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Introduction

Fuzzy sets and fuzzy relations have been introduced by Zadeh [69, 70]. Several
different approaches of this concept such as L-fuzzy sets, L-fuzzy ordering relations,
fuzzy lattices, fuzzy filters have been investigated by many authors [14, 29, 34,
37, 52]. Goguen introduced the concept of L-fuzzy set in [34] and studied its
fundamental properties. In [37], Ulrich Hohle introduced the notion of L-fuzzy
equivalence and L-fuzzy ordering relation based on L-equivalence relation (i.e., an
ordering relation with respect to a binary operation ® of the commutative monoid
L and an ®-equivalence relation F) briefly (®-FE-order). After, S. V. Ovchinnikov,
in [52] has extended some set’s operations. U. Bodenhofer in [14] restrict ordering
relation with respect to ® and an ®-equivalence relation E briefly (®-FE-order)
replacing L by the unit interval L = [0, 1] and the operation ® by a t-norm 7.
Later, in [29], Mustafa Demirci studied the ®-E-order in an iccqm-lattice L.

One of the most important concept of fuzzy sets is the concepts of a-cuts and strong
a-cuts. They play a principal role in the relationship between fuzzy sets and crisp
sets and can be viewed as a bridge that connecting between fuzzy sets and crisp
sets. The need to bridge the gap between a fuzzy structures and classical structures
involves the concept cutworthy property which expresses that a special property
(P) will be called cutworthy when it is true that a fuzzy structure possesses (P) (in
the fuzzy sense) if and only if every a-cut of this structure possesses (P) (in the
crisp sense) [6].

In [65], B. Seselja shows that an L-fuzzy relation is an L-fuzzy ordering relation if
and only if all its a-cuts except O-cut are crisp ordering relations.

In this thesis, we show that many fuzzy structures possess the cutworthy properties
such as ®-fuzzy equivalence relations, and the ®-FE-partial ordering relations. In
the same direction, we focus on the aggregation of diverse families like fuzzy binary
relations, fuzzy lattices, and fuzzy filters.

In fact, aggregating several informations in one information is an interesting
operation in fields dealing with quantitative information. Therefore, many notions
of fuzzy set theory can be expressed by aggregation functions [60]. Union and
intersection are built by means of special aggregation functions.

Some links between these families and their images via an aggregation function
and several characterizations for these were provided.

Given an aggregation function A : U™ — U and a family of fuzzy binary relations
L= {Li X2 Ui e {1, ,n}} on a domain X. A (£, A) fuzzy binary relation
on X denote by L4 is obtained as the composition given by

La(z,y) = A(L1(2,y), ... Ln(z,y)).



The special case L; is a T;-F; order, where FE; is a T;-equivalence relation will
be studied. It was shown that the family of fuzzy preordering relations (L;),
i = 1,2,...,n can be aggregated, and its aggregated image is also a preorder.
The notion of generalized associativity law to prove that the image of a family
of complete lattices via an aggregation function is also a complete lattice was
introduced.

Moreover, the aggregation of a family of the left (respectively right) traces of a
family of fuzzy relations was investigated and the conditions under which these
images are left (respectively right) traces were given.

This thesis is organized as follows. The first chapter is devoted to some basic
notions and definitions a complete residuated lattice, some cutworthy properties
for fuzzy sets. Also, we recall some basic notion of triangular norms, aggregation
functions, fuzzy lattices and fuzzy filters.

The second chapter states in a precise way, either a fuzzy structure possess the
cutworthy properties or not, especially the L-fuzzy ®-equivalence relations (L-fuzzy
®-FE-partial orderings) cases.

In the third chapter, we present the aggregation of some families of fuzzy structures,
such as fuzzy relations, fuzzy lattices and fuzzy filters.



1 Preliminaries

In this chapter, we recall some definitions and well-known results on crisp ordered
sets, crisp lattices, fuzzy sets, fuzzy sets operations, fuzzy relations, fuzzy orders,
fuzzy lattice, fuzzy filters and ideals in fuzzy lattices, triangular norms, fuzzy
implications, fuzzy intersection with respect to a triangular norm, fuzzy union
with respect to a triangular conorm, complete residuated lattice and aggregation
functions[12].

1.1. Generalities on ordered sets and complete lat-
tices

This section deals with the basic notions of classical partial ordered sets and lattices
needed in the sequel. For more detail, see [11, 24, 61, 63].

1.2. Crisp sets

There are three basic methods by which sets can be defined within a given universal
set X,

1 by naming all its members;
2 by a property satisfied by its members;

3 by a function, usually called a characteristic function. We interest by the third
method [17, 19, 31].

When A is a crisp set and x is an element of X, the proposition ”z is an element
of A” is necessarily either true or false, as required by two-valued logic. Let X be
a universe of discourse. A subset A of X is defined by its characteristic function,
that declares either an element x of X is a member of the set A or not. The set A
is defined by the function x4 : X — {0,1} as follows

(2) 1if and only if z € A,
xTr) =
fa 0 if and only if = ¢ A.
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That is, the characteristic function maps elements of X to elements of the set
{0,1}. For each z € X, when p4 (z) = 1, z is declared to be a member of A, when
pa (x) =0, x is declared as a nonmember of A.

1.2.1. Sets operations

The relative complement of a set A with respect to a set B is the set containing all
the members of B that are not also members of A. This can be written B — A.
Thus, B—A={zx € Xz € Band z ¢ A}. If the set B is the universal set X, then
this kind of complement is an absolute complement set A. That is, CA= X — A In
general, a complement set means the absolute complement set. The complement
set is always involutive

C(CA) = A.

1.2.2. Relation between sets

If every member of a set A is a member of the set B (z € A implies € B), then
A is called a subset of B, and this is written as A C B. If the following relation is
satisfied, A C B and B C A then A and B have the same elements and thus they
are the same sets. This relation is denoted by

A=B.

If the following relations are satisfied between two sets A and B, A C Band A # B
then B has elements which is not involved in A. In this case, A is called a proper
subset of B and this relation is denoted by

A C B.

A set that has no element is called an empty set (denoted (). An empty set is a
subset of any set.

The union of sets A and B is the set containing all the elements that belong either
to set A alone, to set B alone, or to both set A and set B. This is denoted by
AU B.

The intersection of sets A and B is the set containing all the elements belonging to
both set A and set B. It is denoted by AN B. The most important properties of
sets’ operations is given in the Table 1.1.
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Table 1.1:

Involution A=A
Commutativity AUB=BUAANB=BNA
Associativity (AUB)UC =AU (BUC),(ANnB)NnC=ANn(BNC)

e AN(BUC)=(ANB)U(ANnC
Distributivity { AU EB n C’; _ EAU Bi n EAUC’;
Absorption AU(ANB)=A,AN(AUB)=A
Idempotence AUA=AANA=A
Absorption by X and ) | Ax X =X, AN0 =10
Identity Aup=A
Law of contradiction ANA=10
Law of excluded middle | AUA = X
De Morgan’s laws ANB=AUBand AUB=ANB.

The power set of a nonempty set X ( denoted by P(X)) can be ordered by the set
inclusion C.

1.2.3. Binary relations

Let X be a nonempty set. A subset of X x X is called a binary relation on X, and
denoted by R.

Definition 1.1. Let X be a nonempty set and let R be a binary relation on X. R
is called:

1. Reflexive, if (x,x) € R, for all x € X.
2. Antisymmetric, if (x,y) € R and (y,x) € R, then x =y, for all z,y € X.
3. Symmetric, if (x,y) € R then (y,z) € R, for all x,y € X.

4. Transitive, if (x,y) € R and (y,z) € R, then (z,2) € R, for all x,y,z € X.
Definition 1.2. A reflexive and transitive binary relation R on a set X is called a
preordering relation. A preordering binary relation R which is symmetric is called
an equivalence relation. A preordering binary relation R which is antisymmetric
1s called a partial ordering relation. A partial ordering relation R is said to be
linearly ordered set or totally ordered relation, if and only if either (z,y) € R or
(y,x) € R, for all x,y € X. A set X equipped with a partial order relation R
denoted in general by (X, R) and called a partially ordered set (poset for short).

Let (X, R) be a poset and S be a subset of X. Many important properties of the
ordered set X are expressed in terms of the existence of upper bound or lower bound
of the subset S. Two of the most important classes of ordered sets defined in this
way are lattices and complete lattices For more detail, see [10, 24, 50, 61].
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Definition 1.3. Let (X, R) be an ordered set and let S C X. An element v € X
is an upper bound of S if s < x for all s € S. A lower bound is defined dually. The
set of all upper bounds of S is denoted by S* (read as ‘S upper’) and the set of
all lower bounds by S' (read as ‘S lower’): S* := {x € X /(Vs € S)s < x} and
St:={z e X (Vs € S)s >x}. Since R is transitive, S* is always an up-set and
St a down-set. If S* has a least element x, then x is called the least upper bound
of S. Equivalently, x is the least upper bound of S if

(1) z is an upper bound of S, and
(ii) = <y for all upper bounds y of S.

The least upper bound of S exists if and only if there exists x € X such that
(Vy € X)[((Vs € S)s <y) < x <vy|, and this characterizes the least upper bound
of S. Dually, if S' has a greatest element, x, then x is called the greatest lower

bound of S [24].

Notation. Let (X, R) be an ordered set. We adopt the notation, x Vy (read as ‘z
join y’) in place of sup{z,y} when it exists and x A y (read as ‘z meet y’) in place
of inf{z,y} when it exists. Similarly, we write V.S (the ‘join of S’) and AS (the
‘meet of S”) instead of sup S and inf S when these exist. When sup X and inf X
they are called respectively top and bottom and denoted by 1 and 0.

Definition 1.4. A poset (X, R) is called a lattice if for all x,y € X, x Ay and
x Vy exist. If a lattice (X, R) has a top and a bottom, we say that (X, R) is a
bounded lattice. A lattice (X, R) is called complete lattice if for all subset S of X,
VS and NS ezist.

1.3. Basic concepts of fuzzy sets

The characteristic function of a crisp set assigns a value of either 0 or 1 to each
individual in the universal set, that is for to distinguish between members and
non-members of this crisp set. In the fuzzy case, this function can be generalized
such that any element of the universal set can take all values inserted between 0
and 1, this function is called a membership function, and the set correspondant is
called a fuzzy set [17, 19, 31, 35, 36, 44, 55].

The most commonly used range of values of membership functions is the unit
interval [0,1] [70] or a residuated lattice [34]. In this case, each membership
function maps elements of a given universal set X, which is always a crisp set, into
real numbers in [0, 1] or this residuated lattice.

To denote membership functions of a fuzzy set A, we use either the function is
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denoted by 4,
HA : X — [0,1],

or the function is denoted by A,
A: X —[0,1].

When we accept that the membership grades can be represented by any arbitrary
partially ordered set L instead of the numbers in the unit interval [0, 1], we obtain
fuzzy sets of another generalized type. They are called L-fuzzy sets, and their
membership functions have the form

A: X — L.

Finally, we denote by F(X) the fuzzy power set of X (the set of all ordinary fuzzy
sets of X).

1.3.1. Fuzzy sets operations

The most important fuzzy sets operations can be founed in [43, 57].

Fuzzy inclusion

Given two fuzzy sets A, B € F(X), we say that A is a subset of B and write A C B
if and only if A (x) < B(z) for all x € X.

Standard union and intersection

Given two fuzzy sets, A and B, their standard intersection,

AN B, and standard union, A U B, are defined forallr € X by the equations
(AN B)(z) = min[A(z), B(z)], (AU B)(z) = max[A(z), B(z)]. In fuzzy logic, two
Principle of classical logic are lost, that is to say the law of non contradiction and
law of excluded middle. To verify, for example, that the law of non contradiction is
unpreserved for fuzzy sets, we need only showing that the equation min[A(x),1 —
A(x)] = 0, does not hold for at least for one z € X. Or this equation is obviously
unsatisfied for any value A(z) € ]0,1[ and it is satisfied only for A(z) € {0,1}. The
following Figure 1.1 illustrates the crisp (fuzzy) union and intersection.
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(a) Crisp Union (b) Crisp Intersection
A B A B
(c) Fuzzy Union (d) Fuzzy Intersection

Figure 1.1: Fuzzy and Crisp Union and Intersection

Fuzzy completion

Let CA denotes the fuzzy complement of A of type C. Then, CA(z) means both
the membership degree in CA and the non-membership in A.
The complement CA can be defined by a function C : [0,1] — [0, 1].

should be satisfied the two following axioms.
(Axiom C1) C(0) =1, C(1) = 0 (boundary condition),

(Axiom C2) If z < y, then C (z) > C(y), for all z,y in [0, 1](monotonic nonin-
creasing).

C1 and C2 are fundamental requisites to be a complement function.
For particular purposes, we insert some additional axioms.
(Axiom C3) C is a continuous function.

(Axiom C4) C is involutive. C (C (z)) = « for all z in [0, 1].

6
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The set of elements of X verifying CA (x) = A (x) is called the equilibrium points
of A. For the standard complement, clearly, membership grades of equilibrium
points are 0.5.

