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Notation

We introduce the necessary notations and definition which are used in the sequel.

H Hilbert space.

Q cRY Open set in RY

X' Topological dual of X.

A° Complement of the set A.

(.,.) Scalar product.

RN Euclidean space of dimension N, where N is a nonzero natural number.
x Vector in RN, o = (xy, 19, ...,2n), 2, ER, 1 <i < N

dx Lebesgue measure in N-dimensional space.

00 =T Boundary of Q.

|E| Or mes (EF) measure of the set E.

B(zg,7) Open ball of radius r centered at x.

By —{v e Billall < 1},

|.] Hilbert norm.

XE Characteristic function of set F.

(.,.) Duality bracket between X and its dual space.

Jo f(x) dx Integral of f in  with respect to the Lebesgue measure.

supp u Support of the function w.

g% Outward normal derivative.
Vu=Du = (2% 2 9u) Gradient of the function w.
Ox1? Oz’ "7 Jan
' i gy — Ou | Ou A
div u Divergence of the vector u, divu = g* + 7% + ... + 3=
2 .
Au =YY, 37:? Laplacian of u.

fn— [ Denotes that the sequence {f,} converge to f.
fn— f  Denotes that the sequence {f,} converge weakly to f.
LP(2) = {u : Q — R measurable and (fﬂ |u(x)|p) l/pda: < 400 such that 1 < p < oo}.

= [ lu@)de] " = ]
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L>(Q2)  ={u:Q — Rmeasurable,3M > 0| |u(z)| < Ma.e. on €.

|| w|| Lo = inf{C : |u(z)| < C a.c on Q}.

q Hélderconjugateofp:q:p%lifp>1andq:ooifp:1

Li(Q) C LP(Q), V1<p<g<o

[ullcee) = sup,eq [u(z)| = maxyeq |u(z)]

Ce(Q) Space of continuous functions with compact.

M(Q) The topological dual of the continuous functions space with compact support in €2.
D(Q) Space of infinitely differentiable functions on 2 with compact support in €.
wir@) ={ue Q)| Vue (LP(Q))N}.

wir©Q) =luew'r(@), with u=0 on aQ}.

(a+b)P <2071(a? +P) for 1<p<oo and a,b>0.

a.e. Almost everywhere.



General Introduction

Partial differential equations, which is abbreviated as "PDE" in the following, constitute an
important branch of applied mathematics and this field is becoming increasingly important
in modern times. EDPs have great utility in mod- delusion of many phenomena of different
natures such as physics, chemistry, biology and other sciences. In other words, EDPs
intervene in many other fields: in chemistry to model reactions, in economics to study
market behavior, in finance to study derivative products and in image processing to restore

damage. These problems boil down to mathematical models usually written in the form

where L is a definite operator from a function space E to a function space F, u is the unknown
function and f a given function. PDEs probably first appeared during the 17th century. In-
the field of PDEs has been enriched as the sciences have developed and especially physics.
However, the systematic study of PDEs is much more recent and it is only during of the
20th century that mathematicians began to develop and indeed this theory has recently
experienced a great theoretical and practical advancement. The mathematical analysis
of these partial differential equations requires an appropriate choice of functional spaces
and a clear definition of the notion of solution (the existence and sometimes uniqueness).
One of the things to keep in mind about PDEs is to ask the question: can we get solutions
explicitly?. So what mathematics can do on the other hand, is to say if one or more solutions
exist, and to describe sometimes very precisely met some properties of these solutions. So
usually an exact solution of problem (1) is not easy to find and sometimes we cannot even

find the explicit solution. This leads to the introduction of the notion of the weak solution
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which appeared in 1934 in the work of Jean Leray. Therefore, in most cases it is very
difficult, if not impossible, to exhibit the solutions of a PDE. In some cases we manage to
try to show that the problem admits a unique solution (it is said to be well-posed). But
sometimes we can calculate numerical approximations of the solutions.

Moreover, the work presented in this dissertation concerns a particular case of the

equations to partial derivatives of the elliptic type involving the divergent operator
Au = —div(a(z, Vu))

where a = |Vu|P~?Vu a Caratheodory function, verifies certain hypotheses.

We are interested in this memoir to study the following problem:

Au f on
(P) { u = 0on 09,

) is a bounded open set of RY with N > 2, we assume that f € L1(Q2) or f = pu € M(Q).

We first illustrate the main difficulties that may arise when studying of the problem (P)
1) The non-linearity of the differential operator A(u) = —div(|Vu|P~?Vu)
2) The irregularity in the case where f € L'(Q) or f = u € M(Q).; i.e. the second

member of (P) does not belong to space W=7 ().

Technique

We are going to study the existence and regularity of the weak and entropy solutions of the
problem (P). To do this, we will approximate the problem (P) by a sequence of approximate
problems (P,) given in L*> whose existence of the solution approximate is guaranteed by
Theorem 1.10. Then we will study some estimates uniform on the sequence of solutions of
these problems (P,) and their partial derivatives. Once this is done, the linearity of the
operator with respect to the gradient as well as the boundedness and the continuity of a

will make it possible to pass to the limit.; Thus finding the solution.
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Memoir plan

This memoir is divided into three chapters as follows: The first chapter is dedicated to
giving some basic definitions and results with functional analysis tools essential to the
achievement of the objectives for the study of the (P) problem. For example we recall
functional spaces (Lebesgue, Sobolev) and we give brief reminders of weak and weak star
convergence and we recall some definitions on the operators (Bounded, himecontinuous,
Monotone and coercive). We also present the method of monotonic (pseudo-monotonic)

operators in the general framework to prove the existence of a solution for the equation
Au = f.

According to hypotheses on the functions a = |Vul[P~?Vu and f (f € W (Q)) and for
to prove the existence and regularity of the solution we use the Theorem 1.9.

In the second chapter, we study the weak solution for a class of nonlinear elliptic problem
with measure data Au = p and v = 0 with g Radon bounded measures. We limit ourselves
to the case where 1 < p < N because in the case p > N, we have the inclusion Wol P(Q) C
C.(Q) which gives (C.(Q)) C (WyP(Q)). As (C.(Q)) = M(Q), the measures are then
elements of W~1'(Q) and we are then in the usual variational framework.

In the case p > 2 — % with p a measure of Radon. The weak solution u of this problem
be in the space Wol’q(Q), for all g € [1, %(p — 1)[. As a prototype example, we consider
the model problem Au = ¢ where ¢ is the Dirac measure.

Finaly, we define the notion of entropy solutions of problem (P) where f € L'(Q). Next,
we show that these solutions are in the space u € W,(Q), for all ¢ € [1, 2(p— 1] if

2— % < p. The idea is to consider the truncation Ty (u) of the solution u and to work with

the derivative VT (u) instead of Vu.



CHAPTER 1

Preliminaries and basic tools

The purpose of this chapter is to recall a number of analytical tools from the theory of
Sobolev spaces that will be used throughout this memoir . We will also take the opportunity

to introduce the main notations.

1.1 Reminders and some definitions

Throughout this chapter Q will denote a bounded domain in RY N > 1, i.e.a connected
and bounded open subset of RY. Its boundary will be denoted by I' or 952 and its closure
by € .

