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Notation

e R" we denote the n-dimensional real Euclidean space.

e N we denote the collection of all natural numbers and Ny = N U {0}.
e 7 we denote the set of all integer numbers.

e For a = (ay,...,a) € N§, we write |a| = a1 + ... + .

e The Euclidean scalar product of x = (z1,...,x,) and y = (y1,...,Yn) is given by
TY = T1Y1 + o + TnYn.

e The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).
o frgmeans fSgS S
e As usual for any = € R, [z] stands for the largest integer smaller than or equal to x.
e suppf is the support of the function f , i.e., the closure of its non-zero set.
e If £ C R" is a measurable set, then |E| stands for the (Lebesgue) measure of E.
e Y denotes its characteristic function.
e S(R™) is used in place of set of all Schwartz functions on R™.

e S'(R™) the dual space of all tempered distributions on R™.



1
loc

e Given a function f € L; (R™); the Hardy-Littlewood maximal operator is defined
by

1 n
MP)() 2= sup / )y v e

r>0



Introduction

The history of Herz space goes back to the authors Beurling and Herz in the sixty‘s of
the last century [14]. In 1968, Herz and Beurling presented some fundamental form of
Herz spaces to study some convolution algebras. Later, Herz generalized these space to
convergence for Hardy space. In 1989 Chen and Lau [5] introduced Hardy space associated
with Beurling algebras.

Recently, as a generalization of Lebesgue space with variable exponent, Herz space with
variable exponents are introduced. In fact, in 2010 Izuki proved the boundedness of
sublinear operators on Herz space with variable exponents Kp(% ,(R") and K7, (R")
in [16]. In 2012, Almeida and Drihem obtained boundedness results for a wide class
of classical operators on Herz space K;((_')),q(R") and K;l((_')),q(R") in [2]. In 2016, Drihem
and Seghiri gave a new norm equivalents of the variable Herz spaces K;‘((.'))vq(.)(R”) and
K;‘(.'M(.)(]R”), and they proved the atomic decomposition for Herz-type Hardy spaces of
variable smoothness and integrability.

Our work is divided in to three chapters.

In the first one, we collects fundamental notation and concepts. We also give some key
lemmas needed in the proofs of main statements.

In the second chapter we define Herz type-Hardy space with variable smoothness and
integrability and present a few aspects of their properties.

In the last chapter, we presented the atomic decomposition of weakly Herz type Hardy

space.

All the results of this thesis are taken from [4].



CHAPTER 1

Variable Herz spaces

In this chapter, we present some fundamental proprieties of our work. We also give some

key technical lemmas needed in the proofs of the main statements.

1.1 Modular space

In this section we start by recalling about the semi-modular functional space. In vector

space defined on a over of K =R or K = C.

1.1.1 Definition and basic properties

Definition 1.1 Let X be a real vector space. A function ¢ : X — [0, +00] is called a

semi-modular on X if it satisfies the following condition:
1. 0(0) =0.
2. o(Ax) = o(x) for all x € X, and for all scalar \ with |\ = 1.
3. 0 18 quasi-convez.
4. o(Ax) =0 for all X > 0 implies x = 0.

5. 0 1s left-continuous on [0, +00) for every x € X.

A semi-modular o is called a modular if



6. o(z) =0 implies x = 0.

A semi-modular o is called continuous if
7. the mapping A\ — o(Ax) is continuous on [0, +00) for every x € X.
Example 1.2 Let ) is a Lebesque measurable subset of R™.

(i)- If1 <p < o0, then
— rq
op(f) /Q!f(wﬂ x

defines a continuous modular on the space of all measurable functions on 2.

(ii)- If 1 <p < oo, then
[e.e]
op((27) =D |l
5=0
defines a continuous modular on R™.
Definition 1.3 If o be a semimodular or modular on X, then
X,={r € X: lim o(A\z) =0}
A—0
15 called a semimodular space or modular space, respectively.
Proposition 1.4 If o is a semimodular or modular on X, then
X,={r € X,3X>0: p(\z) < 00}
15 called a semimodular space or modular space, respectively.

Theorem 1.5 Let ¢ be a semimodular on X. Then X, is a quasi-normed R-vector space.

The quasi-norm, called the Luxemburg quasi-norm, is defined by

, T
|||, := inf {)\ >0: Q(X) < 1} .



Lemma 1.6 (Norm-modular unit ball property). Let o be semi-modular on X. Then
lall, < 14 of2) < L.

If o 1s continuous, then also

|z|l, <1< o(x) <1, and : ||z||, =1 < o(z) = 1.
Corollary 1.7 Let g be a semi-modular on X and x € X,.
(@) If l[zll, <1, then o(x) < [z,

(b) If1 < |lzllo, then [lz]l, < ox).
(e) llzlle < o(z) +1.

Remark 1.8 The proof of the above results can be found in [7].

1.2 Variable Lebesgue spaces

In this section we recall and present some properties of variable Lebesgue spaces.

1.2.1 Basic properties of variable exponents

Give an open set {2 C R™. We put
Po(Q2) := {p measurable : p(-) : Q@ — [¢, o0 : for some ¢ > 0}.

The elements of Py(2) are called exponent functions. In order to distinguish between

variable and constant exponents, we will always denote exponent functions by p(+).
Notation 1.9 We denote by

P(Q) := {p measurable : p(-): Q2 CR" — [1,00[}.