Theorem 1.1. (First Characterization Theorem of Fuzzy Complements) [44] Let
C be a function from [0,1] to [0,1]. Then, C is a fuzzy complement iff there exists
a continuous function g from [0,1] to R such that g(0) =0, g is strictly decreasing,

C(a) =g 1(g(1) — g(a)), for all a € [0,1].
Theorem 1.2. (Second Characterization Theorem of Fuzzy Complements) [44]
Let C be a function from [0,1] to [0,1]. Then, C is a fuzzy complement iff there
exists a continuous function f from [0,1] to R such that f(1) = 0, f is strictly
decreasing, and

for all a € [0,1].

Example 1.1. The function C : [0,1] — [0,1] defined by
C(z)=% (1+ cosmz),

verifies (Aziom C1), (Axiom C2) and (Aziom C3), but not (Aziom C4)
Example 1.2. The function C : [0,1] — [0, 1] defined by

C(z)=3(1+ cosmz),

verifies (Aziom C1), (Aziom C2) and (Aziom C3), but not (Aziom C4)
Example 1.3. The function C : [0,1] — [0, 1] defined by

Co (@) = (1 —2%)% , we 0, +00]
verifies (Axiom C1), (Axiom C2), (Axziom C3) and (Aziom C4).

See Figure 1.2.

Figure 1.2: Yager completions for some values of w
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Example 1.4. The function C : [0,1] — [0, 1] defined by

1-X
C)‘(x)zl—i—)\x’

where A € |—1,00[. for any A € ]—1, 0o, we obtain one particular involutive fuzzy
complement.

Remark 1.1. The fuzzy complement function C is not unique see Example 1.}
and Yager completions Figure 1.2.

1.3.2. «a-cuts

An L-fuzzy subset A (or simply fuzzy set A) on a nonempty set X is a mapping
A: X — L. The a-cut A, and strong a-cut A7 of the fuzzy set A in the universe
of discourse X are defined as follows. A, = {z € X /A (z) > a}, where a € L,
Az ={z e X/A(z) > a}, where a € L.

The following definitions can be found in [14, 37].

1.3.3. Height and support of a fuzzy set

Let X be a nonempty set and let A € F(X). The support of the fuzzy set A
denoted by Supp (A) is the crisp set that contains all the elements of X that have
nonzero membership grades in A i.e., Supp(A) = {x € X /A (z) # 0}. Tt is easy
to see that the support of A is exactly the same as the strong a-cut of A for a = 0,
i.e., Supp (A) = A7 . The l-cut, A', is often called the kern of A. The height, h(A),
of a fuzzy set A is the greatest membership grade obtained by any element in that
set. Formally, h(A) = sup A(z). A fuzzy set A is called normal when h(A4) =1, it
zeX

is called subnormal when h(A4) < 1.

1.4. Triangular norms and triangular conorms

Some times the letter U is used to denote the close unite real interval [0,1] and I
denotes the set of the n integers {1,2,...,n}.

8
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1.4.1. Triangular norms

Definition 1.5. A triangular norm (briefly t-norm) is a binary fuzzy operation T
on the unit interval U which is commutative, associative, monotone and has 1 as
neutral element, see [2, 3, 40, 41].

The following t-norms are the four basic t-norms.
The minimum ¢-norm Ty (z,y) = min(z,y).

The product t-norm T, (x,y) = xy.

The Lukasiewicz t-norm T, (z,y) = max(z +y — 1,0).
And the drastic product t-norm

0 if (z,) €01,
min(x,y) otherwise.

Tp(x,y) = {

Definition 1.6. [14] Let Ty and Ty be two t-norms. We say that Ty is stronger
than Ty, if Th (x,y) < Ta(x,y) for all (z,y) € U2, and we write Ty < T.

Definition 1.7. [14] Let Ty and T3 be two t-norms. We say that Ty dominates T
if and only if,

T (To(x,y), Ta(z,t)) > To(T1(x, 2), T1(y, t)), for all z,y,z,t € U.

Remark 1.2. The minimum t-norm is the only idempotent t-norm.
Lemma 1.1. /27, 41]

(i) Any t-norm T dominates itself.
(ii) The minimum t-norm Ty dominates any other t-norm.

(iii) If a t-norm Ty dominates another t-norm Ty, then Ty is stronger than Ts.

Remark 1.3. The dominance relation is reflerive, antisymmetric, but in general
not transitive see [59].

Definition 1.8. [60] Let (T;)icr, be a family of t-norms. We say that (T3)icr
verify the generalized associativity law if and only if for all 1 < i,5 < n and
z,y,z €U, T)(T;(x,y), 2) = Ti(z,T;(y, 2)).

Remark 1.4. Between the four basic t-norms, we have these strict inequalities:
TD<TL<TP<TM.
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1.4.2. Triangular conorms

Definition 1.9. A triangular conorm (t-conorm for short) is a binary operation

S on the unit interval [0,1], i.e., it is a function S : [0,1]* — [0, 1] such that for all

x,y,z € [0,1] : the following four axioms are satisfied:

(S1) S(z,y) = S(y,x). ( commutativity)

(52) S(x,S(y,z)) = S(S(z,y),z). ( associativity)

(83) S(x,y) < S(x,z) whenever y < z. (monotonicity)
(

(54) S(x,0) =x. ( boundary condition)

The following are the four basic t-conorms Sy;, Sp, Si, and Sp given by, respec-
tively:

Sn (z,y) = max (z,y) (maximum)
Sp(r,y)=x+y—x-y (probabilistic sum)
St (z,y) = min(z +y,1) (Lukasiewicz t-conorm, bounded sum )

1, if (z,y) €]0,1),

) (drastic sum )
max(z,y) otherwise.

Sy (z,9) ={

Any t-conorm S satisfies S(1,z) = S(x,1) =1, for all z € [0, 1].
Proposition 1.1. A function S : [0,1]?> — [0, 1] is a t-conorm if and only if there
exists a t-norm T such that for all (z,y) € [0, 1]

S(z,y)=1-T(1 —z,1—1y). (1.1)

1.5. Fuzzy orders and fuzzy equivalences

We begin by recalling some basic properties of fuzzy binary relations see

[9, 13, 14, 15, 16, 20, 22, 28, 29, 37, 42, 49, 53, 54, 62].

Definition 1.10. Let X be a non-empty set and T a triangular norm on U. A
mapping R: X x X —[0,1] is called a fuzzy binary relation on X. A fuzzy binary
relation R on X is said to be

1. Reflexive, if R(x,x) =1, for all x € X.

2. Antisymmetric, if R(z,y) A R(y,x) = 0 whenever x # y, for all x,y € X.
3. Symmetric, if R(z,y) = R(y,x), for all z,y € X.

4. Transitive, if R(x,y) A R(y,z) < R(z, z), for all x,y,z € X.

10
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5. T-Transitive, if T (R(x,y), R(y,2)) < R(z, z), for all x,y,z € X.

Definition 1.11. A refiexive, symmetric and transitive fuzzy relation is called a
fuzzy equivalence relation. A reflexive, antisymmetric and transitive fuzzy relation
is called a fuzzy partial ordering. A fuzzy partial ordering R is called a fuzzy total
order if and only if either R(xz,y) > 0 or R(y,x) > 0, for all x,y € X. A set
equipped with a fuzzy partial order relation is called fuzzy partially ordered set (fuzzy
poset for short).

Definition 1.12. Let X be a non-empty set. A mapping R : X? — L is called an
L-fuzzy relation on X. For a € L°, an a-cut of R is a subset Ry of X2, such that
Ry = {(x,y)|R(x,y) > a}. A strong a-cut of R is a subset R, of X? such that
a € L' and RZ = {(z,y)|R(z,y) > a}.

Definition 1.13. Let E be a binary relation on X and let T be a t-norm, E is called
fuzzy T-equivalence relation if and only if it is reflexive, symmetric and T -transitive.

Definition 1.14. [1/] Let X be a nonempty set, and let E be a fuzzy T -equivalence
relation on X. A fuzzy binary relation L on X is said to be a fuzzy ordering with
respect to a t-norm T and a T-equivalence relation E (briefly T-E-ordering) if and
only if it is T-transitive and fulfills the following two axioms

1. E-reflezivity, i.e., for all z,y € X, E(z,y) < L(z,y),
2. T-E-antisymmetry T (L (z,y), L (y,x)) < E (x,y)

1.6. Fuzzy lattices

Next, we recall some definitions of lattice structures (as a relational structure)
11,9, 21, 22, 25, 29, 38, 47, 51, 66, 67, 71].

1.6.1. Definitions and properties of fuzzy lattices

Definition 1.15. Let (X, R) be a fuzzy poset and let A be a nonempty subset of
X. An element u € X is said to be an upper bound of the subset A if and only if
R(z,u) > 0 for all x € A. An upper bound ug of A is said to be the least upper
bound of A if and only if R(ug,u) > 0, for every upper bound u of A. An element
l € X is said to be the lower bound of a subset A if and only if R(l,z) > 0, for all
x € A. A lower bound ly of A is said to be the greatest lower bound of A if and
only if R(l,1y) > 0, for every lower bound l of A. The least upper bound and the
greatest lower bound of the set {x,y} are denoted by xV y and x Ay respectively.

11
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The least upper bound and the greatest lower bound of the set A are denoted by NA
and VA respectively.

Definition 1.16. Let (X, R) be a fuzzy poset. (X, R) is a fuzzy lattice if and only
if e Vy and x Ay exist for all z,y € X.

If supr(X) and infp(X) exist, they will be denoted respectively by 0 and 1. We say
that this lattice is bounded and we denote it by (X, R, A, V,0,1).

Remark 1.5. Since R is antisymmetric, it follows that the least upper (greatest
lower) bound if it exists, is unique.

Definition 1.17. A fuzzy ordered set (X, R) is called a fuzzy complete lattice if
supr(A) and infr(A) exist for every nonempty subset A C X.

1.6.2. Fuzzy filters and fuzzy ideals in fuzzy lattices

In the following, we give some elementary definitions and properties of fuzzy filters,
for more detail see [5, 46, 47, 51]

Definition 1.18. Let (X, R) be a fuzzy lattice. A non-constant fuzzy subset F' is
said to be a fuzzy filter if the following hold for all x,y in X

1. F(z) > 0 and R(x,y) > 0, imply F(y) > 0,

2. F(z) >0 and F(y) > 0, imply F(x Ay) > 0.

A fuzzy filter F is said to be a fuzzy prime filter if F(x Vy) < F(x) V F(y) for
all x,y € X. A fuzzy filter F is said to be maximal, if for any filter G of X,
F(z) < G(x) for all x € X, implies F = G.

Definition 1.19. Let (X, R) be a fuzzy lattice. A non-constant fuzzy subset I is
said to be a fuzzy ideal if the following hold for all x,y in X

1. I(z) > 0 and R(y,x) > 0, imply I(y) > 0,

2. I(x) > 0 and I(y) > 0, imply I(z Vy) > 0.

A fuzzy ideal I is said to be a fuzzy prime ideal if I(x Ay) < I(x) A I(y) for all
x,y € X. A fuzzy ideal I is said to be mazimal, if for any ideal G of X, I(x) < G(x)
for all x € X, implies I = G.

1.6.3. Fuzzy implications and co-implication

Fuzzy implications extend the classical implications as seen in the following defini-
tions [60].

12
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Definition 1.20. A binary operation T : U? — U is an implication operator if it
satisfies the boundary conditions

(I,) Z(1,1) =7(0,1) =Z(0,0) = 1 and Z(1,0) = 0.

A fuzzy implication Z fulfills the following properties for all x,y, z € U

(Is) = < z implies Z(x,y) > Z(z,y);

(I3) y < 2 implies Z(z,y) < I(z, 2);

(Iy) Z(0,y) =1 (see [14]).

The most used properties of fuzzy implication operators are listed in the Table
1.2, for more detail see [33, 48, 60].

Iy | Z(z,1) =1,
Is | I(1,y) =y;
I; | Z(x,I(y, 2)) = Z(y, Z(z, 2));
Is | z<y—I(z,y) =1
Iy | Nz(z) =Z(z,0)is FN;
Iy | Nz(z) = Z(x,0) is a continuous FN;
Iy | Nz(z) = I(x,0) is strong FN;
Lo | I(z,y) < y;
Ly | Z(z,z) = 14
(

Iy | Z(z,y) = Z(N(y), N());
Iis | > 0— Z(x,0) < 1;

L | y<0—=Z(1,y) < 1;

117 | Z is continuous;

L | Z(z,y) = Z(z, Z(z, y));
Ly | Z(z, I(y,2)) = L

Iy | Z(x,N(x)) = N(x).

Table 1.2: Properties of implications

Definition 1.21. [1/] For a left-continuous t-norm T, the residual implication
(residuum) T is defined as Z(x,y) = sup {u € [0,1]/T (u,z) < y}.

Fuzzy co-implications extend the classical co-implications as seen in the following
definitions [60].

13
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Definition 1.22. A binary operation J : U? — U is a co-implication operator if
it satisfies the boundary conditions

Ji: J(1,1) = J(1,0) = 7(0,0) = 0 and J(0,1) = 1.

A fuzzy co-implication J fulfills the following properties for all z,y,z € U

J2: 2 <z — J(x,y) > T(z,9);
I3 y<z—= J(z,y) < J(x,2);
J4: T(1,y) = 0.

The most used properties of fuzzy co-implication operators are listed in the Table
1.3, for more detail see [33, 48, 60].

