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ABSTRACT. The aim of this paper is to prove that Marcinkiewicz integral operators
are bounded from Ks((.'))‘q(')(R") to I.(';((.'))’q(')(R”) when the parameters a(-),p(+) and q(-)
satisfies some conditions. Also, we prove the boundedness of p on variable Herz-type
Hardy spaces HKS(("))’Q(')(R").

1. Introduction and preliminaries

Function spaces with variable exponent are being actively studied not only in
the field of real analysis but also in partial differential equations and in applied
mathematics. The theory of function spaces with variable exponent has rapidly
made progress in the last three decades.

For 0 < 8 < 1, the Lipschitz space Lipg(R™) is defined as

Lipy(R") = {f:nfmpﬁ(m: sup 'f“”)‘f@”m}.

syeRrazy T —yl?
Given Q €Lipg(R™) be a homogeneous function of degree zero and
/ Q@) do(z') = 0
gn—1

where ' = z/|z| for any @ # 0 and S"~! denotes the unit sphere in R" (n > 2)
equipped with the normalized Lebesgue measure.
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The Marcinkiewicz integral p is defined by

Mﬁuwz(AMUbﬂm2gﬁ%

where

Qz —y)

Rﬁ@%=/ Y £y dy.

e—yl<t |7 — Y|
It is well known that the operator u was first defined by Stein [13] and under the
conditions above, Stein proved that u is of type (p,p) for 1 < p < 2 and of weak
type (1,1). Benedek et al. [2] showed that u of type (p,p) with 1 < p < oo.

Recently, the boundedness of Marcinkiewicz integral operators p on variable
function spaces have attracted great attention (see [14], [15], [18] and their refer-
ences).

The purpose of this paper is to generalize some results concerning Marcinkiewicz

integral operators p on variable Herz spaces K;“(_'))’q(')(]R”) and variable Herz-type

Hardy spaces H Ks(_'))’Q(')(R"). We define the set of variable exponents by

Po (R™) := {p measurable: p(:) : R"™ — [¢, 0] for some ¢ > 0}.

The subset of variable exponents with range [1,00) is denoted by P(R™). For p €
Po(R™), we use the notation

p~ =ess inf p(z), p' =ess supp(x).
zER™ rER™

Definition 1.1. Let p € Po(R"). The variable exponent Lebesgue space LPC)(R™)
is the class of all measurable functions f on R™ such that the modular

ool = [ 15@P da

is finite. This space is a quasi-Banach function space equipped with the norm

1
[ fllp(y = inf {H >0: ;Qp(-)(;f) < 1} .

If p(z) = p is constant, then LP()(R™) = LP(R™) is the classical Lebesgue space.
Definition 1.2. We say that a function g : R™ — R is locally log-Hdélder continu-
ous, if there exists a constant cjog > 0 such that

Clog
l9() =9l = el =]
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for all z,y € R™. If
Clog
—g(0) < ——°8
@)~ 9(0)] <

for all z € R™, then we say that g is log-Holder continuous at the origin (or has a
log decay at the origin). If, for some g € R and cjog > 0, there holds

Clog

|9(z) = goo| < m

for all z € R™, then we say that g is log-Hélder continuous at infinity (or has a log
decay at infinity).

As an example of a function locally log-Holder continuous, see E. Nakai and Y.
Sawano [11, Example 1.3].

The set PE(R™) and P15(R™) consist of all exponents p € P(R™) which have a
log decay at the origin and at infinity, respectively. The set P'°8(R") is used for all
those exponents p € P(R™) which are locally log-Hélder continuous and have a log
decay at infinity, with pe := lim;| 00 p(2).

It is well known that if p € P1°8(R™) then p’ € P°8(R"), where p’ denotes the
conjugate exponent of p given by 1/p(-) +1/p'(-) = 1.

Definition 1.3. Let p, q € Po(R™). The mixed Lebesgue-sequence space £4) (LP())
is defined on sequences of LP()-functions by the modular

, fo
qu(-)(Lp(-))((fv)v) = Zlnf {/\v >0: Qp(-)(W) <1;.

v

The (quasi)-norm is defined from this as usual:

. 1
H(fu)vllm.)(m)) = inf {V >0: Qeq<->(Lp(->)(§(fu)v) < 1} .

