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Introduction

In 1965, Zadeh introduced the concept of "Fuzzy Set" as an extension of the classical concept
of set. In the classical set theory, the membership of elements in a set is assessed in binary
terms according to a bivalent condition, an element either belongs or does not belong to the
set. While fuzzy sets theory permits the gradual assessment of the membership of elements in
a set; this is described with the help of a membership function in the real unit interval [0 1] or
on a bounded poset.

The notions of ideals and filters is one of the most important concepts in the lattices theory.
These notions are mainly used to translate connections between properties on algebraic struc-
tures and to define congruence relations and quotient algebras. They are played a central role
in Stone representation theorem for Boolean lattice and in the representation of a distributive
lattice. Also, in topology like completeness and compactness in metric spaces. In fuzzy setting,
for the same purposes, several authors introduced and investigated the concepts of ideals and

filters on lattice, on BL-algebras, on ordered ternary semigroups and on fuzzy structures.

In this work, we generalize the notion of principal ideal (resp. filter) on a lattice to the setting
of fuzzy sets and investigate their various characterizations and properties. More specifically,
we show that any principal fuzzy ideal (resp. filter) coincides with a fuzzy down-set (resp.
up-set) generated by a fuzzy singleton. Afterwards, for a given fuzzy set, we introduce two
fuzzy sets: its fuzzy down-set and up-set, and we investigate their interesting properties.
The memoir is devaided in to 3 chapters
e In chapter 1, we recall generalities of fuzzy sets, operations of fuzzy sets, charac-
teristics of fuzzy sets, cartesian product, T-norms and T-conorms. Next, we recall
a basic notion of fuzzy relations, their properties and operations.

¢ In chapter 2, we study the concept of fuzzy ideals and filters on a lattice, where

the first part contains general concepts about ideals and filters on a lattice, while



the secend part contains fuzzy lattices, where we recall the notion of fuzzy ideals
and filters on a lattice, characterizations of fuzzy ideals and filters on a lattice.

e In chapter 3, we generalize the notion of principal ideal (resp. filter) on a
lattice to the setting of fuzzy sets and investigate their various characterizations
and properties. More specifically, we show that any principal fuzzy ideal (resp.
filter) coincides with a fuzzy down-set (resp. up-set) generated by a fuzzy singleton.
Afterwards, for a given fuzzy set, we introduce two fuzzy sets: its fuzzy down-set

and up-set, and we investigate their interesting properties.




Chapter 1

Generalities on fuzzy sets and fuzzy

relations

The purpose of this chapter is to provide to the generalities of fuzzy sets, operations of fuzzy
sets, characteristics of fuzzy sets, cartesian product, T-norms and T-conorms. Next, we recall
a basic notion of fuzzy relations, there properties and operations. Many of the properties of

these concepts will be used in the next chapters.

1.1 (Generalities on fuzzy sets

In this section, we introduce basic notion of fuzzy set, operation of fuzzy sets, characteristics

of fuzzy sets, cartesian product, T-norms and T-conorms.

1.1.1 Crisp sets

The concept of a set is fundamental in mathematics and intuitively can be described as a
collection of objects possibly linked through some properties. The crisp set has clear boundaries,

ie., x € Aorz ¢ A exclude any other possibility.
Definition 1.1. The set can be defined by:
(i) Writing of all its elements, whose elements are oy, ag, ..., ay,, and we write, A = {ay, ag, ..., a, }.

(ii) A property or properties are satisfied by its elements, and we write, A = {xz | P(z)}.
Where the symbol '|" means the sentence "such that" and P(x) a proposal of the form "z

a P property”.
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(7ii) Let X be a set and A be a subset on X (A C X). Then the function
Xa:X — {0,1}

0 if = ¢ A
T —

1 if z € A,

xa: X — {0,1}

0 if = ¢& A
T —
1 if x € A,

is called the characteristic function of the set A € X.

Classical sets and their operations can be represented by their characteristic function.

Definition 1.2 (Operations on crisp sets). Let X be a universal set, let A and B are a subsets

on X.
(i) Inclusion: A C B if and only if any z € X, (x € A) = (v € B),i,e.,xa(x) < xp(x).
(ii) Equality: A = B if and only if any A C B and B C A i.e., (xa(z) = xp(2)).

(iii) Complement: A°={x € X |x ¢ X} i.e., (xac(x) =1— xa(x)).

(iv) Intersection: ANB={x € X |z € Aand x € B}i.e., xanp(x) =min(xa(z), xs(x)).
(v) Union : AUB={x € X |z € Aoraxec Bl}ie., xaup(r) =max(xa(z), xs(z)).

(vi) Relative complement: A\ B=A—-B=ANB‘={xe€ X |z € Aandz ¢ B}i.e.,

Xa-5(x) = Xanpe(z) = min(xa(z), xp(2)).

Example 1.1. Let X = {2,3,5,7,11,13,17,19} be a set, let A and B be two subsets on X
such that A ={2,11,17} and B = {3,5,7,13,17}.Then

A° = {3,5,7,13,19};
B¢ = {2,11,19};
AN B ={17};
AUB=1{2,3,57,11,13,17};

B\ A=1{3,5713}

6



Generalities on fuzzy sets and fuzzy relations

1.1.2  Fuzzy sets

This subsection contains the basic definitions and properties of fuzzy sets, and several operations

on fuzzy sets. The notion of fuzzy set was introduced in 1965 by L.A. Zadeh [28].

Definition 1.3. [28] Let X be a non empty set. A fuzzy set A = {{z,ua(x)) | © € X} is

characterized by a membership function pa : X — [0,1], where pa(x) is interpreted as the

degree of membership of the element x in the fuzzy subset A for each v € X.

Example 1.2. Let A =X={a,b,c}. We define the fuzzy subset A on X by:

(1) {{a,0.4), (b,0.1), {c,0.7).

(2) In this example, we consider the expression "young'in the context "a young person' in

order to exemplify how linguistic expression can be modeled using fuzzy sets.

set A : [40,100] — [0, 1]

1, 4f 40 < x < 50,
60 — x
10
0, if 60 <z <100,

Alz) = L if 50 <z < 60,

Figure 1.1: Graph of fuzzy set for modeling the expresion young person

The fuzzy
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1.1.3 Operations of fuzzy sets

Definition 1.4 (Inclusion). [28] Let X be a non empty set and let A and B be two fuzzy

subsets, we say that A C B, if and only if pa(z) < pp(x), for any v € X.

Definition 1.5 (Equality). [28] Let X be a non empty set and let A and B be two fuzzy
subsets, we say that A = B, if and only if pa(x) = pup(x), for any x € X.

Definition 1.6 (Intersection). [28] Let X be a non empty set and let A and B be two fuzzy
subsets, the intersection is defined for any x € X by

pans(x) = min {pa(z), pp(x)} = palz) A pp(w).
Definition 1.7 (Union). [28] Let X be non empty set and let A and B be two fuzzy subsets,
the union is defined for any x € X by

paup(x) = maz {pa(z), pp(x)} = palx) vV pp(x).