Js | J(z,0)=0;

Jo | T(0,y)=y

J7 j(m,](y,z)) :j(y7\7(x7z))§

Js | z>y— J(z,y) =0;

Jg | Ny(x)=J(z,1)is FN;

Jop | Ng(x) = J(x,1) is a continuous FN;
Joe | Ng(x) = J(x,1) is strong FN;

Jio | T(z,y) <y

Jin | J(x,x) = 0;

J14 y>0—>j(0,y)>0;
Jis | J is continuous;

Jig | T(x,y) =T (@, T (%,9));
S | T(@, T (y,2)) =0;

Jis | T(N(z),z) =x.

Table 1.3: Properties of co-implications

1.6.4. Fuzzy intersection with respect to a triangular norm

Let X a non empty set and let A, B € F(X). The intersection of the two fuzzy sets
is specified in general by a triangular norm T'. For each element z of the universal
set X, the intersection of A and B, AN B is defined by:

(Any B) =T(A(x), B(z)) for all z € X.

14
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The following are examples of some t-norms that are frequently used to express a
fuzzy intersections.

And their graphs illustrate the intersections with respect to some basic t-norms.

(1) Standard Intersection

The standard intersection is defined by

(ANg,, B)(z) = min(A(x), B(x)).

whose graph is shown in Figure 1.3.

Figure 1.3: Min Intersection

(2) Algebraic product intersection

(ANz, B)(x) = Tp(A(z), B(x)) = (A(z) - B(x)).

The following graph illustrates the intersection with respect to the product
t-norm, whose graph is shown in Figure 1.4.
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Figure 1.4: Algebraic Product Intersection

(3) Lukasiewicz Intersection.
The Lukasiewicz intersection (Bounded difference intersection), (AN, B)(z) =
T (A(x), B(x)) = max(0, A(x) + B(z) — 1).

(4) Drastic intersection
The Drastic intersection is given by

B(x) when A(z) =1,
(AN, B)(xz) =Tp(A(x),B(xz)) = ¢ A(z) when B(z) =1,
0 otherwise.

These graphs verify the following inequalities

(AN, B) (z) < (ANr, B) (z) < (ANr, B) (z) < (AN, B) (2),
for all z € X.

1.6.5. Fuzzy union with respect to a triangular conorm

As the case of fuzzy intersection, fuzzy union can be defined by means of a triangular
Conorm S. Hence, to the fuzzy union of two fuzzy sets A and B we associate
function a function S : [0, 1] x [0, 1] — [0, 1].

(AUs B)(z) = S(A(z), B(x))

Remark 1.6. The minimum t-norm (Zedah’s t-norm) generates the smallest
t-conorm among those produced by all possible t-norm.

Theorem 1.3. The standard fuzzy union is the only idempotent t-conorm.
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The following are the graphics of some frequently used t-conorms. They are
associated to the four basic t-norms Ths, Tp,Tr, and Tp, are the basic t-conorms,
denoted respectively Sas, Sp, Sr, and Sp and given by:

(1) The Standard Union
The standard union is given by,
(AUs,, B)(z) = Sm(A(z), B(z)) = max(A(x), B(z)) (maximum).

As seen in Figure 1.5.

1.0
0.8
0.6

02

0.0
1.0

y %09 02 04 06 08 10
X

Figure 1.5: Standard Union

(2) Probabilistic sum union
The Probabilistic sum union is given by,

(AUs, B)(z) = Sp(A(z), B(z)) = A(z) + B(z) — A(z) - B(x)
Sp(w,y) = min(z +y, 1),

(3) Lukasiewicz t-conorm, bounded sum union
The union associated to the Lukasiewicz t-conorm or (bounded sum) is given
by
(AUg, B)(z) = S(A(x), B(x)) = min(A(z) + B(z),1)

(4) Drastic Union
The union associated to the Drastic t-conorm is given by

(AUg, B)(xz) = Sp(A(z),B(x)) = { Ilriaf(i?i?)é?i?)))ofhﬁ;vll]se’
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2 Fuzzy set operations with respect to a
binary operation and cutworthy

property

A special property (P) will be called cutworthy when it is true that a fuzzy relation
possesses (P) (in the fuzzy sense) if and only if every « -cut of the relation possesses
(P) (in the crisp sense) [6, 35, 39, 64]. The concepts of a-cuts and strong a-cuts
are the most important concepts of fuzzy sets.

They play a principal role in the relationship between fuzzy sets and crisp sets and
can be viewed as a bridge that connecting between fuzzy sets and crisp sets. In [65]
B. Seselja shows that an L-fuzzy relation is an L-fuzzy ordering relation if and only
if all its a-cuts except 0-cut are crisp ordering relations. In this chapter, we continue
in the same direction by considering richer relational structures like similarity-based
fuzzy orderings with respect to the binary operation. In addition, we study cut-set
properties of an intersection with respect to the binary operation ®. and Cartesian
product with respect to the binary operation ®. We begin this chapter by an
example a fuzzy structure which possesses the cutworthy property.

2.1. Complete residuated lattice

In this subsection, we recall some basic definitions and properties of complete
residuated lattices see [14, 56].

In the sequel, we suppose that the structure of truth values is a complete residuated
lattice, i.e., an algebra (L, A,V,—,®,0,1) with four binary operations and two
constants.

Definition 2.1. [58] A complete residuated lattice is an algebraic structure (L, ®,—),
or simply, L, where

(i) (L,<,A,V,0,1) forms a complete lattice with the smallest element 0 and the
greatest element 1;

(1) (®,—) forms an adjoint couple on L, i.e., for any a,b,c € L,
(R1) ifa<b,c<d, thena®c<b®d;

(R2) ifb<c, thena—b<a— ¢

19



CHAPTER 2. FUZZY SET OPERATIONS W.R.T. A BINARY OPERATION AND CUTWORTHY PROPERTY

(R3) ifa <b, thenb—c<a—c¢;

(R{) a®b<cea<b—c. (Adjointness condition)

(#ii) (L, ®,1) forms a commutative monoid, i.e., for any a,b,c € L,
(R5) (a®@b)@c=a® (b®c);

(R6) a®@b=>b® a;

(R7) 1®a = a.
Proposition 2.1. In a residuated lattice (L, \,V,—,®,0,1) the following inequal-
ities hold for every z,y in L.

1. zy<zAy,

2. (Nierwi) ® (Nieryi) < (Nier(z; ® y;)) with I is a finite index set.
Proof. Straightforward from Definition 2.1. O

As mentioned above, throughout this thesis, the structure of truth values (L, A, V, =, ®,0, 1)
will be a complete residuated lattice,
and we denote L° = L — {0} and L' = L — {1}.

2.1.1. Similarity based fuzzy ordering

Definition 2.2. A fuzzy relation R on a non-empty set X is called:

1. ®-antisymmetric if and only if R(z,y) ® R(y,x) = 0, for all z,y € X,
whenever T # y.

2. Transitive if and only if R(x,y) A R(y,z) < R(x,z2), for all x,y,z € X.
3. ®-transitive if and only if
R(z,4)® R(y,2) < R(z,2), for all 29,7 € X.

Definition 2.3. A reflerive and ®-transitive fuzzy relation is called fuzzy pre-
ordering with respect to ® (®-preordering for short). An &-preordering which
s in addition, symmetric is called fuzzy equivalence relation with respect to ®
(®-equivalence for short).

Definition 2.4. An ®-preordering is called fuzzy ordering with respect to ® (®-
ordering for short), if and only if the following aziom called ®@-antisymmetric is
fulfilled for all z,y € X,

z#y= R(x,y) ® R(y,z) = 0.
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Definition 2.5. Let R : X? — L be a binary fuzzy relation. R is called fuzzy
ordering with respect to ® and a fuzzy ®-equivalence relation E on the same domain
X (®-E-ordering for short) if and only if it fulfills the following three axioms:
(P.1) E-reflexivity, i.e., for all x,y € X, E(x,y) < R(z,y);

(P.2) ®-E-antisymmetry, i.c.,

forallz,y € X, R(z,y) ® R(y,x) < E(z,y);

(P.3) ®-transitivity, i.e., for all z,y,z € X, R(z,y) @ R(y,2)) < R(z, z).

In the boolean case, the fuzzy equivalence relation F and the fuzzy relation R on
X correspond to an equivalence relation =~ and a crisp binary relation < on X,
and axioms (P1-P3) turn to the following conditions, respectively:

1) e=y=z 3y, foral z,y € X;
(2) (r<xyand y 2 2)= =y, for all z,y € X;

3) (r=xyandyz2)=x <Xz forall z,y,z € X.

2.2. An introductory example

Let X be a fuzzy set such that X = {0,a,b,¢,d,1} and Let R: X x X — [0,1] be
a fuzzy relation defined on the set X by the Table 2.1.

0 a b c d 1
1.0 01]03|03]05]0.7
00]1.0]02]02]04]|06
00[00|10]|00|02]0.3
0.0[00|00]|10|02]03
0.0 00|00]|00]|101]0.2
0.0 00|00]0.01|00]10

oo |o|lD

Table 2.1:

It is not difficult to verify that R is an A-fuzzy ordering.
In the following, we give all a-cuts of R, for any a € ]0,1].

For this, we begin by the subinterval ]0.0,0.1[ in which all a-cuts of R are equal.
In a similar way, we continue the calculation for intervals [0.1,0.2[, [0.2,0.3],..., to
[0.7,0.8], finally we finish by the interval [0.8,1]. It should be noted that in all
previous intervals, all a-cuts of R are equal.

Firstly, we calculate R,, for a € ]0.0,0.1].
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R, 0 a b c d 1
1.0{10]1.0|1.0| 10| 1.0
00(1.0]10]10]| 1.0 1.0
0.0[00]10]|00]| 10110
0.0 (0000|1010 1.0
0.0 00]00|00]|10]1.0
0.0 00]00|00]|00]1.0

R0 | o e | O

Table 2.2: R, for a €]0.0,0.1].

Whose Hasse diagram is shown in Figure 2.1.

Figure 2.1: Hasse Diagram of R,

We continue by calculating the cut Ry ; given by Table 2.3.

RO.l 0 a b & d 1
0 1.0}10]10|10 |10 10
a 00|10]10] 10|10/ 1.0
b 0.000]10]00]| 10|10
c 00]00]00]10]| 10| 1.0
d 0.000]00]00]| 10|10
1 0.0]00]00]001]00]|1.0

Table 2.3: o — cuts of R, for o € [0.1,0.2]

Whose Hasse diagram is the same as that of R, for o € ]0.0,0.1].

And the cut Ry o given by Table 2.4.
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Rpo | O a b c d 1
0 1.0 00|10 |10] 101 1.0
a 00(10|10]10 |10 1.0
b 00)|00]|10|00]|10/| 1.0
c 00|00]00]1.0]0.0]1.0
d 00]00]00] 00110100
1 0.0|00]001]00]0.0]1.0

Table 2.4: o — cuts of R, for « € [0.2,0.3]

And its Hasse diagram is given by Figure 2.2.

Figure 2.2: Hasse Diagram of the cut Ry.o

In the same way, we calculate Ry 3 given by Table 2.5.

Ry 3 0 a b c d 1
0 1.0/ 00|1.0| 1.0 | 1.0 | 1.0
a 001000 |00|10] 1.0
b 0.000]10]00]|00]1.0
c 0.0 00]00] 10|00/ 1.0
d 0.000]00]00]| 10|00
1 0.0 00]00]00]0.0]|1.0

Table 2.5: o — cuts of R, for o € [0.3,0.4]

Whose its Hasse digram is given by Figure 2.3.
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Figure 2.3: Hasse Diagram of the cut Ry.3

As above, we calculate Ry 4 given by Table 2.6.

Ry 0 a b c d 1
0 1.0 00]00]|00|10]10
a 00100000 10] 1.0
b 0.0 00]10]00]|0.0]0.0
c 0.0 00]00]10]|0.0|0.0
d 0.0 00]00]00]| 10|00
1 0.0 0.0]00]00]0.0]|1.0

Table 2.6: o — cuts of R, for o € [0.4,0.5]

Whose its Hasse digram is given by Figure 2.4.

0O a p c
® ® ® ®

Figure 2.4: Hasse Diagram of the cut Ry 4

Similarly, we calculate Ry 5 given by Table 2.7.
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0 a b c d 1
1.0 00]00]|00|10] 10
0.0 1.0]00]| 0010010
0.0 00| 1.0]0.010.010.0
0.0 00]00]|10]|0.0|0.0
0.0]00]00]|00]1010.0
0.0 00]00]001]0.0]1.0

=
S

=l RSV RS ESal S B Kl e

Table 2.7: o — cuts of R, for « € [0.5,0.6]

Whose its Hasse digram is given by Figure 2.5.

—@
Q@

0O a §p ¢
® ® ® ®

Figure 2.5: Hasse Diagram of the cut Ry 5

likewise, we calculate Ryg given by Table 2.8.

0 a b c d 1
1.0 00| 00| 00]00]10
0.0 1000|0000/ 1.0
0.0 00]10]00]|0.0]|0.0
0.0 00|00 10| 0.0|0.0
0.0 00]00]00]| 10|00
0.0 00]00]00]0.0]|1.0

=
S

Rl 0|8 | O¢

Table 2.8: o — cuts of R, for o € [0.6,0.7]

Whose its Hasse digram is given by Figure 2.6.
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®
1

0 a b ¢ d
®© ® ® ® o

Figure 2.6: Hasse Diagram of R ¢

And we calculate Ry 7 given by Table 2.9.

