).

Therefore, Supp(A) is a prime ideal on X.

(ii) Follows from Proposition and (i).

O

In the same manner, the following theorem provides a characterization of prime
IF-ideals (resp. prime IF-filters) in terms of their level sets.

Theorem 3.6. Let X be an IF-lattice and A € IFS(X). Then

(i) A is a prime IF-ideal if and only if their level sets are prime ideals;

(i1) A is a prime IF-filter if and only if their level sets are prime filters.

Proof. (i) From Theorem A is an IF-ideal on X if and only if A, s is an
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ideal on L, for any «, 8 € [0,1], such that a + § < 1. It remains to show
the primality. Let A be a prime IF-ideal on X. Let x,y € X such that
zMy € A, g, then from Proposition [3.7]it follows that

(pa(zny) = pa(z) Vpaly) > a

and
valeNy) =va(z) Avaly) < B).

These imply that either (ua(x) > « and va(z) < B) or (ua(y) > « and
va(y) < ). Hence, either x € A, g or y € Ay g. Thus, A, s is a prime ideal
for any a, 8 € [0, 1] satisfying oo+ 5 < 1.

Conversely, suppose that A, g is a prime ideal for any «, 3 € [0, 1] such
that « + 8 < 1 and A is not a prime IF-ideal on X. Then it holds that
there exist =,y € X such that pa(xNy) > pa(x) Vpaly) and va(z Ny) <
va(x) Ava(y). These imply that (pa(zMy) > pa(x) and pa(zny) > pay))
and (va(zMy) < va(z) and va(z Ny) < va(y)). Putting pa(zMNy) = «
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and va(x My) = we get (pa(r) < o and va(x) > ) and (na(y) < o and
va(y) > B). Hence, 2 My € Ay p and x,y ¢ A, . It is a contradiction with
the fact that A, g is a prime ideal on X, for any «, 8 € [0,1]. Thus, A4 is a
prime IF-ideal on X.

(ii) Follows from Proposition and (i).
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4  Characterizations of intuitionistic
fuzzy ordered complete lattices

In this chapter, we introduce the notion of an intuitioniostic fuzzy complete lattice
(recently published in [39]) and then we proceed with some basic characterizations in
terms of the existence of the supremum and the infimum of its subsets, and in terms
of its intuitionistic fuzzy chains and maximal intuitionistic fuzzy chains. These
basic characterizations are used as auxiliary results to show that any intuitionistic
fuzzy complete lattice has the fixed point property and vice versa.

We start with the definitions of the intuitionistic fuzzy complete lattice, the
intuitionistic fuzzy monotone mapping, the fixed point property and some related
notions that will be needed throughout this chapter.

Definition 4.1. An intuitionistic fuzzy ordered set (X, ur,vr) is called an intu-
itionistic fuzzy complete lattice if supp(A) and infr(A) exist for every nonempty
subset A C X.

Remark 4.1. FEvery intuitionistic fuzzy complete lattice must have the greatest
element (or a mazimum) and the smallest element (or a minimum). The greatest
element will be denoted by T x and the smallest element 1 x. It obviously holds
that
Tx =sup(X) =inf(P) and Lx = inf(X) = sup(f).
R R R R

Next, we need the following lemma.

Lemma 4.1. Let (X, pugr,vr) be an intuitionistic fuzzy ordered set, A be a subset
of X and x € X. Then it holds that

(i) = supg(A) with respect to R if and only if x = inf g« (A) with respect to R';
(ii) = = infr(A) with respect to R if and only if x = supp: (A) with respect to R';

(iti) (X, pr,VR) is an intuitionistic fuzzy complete lattice if and only if (X, ugt, VRe)
18 intuitionistic fuzzy complete lattice.

Definition 4.2. Let (X, ur,vr) be an intuitionistic fuzzy ordered set. A mapping

f X — X is called monotone mapping with respect to the intuitionistic fuzzy order

R or (intuitionistic fuzzy monotone mapping, for short) if ur(f(x), f(y)) > pr(z,y)

and vr(f(x), f(y)) < vr(z,y), for any z,y € X.

Definition 4.3. Let (X, ugr,vr) be an intuitionistic fuzzy ordered set. Then

(i) an element x € X is called a fized point of a mapping f: X — X if f(z) = x.
The set of all fixed points of [ will be denoted by Fix(f);
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(ii) X is said to have the fized point property with respect to the intuitionistic
fuzzy order R or (the fized point property, for short) if every intuitionistic
fuzzy monotone mapping f of (X, ur,vr) into itself has a fized point.

4.1. Basic characterizations of intuitionistic fuzzy
complete lattices

In this section, we provide some basic characterizations of intuitionistic fuzzy
complete lattices.

