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Introduction

In functional analysis, an n-normed space is a generalization of a normed space
that uses a function called an n-norm instead of a norm. Specifically, an n-normed
space is a pair (X, ||.||,), where X is a vector space over K (R or C) and |||, is
a function from X to the non negative real numbers that satisfies certain proper-
ties. The concept of an n-normed space was introduced by the mathematician L.
Soenjaya in 1963 [7]. As a way to study spaces of functions that are not necessarily
continuous or differentiable. In particular, n-normed spaces have been used in the
study of various types of nonlinear partial differential equations and in the theory
of approximation of functions. One of the key differences between an n-norm and a
norm is that an n-norm need not be homogeneous, meaning that ||az||,, may not be
equal to |a| ||z||,, for all scalar values a and all vectors = in X. This property allows
n-normed spaces to capture more general properties of functions than traditional
normed spaces. Overall, the theory of n-normed spaces has provided mathemati-
cians with a powerful tool for studying a wide range of mathematical problems in
analysis and functional analysis. After many authors began to popularize some
concepts such as normed space on an n-normed spaces, bounded on an n-bounded
and continuous on an n-continuous.

Several author start to work in thesis was. for example, in 2001 H. Gunawan and
Mashadi ([4], [5]) detailed the n-normed spaces and On finite-dimensional 2-normed
spaces, then in 2014 M. Kir and H. Kiziltunc [6] follows fixed point theorems for
contraction mappings in n-normed spaces

In this memory, we will detail the paper [7] which deals with On n-bounded and
n-continuous operator in n-normed space and a fixed point on this space introduced.

This memory is divided into four chapters as follows.

For the first chapter, we will present reminders, definitions and properties

on normed and banach spaces, linear and n-linear operator and continuity and



boundedness.

The second chapter is devoted to the continuous, bounded n-linear operators
between n-normed spaces and normed space. Also, we presented the definition of n-
normed and n-Banach spaces, continuous bounded n-linear operator and the space
of all bounded n-linear operators from X" into Y.

The third chapter is devoted to the n- continuous, n-bounded linear operators
between normed space and n-normed spaces, we define the n- continuous n-bounded
linear operator and the space of all n-bounded linear operators from X into X.

The last chapter, we devote this chapter to other notions of n-continuous,
n-bounded Operator and contraction operators and their fixed point theorems in

n-normed space.



Chapter 1

Preliminaries

In this chapter, we mention some definitions that we will rely on in subsequent chapters.

1.1 Normed and Banach spaces

Definition 1.1.1 (Norm)

Let X be a vector space over K (R or C). A norm on vector space X is a function
I X =R,

such that:

(i)||z]| > 0 for all z € X and ||z|| = 0 if and only if x = 0.  (Positive definiteness)

(i1) ||azx|| = |a|||z|| for alla € K and x € X. (scalar multiplication)

(1i1) |z + y|| < ||z|| + |ly|| for all x,y € X. (Triangle inequality)

In this case, the pair (X, ||.||) is called a normed space. Also, the distance between the elements

xz and y in X is defined by ||x — y||.
Example 1.1.1 1) Consider X = K". Put

n
lz1l, = (2 w7 and all,, = max ||

-----

for 1 <p<ooandz = (21,..,2,) € K". Then |.|, called the usual norm asp =2 and |||,
called the sup-norm all are norms on K™.

2) Put
co = {(x()) : x(i) € K, lim|z(i)] =0} (called the null sequence space).

and

= = {(x(i)) a(i) €K, supla(i)] < oo} .

3



Then cy is a subspace of £°. The sup-norm |.| . on (> is defined by
2] o := sup |2(2)]

For x € 0.
Let

coo := {(x(7)) : there are only finitly many x(i)'s are non — zero} .

Also, cqo is endowed with the sup —norm defined above and is called the finite sequence space.

Definition 1.1.2 (Sequences) Let (&), be a sequence of real numbers and k € R. We say that
the sequence (&), converges to k and we denote lim &, =k or &, — k whenever n — o
n—r—o0

if and only if
Ve >0,IM e N:Vn> M, [ —k|<e.

Proposition 1.1.1 The sequence (&), of real numbers converges to k € R if and only if the

sequence (|&, — k|)n converges to 0.

Definition 1.1.3 (Cauchy Sequences) Any sequence (&,)nen will be called Cauchy if
Ve>0,IM e N:Vn,m > M, |§, — &l <e.

Proposition 1.1.2 Any convergent sequence is a Cauchy sequence.

Definition 1.1.4 (Banach space) We say that vector space X is complete for the norm |||y

if all a Cauchy sequence is convergent. Also called Banach space.
Remark 1.1.1 Any finite-dimensional norm vector space is a Banach space.

Example 1.1.1 Let a = (v, )nen+ be a positive sequence and let 1 < p < oo, we note
&= {x = (@)nen, 20 € C: (Y a |2a[")7 < 00,
i=1
The space €, provided with the norm ||z|, , = (3272, an |xn|p)%
1

(i) For x = (Zp)nen ¥ = (Un)nenw € 2, we note X = (X,)pen+, Xn = aha, and

1
Y = (Yo)nen, Yn = ahy,. By using Minkowski inequality, we define

12+ yllpa < l2llp0 + l19ll,q

Then €% is a norm space.



(1i) Let 1 < p < o0 and (§m)men+ be a Cauchy sequence of 2, we note &, (n) is the term of

%4

rang n of &y, € %,
Let e >0, dM(e) € N* such that

Lk> Me) = |1& — &l , Zan [€e(n) — &(n)|” < & (1.1)

1
This implies |£(n) — &p(n)| < an’e, Vn € N* and £,k > M (e)
For all n € N*, the sequence (§,(n))men= is a Cauchy in C |, then it’s converge to {(n) when
m —» oo.

For 0,k > M(g), and n € N*, we have according to .'

Zan |Ee(n (F < N1€ = &llyo < €7 (1.2)

Passing to the limit in (1.9), when { — +o0 and k > M(e), gives

Zan [€(n (n)" <&, (1.3)
By making N tend towards infinity in , we obtain
k> M(e :>Zan|f (n)F < e? (1.4)

This shows that € — &, € (2, which is a vector space, and therefore & € (P . 15 interpreted

%4

then like this:
k> M(e) = [I§ — &l <€

p,a —

Then (F is complete, i.e., 1s a Banach space

Example 1.1.2 Let p = oo and (&,)men+ be a Cauchy sequence of (5°. Let ¢ > 0 given,
dM (e) € N* such that

bk > M(e) = sup(an [€(n) = &(n)]) = 1§ = Ekll o <

n>1
This implies that
Vn e N*,  [&(n) — &(n)] < o lte. (1.5)

So the sequence (§,,,(n))men= is of Cauchy in C, then it’s convergent to £(n) whenever m — oco.

Passing to the limit in , when £ — +oo and k > M (e), gives successively

an [§(n) = &(n)| S e,§ =& € 457, £ € L3, [ — &ull e < e

Then € is a Banach space.