Let u = u(z1, ..., zy) be a function defined in  C RY. Assuming that exists, the gradient

of u at point x is defined as the vector:

The Euclidean norm of Vu is denoted by |Vu| :

2
+ .+

ou

8xN

tm@_(iwmwa“@)
V| = [a

8xN
2 1/2
81’1 ]

Definition 1.1. (Space of test functions): The space D(Q2) or C§(R2) is the set of

infinitely differentiable functions ¢ : Q@ — R (of class C*°(Q2) ) with compact support in €.

D(Q) is a vector space, and each element of this space is called a test function.

e supp p ={x € Q, p(x) # 0},
. D(Q) = C=(Q) N CL(Q).

Definition 1.2. Separable Spaces A Banach space E is said to be separable if there

exists a countable set that is dense in E.

10



1.2. FUNCTIONAL SPACES

Definition 1.3. Dwual Space The topological dual of a vector space E over the field
K, (whereK = R or C)is defined as the set of continuous linear forms on E,i.e. contin-
uous linear maps form E to K. We denote by E' = L(E,K).

E’ equipped with the norm ||.|| defined by:

u\x
zeE,||z]|=1 z€E,||z||<1 TEE, ||z||0 HxH
Proposition 1.1. 1. By C Ey so Ey, C FY,

2. (u, ) < |ull gl -

1.2 Functional spaces

1.2.1 LP Spaces

Let © be an open subset of RY and let p be a real number greater than or equal to 1. The

Lebesgue Space LP(() is defined as:

LP(Q) = {u : 2 - R is measurable and /Q | u(x) |P< oo}.
We equip it with the following norm

el = llully = ( [ |u<x>|p);, p= 1.

By L*>°(2) we denote the set

L>*(Q) = {u: Q — R measurable, IM > 0 | |u(z)| < M a.e.}
It is equipped with the following norm:

|u|soo =1inf {M >0:]u|<M aein Q}

The space L?(Q) is a Hilbert space with the inner product

= dz.
(u,v)20 /qu x

11



1.2. FUNCTIONAL SPACES

Remark 1.1. Let 1 < p < 00, be denoted by p' the conjugate exponent of p

Let 1 < p < oco. then the dual space of LP(2) is LV ().
1.2.2 Main inequalities
Let 1 < p < g < 0o be two real numbers; and let p be the conjugate exponent of p.

Lemma 1.1 ( Holder’s inequality ). If f € LP(2), and g € LPI(Q), then f-g € L'(Q) and

179 lo@<l £ el 9 1, 0,

If more | Q2| < oo and f € L)), so f € LP(2) and

1_1
[ fllzeey <[ QP77 || fllLag

In particular,

L1(Q) C LP(Q)), V1<p<g< oo

Lemma 1.2. Let p; € [1,+00] be exponents with 1 < i < k such that:
1/p=1/p1+..4+1/pr < 1. Then, for all functions f; € LPi(Q2), We have f = fi...fr, € LP(Q)

and generalized Hélder inequality

1Al <IS oo 11l -

Lemma 1.3 (Young’s inequality). For all non-negative real numbers a,b and every 1 <

p < 00, then we have

/

PP
<ty p=L_ (1.1)
p P p—1
Corollary 1.1. Generalized Young’s inequality: for 1 <p < oo, p/ = z% and any positive
€ we have:
Py
ab < L .
p ey



1.2. FUNCTIONAL SPACES

Theorem 1.1 (Fisher-Riesz). L? is a Banach space for all 1 < p < oc.

Lemma 1.4 ( Divergence and Green’s formulas). Let Q be a domain in RY, and n(x)
its exterior normal. Let u and v be two reqular functions, and w be a vector field defined
on ). Then,

/ divw dr= | w-ndo (divergence formula)
Q o0

/(Au)v dx = —/ Vu-Vou dr+ guv do  (green formula)
Q Q o0 On

Theorem 1.2 (Rellich-Kondrachov[3] ). Let  be a bounded open set of RN and p > 1.
If p < N then for any q such that 1 < q < p* (with 1/p* = 1/p — 1/N), the injection of
Wol’p(Q) in LY(Q) is continuous and for all q such that 1 < q < p* the injection is compact,

that is, the bounded of Wy " () are relatively compact in LI(S2).

1.2.3 Convergence theorems

In this section, we recall some definitions and results on the convergence sequences of

measurable functions

Definition 1.4. Let (u,) be a sequence of measurable functions on € and u a measurable

function on Q.

e The sequence (u,) converges almost everywhere on § to u if and only if

meas{x € Q : u,(x) does not converge to u(x)} =0,

e The sequence (uy,) is said to be Cauchy in measure if for every e > 0 and every n > 0,

there exists ng € N such that for all m,n > ng, so

meas{z € Q: |uy(x) —u(x)| >n} <e

Lemma 1.5. [7] Let (u,) be a sequence of measurable functions of in Q and RY. If (u,)

of Cauchy in measure then there exists a sub-sequence of (u,) converge almost everywhere

13



1.2. FUNCTIONAL SPACES

Lemma 1.6. /8] Let f be a strictly positive measurable function. Then, for every e > 0

there exists 0 > 0 such that for every measurable A C ), we have
/ fdr <46 = meas(A) <e. (1.2)
A

Lemma 1.7 ([2]). Let (uy,) the sequence in LP(Q) with 1 < p < o0.

Suppose that
e (uy) is bounded in LP(S2) ;
e u, — U a.e. on ).
Then, u, — u in L), for all 1 < ¢ < p and weakly in L*(Q), i.e.,

lim [ w,vdr = / wvdz, for all v e LP(Q)
Q Q

n—-+

Theorem 1.3 (Fatou’s Lemma [3]). Let (u,) be a sequence of non-negative measurable
function on . Then

lim inf u, (x)dx < liminf | w,(x)dz.
Q n—oo n—oo (¢}

Theorem 1.4 (Giuseppe Vitali convergence theorem [4]). Let p € [1,00[ and (f,) be a

sequence of functions in LP(Q)) such that
e fu—f ae in

e (fn) equal-integration in 2, i.e. Ve > 0,30 > 0,VE C Q with |E| <, such that

[lf@pdr <e, ¥nen
E

Or

limsup [ |fu(2)|Pde =0, VneN
|E|—0 JE

Then

felP(Q) and f,— f in LP(Q) strongly.

14



1.3. SOBOLEYV SPACES

Theorem 1.5 (Lebesgue’s Dominated Convergence Theorem|[3]). Let p € [1,00), and (u,)

be a sequence of functions in LP(§2) such that
e U, > U a.cin
e there is a function v € LP(Q)) satisfying

lup ()| <wv(z) aein Q VneN

Then u, — u in LP(Q), that is

we LP(Q), and ||u, —ullr@o) =0 as n— oo.

1.3 Sobolev Spaces

Let 2 C RY be an open set and let p € R with 1 < p < 00 .
Definition 1.5. The Sobolev space WP(Q), is defined by
Whe(Q) = {u € IP(Q),| Vu € (L”(Q))N}
The space WP(Q) is equipped with the norm
I o=l u llp + 1| 2 (13)

and for p = oo

|ul[wree = max(|[ul| e, [[Vul| Lo ).