Since ¢ < oo, then we can replace by the simpler expression 00001 (£ ((fo)v) =
2 |||fv‘q(.)”%-
v at

If E C R™ is a measurable set, then |E| stands for the (Lebesgue) measure of £

and yg denotes its characteristic function. Before giving the definition of variable
Herz spaces, let us introduce the following notations

By = B(0,2"), Ry := B\ Br_1 and xx = xr,, k€Z.

Definition 1.4. Let p,q € Po(R") and o : R” — R with a € L>®(R™). The

inhomogeneous Herz space K;((,'))_q(,) (R™) consists of all f € L20) (R™) such that

< 0.

ey o= 1 xalr + (205 0)
p(-):q(+) £aC) (LP())

E>1
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Similarly, the homogeneous Herz space K§(§~)>,q<~> (R™) is defined as the set of all
fe L[i((;l (R™\ {0}) such that

< Q.

£aC) (Lp())

. = ka(:)
||fHK§((_4)>,q<z>(Rn) : H(2 ka)kez

The variable Herz spaces K;‘((_'))’q(') (R™) and K;‘((_'))’q(') (R™), were first introduced
by Izuki and Noi in [8]. In [5] the authors obtained a new equivalent norm of these
function spaces. We refer the reader to the recent paper [6] for further results for

these function spaces. If a(-), p(+) and q(-) are constants, then K;’(F‘))’p<‘) (R™) is the
classical Herz space K 2P (R™).
The following proposition is very important for the proof of the main results in

this paper; it is from D. Drihem and F. Seghiri in [5].

Proposition 1.5. Let a € L*(R"), p,q € Po(R™). If a and q are log-Holder
continuous at infinity, then

a(+),q() _ Xoo g0 n
Ky ™ (RY) = K57 (R).

Additionally, if a(-) and q(-) have a log decay at the origin, then

-1 1/4q(0) o 1/qoo
a 0 Qoo I~
110y = ( S et <°>ka||;§‘;> +<Z2k ka|Z<.)> .
k=0

k=—oc0
The Hardy-Littlewood maximal operator M is defined on L{, . by

1
)@ = e [l
where B(x,r) is the open ball in R™ centered at € R™ and radius r > 0. It was
shown in [3, Theorem 4.3.8] that M : LP¢) — LP() is bounded if p € P°¢ and
p~ > 1, see also [4, Theorem 1.2].

Let ¢ € Cg° (R™) with supp ¢ C By, [g. ¢(z)dz # 0 and ¢, (-) =t "¢ (3) for
any t > 0. Let M_(f) be the grand maximal function of f defined by

My (f)(z) = sup e * f()].

Here we give the definition of the homogeneous Herz-type Hardy spaces H Kg(ﬁs)’Q(').
Definition 1.6. Let p,q € Po(R") and a : R" — R with a € L>®(R™). The
homogeneous Herz-type Hardy space HK;‘((,'))"](') (R™) is defined as the set of all
f € 8'(R™) such that M (f) € Ks((_‘))’q(') (R™) and we define

1 gy a0 2= 1M () oo
() p(-)
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It can be shown that if a(-), p(-) and ¢(-) satisfy the conditions of Definition 1.6,
then the quasi-norm || f[| ,; z-ac).a) does not depend, up to the equivalence of quasi-
p(+)

norms, on the choice of the function ¢ and, hence, the space H Ks((j))’q(‘)(R") is

defined independently of the choice of . If p € PPE(R™) N P&(R™) with -5 <
o~ <at <n—2 and g € Po(R") then HK 1 (R?) = KSR, I a () =
0,p(-) = q(-) then H['(;((,'))’q(')(ﬂ%”) and Ks((,'))’q(')(R”) coincide with LPC)(R™).

One recognizes immediately that if a(-), p(-) and g(-) are constants, then the
spaces HK "9 are just the usual Herz-type Hardy spaces were recently studied in
[10] and [12].