Definition 1.1.5 (Inner product) Let X be a vector space. An inner product on X is a rule

that assigns to each pair x,y € X a real number (x,y) such that,for all x,y,z € X and o € R,
1. (x,z) 20, for all x in X .
2. (x,z) =04 o =0, with equality if and only if x = 0.
3. {ax,y) = alz,y).

4. (x+y,z) =(x,2) + (y,2).

5. (z,y) = (y,z), forallz,y € X .

1.2 Linear and n-linear operator

Definition 1.2.1 (Operator) Let X and Y be two normed vector spaces. We say that an

application T defined on Xo C X into Y is an operator if Xy is linear subspace of X.

Definition 1.2.2 (Linear operator) Let X and Y be two vector spaces on K. Let T be an
operator from X into Y. We say that T is linear if, for all x and y in X and for all A € K,

we have

T(x+y) = T(x)+T(y)

T(\z) = MNl'(x)

We denote L(X,Y) for the vector space of linear operators of X in'Y.

Special cases:

1. The linear mapping T from X to X is called endomorphism of X. The vector space of

endomorphisms of x is denoted L(X).

2. The linear mapping T from X to K is called linear form on X. The vector space of linear

forms on X is denoted X' = L(X,Y).

Definition 1.2.3 (n-Linear operator) Let n is a natural number and X, ..., X,,, Y be a Banach

spaces. An application T : X1, ..., X,, — Y s n-linear operator if
T(x1,...,axj + BYj, s Tp) = T (21, .0, Ty oy ) + BT (21,0, Yy oy Tnr)

for all j =1 and zj,y; € X;, a, B €K (R or C). If Y =K, then T is an n-linear form.



It’s easy see that,

Example 1.2.1 The mapping

(X1, T2, ey Tp) —> XTyTg - Ty

1s a n-linear on K.

1.3 Continuity and boundedness

Definition 1.3.1 (Bounded Linear Operator) Let X andY be normed spaces andT : X — Y
be a linear operator. The operator T is said to be bounded if there is a real number ¢ > 0 such
that

[T(x)]] < cllzf|, VzeX.

The space of all bounded linear operators from X toY denoted B(X,Y).

Theorem 1.3.1 [7/ Let X and Y be normed spaces. Then (B(X,Y),||.||) is a normed space,
where

IT]|:= sup [T ()]

zeX,||z||=1

if Y is a Banach space, then B(X,Y') is a Banach space.

Example 1.3.1 The identity operator is bounded. Indeed, let I the identity operator such that

I: X — X

r — I(x)==2x

We have
I(x
e sy M@I_ el
zeD(I)—{0} k4l zeD(I)—{0} [l

=l _

Definition 1.3.2 (Continuous linear operator) Let X and Y be normed spaces over filed K

and T : X — 'Y be a linear operator, we say that T is continuous at xq € X if
Ve> 0,30 >0:||T(z) —T(x0)|| <€ whenever ||z — x| <.

Remark 1.3.1 T is continuous if T is continuous at every x € D(T).



Theorem 1.3.1 (Continuity and Boundedness) Let X,Y are normed spaces and T : X — Y
18 a linear operator. Then,
(i) T is continuous if, and only if T is bounded,

(11) If T is continuous at a single point, then it’s continuous.

Proof (i) Let T is continuous, then we have to prove that is bounded by contradiction.

Let if possible T' is not bounded, then ||T'(z,)|| > m ||z,||, Vz, € X. Then

T(x,
T,
m ||z,
Hence
T
T(—n) > 1.
H m ||z, |

This implies
Ty,

1T (yn)ll > 1, where y, = (1.6)

m ||z
As n — 00, we have
znll 1

1
=— = |lpll==- —0,

Tp
Yo = ———— = ||lynll =
m |2, ||

= lynll — 0,
= Yy, — 0,
— T(y,) — T(0), (1.7)
= T(y,) — 0,
= || T(yn)|| — 0,

= [T () — 0.

So relations ((1.6)) and ([1.7)) contradiction each other. Hence T is bounded.

Conversely, let
T is bounded = 3k > 0: ||T(x)|| < k||z||, Vze X. (1.8)

We have to prove that T' is continuous. Let x, — x,in X — x,, —x — 0

this implies ||z, — z|| — 0, 2,2 € X = (2, — ) € X,



from (|L.8]), we find
[T (zn — 2)|| < kllzn — 2| — 0= [[T(zn) = T(x)[| — 0

=
T(x,) —T(z) — 0= T(x,) — T(x) in Y, as n — 0.

Then T is continuous. So 7' is continuous = 7' is bounded.
(ii) Let T is continuous at xg € X. Then ||z — zo|| < § = ||T'(z) — T'(zo)|| <&, Vre X
Let xp € X is an arbitrary point. Then we will prove that 7" is continuous at x.

For this, ||z — x| < d = || — 2 + o — 20| < 9, Vo € X. Then
x4+ 20— ak) —x0|| <9, Ve e X = ||[T(x+x0—2x) —T(x0)|| <6,

this implies that
T (z) — T(zi)|| <e, VreX.

So
|lx —ap]| < 06 = ||T(z) — T(xp)|| <& VzeX.

This results that, T" is continuous at x, € X. Hence T is continuous at all points of X. []



Chapter 2

Continuous, bounded n-linear operators
between n-normed spaces and normed
spaces

2.1 n-Normed and n-Banach spaces

Definition 2.1.1 (n-Norm) Let X be a real vector space with dim(X) > n where n is a positive

integer. We allow dim(X) to be infinite, a real-valued function
Iy o] - X" = R

18 called an n-norm on X™ if the following conditions hold

1. ||z1, ..., 2| = 0 if and only if x4, ..., x, are linearly dependent,
2. |z, o xnl| = ||y, -y 2, || for every permutation (iy, ...,i,) of (1,...,n),
3. || Az, oy oy || = |A] |1, T2y ooy || for every real number A and x4, ..., x, € X,

4. |z +y,xe, x| <@, 2oy s | + Yy 2y ey x| for all z,y, xe, .z, € X

In this case, the pair (X, |-, ...,||) is called a n-normed space. The n-norm is always non-

negative.

Example 2.1.1 1) Let X = R? with vector addition and scalar multiplication defined compo-
nent wise and with a n-norm defined as follows.

For all T = (ahblucl))xQ - (a27b2702)7 ceey Ty = (an7bn7cn)7

|1, ..., xn|| = max {|a1by — agby — -+ — apby|, ...},

10



Therefore ||xy, ..., x| is clearly n-norm.

2) Let X = R" is equipped with the following Fuclidean n-norm:

r11 ... Xin
|21, ..., x| 5 := abs Coo. ,
Tn1 Tnn
where x; = (x;,,...,x;,) € R" for each i =1,...,n.
Definition 2.1.2 [j/. A sequence {£,} in an n-normed space (Y, |-, ...,+||) is said to converge

toanx € X ifVay,....,x,_1 € X , we have

||ZL‘1’ "'al‘n—lagk - 5” = 0.

lim
k—so00
Definition 2.1.3 []/. A sequence {&,} in an n-normed space (Y, |-, ..., -||) is a Cauchy sequence

if Vay, ..., zy—1 € X, we have

lim H.fl?l, cery xn—lvgk’ - SZH =0.
kf—>o00

Definition 2.1.4 (n-Banach space) [Jl]. If every Cauchy sequence in an m-normed space
(Y, |-, ..., ¢||) converges to x € X, then X is said to be complete. A complete n-normed space is

called an n-Banach space.