Definition 1.8 (Complement). [28] The complement of a fuzzy set A denoted by C(A) and
is defined by for any x € X

peay(x) =1 = pa().
Definition 1.9 (Sum). [28] Let X be non empty set and let A and B be two fuzzy subsets, the
sum defined by for any xr € X
pasp(x) = pa(@) + pp(@) — pale)ps ().
Definition 1.10 (Product). [28] Let X be non empty set and let A and B be two fuzzy subsets,
the product defined by for any r € X
paxp(®) = pa(z)pp(w).

Example 1.3. Let X = {a,b,c}, let A= {{a,0.2);(b,0.9);(c,0.5)}, and
B = {(a,0.7); (b,0.1); (¢, 1)} . Then

1. An B = {{(a,0.2);(b,0.1); (c,0.5)} ;

NS

. AUB ={{(a,0.7); (b,0.9); (¢, 1) };

o

. Ax B ={(a,0.14); (b,0.09); (¢, 0.5) } ;
4. A+ B = {{a,0.76); (b,0.94); (¢, 1) } ;

5. C(A) ={(a,0.8); (b,0.1); {¢,0.5) } .
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1.1.4 Characteristics of fuzzy sets

The characteristics of a fuzzy set A of X most useful in describing it are that which shows how

it differs from a classical set of X.

Definition 1.11 (Support). [28, 29] Let A be a fuzzy set on a set X. The support of A is the

crisp subset on X given by
Supp(A) ={z € X | pa(z) > 0}.

Definition 1.12 (Kernel). [28, 29] Let A be a fuzzy set on a set X. The kernel of A is the

crisp subset on X given by
Ker(A) ={z € X | pa(z) = 1}.

Definition 1.13 (Height). [28, 29] Let A be a fuzzy set on a set X. The height of A is the

highest value taken by its membership function given by
H(A) =sup{pa|zeX}.

Definition 1.14 (Cardinality). [28, 29] The cardinality of a finite fuzzy set A, denoted | A |

1s defined as

[ Al= D pa(2).

zeX

Definition 1.15 (a-cuts). [28, 29| Let A be a fuzzy set on a set X. The a-cut of A is a crisp
subset, denoted A,.
Ay ={r € X | pa(z) > a}.

Where o € [0,1], Ao = X and A, = Ker(A).
Example 1.4. (1) Let X ={a,b,c,d,e, f},
and A = {{a,0.0), (b,0.2), (c,1),(d,0.4), (e, 1),,(f,0.9)} Supp(A) = {b,c,d,e, f};
Ker(A) ={c,e}; H(A) =1, |Al=35.
(2) Let X =0, 35] with o € [0,1]. We defined the fuzzy set A on X by:
1, if = € [20,30]

pa(z) = 0, if x> 3bandr <15,
a, if x €]15,20[andx €]30,35],

Then, KerA = [20,30], SuppA = [15,35] and H(A) = 1.

9
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15 20 30 35 X

Figure 1.2: young fuzzy subset .

Proposition 1.1. Let X be a nonempty set and let A be a fuzzy subset on X. Then
(i) Supp(A®) = (Ker(A)) = X — Ker(A);
(ii) Ker(A?) = (Supp(A))® = X — Supp(A).

Proof. (i)

Supp(A®) = {z € X[A(z) # 0};
— {re X|1—Alx) # 0}
— {r€X|z ¢ ker(A)};
= X - Ker(A).

Ker(A) = {z € X|A%(x) = 1};
= {reX|1-A(z) =1};
= {v € X|A(z) = 0};
= {z € X|zr ¢ Supp(A)};

= X — Supp(4).
[l

Theorem 1.1. [15] Any fuzzy subset A of the reference set X is defined from its a-cute for
any x on X.

pa(r) = sup (a.xa,(r)).
z€]0,1]

where x 4, 1s the characteristic function of A,.

10
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Proof. Let the characteristic function:

Lif pa(z) = a;
XAo =
0 if otherwise.

By multipling each member by a real number «, we obtain

a if pa(z) 2o
XA, =
0 if otherwise.

By introducing the operator "sup" in each member, we get sup (axa,(x)) = sup {pa(z) > a},
z€]0,1] z€]0,1]

this implies that sup (axa,(x)) = sup {a < pa(z) > a} We conclude that:
€]0,1] 2€0,1]

pa(x) = sup (a.xa,(x)).

z€]0,1]

]

Example 1.5. Let X = {1,2,3,...,10} and A = {(1,0.2); (2,0.5); (3,0.8); (4, 1); (5,0.7); (6,0.3); (7, 0); (8,0
We have for any level a in [0, 1].
Ag=X

Ay ={z € X | pa(x) > 1} = {4};

Ags = {2 € X | pa(z) > 0.2} = {1,2,3,4,5,6);
Aos = {z € X | palz) > 0.3} ={2,3,4,5,6}.;
Aos ={z € X | pa(x) > 0.5} = {2,3,4,5};
Aor = {2 € X | pa(z) > 0.2} = {3,4,5).
Aos = {x € X | pa(z) > 0.2} = {3,4}.

Also, we get
pa(l) =maz(l x0,..,02x1,...,0x 1) =0.2;

pa(2) =maz(l x0,..,05x1,...,0 x 1) = 0.5;
pa(3) =maz(l x0,...,08 x1,...,0 x 1) = 0.8;
pa(4) =maz(l x0,...,0 x 1) =1;

pa(5) =maz(l x0,..,0.7x1,...,0x1)=0.7.

11
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pa(6) =maz(l x0,..,03x1,..,0x1)=0.3.
pa(7) =mazx(l x0,..,0x1,...,0 x 1) = 0.0.
pa(8) = maz(l x0,...,0x1,..,0 x 1) = 0.
1a(9) =maz(l x0,..,0x1,....0x 1) =0.

pa(10) = maz(1 x0,...,0x 1,...,0 x 1) = 0.

1.1.5 Cartesian product and projection on fuzzy sets

The cartesian product of the fuzzy subsets is the minimum of these degrees of belonging and

these projection is the maximun of these cartesian product.

Definition 1.16 (Cartesian product). [15] The cartesian product applied to n fuzzy sets can
be defined as follows. Let pia,, ftay, ...1ta,, be membership functions of A = Ay, As, ..., A,. Then,
the membership degree of (x1,xa,...t,) € X1 X XoX...X X, on the fuzzy set A = Ajx Ay X...x A,
is given by

MA(xla Loy -eny In) = min {/’LAl (fEl), KAy <$2)7 - HA, (xn)} .

Which provides the set A.

Example 1.6. Let X7 = {a,b,c,d}, Xo = {«, 8}, let Ay, Ay be two fuzzy subsets respectively
defined on X1 and X5 by:

Ay = {{a,0.1); (b,0.4); {¢,0.8); (d,0.5) } ;

Az = {(@,0.2); (5,0.6) .

So, we get:
Ar x Ay = {((a, @), 0.1); ((a, §), 0.1); (b, @), 0.2); {(b, 5), 0.4); {(c, @), 0.2); ((c, ), 0.6);
((d,3),0.5)} .