Definition 1.6. the space D(Q2) denotes the set of functions in C°°(Q) with compact support

in 2, we define 1 < p < oo
WyP(Q) = {u cWhP(Q), with u=0 on 89}.
Remark 1.2. Since, for 1 < p < oo, the space D(Q) is dense in Wy ?(Q) by definition,

we can identify the dual of Wy P(Q) with a subspace of the space of distributions D'(Q). we

denote this as: W=7 (Q) = (WP (Q))’

15



1.4. SOBOLEV INJECTIONS

In the particular case where p = 2, WY2(Q), Wy *(Q), W12(Q), are respectively denoted
HY(Q), Hy(Q), H(Q)
The space H' is a Hilbert ' space equipped with the scalar product.
(u,v) 1) = (u,0) 20 + (U, V) 120
The associated norm
|l 1) = (HUH%Q(Q) + HVU|’%2(Q))U2
is a norm equivalent to that of Wh2(2)

The following proposition represents the fundamental properties of the spaces W1?, VVO1 P

For the proof we refer the reader to reference [3].
Proposition 1.2.

e The space WP is a Banach space for 1 < p < oo.
o The space WP is a separable space for 1 < p < oo.
e The space WP is a reflewive space for 1 < p < oo.

e The space Wol’p is a separable space . Also reflexive for 1 < p < oo.

1.4 Sobolev injections

Sobolev injections are widely used. they provide inequalities between the norms of sobolev
spaces and LP norms. This compactness result is a powerful tool in the study of PDEs,

allowing us to transition from a sobolev space to a space of Lebesgue.

Theorem 1.6 (compactness theorem). Let Q a bounded open subset of RY with N > 1
and 1 < p < oo, any bounded subset of Wy () is relatively compact in LP(Q), this implies
that for any bounded sequence in Wol’p(Q), we can extract a sub-sequence that converges in

LP(Q).

'David Hilbert (1862-1943) is a German mathematician. He is often considered one of the greatest
mathematicians of the 20th century.

16



1.5. WEAK CONVERGENCE AND (WEAK*) CONVERGENCE

Theorem 1.7 (continuous Injection). Let ) be a bounded open subset of RN with N > 1

and 1 < p < o0.

e If 1 < p < N then WyP(Q) — L' (Q) with p* = NN—Z) > p and the injection is

continues, i.e 3C > 0 (depending only on p, N ) such that

N

e If p > N then WyP(Q) — C™' " %. where for a > 0, C® is the set of Holder

continuous functions with exponent o, defined as

C* ={u € C(AR)/3IK >0, |u(z) —u(y)| < Kllz —y[|*, V(z,y) € Q°}

e Ifp=N then W, 7 (Q) — L4(Q), Vg > 1

Lemma 1.8 (Poincare’s inequality). Suppose that 1 < p < oo, and ) is a bounded open

set. Then there exists a constant C' (depending on Q and p) such that

| u e < C | Vu ||rr@) - (1.4)
Moreover , by the density of D() in WyP(Q), the inequality (1.4) stay true for any

function u € Wy (Q).

1.5 Weak convergence and (weak™) convergence

1.5.1 Weak convergence

Definition 1.7. Let E be a Banach space, E' its dual and (.,.) the duality bracket EE'.

We say that the sequence (z,,) in E weakly converges to x € E if and only if:
(f,xn) —"7T°(f,x), VfekFE.

we denote this as

T, —~x in FE.

17



1.6. SOME NOTIONS AND RESULTS ON OPERATORS

Proposition 1.3.

if x, — x strongly then x, — v in E.

if x, = x in E then ||z,||g is bounded.

If x,—x, weakly in B
And  f, — f strongly in E’

then (fn, xn) — (f,x) as n — +o0.

Theorem 1.8. Let E be a reflexive Banach space. Then, for any bounded sequence (x,,), C

E, there exists a sub-sequence on (Tuk)nk that converges weakly in E.

1.5.2 ( weak™) convergence

Definition 1.8. We say that the sequence (f,) in E' weakly* converges to f € E' if and
only if:
<fn7g> _>n*>+oo <f7 g>7 vg €EFE

we denote this as

fon—xf in FE.

Proposition 1.4.

fo— f strongly = f,— f inE’
For more details, look at the book[3].
1.6 Some notions and results on operators
1.7 Monotone Operators
V denotes a real Banach space, V' denotes its topological dual of V.
Definition 1.9. An operator A:V — V' is said to be

18



1.8. BOUNDED OPERATOR

e Monotone if (Au— Av,u —v) > 0,Yu,v €V
e strictly monotone if (Au— Av,u—wv) > 0,Yu,v € V,u #v

Example 1.1. The operator A : H}(Q) — HY(Q) defined by Au = —Au is monotone,
where H () is equipped with the norm of the gradient. Indeed, for u,v € H}(Q),

we have

(Au— Av,u —v) = /QV(U—U).V(U—U)

2
= flu-— UHH&(Q)

> 0.

1.8 Bounded operator

Definition 1.10. Let V and W be two Banach spaces and let A : V. — W be an oper-

ator. We say that A is bounded if it maps every bounded set in V' to a bounded set in W ; i.e

Vp>0, 3C,>0: A(By(0,p)) C Bw(0,C,)
1.9 Hemicontnuous Operators

Definition 1.11. An operator A : V. — W is said to be hemicontinuous at the point
in V if, for any sequence {u,} converging to us,, the sequence {Au,} converges weakly to

Aus in W, in other words
VoeV, VY{\WICR, A —0, A(uw+ Av) = Atg.

If A is hemicontnuous at every point in V, we say that it is hemicontinuous on V. In
reflexive spaces and when W = V', and passing from sequential to continuous, we can

define hemicontinuitly on V' by requiring that

Vu,v,w €V the map R A— (A(u+ \v),w) € R

19



1.10. THE P-LAPLACIAN OPERATOR

15 continuous.

Example 1.2. The operator A : H}(Q) — H'(Q) defined by
Au = —Au = —div(Vu) is hemicontinuous. Indeed, let u,v,w € Hy(Q2) and X\ € R, we

have

(A(u+ M), w) = /QV(qu).vw
= /Vu.Vw+)\/ VuoVw
Q Q

= a-+ b

This shows that A — (A(u + \v),w) is continuous.

1.10 The p-Laplacian operator

The p-Laplacian operator is a quasi-linear second-order elliptic partial differential operator
defined by

A,(v) =div(| Vu P2 Vu), 1<p<oo

this operator takes the form of a divergence when p # 2 and for p = 2, the p-Laplacian

coincides with the usual laplacian A

1.11 Properties of the p-Laplacian operator

Let € be a bounded open subset of RY, and let the operator
AW (Q) - WP (Q)

defined by

Au = —div(| Vu [P"* Vu), 1<p<oo
According to the green’s formula, we have
Vo € WEP(Q) : (Au, ) = / VulP2Vu.Ve
Q

20



1.11. PROPERTIES OF THE P-LAPLACIAN OPERATOR

Proposition 1.5. The operator A = —/A, is bounded from Wy () in W1 ()

Proof. From the expression of the norm in a dual space, let p > 0, for u € By (0, p), we can

write

| Au = sup [(Au, )| = sup | [ [VuP=2Vu.vg)
peV peV Q

llell<1 llell <1

Using Holder’s inequality we obtain

’/ ]Vu|p2Vu.Vg0’ < /\vuv’*l.|w|
Q Q

(L rwalr)” ([ 1ver)
= Nul e v

< pt

IN

Hence || Au [|;» < pP~'. This shows that A(By(0,p)) C By (0,7 })