Lemma 2.1.1 [3] A sequence in (P is convergent in n-norm ||, ...,-||, if and only if it is con-
vergent in the usual norm [-|| . Similarly, a sequence in (¥ is Cauchy with respect to ||, ...,-||,

if and only if it 1s Cauchy with respect to ||-|| ..

Example Let (z,), be Cauchy in ¢ with respect to ||-,-[|,. Then by Lemma y (@) is
cauchy in the usual norm ||| . But we know that ¢? is banach space with respect to |-, and
80 (), must converge to some x € X in [|-||,. By another application of Lemmam, (Tn)n
also converges to « in ||, [| . This shows that (¥ is complete with respect to the 2-norm ||, -[| .

Then the space ¢ is 2-banach space equipped with the 2-norm ||-, -| .



2.2  The infinity n-norm

We will utilize our findings to investigate convergence and completeness in n-normed spaces,
to be defined subsequently. This will allow us to establish a fixed-point theorem for select
n-normed spaces.

The case n = 2 was previously studied in [5].

Definition 2.2.1 (Preliminary results) Suppose here after that n > 2 and (X, ||, ...,-||) is an
n- normed space of dimension d > n. Take a linearly independent set ay,...,a, in X. With
on X" 1 by

respect to ay, ..., an, define the following function ||, ..., ||

21, oy Tno || o = max {||z1, ..., @p_1, a]| i = Ln} .

Then we have the following result.

Theorem 2.2.1 The function ||, ...,-||., defines an (n —1)-norm on X.

Proof We will verify that |-, ..., || satisfies the four properties of an (n — 1)-norm

(1) If y,...,2,_; are linearly dependent, then ||zy,...,7, || = 0 for each i = 1.n and hence
|z1, ..., 21|, = 0. Conversely, if ||z1,...,z,—1||,, = 0, then ||z, ...,2,_1,a;|| = 0 and accord-

ingly x1,...,2n_1,a; are linearly dependent for each i = 1.n. But this can only happen when
x1,...,T,_1 are linearly dependent.

(2) Since ||z1, ..., x,_1, ;|| is invariant under any permutation of {x1, ..., z,_1}, we find that
|z1, ..., n—1]|, is also invariant under any permutation.

(3) Observe that for i = 1.n
|21,y T2y ATp_1]| . = max {||z1, ..., Zp_2, ATp_1, a;|| }
= [N max {||z1, ..., Tpn_2, Tn_1, |}

= |>\| ||Q§'1, coey Tn—2, xn—lHOO .
(4) Observe that

@1, s Tpe2, Y + Z|| = max {||z1, ..., @pon,y + 2, a]| 1 i = Tin}

<max {[|z1, ..., T2, Y, ;]| : i = 1n} + max {||21, ..., T, 2, a;]| : 1 = 1n}

= ||z, oo, Tneo, v, il o, + 21, o, Tnsa, 2, G4| -



Therefore |-, ..., -||  defines an (n—1)-norm on X.

Corollary 2.2.1 Every n-normed space is an (n — r)-normed space for all =1,...n—1. In

particular, every n-normed space is a normed space.

Definition 2.2.2 (The finite-dimensional case) For finite-dimensional n-normed space
(X, |-, - +|]), we can in general derive an (n — 1)-norm from the n-norm in the following way.
Take a linearly independent set {ay, ..., an} in X, withn < m < d. With respect to {ay, ..., am},

define the following function ||, ...,-||,, on X" ! by

1, ..., o] = max {||z1, ..., p_1, @il }

Then, as in Theorem the function (X,|, ..., ) defines an (n — 1)-norm on X. As
we will see later, we can obtain a better (n — 1)-norm by using a set of d, rather than just n,

linearly independent vectors in X (that is, by using a basis for X ).

2.3 Continuous, bounded n-linear operator

Definition 2.3.1 [7/(Bounded n-linear operator) Let (X, |-, ...,+||) be an n-normed space and
(Y, |I-I) be a normed space and let T' be an n-linear operator on X such that, T : X" — Y.
We say that T is bounded if there is a non-negative constant ¢ such that ¥(xq,...,x,) € X", we
have

[T (21, s wn)ll < ey, oozl

Corollary 2.3.1 [7] If T is bounded, then ||T|| can be evaluated by

T(zy, ...z,
7= sup Gt
lersanll20  |1Z15 -0 Tl
Or
IT|= sup ||T(z1,...,2.]).

[|[Z1,..,zn||=1

Remark 2.3.1 [7/ When taking n = 1, the concept of Boundedness in n-normed spaces is

reduced to the usual concept in boundedness in normed space.



Example 2.3.1 [7] Let R" equipped with the Euclidean n-norm. Let T be an operator defined

as
T R"” — R
(1, ey xn) +— T(x1,...,2,) = det [y, ]
where x; = 2?21 aijej, for i = 1.n, with {eq,...,e,} the canonical basis. Then T is bounded

with |T| = 1.

Proposition 2.3.1 [7] Let T : X" — Y be an n-linear operator T is bounded if and only if

for all (x1,...,x0), (Y1, Yn) € X",

T (21, .y 20) — T (Y1, ey Yn) ||

< c(l|lzr = y1, 22y ooy || F Y1, 22 — Yo, o | oo Y1, Y2 s Tl — Y1, T | (2.1)

+ Hy17y27 vy Yn—1,Tp — yn”>

Proof Suppose that (2.1]) holds. Take (y,...,y,) = (0, ..., 0).

Conversely, if T" is bounded, then using n-linearity and triangle inequality,

HT($1, "'7]771) - T(yla 7?/71)”
= [T (21 = y1, T2, ooy Tn) + T(Y1, T2 — Y2, -0y Tn) + oo+ T(Y1, Y25 o T — Yo ||
< || T(x1r = y1, 22, oy ) || + 1T (1, 22 — Yo, ooy o) || + oo + 1T (1, 2, s T — Ya) ||

S C(H'rl — Y1, T2, anH + ||y1,x2 - Y2, ,.Tn“ +o Tt ”ylay?a vy Iy — ynH )

Observantly, if T is a bounded n-linear operator, and zy, ..., z, are linearly dependent, then
T(xy,...,z,) =0. O

The following proposition gives equivalent formulae for ||7T°||.
Proposition 2.3.2 [7] Let T be a bounded n-linear operator. Then

T =inf {c: |T(x1,....,z,)|| < cllx1, ...z, (21,...,2,) € X"}

= sup ||T(xz1,....,z,)]|

21,0 wall <1

= inf{c: holds}



The following definition introduced by L. Soenjaya in [7] that expands on the one provided by
White in reference [§] for a 2-normed space. It is important to observe that when n equals 1,

the definition mentioned above simplifies to the standard concept of continuity in the normed

space.

Definition 2.3.2 (Continuous n-Linear Operator) Let (X, ||-, ..., -||) be an n-normed space and

(Y, |I-I) be a normed space, and let T be an n-linear operator on X such that, T : X" — Y.