The following theorem characterize the intuitionistic fuzzy complete lattices in
terms of the existence of the supremum or the existence of the infimum of their
subsets.

Theorem 4.1. Let (X, ugr,vr) be an intuitionistic fuzzy ordered set. The following
statements hold

(i) (X, pr,vR) is an intuitionistic fuzzy complete lattice if and only if supr(A)
exists for any A C X;

(ii) (X, pr,VR) is an intuitionistic fuzzy complete lattice if and only if inf(A)
exists for any A C X.

Proof. Let (X, ugr,vgr) be an intuitionistic fuzzy ordered set and A C X.

(i) If (X, ugr,vR) is an intuitionistic fuzzy complete lattice, then it obviously
holds that supp(A) exists for any A C X.

Conversely, suppose that supp(A) exists for any A C X. We show that every
nonempty subset A C X has an infimum. Let L(R, A) be the intuitionistic
fuzzy set of lower bounds of A with respect to R. Then it holds that
supr(Supp(L(R, A))) exists. We set m = sup(Supp(L(R, A))) and we show
that m = 1nfR(A)

First, since m € Supp(U(R, Supp(L(R, A)))), then it holds that
10 (R,Supp(L(R,A))) (£) > 0 0r [l (R, supp(L(R,A))) () = 0 and

VU (R, Supp(L(R,A))) (£) < 1].

By it follows that U(R, Supp(L(R, A)))(y) = N R>151(y)-

z€Supp(L(R,A))

Since
RZ[E] = {<y’ HR> (4 (y)7 VR> (4] (y)> / Y€ X}7
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where
1R () = pr(2,y) andvg, , (y) = vr(z,Y),

and by the fact that R>(,) = R () and U(R, A) = L(R', A), it follows that
U(R, Supp(L(R, A))) = L(R", Supp(L(R, A))) = L(R, A).

Hence, m € Supp(L(R, A)).

In the same way, for any y € Supp(L(R, A)), it holds that ugr(y,m) > 0 or
(ur(y,m) = 0 and vr(y,m) < 1). Thus m = infr(A), which implies that
infr(A) exists. Therefore, (X, ug,vr) is an intuitionistic fuzzy complete
lattice.

(ii) Follows from Lemma and (i).
O

Remark 4.2. In the above Theorem the existence of infg(() guarantees the
existence of the greatest element of (X, ugr,vr), and in similar way, the existence
of supr(P) guarantees the smallest element of (X, ur,vr). So, an equivalent
formulation of Theorem[].1 is the following.

(i) (X, pur,vr) is an intuitionistic fuzzy complete lattice if and only if it has the
smallest element and supg(A) exists for any nonempty A C X;

(i1) (X, ur,VR) is an intuitionistic fuzzy complete lattice if and only if it has the
greatest element and inf r(A) exists for any nonempty A C X.

In the following theorem, we characterize the intuitionistic fuzzy complete lattices
in terms of their intuitionistic fuzzy chains and maximal chains.

Theorem 4.2. Let (X, ur,vr) be an intuitionistic fuzzy lattice. Then the following
statements are equivalent:

(i) (X, pr,VR) is intuitionistic fuzzy complete lattice;

(i1) (X, pr,VR) is intuitionistic fuzzy chain-complete (i.e., every nonempty intu-
itionistic fuzzy chain in (X, ugr,vr) has a supremum and an infimum);

(iii) every maximal intuitionistic fuzzy chain of X is an intuitionistic fuzzy com-
plete lattice.

Proof. (i)= (ii) is obvious.

To prove (ii)= (iii), let C' be a maximal intuitionistic fuzzy chain (with respect
to the set inclusion) of X. First, we will show that C has an intuitionistic fuzzy
maximum and an intuitionistic fuzzy minimum. Since C is an intuitionistic fuzzy
chain in (X, pg, vg), it holds from (ii) that C' has a supremum and an infimum.
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By using the fact that C' is maximal (with respect to the set inclusion) we obtain
that ¢; = supg(C) is the maximum and ¢ = infg(C) is the minimum.

Second, let A C C. Then it holds that A is an intuitionistic fuzzy chain. From
(ii), it follows that supp(A) exists in (X, ugr,vr) and we denote it by m. Now, it
suffices to show that m € C.

Suppose that m & C. We consider three cases.
(a) If [ug(xz,m) >0 or (ug(x,m) =0 and vg(x,m) < 1)] or

[ur(m,x) > 0 or (ur(m,z) = 0 and vr(m,x) < 1)], for any = € C, then
CU{m} is an intuitionistic fuzzy chain in (X, ug,vg). This is a contradiction
with the fact that C' is maximal.

(b) If there exists € C such that [ur(z,m) = 0 and vr(z,m) = 1], then it
holds from the transitivity of R that

pr (@, 1) A pr(cr,m) < pg(e,m)

and
vr(x,c1) Vvg(er,m) > vg(z,m).