Proposition 1.6. The operator A is hemicontinuous from V to V.
Proof. Let v € V and {\,} be a real sequence converging to 0.
VgeV, (A(usw + A\v),9) = (Auo, g)

we have

(Ao, g) = /Q (Voo [P * Voo Vg

then

(Al + M) 9) = [ IV (toe + 200) 29 (110 + At) Vg

- /Q (Vitoo + A V) P2 (Vitoo + Ay V) Vg

L. V(U + M V) |P2(Vug + M V)V g =P [V [P2(Vus ) Vg
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1.11. PROPERTIES OF THE P-LAPLACIAN OPERATOR

we can assume |A,| <1, then

IV (e + A V) P2 (Vo + Am)vg‘ — |Vt + M V0P YV

p—1
V| + Pl Vel] Vg

p—1
< [[Vunl+|Vel| Vg

we recall that
N

N
(> a:)® <max{l, N} Y a7, Va; >0, a>0 (1.5)

=1 i=1

Using Young’s inequality (1.3) and (1.5), we can write

p
o |[Vus + V0]
IV (oo + A V) [P72(Vge + A, VU)Vg| < + ;

p p
1 1,201
< Vgl + "BZ) (90 e+ 90l

the fact that g, v, us € Wy 7(Q), implies that

p—1

1 2
Vb + = <|Vuoo|p+\Vv|p) e L)

According to Lebesgue’s dominated convergence theorem

lim (A(too + Anv), g) = (A(tso), 9)

n—-+o00

Which shows the hemicontinuity of A. ]

Proposition 1.7. The operator A is coercive from V to V'.

Proof.

A p

lim (Av, v) = lim Ja V0]

[v|y —+o00 ||UHV [v]y —+o0 || v ||V

el

oy —+oo || v ||y

= lim [Jv|"'=400 car 1<p< +oo.
[v]y =400
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1.12. MONOTONIC OPERATOR THEOREMS

Proposition 1.8. The operator A is monotone from V to V.
Proof. we recall that

Vr,y € RY: (Jaf 2z — [yl y)(z — y) = oz —yP,a > 0.
So, for all Vu,v € V

(Au— Av,u —v) = /Q (|Vu|p_2Vu - |Vv|p_2Vv)V(u —0)

v

/ a|Vu — Vol?
Q

v

0

1.12 Monotonic operator theorems

1.12.1 General result

Let V be a reflexive and separable Banach space, and A : V' — V' be an operator.
Theorem 1.9 (Existence theorem). Suppose that AV — V' is an operator

bounded

hemicontinuous

coercive, meaning that

. (Av,v)
lim = 400
|v]y —+o0 HUHV

monotone

Let f € V'. Then, there exists a function u € V' and only one such that

Au=f
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1.12. MONOTONIC OPERATOR THEOREMS

For the proof this theorem, look at to the book [5]

Theorem 1.10. Let f € L*(R2). Then the problem (x) defined by

(%) —Ayu=—div(] Vu |P2Vu) = f on
u = 0 on 08,

has a unique solution u € Wy (Q), for all 1 < p < +00.

Proof. According to the previous propositions, we have the principal operator
Au = —div(| Vu [P72 Vu)

which is coercive and bounded, hemicountinous , monotone, therefore, according to theorem

1.9. The problem (%) has a unique solution u € W, (), for all 1 < p < +o0. O
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CHAPTER 2

Elliptic Problem with measures data
weak solution

In this chapter, we study existence and regularity of weak solutions for a class of non-
linear boundary value problems of elliptic type associated with p-Laplacian operator but
with a non-regular second member. i.e, not belonging to a dual space. we consider second

members in the space of bounded radon measures.

2.1 The M(f2) space

We denote by M(£2) the space of bounded radon measures on 2. By definition, M () =
[C.(2)]" = which is the topological dual of the space of continuous functions with compact

support in 2 equipped with the norm of uniform convergence

lullee) = supu(z)] = maxju(z)]

Remark 2.1. We can verify that the map T from L'(Q) to M()), which associates the

summable function f with the measure T f defined by

(Af.0) = [ fo, Woe )

2.2  The problem (P)

We are interested in problems of the type

(P) —div(] Vu P72 Vu) = p on D'(Q);
uw = 0 on 0%

where © is a bounded open subset of RY (N > 2) with boundary denoted by 99 and p is

a real number such that p > 1, u is Radon’s bounded measure on 2.
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2.2 The problem (P)

2.2.1 Weak solutions

Definition 2.1. u is a weak solution to problem (P) if: uw € Wy (Q) and
/ | Vu P72 VuVedr = /ugodu, Vo € D(Q). (2.1)
Q
The result proved in this chapter is the following theorem

Theorem 2.1. Let 2 — 5 < p < N and p a bounded Radon measure (u € M(S2)). Then

The problem (P) has at least one weak solution u which is in Wy'(Q), for all

N
1,q. = —-1)].

2.2.2 Model Example

Let Q = B(0, 1), the open Euclidean unit ball centered at zero with radius 1. find u : Q@ — R

as a solution of

—Apu=—div(] Vu P2 Vu) = ¢ in D'(Q);
(Fo)

u = 0 on 09;

where p > 1 is a real number and ¢ is the Dirac distribution at the origin.

the problem (Fp) has a solution (model) ,q is given by (see [1])

p=N .
B el VR O
C'log || if p=N;

2.2.3 Why the condition 2 — % <p<N

In which space -or set- should we look for a solution of (P) 7

o if p> N and (Q is a bounded domain, then we have

Wo () = C(Q)

so that

/

M(Q) — W=7 (Q)
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2.2 The problem (P)

Therefor, if p > N, we have M(Q) C W~ (Q), which means that this case falls within
the classical framework treated in the chapter 1.

The space where we look for solutions in this case is the space Wy"(€).
e fl<p<N

To make sense of u = 0 on I' = 9€) and the gradient Vu almost everywhere in €2, it is
natural to search for u in Sobolev space. For u € W,7?(Q) we have Au € W~ (Q), so,
since in the case 1 < p < N, there exist measures u € M (Q) such that p ¢ W12 (Q), we
have Au # p, Yu € W, P(Q). Therefore, The possible solutions of (P) must be sought in
a space or set larger than Wy (Q). If we stay within the framework of Sobolev spaces, the
largest of these spaces (for bounded Q) is W, "' (Q). To find out if this space is rich enough
to contain the possible solutions of the problem (P), we take up the model equation (FP)

which admits the solution u,,,q = so, in the case p # N, we have

Vitmoa| = Cilz| 71 = Cy|z| 71

then

Viumedlde = C; x%dx
|
Q B(0,1)
1
= Cg/ rlpfller_ldr
0

1 1 N
——4N-1
= C’z/ ret T dr
0

This integral is finite if % +N—-1>—1. Thus, if p > 2 — %, this calculation shows that:

1
Umoa 15 in Wy'(B(0,1)) only if p>2- .

Suppose that p > 2 — % and we are looking for critical value of the exponent ¢ > 1 so that

Umoa € Wy '(B(0,1)) we have :

q(1—N)

1
/’Vumod\quzcl/ oot TV rdy,
Q 0
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2.3 Approximation of (P)

Our integral will be finite if % + N — 1> —1, which gives

N
Umoa € Wy (B(0,1)) for all ¢ such that 1< ¢ < ~ 1(p —1).