We say that T is continuous at (z1,...,x,) € X" if

Ve> 0,30 >0: |[T(x1,...,xn) — T(y1, ..., yn) || <.

Whenever

Hxl _y1?x27"'7xn*17xn” <0 and Hyth — Y2, "'7xn717an <0 and...

cand Y1, Y2, s 1 — Y1, Tu|| <0 and  ||y1, Y2, ooy Yno1, Tn — Yn|| <9

Or
HiU1 — Y1, Y2, -'-7yn717ynH <6 and H5U1,952 - @/2,---7yn71,?/nH <6 and...

cand ||x1, Tay oy Tn1 — Yno1,Ynl| <O and ||y, To, e, Tpo1, T — Yal| <O

where (Y1, ..., yn) € X™.

Remark 2.3.2 (1) T is continuous (on X™) if it is continuous at every (1, ...,x,) € X"

(2) When taking n = 1, the concept of continuity in n-normed spaces is reduced to the usual

concept in continuity in normed space.

Theorem 2.3.1 (Continuity and Boundedness ) Let X™ be an n-normed spaces and Y be

a normed spaces, and let an n-linear operator T' : X™ — Y, the following statement are

equivalents
(1) T is continuous;
(2) T is continuous at (0, ...,0) € X™;
(3) T is bounded.



Proof (1)=(2) Suppose that 7" is continuous on X,,, then it’s continuous at(0,...,0) € X™.
(2) =(3) According to [7], we have by supposing T is continuous at (0, ...,0) € X™. Then
by definition,

30 > 0: || T(uy, ...y un)|| <1 whenever |Juy, ..., u,|| < 0.

Let (z1,...,x,) € X™. Consider the case when ||z1, ..., z,|| = 0. By the continuity at (0, ...,0) €

1
X" note that there is d; > 0 such that | T(xq,...,x,)| < T whenever ||z, ..., 2,|| < 0. Then

since ||z1, ..., x,|| = 0 < 0k, we have ||T(z1,...,z,)|| =0, i.e., T = 0.
1
) n S 5
If ||y, ..., zn|| # 0, then let u; = (—) x; for i = 1.n. Note that ||uy, ..., u,|| < — < 4.
4|z, ey x| 4
Then
T, o)l = = [T, 20
Uy ooy Up) || = ————— | T (21, ...y ) || -
b Ay, gzl
Therefore

4 4
T (1, ..., zn)|| = 5 N1, ooy Tnl| | T (g, ooy ug) || < 5 |1, ooy | -

Hence T is bounded.
(3) = (1) : Since T is bounded and by [7, Propositio |, we have

1T (21, ooy @) — T (Y1, oy Y|

(2.2)
S HTH (Hml — Y1, 22, 7an + Hyhm? — Y2, 7an + .t HyhyQa P yn“)
€
Let € > 0 be given. Take 6 = ———.
& T+ n|T]
If each of the term in the brackets on the right-hand side of (2.2)) is less than §, then
T (21, .oy @) — T (Y1, -y yn) || < e
Then 7' is continuous.
Definition 2.3.3 (Banach steinhaus theorem ) Let (X |-, ...,-||) is n-banach space, (Y ||-||) is

a K-vector normed space and (F;)ier is a family of L(X™,Y) if

sup [|Fi(z1, ..., zn)|| < 0o for all (z1,..,z,) € X
i€l

Then

sup || Fi|| < oo.
iel



2.4 The space B(X",Y)

Afterward, we will explore the related set of operators. Let B(X™Y") denotes the space of all

bounded n-linear operators from X" into Y.

Theorem 2.4.1 (B(X™,Y),||-|l) is a normed space with norm given by

IT|| := sup [T (21, ..., )|
|z1,....xn]|#0 ||‘T17"'7xn||

Proof By the definition of ||-|| we have ||[AT|| = |A|||T||. For the triangular inequality for a

norm, we have

||T‘1 + T2|| < sup HTl(xh 7$n)” + ||T2(231, 7xn)H

lz1,....wnl|#0 ||$17'--axn||
< swp IITl(:zcl,...,a:n)H|+ - I To (21, .., )|
letyenll 20 1 T15 s Tl 21|20 |15 ooy T
= [Tl + 1172

Finally, for the first condition of the norm, we have

T =0= T(z1,...,2,) =0,

if ||.ZU1, "'7I7L|| # 0.
If ||z1,...,2,]| = O, then zy,...,2z, are linearly dependent, hence T'(zy,...,x,) = 0 by the

Proposition 2.1. Hence T' = 0. Therefore, ||-|| is a norm. O

Theorem 2.4.2 [7/ . If (Y, ||-|l) is a Banach space, then (B(X™,Y),||:||) is a Banach space.

Proof
Let {¢,} be a Cauchy sequence in B(X"™,Y'). Then,

Ve>0,aN >0:||& —&nll < =, Vn,m > N.

DO ™

We have by definition,

an(ID ,l’n) - gm(xh JIR)H < ||§n - fm” ||I17 ,:EnH : (23)



V n,m > N, we have

£
€n (1, s ) — &1, oy xn)]| < 3 lz1, oy ]| - (2.4)

Since {&,} is Cauchy sequence and Y is a Banach space and by ({2.3), we may define

&(x) = h_r)n &n(x). Then
NEn(z1,y ooy ) — E(T1, oy ) || < g |1, oy | - (2.5)

By (2.4)and ([2.5), Vn > M, we have

(1, ooy @) — &1y o) < |&n(1, oy 2n) — Enr (T, oy )| + [Ear (21, ooy ) — E(x1, oy ) ||
< e|lxy, x|

This implies ||&, — ]| < e, 1e., &, — & O



Chapter 3

n-Continuous, n-bounded linear operator

3.1 n-Bounded, n-continuous linear operator

The following definition introduced by [7, Definition 3.1.1] which generalizes the concept of

bounded operator by introducing the notion of n-bounded operator.

Definition 3.1.1 (n-Bounded Linear Operator) Let (X,|||) be a mnormed space and
(X, ||y ..y +]]) be an n-normed space and let an operator T : (X, ||-]]) — (X, ||, ....,-||) . We

say T is n-bounded if there is a constant ¢ such that for all x4, ...,z, € X,

1T (1), 22, oo | + |20, Ta), s wnll + o 4 0, w2y, Taa) | < el {l2ll o fleall - (3.1)

Corollary 3.1.1 If T is n- bounded, then ||T||, define by

||T||n := inf {C : " hOldSa T1,X2, ..., Ty € X} (32)

Remark 3.1.1 When taking n = 1, the definition of n-bounded operator reduces to the usual

concept of bounded operator.

Example 3.1.1 [7] (1) Let X = R? be equipped with the {1-norm and the Euclidean 2 -norm.

Define operators T and T" by

T((x1,22)) = (21, 72)
and

T'((x1,22)) = (0,22),
where (x1,29) € R%. Then ||T|, =2 and || T"||, = 1.

