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Introduction

In functional analysis, an n-normed space is a generalization of a normed space

that uses a function called an n-norm instead of a norm. Specifically, an n-normed

space is a pair (X, ‖.‖n), where X is a vector space over K (R or C) and ‖·‖n is

a function from X to the non negative real numbers that satisfies certain proper-

ties. The concept of an n-normed space was introduced by the mathematician L.

Soenjaya in 1963 [7]. As a way to study spaces of functions that are not necessarily

continuous or differentiable. In particular, n-normed spaces have been used in the

study of various types of nonlinear partial differential equations and in the theory

of approximation of functions. One of the key differences between an n-norm and a

norm is that an n-norm need not be homogeneous, meaning that ‖ax‖n may not be

equal to |a| ‖x‖n for all scalar values a and all vectors x in X. This property allows

n-normed spaces to capture more general properties of functions than traditional

normed spaces. Overall, the theory of n-normed spaces has provided mathemati-

cians with a powerful tool for studying a wide range of mathematical problems in

analysis and functional analysis. After many authors began to popularize some

concepts such as normed space on an n-normed spaces, bounded on an n-bounded

and continuous on an n-continuous.

Several author start to work in thesis was. for example, in 2001 H. Gunawan and

Mashadi ([4], [5]) detailed the n-normed spaces and On finite-dimensional 2-normed

spaces, then in 2014 M. Kir and H. Kiziltunc [6] follows fixed point theorems for

contraction mappings in n-normed spaces

In this memory, we will detail the paper [7] which deals with On n-bounded and

n-continuous operator in n-normed space and a fixed point on this space introduced.

This memory is divided into four chapters as follows.

For the first chapter, we will present reminders, definitions and properties

on normed and banach spaces, linear and n-linear operator and continuity and
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boundedness.

The second chapter is devoted to the continuous, bounded n-linear operators

between n-normed spaces and normed space. Also, we presented the definition of n-

normed and n-Banach spaces, continuous bounded n-linear operator and the space

of all bounded n-linear operators from Xn into Y .

The third chapter is devoted to the n- continuous, n-bounded linear operators

between normed space and n-normed spaces, we define the n- continuous n-bounded

linear operator and the space of all n-bounded linear operators from X into X.

The last chapter, we devote this chapter to other notions of n-continuous,

n-bounded Operator and contraction operators and their fixed point theorems in

n-normed space.



Chapter 1

Preliminaries

In this chapter, we mention some definitions that we will rely on in subsequent chapters.

1.1 Normed and Banach spaces

Definition 1.1.1 (Norm)

Let X be a vector space over K (R or C). A norm on vector space X is a function

‖.‖ : X → R+

such that:

(i)‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0. (Positive definiteness)

(ii) ‖αx‖ = |α| ‖x‖ for all α ∈ K and x ∈ X. (scalar multiplication)

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X. (Triangle inequality)

In this case, the pair (X, ‖.‖) is called a normed space. Also, the distance between the elements

x and y in X is defined by ‖x− y‖.

Example 1.1.1 1) Consider X = Kn. Put

‖x‖p := (
n∑
1

|xi|p)1/p and ‖x‖∞ := max
i=1,...,N

|xi|

for 1 ≤ p < ∞ and x = (x1, ..., xn) ∈ Kn. Then ‖.‖p called the usual norm as p = 2 and ‖.‖∞
called the sup-norm all are norms on Kn.

2) Put

c0 := {(x(i)) : x(i) ∈ K, lim |x(i)| = 0} (called the null sequence space).

and

`∞ :=

{
(x(i)) : x(i) ∈ K, sup

i
|x(i)| <∞

}
.
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Then c0 is a subspace of `∞. The sup-norm |.‖∞ on `∞ is defined by

‖x‖∞ := sup
i
|x(i)|

For x ∈ `∞.

Let

c00 := {(x(i)) : there are only finitly many x(i)′s are non− zero} .

Also, c00 is endowed with the sup−norm defined above and is called the finite sequence space.

Definition 1.1.2 (Sequences) Let (ξn)n be a sequence of real numbers and k ∈ R. We say that

the sequence (ξn)n converges to k and we denote lim
n−→∞

ξn = k or ξn −→ k whenever n −→ ∞

if and only if

∀ε > 0,∃M ∈ N : ∀n ≥M, |ξn − k| ≤ ε.

Proposition 1.1.1 The sequence (ξn)n of real numbers converges to k ∈ R if and only if the

sequence (|ξn − k|)n converges to 0.

Definition 1.1.3 (Cauchy Sequences) Any sequence (ξn)n∈N will be called Cauchy if

∀ε > 0,∃M ∈ N : ∀n,m ≥M, |ξn − ξm| < ε.

Proposition 1.1.2 Any convergent sequence is a Cauchy sequence.

Definition 1.1.4 (Banach space) We say that vector space X is complete for the norm ‖·‖X
if all a Cauchy sequence is convergent. Also called Banach space.

Remark 1.1.1 Any finite-dimensional norm vector space is a Banach space.

Example 1.1.1 Let α = (αn)n∈N∗ be a positive sequence and let 1 ≤ p <∞, we note

`pα := {x = (xn)n∈N∗ , xn ∈ C : (
∞∑
i=1

αn |xn|p)
1
p <∞,

The space `pα provided with the norm ‖x‖p,α = (
∑∞

i=1 αn |xn|
p)

1
p .

(i) For x = (xn)n∈N∗ , y = (yn)n∈N∗ ∈ `pα , we note X = (Xn)n∈N∗ , Xn = α
1
p
nxn and

Y = (Yn)n∈N∗ , Y n = α
1
p
nyn. By using Minkowski inequality, we define

‖x+ y‖p,α ≤ ‖x‖p,α + ‖y‖p,α

Then `pα is a norm space.



(ii) Let 1 ≤ p <∞ and (ξm)m∈N∗ be a Cauchy sequence of `pα, we note ξm(n) is the term of

rang n of ξm ∈ `pα.

Let ε > 0 , ∃M(ε) ∈ N∗ such that

`, k ≥M(ε) =⇒ ‖ξ` − ξk‖pp,α =
∞∑
n=1

αn |ξ`(n)− ξk(n)|p ≤ εp (1.1)

This implies |ξ`(n)− ξk(n)| ≤ α
− 1
p

n ε, ∀n ∈ N∗ and `, k ≥M(ε)

For all n ∈ N∗, the sequence (ξm(n))m∈N∗ is a Cauchy in C , then it’s converge to ξ(n) when

m −→∞.

For `, k ≥M(ε), and n ∈ N∗, we have according to (1.1):
∞∑
n=1

αn |ξ`(n)− ξk(n)|p ≤ ‖ξ` − ξk‖pp,α ≤ εp, (1.2)

Passing to the limit in (1.2), when ` −→ +∞ and k ≥M(ε), gives
∞∑
n=1

αn |ξ(n)− ξk(n)|p ≤ εp, (1.3)

By making N tend towards infinity in (1.3), we obtain

k ≥M(ε) =⇒
∞∑
n=1

αn |ξ(n)− ξk(n)|p ≤ εp (1.4)

This shows that ξ − ξk ∈ `pα, which is a vector space, and therefore ξ ∈ `pα. (1.4) is interpreted

then like this:

k ≥M(ε) =⇒ ‖ξ − ξk‖pp,α ≤ εp.

Then `pα is complete, i.e., is a Banach space

Example 1.1.2 Let p = ∞ and (ξm)m∈N∗ be a Cauchy sequence of `∞α . Let ε > 0 given,

∃M(ε) ∈ N∗ such that

`, k ≥M(ε) =⇒ sup
n≥1

(αn |ξ`(n)− ξk(n)|) = ‖ξ` − ξk‖∞,α ≤ ε.

This implies that

∀n ∈ N∗, |ξ`(n)− ξk(n)| ≤ α−1n ε. (1.5)

So the sequence (ξm(n))m∈N∗ is of Cauchy in C, then it’s convergent to ξ(n) whenever m −→∞.

Passing to the limit in (1.5), when ` −→ +∞ and k ≥M(ε), gives successively

αn |ξ(n)− ξk(n)| ≤ ε, ξ − ξk ∈ `∞α , ξ ∈ `∞α , ‖ξ − ξk‖`∞α ≤ ε.

Then `∞α is a Banach space.



Definition 1.1.5 (Inner product) Let X be a vector space. An inner product on X is a rule

that assigns to each pair x, y ∈ X a real number 〈x, y〉 such that,for all x, y, z ∈ X and α ∈ R,

1. 〈x, x〉 > 0, for all x in X .