We refer the reader to the recent monograph [3, section 4.5] for further details,
historical remarks and more references on variable exponent spaces.

2. Some technical Lemmas

In this section, we present six lemmas used to prove our main theorems in
Section 3. Recall that the expression f < g means that f < cg for some independent
constant ¢ (and non-negative functions f and g), and f =~ g means f <g < f.

Lemma 2.1 plays an important role in the proof of main results; Lemma 2.2
is a Hardy-type inequality which is easy to prove; Lemma 2.3 presents the Holder
inequality in Lp(')(R"); Lemma 2.4 presents the LP()-boundedness of ;i ; Lemma
2.5 treats the boundedness of fractional integral on variable Lebesgue space; and
the last Lemma presents the boundedness of homogeneous function of degree zero.
Lemma 2.1. ([1]) Let p € PRE(R") and let R = B(0,7)\ B(0,%). If |R| > 27",
then

1 1
IxXrllpe) = |R[7) =~ [R|7e

with the implicit constants independent of r and x € R.

The left-hand side equivalence remains true for every |R| > 0 if we assume, addi-
tionally, p € PPE(R™) N P& (R™).

Lemma 2.2. ([6]) Let 0 < a <1 and 0 < q¢ < oo. Let {ex},cy be a sequence of

positive real numbers, such that

H{Ek}kezueq =1 <oo.

ZZZL:thZLj 55?1;27;065 {6k HOk = 2 ak_]gj}kez and {nk k= Do aj_kaj}kez
{0k kezll oo + Hmdnezll oo < 1,

with ¢ > 0 only depending on a and q.

Lemma 2.3. ([3]) Let p € P(R™). Then for all f € LPO)(R™) and g € LP'O)(R™),
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fg € LYR™) and
fall, <2 ”f”p(') HgHP'(') :

Lemma 2.4. ([9]) Let p € P°2(R"), then there exists a constant C such that for

any f € LPO) (R™)
IOy < CllLEllpe-

Lemma 2.5. ([17]) Suppose that py,pa € P8(R™) with p < % and ﬁ(,) — pzl(,) =

<. Then for all f € LP*() (R™), we have

’/ f(y) dy
re |- —y|" 7

Lemma 2.6. ([14]) Ifa > 0,1 <s<o00,0<d<s and —n+ (n—1)d/s < T < o0,
then

<c Hf”pl(.) :

p2(*)

d

/ ™ 100 — ) dy | < cla] YD oy
ly|<alz|

Ls(Sn—1) -

3. Variable Herz estimate of Marcinkiewicz integral operators

In this section, we present two results concerning the Marcinkiewicz integral op-
erator p. In the first, we show that u is bounded from Ks({-))a(-) (R™) to K;Y((_'))’q(') (R™)
for a(-),p(:) and g(-) satisfies some conditions. Next, we present the boundedness

of u on variable Herz-type Hardy spaces HI.(;((_'))”I(')(R").

Motivated by [9] and [14], we generalize the boundedness for Marcinkiewicz
integral operators p to the case of variable Herz spaces ( all exponents are variables).
One of our main results can be stated as follows.

Theorem 3.1. Suppose that 0 < 7 < 1,p € P8(R") with p* < 00,Q €
L5(S" 1,5 > (p')” and a € L®(R"), ¢ € Po(R"). If a and q have a log de-
cay at the origin such that

then p is bounded from K;‘(")’q(')(R") (or K;(("))’q(')(R")) to I-(;((f))’q(')(R") (or

)
K:‘(()):‘I() (Rn))
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Remark 3.2. We would like to mention if «(-) and ¢(-) are constants, then the
statements corresponding to Theorem 3.1 can be found in Theorem 2.1 of [14].

In the following, we use ¢ as a generic positive constant, i.e. a constant whose value
may change from appearance to appearance.