Definition 1.17 (Projection). [15] The projection on X; of the fuzzy set A of X1 x Xax...x X,
is the fuzzy set Projx,(A) of X1, whose membership function is defined by: for any x, € Xy,

Example 1.7. Let X = X; x X5 the set of reference such that X1 and X5 are two subsets of
X, we consider Ay x Ay = A defined by:

12
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A= {{(a,a),0.1);((a, 3),0.1); (b, @), 0.2); (b, B), 0.4); {(c, @), 0.2); (¢, 3), 0.6) } ;
Therefore,

Projx,(A) = {{a,max(0.1,0.1)); (b,maz(0.2,0.4)); (¢, max(0.2,0.6)); }

= {(a,0.1);(b,0.4);(c,0.6)} ;

1.1.6 T-norms and T-conorms

The history of triangular norms(t-norm) started with the paper [14]. The main idea was to
construct metric spaces where probability distributions rather than numbers are used in order
to describe the distance between two elements. Schweizer and Abe Sklar in [24] provided the

axioms of t-norm, as they are used today.

Definition 1.18. [14] A t-norms on [0, 1] is function T : [0,1]> — [0, 1] satisfies the following

four axioms:

(T1) Commutativity: (Ya,y € [0,1])(T(z,y) = T(y, ).

(T2) Associativity: (Ya,y, z € [0, 1)(T(z, T(y, 2)) = T(T(x,y), 2)).
(T3) Monotonicity: (Vz,y,z € [0,1))(z <y = T(z,y) < T(y, 2)).
(T4) Boundary condition: (Y € [0,1))(T(x,1) = ).

Condition (T3) and (T4) imply that for any t-norms T it hold that T(x,y) < z, T(z,y) < v,
T(z,y) < Min(z,y) and T(z,0) = x.

Example 1.8.
(T5) Minimum: T (z,y) = min{z,y}.
(T6) Lukasiewicz: T (x,y) = max{z +y — 1,0}z.y.
(T7) Einstein: T(z,y) = xy/(2 — x — y + zy).
(T8) Algebraic or probaliste: T(x,y) = xy.

(T9) Hamacher: T(x,y) = zy/(x +y — zy).

13
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(T10) Drastic product:

0 if {z,y} €10,1]?

Ta(z,y) =
min{z,y} otherwise

Definition 1.19. [14] A triangular conorm is a binary operation S on the unit interval [0, 1],
i.e., it is a function S : [0,1]> — [0,1] : the following four axioms are satisfied
(S1) Commutativity : S(x,y) = S(y, ).
(S2) Associativity : S(x,S(y,z)) = S(S(x,y), 2).
(S3) Monotonicity : S(x,y) < S(x,z) whenever y < z.
(S4) Boundary condition : S(x,0) = .
Example 1.9.
(1) Einstein: S(x,y) =x +y/(1 + xy).
(2) Hamacher: S(z,y) =z +y — 2zy/(1 — xy).
(3) Dubois and parade o € [0,1] : S(x,y) = x +y+zy —min(z,y,1 —a)/(maz(l —a; 1 —y, a)).
Example 1.10. Let X = {a,b,c},let A and B be two fuzzy subsets on X as
A = {{a,0.4);(b,0.8);(c,0.3)}, B = {(a,0.5); (b,0.2); (c,0.7)}. Lukasiewicz operators can be
used to define intersection and union by:
(1) pangs(r) = mazr(pa(z) + pp(e) —1,0), Vo € X;
(i) pavss(x) = min(pa(z) + pp(r), 1), Vo € X
Then, we get
(i) ANr B = {(a,0); (b,0); (¢, 0)};

(ii) AUs B = {{a,0.9); (b, 1.0; (¢, 1)}.

1.2  Fuzzy relations

This section contains the basic definitions and proprieties of fuzzy relation, fuzzy relations,
fuzzy order relations and several operations on fuzzy relations. The notion of fuzzy relations
was first introduced by Zadeh [29] as a natural extension of fuzzy set and plays an important

role in the theory of such sets and their applications.

14
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1.2.1 Basic definition of fuzzy relation

Definition 1.20. [29] Let X and Y be two nonempty sets. A binary fuzzy relation from X to
Y, is a fuzzy subset of X XY characterized by a membership function pug which associates with

each pair (x,y) its grade of membership R(x,y) in the interval [0, 1].

Example 1.11. Let R fuzzy relation on x = {1,2, 3},

R| 1 2 3

110709 04
210110505
3102101 0

Example 1.12. The fuzzy relation R "x approrimately equal to 2"can be defined on R X R by

the membership function:

R(z,2) = T2

Figure 1.3: The membership function .

1.2.2 Operations on fuzzy relations

Let R, P be two fuzzy relations. R is said to be contained in P(or we say that P contains R),
denoted by R C P, if for any (z,y) € X x Y it hold that R(z,y) < P(z,vy).
The transpose (or the inverse) R' of R is the fuzzy relation from Y to X defined by:

R' = {{(z,y), R'(z,y)) | (z,y) € X x Y}

15
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The intersection of two fuzzy relations R and P is defined as

ROP = {{(x,y), min(R(z,y), P(x,y)) | (z,y) € X xY}.

The union of two fuzzy relations R and P is defined as

RU P ={{(z,y), maz(R(z,y), P(z,y)) | (z,y) € X x Y}.

Example 1.13. Let R and P be two fuzzy relations on X x Y, X = {x,y, z},

R| =z Y z Pl =z Y z

x| 1 [08]07| | 06| 023]| 07

y |08 1 07|y |09 00|10

207107061 z| 01| 0.7 0.6

RUP | «z Y z RNP| x Y z

x 1 10807 T 0.6 0.2 0.7

y 09| 1] 1 y |08|0.0]|07
2 1070706 z |o1]o07] 06

Proposition 1.2. [28, 29] let R, P and Q be three fuzzy relations from a universe X to a

universe Y

(1) if R C P, then R* C P

(2) (RUP)" = R'U P

(3) (RN P) =RNPY

(4) (R')" = R;

(5) RN(PUQ)=(RNP)U(RNQ) and RU(PNQ)=(RUP)N(RUQ);
(6) RCRUP,PCRUP,RUPCR,RUPC P;

(7) if PC R and Q C R, then PUQ C R;

(8) if RC P and RC Q, thenR C PN Q.

Definition 1.21. [28, 29] Let R be a fuzzy relation (fuzzy relation on X, for short). The

following properties are :

16
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(i) Reflexivity: If R(x,x) =1, for any x € X.
(ii) Symmetry: If R(x,y) = R(y,z), for all x,y € X.
(iii) Antisymmetry: If v #vy R(x,y) =0V R(y,x) =0, for all z,y € X.
(iv) Transitivity: if R(x,z) > max{min{R(z,y), R(y, 2)}}, for all z,y,z € X.

Definition 1.22. Let X be a nonempty crisp set and R be a fuzzy relation on X. R is called
fuzzy order or partial fuzzy order if it is reflexive, transitive and antisymmetric.

A nonempty set X with a fuzzy order R defined on it is called a fuzzy ordered set and is denoted
by (X, R). It easily follows that each partially ordered set (X, <) and each fuzzy ordered set

(X, R) can be viewed as fuzzy ordered sets.

Example 1.14. Let X = {a,b,c, }, then the fuzzy relation R defined on X by

R =A{((z,y), R(z,y)) | (z,y) € X}

R(,.)| a | b c
a 110000
b 0.3 1 0
c 0.21 0.6 1.0

Then, R is a fuzzy order relation.