Given p € Po(Q) and a set E C ), let

p~ (E) = ess infp(z), p"(E) = ess supp(z).

zeE z€E

If the domain E = Q = R", we will simply write
p-=p (R"),  p"=p"R").

Definition 1.10 Given Q and p € Py(S2). The variable Lebesgue space LPC) () is defined

by
LPY(Q) = {f measurable : IX > 01 lim 0750) ) (Af) = O} ,
A—0

equipped with the following quasi-norm
HfHLP(')(Q) = inf{A >0 QLP(')(Q)<f//\) < 1)

Definition 1.11 Given Q and p € Py(S2), define Lp(')(Q) by

loc

Lp(')(Q) = {f measurable : f € LPY)(K), for every compact set: K C Q}.

loc

Definition 1.12 The weak Lebesque space with variable exponent W LPC) consists of all

Lebesgue measurable function [ satisfying
I fllw e = sup M| X el @) >ay | o) < 0.
A>0

1.2.2 Logarithmic Holder continuity

Definition 1.13 We say that a function g : R™ — R is locally log-Hoélder continuous, #f

there exists a constant ciog > 0 such that

Clog
9(z) = g(y)] < In(e + 1/]z — y|)
for all z,y € R". If
Clog
l9(x) = 9O = L3172

10



for all x € R™, then we say that g is log-Ho lder continuous at the origin (or has a log

decay at the origin ). If, for some g € R and cjog > 0, there holds

Clog

19(2) = goo| < m

for all x € R™, then we say that g is log-Ho 1der continuous at infinity (or has a log decay
at infinity).

1.2.3 The mixed Lebesgue-sequence space

Let p, ¢ € Po(R™). The mixed Lebesgue-sequence space £4)(LP)) is defined on sequences
of LP1) —functions by the modular

, o
ng(.)(Lp(.))((fv)U) = Zlnf {/\U >0: Op() <W <1l;.

The (quasi)-norm is defined from this as usual:
: 1
H(fv)szLZ(')(LP(‘)) =infqp>0: Opa() (Lr() ;(fz;)z) <l

1. If ¢t < oo, then

: / :
inf {)\ >0 0p0) <W <1l; = |||f|Q()||§E:;.
2. If p and ¢ are constants, then (20)(LP0)) = ¢p(L9).

Theorem 1.14 Let p,q € Po(R"). || - [[gacr(ze0)) s @ quasi-norm on the mized Lebesgue-
sequence space (1) (LP0)).

Let p,q € P(R™). If p(x) > 1 is constant almost everywhere (a.e.) on R™ and g > 1, or if
TI') + ﬁ <lae onR™ orifl1 <q() <p(-) <ooae onR" then || - || o)) is @

norm on the mixed Lebesgue-sequence space 6‘7(')(1}’(')).

11



1.2.4 Key Lemmas

By PP(R") and P2 (R™) we denote the class of all exponents p € P(R™) which have a
log decay at the origin and at infinity, respectively. The notation P™(R") is used for all
those exponents p € P(R™) which are locally log-Hélder continuous and have a log decay
at infinity, with pe := lim|;) 00 p(z). Obviously we have P*(R™) C Pi*( R™) N P2 (R™).
Note that p € P(R") if and only if p’ € P(R"), and since (p')s = (Poo)’ We write only

pl, for any of these quantities.

Lemma 1.15 Let p € P'°8. For any cubes (balls) P and Q, such that P C Q, we have

+ —
C (@) 1/p HXQHP() < (@) 1/p
1P| B ||XP||p(.) N 1P|

with ¢,C > 0 are independent of |Q| and |P|.

For the proof see [7]. The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 1.16 Let 0 < a <1 and 0 < g < co. Let {ex},oy be a sequence of positive real

numbers, such that

H{gk}keZHEq =1 < oo

Then the sequences {5k Ok = Dk ak_jej} and {nk DI aj_kaj} belong
< 2 kez
to 01, and

kEZ

H {5k}kez Heq + H {nk}kez qu <cl,

with ¢ > 0 only depending on a and q.
The proof of the following results are given in [2].

Lemma 1.17 Let « € L*(R") and r; > 0. If « is log-Hélder continuous both at the

origin and at infinity, then

s N T
(é) if O<r <3

@ <@ % 1 i < <2n

(:—;) Zf 9 > 21

12



for any x € B(0,r1) \ B(0,%) and y € B(0,7r2) \ B(0, %), with the implicit constant not

depending on x,y,r, and rs.
Lemma 1.18 Let p € PR2(R") and let R = B(0,r)\ B(0,%). If |[R| > 27", then
1 1
Ixrllp) = [R[F@ & |R|re

with the implicit constants independent of v and x € R.
The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally,

p € PR(R™) N PE(R™).

1.3 Variable Herz-type space
In this section, we give the definition of Herz spaces with variable exponent. Also, we

present basic properties.

1.3.1 Variable Herz space
We begin by the definition of Herz space.
Definition 1.19 For convenience, we set
By :=B(0,2"), Ry:=By\By.1 and xr=Xxgr,, k€EZ.

Definition 1.20 Let p,q € Py(R") and a : R" — R with o € L*>°( R™). The inhomoge-

neous Herz space K;‘((f){q () (R") consists of all f € LPC) (R™) such that

£ llety o= 1 Xm0l + | (220 30 (1)

eQ(-)(Lp(-))

Similarly, the homogeneous Herz space K;:((_'))q(_) (R™) is defined as the set of all f €
L0 (R™\ {0}) such that

1l ey = H (29 xi),, (1.2)

zq(-)(Lp(-))

13



If p,q and « are constant, then K (Of(') (R") = K, (R") and K;‘(.')

p()a() Oty R = K7 (R)

are the classical Herz spaces.