Proof of Theorem 3.1. We show that
() eor00) @y < €M fllgacrao @n)

for all f € I.{;‘((f))’q(') (R™). Using Proposition 1.5, we have p(f) in K;‘((_'))’q(') (R™)-
norm is equivalent to

—1 1/4(0) 400 1/(0) oo
{ 3 ghe(@a©) ||u<f>xk|;§‘?;} + {22’%@)@ ||u<f>xk||§?(?;>°} ,
k=0

k=—o0

we write

F=Y =Yt

JEZ =/
then

7 2900 S ()l

||H(f)||K;~(<.->),q(-)(Rn) S '
k=—o0 j=—o0
1/4(0)
—1 k1 a@)
+ Z 2ke(®)e(0) Z ||,u(fj)Xk||p(.)
k=—oc0 j=k—2

k=—oc0 j=k+2

| a(0) 1/2(0)
Jr{ Z 9ka(0)q(0) Z HM(fj)Xka(-)
k=0 j=roo

Qoo 1/(100
oo k=2
N {ZQkaQOo Z (i) Xkl

- - Goo \ 1/4
Sk (ST )l

k=0 j=k—2

- - Qoo \ 1/q00
+{Z2k¢aleoo Z ||N(fj)Xk“p(-)

k=0 j=k+2
= :Hy+Hy;+ H3+ Hy+ Hs + Hs.
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Let us estimate H; and Hy. We consider

2
[ 2 |

z—y|<t |m — y|
/
|m‘

=0 + D

|z
uf; (@) < /

Nl

2
Qz — d
/ AJﬂ%%h@)w‘g

o—yl<t |x —y

Observe that in this case v € Ry, y € R; and 7 < k — 2. So we know that
|z — y| ~ |z| ~ 2¥, and by mean value theorem, we have

1 1

2 2
|z —yl” |zl

clyl

(3.1) < -
|z —yl

By (3.1), the Minkowski inequality and the generalized Holder inequality, we have

1
2

Nz —y el dt
nos [ B isa [ S

R™ “T—y| |z—y|
Qz -y yl?

(32) S /%Ifj(y)l%dy
Rn |z =y |z —y|2

93/2
S e L1960l )l d

< 2l 1926 =l -

The estimation of I5 is the same as before since we never use |z — y| & |z|, then we
obtain

g2 ||fj||p(-) €2z — ')Xij/(.) :

We can obtain that each term ( I; and I) is no more than
251 1926 = sl -
in the other hand, by Holder inequality and Lemma 2.6, we obtain

1@ =l < 126 =0, Il

(1,

S 27Tk 12l s (gn-1y X5

yfrlﬂ(f-yﬂsdy> 1%51lg.)

IN

o)
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where 14 2. Since § € P28 (R"), we have for any j

1
() JON
_1
Il = sl 1R
which gives

(83)  u(f)xal,) S 2727 EDTR LI gl el 191

Estimation of Hy. In this case, since k and j are negative integers, by Lemma 2.1
and since Q € L*(S"~ 1), we have

n——t~=—7—2)(j—k
(Xl S 2077 T DBl Qe gy
A Il 71

Ls(Sn—l) .

which gives
b2 1/4(0)
Hy § 3 28000 (37 g0 0msly —r 0 it

k=—oc0 Jj=—0o0

1/4(0)

|
(]

k—2
3 o(i=k)(n—a(0) = 5t —7—2)q(0) (Qja(mq(m ||fjHZE(.J)))

k=—o00 \j=—00

since o (0) — n + 5oy — 5 — 7 <0, then by Lemma 2.2, we have
. 1/4(0)
Hy <c{ 3y 20o@a0) paf€) < el fll o) g -
j=—00 "

Estimation of Hy. We split

k—2 -1 k—2
S Ul = 3 w3
Jj=—o00 j=—o00 j=0
then H, can be estimated by
H; + HE,
where
qoo 1/q00
00 —1
Hy = ZQkamqm Z (i) Xkl
k=0 j=—00
and
Goo 1/q00