Now we give the following general property of measures, which will allow us to approach

the problem with measure data by problems with regular data.

Theorem 2.2 (Density theorem|[1]). Let pn € M(Q), Then there exists a sequence p, C
D(QY) such that

tn — 14 in the vague sense of measures,i.e,

Vo € Ce(Q),  (tn, ) = (1, 0) (in R)
and
[tnllr@) < lellare), Yrn>1

Now, the proof of the Theorem 2.1 needs several steps: First, we approximate the
problem (P) with sequence of problems (P,) having smooth solutions (u,). Then, after
deriving uniform estimates onu,, finally we pass to the limit using a compactness results

as in [9].
2.3 Approximation of (P)

By Theorem 2.2, let u, be a sequence of D(2) which converges to p in D'(€2) and which

verifies the inequalities

i) < lpllane) < +o0, VR 1.
We define the problems (P,) by

P) —div(] Vu, P2 Vu,) = p, in Q
" u, € WyP(Q) ( so u,=0 on I =0Q);
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2.4 Uniform Estimates of Approximate solutions

The existence of a solution u, in W,?(Q) of the problem (P,) is classical, since u, €
W=7 (Q) and the fact that the operator Au, = —div(| Vu, [P~2 Vu,) is coercive and is a
monotone (see Theorem 1.9), i.e, there exists a function w,, solution of problem

which is its equivalent weak form

u, € Wy (Q)
Jo | Vg, P72 Vu,Vo = foup, Yo € WyP(Q).

2.4 Uniform Estimates of Approximate solutions

Since we only have ||, || 1) < C,  Vn > 1in order to to bound the term [, /1, uniformly

with respect to n, we need to choose a test function
¢, a function of u, such that ||¢,|lze@ < C,¥n>1 with ¢, € WyP(Q)

To choose the test functions, we use the following result due to Stampacchia

Lemma 2.1 (Stampacchia). Let T': R — R be a globally lipschitz function,i.e.
3C >0 such that |T(s)—T(t)| <Cls—t|, Vs,teR,
such that T(0) = 0. then, Yv € Wy*(Q) with 1 < p < 0o we have
T(w) e Wo?(Q) and VT(v)=T'(v)Vv in D'(Q) and ae. in Q

Example 2.1. Let k > 0. The truncation at levels —k and k is defined by the function Ty

of R from R given by

k, ifr>k,
Ti(r)=9q r  if[r| <k,
—k, ifr <k

It can be verified that the function Ty, is a globally Lipschitz function.

The graph of T}, is
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2.4 Uniform Estimates of Approximate solutions

We can verify that the function T} is a globally Lipschitz function satisfying |7y (r)| < k

and |Ty(r)| < |r| and its primitive Oy : R — R defined by

- if |r| < k

O,(r) :/Oer(t)dt:{ EA

klr| = &, if |r| > k
Lemma 2.2. Let (u,,) be a sequence of solutions of (P,), the sequence {Ty(u,)} is bounded
in Wy P(Q) , i.e.

30 >0, ||Ti(un) oy < C Vo> 1.

Proof. Taking
o(t) = [ ITi(o)do

as test function in (P, ), since

—+o00
vz, [ < [ ITe)rde = M

and ¢(0) = 0, we can say that the function ¢ is globally Lipschitz. Then, we obtain
/Q | Vu, P72 Vu,Vo(u,)dr = /Q;Lngb(un)dx.
Using that Vo(u,) = |T}.(un) [PV (u,), we find
SV 172 VT ) P e < [ (o) d
< M /Q |pon |

S0,

L ) PIV ()lPde < [ lda, v > 1
L Q
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2.4 Uniform Estimates of Approximate solutions

Thus,
/Q N Ty () [P < M| | a0y

Then, we have

HTk(un)HWS’p(Q) <C.

Lemma 2.3. Let 6 > 0, there exists a constant Cs independent of n such that

|Vu,|P
_ VP e < O, Y 1
/Q(H [uy )i o = =

Proof. Let 6 > 0. the function s given by

¢ do 1 1
t) = —— =—(1— ———— | sign(t teR
)= [ oy =5 (1~ gy ) e e
is globa ipschitz ¥ =0 an s(t)] < = t € R. Taking ¥5(u,,) as a test tfunction
is globally Lipschitz ¢5(0) = 0 and [15(t)| < 5, Vt € R. Taking ¢s(u,) functi

in (P,), we obtain

<Aun7¢5(un)> = <Mn»¢5(un)>7 Aun = _diV(| vU/n |p—2 vun)

so that
piz P
/Q| Vu, |P~* Vu,Vips(u,)dx /Qunw(;(un)dx

Using the fact that Vis(u,) = Vu,s(u,) with ¢5(u,) =

1
W , We have

/Q | Vi P72 Vun Vibs(up)da = /Q | Vi P2 Vi Vunt (uy)de

Vu,

= Vu, P72 Vi, ————dx,
/Q| Up, | u (11 [un]) 0 X

Therefore,

Vu, 1
—dr = /Qunwa(un)da: < <[ ptnllar0),

p—2
Jy 1 ¥ 7 Vs

then, we obtain

|V, [P 1
L dr < 2w |
syt < gl W

IN

C
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2.4 Uniform Estimates of Approximate solutions

Lemma 2.4. Let p and q be such that

2—]1[<p§N and q € [1,N]i1(p—1)[.
Then,
e The sequence (Vuy,) remains bounded in L(Q).i,e
there ezists a constant C = C(q) > 0 such that

/ |Vu,|dz < C
0

Proof. Note that

N p—N
oY=y s Sq<yg—P-D=p
Let ¢* be the sobolev exponent associated with ¢, i.e.,q% = % — % &g = N—_qq. For
5:q*]ﬂ—1©q*:(1+5)i
pP—q

Lemma 2.3 implies that there exists a constant C' = C'(§) > 0 such that

|Vu,|P
WV <0 > 1
/ﬂ(l—l— )i = T =

we can write

|Vu,|?
_ q — (1+6)q/p
= /Q Vun['de = /Q (1+ Iunl)(ua)q/p(1 + fun]) dr.

Using Holder’s inequality, we obtain

/p _
|V, |P ! </ (1+5)q>1 a/p
— q < _— . 1 p—q
= Jy Vs < </Q A ua0) ol )
N\ 1-a/p
< ¢ (/9(1 T Jun])" ) . (2.2)
Using the inequality
(a+b)P <207 a? +1P) for 1<p<oo and a,b>0, (2.3)
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2.4 Uniform Estimates of Approximate solutions

we can write

Yp = / |Vu,|9dz < VP20 ~1)l-a/p (/ ldx +/ |t |? )
Q Q Q

< Cq/p(2q*—1)1—q/p(2—q/p) {yml—q/p + </ |,
Q

. 1q/p}
g ) .

But, by the sobolev Poincare inequality, we obtain

(/) fun

N\Va
I ) < Cq,NHvunHLq(Q) = Cq,NyrlL/q‘

Therefore,

< _a
(1-1

Yo < a+ byt (2.4)

where a and b are constants depending on ¢, N and |Q2|. Since, in the case p < N, we have

* N .
T = P70 4
q P N—q qp
_ Ne-a9 |
(N —q)p

qp— N

that is to say %(1 — %) < 1, then the previous inequality (2.4), satisfied by vy, shows that

this sequence is bounded.