Let us denote

1/q
1{grHlex (zre) (Z 195 )

and

-1 1/q
{9k} ez o)) = ( > ”9k||§<-)>

k=—o0
for sequences {g trez of measurable functions (with the usual modification if ¢ = 00).
Proposition 1.21 Leta € L*®(R™), p,q € Po(R"). If o and q are log-Hé lder continuous
at infinity, then
() n Qoo n
Kitao R = K55, (RY).
Additionally, if a and q have a log decay at the origin, then

||f”K§<(f>)q<<> ~ H{Qka(o)f Xk}”gfgo)(m(»)) + H{Qk%of Xk}He‘;w(Lp(-))- (1-3)
Proof. Step 1. We will prove that

Ko (R") < K

P(+),go0 p(-),q(+)

(R"),

which is equivalent to

< aco

e P

for any f € K;‘(‘f‘)’ . (R™). By the scaling argument, we see that it suffices to consider the

case || f]| ke =1 and show that the modular of f on the left-hand side is bounded. In
P(),900

particular, we will show that

ZHW’”( £

for some constant ¢ > 0. Since « has logarithmic decay at infinity, then for £ > 1 and

» (1.4)
T

r € R;, we have

b < L

k — < v
|Oé([)']) a00| ~ ll’l(€+ |I’|> ~

14



Therefore, 2F(*) x~ 2k~ with constants independent of k and z, and hence

o [lle 20|, = 30 le 2
k=1 k=1

() ()
a(-)

p() °
q(-)

Our estimate (1.4), clearly follows from the inequality

H|C 2kaooka‘(I(')

o < 1260 f x| [ +27F = 0. (1.5)
2t

This claim can be reformulated as

Héfl ‘C 2kaooka|Q(') o S 1’

a(-)

which is equivalent to

<1

1
|eomatr2k p
p(*)

For any x € Ry, we have

5T = (2k8)we a0 e e ) § e

Since ¢ has logarithmic decay at infinity, then for £ > 1 and x € R; we have

kla(r) — gl _ Kla(®) — 4ol K

< < < 1.
7ooq(T) G0l In(e + |z)

Therefore, 9"z ~a) ~ 1 with constants independent of k£ and z. Also, since 1 < 2§ <
2k+1

1

(256) 7= < (2w S 1.
Hence, with an appropriate choice of ¢ > 0

R
HC(S a() 2 O“X’ka

—- 1 ok
: < H5 4 2% f X

(-

since of

Step 2. We will prove that

a() n Qoo
Ky g R?) = K35

p( *)sqoo

(Rn) Y

15



which is equivalent to
o <
s, S Wl

for any f € K;‘((.'))q(.) (R™). By the scaling argument, we see that it suffices to consider the

case “fHKZ‘((f))q(.) = 1 and show that

> lle 25l S (1.6)
k=1
for some constant ¢ > 0. As before, we have for k > 1
125 el < 1250 F xl g -

Now, our estimate (1.6), clearly follows from the inequality

e 220 i) < |20 3™, +27* = (1.7)
a()
This claim can be reformulated as
HC 0w 2O f il <1
p(-)

1 1
From above, § 4 < § 4@ then with an appropriate choice of ¢ > 0

|eomamartry,

= H‘S_%)Qka(')f Xk
p()

p()

The left-hand side is less than or equal to 1 if and only if

H‘(S_‘“l')?k”(')ka <
p()
q(-)
We see that the right-hand side can be rewritten as
—1 || [oka() q()
d ‘2 ka‘ oo =1

Q
—~
N

which follows immediately from the definition of .

Step 3. Let us prove that

[{2F© f Xk a0 (o) + 2% f X0l oy HfHK;l((f))q«)‘

16



We suppose that HfHKa(<.)> . < 1. If, in addition, « has a log decay at the origin, then
prL-).q(-

we also have 2k¢(®) x 2ka(0) for < 0 and = € Ry. Thus

€25 £ X0l g0 gy 2 1250 F xuH o) oo

As in Step 2 we can prove that

”C 2ka(.)ka||;l)§%) < H}Qka(-)ka“ﬂ')

k
() +2

'S

Q
—~

for any k < 0 and for some constant ¢ > 0. Then ||{2F() f Xk}||zq(o)( ) < 1. Using the
<

p()

estimate (1.7) we obtain
{27 f xa Hl gaoo oy S 1
Therefore,

||{2ka(0)f ch}Hei(o)(Lp(A)) + [[{2M f X’f}H@qfo(Lp(')) S L

The desired estimate can be obtained by the scaling argument.

Finally
||{2ka(0)f Xk}||£q<(0)(Lp(')) S ].7
and

1{25% £ xa e 1000y < 1.

As in Step 1 we have for any £ < 0 and for some constant ¢ > 0

H |c 2hel) f Xk‘q(.)

a (0)
by = sz (O)kaHZ:) +2*

F10)

by using (1.5) we obtain

Z H’2ka(.)ka|Q(') L SL
k=—00 a()
Therefore,
o) ST
“fHKp((»),q(» ~

and the result follows by the scaling argument. m

17



CHAPTER 2

Boundedness of singular integral
operators on variable weak Herz

space

In this chapter we present the boundedness of class of operators on variable weak Herz

type space, study is properties and show some application.