Example 1.15. Let x,y € N. Then the following fuzzy relation R on N is a fuzzy order

relation, where
1, if x=uy;
R(z,y) = 1—2, ifz<y;
0, if x>u.

On the basis of the above definition of antisymmetry we define a complete (or total) fuzzy order

as follows.

Definition 1.23. A fuzzy order R on a universe X is called complete (or total) if for all
x,y € X it holds that
[B(z,y) >0 or (R(y,z)>0)].

Example 1.16. Let Ra fuzzy relation on X = {x,y, z} given by:

17
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Riz| vy z
x| 1]04)| 05
y| 0| 1 |08
z 0] 0 1

R is a fuzzy order total.

Definition 1.24. A fuzzy ordered set (X, R) in which R is linear is called a linearly fuzzy

ordered set or a fuzzy chain.

18



Chapter 2

Fuzzy ideals and filters on a lattice

In this chapter, we study the concept of fuzzy ideals and filters on a lattice, where the first part
contains general concepts about ideals and filters on a lattice, while the secend part contains
fuzzy lattices, fuzzy lattices, fuzzy filters on a lattice and characterization of fuzzy ideals and

filters on a lattice .

2.1 Ideals and filters on a lattice

In this section, we recall some definitions and notions of ideals and filters and on a lattice.

Definition 2.1. [7] Lattice

Let (P, <) is a nonempty poset. Then
(i) (P,<) is called a lattice if sup{z,y} and inf{x,y} exist for all z,y € P.
(i7) (P, <) is called a complete lattice if sup S and infS exist for all S C P.

Given a lattice L, we may define binary operation join and meet on the nonempty set L by for

allx,y € Lz ANy =inf{x,y} and x Vy = sup{z, y}.

Example 2.1.

< U

Figure 2.1: graph of the diagrams are lattices
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fuzzy ideals and filters on a lattice

Definition 2.2. Mazimal element and Minimal element:

(¢) An element k of E is said to be mazximal if for all x € E : k £ = (which means: either

x <k, or z and k are incomparable).

(o) An element k of E is said to be minimal if for all x € E : k % x (which means: either

k < x, or z and k are incomparable).
Definition 2.3. sup,inf Let (E, <) be an ordered set and A a nonempty part of E.

(¢) We say that s € E is an upper bound of A in E if s is the smallest majorant of A. Then
simply: s = min(Major(A)) = minz € E:a < z,a € A. Note that such an element,
if it exists, is unique. If a part A of E admits an upper bound s, this will be denoted:

s = supgA.

(¢) We say that i € E is a lower bound of A in E if i is the largest minorant of A. Then
simply: i = max(Minore(A)) = maxz € E: z < a,a € A. Note that such an element,

if it exists, is unique. If a part A of E admits a lower bound i, this will be denoted:

Definition 2.4. [11] Ideal Let L = (L, \,\) a lattice, a nonempty subset I is called an Ideal
of L if for all xz,y € L

(i) ify € I and y > x,then z € I.
(ii) if x,y € I,implies x\/ y € I.

Example 2.2. in the N5 lattices, the parts in bold are ideals

Figure 2.2: the N5 lattices

Proposition 2.1. Let L be a lattice.
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(i) An ideal I of L is called proper if it does not coincide withe L.

(i) An ideal I of a lattice with 1 is propre if and only if 1 ¢ 1
(iii) An ideal I of L is prime if and only if v,y € L and x Ny € L imply that x € I ory € I.
(iv) For each x € L the set v ={y € L,x > y} is an ideal.

Definition 2.5. [17] Filter} Let L = (L, \,V) a lattice, a nonempty subset F is called a filter
on L if for all x,y € L .

(i) ify € F andy < x, then z € F;
(ii) if x,y € F, implies x Ny € F.

Example 2.3. In N5, the parts in bold are filters

Figure 2.3: filters on N5

Proposition 2.2. Let L be a lattice. Then
(i) A filter F of L is called proper if it does not coincide with L.
(i) A filter F of a lattice with 0 is proper if and only if 0 ¢ F.
(iii) A filter F of L is prime if and only if x,y € L and x\/y € F imply that x € F ory € F.

(iv) For each x € L the set T x ={y € L,y > a} is a filter.

2.2 Fuzzy lattices

The concept of a fuzzy lattice on a lattice was introduced by Ajmal and Thomas [1] as a fuzzy

set on a crisp lattice stable by the supremum and the infimum of the binary operations meet a
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fuzzy ideals and filters on a lattice

join.
To avoid any confusion or misunderstanding in some formulas, we use the notation (<, 1, L) to
refer the (order, min, max) on the lattice L and (<, A, V) to refer the (usual order, min, max)

on the real interval [0, 1].

Definition 2.6. [1] Let L be a lattice and A = {{x,ua(x))|z € L} be a fuzzy subset on L.
Then A is called a fuzzy sub-lattice (fuzzy lattice, for short) if for any x,y € L, the following

conditions are satisfied:
(i) pa(z Uy) > palz) A paly);

(it) palxy) > palz) A paly).

Example 2.4. Consider the lattice L of divisor of 15, that is L = {1,3,5,15}. given by A =
{<1,0.5>,<3,04>,<504> <1507 >} then A is a fuzzy lattice.

The notion of fuzzy ideal (resp. filter) on a lattice was first introduced by Ajmal and
Thomas [1].

U

Figure 2.4: Hasse diagram of a lattice (L,<,M, ) with L=0,a,b,1

Definition 2.7. [1] Let L be a lattice and I = {{(z, p;(z))|x € L} be a fuzzy subset on L. Then
I is called a fuzzy ideal on L (F-ideal, for short) if for all x,y € L, the following conditions are
satisfied:

(1) pr(zUy) > pr(x) A pr(y);

(i) pr(zNy) > pr(z) vV pr(y).-
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Example 2.5. Consider the lattice L = {1,2,3,4,6,12} of divisors of 12 we define by :A =
{<1,0.7>,<2,05><3,06><4,04><6,0.5> <12,0.7 >} is a fuzzy ideal.

Definition 2.8. [1] Let L be a lattice and F = {{(z, pp(x))|z € L} be a fuzzy subset on L. Then
F is called a fuzzy filter on L (F-filter, for short) if for any z,y € L, the following conditions

are satisfied:
(i) pr(zUy) > pr(x) V pe(y);

(i) pp(rMy) > pp(e) A pre(y).
Example 2.6. Consider the lattice L = {1,2, 3,4}, with <is the useal order in N, we define by

s F={<1,01>,<203><3,04><4,0.7 >} is a fuzzy filter.

Remark 2.1. Notice that every fuzzy ideal on L is a fuzzy lattice, but the converse is not true
in general. Indeed, let L be the lattice given by the Hasse diagram in Figure 2.4 and A € F'S(L)
defined by A = {< 0,0.3 >, < a,04 >, < 0,04 >,< 1,0.7 >}. Then A is a fuzzy lattice, but
since pa(a) = pa(aml) = 0,4 % max{0.4;0.7}, then it hold that A is not a fuzzy ideal on L.
As well since p14(0) = pa(amb) = 0.3 2 min{0.4;0.4}, then it hold that A is not a fuzzy filter
on L.

The following results will be needed throughout this chapter.