In the case p = N, we repeat the calculation, but choosing § = a% — 1 with
max{l, 7=} < a < ¢". We use the continuity of the injection from Wy 9(Q) in L)

and we obtain

21-%) . « q q q
Yn < a+ byn , Yn>1 with —(1—-=)<—(1—-=)=1
ta-by<La-b)
This implies that v, is also bounded in R in this case. [
Proposition 2.1. For all g € [1,q. = 2= (p — 1)[ and since (uy,), is bounded in the space

Wy 9(Q), according to Rellich-Kondrachov theorem, we can extract from the sequence (uy,)

a sub-sequence, also denote by (u,) such that

u, —u  weakly in  Wy(Q), (2.5)
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2.4 Uniform Estimates of Approximate solutions

U, —> u  strongly in  LI(Q2). (2.6)

Therefore
Up —>u  a.ein €, (2.7)
Proof. For the proof of this proposition, look at the book [3] O]

Now, we have the operator —A, depends on the gradient Vu, so we need more conver-

gence on the gradients Vu,. Let’s set u¥ = Ty (u,) and u* = Ty (u)

Proposition 2.2. [1] Let u be the function constructed in proposition 2.1. Then, we have
u* = Ti(u) € WyP(Q).
Lemma 2.5. For all k > 0, we have

Vun p=2 Vunv Up — Uk <e , Ve >0
~/{u€Q,unuk|<g} | | ( ) < ||M||M(Q)

Proof. Let k > 0 be fixed. For e > 0, Let T, be the truncation at levels —¢ and €. According
to proposition 2.2, u¥ = Tj(u) € W,7(Q), the function v, = T.(u, — u¥) is in W, ().

Taking v, as a test function in (P,), and since |v,| = |T.(u, — u¥)| < ¢, we obtain

vnp_2vn'v n_k - / nTe n_k
~/{z6(2,|un—uk§6} | “ | “ (u “ ) Qlu (U “ )

< & [ il < el

2.4.1 A fundamental compactness Lemma

Lemma 2.6 ( [9]). Let (u,), be a sequence in Wy*(Q) satisfying the following properties.

e (i) There exists q €]1,p|, such that (uy), remains in a bounded set of Wy '(Q) and
(up) weakly converges in Wy '(Q) to a function u, and almost everywhere to a function

u in €.
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2.5 Passage to the limit for the approximate problems

e (i) For all k > 0, (u¥), = (Th(un))n remains in a bounded set of WyP() when

n — 400.
e (iii) For all k > 0, there exist a function 0y such that for all ¢ > 0, we have
lim sup/ (| Vuy, P72 Vu,).V(u, — uf) de < 0,(e),
n {ue,|up—uk|<e}

with lim Or(e) =0 .

Then, there exists a sub-sequence (uy,)(denoted the same) such that

Vu, — Vu almost everywhere in €}

2.5 Passage to the limit for the approximate problems

Let q €]1,q. = (p—1)[. On one hand, according to lemma 2.4, the sequence of approx-

N
imate solutions (u,) is bounded in W, ?(Q), and we have u,, — u almost everywhere in
and according to proposition 2.1, u,, — u weakly in Wol “(€2). On the other hand, according
to the Lemma 2.2, (1) remains bounded in Wy *(Q2) and according to Lemma 2.5, we have,

forall K >0 :
Yu, P2 Vu,).V(u, —u*) <e , Ve>0
S oo e (V00 7 F0) Vot =) < el
This shows that all the hypotheses of lemma 2.6 are satisfied by (u,) and u. Therefore, we

can find a sub-sequence (u,) such that
u, =+ u and Vu, — Vu almost everywhere in )
Now let us fix ¢ € D(2). We have

/|Vun P72 Vu,Vyp = /ungo.
Q 0

1) Limit Passage in [ i,¢0. We have

li / n¥ — )
m e = (1)

n—-+4o0o
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2.5 Passage to the limit for the approximate problems

2) Limit Passage in [, | Vu, /72 Vu,Vedz.

As Vu,, —» Vu almost everywhere in €2, we have

| Vu, P72 Vu, —| Vu [P Vu  almost everywhere in = (). (2.8)
Since
N p—1
N_l(P—l)—(p—l)—(P—l)<N_1 —1> ~v_1°Y
So that
N
v oP-1>p-1

Now, for any measurable subset for £ C €2 we have

JTu = Vuvglde < Vel [ [Vunld
< Velle) [, IVl da

< C/ |V, [P~ d
E

We can choose ¢ > p — 1 and according to Holder inequality, we have

(r—1)/q 1-(p—1)/q
[V 72 Vu, Vgl de < 0(/ \vun|qu> (/ 1dx>
E E E

(p—1)/q
< ¢ ( / \Vun|qd:c) B/
E
Using lemma 2.4 we have (Vu,) is bounded in L%(2), we have
/ || Vuy, ’p72 Vu,Vpldr < C’E‘lf(l’*l)/q -
E

This proves the equi-integrability of the sequence (| Vu, |P~? Vu,Vp),. It follows from

Vitali’s convergence theorem 1.4 that

lim / | Vi, P72 Vu, Vi do = / | Vu P72 VaVp do
Q Q

n—-+o0o

It has therefore been proven that

|1Vl Vuve = ug), Woe D)
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2.5 Passage to the limit for the approximate problems

Then u is a solution of the problem

u e We'(Q), gell 55 -1
Au = p on D'();

We therefore have to prove that w is a solution to problem (P). This finishes the proof of

Theorem 2.1.
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CHAPTER 3

Elliptic Problem with L! data
Entropy solution

In this chapter, we study the entropy solution for a class of nonlinear elliptic equations

in Q with p > 1 and L' data.
3.1 Positions of the problem

Let © a bounded open set of RY and (P) is in 2 of the following type

P) —Apu = —div(| Vu [P? Vu) = [ on
u = 0 on 0f.

where f € L'(Q), Q is a bounded open subset of RY (N > 2) with boundary denoted by

o0
Definition 3.1. u is a weak solution to problem (P) if: u € Wy () and
/Q | Vu [P VuVpde — /Qfgodx, Vo € D(Q). (3.1)

Theorem 3.1. Let 2 — % < p. Then the problem (P) has at least one weak solution

= W&’q(Q), forall q € [1, %(p -1

Proof. The proof of the Theorem 3.1 is similar to that of Theorem 2.1 in chapter 2 ]

3.2 Entropy solutions

We denote

0P(Q) = {u : Q0 — R measurable, Tj(u) € Wy?(Q) for every k> 0}.
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3.2 Entropy solutions

it is clear that for every p € [1,00) we have the inclusions W, 7(Q) C 757(Q) and in this
case we have

VTk.(u) = 1{‘u|<k}Vu.
where 1,4 denotes the characteristic function of a measurable set A C RY.

Proposition 3.1. [6] For every measurable function v € 7, (Q), there exists a unique

measurable function v : @ — RY such that
VT (u) = vX{ju<k}, a-€. in 2 and for everyk > 0.