(2) Let (X, |||]) be a real inner product space and define

2 2 1
lz,yll = (=l 1y = (=, ))=.
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If T : X — X is a bounded linear operator, then
1T(x), yll + [lo + Tl < 20T =] Iyl -
Hence T 1s a 2-bounded linear operator.

Proposition 3.1.1 LetT : X — X be an n-bounded linear operator. Then for x1, s, ...,x, €

X, we have

1T, = u umﬁp - (1T (1), ooy Tal| + oo A 21, -, T(2n)])
T(21), ..., || + ... o T2
— s (H (1), ooy || + o+ |21 (z )H>‘
1 .-l [0 |z - (2]

Proof (i) Let M = ||T(x1), ..., xn|| + ... + ||21, ... T(xy,)]]. Then by Definition [3.1.1] we have
|17, = M.
Let y; = ” “ Vj=1mn. Then M > [|T(y1), s Ynll + --- + |1, s T(yn)||. Then

Ly

IT|l,, < M, hence [T, = M.

(ii) Let N = , then we have
][ ... [ln]]
T (x1), ..., | o lx1, ..., T'(z) ||
[ || [zl [ || [l
X T
Ny n|| o |
The resultlng M > N. Moreover, M is written as follows
M = ” ”81|Tp ” (T (z1)y oy ] + oo+ |21, o, T ()] -
z1||...||lzn||=1
We see that M < N as the set over which the supremum is taken is bigger for N. 0

We will now give the develop properties of n-bounded operator that introduced by [7]. Such

that, he introduced the concept of n-continuity as follows.

Definition 3.1.2 (n-Continuous Linear Operator) Let T : (X, ||-||) — (X,]|-,...,¢]|) be an

operator. We say that T is n-continuous at v € X if

Ve>0,30>0: [|[T(z1)—T(x), 20—, ...;xn — x|+ ||z1 — 2, T(22) — T(x), ..., 2 — 2|

+oot||lm — e —x, T () = T(2)|| < e

whenever ||zy — z|| ||xe — x| ... ||z, — x|| <&, where xq, ..., x, € X.



Corollary 3.1.2 If T is n-continuous at every x € X, then it is n-continuous on X.

Remark 3.1.2 When taking n = 1, the definition of n-continuous operator reduces to the usual

concept of continuous operator.

Theorem 3.1.1 (n-Continuity and n-Boundedness ). Let T : (X, ||-]]) — (X, ||, ..., “||) be an
operator. The following statements are equivalent:

(1) T is n- continuous;

(2) T is n-continuous at 0 € X;

(3) T is n-bounded.

Proof (1)=(2) is trivial.

(2) =(3) Suppose T' is n- continuous at 0 € X, then by definition,
30 > 0: || T(z1), ooy || + oo + |21,y oo, ()| < 1 whenever ||xy| ... ||z, <.
Let (v1,...,v,) € X. If Jui|| ... ||vn]| = O, then
1T (v1), ooy o] + o + |Jv1, oo, T(0)]| = 0.

1
N v S
If ||og|| ... [|vnll # 0O, then let z; = (4_1) HU—H, fori =1,n.
Ui

Note that [|z|| ... ||z|] < d. Then we have

J

T (1), ooy Tl + oo+ |21, oo T || =
oall - oal

(1T (v1)y ooy O] 4 oo F |1, oo, T(0n)]]) -

Therefore

170 o vl + -+ 01, T
A or]]o ol
)

Hence T is n-bounded.

4
(T (1), 2l o+ s T 1) < 5 ] el

(3)= (1) Since T is n-bounded, then

1T (w1 = ),y vn = @l + o oy = 2y, T — 2) | < T oy = 2] fJon — =]

€
Let ¢ >0 and 6 = —————, hence
L+ [T,

T (v1) — T(x),...;0n — x||+...+||v1 — 2,00 — 2, ... T(v,,) — T'(x)|| < e whenever ||vy — z|| ... ||Jv, — z]| .

So T'is n-continuous. O



3.2 The space B,(X, X)

Let B,(X,X) denotes the space of all n-bounded linear operators from (X, |-||) into
(XD
Theorem 3.2.1 (B,(X,X),|]|,,) is a normed space with norm given by
|||, :=inf {c: holds, xy,2z9,....,x, € X}.
Proof We have ||-||, satisfies

LT, = IAHIT N, and ([T + Toll, < T3l + 172]],.-

2.7, =0= T (z1),...,2z,]| =0, Vaq,..,2, e X =T=0

Therefore, (B, (X, X),|-||,) is a normed space.

Theorem 3.2.2 [}/ (B,(X,X),|],,) is a Banach space if (X, |-, ...,-||) s an n- Banach space.

Proof Let {{} be a Cauchy sequence in B,(X, X). Then

3

Ve>0,aN >0: & — &l <=, VkI>N.

[\]

We have by definition,
1€ — &)(@1), o @nll + o A llwns s (G — &) (@n) | < I8k = &l lzall - Nlzall (3.4)
Therefore, for Vk,l > N, we have
J€k(1) = 1), sl e (20, i) = G@n)| < 5 2] o 2 (3.5)

Using (3.4)) and since {¢} is Cauchy and by definition of |||, we have Vx4, ..., z, € X,

lim ka(xl) - fl(xl)a aan = 07 EaE) lim Hmla ,gk(xn) - fl(xn)H =0
k,l— o0 k,l— 00
{&} is Cauchy in (X, ||, ..., ||) Yz € X.
(X, ||, ..., ]|) is an n-Banach space, we may define £(z) = klim k() in the sense of n-norm.
—00

By definition of convergence, IM = (z1,...,x,) > N such that Vzq,...,x, € X, we have
Near(z1) — E(z1)y ooy ] + oo+ |21, o Enr(20) — (20) ]| < g 1] - | 2nl| - (3.6)
By ) and triangle inequality for n-norm, Vk > M and z,...,x, € X,
1€k (1) — E(x1), oy ]| 4+ oo+ |21, ooy Ee(@n) — ()| < €|z ]| - ||2nll, YZi,...,2, € X.

Then || — €| <€, ie., & — &



Chapter 4

Other notions of n-continuous,
n-bounded operator

4.1 n-bounded , n-nontinuous of type-/ operator

There exists a several concepts of continuity in n-normed spaces that differs from those discussed
earlier. In their work [2], Chu et al. introduced the idea of a 2-continuous mapping to investigate
the Aleksandrov problem within 2-normed spaces. Inspired by this research, we aim to introduce

the extension of this notion beyond the traditional understanding of continuity in normed spaces

[7][Definitionf4.1.1].

Definition 4.1.1 (n-Bounded of type-I operator) Let (X, ||-,...,-||) and (Y, |-, ...,+||) be two n-
normed spaces, and letT" be an operator such that, T : X" — Y". We say that T is n-bounded

of type-1 if there is a constant ¢ such that V(zxy,...,x,) € X", we have
T (1), ... T(zn)|| < cllz1, .o, 2| -

Corollary 4.1.1 If T is n-Bounded of type-I operator,we define [T'], by

Mo ey 1@ T
" eaal0 T Tl

Example 4.1.1 [7 (1) Let T : (X, ||, ....+||) — (Y, ||-, .-, -||) be a dilation, i.e., T(x) = cx for

all v € X, where c € R. Then T is n-bounded of type-1.
(2) Let X = C'[0,1], equipped with 2-norm defined by for f,g € X

£, gll = sup W(f,g)(t)

te(0,1]
, where W(f, g) is the Wronskian of f and g. Let T : X — X be defined by T'(x) =y, where
y(t) =tx(t). Then for all f,g € X
1), Tl < I g1l -
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So T is 2-bounded.