Since [pug(xz,m) = 0 and vg(x,m) = 1], then it holds that pugr(c;,m) =0
and vg(c1, m) = 1. Hence, supg{ci,m} ¢ C. Thus, CJ{supg{c1,m}} is an
intuitionistic fuzzy chain, which is a contradiction with the maximality of C.

(c) If there exists z € C such that [ur(m,z) = 0 and vgr(m,z) = 1], then it
follows similarly as (b).

As a consequence of the above cases we get m € C. Thus, A has a supremum in C.
Therefore, directly from Theorem [£.1] C is an intuitionistic fuzzy complete lattice.

(iii)= (i) Suppose that every maximal intuitionistic fuzzy chain of X is an intu-
itionistic fuzzy complete lattice. We show that (X, ug, vg) is an intuitionistic fuzzy
complete lattice.

Let AC X. BFC(Supp(U(R, A))) denote the set of all intuitionistic fuzzy chains
C C Supp(U(R, A)), ordered in the classical way by C; C Cs if and only if C;
is an intuitionistic fuzzy filter of Csi.e., C; C Cy or [if x € Cy and y € Cy with
pr(z,y) > 0or (ur(z,y) =0 and vg(x,y) < 1) then y € C4].

Next, let {C; : ¢ € I C N} be a chain of BFC(Supp(U(R, A))) under the crisp
order defined above. On the one hand, since C; is an intuitionistic fuzzy chain
of Supp(U(R, A)) and C; C Cyy1, for any i € I, then |J,c; C; is an intuitionistic
fuzzy chain of Supp(U(R, A)). Hence, |J,.; Ci € BFC(Supp(U(R, A))). On the

other hand, | J;.; C; is an upper bound of {C;}icr.
By Zorn’s Lemma, we know that BFC(Supp(U(R,A))) has a maximal element
denoted by C,,, with respect to the above crisp order C.
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Let K be a maximal intuitionistic fuzzy chain such that C,, C K. By hypothesis,
K is an intuitionistic fuzzy complete lattice, which implies that C,,, has an infimum
denoted by ¢ in (K, pg,Vg).

Now, we will show that ¢ = supp(A). Let x € A. Since C,, C Supp(U(R, A)),
then it holds that

ur(z,y) >0or (ur(z,y) =0 and vr(z,y) < 1),

for any y € C,,. Hence,
pur(x,c) > 0or (ur(x,c) =0 and vr(z,c) <1).

Thus, ¢ € Supp(U(R, A)). For all other y € Supp(U(R, A)), it holds that
ur(c,y) > 0or (pr(e,y) =0 and vr(c,y) < 1).

Otherwise, we get a contradiction with the maximality of Cy,. Thus, ¢ = supg(A).
Directly from Theorem (i) we get that (X, ug,vg) is an intuitionistic fuzzy
complete lattice, which end the proof. O

4.2. Characterizations of intuitionistic fuzzy com-
plete lattice in terms of fixed point property

In this section, we show that any intuitionistic fuzzy complete lattice has the fixed
point property and vice versa, i.e., an intuitionistic fuzzification of Tarski-Davis’s
fixed point theorem.

4.2.1. An intuitionistic fuzzification of Tarski’s fixed point
theorem

In this subsection, we show that the intuitionistic fuzzy complete lattices has
the fixed point property, i.e., Tarski’s fixed point theorem for intuitionistic fuzzy
complete lattice. Moreover, we show that the set of fixed points of an intuitionistic
fuzzy monotone mapping of an intuitionistic fuzzy complete lattice into itself is
also an intuitionistic fuzzy complete lattice.

Theorem 4.3. Any intuitionistic fuzzy complete lattice has the fized point property.

Proof. Let (X, ugr,vr) be an intuitionistic fuzzy complete lattice and
A={ze X |ugr(z, f(x))>0or (ur(z, f(x)) =0 and vgr(z, f(z)) <1)}.
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Since | € A, then A # (. As (X, ug,vg) is an intuitionistic fuzzy complete lattice,
then it holds that A has a supremum, denoted by m. We will show that m is a
fixed point of f. By the intuitionistic fuzzy monotonicity of f, we obtain for any
x € A that

pr(f (), f(f(2))) = pr(z, f(x)) >0

or

(kr(f(2), f(f(2))) = 0 and vr(f(z), f(f(2))) < vr(z, f(z)) <1).
This implies that

fA)cA. (4.1)
We also get that
N’R(f(x)7 f(m)) > ,LLR(xvm) >0 (42)
or
pr(f(x), f(m)) =0 and vr(f(z), f(m)) < vr(z,m) <1. (4.3)