Furthermore, u € Wy (Q) and only if v € LY(Q) and then v = Vu in the usual weak sense

(in the sense of distribution).

Lemma 3.1. Ifu € 7,(Q) is an entropy solution of (P) then for every k > 0, there exists

a positive constant C' such that
VT ()| vy < C.
Proof. Taking T (u) as test function in (P), we obtain
/Q | Vu [P-2 VuVTy(u)de = /Q FT(w)da.

The fact that f € L'(Q2), we have

V1, Pde <k d
Sy | VT [ de < [ |7l

< Elfllzie <C.
Hence, we obtain the following bound in LP((2)

[9T()l| oy < C
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3.2 Entropy solutions

Definition 3.2. Let f € LY(Q2). We will call an entropy solution of (P) a function u €

707(Q) such that for all k > 0, we have

/Q IVulP?Vu VT (u — p)dz < /Qka(u — )dx, (3.2)
where ¢ € Wy (Q) N L®(Q)

Remark 3.1. 2- We observe that each term in (3.2) is well defined, it is clear for the right

side (because f € LY(Q) and Ty, is bounded). While for the left side, we have
/Q |VulP2Vu VT (u — )dr = /Q |V T (w) P2V Tar (u) VT (u — )da
where M =k + ||p||z. Indeed as ¢ € L>®(Q)

lu—pl <k = |ul=le| <|u—ep]<k
= |u|] <|o|+k
= Jul <ol +k
= |ul|< M

What is implied {|u — | < k} C {|u| < M}. Actually, for allu € 7,°(Q), the first integral

in (3.2) is zero on the set where |u| > M, so we can write

/ |VulP2Vu VT (u — p)dr = / IVulP2Vu V(u — ¢)dx
Q {lu—p|<k}
= [ IVTu(@) V(). V(e — p)ds
{lu—p|<k}

B /Q VT (W) P*V T (u) VTi(u — p)da.

to have, that

[V T (w) P2V Tog ()] = [VTar ()P~ € L7(Q), o = ——. (3.3)

p—1

The result proved here is the following theorem

Theorem 3.2. Let f € L'(2). Then, the problem (P) has at least one entropy solution u.

Moreover, if p>1— % then u € Wy Q) for all1 < q < 2 (p—1).
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3.3 passage to the limit

3.2.1 Proof of Theorems 3.2

We proceed by approximation. We consider the approximate problem

(P) —div(] Vu, P2 Vu,) = f, on Q;
" u, = 0 on 0%

with (f,), fu = T(f) be a sequence of bounded functions defined in €2, such that
{ [ fallzrey < 1 llz e,

fn — f strongly in LY(Q)

(3.4)

The existence of the approximate solution u, in W, ?(Q) of (P,) is proved as Theorem 1.9

and u,, verifies

/Q | Vu, P72 Vu, Vo = /ango, Vo € Wol’p(Q). (3.5)

Lemma 3.2. The sequence (u,) remains in a bounded of W, () for all

N
1, ——(p—-1)[.
and that Ty, (uy) is bounded in W, P (Q) for all k > 0

Proof. The proof of the Lemma 3.2 is similar to that of Lemma 2.4 and the Lemma 2.2 [

Remark 3.2. thanks to the lemma 3.2, there exists u such that

Uy — u weakly in Wy(Q), (3.6)
U, —> u strongly in  LI(Q). (3.7)

and
Tio(uy) — Tr(u)  weakly in Wy(Q). (3.8)

3.3 passage to the limit

Lemma 3.3. The sequence (Vu,) converges almost everywhere to Vu(possibly up to a

sub-sequence).
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3.3 passage to the limit

Proof. We show that (Vu,) is Cauchy in measure, which implies that Vu,, — Vu almost

everywhere, for a sub-sequence. This consists of proving that
V§ > 0,Ve > 0,3ny such that Vp,q >ne meas{z € Q| |(Vu, — Vu,)(x)| >0} <e
To do this, let us fix 6 > 0 and £ > 0, and note that for A > 0 and n > 0, we have
{z € Q| |(Vu, — Vu,)(z)| >0} C E; UE,UE3U E,
where
={x € Q| |Vu,| > A}, E,={z¢eQ||Vuy,| > A}
Es = {x € Qf [up —ug| =1}

and

Ey= {|Vup — Vug| >0, |[Vup| <X, [Vug| <A |u, —uy| < n}.

And since the sequence (Vu,,) remains in a bounded of L(Q2) for all ¢ € [1 p— [ [See

N+1

lemma 3.2], by choosing A large, we can make meas(E;) and meas(Fs) arbitrarily small.

For example

1 C
meas(E)) = [ 1de = [ A < A/ Vu|dz < A/ [Viyldo < 5 <
Then,
meas(E;) —» 0 if A — 400,
hence

meas(F) < e.

for meas(FE3), we have
meas(F3) < / lup — ugldr < — / |u, — ugldx
Since (u,,) is a Cauchy sequence in L'(Q) [see (3.7)], then for fixed n > 0, we see that

meas(F3) - 0 if p,g— +o0
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3.3 passage to the limit

hence

meas(F3) < e.
It remains to control meas(Ey). According to the monotonicity of the function
a:(z,Vu) — a(r,Vu) =| Vu [P Vu  (see chapter 1),
we have <a(a:,§1) — a(x,§2)> (&4 — &) > 0 and the set

{(&,&)], [&] <A & <A, &G — & <6}

is a compact set and a is continuous in &, then (a(x,fl) — a(x,fﬂ)(fl — &) attains its

minimum on this compact set, which we will denote as p(z) such that

(a(z,&1) — alz, &))(& — &) = px) > 0.
Therefore, by (1.2) for any € > 0 there exists ¢’ > 0 such that
/ p(z)de < &' = meas(Ey) < e. (3.9)
Ey

To obtain meas(Ey) < ¢, it suffices to show that [ u(x)dr < &'. Using the definition of

p(z) and Ey, we can write

[ n@de < [ (1900290, = [Tu 20, )V, = 1)L, o

Moreover, the integral term is positive and VT (u, — uy) = V(up — tg)L{ju,—uy|<n}, SO We

have
/E4 p(z)de < /E4 (\Vup\pQVup — |qu\p2qu> VT, (up — ug)de. (3.10)

Where T), is the truncation function at levels  and T} is defined by

/ _ L, |U| <n;
o) = { 0. |o| > n.

By taking T),(u, — u,) as a test function in (F,) for u, and u,, we have
/ V[P =2V, VT, (u / FuT (1t — (3.11)
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3.4 Existence of entropy solution

and
/ Vet P2V, VT, (1 — g)dz = / £y — ug)d (3.12)
Then, subtracting the inequality resulting from (3.11) and (3.12), we obtain
/Q(|Vup|p_2Vup — |V, [P *Vu,)VT,(u, — uy)dz = 0.
So, we can write that

| (Vw2 T, = [V, 2V, ) VT, (0, = u)da

< n —"7Y 0(uniformly in p and q). (3.13)
For n sufficiently small, (3.10) and (3.13) imply
/ p(z)dr < €,
Ey
and also by (3.9) we have meas(E,) < e. Therefore for all p,q > ny we have
meas{z € Q| |(Vu, — Vu,)(x)| > §} < 4e.