We will now give the develop properties of n-bounded of type-I operator that introduced by

[7]. Such that, he introduced the concept of n-continuity as follows.

Definition 4.1.2 (n-continuous of type-I Operator) Let (X, |-, ...,-||) and (Y, |-, ...,-||) be two
n-normed spaces, and let T be an operator. We say that T is n-continuous of type-I at

(x1, 9, ..., xn) € X, if
Ve>0,30 >0: |[T(x1) — T(x), T(x2) — T(x),....,T(x,) — T(x)]| <e. (4.1)
whenever ||xy — x, 9 — x, ..., x, — || < §, where (x1,x9,...,2,) € X.

Remark 4.1.1 T is n-continuous of type-I (on X) if it’s n-continuous of type-I at every

(21,22, ..., xy) € X.

Remark 4.1.2 (1) When taking n = 1, the concept of n-continuity in n-normed spaces is
reduced to the usual concept in continuity in normed space.
(2) When taking n = 2, the concept of n- continuity in n-normed spaces is reduced to the

usual concept in 2-continuity in normed space.

Theorem 4.1.1 (n-Continuity and n-Boundedness of type-I ) Let T : (X, ....+]]) —
(Y, ||, ..., -|]) be a linear operator, the following statement are equivalents

(1) T is n- continuous of type-1;

(2) T is n-continuous of type-1 at 0 € X;

(3) T is n-bounded of type-I.

Proof (1)==(2) is trivial.

(2) =>(3) Suppose T is n- continuous of type-I at 0 € X. Then by definition,
30 > 0:||T(z1), ..., T'(zs)]| <1 whenever |z ... ||z, <.

Let (vq,...,v,) €Y,
- If ||vy, ..., vn]| = O, then vy, ..., v, are linearly dependent. By linearity of T, T (vy), ..., T'(vy)

are linearly dependent, hence ||T'(v1), ..., T(v,)| = 0.

- If |jvy, ..., v,]| # 0, then let x; = ( )nvi, for i = 1.n.
4 il

Note that ||zy,...,x,| < . Then we have,

J

T(x)). .. T(z,)| = —>
|| ( 1) ( )” 4HU17---7U7LH

1T (v1), ... T(vn)]| -



Therefore

4||v1, .., vn|

1T (v1), ..., T(v,)]| = :

(1T (x1), .o, T(zp)|]) < < |lvry s val| -

Hence T is n-bounded of type-1.

(3) = (1) Since T is n-bounded of type-I, then
1T (v1 = @),y vn =l + o+ o = @, T — @) < [T, [Jor — 2 - [lon — 2]

Let5>0and6:1;,then

+ [T,
T (v)) = T(x),...;v, — x|[+.. 4|1 — 2,00 — 2, ..., T(v,) — T(x)]| < e whenever ||vy — z|| ... ||[v, — x| .
So T is n-continuous of type-1. O

4.2 The space B)'(X, X) of type-I

Let B'(X, X) denotes the space of all n-bounded of type-I operators from (X, |-,...,+||) into
(X7 ||7 ) ||)

Theorem 4.2.1 (B(X,X),||T],) is an n-normed space with norm given by

T, o= sup WU T
" lz1,....znl|#0 ‘|x17'-'7$n‘|

Proof We have [T, satisfies
- \T], = [N[T], and [T1 + T3], < [T], + [T3],.
-1, =0= [T(x1),...,xn),, =0, Vai,..,z, € X =T =0.
Therefore (B, (X, X), [T, is an n-normed space. O

4.3 n-Bounded, n-continuous of type-II operator

Definition 4.3.1 [7/(n-Bounded of type-1I operator) Let T : X" — Y™ be an operator. We

say that T is n-bounded of type-II if there is a constant ¢ such that ¥(z1, ...,x,) € X", we have
||T(fL’1),I’2, 71771” + ||JZ1,T(ZE2)7 al‘nH +.t ||I1,ZL‘2, aT(xn)H <c ||$1,ZL‘27 aan (42)

Corollary 4.3.1 [7] If T is n-Bounded of type-11 operator, then ||T||, be

|||T|H = sup HT(xl)’xQ""’an + ..+ ||$1a$2,...,T(xn)||

[|z1,22;...,2n |[#0 ||l‘1,$2,...,l‘n||

(4.3)




Example 4.3.1 [7] Let T : X" — Y™ be a dilation, i.e. T(x1,x9,...,x,) = k(x1, T2, ..., 2y),

(21,22, ..., xp) € X", where k is a real number. Then T is n-Bounded of type-11.

We will now give the develop properties of n-bounded of type-II operator that introduced by

[7]. Such that, he introduced the concept of n-continuity as follows.

Definition 4.3.2 (n-continuous of type-1I Operator) Let (X, ||-,...,-||) and (Y, ||, ...,||) be two
n-normed spaces, and let T be an operator. We say that T is n-continuous of type-I1I at

(21,22, ...,xy) € X, if Ve > 0,30 > 0:
T (z1) — T(x),...,xn — x||+||x1 — 2, T (22) — T(x), ..., 0y — x||+..+||x1 — 2, ..., T(2,) — T(2)|| < €
whenever ||y — x,x9 — T, ...,x, — x| <.

Remark 4.3.1 T is n-continuous of type-1I (on X ) if it’s n-continuous of type-1I at every

(l’l,l'g, ,l’n) e X.

Theorem 4.3.1 (n-Continuity and n-Boundedness of type-1I ) Let X, Y are n-normed spaces
and let T be a linear operator to X into Y, the following statement are equivalents

(1) T is n- continuous of type-II;

(2) T is n-continuous of type-1I at 0 € X;

(3) T is n-bounded of type-I1.

Proof (1)=(2) is trivial.

(2) =>(3) Suppose T is n- continuous of type-IT at 0 € X. Then by definition,

36> 0: ||T(z1), ..., zpl| + ... + |71, ..., T(x)]| < 1 whenever ||xq,...,z,] <.

Let (vy,...,v,) € Y, and let z; = (4 || H> ' v;, for i = 1.n.
V;

Note that ||z, ...,x,| < . Then we have,

)
T (1), oy @pl| + oo + |21, oy T(xn)|| = ———— [|T'(v1), ooy U || + oo + 1, ooy T(0) ]|
4|v1, .., Un|
Therefore
B 4|v1, .., On|
T (v1), ooy O] + oo + |01, -, T(0n)|| = — (|1 T (x1), ooy || + oo 4 |71, o, T(20)]])
4
< = Hvlv 77]””



Hence T' is n-bounded of type-II.