2. 〈x, x〉 = 0⇔ x = 0, with equality if and only if x = 0.

3. 〈αx, y〉 = α〈x, y〉.

4. 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉.

5. 〈x, y〉 = 〈y, x〉, for all x, y ∈ X .

1.2 Linear and n-linear operator

Definition 1.2.1 (Operator) Let X and Y be two normed vector spaces. We say that an

application T defined on X0 ⊂ X into Y is an operator if X0 is linear subspace of X.

Definition 1.2.2 (Linear operator) Let X and Y be two vector spaces on K. Let T be an

operator from X into Y . We say that T is linear if, for all x and y in X and for all λ ∈ K,

we have

T (x+ y) = T (x) + T (y)

T (λx) = λT (x)

We denote L(X, Y ) for the vector space of linear operators of X in Y .

Special cases:

1. The linear mapping T from X to X is called endomorphism of X. The vector space of

endomorphisms of x is denoted L(X).

2. The linear mapping T from X to K is called linear form on X. The vector space of linear

forms on X is denoted X ′ = L(X, Y ).

Definition 1.2.3 (n-Linear operator) Let n is a natural number and X1, ..., Xn, Y be a Banach

spaces. An application T : X1, ..., Xn −→ Y is n-linear operator if

T (x1, ..., αxj + βyj, ..., xn) = αT (x1, ..., xj, ..., xn) + βT (x1, ..., yj, ..., xn),

for all j = 1.n and xj, yj ∈ Xj, α, β ∈ K (R or C). If Y = K, then T is an n-linear form.



It’s easy see that,

Example 1.2.1 The mapping

T : Kn −→ K

(x1, x2, ..., xn) 7−→ x1x2 · · · xn

is a n-linear on K.

1.3 Continuity and boundedness

Definition 1.3.1 (Bounded Linear Operator) Let X and Y be normed spaces and T : X −→ Y

be a linear operator. The operator T is said to be bounded if there is a real number c > 0 such

that

‖T (x)‖ ≤ c ‖x‖ , ∀x ∈ X.

The space of all bounded linear operators from X to Y denoted B(X, Y ).

Theorem 1.3.1 [7] Let X and Y be normed spaces. Then (B(X, Y ), ‖.‖) is a normed space,

where

‖T‖ := sup
x∈X,‖x‖=1

‖T (x)‖

if Y is a Banach space, then B(X, Y ) is a Banach space.

Example 1.3.1 The identity operator is bounded. Indeed, let I the identity operator such that

I : X −→ X

x 7−→ I(x) = x

We have

‖I‖ = sup
x∈D(I)−{0}

‖I(x)‖
‖x‖

= sup
x∈D(I)−{0}

‖x‖
‖x‖

= 1

Definition 1.3.2 (Continuous linear operator) Let X and Y be normed spaces over filed K

and T : X −→ Y be a linear operator, we say that T is continuous at x0 ∈ X if

∀ε > 0,∃δ > 0 : ‖T (x)− T (x0)‖ < ε whenever ‖x− x0‖ < δ.

Remark 1.3.1 T is continuous if T is continuous at every x ∈ D(T ).



Theorem 1.3.1 (Continuity and Boundedness) Let X, Y are normed spaces and T : X −→ Y

is a linear operator. Then,

(i) T is continuous if, and only if T is bounded,

(ii) If T is continuous at a single point, then it’s continuous.

Proof (i) Let T is continuous, then we have to prove that is bounded by contradiction.

Let if possible T is not bounded, then ‖T (xn)‖ > m ‖xn‖ , ∀xn ∈ X. Then

‖T (xn)‖
m ‖xn‖

> 1.

Hence ∥∥∥∥T ( xn
m ‖xn‖

)

∥∥∥∥ > 1.

This implies

‖T (yn)‖ > 1, where yn =
xn

m ‖xn‖
. (1.6)

As n −→∞, we have

yn =
xn

m ‖xn‖
=⇒ ‖yn‖ =

‖xn‖
m ‖xn‖

=
1

n
=⇒ ‖yn‖ =

1

n
−→ 0,

=⇒ ‖yn‖ −→ 0,

=⇒ yn −→ 0,

=⇒ T (yn) −→ T (0),

=⇒ T (yn) −→ 0,

=⇒ ‖T (yn)‖ −→ 0,

=⇒ ‖T (yn)‖ −→ 0.

(1.7)

So relations (1.6) and (1.7) contradiction each other. Hence T is bounded.

Conversely, let

T is bounded =⇒ ∃k > 0 : ‖T (x)‖ ≤ k ‖x‖ , ∀x ∈ X. (1.8)

We have to prove that T is continuous. Let xn −→ x, inX =⇒ xn − x −→ 0

this implies ‖xn − x‖ −→ 0, xn, x ∈ X =⇒ (xn − x) ∈ X,



from (1.8), we find

‖T (xn − x)‖ ≤ k ‖xn − x‖ −→ 0 =⇒ ‖T (xn)− T (x)‖ −→ 0

=⇒

T (xn)− T (x) −→ 0 =⇒ T (xn) −→ T (x) in Y, as n −→∞.

Then T is continuous. So T is continuous =⇒ T is bounded.

(ii) Let T is continuous at x0 ∈ X. Then ‖x− x0‖ < δ =⇒ ‖T (x)− T (x0)‖ < ε, ∀x ∈ X

Let xk ∈ X is an arbitrary point. Then we will prove that T is continuous at xk.

For this, ‖x− xk‖ < δ =⇒ ‖x− xk + x0 − x0‖ < δ, ∀x ∈ X. Then

‖(x+ x0 − xk)− x0‖ < δ, ∀x ∈ X =⇒ ‖T (x+ x0 − xk)− T (x0)‖ < ε,

this implies that

‖T (x)− T (xk)‖ < ε, ∀x ∈ X.

So

‖x− xk‖ < δ =⇒ ‖T (x)− T (xk)‖ < ε ∀x ∈ X.

This results that, T is continuous at xk ∈ X. Hence T is continuous at all points of X. �



Chapter 2

Continuous, bounded n-linear operators
between n-normed spaces and normed
spaces

2.1 n-Normed and n-Banach spaces

Definition 2.1.1 (n-Norm) Let X be a real vector space with dim(X) ≥ n where n is a positive

integer. We allow dim(X) to be infinite, a real-valued function

‖·, ..., ·‖ : Xn → R

is called an n-norm on Xn if the following conditions hold

1. ‖x1, ..., xn‖ = 0 if and only if x1, ..., xn are linearly dependent,

2. ‖x1, ..., xn‖ = ‖xi1 , ..., xin‖ for every permutation (i1, ..., in) of (1, ..., n),

3. ‖λx1, x2, ..., xn‖ = |λ| ‖x1, x2, ..., xn‖ for every real number λ and x1, ..., xn ∈ X,

4. ‖x+ y, x2, ..., xn‖ ≤ ‖x, x2, ..., xn‖+ ‖y, x2, ..., xn‖ for all x, y, x2, ..., xn ∈ X.

In this case, the pair (X, ‖·, ..., ·‖) is called a n-normed space. The n-norm is always non-

negative.

Example 2.1.1 1) Let X = R3 with vector addition and scalar multiplication defined compo-

nent wise and with a n-norm defined as follows.

For all x1 = (a1, b1, c1), x2 = (a2, b2, c2), . . . , xn = (an, bn, cn),

‖x1, ..., xn‖ = max {|a1b1 − a2b2 − · · · − anbn| , . . . } ,

10



Therefore ‖x1, ..., xn‖ is clearly n-norm.

2) Let X = Rn is equipped with the following Euclidean n-norm:

‖x1, ..., xn‖E := abs



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x11 . . . x1n

... . . . ...

xn1 . . . xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


,

where xi = (xi1 , ..., xin) ∈ Rn for each i = 1, ..., n.

Definition 2.1.2 [4]. A sequence {ξn} in an n-normed space (Y, ‖·, ..., ·‖) is said to converge

to an x ∈ X if ∀x1, ..., xn−1 ∈ X , we have

lim
k−→∞

‖x1, ..., xn−1, ξk − ξ‖ = 0.

Definition 2.1.3 [4]. A sequence {ξn} in an n-normed space (Y, ‖·, ..., ·‖) is a Cauchy sequence

if ∀x1, ..., xn−1 ∈ X, we have

lim
k,`−→∞

‖x1, ..., xn−1, ξk − ξ`‖ = 0.