Proposition 2.1. Let L be a lattice, L? be its order-dual lattice and A € FS(L). Then it holds

that A is a fuzzy ideal on L if and only if A is a fuzzy filter on L and conversely.
Proposition 2.2. [25] Let L be a lattice, A and B are two fuzzy sets on L. Then it holds that

(i) if A and B are two fuzzy ideals on L, then AN B is a fuzzy ideal on L;

(ii) if A and B are two fuzzy filters on L, then AN B is a fuzyy filter on L.

Proof. (i) Let A = {< x,pua(x) > |z € L} and B = {< z,up(x) > |r € L} be two fuzzy
sets. Then AN B = {< z, panp(x) > |z € L}, where panp(z) = pa(z) A pp(x).

pans(zUy) = {pa(zUy) App(zUy)}
{{pa(@) A paly)y AMps(z) A ps(y)}}
Hua(@) Aps(@)} A{paly) A ps(y)}}

> pans(T) A pans(y)-

v

Vv
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By that same method, we prove that pang(x My) > pans(x) V pans(y). Hence, AN B is

a fuzzy ideal on L.

(ii) Follows from Proposition 2.2 and (i).

]

Remark 2.2. The Union of two fuzzy ideals (resp. filters) does not necessarily be a fuzzy ideals

(resp. filters).

2.3 Characterization of fuzzy ideals and filters on a lat-
tice

In this section, we provide interesting charactirizations of fuzzy ideals and filters on a lattice

in terms of the lattice operations, and in terms of their a-level sets.

2.3.1 Characterization of fuzzy ideals and filters in terms of lattice

operations

Milles et al [21] have characterize the notion of intuitionistic fuzzy ideals and intuitionistic fuzzy
filters on a lattice in terms of the lattice-operations. Here, we use this characterization in fuzzy

setting.

Theorem 2.1. [21] Let L be a lattice and A € fuzzy subset (L). Then for any x,y € L the

following two statements hold
(i) (pa(zNy) > pa(@) vV paly)) if and only if (x <y = pa(x) > pay));
(it) (pa(zUy) > pa(z) V paly)) if and only if (v <y = pa(x) < pa(y)).
Proof. Let z,y € L.

(i) Suppose that pa(z My) = pa(x)Vpa(y). If @ <y then x My = z. Since pa(x My) >
pa(z) Va(y), it follows that pa(z) = pa(z My) = pa(z) V pa(y). Hence, pa(z) = paly).
Conversely, suppose that (r <y = pa(z) > pa(y)). Then it follows that pa(z Ny) >

pa(z) and p(z My) 2 paly). Hence, pa(zMy) = pa(x)V pa(y).
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(ii) Suppose that pa(x Uy) = pa(x)Vpaly). If o < y then x Uy = y. Since pa(x) >

pa(x) V paly), it follows that pay) = pa(z) 2 pa(z)VA(y). Hence, pa(z) < pa(y).
Conversely, suppose that (z < y = pa(z) < pa(y)). Then it follows that pa(x) <

iz Uy) and pa(y) < pa(r Uy). Hence, pa(z Uy) = pa(z) V pa(y).
(iii) The proof is similar to (i).

(iv) The proof is similar to (ii).

As corollaries, we obtain the following interesting properties of fuzzy ideals and fuzzy filters. [

Corollary 2.1. Let L be a lattice and I be a fuzzy ideal on L. Then for any x,y € L it holds
that

If x <y, then pu;(x) > pr(y), (i-e., the map p; : L — [0,1] is antitone).

Remark 2.3. The converse of the above implications are not necessarily hold. Indeed, let
us consider the lattice L given by the Hasse diagram in Figure 2.4 and I the fuzzy ideal on
L given by I = {< 0,0.5 > < a,04 >,< b,0.1 > < 1,0.1 >}. [t is easy to verify that

pr(a) =0.4 > pr(b) = 0.1, but a,b are incomparable elements.

Corollary 2.2. Let L be a lattice and F' be a fuzzy filter on L. Then for any x,y € L it holds
that

If x <y, then ur(x) < pp(y), (i.e., the map pr : L — [0,1] is monotone).

Remark 2.4. The converse of the above implications are not necessarily hold. Indeed, let
us consider the lattice L given by the Hasse diagram in Figure 2.4 and F the fuzzy filter on
L given by F = {< 0,0.1 > < a,0.2 > < b,0.1 >, < 1,04 >}. It is easy to verify that

pr(b) =0.1 < pp(a) = 0.2, but a,b are incomparable elements.

In the following theorem, we apply the characterization theorem given by Milles et al. [21]

to the fuzzy setting.

Theorem 2.2. Let L be a lattice and I is a fuzzy subset on L. Then it holds that I is a fuzzy

ideal on L if and only if the following condition is satisfied:

pr(zUy) = pr(z) A pr(y)

forx,y e L.
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Proof. Suppose that [ is a fuzzy ideal on L. Then for any =,y € L it hold that u;(x Uy) >
pr(x) A pr(y). Since x < z Uy and y < x Uy, from Corollary 2.1 it follows that

pr(z) = pr(z Uy)
and
pr(y) = pr(z Uy).
Hence, py(x) A pr(y) = pr(z Uy). Thus, pr(z Uy) = pr(x) A p(y).
Conversely, suppose that pr(zUy) = pr(z) Apr(y), for any z,y € L. Then it is easy to see that

pr(zUy) > pr(x) A pr(y)

Next, we show that p;(x My) > pr(x) V ur(y) for x,y € L. Let x,y € L. Since x U (zMy) =x
and y U (z My) = y then it holds that p;(z U (zMy)) = pr(z) and pr(y U (2 M y)) = ur(y).
From Definition 2.2 (hypothesis (i) and (ii)) it follows that

pr(@) A pr(z My) = p(x)
and

pr(y) A pr(e Ny) = p(y)-

Hence, pr(z My) = pi(x) and pr(z My) = pr(y). Thus, p(zNy) = pi(z) V p(y), for any
x,y € L. Therefore, I is a fuzzy ideal on L.
O

In the same manner, the following theorem provides a basic characterization of fuzzy filter

on a lattice.

Theorem 2.3. Let L be a lattice and F' is a fuzzy subset on L. Then it holds that F is a fuzzy
filter on L if and only if the following condition is satisfied:

pr(zNy) = pr(@) A pr(y)
forxz,y e L.
Proof. The proof is a direct application of Proposition 2.1 and Theorem 2.2 m

In the following theorem, we will show that the image of an fuzzy ideal (resp. fuzzy filter)

is a fuzzy ideal (resp. fuzzy filter).
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Theorem 2.4. Let L, L' be two lattices and [ : L — L' be a lattices-homomorphism. Then it
holds that

(i) If A is an fuzzy ideal on L, then f(A) is a fuzzy ideal on L,
(ii) If A is an fuzzy filter on L, then f(A) is a fuzzy filter on L'.

Proof. (i) Let A be a fuzzy ideal on L. For any y,z € L', it holds that

flua)yUz) = sup{pa(e) |z e fTH(yU2)}
= sup{pa(u Vo) uc [T (y) and v € f7(2)}
= sup{(pa(u) A pa(v)) |ue fH(y) and v € f71(2)}
= sup{pa(u) |u € [T (y)} Asup{ua(v) | v € f7(2)}
= flra)(y) A fpa)(2).