(3) = (1) Since T' is n-bounded of type-II, then

ITr = @), o0 = ]+ oo+ o1 = 2,0, T = )| < T on = 2] [ — ]

£
Let ¢ > 0 and 6 = —————, then whenever ||[v; — z|| ... ||v, — z|
g

T (vy) = T(x),.c;vn — || + . + ||v1 — 2,00 — 2, ..., T(v,) — T(2)]| < &

So  T'is n-continuous of type-II.

4.4 The space B(X, X) of type-II

Let B'(X, X) denotes the space of all n-bounded of type-II operators from (X, ||-,...,-||) into
<X7 ||7 A ||)
Theorem 4.4.1 (B}(X, X),||T||,) is an n-normed space with norm given by

N7, = sup [T (1), @2y s @l £ o 4 [0, 2, 7T(xn)||

[|z1,22,...,2n ]| #0 ||.§L’1,$2,...,5L’nH

Proof We have |7, satisfies
= IAT(lL,, = IXINT N, and 1Ty + T2, < W73, + 1172,
-ITN, =0 = T(z1), ... zull,, =0, Vai,...,z, € X =T =0.

Therefore, (B, (X,Y), ||-||,)) is an n-normed space. O
Theorem 4.4.2 [ (B} (X,Y),||T|l,) is a Banach space when (Y,||-,...,-||) is an n-Banach
spaces.

Proof Let {{} be a Cauchy sequence in B,(X,Y’). Then

€

Ve >0,3N >0 [l& - &ll, < 5.

Vk,l > N.
We have by definition,

1(6r — &)(@1), s Tall + o+ 21, ooy (6 = &) (@) | < 116k — &L, ]l - Nl -
Therefore, Vk,l > N, we have

1€k (1) = &ul@1), ooy @nll 4 o A Mg, s Erln) = G| < % [N | (4.4)



The sequence {&} is Cauchy and by definition of |-|| ,, we have Vx4, ..., 2, € X,

lim [|&e(21) = &(21), @l = 0, lm 2y, &elan) — &(@a)] =0,
k,l— o0

k,l— o0

Hence {{} is Cauchy in (Y, ||-,...,-||) Y € X. This implies that (Y,]-,...,+||) is an n-Banach
space, we may define &(x) = klim &k(z) in the sense of n-norm. By definition of convergence,
—00

M = (xy,...,x,) > N:

€
[€01(r) = ), o Tl 4t 71, Ear() = @)l < S ]l llzall, Vo, 0 € X
(4.5)
By ), (4.5) and triangle inequality for n-norm, Vk > M and xq,...,x, € X,

1€ (1) = E(@0), s wnll + oo+ N2, o Erl@n) = ()| < el ozl Vo, zn € X,

implies that ||& — &|| < e, i.e., & — &.

4.5 Contraction operators and their fixed point theorems
in n-normed space

Definition 4.5.1 [1/ Let X be a nonempty set and T : X — X a selfmap. We say that x € X
is a fized point of T if T(x) = x and denote by Fr or Fix(T) the set of all fixed points of T.

Definition 4.5.2 (Closed subset) Let Xo C X be nonempty set. Then we say that X is closed

if for every sequence {xy,},_, in Xo which converges in X , its limit is in Xj.

Definition 4.5.3 (c-Lipschitz operator in n-normed space ) Let XY be a metric spaces with
respect to the n-norm ||, ...,-||. We say that the operator T : X — Y is c-Lipschitz if there is

a constant ¢ > 0 such that Vxq,...,z, € X, we have
I7(2) = T(y), 22, s wall < 2 — g, 72, sl (4.6)
If c €0,1), we call that T a contraction and if ¢ = 1 the operator T is called non-expansive.

Remark 4.5.1 For a c-lipschitz operator T we define the Lipschitz constant by

T(zx) =T s
Tl = Lip(r) = sup NI 22l
lz—y,x2,....2n || 70 ”x_yax%'“axn”




Definition 4.5.4 [6l](n-Lipschitz operators in n-normed space) Let X be a linear n-normed
space. We call T is n-Lipschitz operator if there is a ¢ > 0 such that Vxo, 1, ...,x, € X, we

have
[T (21) = T(@o), T (x2) — T(0), ..., T'(wn) — T(wo)|| < cllw1 — 20,22 — T, ..., 20 — To| -

If c € [0,1), the operator T is called n-contraction and if ¢ = 1 the operator T is called n-non-

expansive.

The space of all n-Lipschitz operators to X into Y denoted by Lip,(X,Y) and the space of
n-Lipschitz that vanishing at 0 denoted by Lip, o(X,Y)

Remark 4.5.2 For a n-lipschitz operator T' we define the n-Lipschitz constant by

IT||,.. = Lipp(T) := sup 1T (1) — T(z0), T(x2) — T(x0), ..., T () — T(J;O)H'
Lo ! 11 —%0,2 — %0, T — 0|0 |z1 — 2o, 22 — 20, ..., Tp — X0 |

Proposition 4.5.1 (i) Let X, Y are n-normed spaces and let Ty, Ty are n-Lipschitz operators

from X intoY. Then
Lip,(Ty + T) < Lip,(T1) + Lip,(T)

(ii) Let X be an n-normed spaces and let T' a n-Lipschitz operator from X into Y. Then
VA € R, we have
Lipn(AT) = || Lipa(T)

(111) Let X,Y, Z are n-normed spaces and let Ty : X — Y and Ty : Y — Z are n-Lipschitz

operators. Then

Lip,(Ty o Ty) = Lip,(T1) Lip,(T3)

Proof
(1) [[(T1 + 1) (21) — (Ty + T2)(wo), -, (T1 + T2) () — (T1 + T2) (o) |
= [|T1(z1) + To(z1) — T1(xo) — Ta(x0), ..., Th(xn) + Ta(xy,) — Th(x0) — To(xo)||
= [|T1(z1) — T1(zo) + To(z1) — To(x0), ooy s ooy T1 (20) — Th(0) + To(2y) — To(z0)]
< | Ti(z1) = Ti(wo), -, Ta(zn) — Ta(zo) || + | T2(21) — Ta(20), .., To(wn) — To(wo) ||
< Lipnp(Th) ||x1 — oy oy Tn — x0|| + Lipn(To) |21 — 0, oy Ty — X0 |
< (Lipn(Th) + Lip,(Ty)) |1 — 20, ..., Try — To]|.
Then Lip,(T) + 1) < Lip,(T1) + Lip,(T3).
(i)



INT(z1) — AT (q), .o, AT () — AT (o) ||

Lip,(\T) = sup
[lz1—20,...,2n—z0o||#0 ||CC1 — Xy ey Ty — xOH
_ [A(T (21) — T(20), ..., T(wn) — T'(@o))|
= sup
[lz1—20,...,2n—x0o||#0 Hxl — XLy ey Tp — xOH
N sup (T (1) — T(wo), ..., T(wn) — T(wo))|
[|lx1—x0,....,xn—20||F#0 ||IL‘1 _xOM-')xn_xO”
= |\ Lip,(T)

(ii)

[(Ty 0 Ty) (1) — (T1 0 T2)(wo), -, (T1 0 Ta) (2n) — (11 0 T2) (o)
= |T1(T2(z1)) — Ta(T2(20)); -, T1 (T2 () — T1(T2(20)) |

< Lipn(Th) | T2(21) — Ta(20), -, To(zn) — To(0) ||

< Lipn(Ty) Lipn(Ty) |21 — 70, o, 2 — 0]

Then Lipn(Ty 0 Ty) = Lipn(T1) Lipn(T3).