By (4.2) and (4.3), it holds that f(m) € Supp(U(R, A)). Now, since m = supp(A)
and f(m) € Supp(U(R, A)), it follows that

pr(m, f(m)) >0 (4.4)

ur(m, f(m)) =0 and vr(m, f(m)) < vg(z,m) < 1. (4.5)

By (4.4) and (4.5) we get that m € A, which implies from (4.1)) that f(m) € A.
Since m = supp(A4) and f(m) € A then it holds that

pr(f(m),m) >0 (4.6)

or
ur(f(m),m) =0 and vr(f(m),m) < 1. (4.7)
Therefore, m = f(m) follows from (4.4),(4.5)),(4.6)),(4.7) and the perfect antisym-
metry of R. O

Now, we present the result showing that the set of fixed points of an intuitionistic
fuzzy monotone mapping of an intuitionistic fuzzy complete lattice into itself is
also an intuitionistic fuzzy complete lattice. First, we need to show the following
lemma.

Lemma 4.2. Let (X, ur,vr) be an intuitionistic fuzzy complete lattice, f : X — X
be an intuitionistic fuzzy monotone mapping and A C Fix(f). Then it holds that

(1) if B={x € X | ((nr(y, f(x)) > 0 or (ur(y, f(x)) = 0 and vr(y, f(z)) <
1) and (ur(f(x),x) > 0 or (ur(f(z),2) = 0 and vr(f(z),z) < 1)),y €
A)}, then infg(B) is a fized point of f in B;
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(i) if C = {x € X | (ur(f(z),y) > 0 or (ur(f(2),y) = 0 and vr(f(z),y) <
1)) and (ur(z, £(z)) > 0 or (ar(z, () = 0 and w(z, f(2)) < 1)),Vy €
A)}, then supg(C) is a fixed point of f in C.

Proof. Let (X, ugr,vg) be an intuitionistic fuzzy complete lattice, f : X — X be
an intuitionistic fuzzy monotone mapping and A C Fiz(f).

(i) Let m = infr(B), i.e.,
(a) m € Supp(L(R, B)) and

(b) for all other y € Supp(L(R, B)), pur(y,m) > 0 or (ur(y,m) = 0 and
VR(yam) < 1)

Hence,
ur(m,z) > 0or (ur(m,z) =0 and vg(m,z) < 1),

for any x € B. The monotonicity of f implies that

ur(f(m), f(x)) > 0 or (ur(f(m), f(x)) = 0 and vr(f(m), f(z)) <1),

for any = € B. Since pr(f(x),x) > 0 or (ur(f(x),z) =0 and vg(f(z),z) <
1) for any = € B, from the transitivity of R it follows that

pr(f(m),x) > 0 or (ur(f(m),z) =0 and vr(f(m),z) <1),
This implies that f(m) € Supp(L(R, B)). Hence,
pr(f(m),m) > 0or (ur(f(m),m) =0 and vr(f(m),m) <1).  (4.8)
In the other hand, since

(1r(y, f(x)) > 0or (ur(y, f(z)) = 0 and vr(y, f(z)) < 1))

and

ur(f(x),2) >0 or (ur(f(x),2) = 0 and vr(f(z),x) <1),
for any y € A and « € B, from the transitivity of R it follows that

pr(y,x) > 0or (ur(y,z) =0 and vr(y,z) < 1),
for any y € A. Hence,
pr(y,m) >0 or (ur(y,m) =0 and vr(y,m) <1),

for any y € A. The monotonicity of f implies that ur(f(f(y)), f(f(m))) >
0 or (ur(f(f(y), f(f(m))) =0 and vr(f(f(y)), f(f(m))) <1), for any y €
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A. Since A C Fiz(f) it holds that

pr(y, f(f(m))) >0 or (ur(y, f(f(m))) =0 and vr(y, f(f(m))) <1).
(4.9)
Now, from condition and the monotonicity of f we obtain

ur(f(f(m)), f(m)) >0 or (ur(f(f(m)), f(m)) =0 and vr(f(f(m)), f(m)) <1).
(4.10)

Eqgs. and imply that f(m) € B. Thus,
palm, (m)) > 0 or (ur(m, f(m)) = 0 and va(m, f(m) <1).  (411)

On account of (4.8)),(4.11) and the perfect antisymmetry of R we have
m = f(m). Therefore, m = infr(B) is a fixed point of f in B.
(ii) Follows from Lemma [4.1]and (i).

O

Theorem 4.4. Let (X, ur,vr) be an intuitionistic fuzzy complete lattice and
f: X = X be an intuitionistic fuzzy monotone mapping. Then the set Fix(f) is
an intuitionistic fuzzy complete lattice.