Ro 0 a b c d 1
0 1.0 1 0.0 001]00|00]10
0.0 1.0]0.0]001]0.0]|0.0
0.0]00|1.0]0.010.0]|0.0
0.0]00]00]| 101 0.01|0.0
0.0]001]00]00]10]|0.0
0.0 00]00]001]0.0]1.0

i S RSN S IS

Table 2.9: o — cuts of R, for o € [0.7,0.8]

Whose its Hasse digram is given by Figure 2.7.

oo —m > —~ @

a b c d
® ® ® ®

Figure 2.7: Hasse Diagram of R

Finally, we calculate Rgg given by Table 2.10.
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Roig 0 a b C d 1
0 1.0 1 0.0]001]0.0|0.0]0.0
a 0.0]101]0.0]0.010.0/|0.0
b 0.000]1.0]0.010.0]|0.0
c 0.0]00]00]10]|0.0/|0.0
d 0.000]00]00]| 10|00
1 0.0]00]00]001]0.0]|1.0

Table 2.10: The cut Ry g

Whose Hasse diagram is shown in Figure 2.8.

0 a b ¢ d 1

®©® ® ® ® ® ®
Figure 2.8: Hasse Diagram of the cut Ry g

Remark 2.1. Concerning the cuts of the interval [0.8,1.0], they are same likewise
the cut Ryg. As R is a fuzzy ordering whose its a-cuts are partially ordered sets
(as shown in their Hasse diagrams), then R possesses the cut-worthy property.

The next section continues the study of a-cuts giving more properties and examples.
After, we give and proof some properties related to some generalized sets operations,
equivalence relations with respect to an extended t-norm, similarity-based fuzzy
orderings with respect to a binary operation.

2.3. a-cuts: An overview

An algebraic property (P) is cut-worthy if it can be transferred from the fuzzy set
to its cuts and vice versa see [6, 35, 39, 64, 65].

2.3.1. Definitions and properties

Let X be a nonempty set and let A be a fuzzy set defined on X. For any « € ]0,1],
the a-cut, Ay, and the strong a-cut, A2

«

are the crisp sets defined by

Ay = {zeX/Ax)>a);
Az = {reX/A(x)>a}.
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This means that, the a-cut (or the strong a-cut) of a fuzzy set A is the crisp set
A, (or the crisp set A7) that contains all the elements of the universal set X
whose membership grades in A are greater than or equal to (or only greater than)
the specified value of a. An important common property of both a-cuts and strong
a-cuts, which comes immediately from their definitions, is that the total ordering of
values of an « in [0, 1] is inversely preserved by set inclusion of the corresponding
a-cuts as well as strong a-cuts. That is, for any fuzzy set A and pair i, ay € [0, 1]
of distinct values such that oy < ap we have As, C Ao, and A7, € AZ . This
property can also be expressed by the equations

Aay, NAn, = Aa27A§2 N Ail = A§2,
and
An, UA,, = ACmAg2 U Ail = Ail.

In addition, from the definitions of a-cuts and strong a-cuts, it is easy to see that
AZ C A,.

Let A,B € F(X). Then, for all « € [0, 1],

ACB iff Ao C B, and AC B iff A7 C B2,
A=B iff Ao = By and A= B iff AZ = BZ.

2.3.2. Example of a fuzzy set and its cuts

The following example illustrates the most basic concepts of fuzzy sets and its cuts
introduced in this thesis.

Example 2.1. Consider a universal set X which is defined on the age domain.
X = {5,15,25,35,45,55,65,75,85}, and u : X — [0, 1] the membership function
given by Table 2.11.

Age | Infant | Young | Adult | Senior
5 0.00 0.00 0.00 0.00
15 | 0.00 0.20 0.10 0.00
25 | 0.00 1.00 0.90 0.00
35 | 0.00 0.80 1.00 0.00
45 | 0.00 0.40 1.00 0.10
55 | 0.00 0.10 1.00 0.20
65 | 0.00 0.00 1.00 0.60
75 | 0.00 0.00 1.00 1.00
85 | 0.00 0.00 1.00 1.00

Table 2.11:
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We can define fuzzy sets such as “Infant”, “Young”, “Adult” and “Senior” in X.
The possibilities of each element of X to be in those four fuzzy sets are given by
Table 2.11.

We can think of a set that is made up of elements contained in A. This set is called
“Support” of A, where Supp(A) = {x € X|ua(x) > 0}.

For example the support of the set “Young” is the below crisp set:
Supp(Young) = {15,25,35,45,55}.
The a-cut set is derived from fuzzy set “Young” by giving a = 0.2.

(Young) 92 = {12,25,35,45}. This means the age that we can say youth with
possibility not less than 0.2.

If a = 0.4, (Young)o.a = {25,35,45}.

If « = 0.8, (Young)os = {25,35}.

For any o, B € [0,1], if a < 3, then Ag C A,.

For example the set (Young)os C (Young)y.o holds.

If we denote the fuzzy set (Adult) by A, we have the standard complement
CA={(5,1),(15,0.9), (25,0.1)}.

Now, we calculate the Yager fuzzy complement (CAy), for w =2,

CAy = {(5,1), (15, ¥/0.99), (25, ¥/0.081)}.
Standard union of (Young) and (Adult) is

(Young) Uy (Adult)
= {(15,0.2), (25,1.0), (35,1.0), (45, 1.0), (55, 1.0), (65, 1.0), (75, 1.0), (85,1.0) }.

We calculate now the algebraic sum union of (Young) and (Adult) as B i.e.,
(B(z) = min(1, (Young) (z)) + (Adult) (z))).

B = {(15,0.3),(25,1), (35,1), (45, 1), (55, 1), (65, 1), (75,1), (85, 1) }. Now, let’s cal-
culate the fuzzy set C given as (Young) Na (Adult),

C(z) = (Young) N (Adult))(z) = (Young)(z) A (Adult)(x). A simple calculation
gives,

C = {(15,0.1), (25,0.9), (35,0.8), (45, 0.4), (55,0.1)}.

Analogously, we calculate the fuzzy set D as (Young) Np (Adult), we obtain,

D = {(15,0.02), (25,0.9), (35,0.8), (45,0.4), (55,0.1)}.
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2.4. Cut-set properties of an intersection with re-
spect to the binary operation ®

In [65], B. Seselja shows that an L-fuzzy relation is an L-fuzzy ordering relation if
and only if all its a-cuts except 0-cut are crisp ordering relations.

2.4.1. Some results related to the intersection with respect
to the binary operation

In the following, we give and proof some properties related to some generalized sets
operations.

Definition 2.6. [54] Let A and B be two fuzzy sets on a non-empty set X. The
fuzzy set ANg B on X defined by

(Ang B)(z) =A(z)® B(x) Vz € X,

is called the fuzzy intersection of A and B with respect to ®.
Proposition 2.2. Let A and B be two fuzzy sets on a non-empty set X. Then
(ANg B), C Ay N By for any v € L.

Proof. (Straightforward). O

Remark 2.2. In general, this inclusion is strict, as shown in the following example.
Example 2.2. Let A= {(a,0.5),(b,0.8),(c,0.6),(d,04)},

B = {(a,0.1),(b,04),(c,0.7),(d,0.2)}, and take ® = T,,L = [0,1] and o = 0.5.
Then Aps = {a,b,c}, Bos = {c}, hence Ag5 N Bos = {c}, furthermore we have
Ang, B = {(a,0.05),(b,0.32),(c,0.42) , (d,0.08)}, so (ANg, B),, = ¢, hence
(A ﬂTp B)O.S - (A0,5 N BO,E))-

2.4.2. Cartesian product of fuzzy sets with respect to the
binary operation ®

Definition 2.7. [54] Consider a finite family of non-empty crisp sets (X1, ..., Xn),
and a family of fuzzy sets (Ax, ..., Ay), where A; is a fuzzy set on X;. The fuzzy
set A defined by

(X1y ey Tp) = A(ml, ooy Ty
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v

A@ry ey n) = Ar(21) @ oo ® Ay (20) = ﬁl@)Ai(mi),

is called the fuzzy product set of A; with respect to the ®.
Proposition 2.3. Consider a finite family of fuzzy sets Ay, ..., A, on a finite
family of non-empty crisp sets Xy, ..., X,, respectively. For any o € L, we have

(A)a C (A1), X - x (An)

a

Proof. Let a € L, (x1,...,x,) € (X1,..., Xn). (21,...,2,) € (A)q means that
A(x1,...,x,) > a, this is equivalent to [A;(z1)] ® ... ® [Ay (zn)] > a. Hence
Ai(z) AN AN A, (x,) > «, this implies that A;(x;) > « for any ¢ € {1, ...,n}, which
gives z; € (4;)q for all i € {1,...,n}.

Thus (z1,...,2,) € (A1), X ... x (4y),-
Consequently, (4), C (A1), X . X (Ap),- O

Remark 2.3. In general, this inclusion is strict, as seen in the following example.
Example 2.3. Consider X1 = {a,b}, Xa = {¢,d,e} and L = [0,1]. The fuzzy
sets Ay ={(a,1),(b,04)}, Ay = {(¢,0.3),(d,0.2),(e,0.9)}, ® =Tr and a = 0.3,
(HTL i) =

{(( c), 0 3):((a,d),0.2),((a,e),0.9), ((b,c),0), ((b,d),0),((b,€),0.3)} .

Then (HTL i)os ={(a,c),(a,€),(b,e)}.

i=1
Furthermore, we have (A1), 5 = {a,b}, (A2), 3 = {c, e}, which implies

(A1)0.3 X (AQ) 0.3 — {(CL, C) 5 (CL, 6) 3 (b7 C) 3 (b7 6)}
Hence, (HT i)a € (A1)gs % (A2)g 5
Remark 2 4. If ® = A, then the equality in Theorem 2.3 holds i.e.,

(];[1A ia = (A1), X ... x (4n),,-

Indeed, by Theorem 2.3, we have (]].,Ai)a € (A1), X ... X (Ay),,. It remains to
i=1
prove the converse inclusion.

Let (z1,...,2n) € (A1), X ... X (Ay), this is equivalent to x; € (A;), for any

[0

i € {1,...,n} which means that:
A- (x;) > a for any i€ {1,...,n}. Hence Ay (1) Ao AN Ay (2) = @ So,

HA (i) > a, e, (X1,...,2,) € (]_[A i)a- This complete the prove.

Example 2.4. In Example 2.3, zf we replace Ty, by Ty the equality holds. Indeed,
(ITy,, A) =

{(Z(:1 ¢),0.3),((a,d),0.2),((a,e),0.9),((b,¢),0.3),((b,d),0.2), ((b,e),0.4)}. Then
(HTM iJos = {(a,¢),(a,e),(b;c), (b, €)}-

Furthermore (A1)g3 ={a,b}, (A2)y 5 = {c, e}.
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Hence, (A1)0.3 X (A2)0.3 = {(av C) s (aée) ) (bv C) ) (bv 6)}
Consequently, (A1) 5 x (A2) 3 = (r[_TMAi(xi))O.S'

2.5. Similarity-based fuzzy orderings and cutwor-
thy properties

In this section, we study ®-fuzzy orderings and similarity-based fuzzy orderings and
their relationship with the Cutworthy properties.

2.5.1. Fuzzy orders and cutworthy properties

Theorem 2.1. Let X be a nonempty set and let R : X2 — L be a fuzzy relation
on X. If all a-cuts of R are crisp ordering relations, then R is an ®-fuzzy ordering
relation.

Proof. Let R : X2 — L be a fuzzy relation and let o € L. Since all a-cuts are
reflexive relations, then R (x,7) > « for all o € L%, hence R (x,r) = 1. Further,
let z,y € X such that

R(z,y) ® R(y,x) > 0 this means that R(z,y) ® R(y,z) = « for some a € L°.

Since R(z,y) A R(y,xz) > R(z,y) ® R(y,x) = «, this gives R(z,y) > « and

R(y,x) > a. It follows that (z,y) € R, and (y,x) € Ra, hence z = y and the
®-antisymmetry of R is obtained.

Finally, to verify the ®-transitivity, take x,y, z € X and suppose that

R(z,y) ® R(y, z) = a. Since, « = R(x,y) ® R(y,z) < R(z,y) A R(y, z), then
R(z,y) > o and R(y,z) > a. So, (z,y) € Ry and (y,z) € R,, then (z,2) € R,,
and so R(z,z) > R(z,y) ® R(y, 2). O

Remark 2.5. The reciprocal of Theorem 2.1 is not valid. It suffices to consider
the following example
Let X = {a,b,c}, and let ® be the Lukasiewicz triangular norm Ty,

R| a b c Ros|al|b]|c
a|l 1 (04105 a |1]1]1
b 104 1 |04/ b 111
c 10303 1 c [0]0]1
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Obviously, the fuzzy relation R is an ®-partial ordering. But R4 is not a crisp
partial ordering relation. Indeed, Ro.4 (a,b) A Ro4(b,a) =1 but a # b, hence Ry 4
18 not antisymmetric.

2.5.2. Fuzzy equivalence and cutworthy properties

Theorem 2.2. Let X be a nonempty set and let E : X2 — L be a fuzzy relation.
If all cuts of E are equivalence relations, then E is an ®-fuzzy equivalence relation.

Proof. Asin Theorem 2.1, we can easily verify that E is reflexive and ®-transitive.
To verify the symmetry of E, let z,y € X, and suppose that E(y,z) = «.