Definition 2.1.4 (n-Banach space) [4]. If every Cauchy sequence in an n-normed space

(Y, ‖·, ..., ·‖) converges to x ∈ X, then X is said to be complete. A complete n-normed space is

called an n-Banach space.

Lemma 2.1.1 [3] A sequence in `p is convergent in n-norm ‖·, ..., ·‖p if and only if it is con-

vergent in the usual norm ‖·‖p. Similarly, a sequence in `p is Cauchy with respect to ‖·, ..., ·‖p
if and only if it is Cauchy with respect to ‖·‖p.

Example Let (xn)n be Cauchy in `p with respect to ‖·, ·‖p. Then by Lemma 2.1.1 , (xn)n is

cauchy in the usual norm ‖·‖p. But we know that `p is banach space with respect to ‖·‖p, and

so (xn)n must converge to some x ∈ X in ‖·‖p. By another application of Lemma 2.1.1 , (xn)n

also converges to x in ‖·, ·‖p. This shows that `p is complete with respect to the 2-norm ‖·, ·‖p.

Then the space `p is 2-banach space equipped with the 2-norm ‖·, ·‖p.



2.2 The infinity n-norm

We will utilize our findings to investigate convergence and completeness in n-normed spaces,

to be defined subsequently. This will allow us to establish a fixed-point theorem for select

n-normed spaces.

The case n = 2 was previously studied in [5].

Definition 2.2.1 (Preliminary results) Suppose here after that n ≥ 2 and (X, ‖·, ..., ·‖) is an

n- normed space of dimension d ≥ n. Take a linearly independent set a1, ..., an in X. With

respect to a1, ..., an, define the following function ‖·, ..., ·‖∞ on Xn−1 by

‖x1, ..., xn−1‖∞ := max
{
‖x1, ..., xn−1, ai‖ : i = 1.n

}
.

Then we have the following result.

Theorem 2.2.1 The function ‖·, ..., ·‖∞ defines an (n− 1)-norm on X.

Proof We will verify that ‖·, ..., ·‖∞ satisfies the four properties of an (n− 1)-norm

(1) If x1, ..., xn−1 are linearly dependent, then ‖x1, ..., xn−1‖ = 0 for each i = 1.n and hence

‖x1, ..., xn−1‖∞ = 0. Conversely, if ‖x1, ..., xn−1‖∞ = 0, then ‖x1, ..., xn−1, ai‖ = 0 and accord-

ingly x1, ..., xn−1, ai are linearly dependent for each i = 1.n. But this can only happen when

x1, ..., xn−1 are linearly dependent.

(2) Since ‖x1, ..., xn−1, ai‖ is invariant under any permutation of {x1, ..., xn−1}, we find that

‖x1, ..., xn−1‖∞ is also invariant under any permutation.

(3) Observe that for i = 1.n

‖x1, ..., xn−2, λxn−1‖∞ = max {‖x1, ..., xn−2, λxn−1, ai‖}

= |λ|max {‖x1, ..., xn−2, xn−1, ai‖}

= |λ| ‖x1, ..., xn−2, xn−1‖∞ .

(4) Observe that

‖x1, ..., xn−2, Y + Z‖∞ = max
{
‖x1, ..., xn−2, y + z, ai‖ : i = 1.n

}
≤ max

{
‖x1, ..., xn−2, y, ai‖ : i = 1.n

}
+max

{
‖x1, ..., xn−2, z, ai‖ : i = 1.n

}
= ‖x1, ..., xn−2, y, ai‖∞ + ‖x1, ..., xn−2, z, ai‖∞ .



Therefore ‖·, ..., ·‖∞ defines an (n−1)-norm onX. �

Corollary 2.2.1 Every n-normed space is an (n− r)-normed space for all r = 1, ..., n− 1. In

particular, every n-normed space is a normed space.

Definition 2.2.2 (The finite-dimensional case) For finite-dimensional n-normed space

(X, ‖·, ..., ·‖), we can in general derive an (n− 1)-norm from the n-norm in the following way.

Take a linearly independent set {a1, ..., am} in X, with n ≤ m ≤ d. With respect to {a1, ..., am},

define the following function ‖·, ..., ·‖∞ on Xn−1 by

‖x1, ..., xn−1‖∞ := max {‖x1, ..., xn−1, ai‖}

Then, as in Theorem 2.2.1, the function (X, ‖·, ..., ·‖)∞ defines an (n − 1)-norm on X. As

we will see later, we can obtain a better (n − 1)-norm by using a set of d, rather than just n,

linearly independent vectors in X (that is, by using a basis for X).

2.3 Continuous, bounded n-linear operator

Definition 2.3.1 [7](Bounded n-linear operator) Let (X, ‖·, ..., ·‖) be an n-normed space and

(Y, ‖.‖) be a normed space and let T be an n-linear operator on X such that, T : Xn −→ Y .

We say that T is bounded if there is a non-negative constant c such that ∀(x1, ..., xn) ∈ Xn, we

have

‖T (x1, ..., xn)‖ ≤ c ‖x1, ..., xn‖ .

Corollary 2.3.1 [7] If T is bounded, then ‖T‖ can be evaluated by

‖T‖ := sup
‖x1,...,xn‖6=0

‖T (x1, ..., xn)‖
‖x1, ..., xn‖

.

Or

‖T‖ = sup
‖x1,...,xn‖=1

‖T (x1, ..., xn‖).

Remark 2.3.1 [7] When taking n = 1, the concept of Boundedness in n-normed spaces is

reduced to the usual concept in boundedness in normed space.



Example 2.3.1 [7] Let Rn equipped with the Euclidean n-norm. Let T be an operator defined

as

T : Rn −→ R

(x1, ..., xn) 7−→ T (x1, ..., xn) = det [αij, ]

where xi =
∑n

j=1 αijej, for i = 1.n, with {e1, ..., en} the canonical basis. Then T is bounded

with ‖T‖ = 1.

Proposition 2.3.1 [7] Let T : Xn −→ Y be an n-linear operator T is bounded if and only if

for all (x1, ..., xn), (y1, ..., yn) ∈ Xn,

‖T (x1, ..., xn)− T (y1, ..., yn)‖

≤ c(‖x1 − y1, x2, ..., xn‖+ ‖y1, x2 − y2, ..., xn‖+ ...+ ‖y1, y2, ..., xn−1 − yn−1, xn‖

+ ‖y1, y2, ..., yn−1, xn − yn‖).

(2.1)

Proof Suppose that (2.1) holds. Take (y1, ..., yn) = (0, ..., 0).

Conversely, if T is bounded, then using n-linearity and triangle inequality,

‖T (x1, ..., xn)− T (y1, ..., yn)‖

= ‖T (x1 − y1, x2, ..., xn) + T (y1, x2 − y2, ..., xn) + ...+ T (y1, y2, ..., xn − yn)‖

≤ ‖T (x1 − y1, x2, ..., xn)‖+ ‖T (y1, x2 − y2, ..., xn)‖+ ...+ ‖T (y1, y2, ..., xn − yn)‖

≤ c(‖x1 − y1, x2, ..., xn‖+ ‖y1, x2 − y2, ..., xn‖+ ...+ ‖y1, y2, ..., xn − yn‖ .)

Observantly, if T is a bounded n-linear operator, and x1, ..., xn are linearly dependent, then

T (x1, ..., xn) = 0. �

The following proposition gives equivalent formulae for ‖T‖.

Proposition 2.3.2 [7] Let T be a bounded n-linear operator. Then

‖T‖ = inf {c : ‖T (x1, ..., xn)‖ ≤ c ‖x1, ..., xn‖ , (x1, ..., xn) ∈ Xn}

= sup
‖x1,...,xn‖≤1

‖T (x1, ..., xn)‖

= inf {c : (2.1) holds}



The following definition introduced by L. Soenjaya in [7] that expands on the one provided by

White in reference [8] for a 2-normed space. It is important to observe that when n equals 1,

the definition mentioned above simplifies to the standard concept of continuity in the normed

space.

Definition 2.3.2 (Continuous n-Linear Operator) Let (X, ‖·, ..., ·‖) be an n-normed space and

(Y, ‖.‖) be a normed space, and let T be an n-linear operator on X such that, T : Xn −→ Y .

We say that T is continuous at (x1, ..., xn) ∈ Xn if

∀ε > 0,∃δ > 0 : ‖T (x1, ..., xn)− T (y1, ..., yn)‖ < ε.

Whenever

‖x1 − y1, x2, ..., xn−1, xn‖ < δ and ‖y1, x2 − y2, ..., xn−1, xn‖ < δ and...