0o k—2
H2 =4 S 2k (S )l

k=0 =0
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Let estimate Hj. We have in this case j < 0 < k. By Lemma 2.1, we obtain
k(-2 —p- 24 ) aj(n—2 —7— N
i (f)xall gy < 2P T E ST | g

therefore, H} is bounded by

Goo 1/Qoo
e} —1
csup2a(°)||fj||p(,) ZQk(aw+&fn+%+T)qoo Z 9i(n—2—1—285) 7
3<0 k=0

j=—o00
by embedding £4(9) < ¢> and since aoo—i—i -n+5+7<0<n—-=2 —T—ﬁ,
we have
. 1/4(0)
HY <c 7 20@a0iy p)ac) < el fll gm0 g -

j=—o0

We can estimate H3 by the same argument used in the estimation of H; if we
replace a(0), p(0) and ¢(0) by oo, Poo and g respectively, then H? is bounded by

= doo \ /00
3| e (2 gl
k=0 \ j=0
o 1/q00
< ¢ (Zgjaooqoc 151 g:)) < c||f||Ks<<..)>,q<.>(Rn)
k=0

Let us estimate Hy + Hs. By the (LPO) (R™), LP() (R"))-boundedness of y, we have

. 1/4(0) oo 1/4o0
o 0 Qoo oo
Hy+Hs < (Z 12¥ (O)ka||ZE<>)> + (ka kaZ(-))
k=0

k=—o0

A

||f|\K§((.-)>‘q<->(Rn) :

Let us estimate Hs. It is possible to prove the following estimation (similar to the
estimate for I; and I5)

(3.4) U< 27 1yl 196 = xal

for the detailed proof of this estimation, see [14, p.259-260]. By Holder inequality
and Lemma 2.6, the right-hand of (3.4) is bounded by

(],

s

I 2 — y)° dy> x5l S 277928+

il 190 gegsnsy

J
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which gives

HN(fj)Xk”p(.) S 2 k=S ||fj||p(.) HXJ'”p/(.) HXka(.) .

We split
[e%s} —1 [e%e)
S lntxal,o = 3 >
j=k+2 j=k+2 §=0

Then Hs is bounded by

) q(0)Y 1/4(0)

—1
S 2k ©@aO S )xall

k=—oc0 j=k+2

q(0) Y 1/4(0)
—1

{3 ke ZIIu(fj)Xkam
7=0

For Hi, since j and k are negative integers, we have

) . q(0) Y 1/a(0)

a(0)+ <+7+2)(k—3j)oj
Hi$q 3 | Do 20 e ® g,
k=—oc0 \j=k+2

Since « (0) + ﬁ +7+ % >0, by Lemma 2.2, we obtain

-1 1/4q(0)
o 0
H; 5 (Z 2¥ <0>q<0>||ka||;§_;>

k=—o0

S Il oy

For H2, since k < 0 < j, then we have

2k=DEHL) | £ ||p(‘) 9™ P 25(0)

([ f5)xk Hp(,) <

< @ TrErE e || 9 i st

p(+)
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by Hélder inequality in ¢! and since :pl + Qo + 7+ % >0, we have

a(0) Y 1/4(0)

—1 e}
Hi QD0 2R S i g, 27
k=—o00 7=0
. 1/4(0) / o YVae /o 1/qeo
< (Zanq(0)> Zg—jwq;o Z2jao<JQm ||fj||;‘ff’)
k=—o00 §=0 §=0
1/q00
0 .
S Do Il
§=0
S \|f||K§(<.~)>wq<~>(Rn) ;

Wherenzr—&—%—i—%>0.

Let us estimate Hg. In this case, since k and j are non-negative integers, by (3.3)
and Lemma 2.1, we have

I )xal gy < RCTHFEFTEDED gy

which gives

1/qo0
Hg < Z Z o (k—3)(n—7)qeo (2jaocQOo 171 Z?)) 7
k=0 \j=k+2

since n — v > 0, by Lemma 2.2, we obtain

- 1/400

Hg < ZOQjaooqoc Hf]”f,?o) < c||f||K:‘(("))vQ(')(]Rn) .
Jj=
O

Remark 3.3. A non-homogeneous counterpart of Theorem 3.1 is available. Since
K;‘((_'))’q(') (R™) = K;Y("_‘)”q“ (R™), their proof is an immediate consequence of [14,
Theorem 2.1].