If a=0,E(x,y) > E(y,x).

If « # 0, then

E(y,z)=a = E(yz)>a
= (y,7) € E,
= (z,y) € Eq
= E(z,y) >«

= E(z,y) > E(y,z).
In the same way, we can obtain that E(y,z) > E(z,y).
Hence, E(z,y) = E(y, z). O
Remark 2.6. The converse of the above theorem is not true in general, as seen in
the following example.

Example 2.5. Take X = {a,b,c}, L =10,1], T =T, and consider the relations
E, Ey5 given by

E| a b c Eos |al|b|ec
a 05 | 0.5 a |1]1]1
b |05 1 |025] b |1]1]0
c|05]02 | 1 c 1101

It is easy to verify that E is Tp-equivalence, but Ey 5 is not a crisp equivalence
relation (Eg 5 is not transitive).

Theorem 2.3. A relation E : X? — L is a Th-fuzzy equivalence relation if and
only if all cuts of E are crisp equivalence relations.

Proof. Let E : X? — L be a fuzzy relation. Suppose that all cuts are equivalence
relations. As seen in Theorem 2.2, it is not difficult to verify that E is Th,-fuzzy
equivalence relation.
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On the other hand, suppose that E is a Th;-fuzzy equivalence relation and let
a €L’ E(z,z) =1> a, hence (z,7) € E,.

If (x,y) € E,, then E (z,y) > «, this implies that E (y,z) > «,

hence (y,x) € E, and then F, is symmetric. For the transitivity, let (z,y,2) € X
such that (z,y) € E, and (y,2) € E,, then E(z,y) > « and E (y,z) > « so
E (z,y) N E(y,z) > a. Consequently, F (z,z) > E(z,y) A E(y,z) > «, hence
(z,2) € E,. Which complete the proof. O

2.5.3. Similarity-based fuzzy orderings with respect to a bi-
nary operation and cutworthy properties

Theorem 2.4. Let E: X? — L and R : X? — L be two fuzzy relations. If for
any o € L° the cuts E,, are crisp equivalence relations and R, are E,-crisp partial
orderings, then R is an ®-E-fuzzy ordering relation.

Proof. Let R be a fuzzy relation, and suppose that for all o € LY, R, is E,-
crisp ordering relation. As seen in Theorem 2.2, F is an ®-equivalence relation
and R is an ®-transitive relation. It stills to prove that R is E-reflexive and
E-®-antisymmetric. To prove the E-reflexivity of R. Take E (z,y) = «,
E(z,y)=a = E(z,y) >«
= (2,y) € Eqa
= (z,y) € Ra
= R(z,y) > a.

Hence, R (z,y) > E (z,y). To prove the ®-F-antisymmetry property of R suppose
that R (z,y) ® R (y,z) = «,

R(z,y) @ R(y,x) =a = R(z,y)ANR(y,z)>a
= R(z,y)>aand R(y,z) >«
= (z,y) € Ry and (y,x) € R,
= (v,y) € Eq
= FE(z,y) >
Hence, E (z,y) > R (r,y) ® R (3, ).
The ®-transitivity is direct from Theorem 2.1. O

Remark 2.7. The converse of the above theorem is not true in general as illustrated
in the below example.
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Example 2.6. Let R and E be the fuzzy relations given by the following tables

R a b c E a b c
al 1 ]06]0.7 a|l 1 0506
b|08| 1 |08/ b |05 1 |07
c 08|08 1 c 0607 1

and take ® = Tp and L = [0,1]. It is easy to verify that E is an ®-equivalence
relation and R is an ®-E-fuzzy ordering relation, but Ry is not an Ey g-crisp
ordering because FEgg is not transitive. Indeed, according to the tables

Rog | a | b ]| c Eyeg | a | b |c
a |1]1]1 a |1]0]1
b 1|11 b |0o|1]1]
c 111 c 1|11

FEog (Cl7 C) AN FEyg (C, b) =1 f FEog (a, b) =0.

Theorem 2.5. Let E : X? — L be a Thr-equivalence relation and let R: X? — L
be a fuzzy relation. R is a Tyr-E-fuzzy ordering relation if and only if for all o € LY,
the cuts R, are E,-partial orderings.

Proof. Suppose the cuts R, are E,-partial orderings. The fact that R is a Tys-E-
fuzzy ordering relation comes from the Theorem 2.4.

It thus remains to prove the converse: take oo € L°

(x,y) € E, = E(z,9) >«
= R(z,y) 2 E(z,y) 2 o
= (2,9) € Ra.
Hence R, (z,y) > Eq (z,y), and R, is E,-reflexive.

To prove that R, is E,-antisymmetric, verify that for (z,y) € X2

1if (z,y) € Ry and (y,z) € Ry;
Ro(@,y) A o (y, @) = { 0 ot}Eerwi)se ( !

If (z,y) € Ry and (y,x2) € R, = R(z,y)>aand R(y,z) >«
= R(z,y) NR(y,x) > a
= FE(z,y) >«
= (x,y) € E,.
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The case R, (x,y) A Rq (y, ) = 0 is trivial.
Hence R, is Th;-E,-antisymmetric.

Finally, the transitivity of R, is obtained from [65]. O

Remark 2.8. In fact, R is the crisp equality.

Indeed, according to [26, 45], Theorem 4.4., we have

E(x’y):{ Lifz =y,

0 otherwise.

i.e., F is the crisp equality.

2.6. Intersection and Cartesian product of fuzzy
relations with respect to a binary operation

2.6.1. Intersection of fuzzy relations with respect to a binary
operation

This section studies the relationship between the families (R;)ien and (E;)en and
their intersection, where each E; is an ®-fuzzy equivalence relation on X and R; is
an ®-F;-fuzzy partial ordering on X.

In other words, we study the relation between R(x,y) = '/\NRi(x,y) and
1€

E(l’,y) = zé\NEl(x’y)

The following proposition shows that to each fuzzy Q-preordering there corresponds
a fuzzy ®-equivalence relation.

Proposition 2.4. Let X be a nonempty set and let R be an ®-fuzzy preordering
on X. Then the fuzzy relation defined by

E(z,y)=R(z,y) NR(y,z), for all z,y € X.

is an ®-equivalence relation.

Proof. Using the fact that min (z,y) is less than both = and y, it is easy to see
that E is reflexive and symmetric. It remains to prove that F is ®-transitive.
Let x,y,2z € X,
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E(@y)®E(y.z) = (R(@y) ARy 2)® Ry, z2)AR(2y))
< (R(z,y) ® R(y,2)) A(R(y, ) ® R(2,y)), ( Proposition 2.1)
= (R(z,9) @ R(y,2)) N (R(2,y) ® R(y,x))
< R(z,z2)ANR(z,2) = E(x,2)
Hence F is ®-transitive, thus E is an ®-equivalence relation. O

Theorem 2.6. Let X be a nonempty set and let R be a fuzzy ®@-preordering on X.
Then R is an ®-E-fuzzy ordering. Where E is the ®-equivalence relation defined
in Proposition 2./.

Proof. 1t is easy to see that F (z,y) = R(z,y) A R(y,z) < R(z,y) for any z,y €
X, hence R is E-reflexive. To prove the ®-F-antisymmetry of R, take xz,y € X,
we have R(z,y) ® R(y,z) < R(z,y) AN R(y,z) = E(x,y), hence R is an ®-F-
antisymmetric. The ®-transitivity comes from the fact that R is ®-preordering.
Hence, R is an ®-F-ordering. O

Theorem 2.7. Let X be a nonempty set and (R;)ien, (E;)ien two families of

fuzzy relations on X, where each E; is an ®-equivalence relation and R; is an

®-FE;-fuzzy partial ordering. Then R(z,y) = _/\NRi(x, y) is an ®-E-ordering, where
1€

Proof. Let x € X, we have for any ¢ € N, F; is an ®-equivalence relation, so
Ei(x,z) = 1,V¥i € N, hence ié\N (E;(z,x)) = 1, this means E(x,z) = 1, and E is
reflexive.

Let x,y € X, E(z,y) = ié\NEi(x, y) = ié\NEi(y,ac) = E(y,z), then E is symmetric.
Take z,y,z € X.

E(z,y) ® E(y, 2) (ANEi(z,y)) ® (iQNEi(y,z))

ieN

<  A(Ei(z,y) ® Ei(y,2)) (by Proposition 2.1)
ieN

< A Ei(z,2)
i€EN

= E(z,z).

Hence, F is ®-transitive. So, F is an ®-equivalence relation.
To prove the E-reflexivity of R, take z,y € X. We have for all ¢ € N,
Ri(w,y) > Ei(,y), then A Ri(w,y) > A Fi(x,y).

1€ 1€

Hence, R(z,y) > E(z,y). So, R is E-reflexive. To prove the ®-FE-antisymmetry,
let x,y € X,
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R(z,y) ® R(y,)

(ARilww) @ (4 Rily,2)

'é\N (Ri(x,y) ® Ri(y,x)) (by Proposition 2.1)
ié\NEi (l’, y)

E(z,y).

IN A

Hence R is ®-E-antisymmetric. To verify the ®-transitivity of R, take z,y,z € X,

R(z,y) ® R(y, 2)

—~

%

IN A
>%>
5 >

I
=

&
N

Hence R is ®-transitive. Consequently, R is ®-FE-order. O

Proposition 2.5. Let X be a nonempty set and Fy, Ey two fuzzy ®-equivalence
relations on X. Then the relation E defined on X by

E(may> =E (*T7y) ® Ep (xvy)

is an ®-equivalence.

Proof. The reflexivity and symmetry are trivial.
The ®-transitivity of E comes directly from the commutativity and associativity
of ®. O

Proposition 2.6. Let Ei, Es be two fuzzy ®-equivalence relations on X, and
Ry, Ry fuzzy relations, where Ry is a fuzzy ®-FE1-ordering on X and Ry is a fuzzy
®-FEs-order on X. The relation R defined by R (x,y) = Ry (z,y) ® Ra (z,y) is an
®-FE-partial order, where E is the ®-equivalence relation defined in Proposition
2.5.

Proof. For z,y € X, we have E; (z,y) < Ry (z,y) and Es (z,y) < Ra (z,y),

hence F1 (x,y) ® Fa (z,y) < Ry (x,y) ® Ra (x,y).

So, E (z,y) < R(x,y), thus R is E-reflexive.

The ®-F-antisymmetry and ®-transitivity of R come directly from the commuta-
tivity and associativity of ®.

Hence, R is an ®-F-ordering relation. O
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2.6.2. Cartesian product of fuzzy relations with respect to
a binary operation

Theorem 2.8. Consider a family of non-empty crisp sets (X;),cy, and two fam-
ilies of fuzzy relations (R;)ien and (E;)ien such that, for all i € N, E; is an
®-equivalence relation on X; and R; is an ®@-F;-partial ordering on X;. The binary
relation

R: ([]X)? L
ieN
((zi)ien, (Yi)ien) — ié\NRi(xivyi),

is an ®-E-fuzzy partial ordering, where E((x;)ien, (Yi)ien) = ié\NEi(xi,yi).

Proof. Let ((x;)ien, (yi)ien) € ([] X:)?, we have R;(xz;,y;) > Ei(w,y;) for all
ieN
iGN, then A/\ R’L( y) > é\ (ml,yl)
So, R((l‘i)ieN, (yi)ien) = E((x;)ien, (¥i)ien), hence R is E-reflexive.
For ((z:)ien, (i)ien) € (1 X:)?,
ieN

R((zi)ien, (¥i)ien) @ R((Yi)ien, (Ti)ien)
(ié\NRz‘(%uyi)) ® (ié\NRi(yiazi))
ié\N (Ri(x;,yi) ® Ri(yi,x;)) (by Proposition 2.1)

IN

IN

Z_é\NEi(l'iy Yi)
E((%)ien, (¥i)ien) -

Hence R is ®-F-antisymmetric.

Let ((z4)ien, (4i)ien, (2i)ien) € ('Q\IXOS’

R((zi)ien, (yi)ien) @ R ((i)ien, (2i)ien)

(./\ Ri(zi,y:) ® (ié\NRi(yia %))

/\ (Ri(zi,v:) ® Ri(yi,2:)) (by Proposition 2.1)
/\ (Ri(zi, 2i))
R

\/\ Il

I A

((xi)ieNa (2i)ien)-

Then R is ®-transitive. Consequently, R is ®-FE-ordering. O
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3 Aggregating some finite families of
fuzzy sets

The main goal of this chapter is to investigate the aggregation of diverse families
of binary fuzzy relations, fuzzy filters, and fuzzy lattices. Some links between these
families and their images via an aggregation.

3.1. Aggregation functions

Definition 3.1. [60] An n-ary aggregation is an application A : U™ — U fulfills,
the following conditions for all @ = (x1,....xn), ¥ = (Y1, 0 yn) € U™,

(a) A(T)=1; A(0) = 0;
(b) if for alli € I, x; < y;, then A(T) < A(Y).

Furthermore,

1. An aggregation A is said to be strictly monotone if for all z, 7 e U", with
21 S Y1y T < Y and T # Y, then A(T) < A(Y).

2. An aggregation A is said to be jointly strictly monotone if for all 2,7y € U™
with x1 < Y1, ..., Tp < Yn, then A(?) < A(?)