...and ‖y1, y2, ..., xn−1 − yn−1, xn‖ < δ and ‖y1, y2, ..., yn−1, xn − yn‖ < δ

.

Or

‖x1 − y1, y2, ..., yn−1, yn‖ < δ and ‖x1, x2 − y2, ..., yn−1, yn‖ < δ and...

...and ‖x1, x2, ..., xn−1 − yn−1, yn‖ < δ and ‖x1, x2, ..., xn−1, xn − yn‖ < δ

where (y1, ..., yn) ∈ Xn.

Remark 2.3.2 (1) T is continuous (on Xn) if it is continuous at every (x1, ..., xn) ∈ Xn.

(2) When taking n = 1, the concept of continuity in n-normed spaces is reduced to the usual

concept in continuity in normed space.

Theorem 2.3.1 (Continuity and Boundedness ) Let Xn be an n-normed spaces and Y be

a normed spaces, and let an n-linear operator T : Xn −→ Y , the following statement are

equivalents

(1) T is continuous;

(2) T is continuous at (0, ..., 0) ∈ Xn;

(3) T is bounded.



Proof (1)=⇒(2) Suppose that T is continuous on Xn, then it’s continuous at(0, ..., 0) ∈ Xn.

(2) =⇒(3) According to [7], we have by supposing T is continuous at (0, ..., 0) ∈ Xn. Then

by definition,

∃δ > 0 : ‖T (u1, ..., un)‖ < 1 whenever ‖u1, ..., un‖ < δ.

Let (x1, ..., xn) ∈ Xn. Consider the case when ‖x1, ..., xn‖ = 0. By the continuity at (0, ..., 0) ∈

Xn note that there is δk > 0 such that ‖T (x1, ..., xn)‖ <
1

k
whenever ‖x1, ..., xn‖ < δk. Then

since ‖x1, ..., xn‖ = 0 < δk, we have ‖T (x1, ..., xn)‖ = 0, i.e., T ≡ 0.

If ‖x1, ..., xn‖ 6= 0, then let ui =
(

δ

4 ‖x1, ..., xn‖

) 1
n

xi for i = 1.n. Note that ‖u1, ..., un‖ <
δ

4
< δ.

Then

‖T (u1, ..., un)‖ =
δ

4 ‖x1, ..., xn‖
‖T (x1, ..., xn)‖ .

Therefore

‖T (x1, ..., xn)‖ =
4

δ
‖x1, ..., xn‖ ‖T (u1, ..., un)‖ ≤

4

δ
‖x1, ..., xn‖ .

Hence T is bounded.

(3) =⇒ (1) : Since T is bounded and by [7, Proposition2.3.1 ], we have

‖T (x1, ..., xn)− T (y1, ..., yn)‖

≤ ‖T‖ (‖x1 − y1, x2, ..., xn‖+ ‖y1, x2 − y2, ..., xn‖+ ...+ ‖y1, y2, ..., xn − yn‖)

(2.2)

Let ε > 0 be given. Take δ =
ε

1 + n ‖T‖
.

If each of the term in the brackets on the right-hand side of (2.2) is less than δ, then

‖T (x1, ..., xn)− T (y1, ..., yn)‖ ≤ ε.

Then T is continuous. �

Definition 2.3.3 (Banach steinhaus theorem ) Let (X ‖·, ..., ·‖) is n-banach space, (Y ‖·‖) is

a K-vector normed space and (Fi)i∈I is a family of L(Xn, Y ) if

sup
i∈I
‖Fi(x1, ..., xn)‖ <∞ for all (x1, ..., xn) ∈ X

Then

sup
i∈I
‖Fi‖ <∞.



2.4 The space B(Xn, Y )

Afterward, we will explore the related set of operators. Let B(Xn, Y ) denotes the space of all

bounded n-linear operators from Xn into Y .

Theorem 2.4.1 (B(Xn, Y ), ‖·‖) is a normed space with norm given by

‖T‖ := sup
‖x1,...,xn‖6=0

‖T (x1, ..., xn)‖
‖x1, ..., xn‖

.

Proof By the definition of ‖·‖ we have ‖λT‖ = |λ| ‖T‖. For the triangular inequality for a

norm, we have

‖T1 + T2‖ ≤ sup
‖x1,...,xn‖6=0

‖T1(x1, ..., xn)‖+ ‖T2(x1, ..., xn)‖
‖x1, ..., xn‖

≤ sup
‖x1,...,xn‖6=0

‖T1(x1, ..., xn)‖ |
‖x1, ..., xn‖

+ sup
‖x1,...,xn‖6=0

‖T2(x1, ..., xn)‖
‖x1, ..., xn‖

= ‖T1‖+ ‖T2‖ .

Finally, for the first condition of the norm, we have

‖T‖ = 0 =⇒ T (x1, ..., xn) = 0,

if ‖x1, ..., xn‖ 6= 0.

If ‖x1, ..., xn‖ = 0 , then x1, ..., xn are linearly dependent, hence T (x1, ..., xn) = 0 by the

Proposition 2.1. Hence T ≡ 0 . Therefore, ‖·‖ is a norm. �

Theorem 2.4.2 [7] . If (Y, ‖·‖) is a Banach space, then (B(Xn, Y ), ‖·‖) is a Banach space.

Proof

Let {ξn} be a Cauchy sequence in B(Xn, Y ). Then,

∀ε > 0,∃N > 0 : ‖ξn − ξm‖ ≤
ε

2
, ∀n,m > N.

We have by definition,

‖ξn(x1, ..., xn)− ξm(x1, ..., xn)‖ ≤ ‖ξn − ξm‖ ‖x1, ..., xn‖ . (2.3)



∀ n,m > N , we have

‖ξn(x1, ..., xn)− ξm(x1, ..., xn)‖ ≤
ε

2
‖x1, ..., xn‖ . (2.4)

Since {ξn} is Cauchy sequence and Y is a Banach space and by (2.3), we may define

ξ(x) = lim
n−→∞

ξn(x). Then

‖ξM(x1, ..., xn)− ξ(x1, ..., xn)‖ ≤
ε

2
‖x1, ..., xn‖ . (2.5)

By (2.4)and ( 2.5), ∀n > M , we have

‖ξn(x1, ..., xn)− ξ(x1, ..., xn)‖ ≤ ‖ξn(x1, ..., xn)− ξM(x1, ..., xn)‖+ ‖ξM(x1, ..., xn)− ξ(x1, ..., xn)‖

≤ ε ‖x1, ..., xn‖ .

This implies ‖ξn − ξ‖ < ε, i.e., ξn → ξ. �



Chapter 3

n-Continuous, n-bounded linear operator

3.1 n-Bounded, n-continuous linear operator

The following definition introduced by [7, Definition 3.1.1] which generalizes the concept of

bounded operator by introducing the notion of n-bounded operator.

Definition 3.1.1 (n-Bounded Linear Operator) Let (X, ‖·‖) be a normed space and

(X, ‖·, ..., ·‖) be an n-normed space and let an operator T : (X, ‖·‖) −→ (X, ‖·, ..., ·‖) . We

say T is n-bounded if there is a constant c such that for all x1, ..., xn ∈ X,

‖T (x1), x2, ..., xn‖+ ‖x1, T (x2), ..., xn‖+ ...+ ‖x1, x2, ..., T (xn)‖ ≤ c ‖x1‖ ‖x2‖ ... ‖xn‖ . (3.1)

Corollary 3.1.1 If T is n- bounded, then ‖T‖n define by

‖T‖n := inf {c : (3.1) holds, x1, x2, ..., xn ∈ X} (3.2)

Remark 3.1.1 When taking n = 1, the definition of n-bounded operator reduces to the usual

concept of bounded operator.

Example 3.1.1 [7] (1) Let X = R2 be equipped with the `1-norm and the Euclidean 2 -norm.

Define operators T and T ′ by

T ((x1, x2)) = (x1, x2)

and

T ′((x1, x2)) = (0, x2),

where (x1, x2) ∈ R2. Then ‖T‖2 = 2 and ‖T ′‖2 = 1.

(2) Let (X, ‖·‖) be a real inner product space and define

‖x, y‖ = (‖x‖2 ‖y‖2 − 〈x, y〉2)
1
2 .
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If T : X −→ X is a bounded linear operator, then

‖T (x), y‖+ ‖x+ T (y)‖ ≤ 2 ‖T‖ ‖x‖ ‖y‖ .

Hence T is a 2-bounded linear operator.