Proof. Suppose that (X, ug,vr) is an intuitionistic fuzzy complete lattice and let
f: X — X be an intuitionistic fuzzy monotone mapping. Theorem guarantees
that Fiz(f) is a nonempty set. Now, let A be a subset of Fiz(f). We show that
A has a supremum with respect to R in Fiz(f), and then Theorem [4.1)i) implies
that (Fiz(f), ur,vr) is an intuitionistic fuzzy complete lattice.

Let

B={xec X |(Vy e A)(urly, f(z)) >0 or (ur(y, f(z)) = 0 and vr(y, f(z)) <1))

and (ur(f(x),2) > 0 or (ur(f(x),z) = 0 and va(f(x),2) < 1))}

Since (X, pr,vg) is an intuitionistic fuzzy complete lattice, then it holds that B
has an infimum, denoted by m. Lemma [£.2] guarantees that m is a fixed point of f
in B, i.e., m = f(m) and m € B. Next, we will show that m is the supremum of A
with respect to R.

Since m = f(m) € B and (pgr(y,z) > 0 or (pr(y,z) = 0 and vr(y,x) < 1)), for
any y € A and x € B, it follows that

pr(y,m) >0 or (ur(y,m) =0 and vr(y,m) < 1),

, for any y € A. Hence,
m € Supp(U(R, A)). (4.12)
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Now, let s be an other fixed point of f and s € Supp(U(R, A)). Then it holds that

pr(y,s) > 0or (ur(y,s) =0 and vgr(y,s) <1),

for any y € A.

Since A C Fix(f), it follows from the monotonicity of f that

pr(y, f(s)) >0 or (ur(y, f(s)) =0 and vr(y, f(s)) < 1),

for any y € A. Now, because f(s) = s and by the reflexivity of R we have
ur(f(s),8) =1 > 0. Hence, s € B and

ur(m,s) > 0or (ur(m,s) =0 and vg(m,s) < 1), (4.13)

for any s € Supp(U(R, A)) N Fiz(f) . Therefore, conditions (4.13) and (4.12)) imply
that m is the supremum of A with respect to R in Fiz(f). O

Combining Theorem [£.3]and Theorem [£.4] we obtain the following characterizations
of intuitionistic fuzzy complete lattice in terms of the least and the greatest fixed
points of its intuitionistic fuzzy monotone maps.

Corollary 4.1. Let (X, pr,vr) be an intuitionistic fuzzy lattice. Then the following
statements are equivalent:

(i) (X, pur,VR) is an intuitionistic fuzzy complete lattice;
(i1) every intuitionistic fuzzy monotone mapping f : X — X has a least fized
point;

(i) every intuitionistic fuzzy monotone mapping f : X — X has a greatest fized
point.

4.2.2. An intuitionistic fuzzification of Davis’s fixed point
theorem

In this subsection, we introduce the notion of intuitionistic fuzzy ascending (resp.
descending) chain as necessary to establish a characterization theorem of non-
complete intuitionistic fuzzy lattice. Based on this characterization, we show that
every intuitionistic fuzzy lattice has the fixed point property is complete, i.e., an
intuitionistic fuzzification of Davis’s fixed point theorem.

Definition 4.4. Let (X, ugr,vr) be an intuitionistic fuzzy ordered set and {a; }icrcn
be a subset of elements of X. Then

(i) {a;}icicn is called an intuitionistic fuzzy ascending chain (or an ascend-
ing chain with respect to R) if pr(a;,a;ir1) > 0 or (ur(ai,aiv1) = 0 and
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vr(ai,a;41) < 1), for any i € I. Descending intuitionistic fuzzy chains (or
an descending chain with respect to R) are defined dually.

(ii) (X, pr,VR) is said to satisfy the intuitionistic fuzzy ascending chain condi-
tion (or the ACCRg, for short) if every intuitionistic fuzzy ascending chain
{ai}icicn of elements of X is eventually stationary (i.e. there exist a positive
integer n € I such that an, = an, for any m > n). In other words, (X, R)
contains no infinite intuitionistic fuzzy ascending chain.

(1ii) Similarly, (X, ur,vr) is said to satisfy the intuitionistic fuzzy descending
chain condition (or the DCCR, for short) if every intuitionistic fuzzy de-
scending chain {a;}icrcn of elements of X is eventually stationary.

The following result establish a characterization that an intuitionistic fuzzy lattice
is not complete in terms of its intuitionistic fuzzy ascending (resp. descending)
chains.

Theorem 4.5. Let (X, ur,vr) be an intuitionistic fuzzy lattice. (X, pr,vr) is not
an intuitionistic fuzzy complete lattice if and only if there exists an intuitionistic
fuzzy chain C satisfying the ACCg which does not have an infimum and there
exists an intuitionistic fuzzy chain D satisfying the DCCRr which does not have a
supremum, such that

(i) pr(d,c) >0 or (ur(d,c) =0 and vr(d,c) < 1), for anyd € D and c € C;

(ii) for any x € X, either there exists ¢ € C with (ur(z,c) =0 and vr(z,c) =1)
or there exists d € D with (ug(d,z) =0 and vg(d,z) = 1), i.e., there does
not exist an element v € X such that

z € Supp(L(R,C)) ﬂ Supp(U(R, D)) .