3. An aggregation A is said to be idempotent, if for all x € U, A(z,x,...,x) = x
(idempotency property).

4. An aggregation A is said to be without zero divisor other than 0, if A(x1,Za, ..., Tp)
0 21=00rze =0 or..orx, =0.

5. An aggregation A is said to be (left-) rigth-continuous for the first component,

if, for any (non-decreasing) non-increasing sequence (., )nen, it holds that
lim A(z,,y) = A(lim z,,, y).
n n

Remark 3.1. (a) Let V, A : U2 — U be two binary idempotent aggregation
functions defined as V(x,y) = max(x,y) and A(z,y) = min(z,y). So, when
A is an idempotent aggregation function, then A(x,y) < A(z,y) < V(z,y)
forall xz,y e U.

(b) For all 7, € U™, we have
(1) ATV Y) > ATV AY), where TN Y = (1 VY1, oo, Tn V Yn),
(2) A(Z ANY) < A(T)NAY), where T A Y = (21 A1, ooy Tn A Yn),s
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(3) (A(Z. )2 < A(Z).AF), where T.F = (2191, s Tn-Yn)-

Definition 3.2. An aggregation Ay dominates another aggregation As if and only
if the following inequality holds A1 (As(x,y), As(u,v)) > Ax(A1(z,u), A1(y,v)), for
all x,y,u,v € U.

Definition 3.3. An aggregation A, bidominates another aggregation As if and
only if the following equality holds A;(As(x,y), Az(u,v)) = Ax(A1(x,u), A1(y,v)),
for all z,y,u,v € U.

Definition 3.4. [60] Let A be an aggregation, we said that the t-norms T satisfies
the distributive property if and only if for allx,y1 ...,yn € X, A(T(x,y1), ..., T(x,yn)) =
T(x, A(Y1, -y Yn))-

3.2. Aggregating of a finite family of fuzzy binary
relations and their traces

3.2.1. Aggregating of a finite family of fuzzy binary relations

In this subsection, we aggregate some finite families of fuzzy relations and fuzzy
complete lattices, for more detail see [4].

Definition 3.5. [60] Let A: U™ — U be an aggregation function and

L= {Li/X’C —U,i¢€ I} a family of fuzzy k-ary relations on a domain X. A (L, A)
k-ary relation on X denoted by L 4 is obtained as the composition given by

La(z,...,zr) = A(L1 (21, ey )y ooy L (21, o0y T1)) -

Definition 3.6. [60] Let A: U™ — U be an aggregation function and
F = {Li X2 s Ujic I} a family of fuzzy binary relations on a domain X. A
(L, A) fuzzy binary relation on X denoted by L4 is obtained as the composition
given by

£A($, y) = A(L1(z, ), - Lﬂ(xv y)) :

Definition 3.7. Let (X;, R;)ics be a family of fuzzy lattices, (F;)ier a family of
fuzzy subsets of X;, A: U™ — U an aggregation and R4, Fa two operators defined
n n
on ([1X:)?, ([1X:) respectively by
i=1 i=1

1=

Ra((@1, s @n)s (Y1, s Yn)) = A(RL(21,91), s R (T, yn)) and
]:A({)Sl, ,,Tn) = A(Fl(xl), ceey Fn(mn))

In what follow, we define a special aggregation that we need in sequel.
Let Thy(a,p) be the function defined from U? toU by
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Trr(a,p) (T, y) = 2% A y?, where a, B € R%.
Lemma 3.1. The function Th(q,p) s an aggregation.

Proof. Tyr(a,p) (0,0) = 0 and Tys(q,5) (1,1) = 1.

As a, € RY, the inceasing of Thy(q,3) is direct, hence T (4 g is an aggregation
function. O

Lemma 3.2. Let Ty be the minimum t-norm and Ty (q,p) the aggregation defined
by TM(aﬁ)(x,y) =2 Ny, where o, B € R?* then each one of them dominates the
other.

Proof. Let x,y,u,v € U,
Tt T,y (@5 9), Taa(apy (0, 0)) = (2 AyP) A (u® AvP)
= (2 AuY) A (y? AvP)
(

O
= (zAu)*A(yAv)s
TM(a,,@) (TM (1’, U), T (y7 U))
Remark 3.2. 1. Contrary to the t-norms, there are aggregations which do not

dominate themselves.

2. If an aggregation A1 dominates another aggregation As, it is not necessary
that Ay be stronger than As.

3. The minimum aggregation dominates all other aggregations.

Indeed,

1. take A(z,y) = x%;ﬂ

A(A(z,), A(u,v)) = A(SFE, )

2 2 u2 1]2
()2 (e )?

2
x4+212y2+y4+u4+2u21)2+v4 A’fld

8
A(A(z,u), A(y,v)) = A(BF=, )

2,2 27,2
() ()

2
2t 2020 fut oyt 4292 0% 4ot
3 .

It is easy to see that neither A(A(z,y), A(u,v)) < A(A(z,u), A(y, v)) nor A(A(z, u), Ay, v))
A(A(z,y), A(u,v)). Hence, A does not dominate itself.

2. We prove that T (2,2) dominates T, this means that for all x,y,u,v € U the
inequality Thr(2,2)(Tp(2, y), Tp(u,v)) = Tp(Thr(2,2) (1), Thr(2,2)(y, v)) holds.
This is equivalent to (zy)? A (uv)? > (2% Au?)(y? Av?). To show this, we have
four possible cases as in Table 3.1.
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Cases | (z <u) | (y <w) &
a 1 1 (x <u)A(y <w)
b 1 0 (x <u)A(v<y)
c 0 1 (u<z)A(y<w)
d 0 0 (u<z)A(w<y)
Table 3.1:

Case (a)- If v < u and y < v, then 22 < u? and y* < v?, which gives
22y? < uv?, hence

(zy)® A (w)? = (2%%) A (uv?) = 2%y”.

Obviously that (2% A u?)(y? Av?) = 2%y

Hence (zy)? A (uv)? = (22 Au?)(y? Av?).

Case (b)- If z < u and v <y, then 2 < u? and v? < y?, this implies that
(22 Au?)(y? Av?) = 2202,

And 22v? < u?0? and v?2? < y?x?, which implies that x*v? < (u?v?)A(y22?).
Consequently, (zy)? A (uv)? > (22 Au?)(y? Av?).

Case (c)- If u < x and y < v, then u® < 22 and y* < v?, this implies that
(22 Au?)(y? Av?) = u?y?. And u?y? < 22y? and u?y? < v%u?, so
w?y? < (2292) A (0%u2).
Hence (22 Au?)(y? Av?) < (2y)? A (uv)?.
Case (d)- If u < x and v < y give u?® < 22 and v? < y>.
Hence (22 A u?)(y? Av?) = u0?.
And v*v? < 2%y & (2%9%) A (vV¥u?) = w?0?, then
(xy)? A (uwv)? = (22 A u?)(y? Av?).
It can be seen that assertions a,b,c and d give that for all z,y,u,v € U,
T2,y (Tp(x,y), Tp(u,v)) > Tp(Thr(a,2) (7, u), Tar(2,2)(y,v)). Hence Tay(2,2)
dominates T,.
But Thr(2,2)(z,y) < Tp(w,y) for all x,y € U. Indeed, if v <y = 22 <y,
then Thy(2,2)(2,y) = 22 Ny? =22 <y = Ty(z,y).
Fory < x, Tayeo)(z,y) = 2 Ay? = y* < T,(z,y) hence Thy(2,2) is not
stronger than T,.
Proposition 3.1. Let (X;);cr be a family of non empty sets, (R;)icr a family of
fuzzy binary relations on (X;)icr, A: U™ — U an aggregation and R4 a fuzzy set

defined on ([T X:)? by Ra((w1, s 2n), (Y15 s yn)) = A(R1L (21, Y1) ey R (Try Yn))-
i=1
It holds that:

1. If R; is reflexive for all i € I, then R4 is reflexive.
2. If R; is symmetric for all i € I, then Ry is symmetric.

n

Proof. (1) Suppose that R; is reflexive for all i € I. Let (z1,...,2,) € ([[ X3)
i=1
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Ra((x1, -y n), (@1, 0y 2p)) = A(Ri(x1,21),...s R (zn, z0)) = A(1,..,1) = 1.

Then, R 4 is reflexive.

(2) Let (z1, .., zn), (Y1, -, yn) € ([] Xi). Suppose that for all ¢ € I, R; is symmet-
i=1

ric, then
Ra((z1, s 2n), (Y1, yn)) = A(Ri(x1,91)s s Ru(Xny Yn))
= A(R1(y1,21), -, Rn(Yn, Tn))
= Ra(W1sUn), (T1, 0 20)).
Hence, R 4 is symmetric. O

Proposition 3.2. Let (R;)icr be a finite family of antisymmetric (respectively
transitive ) relations. If the aggregation A is defined by

A1,y xn) = 27 A Az where o, ... o € RY then R4 is an antisymmetric
(respectively transitive) relation.

Proof. (1) Suppose that R; is antisymmetric for all i € I, i.e.,
forall x;, y; € X,y Ri(xi,yi)ARi(yi, x;) > 0implies z; = y;. Let (z1, ..., Tn), (Y1, .-, Yn) €

(TI X:), using Lemma 3.2,
i—1

Ra((@1,.2n), (Y155 yn)) ARA((Y1, s ), (21, 0, Tn))

= A(R1(21,91); s B (Tny yn)) A AR (Y1, 1), ooy Rn(Yny T0))

= A(Ri(z1,y1) A R1(y1,21), o B (T Yn) A R (Y, ) > 0,
this means R;(z;,y;) A Ri(yi,x;) > 0 for all ¢ € I, thus z; = y; for all i € I,
consequently (z1,...,2,) = (Y1, ..., Yn). Therefore, R 4 is antisymmetric.
(2) Suppose that R; is transitive for all i € I i.e., for all z;,y;,2z; € X; we have
Ri(x:s,yi) N Ri(yi, 2:) < Ri(i, 2).

Let (1‘1, ...,.Tn), (y]_, ...,yn), (Z]_7 7Zn) € (H )(,L)7

Ra((z1, s 2n), (ylw oY) ARA(1, - Yn)s (215000 20))
— A(Rl(zl,w% Ry (nyyn)) NA(R1(Y1,21), o, Rn(Yn, 2n))
— A(Ri(1,51) A Rl(yla 21)s s B (s Yn) A B (Y 2n))
< A(R1($1,21>7 (xnvzn))
=Ral(z1,..., ),(zl,...,zn)),
hence, R 4 is transitive. O

Corollary 3.1. Let (X;, R;)icr be a family of fuzzy posets, A : U™ — U an
aggregation defined by A(x1,...,xn) = 27" A ... Axdn, where aq, ..., o, € RY, then

n
Ra is a fuzzy order on (1] X5).

i=1
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3.2.2. Aggregating of a finite family of fuzzy lattices

Proposition 3.3. Let (X;, R;)icr be a family of fuzzy complete lattices, A an
aggregation function defined by A(x1,...,xn) = 27 A ... Az2™ and B; a subset of
X;. If l; respectively ;) is the greatest lower (respectively the least upper) bound of
B; for alli € I, then (Ii,...,1,) (respectively (uy, ...,uy)) is the greatest lower (the
n
least upper) bound of [] B;.
i=1

(3

n
Moreover, (][] Xi,R4) is a fuzzy complete lattice.

i=1

Proof. According to Corollary 3.1, ([] X;, Ra) is a poset. Suppose that I; is the
i=1

greatest lower bound of B; for all ¢ € I. Prove that (I1,...,1,) is a lower bound of

n

[1 B: indeed,
i=1

n
for all (x1,...,2,) € [[ Bi, since R;(x;,1;) > 0 for all i € I this gives

Ra((l1, - ln), (21, .y 2n)) = A(Ri(x1,l1), ..., Ru(@n, 1)) > 0. Hence, (I1,...,15)

is a lower bound of [[B;. Suppose by way of contradiction that there ex-
i=1

ists an other lower bound (Ij,...,l,) of []B; greater than (I1,...,l,). Then
i=1

Ra((I1, .o ln), ({7, 10)) > 0, which implies A(R1(I1,1,), .., Rn(ln, 1)) > 0. Ac-

cording to Definition 3.1 (4.), this equivalent to R;(l;,1;) > 0 for all i € I. But

this contradicts the fact that I; is the greatest lower bound of B;. Thus, (I1,...,1,)

n
is the greatest lower bound of [] B;. In a similar way, we can prove that (uq, ..., un)
i=1

is the least upper bound of [] B;. Let B be an arbitrary subset of [[X;. Then
i=1 i=1
there exists a family of subsets (B;)icr of (X;)ier such that B = [[B;. Since

i=1
(X, R;) is a complete lattice for all ¢ € I, then for all subset B; of X, there exists
a greatest lower (respectively least upper) bound I; (respectively u;) of B;. So the
subset B has a greatest lower bound (1, ...,1,) and a least upper bound (u1, ..., uy).

n
Consequently, (][] X;,R4) is a complete fuzzy lattice. O
i=1
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3.3. Aggregating of a finite family of fuzzy binary
relations and their traces

3.3.1. Traces of fuzzy binary relations

Definition 3.8. [14] For a binary fuzzy relation R on a domain X, its right trace
R" and its left trace R' are defined as the following binary fuzzy relations:

Rl(x’y) = Zlél)f(I(R(Z,.’L‘), R(Z?y))7
Rr(xa y) = inf I(R(y» Z)a R(.T, Z))

zeX
Proposition 3.4. [1/]

1. For a binary fuzzy relation R on a domain X and some left-continuous t-norm
T, the following three statements are equivalent:
(1) R is reflexive,
(ii) R' C R,
(iii) R" C R.