Theorem 4.5.1 (Lip,o(X,Y), Lipno(-)) is an n-normed space.
Kir and Kiziltunc’s definition of bounded sets

Definition 4.5.5 [6/(Bounded sets in an n-normed space) Let Xo be a nonempty subset of X.
Then Xy is called bounded with respect to S = {s1, ..., $n} if there is M > 0 such that for every

zo € Xo and {ig,...,1,} C {1,...,n}, we have
||JZO, Sigy coey Sin” S M.

Remark 4.5.3 A set may be bounded according to Kir and Kiziltunc’s definition and is un-

bounded according to ours.

Example 4.5.1 [0/
Let e = {ey,...,en} be the set of the first n basis vectors in X = R Then one may observe
that for every z € X and {ia,...,i,} C {1, ...,n}, we have
||Zv Cigy eees ein”s = |ZZ1| :
Since z = t,x for some t, € R, we have |z;| — oo as t, — co. Consequently, L, is not a

bounded set.

The lemma below is employed to demonstrate when a vector equals zero, a crucial step in

verifying our future theorems.



Lemma 4.5.1 [6/ Let xo € X. If ||xo, Siy, -, Si,, || = O for every {is,...,i,} C {1,...,n}, then

$0:O

Proof [6] If ||z, siy, ..., i, || = O for every {is,...,i,} C {1,...,n}, then x; is in the span of
{Siy, -, 83, } for every {is,...;i,} C {1,...,n}. This can only happen if zq = 0. O
The fixed point theorem applies to mappings that exhibit contraction properties on a closed

and bounded subset in relation to S.

Theorem 4.5.1 [6/ Let (X, ||-,...,-||) be a complete n-normed space and Xo C X be a nonempty,
closed, and bounded with respect to S. If T : Xqg — Xq is a contraction operator with respect

to S, then T has a unique fized point in S.

Proof [0] Let 2y € X,. We first construct an iterative sequence {x,,}, ~_, where z,, = T™x,
form=20,1,2,....
Second, we show that {z,,},_, is a Cauchy sequence with respect to S. Since T' is contrac-

tion, there is ¢ € (0,1) such that for any two consecutive terms in {z,,} -_,, we have

[Zm = i1, Sigs s Si | = (T (@m—1) = T(Tm), Sigs oy Si |

VAN

C ||$m_1 — Ty Sigy -eey Sln”

= c||T(xm——2) = T(Tm-1), Siy, - Si, ||

IN

02 ||.’,Um_2 = Tm—1, Sigy -y S’LnH

< Mg = 1, Sigs s Si ||

for every {is,...,i,} C {1,...,n}. Hence by using the triangle inequality and the formula for the

sum of a geometric progression, we obtain for m > [,

|Tm — 21, Sigy -, Si ||
= H.Tm — Tm—1 + Tm—1 — - + Li41 — X1y Sig, "'75’inH
S ||.Tm = Tm—1, Sigy -y San + ||.Tm_1 = Tm—2, Sigy +eey SinH + ..+ ||$l+1 = Xy Sigy eeey S’LnH

< M ||wg — @1, Sigy e Siy ||+ €2 | W0 — 1, Sigy ey iy || s+ w0 — X1, Siys s S5, |

= (Cmil ‘I" Cm72 + + Cl) ||I0 - xl? SiQ’ A 8in||
[

< 1—c¢ on — 1, Sig, "'7S’inH



for every {is, ...,in} C {1,...,n}. Because ¢ € (0,1) and ||xg — 21, Si,, ..., Sip || is bounded, we
can make the right hand side of above inequality as small as we like, by taking [ sufficiently
large. Since this holds for every {is,...,i,} C {1,...,n}, the sequence {z,,} -_, is Cauchy with
respect to S. As X is a complete n-normed space and X is closed, there exists xq € X such
that z,, S—) x.

Third, we prove that z is a fixed point of T, that is T'(z) = x. By using the triangle

inequality and contraction operator (4.6)), we have

T (x) — 2, iy, ooy Sit || < |T() = Ty Sigy oy Si || + [T — T, Siyy vy Si ||

< e||T = Tty Sigy oo Si || F ||Tm — T, Siyy ooy Si ||

for every {is,...,i,} C {1,...,n}. By taking a sufficiently large m, the sum in the second
line can be made smaller than any preassigned ¢ > 0, because .iEmS—> x. We conclude that
|T(x) — x, 84y, ..., 8, || = 0 for every {is,...,in} C {1,...,n}. By Lemmaf4.5.1] we have T'(z) = z.

Fourth, we prove that T" has no other fixed points. Let y € X be another fixed point of T,
so that T'(y) = y. We obtain

HZ‘ — Y, Sigy -y SlnH = HT(.%') - T(y)’ Sigy oo SlnH
< cllx =y, Sy, S, |l
for every {is,...,i,} C {1,...,n}. Since ¢ € (0,1), we have ||z — vy, Sy, ..., S, || = 0 for every

{ig,....,in} C {1,...,n}. By Lemma we conclude that = = y. O



Conclusion

In this memory, we detailed the paper 7] by A. L. Soenjaya going through the following steps

The first chapter we presented reminders, definitions and properties on normed and
banach spaces, linear and n-linear operator and continuity and boundedness. The second
chapter is devoted to the Continuous, bounded n-linear operators between n-normed spaces
and normed space, we presented the definition of n-normed and n-banach spaces, continuous
bounded n-linear operator and the space of all bounded n-linear operators from X" into Y. The
last chapter we devoted this chapter to Other Notions of n-Continuous, n-Bounded Operator
and Contraction operators and their fixed point theorems in n-normed space was devoted to
the n- Continuous, n-bounded linear operators between normed space and n-normed spaces,
we defined the n- continuous n-bounded linear operator and the space of all n-bounded linear
operators from X into X. The last chapter we devoted this chapter to Other Notions of
n-Continuous, n-Bounded Operator and Contraction operators and their fixed point theorems

in n-normed space.
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Résumé

Ce mémoire traite des concepts d'opérateurs n-linéaires bornés (n-
bornés) et continus (n- continus) dans les espaces n-normés introduit par
De plus, nous étudions les propriétés des espaces correspondants
d'opérateurs pour obtenir des résultats analogues au cas des espaces
normes, aussi on a étudie autre notions de la continuité de ces opérateurs.
Mots clés: Opérateurs Lipschitziens, opérateurs multi-linéaires, n- bornes,
espaces n-normes, n- continus.

Abstract

This memory deals with the concepts of bounded(n-bounded) and
continuous(n-continuous) n-linear operators in n-normed spaces
introduced by. Also, we study the properties of the corresponding spaces
of operators to obtain results analogous to the case of normed space, also
we have studied other notions of continuity of these operators.
Keywords: Lipschitz operators, multi-linear operator, n-bounded, n-
normed spaces, n-continuous.
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