2.1 Variable weak Herz space
For k € Z and A > 0, let

Ar(A f) = Az € Ri - [f(2)] > A}
For k € Ny and A > 0, let

Ar(A f) i=A{z € Re: | f(z)] > A}

and

AN f) = A{z € B(0,1) : [f(x)] > A}

Now we will give the definition of the weak Herz space.

18



Definition 2.1 Let p,q € Po(R™) and o : R" — R with a € L>®( R™). The inhomoge-

neous weak Herz space WKZ((.'))q(.) (R™) consists of all measurable functions f such that

HfHWKO‘('> - SUP)‘H (Qk XAk(>xf))k>o qu() (Lr()) < OO

p(),a()
Similarly, the homogeneous weak Herz space WK q 0 (R™) is defined as the set of all

measurable functions f such that
HfHWK“(()) o ig%AH (2ka XAk(Af keZ qu() L)) < 0.

Now we present the main result of this section.

Proposition 2.2 Let a € L>®(R"™), p,q € Po(R"™). If a and q are log-H dlder continuous
at infinity, then

WK S (RY) = WK

P(+),q00

Yt { (R").

Additionally, if o and q have a log decay at the origin, then
£y =~ SO0 o g, + M2t Hlemoen): 1)

Proof. Step 1. We will prove that

[07%) n Oé()
WKp(-),qoo (R™") — WKp .

) (R?)

which is equivalent to

e S I s,

for any f € WK O“?" - (R™). By the scaling argument, we see that it suffices to consider
the case ||fHWKaoo =1 and

p(-),q

o0

>

k=0

<1 (2.2)

ko q(’)
e A 25 on] L

NN

for any A > 0 and some constant ¢ > 0 independent of \. Since « has logarithmic decay

at infinity, then for £ > 1 and = € R; we have

b < L

k — < v
|Oé([)']) a00| ~ 1H(€+ |I’|> ~

19



Therefore, 2F(*) x~ 2k~ with constants independent of k and z, and hence

> H e A Qka(')XAk(A,f)P(J
k=1

p()

(-

L ~2 H e A 25 x4, ’q(')
al k=1

Q

In addition
Moo [,y <1

for any A > 0 which yields that

H ‘)\XAO()\J) ‘q(.) H p) <1
a(-)

for any A > 0. Our estimate (2.2), clearly follows from the inequality

{q(')

|C A Qka"oXAk()\7f) S H)\ 2ka°°XAk(,\7f)HZT) + 2_k == 5, k Z 1. (23)

p()
q(+)
This claim can be reformulated as showing that

H5_1 ¢ A Qk“”XAk(A,f)}q(')

wy ST

)

Q

which is equivalent to

)

cA 5_q(1‘)2ka°°XAk<A,f)Hp =1

For any x € Ry, we have

1 1 1

5 = (258)ae a2 ) 5w

Since ¢ has logarithmic decay at infinity, then for £ > 1 and = € R; we have

kla(x) — goo| _ Kla(®) = ool k <1
0oq(T) T geq” "~ ln(e+|z|) ™

Therefore, 9"z =7 2 1 with constants independent of k£ and z. Also, since 1 < 2§ <

2k+1 e have
1 1

(2"0)m a < (2)las a1

Hence, with an appropriate choice of ¢ > 0

A PRIV I e SO I
p() p()

20



: 1
since H)\ QkO‘OOXAk(AJ)Hp(,) < oo,
Step 2. We will prove that

a(-) n Qoo n
WK, ) R?) = WELS (RY),

which is equivalent to
oo < -
vz, S 1 lhygeo

for any f € WK;“((,'))q(,) ( R™). By the scaling argument, we see that it suffices to consider

the case ||f||WK§<(»§)q<»> = 1 and show that

D llex 2=y ol 1 (2.4)
k=0

for some constant ¢ > 0. As before, we have for k > 1

(oo}

kaso Goo ka(- q
X 25 xaonllor) S 1A 2°Oxaon ) -
Now, our estimate (2.4), clearly follows from the inequality

+27F = 4. (2.5)

()
a(-)

al- 0 al- )
HC A2" ()XAk(A,f)H:,(.) < H‘)\ 2¢ ()XAk(A,f)|q
This claim can be reformulated as showing that
fr g, <1
p()
From above, § i < (Tﬁ, then with an appropriate choice of ¢ > 0
S ko S kel
HC Ao w2t ()XAk(/\,f)H ) = H)\ o2t ()XAk(A’f)H '
p( p

¢)
The left-hand side is less than or equal to 1 if and only if

N q(-)
))\ 0 12 a()XAk()\,f) <1
2Q)
We see that the right-hand side can be rewritten us
_ e ©)
6 })‘ 2" ()XAIC(/\J)’(I p() <1
q(-)

21



which follows immediately from the definition of 6.

Step 3. Let us prove that

A 25 Ox a0 o oy + A 259X a0 e (1 50y S 1 llwsc o0

for any A > 0. We suppose that || f|[;, o) < 1. If, in addition, a has a log decay at
P(),a()

the origin, then we also have 2k(*) ~ 2k2(0) for k < 0 and = € Ry. Thus

A 25 O% a0 o) 0y 2 IHA 2O xa,000 Hlgo g oy

As in Step 2 we can prove that

Q)

e A 2Ol < [|IA 2°Oxaon]™)) 0 +2*

()
q(-)
for any k£ < 0 and for some constant ¢ > 0. Then

A 25 Ox a0 o o) S 1

Using the estimate (2.5) we obtain

I{A 259 x a0 Hlesoe o0y S 10

Therefore,

A 25O a0 Hl o oy + A 259 xa,000 Hlea (1 00 S 1

The desired estimate can be obtained by the scaling argument.