2. For a binary fuzzy relation R on a domain X and some left-continuous t-norm
T, the following three statements are equivalent:
(i) R is T-transitive,
(ii) RC R,
(iii) RC R".

3.3.2. Aggregating of a finite family of traces of a binary
relation

In what follows, we will define the aggregation of finite family of traces of a binary
relation, see [4, 7, 8, 18, 23, 30].

Definition 3.9. Let A: U™ — U be an idempotent aggregation and {T1,...,T,,} a
family of t-norms. Define the aggregation T of the family {T}, ..., Tp} by Ta(z,y) =
A(Tl (*T7 y)7 ) Tn<(l‘, y))

Remark 3.3. [60] For a family {Th,...,Tn} of left continuous t-norms which
satisfies the distributivity and generalized associativity, the aggregation T4 is a left
continuous t-norm.

Definition 3.10. Let T4 be a left continuous t-norm given in Definition 3.9 and
T the residual implication associated to T, and R a fuzzy binary relation on a

47



CHAPTER 3. AGGREGATING SOME FINITE FAMILIES OF FUZZY SETS

domain X. The left (respectively right) trace of R denoted by R!y respectively (R')
are defined as follow:

RY(x,y) = inf,ex Z(R(z, %), R(2,9)),
R (z,y) = inf,ex T(R(y, ), R(x, 2)).

Now, we characterize the aggregation of left and right trace relations of a fuzzy
binary relation R in term of an aggregation fuzzy implication.

Definition 3.11. Let A be an aggregation on U, R a fuzzy binary relation on
a domain X, {Z;/i € I} a family of residual implications and RlL,Rz the corre-
sponding left (respectively right) traces of R. We define the relations LYy, L"; as
follows

LYy(z,y) = A(RL (2,y),....,RL (z,9))
= A(inf,,ex Z1(R(z1,2), R(21,Y)), .., inf . ex Tn(R(2n, ), R(2n,y))).

Ly(z,y) = ARz (z,y), ... Ry (z,y))
= A(inf,,ex Zi(R(y, z1), R(x, 21)), ..., inf . ex Tn(R(y, zn), R(z, 2n))).

The following proposition establishes the relationship between R, LYy, L'y for a given
relation R and an aggregation A.

Remark 3.4. [32] For any relation R, R' and R" are always reflexive.
Proposition 3.5. Let R be a fuzzy binary relation on o domain X, {Z;/i € I} a
family of fuzzy implications and A an idempotent aggregation on U. The following
statements are equivalents:

1. R is reflexive;
2. LY C R;
3. L, CR.

Proof. (1) implies (2) Suppose that R is reflexive. By Proposition 3.4, we
get for all i € I, Rl C R. Then, for all z,y € X, A(Ri(m,y),...,Ri(w,y)) <
A(R(z,y), ..., R(z,y)) = R(z,y). Hence L}y C R.

(1) implies (3) is obtained in the same manner.

(2) implies (1), for all z,y € X, we have L!,(z,y) < R(z,y), take z = y. Thus
R(z,z) > LY(z,2) = AR (z,%),..., R (z,2)) = A(1,...,1) = 1. Hence, R is
reflexive.

For (3) implies (1) is obtained in the same manner as mentioned before. O

Proposition 3.6. Let R be a fuzzy binary relation on a domain X, {T;/i € I} a
family of left continuous t-norms, {Z;/i € I} a family of corresponding fuzzy residual
implications and A an idempotent aggregation on U, the following statements holds:

1. If for alli € I R is T;-transitive, then R C LYy;

2. If for alli € I R is T;-transitive, then R C L.
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Proof. For the first assertion, suppose that R is T;-transitive then for all ¢ € I,
by Proposition 3.4, we get R C R'. Then, R(z,y) < R!(z,y), hence R(z,y) =
A(R(z,y), ..., R(z,y)) < AR\ (2,y), ..., R, (z,y)) = LY (2,y) for all z,y € X. The
first assertion is proved.

The second assertion can be proved in a similar way. O

3.4. Aggregating of a finite family of t-orders

Now, we introduce an aggregation function to aggregate T-preordering relations.
Proposition 3.7. Let (L;)icr be a family of T-preordering relations on a domain
X and let A : U™ — U be an aggregation without zero divisors other than zero
which dominate T'. Then the relation L4 defined by

LA('I) y) = A(Ll(x’ y)? tt Ln(x7 y)) )
is a T-E4-ordering, where
gA(J?, y) = A(T(Ll (.2?, y)) Ll(y7 l‘)), ooy T(L’ﬂ(xv y)a Ln(ya Z‘))) .
Proof. Firstly, we prove that £4 is a T-equivalence relation. Obviously, for all
x € X, Ea(x,2) = 1. Hence, E4 is reflexive.

Clearly, E4(x,y) = Ea(y, ) for all z,y € X. Then €4 is symmetric. To prove the
T-transitivity, let x,y,z € X.

T(EA(xv y)v gA(yv Z))
= T(A(T(Ll(-r’ y)le(y’x))a "'aT(Ln(xvy)’ Ln(y,m))),
A(T(Ll(y7 Z)7 L1(27y>), ﬂT(Ln(y7 Z)7Ln(zvy))))

< A(T(T(Ll(x’ y)7 Ll(yv x))a T(Ll(yv Z)v Ll(za y)))v )
T(T(Ln (2, y), Ln(y, ©)), T(Ln(y, 2), Ln(2,9))))

< A(T(T(Ll(xa y)7L1(y7 Z))vT(Ll(ya I)7L1(Za y)))7 aS)
T(T(Ln(2,y), Ly (y,2)), T(Ln(y, x), Ln(2,9))))

= A(T(T(Ll(xa y)’ Ll(yv Z))v T(Ll(z’ y)v Ll(ya SU))), a3}
T(T(Ln(%,y), Ln(y, 2)), T(Ln(2,9), Ln(y, 7))))

< A(T(Ly(z,2), L1(z,2)), oo, T (L (2, 2), Ly (2, )))

=& a(z,z). According to the definition E4.
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Hence £4 is T-transitive. Consequently £4 is T-equivalence relation.

Secondly. To prove that L4 is T-E4-order, let z,y € X,
Ealz,y) = AT(Li(z,9), L1(y,2)), ... T(Ln(z,y), Ln(y, 7))
< A(Li(z,y),..., Ln(x,y)), using T'(z,y) < x
La(z,y), by the definition of L4.
Hence, L 4 is € a-reflexive.

Let z,y € X.
T(La(z,y), Laly,z) = T(AL1(2,9), .., Ln(z,y)), A(L1(y, @), ..., La(y, 7))
< AT(Li(z,y), La(y, @), -, T(Ln(2,y), Ln(y, 2)))
= Ca(z,y).

So, L4 is T-& g4-antisymmetric.
Finally, to prove that £, is T-transitive. Let z,y,z € X,
T(La(z,y),La(y,2) = T(AL1(2,9),-.., Ln(z,9)), A(L1(Y, 2), oo Ln(y, 2)))

< A(T(Ll(x7 y)7 Ll(y7 2))7 s T(Ln(l', y)? Ln(y7 Z)))
< A(L1(z,2),....,Ln(x, 2))
= La(z,2).
Which complete the proof of £, is a T-E4-order. O

Proposition 3.8. Let (L;);cr be a family of T-preordering relations, A : U™ — U
an aggregation dominating T and A:U2>Ua binary aggregation dominating
T and satisfying T < A < Tar. Then the relation L4 defined by La(z,y) =
A(L1(x,y), ..., Ln(z,9)), is a T-E-ordering, where E(a:, y) = A(La(z,y), La(y, x)).
Besides,

T(La(z,y), La(y,x)) < E(w,y) < min(La(z,y),Laly,x)) for all z,y € X, are
T-equivalence relations.

Proof. To prove that Eisa T-equivalence relation, let € X,

E(x,z) = /}(EA(x,x),EA(x,m))
= 14~1(A(L1(:L‘, )y ooy L (2, 2)), A(L1 (2, 2), ..., Ly (2, 2)))
= A(1,1)
= 1.

Hence, E is reflexive. Clearly, Eis symmetric. To show that Eis transitive, let
r,y,z € X.

T(E(x,y),E(y,2z)) = T(A(La(z,y),La(y,x)),A(La(y,2),Lalz,y)))
< A(T(La(z,y), Laly,2)), T(Laly.x),La(z,y)))
= A(T(La(z,y), La(y, 2), T(La(zy), Laly,2)))
< é(ﬁA(x,z),[,A(z,x )
= E(z,z)

This means that E is T-transitive, hence E is T-equivalence relation. To prove
that L4 is E-reflexive, let z,y € X
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E(z,y) = A(La(w,y). Laly,))
< Tu(La(z,y), Laly,x))
< La(z,y).
Hence L4 is E-reflexive.
Let x,y € X,
T(La(r,y), Laly, 7)) < AlLalz,y).Laly,2))
= E(z,y)
Therefore, L4 is T —E—antisymmetric.
Let z,y, 2z € X,
T(La(z,y), Laly,z)) T(A(Ly(2,y), s Ln(x,y)), A(L1(y, 2), -, Ln(y, 2)))
A(T(La(2,y), L1(y, 2)), - T (L (%, 9), Ln(y, 2)))
A(Li(z, 2), ..., Lp(z, 2))
L4(z, z) (by Proposition 3.7).
Hence, L 4 is T-transitive which complet the proof of L4 is T-E-order.
Finally, since T'(z,y) < A(x,y) < Tar(z,y), for all 2,y € X, then
T(La(z,y), La(y,z)) < E(z,y) < Tar(La(z,y), La(y, ), and it is not difficult to
show that the two bounds are T-equivalence relations. O

IN A

The next lemma is used to demonstrate Proposition 3.9.
Lemma 3.3. Let (T;);cr be a family of t-norms and A a continuous aggregation
which dominates all T;, then A dominates g = N T;.

Proof. Let xz,y,u,v € U, p € I, and put g, = T1 A ... AT),. Hence, g = z1i_r>r:LTp
9(A(z,y), A(w,v)) = lim g,(A(z,y), A, v))

L (A(gp (2, 1), gp(y, v)))

= A(lim gp(z,u), lim g,(y, v))

Alg(z,u), 9(y,v)).
Hence, A dominate g. O

IN

Remark 3.5. Let (T;);er be a family of t-norms and T = NeiT;, T is not
necessary a t-norm. Indeed, let
0 if(z.y) € [0,3]%,
Ti(z,y) =
min(x,y) otherwise.
and T, be the product t-norm. Put T' = T\A T, then the new t-norm T is given by

0 if(x,y) € [0,4]7,
T(:L’,y) =

z.y otherwise.
It is easy to see that T is not a t-norm. Indeed, take (x,y,z) = (0.5,0.7,0.7),
T(T(0.7,0.7),0.5) = 7(0.49,0.5) = 0 # T7(0.7,7(0.7,0.5)) = T(0.7,0.35) = 0.7 x
0.35, hence T is not associative.
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Proposition 3.9. Let (T});cs be a family of t-norms, (L;) a family of T;-preordering
relations on X; and A : U™ — U an aggregation such that for all i € I, A domi-

nates T;, then the fuzzy relation L4 defined on HX by La((z1,..20n), (Y1, .y Yn)) =
A(Li(z1,y1), s L (Tnyyn))- If gp =T0 A /\Tp 18 a t-norm, then L4 is a g-E4-
ordering relation, where £4 s a fuzzy binary relation on HXi defined by

i=1
Eal(@1, -xn), (Y1, s yn)) = A(T1(L1(21,91), L1(y1,21))s ooy T (L (T Yn )y L (Y T)))-
Proof. 1t is not difficult to prove that £,4 is reflexive and symmetric. It remains to

n
prove that £4 is g-transitive. Let (x1,..2y), (Y1, -, Yn), (21, -, 2n) € [[ X,

i=1
g(gA((xlv ""xﬂ)v (y17 "'7yn))’5A((y17 ---7yn)7 (Zlv ) Z’fl)))

= g[A(Tl(Ll(xlu Y1), Li(y1,21)), ooy Tn(Ln (@, Yn)s L (Yns Tn))),
A(Tl(Ll(yla Zl)> Ll(zlayl))a 7Tn(Ln(yna Zn)a Ln(zn,yn)))]

< Alg(Try(Li(w1,91), Li(yr, 21)), Ta(La(y1, 21), La(21,91))), s
g(Tn(Ln(mmyn)aLn(yn,xn)) (Ln(ymzn)aLn(znvyn)))]
< ATy (La(z1, 1), La(yr, 1)), Ta(La(y, 21), La(21,91)))s -
To(To (L (s Yn)s Ln(Uns ) )y Tr( L (Yns 2n)s L (2005 yn)))]

< AN(Ti(La (21, 1), La(yr, 1)), Ta(La(yn, 21), La(21, 1)) -
Tn(Tn(Ln($n7 yn>7 Ln(ym Zn))v Tn(Ln(ym CCn)’ Ln(zm yn)))]

= ATy (Ty (L1 (21, 91), L1(y1,21)), Ti(La(z1, 1), L1(y1, 1)), -oo
T, (T, (Ln(xnayn)an(ynaZn))an(Ln(Znayn)an(ynaxn)))]

< A(Tl(Ll(xlaZl)le('zlaxl))a »Tn(Ln(xnaZn)7Ln(Zn7xn)))

=Ea((x1, -y 2n), (215 -y 20))-
Hence £4 is a g-equivalence relation. To prove that L4 is a g-€4-order. Let
(.1?]_7 ...7.'I,'n)7 <y17 ceey yn> S _UlXiv

Eal(@1, oy zn), (Y1, 5 Yn))
= ATy (La(z1,91), L1(y1,21))s ooy T (L (T Yn )y Ln (Y, 1))
< A(L1(21,91)5 s Ln(Tns yn))
=La((@1, ey Tn)y (Y1y ooy Yn))-
Hence, L4 is a £4-reflexive.