Proposition 3.1.1 Let T : X −→ X be an n-bounded linear operator. Then for x1, x2, ..., xn ∈

X, we have

‖T‖n = sup
‖x1‖...‖xn‖=1

(‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖)

= sup
‖x1‖...‖xn‖6=0

(
‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖

‖x1‖ ... ‖xn‖

)
.

Proof (i) Let M = ‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖. Then by Definition 3.1.1, we have

‖T‖n ≥M .

Let yj =
xj
‖xj‖

,∀j = 1.n. Then M ≥ ‖T (y1), ..., yn‖+ ...+ ‖y1, ..., T (yn)‖. Then

‖T‖n ≤M , hence ‖T‖n =M .

(ii) Let N =
‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖

‖x1‖ ... ‖xn‖
, then we have

‖T (x1), ..., xn‖
‖x1‖ ... ‖xn‖

+ ...+
‖x1, ..., T (xn)‖
‖x1‖ ... ‖xn‖

=

∥∥∥∥T ( x1
‖x1‖

), ...,
xn
‖xn‖

∥∥∥∥+ ...+

∥∥∥∥ x1
‖x1‖

, ..., T (
xn
‖xn‖

)

∥∥∥∥ .
The resulting M ≥ N . Moreover, M is written as follows

M = sup
‖x1‖...‖xn‖=1

(‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖) .

We see that M ≤ N as the set over which the supremum is taken is bigger for N . �

We will now give the develop properties of n-bounded operator that introduced by [7]. Such

that, he introduced the concept of n-continuity as follows.

Definition 3.1.2 (n-Continuous Linear Operator) Let T : (X, ‖·‖) −→ (X, ‖·, ..., ·‖) be an

operator. We say that T is n-continuous at x ∈ X if

∀ε > 0,∃δ > 0 : ‖T (x1)− T (x), x2 − x, ..., xn − x‖+ ‖x1 − x, T (x2)− T (x), ..., xn − x‖

+...+ ‖x1 − x, x2 − x, ..., T (xn)− T (x)‖ < ε

(3.3)

whenever ‖x1 − x‖ ‖x2 − x‖ ... ‖xn − x‖ < δ , where x1, ..., xn ∈ X.



Corollary 3.1.2 If T is n-continuous at every x ∈ X, then it is n-continuous on X.

Remark 3.1.2 When taking n = 1, the definition of n-continuous operator reduces to the usual

concept of continuous operator.

Theorem 3.1.1 (n-Continuity and n-Boundedness ). Let T : (X, ‖·‖) −→ (X, ‖·, ..., ·‖) be an

operator. The following statements are equivalent:

(1) T is n- continuous;

(2) T is n-continuous at 0 ∈ X;

(3) T is n-bounded.

Proof (1)=⇒(2) is trivial.

(2) =⇒(3) Suppose T is n- continuous at 0 ∈ X, then by definition,

∃δ > 0 : ‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖ < 1 whenever ‖x1‖ ... ‖xn‖ < δ.

Let (v1, ..., vn) ∈ X. If ‖v1‖ ... ‖vn‖ = 0, then

‖T (v1), ..., vn‖+ ...+ ‖v1, ..., T (vn)‖ = 0.

If ‖v1‖ ... ‖vn‖ 6= 0, then let xi =
(
δ

4

) 1
n vi
‖vi‖

, for i = 1, n.

Note that ‖x1‖ ... ‖xn‖ < δ. Then we have

‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖ =
δ

4 ‖v1‖ ... ‖vn‖
(‖T (v1), ..., vn‖+ ...+ ‖v1, ..., T (vn)‖) .

Therefore

‖T (v1), ..., vn‖+ ...+ ‖v1, ..., T (vn)‖

=
4 ‖v1‖ ... ‖vn‖

δ
(‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖) <

4

δ
‖v1‖ ... ‖vn‖ .

Hence T is n-bounded.

(3)=⇒ (1) Since T is n-bounded, then

‖T (v1 − x), ..., vn − x‖+ ...+ ‖v1 − x, ..., T (vn − x)‖ ≤ ‖T‖n ‖v1 − x‖ ... ‖vn − x‖ .

Let ε > 0 and δ =
ε

1 + ‖T‖n
, hence

‖T (v1)− T (x), ..., vn − x‖+...+‖v1 − x, v2 − x, ..., T (vn)− T (x)‖ < ε whenever ‖v1 − x‖ ... ‖vn − x‖ .

So T is n-continuous. �



3.2 The space Bn(X,X)

Let Bn(X,X) denotes the space of all n-bounded linear operators from (X, ‖·‖) into

(X, ‖·, ..., ·‖).

Theorem 3.2.1 (Bn(X,X), ‖·‖n) is a normed space with norm given by

‖T‖n := inf {c : (3.1) holds, x1, x2, ..., xn ∈ X} .

Proof We have ‖·‖n satisfies

1. ‖λT‖n = |λ| ‖T‖n and ‖T1 + T2‖n ≤ ‖T1‖n + ‖T2‖n.

2. ‖T‖n = 0 =⇒ ‖T (x1), ..., xn‖ = 0, ∀x1, ..., xn ∈ X =⇒ T ≡ 0

Therefore, (Bn(X,X), ‖·‖n) is a normed space. �

Theorem 3.2.2 [4] (Bn(X,X), ‖·‖n) is a Banach space if (X, ‖·, ..., ·‖) is an n- Banach space.

Proof Let {ξk} be a Cauchy sequence in Bn(X,X). Then

∀ε > 0,∃N > 0 : ‖ξk − ξl‖n ≤
ε

2
, ∀k, l > N.

We have by definition,

‖(ξk − ξl)(x1), ..., xn‖+ ...+ ‖x1, ..., (ξk − ξl)(xn)‖ ≤ ‖ξk − ξl‖n ‖x1‖ ... ‖xn‖ (3.4)

Therefore, for ∀k, l > N , we have

‖ξk(x1)− ξl(x1), ..., xn‖+ ...+ ‖x1, ..., ξk(xn)− ξl(xn)‖ ≤
ε

2
‖x1‖ ... ‖xn‖ (3.5)

Using (3.4) and since {ξk} is Cauchy and by definition of ‖·‖n, we have ∀x1, ..., xn ∈ X,

lim
k,l−→∞

‖ξk(x1)− ξl(x1), ..., xn‖ = 0, ..., lim
k,l−→∞

‖x1, ..., ξk(xn)− ξl(xn)‖ = 0

{ξk} is Cauchy in (X, ‖·, ..., ·‖) ∀x ∈ X.

(X, ‖·, ..., ·‖) is an n-Banach space, we may define ξ(x) = lim
k−→∞

ξk(x) in the sense of n-norm.

By definition of convergence, ∃M = (x1, ..., xn) > N such that ∀x1, ..., xn ∈ X, we have

‖ξM(x1)− ξ(x1), ..., xn‖+ ...+ ‖x1, ..., ξM(xn)− (xn)‖ ≤
ε

2
‖x1‖ ... ‖xn‖ . (3.6)

By (3.5 ), (3.6) and triangle inequality for n-norm, ∀k > M and x1, ..., xn ∈ X,

‖ξk(x1)− ξ(x1), ..., xn‖+ ...+ ‖x1, ..., ξk(xn)− (xn)‖ ≤ ε ‖x1‖ ... ‖xn‖ , ∀x1, ..., xn ∈ X.

Then ‖ξk − ξ‖ < ε , i.e., ξk −→ ξ.



Chapter 4

Other notions of n-continuous,
n-bounded operator

4.1 n-bounded , n-nontinuous of type-I operator

There exists a several concepts of continuity in n-normed spaces that differs from those discussed

earlier. In their work [2], Chu et al. introduced the idea of a 2-continuous mapping to investigate

the Aleksandrov problem within 2-normed spaces. Inspired by this research, we aim to introduce

the extension of this notion beyond the traditional understanding of continuity in normed spaces

[7][Definition4.1.1].

Definition 4.1.1 (n-Bounded of type-I operator) Let (X, ‖·, ..., ·‖) and (Y, ‖·, ..., ·‖) be two n-

normed spaces, and let T be an operator such that, T : Xn −→ Y n. We say that T is n-bounded

of type-I if there is a constant c such that ∀(x1, ..., xn) ∈ Xn, we have

‖T (x1), ..., T (xn)‖ ≤ c ‖x1, ..., xn‖ .

Corollary 4.1.1 If T is n-Bounded of type-I operator,we define [T ]n by

[T ]n := sup
‖x1,...,xn‖6=0

‖T (x1), ..., T (xn)‖
‖x1, ..., xn‖

.