Thus, we can conclude that f(A) is a fuzzy ideal on L'.

(ii) Follows from Proposition 2.1 and (i).

]

In the following theorem, we will show that the inverse image of a fuzzy ideal (resp. fuzzy

filter) is a fuzzy ideal (resp. fuzzy filter).

Theorem 2.5. Let L, L' be two lattices and f : L — L' be a lattices-homomorphism. Then it
holds that

(i) If A’ is a fuzzy ideal on L', then f~Y(A’) is a fuzzy ideal on L,
(ii) If A" is a fuzzy filter on L', then f~Y(A') is a fuzzy filter on L.

Proof. (i) Let A’ be a fuzzy ideal on L'. For any x,y € L it holds that

S pa)(@zUy) = pa(f(zUy))
= pa(f(@) A pa(f(y))
= [ pa)(@) A FH pa) (y)

Therefore, f~1(A’) is a fuzzy ideal on L.
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(ii) Follows from Proposition 2.1 and (i).

2.3.2 Characterization of fuzzy ideals and filters in terms of their

level sets

In this subsection, we provide some interesting characterizations and properties of fuzzy ideals
and fuzzy filters in terms of their level sets. These characterizations are a direct results from

the paper [21].

Proposition 2.3. Let L be a lattice and A is a fuzzy subset on L. The following statements
hold

(i) if A is a fuzzy ideal, then its support Supp(A) is an ideal on L;

(ii) if A is a fuzzy filter, then its support Supp(A) is a filter on L.

Proof. Let A € fuzzy subset (L).

(i) Suppose that A € fuzzy subset (L) is a fuzzy ideal. We show that Supp(A) is an ideal on
L.

(a) Let z € Supp(A) and y < x, then it hold that ps(z) > 0.
To consider that (y < x and pa(z) > 0). We suppose that y < z and pua(x) > 0.
Since y < x, then it holds that = Ly = . This implies that pa(x) = pa(x Uy) > 0.
From Theorem 2.2 (i), it follows that pa(x Uy) = pr(z) A ur(y) > 0. Hence,
pa(y) > 0. Thus, y € Supp(A).

(b) Let x,y € Supp(A). We show now that x LIy € Supp(A). We have that ps(z) >0
and pa(y) > 0. Since A is a fuzzy ideal, then from Theorem 2.2 (i) it follows that
palzUy) = pr(z) Apr(y) > 0. Hence, x Uy € Supp(A). Thus, Supp(A) is an ideal

on L.

(ii) Follows from Proposition 2.1 and (i).
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Remark 2.5. The converse of the above implications are not necessarily hold. Indeed, let us
consider the lattice L given by the Hasse diagram in Figure 2.1 and A is a fuzzy subset on
L given by A = {< 0,0.5 > < a,04 >,< b,04 > < 1,0.7 >}. 1t is easy to verify that
Supp(A) = L is an ideal and a filter on L, but A is neither a fuzzy ideal nor a fuzzy filter on
L.

The following theorem provides a characterization of fuzzy ideal (resp. filter) in terms of

their level sets.

Theorem 2.6. Let L be a lattice and A is a fuzzy subset on L. The following statements hold
(i) A is a fuzzy ideal if and only if their level set is an ideal on L;
(ii) A is a fuzzy filter if and only if their level set is a filters on L.

Proof. Let A € fuzzy subset on L and A, their level set, where a € [0, 1].
(i) suppose that A is a fuzzy ideal on L. We show that A, is an ideal on L for a € [0, 1].

(a) Let a € [0,1], x € A, and y € L such that y < z. Since x € A,, then it hold that
pa(z) > a. Since y < z, from Corollory 2.1 it follows that pa(y) > pa(z). This
implies that pua(y) > «. Hence, y € A,, for any « € [0, 1].

(b) Let a € [0,1] and =,y € A,. Then it holds that p(z) > « and pa(y) > «. From
theorem 2.2 it follows that pa(x Uy) = pa(z) A pa(y) > a. Hence, x LUy € A, for
a e |0,1].
Thus, A, is an ideal on L for a € [0, 1].

Conversely, suppose that all level sets of A are ideals on L. We show that A is a fuzzy
ideal on L. Let x,y € L, & = pa(z) A pa(y). Then it follows that ps(z) > « and
pa(y) > a. The case a = 0 is obvious. Let a € [0,1] and x,y € A,. Since 4, is an ideal
on L, then it holds that z Uy € A,, « € [0,1]. This implies that pa(z Lly) > «. Hence,
pa(zUy) > pa(z) A pa(y).

On other hand, let o = p4(z Uy). The case a = 0 is also obvious. Otherwise a € [0, 1],
rUy € A,. Since A, is an ideal on L, x < x Uy and y < z Uy, it follows that pa(z) > «
and pa(y) > . Hence, pa(z) A pa(y) > pa(z Uy). Therefore, Theorem 2.2 guarantees
that A is a fuzzy ideal on L.

29



fuzzy ideals and filters on a lattice

(ii) Follows from Proposition 2.1 and (i).
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Chapter 3

Principal fuzzy ideals and filters on a

lattice

In this chapter, we generalize the notion of principal ideal (resp. filter) on a lattice to the setting
of fuzzy sets and investigate their various characterizations and properties. More specifically,
we show that any principal fuzzy ideal (resp. filter) coincides with a fuzzy down-set (resp.
up-set) generated by a fuzzy singleton. Afterwards, for a given fuzzy set, we introduce two

fuzzy sets: its fuzzy down-set and up-set, and we investigate their interesting properties.

3.1 Fuzzy down-sets and up-sets

In this section, we introduce the notion of fuzzy down-set (resp. fuzzy up-set) on a lattice

analogously to the crisp down-set (resp. up-set), and then we show their interesting properties.

3.1.1 Definitions

Let L be a lattice and S be a subset on L. S is called a down-set (alternative terms include
lower-set) if y € S implies © € S for all x < y. Dually, S is called an up-set (alternative terms
include upper-set) if y € S implies x € S for all y < z. For a given subset S on L, we denote

by | S the set of all elements smaller than or equal to some element of S, i.e.,
1 S={zeLl]|z<y, for somey e S},

and 1 S the set of all elements bigger than or equal to some element of S, i.e.,
tS={reL]|y<wx, for someye S}.
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It is easily to check that | S (resp. 1 .5) is the smallest down-set (resp. the smallest up-set)
containing S. | S (resp. 1 .5) is called the down-set (resp. the up-set) of S. Similarly, for a
given element x on a lattice L, the down-set | {x} (| z, for short) and the up-set 1 {z} (1 =,

for short) are defined as

le={yeL|y<z} (resp. ta={yeL|x<y}).
Note that if S is a down-set (resp. an up-set), then | S (resp. 1 .5) coincides with S.