Proof. Let (X, pr,vr) be an intuitionistic fuzzy lattice. If on (X, ur,vg) exist an
intuitionistic fuzzy chain C satisfying the ACCpr without an infimum or there exists
an intuitionistic fuzzy chain D satisfying the DCCgr and having no supremum ,
then it is not an intuitionistic fuzzy complete lattice. Conversely, assume that
(X, g, VR) s not an intuitionistic fuzzy complete lattice. Then either (X, ug,vr)
has no the greatest element T x or there exists an intuitionistic fuzzy chain C' C X
that satisfies the ACCpr without an infimum. Suppose that (X, r) has the greatest
element T x and that every intuitionistic fuzzy chain C in X satisfying the ACCg
has an infimum. We will show that every subset A of X has a supremum, which
proves by applying Theorem [4.1| that (X, ugr, vg) is an intuitionistic fuzzy complete
lattice.

Indeed, let A be a subset of X and U(R, A) the set of upper bounds of A with
respect to R. Since U(R,A)(Tx) =1 (i.e., Tx € Supp(U(R, A))), it follows that

Supp(U(R, A)) # 0.
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Now, let IFCacc(U(R,A)) denote the set of all intuitionistic fuzzy chains C' C
Supp(U (R, A)) satisfying the ACCRg, ordered in the classical way by C1 T Cs if and
only if C is an intuitionistic fuzzy filter of Cy with respect to R, i.e. C; C Cy and
(Ve € C1, Yy € Co) (pr(z,y) >0 or (ur(z,y) =0 and vr(z,y) < 1) =y € C1).

Next, let {C; : i € I C N} be a chain of IFCacc(U(R, A)) under the order defined
above. On the one hand, since C; is an intuitionistic fuzzy chain of Supp(U(R, A))
satisfying the ACCr and C; C Cyy1, for any i € I, then it follows that | J,.; C; is
an intuitionistic fuzzy chain of Supp(U(R, A)) satisfying the ACCg. Hence,

JCi € IFCacc(U(R, A)).
iel

Now, we show that C; € |J,c; C, for any j € I. Indeed, let x € Cj and y € U, ; Ci.
Since y € U, Cs, it follows that there exists k € I such that y € Ci. We consider
two cases:

(i) if j < k, then since Cj T Cy, it follows that y € C;. Hence, C; is an
intuitionistic fuzzy filter of | J;.; C; with respect to R.

(i) if 7 > k, then it trivially holds that y € C;. Hence, C; is an intuitionistic

fuzzy filter of |J;.; C; with respect to R.

Thus, C; C | J,c; Ci, for any j € I. Therefore, | J,.; C; is an upper bound of {C }je7.
By using Zorn’s Lemma, it follows that ITFCscc(U(R, A)) has a maximal element
denoted by C,,. By hypothesis, C,, has an infimum in (X, ug,vg). Setting ¢ =
infg(C,y,), and we will prove that ¢ = supg(A). Indeed, since Cy, C Supp(U(R, A)),

it follows that (g, 4)(s) > 0 or (uy(r,a)(s) = 0 and vy(g.a)(s) < 1), for any
s € Cy,. Since U(R, A)(s) = [ Rx[4)(s), it follows that
€A
ur(x,s) > 0or (ug(x,s) =0 and vr(z,s) < 1),
for any z € A and s € C,,,. This implies that
ur(x,¢) > 0or (ur(z,¢) =0 and vr(x,c) < 1),

for any z € A. Hence,

U(R,A)(c) = () Rxa)(c) >0,
z€A

ie.
L (r,a)(€) > 0 or (py(r,a)(c) =0 and vy (g, a)(c) <1).
Thus, ¢ € Supp(U(R, A)).

On the other hand, suppose that pr(c,y) = 0 and vgr(c,y) = 1, for some y €
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Supp(U(R, A)). Since infr{c,y} € Supp(U(R, A)) and
[ur(mf{c,y},2) > 0 or (ur(inf{c,y}, z) = 0 and vr(mf{c,y},z) < 1)],

for any = € Cp,, it follows that Cy, U infr{c,y} is an intuitionistic fuzzy chain
of Supp(U(R, A)). Moreover, Cy,, Uinfr{c,y} satisfies the ACCgr. Hence, C,, U
infr{c,y} € IFCacc(U(R, A)), a contradiction with the maximality of C,,. Thus,
for all other y € Supp(U(R, A)),

ur(c,y) > 0or (ur(c,y) =0 and vr(c,y) < 1).