Example 4.1.1 [7] (1) Let T : (X, ‖·, ..., ·‖) −→ (Y, ‖·, ..., ·‖) be a dilation, i.e., T (x) = cx for

all x ∈ X, where c ∈ R. Then T is n-bounded of type-I.

(2) Let X = C1 [0, 1], equipped with 2-norm defined by for f, g ∈ X

‖f, g‖ = sup
t∈[0,1]

W (f, g)(t)

, where W (f, g) is the Wronskian of f and g. Let T : X −→ X be defined by T (x) = y, where

y(t) = tx(t). Then for all f, g ∈ X

‖(f), T (g)‖ ≤ ‖f, g‖ .
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So T is 2-bounded.

We will now give the develop properties of n-bounded of type-I operator that introduced by

[7]. Such that, he introduced the concept of n-continuity as follows.

Definition 4.1.2 (n-continuous of type-I Operator) Let (X, ‖·, ..., ·‖) and (Y, ‖·, ..., ·‖) be two

n-normed spaces, and let T be an operator. We say that T is n-continuous of type-I at

(x1, x2, ..., xn) ∈ X, if

∀ε > 0,∃δ > 0 : ‖T (x1)− T (x), T (x2)− T (x), ..., T (xn)− T (x)‖ < ε. (4.1)

whenever ‖x1 − x, x2 − x, ..., xn − x‖ < δ, where (x1, x2, ..., xn) ∈ X.

Remark 4.1.1 T is n-continuous of type-I (on X) if it’s n-continuous of type-I at every

(x1, x2, ..., xn) ∈ X.

Remark 4.1.2 (1) When taking n = 1, the concept of n-continuity in n-normed spaces is

reduced to the usual concept in continuity in normed space.

(2) When taking n = 2, the concept of n- continuity in n-normed spaces is reduced to the

usual concept in 2-continuity in normed space.

Theorem 4.1.1 (n-Continuity and n-Boundedness of type-I ) Let T : (X, ‖·, ..., ·‖) −→

(Y, ‖·, ..., ·‖) be a linear operator, the following statement are equivalents

(1) T is n- continuous of type-I;

(2) T is n-continuous of type-I at 0 ∈ X;

(3) T is n-bounded of type-I.

Proof (1)=⇒(2) is trivial.

(2) =⇒(3) Suppose T is n- continuous of type-I at 0 ∈ X. Then by definition,

∃δ > 0 : ‖T (x1), ..., T (xn)‖ < 1 whenever ‖x1‖ ... ‖xn‖ < δ.

Let (v1, ..., vn) ∈ Y ,

- If ‖v1, ..., vn‖ = 0, then v1, ..., vn are linearly dependent. By linearity of T, T (v1), ..., T (vn)

are linearly dependent, hence ‖T (v1), ..., T (vn)‖ = 0.

- If ‖v1, ..., vn‖ 6= 0, then let xi =
(

δ

4 ‖vi‖

) 1
n

vi, for i = 1.n.

Note that ‖x1, ..., xn‖ < δ. Then we have,

‖T (x1), ..., T (xn)‖ =
δ

4 ‖v1, ..., vn‖
‖T (v1), ..., T (vn)‖ .



Therefore

‖T (v1), ..., T (vn)‖ =
4 ‖v1, ..., vn‖

δ
(‖T (x1), ..., T (xn)‖) <

4

δ
‖v1, ..., vn‖ .

Hence T is n-bounded of type-I.

(3) =⇒ (1) Since T is n-bounded of type-I, then

‖T (v1 − x), ..., vn − x‖+ ...+ ‖v1 − x, ..., T (vn − x)‖ ≤ [T ]n ‖v1 − x‖ ... ‖vn − x‖ .

Let ε > 0 and δ =
ε

1 + [T ]n
, then

‖T (v1)− T (x), ..., vn − x‖+...+‖v1 − x, v2 − x, ..., T (vn)− T (x)‖ < ε whenever ‖v1 − x‖ ... ‖vn − x‖ .

So T is n-continuous of type-I. �

4.2 The space Bn
n(X,X) of type-I

Let Bn
n(X,X) denotes the space of all n-bounded of type-I operators from (X, ‖·, ..., ·‖) into

(X, ‖·, ..., ·‖).

Theorem 4.2.1 (Bn
n(X,X), |||T |||n) is an n-normed space with norm given by

|||T |||n := sup
‖x1,...,xn‖6=0

‖T (x1), ..., T (xn)‖
‖x1, ..., xn‖

.

Proof We have [T ]n satisfies

- [λT ]n = |λ| [T ]n and [T1 + T2]n ≤ [T1]n + [T2]n.

- [T ]n = 0 =⇒ [T (x1), ..., xn]n = 0, ∀x1, ..., xn ∈ X =⇒ T ≡ 0.

Therefore (Bn(X,X), [T ]n) is an n-normed space. �

4.3 n-Bounded, n-continuous of type-II operator

Definition 4.3.1 [7](n-Bounded of type-II operator) Let T : Xn −→ Y n be an operator. We

say that T is n-bounded of type-II if there is a constant c such that ∀(x1, ..., xn) ∈ Xn, we have

‖T (x1), x2, ..., xn‖+ ‖x1, T (x2), ..., xn‖+ ...+ ‖x1, x2, ..., T (xn)‖ ≤ c ‖x1, x2, ..., xn‖ (4.2)

Corollary 4.3.1 [7] If T is n-Bounded of type-II operator, then |||T |||n be

|||T |||n := sup
‖x1,x2,...,xn‖6=0

‖T (x1), x2, ..., xn‖+ ...+ ‖x1, x2, ..., T (xn)‖
‖x1, x2, ..., xn‖

. (4.3)



Example 4.3.1 [7] Let T : Xn −→ Y n be a dilation, i.e. T (x1, x2, ..., xn) = k(x1, x2, ..., xn),

(x1, x2, ..., xn) ∈ Xn, where k is a real number. Then T is n-Bounded of type-II.

We will now give the develop properties of n-bounded of type-II operator that introduced by

[7]. Such that, he introduced the concept of n-continuity as follows.

Definition 4.3.2 (n-continuous of type-II Operator) Let (X, ‖·, ..., ·‖) and (Y, ‖·, ..., ·‖) be two

n-normed spaces, and let T be an operator. We say that T is n-continuous of type-II at

(x1, x2, ..., xn) ∈ X, if ∀ε > 0,∃δ > 0:

‖T (x1)− T (x), ..., xn − x‖+‖x1 − x, T (x2)− T (x), ..., xn − x‖+...+‖x1 − x, ..., T (xn)− T (x)‖ < ε

whenever ‖x1 − x, x2 − x, ..., xn − x‖ < δ.

Remark 4.3.1 T is n-continuous of type-II (on X) if it’s n-continuous of type-II at every

(x1, x2, ..., xn) ∈ X.

Theorem 4.3.1 (n-Continuity and n-Boundedness of type-II ) Let X, Y are n-normed spaces

and let T be a linear operator to X into Y , the following statement are equivalents

(1) T is n- continuous of type-II;

(2) T is n-continuous of type-II at 0 ∈ X;

(3) T is n-bounded of type-II.

Proof (1)=⇒(2) is trivial.

(2) =⇒(3) Suppose T is n- continuous of type-II at 0 ∈ X. Then by definition,

∃δ > 0 : ‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖ < 1 whenever ‖x1, ..., xn‖ < δ.

Let (v1, ..., vn) ∈ Y , and let xi =
(

δ

4 ‖vi‖

) 1
n

vi, for i = 1.n.

Note that ‖x1, ..., xn‖ < δ. Then we have,

‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖ =
δ

4 ‖v1, ..., vn‖
‖T (v1), ..., vn‖+ ...+ ‖v1, ..., T (vn)‖

Therefore

‖T (v1), ..., vn‖+ ...+ ‖v1, ..., T (vn)‖ =
4 ‖v1, ..., vn‖

δ
(‖T (x1), ..., xn‖+ ...+ ‖x1, ..., T (xn)‖)

<
4

δ
‖v1, ..., vn‖



Hence T is n-bounded of type-II.

(3) =⇒ (1) Since T is n-bounded of type-II, then

‖T (v1 − x), ..., vn − x‖+ ...+ ‖v1 − x, ..., T (vn − x)‖ ≤ |||T |||n ‖v1 − x‖ ... ‖vn − x‖ .