Now let
1A 2O a0 Y0 g, < 1
and
A 2% x a0 Hl oo (200 < 1.

As in Step 1 we have for any £ < 0 and for some constant ¢ > 0

, < A Qka(O)XAk(Avf)H;f)) +2"

|c A QkO‘(')XAk(A,f) ‘Q(.)

(-

'S

Q
~



and using (2.3) we obtain

<
MNL

- )
> H A 25Ox aon ]
k=—o00 €

N

Q

Therefore, || f|| o) <1 and hence the result follows by the scaling argument. =
P()a()

2.2 Main result and its proof

We consider the sublinear operators satisfying the size condition

i@l S [ MWL 4 o ¢ supp 1, (2.6)

re |2 —y["
for integrable and compactly supported functions f. Condition (2.6) was first considered
in [28] and it is satisfied by several classical operators in Harmonic Analysis, such as
Calder6 n-Zygmund operators, the Carleson maximal operator and the Hardy-Littlewood
maximal operator (see [28], [20]).

We have the following results:

Theorem 2.3 Let0 < gt < 0o, p € PR(R") with1 < p~ < pt < o0, and let a € L=(R")
be log-Hdlder continuous at infinity with
1
—£<aoo<n<1——). (2.7)
P P
Suppose that T is a sublinear operator satisfying estimate (2.6) . If T is bounded from
LPO(R™) to LPYO(R"), then T is bounded from K5\ (R") to WES') | (R").

For homogeneous spaces we have the following statement:

Theorem 2.4 Let ¢ € Po(R"), p € PR(R") N PE(R") with 1 < p~ < p* < oo and
0<q <q"<1. Leta€e L>®(R") be log-Hélder continuous, both at the origin and at
infinity, such that

—%<a‘§a+<n<l—pi). (2.8)
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Then every sublinear operator T satisfying (2.6) which is bounded from LPO)(R™) to

L0 R™) is also bounded from Kpa() (R™) to WKI?((,'))’(](, (R™).

() )

Proof. In view of Proposition 2.2 we use the equivalent quasinorm (2.1). We split the

operator into
ITF1 < |T(fx) |+ | T(Fxg )]+ T (Frems.) |
with k € Z, where Ry := {z eR": 2672 < |z| < 2F42}

Estimate of T(fXBk,Q)- Let A > 0,

I = A2 %, 07w, Hl 0 g0y
and
I, = /\H{QkaOOXAk(NT(fXBk,Q))}Hg‘;OO(Lp(-))'

Given k < —1 and = € R), we write

T(fxs, ) (@) < / & — 4| F ()| dy

= X [ sl a

j=—o00
Noting that |z —y| > 2* 2 forx € Ry and y € R;, we use successively Holder’s inequality

to obtain the estimate

k—2
220N (fxm) (@) 27 3 25|20 g M

j=—o00

()’
Therefore
A2 O orrxs,_ ol

can be estimated by

k—2
g—kn Z Q(kfj)aJrH2j°‘(')fXj||p(.) [

j=—o00

0 kaHp(.)

k—2
< ot Y ol o0y | 2w okt

~Y

j=—o00
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where the positive constant ¢ is independent of k, € R;, and y € R;. Using to Lemma

1.17, we estimate the last term by

k—2
. Z 2(k_])(a+_n+F)||2j a()fXij()

j==oc

Since a™ —n + -+ < 0, we apply Lemma 1.16 we get

]1 5 HfHKs((.')),q('y

by Proposition 1.21. Now we estimate I5. In view of the estimation of /7, we have

)\Qkam HXAI@(AvT(fXBk72)) HP(')

can be estimated by

k—2
. Z Z(k_j)(a+—n+p%)H2j “(')fXij(.y k> 0.

j=—00

Since o™ —n + p% < 0, we apply Lemma 1.16 we get

I, S HfHKS<(.§),q<.>’

by Proposition 1.21.
Estimate of T(fXék)- Let A > 0,

Vi = A2 Ox oz, 0 Hl e oo,
and
Vo= )‘H ||{2k%oXAk(/\7T(fX§k))}Hggoo([, p())"

By similarity we estimate only V;. Since T is bounded from LPO)(R") to LP()>°(R™); it
follows that

)\}lek(A7T(fX§k))Hp(') SJ “fxﬁk Hp(-)’

where the implicit constant is independent of A\ and k. Consequently

S 2O I lao ooy S I llgeey
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where we use Proposition 1.21.

Estimate of T(fXRn\Bk+2). Let A >0

Ji = A {2 Oxronrin &\By o) )}qu@) Lr0))’

and
= /\”{QkanAk()\’T(fX R"\Bk+2))}|’£q>00 (L p“)'

By similarity we estimate only J;. Given k < —1 and = € R; we write
T(fxemmn) @] S [ eyl lw)ldy
R™\ B2

- Z/ = — ()] dy.

j=k+3

Noting that |z — y| > 2/ for z € Ry, and y € R;, we use successively Holder’s inequality

to obtain the estimate

20T (fxsa) @) S 3 272 20, 1l
j=k+3

Therefore
A2ke(0) ||XA,€(/\,T(fXBk72)) Hp( )

can be estimated by

c Z 277m2®= 12990 fs |
Jj=k+3

HX’pr()
< Z gingth=ie 197 a0) fy | ()gﬂ'ﬁ ATO)
~Y p . 9
J=k+3
where the positive constant ¢ is independent of k, + € R;, and y € R;. Using to Lemma

1.17, we estimate the last term by

¢ Y0 AT a0y, Lo

j=k+3
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Since o~ + p”—+ > 0, we apply Lemma 1.16 we get

NS ey

by Proposition 1.21. The proof is complete. m
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CHAPTER 3

Boundedness singular integral
operators on variable Herz-type

Hardy space

In this chapter we study the boundedness of class of operators on variable weak Herz-

type Hardy space dy using the atomic decomposition. these spaces.