To prove the Theorem 3.6, we need the notation of atomic decomposition.

Definition 3.4. Let a € L*(R"), p € P(R"), ¢ € Po(R™) and m € Ny. A function
a is said to be a central (a(-), p())-atom, if

(i) suppa C B(0,r) ={z e R" : |z| <r},r > 0.

(i) [lall,., < [B(O,r)|=*O/" 0 <r<1.
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(iii) flall, () < [B(0,r)|=/m, r>1.
(iv) tPa(x)dr =0, |B] <m.

A function a on R™ is said to be a central («(-),p(-))-atom of restricted type, if it
satisfies the conditions (#i7), (vi) above and suppa C B(0,r),r > 1.

If » = 2F for some k € Z in Definition 3.4, then the corresponding central
(a(+),p(+))-atom is called a dyadic central (a(-), p(-))-atom.

The following theorem presents the atomic decomposition characterization of
variable Herz-type Hardy spaces, see [5].

Theorem 3.5. Let a and q are be log-Hélder continuous, both at the origin and at
infinity and p € P8(R") with 1 < p~ < pT < co. For any f € HK;‘(')’q(') (R™),

)
we have -
F=>" Ma,

k=—o00
where the series converges in the sense of distributions, A\, > 0, each ay is a central
(a(-),p(+))-atom with suppa C By and

-1 1/4(0) o 1/q0c
( > |)\k|q(o)> I <Z|Akq°°) < c\|f||HKa(<.)>,q<.>.
k=0 Pr

k=—o00
Conversely, if a(-) > n(l — p%) and m > [at + n(
fe HR)MY (R™), and

—1)], and if holds, then

1
=

-1 1/4(0) o 1/4so
Hf”HKa((_v)),q(» ~ inf ( Z |)\k|‘1(0)> + (Z |)\k|q°°> )

k=—o0 k=0

where the infimum is taken over all the decompositions of f as above.

In the next result we treat the boundedness of Marcinkiewicz integral operators
with homogeneous kernel on variable Herz-type Hardy spaces.

Theorem 3.6. Suppose that py,pa € P8(R™) with pi < 2n and p%“ — p%(‘) = ﬁ,
a € L®[R"), q1,q2 € Po(R"),Q € L5(S"~Y) with s > (p})~. If a,q1 and g2 are

log-Hélder continuous, both at the origin and at infinity such that
1
a()=n(l- pf)7q1(0) < 2(0) and (q1) o < (42)oc -
1
Then u is bounded from HK;((',))’QI(‘)(R") to K;;(("))’qz(‘)(R").
Proof of Theorem 3.6. We must show that

||ﬂ(f)||K§;£>.;q2(->(Rn) <c ||f||HK§1<-8$q1<»>(Rn)
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for all f € HKO’(())QI( ) (R™). Using Theorem 3.5, we may assume that

+oo
f=> \a

1=—00

where \; > 0 and a;’s are (« (), p;1 (+))- atom with suppa; C B;. Using Proposition
1.5, we have

||M(f) HK:;()>(12() (R")

—1 1/42(0) +00 1/(az2)
2 0 [s'<} oo
{}j 2R 00200 1 f)xi]| =) } +{§ gk (@) |4( f )xk;‘ﬁ?)}

Q

k=—o0 e
2(0) Y H/22(0)
< Z 9ka(0)g2(0) ( Z [Aq] |M(ai)xk“p2(')>
k=—o0 e
4(0) 1/42(0)
L Z 9ka(0)g2(0) ( Z [ Al |M(ai)xk||p2(')>
k=—00 =k
N . (q2)<)o 1/((12)00
n ZQkam(fm)w < Z |)\2| ||,U/(az)Xk||p2()>
k=0 i==o0
(92) oo 1/(42)o
I ZQkao@(%) < Z |)\Z| ||/J(az)Xk?||p2()>
i=k—2
= :F1+F2+F3+F4'
Let us estimate F7. We consider
N
|] Qz—y) dt
men@l < ([ SV )
0 lz—y|<t |SC - y| !