Let ε > 0 and δ =
ε

1 + |||T |||n
, then whenever ‖v1 − x‖ ... ‖vn − x‖

‖T (v1)− T (x), ..., vn − x‖+ ...+ ‖v1 − x, v2 − x, ..., T (vn)− T (x)‖ < ε.

So T is n-continuous of type-II. �

4.4 The space Bn
n(X,X) of type-II

Let Bn
n(X,X) denotes the space of all n-bounded of type-II operators from (X, ‖·, ..., ·‖) into

(X, ‖·, ..., ·‖).

Theorem 4.4.1 (Bn
n(X,X), |||T |||n) is an n-normed space with norm given by

|||T |||n := sup
‖x1,x2,...,xn‖6=0

‖T (x1), x2, ..., xn‖+ ...+ ‖x1, x2, ..., T (xn)‖
‖x1, x2, ..., xn‖

.

Proof We have |||T |||n satisfies

- |||λT |||n = |λ| |||T |||n and |||T1 + T2|||n ≤ |||T1|||n + |||T2|||n.

- |||T |||n = 0 =⇒ |||T (x1), ..., xn|||n = 0 , ∀x1, ..., xn ∈ X =⇒ T ≡ 0.

Therefore, (Bn(X, Y ), ‖·‖n) is an n-normed space. �

Theorem 4.4.2 [4] (Bn
n(X, Y ), |||T |||n) is a Banach space when (Y, ‖·, ..., ·‖) is an n-Banach

spaces.

Proof Let {ξk} be a Cauchy sequence in Bn(X, Y ). Then

∀ε > 0,∃N > 0 : ‖ξk − ξl‖n ≤
ε

2
, ∀k, l > N.

We have by definition,

‖(ξk − ξl)(x1), ..., xn‖+ ...+ ‖x1, ..., (ξk − ξl)(xn)‖ ≤ ‖ξk − ξl‖n ‖x1‖ ... ‖xn‖ .

Therefore, ∀k, l > N , we have

‖ξk(x1)− ξl(x1), ..., xn‖+ ...+ ‖x1, ..., ξk(xn)− ξl(xn)‖ ≤
ε

2
‖x1‖ ... ‖xn‖ , (4.4)



The sequence {ξk} is Cauchy and by definition of ‖·‖n, we have ∀x1, ..., xn ∈ X,

lim
k,l−→∞

‖ξk(x1)− ξl(x1), ..., xn‖ = 0, ..., lim
k,l−→∞

‖x1, ..., ξk(xn)− ξl(xn)‖ = 0,

Hence {ξk} is Cauchy in (Y, ‖·, ..., ·‖) ∀x ∈ X. This implies that (Y, ‖·, ..., ·‖) is an n-Banach

space, we may define ξ(x) = lim
k−→∞

ξk(x) in the sense of n-norm. By definition of convergence,

∃M = (x1, ..., xn) > N :

‖ξM(x1)− ξ(x1), ..., xn‖+ ...+ ‖x1, ..., ξM(xn)− (xn)‖ ≤
ε

2
‖x1‖ ... ‖xn‖ , ∀x1, ..., xn ∈ X.

(4.5)

By (4.4 ), (4.5) and triangle inequality for n-norm, ∀k > M and x1, ..., xn ∈ X,

‖ξk(x1)− ξ(x1), ..., xn‖+ ...+ ‖x1, ..., ξk(xn)− (xn)‖ ≤ ε ‖x1‖ ... ‖xn‖ , ∀x1, ..., xn ∈ X,

implies that ‖ξk − ξ‖ < ε , i.e., ξk −→ ξ.

4.5 Contraction operators and their fixed point theorems
in n-normed space

Definition 4.5.1 [1] Let X be a nonempty set and T : X −→ X a selfmap. We say that x ∈ X

is a fixed point of T if T (x) = x and denote by FT or Fix(T ) the set of all fixed points of T .

Definition 4.5.2 (Closed subset) Let X0 ⊆ X be nonempty set. Then we say that X0 is closed

if for every sequence {xm}∞m=0 in X0 which converges in X , its limit is in X0.

Definition 4.5.3 (c-Lipschitz operator in n-normed space ) Let X, Y be a metric spaces with

respect to the n-norm ‖·, ..., ·‖. We say that the operator T : X −→ Y is c-Lipschitz if there is

a constant c > 0 such that ∀x1, ..., xn ∈ X, we have

‖T (x)− T (y), x2, ..., xn‖ ≤ c ‖x− y, x2, ..., xn‖ . (4.6)

If c ∈ [0, 1) , we call that T a contraction and if c = 1 the operator T is called non-expansive.

Remark 4.5.1 For a c-lipschitz operator T we define the Lipschitz constant by

‖T‖Lip = Lip(T ) := sup
‖x−y,x2,...,xn‖6=0

‖T (x)− T (y), x2, ..., xn‖
‖x− y, x2, ..., xn‖

.



Definition 4.5.4 [6](n-Lipschitz operators in n-normed space) Let X be a linear n-normed

space. We call T is n-Lipschitz operator if there is a c > 0 such that ∀x0, x1, ..., xn ∈ X, we

have

‖T (x1)− T (x0), T (x2)− T (x0), ..., T (xn)− T (x0)‖ ≤ c ‖x1 − x0, x2 − x0, ..., xn − x0‖ .

If c ∈ [0, 1), the operator T is called n-contraction and if c = 1 the operator T is called n-non-

expansive.

The space of all n-Lipschitz operators to X into Y denoted by Lipn(X, Y ) and the space of

n-Lipschitz that vanishing at 0 denoted by Lipn.0(X, Y )

Remark 4.5.2 For a n-lipschitz operator T we define the n-Lipschitz constant by

‖T‖Lipn = Lipn(T ) := sup
‖x1−x0,x2−x0,...,xn−x0‖6=0

‖T (x1)− T (x0), T (x2)− T (x0), ..., T (xn)− T (x0)‖
‖x1 − x0, x2 − x0, ..., xn − x0‖

.

Proposition 4.5.1 (i) Let X, Y are n-normed spaces and let T1, T2 are n-Lipschitz operators

from X into Y . Then

Lipn(T1 + T2) ≤ Lipn(T1) + Lipn(T2)

(ii) Let X be an n-normed spaces and let T a n-Lipschitz operator from X into Y . Then

∀λ ∈ R, we have

Lipn(λT ) = |λ|Lipn(T )

(iii) Let X, Y, Z are n-normed spaces and let T1 : X −→ Y and T2 : Y −→ Z are n-Lipschitz

operators. Then

Lipn(T1 ◦ T2) = Lipn(T1)Lipn(T2)

Proof

(i) ‖(T1 + T2)(x1)− (T1 + T2)(x0), ..., (T1 + T2)(xn)− (T1 + T2)(x0)‖

= ‖T1(x1) + T2(x1)− T1(x0)− T2(x0), ..., T1(xn) + T2(xn)− T1(x0)− T2(x0)‖

= ‖T1(x1)− T1(x0) + T2(x1)− T2(x0), ..., , ..., T1(xn)− T1(x0) + T2(xn)− T2(x0)‖

≤ ‖T1(x1)− T1(x0), ..., T1(xn)− T1(x0)‖+ ‖T2(x1)− T2(x0), ..., T2(xn)− T2(x0)‖

≤ Lipn(T1) ‖x1 − x0, ..., xn − x0‖+ Lipn(T2) ‖x1 − x0, ..., xn − x0‖

≤ (Lipn(T1) + Lipn(T2)) ‖x1 − x0, ..., xn − x0‖.

Then Lipn(T1 + T2) ≤ Lipn(T1) + Lipn(T2).

(ii)



Lipn(λT ) = sup
‖x1−x0,...,xn−x0‖6=0

‖λT (x1)− λT (x0), ..., λT (xn)− λT (x0)‖
‖x1 − x0, ..., xn − x0‖

= sup
‖x1−x0,...,xn−x0‖6=0

‖λ(T (x1)− T (x0), ..., T (xn)− T (x0))‖
‖x1 − x0, ..., xn − x0‖

= |λ| sup
‖x1−x0,...,xn−x0‖6=0

‖(T (x1)− T (x0), ..., T (xn)− T (x0))‖
‖x1 − x0, ..., xn − x0‖

= |λ|Lipn(T ).

(iii)

‖(T1 ◦ T2)(x1)− (T1 ◦ T2)(x0), ..., (T1 ◦ T2)(xn)− (T1 ◦ T2)(x0)‖

= ‖T1(T2(x1))− T1(T2(x0)), ..., T1(T2(xn))− T1(T2(x0))‖

≤ Lipn(T1) ‖T2(x1)− T2(x0), ..., T2(xn)− T2(x0)‖

≤ Lipn(T1)Lipn(T2) ‖x1 − x0, ..., xn − x0‖.