3.1 Variable Herz-type Hardy space

In recent years, it turned out that atomic decomposition of some function spaces are ex-
tremely useful in many aspects. This concerns, for instance, the investigation of (compact)
embeddings between function spaces. But this applies equally to questions of mapping
properties of some operators, such as Calderén-Zygmund operators, the commutator of
Calderon-Zygmund operator with a BMO function and to trace problems, where argu-
ments can be equivalently transferred to the sequence space, which is often more conve-
nient to handle. The main goal of this section is to prove an atomic decomposition result

for HK;:((,'))’(I(,) (R") and H[.(p(cf)(;()z(,) (R™). First we introduce the basic notation.
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Let G f be the grand maximal function of f defined by

Gnf(z) = sup |oy(f)(2)],

pEAN
where
Av={p e SR : sup [|2%0°p(z)| < 1}
la|<N,|IBISN
and

e (f)(x) = sup @+ f(2)],

t>0

with ¢ = t7"(3).

Definition 3.1 Let p,q € Py(R") and o : R* — R with o € L*°( R") and N > n + 1.
The inhomogeneous Herz-type Hardy space H Kb (R™) consists of all f € S'(R™)

p(),q()
such that Gy f € K;M((-.)),q(-) (R") and we define

= el

HfHHKO‘( .

)
p(-),q(-
Similarly, the homogeneous Herz-type Hardy space H Ks((.'))’q(.) (R™) is defined as the set
of all f € 8'(R™) such that Gy f € K;((f))vq(.) (R™) and we define

HfHHK;‘(("){q(,) = HGNfHKS&q(-Y

We have Gy satisfies the size condition (2.6). Let ¢ € Po(R"), p € P™(R") with
1 <p <p' <oo,and a and ¢ are log-H 6lder continuous at infinity, with o € L>°(R")

and

n 1
< an < (1——).
P Poo
Then

a(-) n ) ny __ o) n
HE ) R OVLTRY) = Koy () (RT).

Let ¢ € Po(R™), p € P(R") with 1 < p~ < p™ < o0, and let o and ¢ are log-Hélder
continuous, both at the origin and at infinity, such that o € L>°(R™) and

1
—£+<of§oz+<n(1——_>.
p p
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Then

HEGS) ) (R 01120 (R {0}) = Kyl ) (R).

Definition 3.2 Let a € L>*(R"), p € P(R"), ¢ € Po(R") and s € Ny. A function a is
said to be a central (af-), p(-))-atom, if

(i) suppa C B(0,7) = {x € R™ : |z| < r},r > 0.

(i) o], < BOA<Om  o<r<t

(i) ||aHp(.) < |B(0,r) |70/, r>1.

(W) [gn2Pa(x)de =0, |B] <s.

A function a on R" is said to be a central (a(-),p(-))-atom of restricted type, if it
satisfies the conditions (iii), (vi) above and suppa C B(0,r),r > 1.

Now we come to the atomic decomposition theorems.

Theorem 3.3 Let o and q be log-Hélder continuous at infinity and p € P™(R™) with

1<p <pf <. ForannyHK(())()(R”), we have

F=Y Ay, (3.1)
k=0
where the series converges in the sense of distributions, A\ > 0,each a is a central
(a(-), p(+) )-atom of restricted type with suppa C By and

<Z|/\k|q°°> " < e[ £l e
k=0

() ()

Conversely,if as > n(l — ]t) and s > [0 + n(}t —1)], and if (3.1) holds, then

feHK) o (RY), and

. > ) aee
Il =i (0 el=) 7 .

k=0

where the infimum is taken over all the decompositions of f as above.
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Theorem 3.4 Let o and q are be log-Hélder continuous, both at the origin and at infinity
and p € P(R") with 1 < p~ < p™ < oo. For any f € HKO‘(')) 8 (R™), we have

p( sq\
F=> M, (3.2)
k=—00
where the series converges in the sense of distributions, N\, > 0, each ay is a central

(a(), p() )-atom with suppa C By and

—! 1/q(0) b 1/g00
(3 )™ ()™ <l
k=0 A

k=—o0
Conversely,if a(-) > n(1l — pi_) and s > [t + n(p% — 1)], and if (3.2) holds, then [ €
HEK®") (R™), and

p().a()
L /a(0) > Joe
[ Mnf{< Z IAkIQ(°)>1 4(0 N (ZIMI%")l q }
k=—00 k=0

p(-),q(+)

where the infimum is taken over all the decompositions of f as above.
For the proof see [§], Theorem 4.

Remark 3.5 Corresponding statements to Theorems 3.3 and 3.4 were proved by Liu and
Wang [21], with o and q constants, under the assumption that the mazimal operator M is
bounded on LPC) (R™) (both in the homogeneous and the inhomogencous situation). Here

we are requiring the log-Holder continuity at two points only (zero and infinity).