3

2
/ 2z=9) ) ay

a—y|<t |2 — Y|

/.
= Q1+ Q2.

Observe that in this case © € Rg, y € B; and © < k — 3. So we know that
|z — y| =~ |z| = 2%. By (3.2), we have

Qx — 3
oo [ el b,
B, |z —yl 2

i
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by the m-order vanishing moments of a; with m > [oﬁ —n(l— %)}, we can sub-
1

1
tract the Taylor expansion of |x — y|2~" at z, we obtain

@1

IN

y" ! 0 ;
. 7| T lai ()| 192z —y)|dy
i |

¢ kntmt ) iCm ) / la; ()12 — )] dy,

B;

IA

The estimation of ()3 is the same as before since we never use |z —y| & |z|, we have

n(as) ()] < ez K HHOND [ o, )]0 ) dy,

i

as the same reason in the proof of (3.3), we get

—(n—4% i—
H/ﬁ(ai)Xk”pQ(.) S 2 (n=2)kfli=h) ||az‘||p1(.) ||Xin/1(.) HXkaz(.) 192
(3.5) < 27 DRIER gy

Ls(Sn—1)

p1() ||Xin/1(.) HXka2(.) )
where 8 = (1 +m — 2 — 7).
On the other hand (see [7, p.350] for o = 1), we have

(3.6) /B XB’“i(yzldy > / leBk (x) > 2% xp, (z).

wlz—y" 2 B |z —y|"?

(3.5), (3.6) and Lemma 2.5, gives

—(n—41 i—
@) xillyy < 277 2RPER gyl i,

w4 () Xk,

S S Y T e
B |- =yl 2 .0
< 27mkdeh) lailly, ) IXB: Ly o X By
by Lemma 2.1, we have
1/42(0)

. k3 q2(0)
F o= Z 2ka(0)¢12(0) < Z |>\z| ||;L(ai)Xk||p2(.)>

k=—o0 1=—00

1/42(0)

1 k—3 q2(0)
<y (Z |/\iQ(i—k)(ﬁ—(a+n/p1)(0))> ’

k=—o0 \i=—00

since we can choose m large enough such that 8 — ot +n(1 — p%) > 0, by Lemma
1

2.2, we obtain

1 1/42(0) 1 1/41(0)
F<ec ( Z |)\qu(0)> <ec ( Z |)\k|fh(0)> < c||f||HKZ<&).Sql(.).

k=—o0 k=—o0
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Let us estimate F5. By Lemma 2.4 and applying the size condition of a; (conditions
(79) and (4¢7) in Definition 3.4), we have

1 +o0 o
R Z 9k (0)g2(0) ( Z |)‘z| H:u(ai)XkaZ('))
k=—o0 =k
. q2(0) 1/42(0)
< ¢ Z 9ka(0)q2(0) ( Z )\ | ||al||p2( )
k=—o00 =k
- » q2(0) 1/42(0)
S . Z 2ko¢(0)q2(0) ( Z |)\ |||a1||p2( )
k=—o00 =k
—1 +oo ) e
e Z 9ka(0)q2(0) <Z |)\z| ||aip2(')>
k=—o00 =0
B » q2(0) 1/22(0)
< ey <Z “"Q(ki)a(m)
k=—00 \i=k—2

1/42(0)

S - q2(0)
+c Z (Z |)\z| Q(k*i)a7+k(a(0)fa7)+i(a* am)>

k=—oc \i=0
for k < 0 <4 and since &~ < min(a (0), @), we have
k(@ (0) — a”) + i(a” — am) <0,

By Lemma 2.2, we obtain

-1 1/q2(0) -1 1/q1(0)
F,<c < Z |/\k|f12(0)> <c ( Z |/\k|‘“(°)> < c||f||HKa(.();q1<.>.
p1(

k=—0c0 k=—c0

We can estimate F5 and Fy by the same arguments used in the estimation of Fj

and F; if we replace a(0), p2(0) and ¢2(0) by cvee, (P2)oc and (g2) ., respectively.
A combination of estimations of Fy, Fy, F3 and Fj completes the proof of

Theorem 3.6. O
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