Therefore, ¢ = supz(A). We conclude that if (X, ug,vg) is not an intuitionistic
fuzzy complete lattice, then either (X, ug,vr) has no the greatest element or there
exists an intuitionistic fuzzy chain C C X that satisfies the ACCg without an
infimum. Also, if (X, pg, vr) has no the greatest element, then we take C' = C,,, an
intuitionistic fuzzy chain satisfying the ACCg but having no infimum; otherwise we
take C'= ) (because @ can be considered as an intuitionistic fuzzy chain satisfying
the ACCR and since (X, ugr,vg) has no greatest element, it follows that () does
not have an infimum).

Dually, let ITFCpcc(L(R,C)) denote the set of all intuitionistic fuzzy chains
D C Supp(L(R, C)) satisfying the DCCp, ordered in the classical way by D1 C Dy
if and only if D; is an intuitionistic fuzzy ideal of Dy with respect to R, i.e.
Dy C Dy and Vx € Dy andyED2

(tr(y,x) > 0or (pr(y,r) =0 and vr(y,z) <1) =y € D).

If L(R,C) # 0, then IFCpcc(L(R,C)) # (. By using Lemma [4.1 and the same
steps as above, we obtain that IFCpcc(L(R,C)) has a maximal element denoted
by D,,. We take D = D,, if IFCpcc(L(R, A)) # 0 and D = () otherwise.

Moreover,

(i) Since D C Supp(L(R,C)), it follows that pgr(d,c) >0 or (ur(d,c) =0 and
vr(d,c¢) < 1), forany d € D and c € C'.

(ii) Let x € X. Suppose that pugr(z,c) > 0 or (ur(z,c) = 0 and vr(z,c) < 1),
for any ¢ € C and pugr(d,x) > 0 or (ur(d,z) = 0 and vgr(d,z) < 1), for
any d € D. Since x € Supp(L(R,C)), it follows that Supp(L(R,C)) # 0.
Hence, FCpco(L(R,C)) # 0. Thus, D = D,,. On the other hand, since
x € Supp(L(R,C)) and infg(C) does not exist, it follows that there exists
y € Supp(L(R, C)) such that pgr(y,z) =0 and vr(y,x) = 1. Since

pr(d,x) >0 or (ur(d,x) =0 and vg(d,z) < 1),
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for any d € D and

#r(z,sup{z, y}) > 0 or (pa(w,sup{z, y}) = 0 and ve(z,sup{z, y}) < 1),
it follows from the transitivity of R that

wr(d, s%p{x,y}) > 0 or (pur(d, s%p{x, y}) =0 and vg(d, st};p{x, y}) <1),

for any d € D. Hence, D U {supg{z,y}} is an intuitionistic fuzzy chain of
Supp(L(R,C)). Also, since D satisfy the DCCRg, then also DU {supp{z,y}}
satisfy the DCCgr. Hence, D U {supp{z,y}} € IFCpcc(L(R,C)). This is
a contradiction with the maximality of D. Therefore, for any x € X, either
there exists ¢ € C' with

(ur(z,c) =0 and vgr(z,c) = 1)
or there exists d € D with

(ur(d,z) =0 and vr(d,z) = 1),
i.e. there does not exist an element x € X such that

x € Supp(L(R,C)) () Supp(U(R, D)) .
O

The following theorem shows that any intuitionistic fuzzy lattice has the fixed point
property is complete.

Theorem 4.6. FEvery intuitionistic fuzzy lattice has the fized point property is
complete.

Proof. Assume that (X, g, vg) is not an intuitionistic fuzzy complete lattice. We
show that there exist an intuitionistic fuzzy monotone mapping f : X — X which
does not have a fixed point. From Theorem we know that there exists an
intuitionistic fuzzy chain C satisfying the ACCg without an infimum and an
intuitionistic fuzzy chain D satisfying the DCCg without an supremum. For any
x € X we have that

C,={ceC : pugr(z,c)=0and vg(z,c) =1}

and
D,={deD : ugr(d,x)=0and vg(d,z) =1}.

From Theorem [4.5| (ii) it is easy to see that for any x € X, only one of the above
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two subsets is nonempty. Suppose that C, # (. Since C;, C C and C satisfies the
ACCR, then it follows that C, has the greatest element.