Next we will give the definition of the weak Herz-type Hardy space with variable

exponents.

Definition 3.6 Letp,q € Po(R") and o : R™ — R with o € L®(R™) and N > n+1. The
inhomogeneous weak Herz-type Hardy space WHK () (R™) consists of all f € S'(R™)

p(-).a()
such that Gy f € WKap(('.)) o) (R") and we define

HfHWHK;((f){q(A) = HGNfHWK&(f)),q(»'
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Similarly, the homogeneous weak Herz-type Hardy space W HK ap(('.)m(.) (R™) is defined as
the set of all f € S'(R™) such that Gy f € WK;(S'){qC) (R™) and we define

HfHWHK;‘((j){q(,) = HGNfHWK&(f)),q(»'

3.2 Boundedness of some singular integral operators

First we establish the boundedness for a class of operators on Herz type spaces with
variable exponent. Let T" be an operator defined on a linear space of all almost everywhere

finite measurable functions on R™. Then T is called a sublinear operator if
T (fr+ f2) (@) < |Tf (@) +[Tf(x)] and [T(Af)] = |A[|Tf], reC

Now we give the corresponding result about the sublinear operator 7" on Herz type spaces
with variable exponent. Let K be a measurable function defined on R" x R"\{z = y}

that satisfies the size condition

’ é

K (2,9) — K (,0)] < 2

) 3.3
— |x|n+§ ( )

if 2|y| < |z| for some 0 € (0,1]. Let T': S(R") — S’(R") be a linear operator such that
for any f € L*(R™) with compact support and almost everywhere z ¢suppf,
Tf(z)= | K(zy)f(y)dy, (3.4)
Rn
which are more general than the standard Calderén-Zygmund operator.

This section is devoted to the behavior of T on variable Herz type Hardy space.

Theorem 3.7 Let a and q log-Hélder continuous at infinity and p € P™(R™) with 1 <
p- <pt <ooand 0 < q < q" < oo. With some assumption on «, every linear operator
T satisfying (3.4) which is bounded on LPU)(R™) is also bounded from HK;((_'))q(_)( R™) to
K (R,

p().q
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The counterpart for homogeneous Herz spaces runs as follows:

Theorem 3.8 Let o and q be log-Hdélder continuous, both at the origin and at infinity and
p € PR with1 <p” <p" <ooand0 < q < q" < oo. With some assumption on
a, every linear operator T satisfying (3.4) which is bounded on LPV)(R™) is also bounded

) Ot() n . O‘() n
from HE o5 (R™) to Ky (R™).

Theorem 3.9 Let o and q be log-Hélder continuous at infinity and p € P™(R™) with
1<p <pt<ooand 0 < g < gt < 1. With some assumption on «, every linear
operator T satisfying (3.4) which is bounded LP*)(R™) is also bounded from HEK!) R™)

p(‘)yq(~)(
a(-) n
to WK p(.)’q(_)(R )

For homogeneous spaces we have the following statement:

Theorem 3.10 Let o and g be log-Hdélder continuous, both at the origin and at infinity
and p € PR(R™) with 1 < p~ < pt < oo and 0 < ¢~ < ¢7 < 1. With some assumption
on «a, every linear operator T satisfying (3.4) which is bounded LP")(R") is also bounded
from HK®() ((R™) to WK;((_'){(](_)(R").

p():q

If the operator T in Theorems 3.9 and 3.10 is of convolution type, we then can obtain

the following result.

Theorem 3.11 Let o and q are be log-Hélder continuous at infinity and , p € P™(R")
with1 <p~ <pt <ooand 0 < q~ <q" < 1. Let T defined by
Tf(x) = lim K(z—y)f (y)dy,
e—0 |z—y|>e

where the kernel K satisfies

)
K (x—y)— K ()] < —‘ﬁﬂw

if 2|y| < |z| for some § € (0,1]. Assume that T is bounded on LPO)( R™). With some
assumption on «, T is also bounded from HK;SS{q(,)(R") to WHK;“((,'){(I(,)(R").
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The counterpart for homogeneous Herz spaces runs as follows:

Theorem 3.12 Let o and q be log-Hélder continuous, both at the origin and at infinity
and p € P(R") with 1 <p~ <pT <ocoand 0 < q~ < q" < 1. Let T be as in Theorem
8.12. Assume tha T is bounded on LPO)(R™). With some assumption on o, T is also

0 (e 0 (Rn
bounded from HKp(,),q(.)(R ) to VVHKp(-),q(-)(]R )-

Remark 3.13 The proof of the results of this chapter are given in [4]. Corresponding
statements of the results of this thesis were proved in [29] , with o and q constants,
under the assumption that the mazimal operator M is bounded on LP") (R™) (both in the
homogeneous and the inhomogeneous situation). Here we are requiring the log-Hélder

continuity at two points only (zero and infinity).

3.3 Commutator of Calder6n—Zygmund singular inte-
gral operator

For 0 < 8 < 1, the Lipschitz spase Lipz(R") is defined as
o flo)— [y
Lips®) =3 £ flly, = sup LWL
y,tER™;x#y |x — ’yl
Let b € Lipg(R"), and let 7" be a Calderon-Zygmund singular integral operator that is,

Q(x—y)
rf () =po. [ TR )y,
rn |7 — Yl
p.v. or (principal value integrals) where Q € C? (S™™!) is homogeneous of degree zero
and has mean value zero on the unit sphere. The commutator [b, 7] generated by b and

T is defined by
b, T1(f) () :==b(z)Tf (x) =T (bf) (z).