Analogously to a crisp down-set and up-set on a lattice L, we introduce the notions of a

fuzzy down-set and a fuzzy up-set. Also, the || S and 1} S, for any fuzzy set S on L.
Definition 3.1. Let L be a lattice and S € FS(L).
(i) S is called a fuzzy down-set (fuzzy-down-set, for short) if ps(x) > us(y) and for allz < y.
(ii) Dually, S is called a fuzzy up-set (fuzzy-up-set, for short) if ps(z) < us(y) for all z < y.
Definition 3.2. For a given fuzzy set S on a lattice L we denote by:

(i) I S the fuzzy set associated to S defined as

Mus(x) = SUPMS(@/%
yeTx

(i) 1+ S the fuzzy set associated to S defined as

Mﬂs(x) = SUPMS(?J)7
yElx

Remark 3.1. For any crisp set S on a given lattice L, it holds that
(i) 4 S=1S5;
(ii) # S=156.
For a given lattice L and S € F'S(L), it is clear that
(i) pys is an antitone mapping and ;

(ii) p4s is a monotone mapping .
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3.1.2 Properties of Fuzzy-down-sets and Fuzzy-up-sets

In this subsection, we show some interesting properties of fuzzy down-sets and up-sets on a

lattice. We start with the easier one.

Proposition 3.1. Let L be a lattice, L? be its order-dual lattice and S € FS(L). The following

statements hold:
(i) S is a fuzzy-down-set on L if and only if S is an fuzzy-up-set on L%;
(ii) S is a fuzzy-up-set on L if and only if S is a fuzzy-down-set on L¢;
(iii) I S on L coincides with { S on L¢ ;
(iv) f# S on L coincides with |} S on L.

The following proposition shows that Fuzzy-down-sets (resp. Fuzzy-up-sets) on a lattice are

closed under the union and intersection of fuzzy sets.

Proposition 3.2. Let L be a lattice and R, S € FS(L). It holds that
(i) If R and S are fuzzy-down-sets, then RU S and RN S are Fuzzy-down-sets;
(ii) If R and S are fuzzy-up-sets, then RU S and RN S are Fuzzy-up-sets.

Proof. (i) We only show that RU S is a fuzzy-down-set, as RN.S can be proved analogously.
Let z,y € L such that x < y. Since R and S are fuzzy-down-sets, and pgrys(x) =

pr(x) V ps(x), it follows that prus(z) > pr(y) V us(y) = prus(y). Thus, RU S is a

fuzzy-down-set.

(ii) Follows from Proposition 3.1 and (i).

Proposition 3.3. Let L be a lattice and S € FS(L). It holds that
(i) | S is the smallest fuzzy-down-set containing S;
(i) 1+ S is the smallest fuzzy-up-set containing S.

Proof. (i) At first we show S C| S. Let a € L and b €7 a, then it holds that pg(a) <

supps(b) = pys(a). Hence, S C} S. Now, we show that |} S is a fuzzy-down-set. Let
beta
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z,y € L such that x < y. We have uys(z) = supus(t) > supps(t). Hence, pys(z) >
tet tety
pys(y). Thus, § S is a fuzzy-down-set. Furthermore, let R be a fuzzy-down-set containing

S. This implies that ps(z) < pr(z) and vs(x) > vg(x), for any € L. Hence, supug(t) <
tetx

suppg(t). Thus, || S Cl} R. Finally, we conclude that |} S is the smallest fuzzy-down-set

tetx

containing S.

(ii) Follows from Proposition 3.1 and (i).
O
From Proposition 3.3, we obtain the following corollary. It shows a characterization of

fuzzy-down-sets and fuzzy-up-sets.

Corollary 3.1. Let L be a lattice and S € F'S(L). The following equivalences hold:

(i) S is a fuzzy-down-set if and only if S =1 S;

(ii) S is a fuzzy-up-set if and only if S =1 S.

The following propositions list some properties of fuzzy-down and fuzzy-up sets.

Proposition 3.4. Let L be a lattice and R,S € FS(L). The following statements hold:

(i) If SC R, then || S C| R;

(it) 4+ (4 §) =4 5;

(iii) § (SUR)=| SUJ| R;

() J (SNR) Sy SN R

Proof. (i) Since R Cl} R, it holds that S C| R. From Proposition 3.3, it trivially holds that
IS ClR.

(ii) Follows from Proposition 3.3 and Corollary 3.1.

(iii) On the one hand, we easily verify from (i) that || SU { R C{| (SUR). On the other hand,
since || SU | R is an IF-down-set and S U R Cl} SU | R, it follows from Proposition 3.3
that || (SUR) CJ} SU | R. Thus, | (SUR) =} SUJ R.

(iv) Follows from Proposition 3.3 and (i).
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In the same direction, a dual version of Proposition 3.4 can also obtained for fuzzy up-sets.

Its proof follows from Propositions 3.1 and 3.4.

Proposition 3.5. Let L be a lattice and R,S € FS(L). The following statements hold:
(i) If S C R, then ft S C1 R;
(i) 1 (1 S) =1 5;
(iii) 4 (SUR) = SU 1 R;
() H (SNR)CSH SN R.

The following result follows immediately from Propositions 3.3, 3.4 and 3.5.

Proposition 3.6. Let L be a lattice. Then the mappings | and {} define topological closures
on the set FS(L) of fuzzy sets on L.

The following proposition shows the interaction of the Support and the Kernel with the

notions of fuzzy-down-set and fuzzy-up-set.

Proposition 3.7. Let L be a lattice and S € FS(L). It holds that
(i) Supp(b S) = Supp(S) and Ker(y §) = Ker(S);
(it) Supp(ft S) =1 Supp(S) and Ker(f S) =1 Ker(S).
0

Proof. (i) First, we prove that Supp({} S) =] Supp(S). On the one hand, let x € Supp({} 5).
Then it holds that

pys(z) > 0.

Since pys(z) > 0, then suppug(y) > 0. This implies that there exists ¢ €1 x such that
yETx

ps(t) > 0. Hence, t € Supp(S). Since t €1 x, it follows that = €] Supp(95).
Thus, Supp({} S) C{ Supp(S). On the other hand, let €| Supp(S). Then it holds that

ps(x) > 0.
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Since pg(z) > 0, then suppus(y) = pys(xz) > 0. Hence, x € Supp({ 5).
yeTT
Thus, | Supp(S) C Supp({} S). Therefore, Supp({} ) =] Supp(S).

The proof of Ker({} S) =] Ker(S) is analogous.

(ii) Follows from Proposition 3.1 and (i).

]

In the following result, we show that any fuzzy-ideal (resp. fuzzy-filter) on a lattice L is a

fuzzy-down-set (resp. fuzzy-up-set) on L.

Theorem 3.1. Let L be a lattice and S € FS(L). The following implications hold:
(i) If S is a fuzzy-ideal, then S is a fuzzy-down-set.
(ii) If S is a fuzzy-filter, then S is a fuzzy-up-set.

Proof. (i) Let x,y € L such that z < y. Since S is a fuzzy-ideal, it follows that ug(zx) =
ps(xMy) > ps(z) V ps(y). Hence, ug(x) > ps(y). Thus, S is a fuzzy-down-set.

(ii) Follows (i) and Proposition 3.1.

Combining Theorem 3.1 and Corollary 3.1 leads to the following corollary.
Corollary 3.2. Let L be a lattice and S € F'S(L). The following implications hold:
(i) If S is a fuzzy-ideal, then | S = S.
(ii) If S is a fuzzy-filter, then {4 S = S.