Thus, we have the convergence of Vu, to Vu in measure, as well as the lemma 1.5 (after

extraction of a sequence)

Vu, — Vu almost everywhere in ).

3.4 Existence of entropy solution

We can now show that the limit u of the sequence (u,), defined previously, is an entropy
solution of (P), that is u verifies (3.2).
The solution u obtained in the previous paragraph is the limit of (w,), which verifies

(3.5), that is,

/leun P2 Vu, Vi de = /Q farbdz. (3.14)
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3.4 Existence of entropy solution

for all 1 € WyP(Q).
Let us choose 1) = Ty(u, — @) for ¢ € WyP(Q) N L*®°(2). This choice of 1 in (3.14) is

possible because ¥ € LP(Q), Vi € LP(Q) since
Vi = VTi(un — @) = V(tn — @) L{jun—o|<k}-
Then, we obtain
/Q | Vu, P72 Vu,VTi(u, — @)dz = /anTk(un — p)dz. (3.15)

(this is the entropy formulation for u, with an equality).
let’s study the limit passage as n — oo for each term. Using remark 3.1, We have seen
that

Ti(un — ) = Ti(Tar(un) — @) with M =k + ||| L= (q).
So it suffices to show that
T(Tar(un) = ) = Ti(Tar(u) — ) i Wy™(Q).
The weak convergence in W, ?(€) implies that
VT (Ty(un) — @) = VT(Ty(u) — @) in  LP(Q).
This is indeed the case since
VTe(Tar(un) = ) = V(Tas (tn) = ) L1100 (wn) =l <k

and since (3.8), we have that VT, (u,) converges weakly in LP(£2), so, up to a sub-sequence

Ty (uy,) converges almost everywhere to Ty (u) in Q. therefore,

IV Tus ()2 T 1) VI (T (1) = ) = [ 19 Tas )P~ T ) VT () 130 - i

— /Q |V T (1) P2V Ty (Un) VOL{Ty (un) —pl<k} -

Using (3.8) and dominated convergence , we have

Voliry (un)—pl<ky — VOlinyw-gl<ky 0 LP(S2).
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3.4 Existence of entropy solution

Since Ty (uy,) is bounded in Wy?(Q) and by (3.3), we have

VT () P2V Ths (uy) i bounded in - LP(Q), p' = _r

p—1

Thus, according to lemma 1.7, we deduce
IV Tar (un) P2V Tos (1) — |V T () P2V T (u) in LF'(Q)
Therefore,

lim Q|VTM(Un)|p_2VTM(Un)V901{|TM(un)—so\§k} :/Q|VTM(U)|p_2VTM(U)V901{|TM(u)—sa\§k}

n—-—+00

The other term being non negative, Fatou’s lemma gives us (since we have shown the

almost everywhere convergence of (Vu,) which implies the convergence of VT (Vuy,) )

/Q VT s (w) P> Tor () V Tar () 1y, (w)— ol <k}

< limin /Q IV s (n) [P~V Tng () VTt () (171 ) ol <} -
Finally, it remains to pass to the limit in [ f,,Tk(u, — ¢)dz. It is clear that
fo— fin LA(Q),
and as |Ty(u, — )| < k, we have
Ty(u, — @) converges to Tp(u— ) in L>(Q) weak™.
By dominated convergence, we find

lim [ fuTiluw = p)da = [ fTi(u—o)de

n—>-+4oo

Finally, we pass to the limit in the formulation (3.15), we obtain

/Q IVuP2VuVTi(u — @) < /Q FT(u — ).

Remark 3.3. One can, in fact, prove the strong convergence of VT, (u,) toward VT (u)

in LP(QY), which leads to an equality in the entropy formulation.
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Abstract

In this work, we study the existence and regularity of a weak and entropy solutions of

elliptic problem (P) defined by

Au = f on
(P) {u:Oonaﬂ,

the operator Au = —div(] Vu |[P7? Vu), 1 < p < oo is a pseudo-monotone operator,
f e M(Q)or f e L' Q). The method of solving our problem consist of obtaining local

estimates for suitable approximate problems and then passing to the limit.

keywords: Sobolev spaces, pseudo-monotone, operator nonlinear, elliptic equation,

weak solution, entropy solution.

Résumé

Dans ce travail, nous étudions I’existence et la régularité d’une solution faible et entropique

d’un probleme elliptique non réguliere définie par

Au = f sur §;
(P) { u = 0 sur 01,

L'opérateur Au = —div(| Vu [P72 Vu), 1 < p < oo est un opérateur pseudo-monotone,
fe M) ou fe LYQ). Les étapes principales de la preuve consister & approcher par une
suite de problemes a donnée dans L, ensuite obtenir des estimations uniformes et locales

pour la suite des solutions approchées u,, et Vu,, puis le passage a la limite.

mots-clés: Espace de Sobolev, pseudo-monotone, opérateur non linéaire, équation el-

liptique, solution faible, solution entropique .



BIBLIOGRAPHY

o>l
Walaoll A g 0N g daiall Jglond) Waio 9 392 9 dwl 3 I awd 5 yS0el| ois B
Bl e u = 0 SIS do it Comd Au = f1 b Leso 43 yaedl Adasdl 5l g dcadlid
P53l M() 3 91 LN(Q) sbaall 3 el [ ¥l B yall o Coe
osliad oWy 7P sliadll fpo s IS B yae Au = —div(| Vu P2 Vu), 1<p<oo
fbledd [ gomeTh OLAM A (11 Ol glasddl (g g
s S aield Gy pded) dlasdt O (8 50 @3 (F) Jea &dliiey (P) ddeand! o i
RV B9 VU, g Uy, g ;850 J glondl LAY O B Lo J geastl @ Uy, 3 gioms
(P) el o (e J guamdd dou ,501 Wlaed! 8 Llgdls o0
> Y g gu slind (s ;@ H3e Adad jd Auadld O¥alas laelise Olals

@R 9 S s

49



	Acknowledgement
	Dedication
	Notation
	1 Preliminaries and basic tools 
	1.1  Reminders and some definitions
	1.2  Functional spaces 
	1.2.1 Lp Spaces
	1.2.2  Main inequalities
	1.2.3 Convergence theorems

	1.3 Sobolev Spaces
	1.4 Sobolev injections
	1.5  Weak convergence and (weak*) convergence 
	1.5.1  Weak convergence 
	1.5.2  ( weak*) convergence 

	1.6 Some notions and results on operators
	1.7 Monotone Operators
	1.8 Bounded operator
	1.9 Hemicontnuous Operators
	1.10 The p-Laplacian operator
	1.11 Properties of the p-Laplacian operator
	1.12 Monotonic operator theorems
	1.12.1 General result


	2  Elliptic Problem with measures data  weak solution
	2.1 The M() space
	2.2  The problem ( P )
	2.2.1 Weak solutions
	2.2.2  Model Example 
	2.2.3 Why the condition 2-1N<pN

	2.3 Approximation of (P)
	2.4 Uniform Estimates of Approximate solutions
	2.4.1 A fundamental compactness Lemma

	2.5  Passage to the limit for the approximate problems

	3  Elliptic Problem with L1 data Entropy solution
	3.1 Positions of the problem
	3.2 Entropy solutions
	3.2.1 Proof of Theorems 3.2

	3.3 passage to the limit
	3.4  Existence of entropy solution

	Abstract