Similarly, if we suppose that D, # @, then from the fact that D, C D and D
satisfies the DC'CR we get that D, has the smallest element. Now, we define the
mapping f: X — X as: f(z) is the greatest element of C, if C, # 0 or f(z) is the
smallest element of D, if D, # (). Obviously, f is an intuitionistic fuzzy monotone
mapping with respect to R. Next, we show that f does not have a fixed point.
Indeed, let € X. Since f(z) € C, or f(z) € D,, it follows that

ur(z, f(z)) =0 and vg(z, f(x)) =1

or

pr(f(2),z) =0 and vg(f(z),z) = 1.
Thus, z # f(x). Therefore, f does not have a fixed point, which ends the proof. [
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General conclusions and future research

In this thesis, we characterized the notions of an intuitionistic fuzzy ideal (resp.
filter) on a lattice in terms of the lattice operations and in terms of their associated
crisp sets. As interesting kinds, we introduced the notions of a prime intuition-
istic fuzzy ideal and filter and investigated their various characterizations and
properties.

In this work, we introduced the notions of an intuitionistic fuzzy ideal and filter
on an intuitionistic fuzzy lattice based on an intuitionistic fuzzy order relation as
a generalization of the notions of a fuzzy ideal and filter given by Mezzomo, et
al.; and investigated their most interesting properties. We gave a characterization
of the intuitionistic fuzzy ideal (resp. filter) in terms of the lattice operations
and their level sets. As interesting kinds, we introduced the notions of principal
and prime intuitionistic fuzzy ideals and filters and investigated their different
characterizations and properties.

Also, we introduced the notion of an intuitionistic fuzzy complete lattice and some
characterizations have been expressed in terms of the supremum and the infimum
of its subsets, chains and maximal chains. In the main contribution, we have shown
that an intuitionistic fuzzy lattice is complete if and only if it satisfies the fixed
point property what leads to the fact that the fixed point problem has a complete
solution when we restrict to the class of intuitionistic fuzzy lattices.

Future work is anticipated in multiple directions. We think it makes sense to study
the notions of an intuitionistic fuzzy ideal and an intuitionistic fuzzy filter for
other types of lattices. Moreover, we intend to extend this work to other kinds
of intuitionistic fuzzy ideals and filters. Also, we will investigate other classes of
intuitionistic fuzzy ordered sets satisfying the fixed point property, in order to
combine the properties of these classes with the properties of its intuitionistic fuzzy
monotone maps.
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Abstract

In this thesis. First, we investigate the intuitionistic fuzzy ideals and filters on a crisp lattices. Second,
we extend the results of fuzzy ideals and filters to intuitionistic fuzzy ideals and filters on intuitionistic
fuzzy lattices. For the two approaches, we present interesting characterizations of these notions in
terms of lattice operations and in terms of their (a,p)-level sets. Moreover, we extend the notion of
prime ideal (resp. prime filter) to prime intuitionistic fuzzy ideal (resp. prime intuitionistic fuzzy
filter) with respect to the lattice operations and investigate their various characterizations and
properties. For the third point of this work, based on the concept of intuitionistic fuzzy lattice
previously proposed by Tripathy et al., we introduce the notion of intuitionistic fuzzy complete lattice
and investigate its basic characterizations. In that point, we extend these characterizations by
considering others completeness criterions. The characterizations of intuitionistic fuzzy complete
lattices expressed in terms of the existence of the supremum or the infimum of their subsets, in terms
of intuitionistic fuzzy chains and maximal chains and in terms of intuitionistic fuzzy ascending (resp.
descending) chains are given. Furthermore, we will show an intuitionistic fuzzification of Tarski-
Davis's fixed point theorem.

Résumé

Dans cette thése. Tout d'abord, nous étudions les idéaux et les filtres flou intuitionnistes dans un
treillis classique. Deuxiémement, nous étendons des résultats des idéaux et des filtres flous aux idéaux
et filtres flous intuitionnistes dans un treillis flou intuitionniste. Pour les deux approches, nous
présentons des caractérisations intéressantes de ces notions en termes des opérations du treillis et en
termes de ses (a,p)-coupes. En outre, nous étendons la notion d'idéal premier (respectivement filtre
premier) a I'idéal premier flou intuitionniste (respectivement filtre premier flou intuitionniste) par
rapport aux opérations du treillis et étudions leurs différentes caractérisations et propriétés. Pour le
troisieme point de ce travail, basé sur le concept de treillis flou intuitionniste précédemment proposé
par Tripathy et al., on introduit la notion du treillis complet flou intuitionniste et étudie ses
caractérisations de base. Dans ce point, nous étendons ces caractérisations en considérant d'autres
criteres de complétude. Les caractérisations des treillis flous intuitionnistes exprimés en termes de
I'existence de la borne supérieure et de la borne inférieure de ses sous-ensembles, en termes des
chaines floues intuitionnistes et des chaines maximales et en termes des chaines ascendantes
(respectivement descendantes) floues intuitionnistes sont données. En outre, nous allons montrer une
intuitionniste fuzzification du théoréme du point fixe de Tarski-Davis.
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