Remark 3.2. The converse of the implications in the above Theorem 3.1 and Corollary 3.2
does not necessarily hold. Indeed, consider L the lattice given by the Hasse diagram in Figure
1and S € FS(L) given by S = {< 0,0.7 >, < a,04 >, < 5,0.3 >, < ¢,02 >,<1,0.1 >}. We
easily verify that

T 0 a b c 1
pys(z) [ 0.7]104]0.3)0.2]0.1

Then | S ={< 0,0.7 >,< a,04 >, < b,03 >, < ¢,0.2 > < 1,0.1 >}. Hence, | S =S5,
i.e., S is an IF-down-set. But, ps(1) = ps(aUb) ¥ min{0.4, 0.3}, which implies that S is not

a fuzzy ideal on L .
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3.2 Principal fuzzy-ideals and fuzzy-filters on a lattice

In this section, we introduce the notion of principal fuzzy-ideal (resp. fuzzy-filter) on a lattice.
Similarly to the crisp case, we characterize these notions in terms of a down set and an up set
generated by fuzzy singletons. First, we need to recall the following definition of crisp principal

ideal (resp. filter), and the definition of fuzzy singleton.

Definition 3.3. [7] Let L be a lattice. Then

(i) the principal ideal generated by an element x € L is the smallest ideal contains x, and is

given by

le={yelly<al}

(ii) the principal filter generated by an element x € L is the smallest filter contains x, and is

given by

te={yel|xz<y}

Definition 3.4. Let L be a lattice. For any x € L, a fuzzy singleton (fuzzy- singleton, for
short) & is a fuzzy set on L given by & = {(t, uz(t)) | t € L}, where

1,ifx=t
pz(t) = ,
f(t), otherwise,
and
0,ifx=t
O

g(t) , otherwise,

such that f is a monotone mapping on [0,1[, for any t € L.

Definition 3.5. Let L be a lattice, Then

(i) the principal fuzzy-ideal generated by a fuzzy-singleton T is the smallest fuzzy-ideal con-

tains T;

(i) the principal fuzzy-filter generated by a fuzzy-singleton T is the smallest fuzzy-filter con-

tains .
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Next, we characterize the principal fuzzy-ideals (resp. fuzzy-filters) on a lattice in terms
of the down-sets (resp. up-sets) generated by fuzzy-singletons on that lattice. The following
theorem shows that the fuzzy-down-set (resp. the fuzzy-up-set) generated by a fuzzy singleton

on a lattice L is a fuzzy-ideal (resp. is a fuzzy-filter) on L.

Theorem 3.2. Let L be a lattice and x be an element on L. Then it holds that
(i) I & is a fuzzy-ideal on L;
(ii) T is a fuzzy-filter on L.

Proof. (i) Show for any z,y € L that

pyz(x Uy) = pyz(r) A pyz(y) and vyz(z Uy) = vygz(r) V vgs(y).

Let a,b € L. On the one hand, by Proposition 3.3, ||  is a fuzzy-down-set, which implies
that pya(a) = pys(a Ub) and juga(b) = pys(a Ub). Hence, uys(a) A pys(a) > pga(a UD).
On the other hand, since pz is a monotone mapping, it holds that pz(a) < pz(a U b) and
pz(0) < pz(aUb). This implies that supuz(t) < sup pz(t) and suppz(t) < sup uz(t).
a<st allb<t b<t allb<t
Hence, suppuz(t) A suppsz(t) < sup pz(t). Thus, pyz(a) A pyz(b) < pyz(a Ub). Therefore,
a<t b<t allb<t

pyz(alb) = pyz(a) /:,uw(b), for all a,b € L. Finally, we conclude that |} 7 is a fuzzy-ideal

on L.

(ii) Follows dually by using Proposition 3.1 .
m
In the following result, we show a characterization of a principal fuzzy-ideal (resp. fuzzy-

filter) in terms of a down-set (resp. up-set) generated by a fuzzy-singleton.

Theorem 3.3. Let L be a lattice and I (resp. F') be a fuzzy-ideal (resp. fuzzy-filter) on L.
Then it holds that

(i) 1 is a principal fuzzy-ideal on L if and only if there exists x € L such that I =| Z;
(i) F is a principal fuzzy-filter on L if and only if there exists x € L such that F =1 .

Proof. We only prove (i), as (ii) can be proved analogously by using Proposition 3.1. Suppose
that I is a principal fuzzy-ideal on L. Then there exists a fuzzy-singleton Z such that [ is the

smallest fuzzy-ideal contains Z. Since & C I, it follows from Proposition 3.4 that || £ C || [ = I.
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On the other hand, Theorem 3.2 guarantees that || Z is an ideal. Then the fact that I is the
smallest ideal contains & implies that I C| z. Thus, I =] 7.

Conversely, I =1 7 is a fuzzy-ideal contains . Now, suppose that J is an other fuzzy-ideal
contains . From Proposition 3.4, it holds that | £ C|| J = J. Hence, I = 7 is the smallest

[F-ideal contains Z. Thus, [ is a principal fuzzy-ideal. O

In the following proposition, we show that the kernel of a principal fuzzy-ideal (resp. fuzzy-

filter) is a crisp principal ideal (resp. filter).

Proposition 3.8. Let L be a lattice and x be an element on L. Then it holds that
(i) Ker(} @) =1 x;
(ii) Ker({ ) =7 .
Proof. (i) From Proposition 3.7, it holds that Ker({ ) =] Ker(Z). This means that
Ker(y7) =4 {t € L| pa(t) = 1}.
By the definition of fuzzy-singleton, we know that pz(¢) = 1 if and only if ¢ = x. Hence,

Ker(47) =1 {z} =L =

(ii) Follows from Proposition 3.1 and (i).

39



Conclusion

In this memoir, we have studied special type of fuzzy ideal and fuzzy filter witch is the principal
fuzzy ideal and the principal fuzzy filter with their fundamental properties. More specifically,
we have shown that any principal fuzzy ideal (resp. filter) coincides with a fuzzy down-set (resp.
up-set) generated by a fuzzy singleton. Afterwards, for a given fuzzy set, we have introduced two

fuzzy sets: its fuzzy down-set and up-set, and we have investigated their interesting properties.
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Abstract

In this work, we generalize the notion of principal ideal (resp. filter) on a lattice to the setting
of fuzzy sets and investigate their various characterizations and properties. More specifically,
we show that any principal fuzzy ideal (resp. filter) coincides with a fuzzy down-set (resp.
up-set) generated by a fuzzy singleton. Afterwards, for a given fuzzy set, we introduce two
fuzzy sets : its fuzzy down-set and up-set, and we investigate their interesting properties.

Key words :

Lattice, fuzzy set, Principal fuzzy ideal, Principal fuzzy filter.

Résumé

Dans ce travail, nous généralisons la notion d’idéal principal (resp.filtre) sur un treillis au
cadre des ensembles flous et nous étudions leurs diverses caractérisations et propriétés. Plus
précisément, nous montrons que tout idéal (resp. filtre) principal flou coincide avec un
down-set (resp. up-set) flou généré par un singleton flou. Ensuite, pour un ensemble flou
donné, nous introduisons deux ensembles flous : son down-set et son up-set flous, et nous
étudions leurs propriétés intéressantes.

Mot-clés :

Treillis, ensemble flou, idéal flou principal, filter flou principal.
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