Then Lipn(T1 ◦ T2) = Lipn(T1)Lipn(T2).

Theorem 4.5.1 (Lipn.0(X, Y ), Lipn.0(·)) is an n-normed space.

Kir and Kiziltunc’s definition of bounded sets

Definition 4.5.5 [6](Bounded sets in an n-normed space) Let X0 be a nonempty subset of X.

Then X0 is called bounded with respect to S = {s1, ..., sn} if there is M > 0 such that for every

x0 ∈ X0 and {i2, ..., in} ⊂ {1, ..., n}, we have

‖x0, si2 , ..., sin‖ ≤M.

Remark 4.5.3 A set may be bounded according to Kir and Kiziltunc’s definition and is un-

bounded according to ours.

Example 4.5.1 [6]

Let ε = {e1, ..., en} be the set of the first n basis vectors in X = Rd. Then one may observe

that for every z ∈ X and {i2, ..., in} ⊂ {1, ..., n}, we have

‖z, ei2 , ..., ein‖S = |zi1| .

Since z = tzx for some tz ∈ R, we have |zi1| −→ ∞ as tz −→ ∞. Consequently, Lx is not a

bounded set.

The lemma below is employed to demonstrate when a vector equals zero, a crucial step in

verifying our future theorems.



Lemma 4.5.1 [6] Let x0 ∈ X. If ‖x0, si2 , ..., sin‖ = 0 for every {i2, ..., in} ⊂ {1, ..., n}, then

x0 = 0

Proof [6] If ‖x0, si2 , ..., sin‖ = 0 for every {i2, ..., in} ⊂ {1, ..., n}, then x0 is in the span of

{si2 , ..., sin} for every {i2, ..., in} ⊂ {1, ..., n}. This can only happen if x0 = 0. �

The fixed point theorem applies to mappings that exhibit contraction properties on a closed

and bounded subset in relation to S.

Theorem 4.5.1 [6] Let (X, ‖·, ..., ·‖) be a complete n-normed space and X0 ⊂ Xbe a nonempty,

closed, and bounded with respect to S. If T : X0 −→ X0 is a contraction operator with respect

to S, then T has a unique fixed point in S.

Proof [6] Let x0 ∈ X0. We first construct an iterative sequence {xm}∞m=0 where xm = Tmx0

for m = 0, 1, 2, ....

Second, we show that {xm}∞m=0 is a Cauchy sequence with respect to S. Since T is contrac-

tion, there is c ∈ (0, 1) such that for any two consecutive terms in {xm}∞m=0, we have

‖xm − xm+1, si2 , ..., sin‖ = ‖T (xm−1)− T (xm), si2 , ..., sin‖

≤ c ‖xm−1 − xm, si2 , ..., sin‖

= c ‖T (xm−−2)− T (xm−1), si2 , ..., sin‖

≤ c2 ‖xm−2 − xm−1, si2 , ..., sin‖

...

≤ cm ‖x0 − x1, si2 , ..., sin‖ ,

for every {i2, ..., in} ⊂ {1, ..., n}. Hence by using the triangle inequality and the formula for the

sum of a geometric progression, we obtain for m > l,

‖xm − x1, si2 , ..., sin‖

= ‖xm − xm−1 + xm−1 − ...+ xl+1 − xl, si2 , ..., sin‖

≤ ‖xm − xm−1, si2 , ..., sin‖+ ‖xm−1 − xm−2, si2 , ..., sin‖+ ...+ ‖xl+1 − xl, si2 , ..., sin‖

≤ cm−1 ‖x0 − x1, si2 , ..., sin‖+ cm−2 ‖x0 − x1, si2 , ..., sin‖+ ...+ cl ‖x0 − x1, si2 , ..., sin‖

=
(
cm−1 + cm−2 + ...+ cl

)
‖x0 − x1, si2 , ..., sin‖

<
cl

1− c
‖x0 − x1, si2 , ..., sin‖



for every {i2, ..., in} ⊂ {1, ..., n}. Because c ∈ (0, 1) and ‖x0 − x1, si2 , ..., si2‖ is bounded, we

can make the right hand side of above inequality as small as we like, by taking l sufficiently

large. Since this holds for every {i2, ..., in} ⊂ {1, ..., n}, the sequence {xm}∞m=0 is Cauchy with

respect to S. As X is a complete n-normed space and X0 is closed, there exists x0 ∈ X0 such

that S
xm → x.

Third, we prove that x is a fixed point of T , that is T (x) = x. By using the triangle

inequality and contraction operator (4.6), we have

‖T (x)− x, si2 , ..., sin‖ ≤ ‖T (x)− xm, si2 , ..., sin‖+ ‖xm − x, si2 , ..., sin‖

≤ c ‖x− xm−1, si2 , ..., sin‖+ ‖xm − x, si2 , ..., sin‖

for every {i2, ..., in} ⊂ {1, ..., n}. By taking a sufficiently large m, the sum in the second

line can be made smaller than any preassigned ε > 0, because S
xm → x. We conclude that

‖T (x)− x, si2 , ..., sin‖ = 0 for every {i2, ..., in} ⊂ {1, ..., n}. By Lemma 4.5.1, we have T (x) = x.

Fourth, we prove that T has no other fixed points. Let y ∈ X be another fixed point of T ,

so that T (y) = y. We obtain

‖x− y, si2 , ..., sin‖ = ‖T (x)− T (y), si2 , ..., sin‖

≤ c ‖x− y, si2 , ..., sin‖

for every {i2, ..., in} ⊂ {1, ..., n}. Since c ∈ (0, 1), we have ‖x− y, si2 , ..., sin‖ = 0 for every

{i2, ..., in} ⊂ {1, ..., n}. By Lemma 4.5.1, we conclude that x = y. �



Conclusion

In this memory, we detailed the paper [7] by A. L. Soenjaya going through the following steps

The first chapter we presented reminders, definitions and properties on normed and

banach spaces, linear and n-linear operator and continuity and boundedness. The second

chapter is devoted to the Continuous, bounded n-linear operators between n-normed spaces

and normed space, we presented the definition of n-normed and n-banach spaces, continuous

bounded n-linear operator and the space of all bounded n-linear operators fromXn into Y . The

last chapter we devoted this chapter to Other Notions of n-Continuous, n-Bounded Operator

and Contraction operators and their fixed point theorems in n-normed space was devoted to

the n- Continuous, n-bounded linear operators between normed space and n-normed spaces,

we defined the n- continuous n-bounded linear operator and the space of all n-bounded linear

operators from X into X. The last chapter we devoted this chapter to Other Notions of

n-Continuous, n-Bounded Operator and Contraction operators and their fixed point theorems

in n-normed space.
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 الملخص:
محدودة( -nة )متعددة الخطية المحدود تطبيقاتلتتناول هذه المذكرة مفاهيم ا                    

لفضاءات المقابلة كما قمنا بدراسة خصائص اناظمية -n في الفضاءاتمستمرة( -n) المستمرةو

كما قمنا كذلك بدراسة بعض المفاهيم الاخرى  نظيميج مشابهة لحالة الفضاء الئللحصول على نتا

 .للاستمرارية والمحدودية

  الكلمات المفتاحية:

محدودة، الفضاءات -nالتطبيقات متعددة الخطية،   ،تطبيقات متعددة الخطية، يةليبشيتز تطبيقات

n- ،ناظميةn-مستمرة. 

 

 

 

Résumé 

     Ce mémoire traite des concepts d'opérateurs n-linéaires bornés (n- 

bornés) et continus (n- continus)  dans les espaces n-normés introduit par   

De plus,  nous étudions les propriétés des espaces correspondants 

d'opérateurs pour obtenir des résultats analogues au cas des espaces 

normés, aussi on a étudie autre notions de la continuité de ces opérateurs. 

Mots clés: Opérateurs Lipschitziens,  opérateurs multi-linéaires, n- bornés, 

 espaces n-normés, n- continus. 

 

 

 

Abstract 

      This memory deals with the concepts of bounded(n-bounded) and 

continuous(n-continuous) n-linear operators in n-normed spaces 

introduced by.  Also,  we study the properties of the corresponding spaces 

of operators to obtain results analogous to the case of normed space, also 

we have studied other notions of continuity of these operators.  

Keywords: Lipschitz operators, multi-linear operator, n-bounded, n-

normed spaces, n-continuous. 
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