Let 0 < 8 < n, The fractional integral operator I3 is defined by

LW = [
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where 0 < 8 < n and
w2281 (B/2)

"0 = m—p )

We have the following results.

Theorem 3.14 Let 0 < 3 < 1, € Py (R"), and py € P™ (R") with 1 < p; < pf < %.

Let o and q be log-Hélder continuous at infinity, such that o € L™ (R™) and

1
<ozoo<n<1— >

(P1) o (P1)so

If b € Lipg(R™), then [b,T] is bounded from K;l(('?) o) (R™) into K;Z;((.?) o) R™).

Theorem 3.15 Let 0 < 3 < 1, p; € PR (R") NPR(RY), ¢ € Py(R") with 1 < p; <
p < %, p#(.) — z%(-) = g and let o and q are be log-Hdolder continuous, both at the origin
and at infinity such that o € L (R"™) and
n _ n 1
f——F<a Za <n<1——_>.
Py P1

If b € Lipg(R™), then [b,T] is bounded from K;((.-)),q(-) into K;(('_))’q(_).

Theorem 3.16 Let 0 < § < 1, € Py(R"), and py € P™(R") with 1 < py < pf < %.
Let o and q be log-Holder continuous at infinity, such that o € L™ (R™) and

n(l— (p11)oo) < Qe <ﬂ+n(1— (pll)oo>

If b € Lips(R"), then [b,T] is bounded from HK)\ . (R") into KO\ (R").

3.4 Commutator of the fractional integral operator

Let b € Lipg(R™),0 < A < n and let I, denote the fractional integral operator. The

commutator of fractional integral operator

BEIb ),

BACESS
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Theorem 3.17 Let 0 < 8 < 1,0 < A < n— B,p1 € P2(R") and q € Py (R™) with

1<p, <pf <2 L L — 822 und let o and q are be log-Hélder continuous, at

BA pi() T p2() T om0
infinity such that a € L* (R™) and

n(l — (pll)oo) < Qoo < 5+n<1 — @)

If b € Lips(R™), then [b, I,] is bounded from HK;‘l(('.)),q(.) into K;;((")),q(‘).

Theorem 3.18 Let 0 < 8 < 1,0 < A < n— B,p1 € P2(R") and q € Py (R™) with

1<p <pf < #, 1%(') — p21(_) = %, and let a and q are be log-Hélder continuous, both

at the origin and at infinity such that o € L™ (R™), a(-) > n(1 — p%) and
1

1 1
n(l—f> §a’§oﬁ<ﬁ+n<1——7).
P Py

If b € Lipg(R™), then [b, I,] is bounded from HK;(('_)),(](_) into K§2(£?),q(-)‘

Suppose that S"~! denotes the unit sphere of R™ (n > 2) equipped with normalized
Lebesgue measure. Let Q € Lip, (S"!) for 0 < v < 1 be a homogeneous function of

degree zero and

| owdr @),

where 2’ = x/ |z| for any = # 0.The Marcinkiewicz integral operator u is defined by

where

Fu(f) (2) = /| 2=y g,

r—y|<t ’35 - ?J’

Let b € Lipg(R™), the commutator [b, ] generated by the Marcinkiewicz integral operator

w1 and b is defined by
204\ 2
3

(b, 1] (f) ( =</ %yl<t|x_y| LY 1y @)~ b)) £ () dy
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Theorem 3.19 Suppose that Q € Lip, (S™™') (0<v<1) and b € Lips(R"), 0 <

B < ¥ Letpy € P™(R") and ¢ € Py (R") with 1 < p; < pf < %, and let o and q be

log-Hélder continuous at infinity, such that o € L* (R™) and

n(l— (pll)oo) gaoo<5+n<1— (pll)oo),

then [b, ] is bounded from HK;(('.)M(.) (R™) into ng({?),q(.) (R™).

Theorem 3.20 Suppose that Q € Lip, (S™™') (0<v<1) and b € Lips(R"), 0 <

B < 5. Let p € P (R") and q € Py (R™) with 1 < p; < pf < %, zf()_;f() :g

and let o and q are be log-Holder continuous, both at the origin and at infinity such that
a€ L*(R"), a() >n(l— p%) and

1 1
n<1——_> Sa‘§a+<5+n<1——_>,
Dy Dy

) into KU

. > a(
then [b, u] is bounded from HE, (5 00 2 ()al):

Remark 3.21 The proof of the results of Sections 3.3 and 3.4 are given in [10].
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Résumé:

Dans ce travail, nous avons étudié certaines propriétés des espaces de Herz
et de Herz faible avec des exposants variables, finalement, nous avons étudié la
continuité des opérateurs sous linéaires dans les espaces Herz-Hardy et Herz-
Hardy faible avec des exposants variables en utilisant la décomposition
atomique de ces espaces.

Mots clés : Espaces de Herz, Espaces de Herz-Hardy, Opérateurs sous linéaire,
Exposants variables, La fonction maximale, Atome.

Abstract:

In this memory we have studied some properties of Herz space with variable
exponent, then we studied the boundedness of some sublinair operators in
Herz space and in weak Herz space with variable exponent, finally we studied
the boundedness of sublinear operators in Herz-Hardy spaces and in weak Herz-
Hardy spaces with variables exponents by using atomic decomposition of these
spaces.

Key words: Herz spaces, Herz-type Hardy spaces, Sublinear operators,
Variable exponent, Maximal function, Atom.