Let (Z1,..,@n), (Y1, -y yn) € T[] Xi-
i=1

G(La((@1, s ), (Y15 ey yn))? La((y1y - Yn), (21, 7xn))): Q(A(L1($1,y1), ‘-~>Ln($na yn))7 A(L
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Hence, L 4 is g-transitive. Consequently, L4 is g-& 4-order. O

Proposition 3.10. Let T be a t-norm on U, A an aggregation on U which
dominates T, and let (L;)icr, (E;)icr be two families of fuzzy binary relations
on a domain X such that for each i € I, E; is a T-equivalence relation, where L; is
T-E;-order, then the relation E4 defined by Ea(x,y) = A(E1(x,9), ..., En(x,y)), is
a T-equivalence relation. And the relation L4 defined by

‘CA(Z'?y) = A(Ll(xvy)’ Ly Ln(xa y))7

18 T-E o-order.

Proof. Tt is not difficult to show that £4 is a T-equivalence relation.

Let us prove now that £4 is a T-& a-order relation. For z,y € X,

La(z,y) = A(L1(z,y), ..., Ly(x,y)). Since for each i € I, L;(x,y) > F;(x,y). Hence
La(z,y) > A(E1(2,Y), ., En(z,y)) = Ea(z,y). Consequently, L4 is E4-reflexive.
For all z,y € X, we have T(L;(x,y), Li(y,z)) < E;(z,y) and prove that L4 is
T-£ s-antisymmetric.

Let z,y € X

T(‘CA(xv y)v EA(yv Jf))

T(A(Ll(xvy)v seey Ln(xvy))7A(L1(ya x)v cey Ln(y7m)))
A(T(Ll(xvy)’ Ll(y7x))7 "'7T(Ln(xvy)an(yvx)))'

IA I

Or for alli e I, T(L;(z,y), Li(y,z)) < E;(x,y), then
T(ﬁA(l’,y),EA(y,x ) < A(El('r,y)a aEn(:L',y))

== (‘:A (.’L‘7 y)
Hence L4 is a T-& s4-antisymmetric relation on X.
Finally, it is easy to show that L4 is T-transitive, hence L4 is a T-E4-order. [

Proposition 3.11. Let A, A be two aggregations on U and T a left-continuous
t-norm dominated by both A and A. And let (Eg)i,jel be n families of T -equivalence
relations on a domain X, where (R{) be n-families of fuzzy binary relations such
that each (RZ) 18 T-Ef-order, then the relation R defined by

R(z,y) = A(A(R}(2,y), ... R} (2,9)), ., A(R (2,), .. R} (2, 1))

forallz,y € X is a T-E-order where

E(x,y) = A(A(BL(,y), ... BY (2,9)), ., A(ER (2,9), .., E}l (2,9))).

Proof. Firstly, we prove that Eisa T-equivalence relation. Let x € X,
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E(z,z) = A(A(Ell(x, z), ..., B (2, 1))..., A(E} (2, ), ..., E™ (2, 7))

A(A(, ..., 1), ..., A(1, ..., 1))

A(,...,1)

=1

Hence, E is reflexive.

It is not difficult to show that E is symmetric.
Let us prove now that E is T-transitive.

For z,y,z € X,

T(E(z,y), E(y,2))

TIA(A(EL(2,y), ., B (2,9)), oo, A(E (2, Y), - B (2,9))),
(ABL (Y, 2), oo BT (Y, 2))s o0 A(BR (y, 2), -y B (y, 2)))]

el

A[T(A [Ell(x,y), ey E{’(m,y)] VA [E%(y, 2),y .., B (y, z)]), ey
(A[EN(2,9), -, EN(2,y)] , A [EL(Y, 2), oo, B (y, 2)])]

S IA

AJA(T(E}(,y), B} (y, 2)), ... T(EY (2, 9)), BX(y, 2)), o)
(EM(x,y), EL(y, 2)), ... T(E}(x,y), B (y, 2))]

= A
S

(

IN

A(A(EN(z,2), ..., EXz, 2)), ..., A(EL(2, 2), ..., E™(, 2)))

1
m

(z,z). Hence E is T-equivalence relation.

Secondly, we prove that R is T-E-order. Let z,y € X,

R(z,y)

A(ARY(2,9), oy RY(2,9)), s AR (2,1), .o, R (2, 9)))

v

A [A(Ell(x, Y)y ooy E7(2,9)), ..., A(EL (2, 9), 7Eﬁ(:z:,y))]

E(z,y).
Hence, R is E-reflexive. To prove the T—E—antisymmetry of R, let x,y € X,
T(R(z,y), R(y, ))

= T[A(A(R%('% y)v ) R?(x,y))’ XL A(R,ll(.%‘,y), 0 Rﬁ(x,y))),
A(A(Ri(y, ), s RY (Y, 2))s ooy A(Rp (y, ), oo, R (y, )]
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< A[T(A(R}(z,y), ., R} (2,y)), A(R}Y (y,w) Ry (y, ), -,
T(A(RL(x,y), ..., R%(z,v)), A(RL (y, x), ... ( z)))] (A dominates T).
< A[A(T(R}(z,y), Ri(y. @), ... T(R} (2, y), R} (y,2))), -y
A(T(Ry,(2,y), Ry, (y, @), -, T(Ry (2, y), Ry (y, 7)))]

< A(A(EX(z,9), ..., E}(2,Y)), ..., A(EL (2, y), ..., E™(z,y))) (A dominates T).
= E(x,y). Thus, the T—E—antisymmetry of R is got.

Now, let us verify that R is T-transitive. Let z,y,2 € X,

T(R(z,y), R(y, 2))

TIA(A(RL(2,9), o, BY(2,9)), ooy AR} (2,9), o, B (2,7))),
1Y 2), o BY (Y, 2))s o0y ARy (9, 2), -0 B (9, 2)))]

B
=
=

A[T(A(RY(2,y), .., R (2,9)), A(RL (Y, 2), -, BT (Y, 2))), s
A(R’}L(x?y)’ ) RQ(m,y))),A(R}l(y, Z)’ ) Rﬁ(y, Z)))]

< A[A(T(Ri(z,y), R1(y, 2)), ., T(R} (2,9)), R} (y, 2))), -
A(T(Ry (2, y), Ry (y, 2)), .. T(Ry (2, y), Ry (y, 2)))]

< A(A(RN(z, 2), ..., R¥(x, 2)), ..., A(RL (, 2), ..., R*(x, 2)))

Thus, R is T-equivalence. Which complete the proof of the proposition. O

3.5. Aggregating of a finite family of fuzzy filters
and fuzzy ideals

3.5.1. Aggregating of a finite family of fuzzy filters

In this section, we introduce and study some proprieties of the operator (A,F)
defined on a nonempty set X, where A : U™ — U is an aggregation on U and F is
a finite family of fuzzy subsets of X.

Definition 3.12. [60] Let (X, R) be a fuzzy lattice, F = {F;: X — U,i €I} a
family of fuzzy subsets of X, and A : U™ — U an aggregation on U. The (A, F)
operator defined on X by Fa : X — U, is obtained as the composition given by
Falx) = A(Fy(x), ..., Fp(x)).
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Remark 3.6. If (F;);cr is a family of fuzzy filters, Fa is not necessary a fuzzy
filter and the converse as well.

Example 3.1. Let (X, R) be a fuzzy lattice with X = {0,a,b,¢,1} and R given by
the Table 3.2.

0 a b c d 1
1.0 (03|04 |06 |0.7]038
0.0 10]00|05]|00]0.7
0.0 00]10|00]09]0.9
0.0 00]00|10]|00]03
0.0|00]00|00|10]04
0.0 00]00|00]00]1.0

oo |olD

Table 3.2:

whose Hasse diagram is shown in Figure 3.1.

Figure 3.1: Hasse Diagram of R

Define three fuzzy filters Fy, Fy, and F3 as in Table 3.5.
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Fl(l‘) FQ(Z‘) Fg(.l?)
0.0 0.0 0.0
0.2 0.0 0.0
0.0 0.0 0.3
0.4 0.7 0.0
0.0 0.0 0.6
0.5 0.9 0.8

Rl|lo |l |ols

Table 3.3:

And Az, y, z) = % Then Fa as in Table 3.4.

x| Fa(z)
0 0.0
b 0.1
1.
A
d 0.2
2.2
L] &
Table 3.4:

It is easy to verify that Fa is not a fuzzy filter. Indeed, Fa(a) = % > 0 and
Fa(b) =0.1>0, but Fa(aAb) = Fa(0) =0 (the second condition is not satisfies.)

Conversely, we can define Fa to be a fuzzy filter on X as in Table 3.5.

Fa(x)

0.0

04
3

0.0
0.2

0.0

0.7
3

Table 3.5:

»—l&‘n e |o|8

And choose Fy, Fs, and F3, for example as in Table 3.6.
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Fl(l‘) FQ(Z‘) F3($)
0.0 0.0 0.0
0.2 0.1 0.1
0.0 0.0 0.0
0.4 0.2 0.0
0.0 0.0 0.0
0.5 0.0 0.2

Rl o8

Table 3.6:

Clearly, Fy and F3 are not fuzzy filters.

Now, we give a sufficient condition under which an aggregation of a family of fuzzy
filters is a fuzzy filter.
Proposition 3.12. Let (X, R) be a fuzzy lattice, A : U™ — U an aggregation such
that A has no zero divisors other than 0 and let F = {F;: X - U,i € I} be a
family of fuzzy subsets of X. If F is a family of fuzzy filters of (X, R), then Fa is
a fuzzy filter of (X, R).

Proof. (a) Suppose that F = {F;: X — U,i € I} is a family of fuzzy filters of
(X, R) and A be an aggregation on U such that A has no zero divisors other than 0,
ie., A(z1,..,2,) =0 x1 =0 or...or z,, = 0. Let 2,y € X such that Fa(z) >0
and R(z,y) > 0. This is equivalent to A(Fy(z),..., F(z)) > 0 and R(z,y) > 0,
which implies F;(z) > 0 and R(x,y) > 0 for all ¢ € I. Hence F;(y) > 0 for all i € I,
this implies that A(F(y), ..., Fi(y)) > 0. Consequently F4(y) > 0.

(b) Let x,y € X such that F4(z) > 0and Fa(y) > 0, this means A(Fy(z), ..., Fi,(x)) >
0 and A(Fi(y), ..., Fn(y)) > 0, hence F;(z) > 0 and F;(y) > 0 for any ¢ € I, then
Fi(x Ay) > 0 for all 4 € T which implies A(Fy(z A y), ..., F(x Ay)) > 0. Thus,
Fa(z Ay) > 0. Consequently, F4 is a fuzzy filter of (X,R). O

Remark 3.7. The converse of Proposition 3.1 is not true. Indeed, take R as
in Table 5.7.

0 a b c d 1
1.003]|04 |06 07]0.8
00]10]04]03]|05]|0.7
0.0[00]10]|00|04]09
00[00]00]|1.0|02]03
0.0 00]00]|00]|10]08
0.0 00]00]|00|00]10

o || |oll

Table 3.7:

And A(z,y,z) =x ANy A z. Take Fu as in Table 3.8.
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And choose Fy, Fs, and F3, for example as in Table 3.9.

Fa(r)

0.0

0.0

0.0

0.0

0.3

Rllo |l |ols

0.5

Table 3.8:

x| Fi(z) | Fa(z) | F3(x)
0 0.0 0.0 0.0
a| 0.0 0.0 0.0
b 0.2 0.0 0.3
c| 02 0.3 0.0
d 0.3 0.4 0.3
1] 05 0.6 0.7
Table 3.9:

It is easy to see that Fu is a filter, but Fy, Fo, F5 are not all filters (Fy is not a

filter).

Remark 3.8. Let R be a fuzzy relation defined on the set X = {0,b,¢,d,e,1} by

the Table 3.10.

b

c

1.0

0.4

0.6

0.7

0.8

0.0

1.0

0.0

0.4

0.7

0.0

0.0

1.0

0.2

0.7 |

0.0

0.0

0.0

1.0

0.8

o ool

0.0

0.0

0.0

0.0

1.0

Also, let Fy and F» two filters, and F 4 their aggregation as in Table 3.11.

Table 3.10:
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Fi(z) | Fa(z) | Falz)
0.0 0.0 0.0
0.3 0.0 0.0
0.0 0.2 0.0
0.6 0.4 0.4
0.8 0.7 0.7

R0 |o|ol s

Table 3.11:

Put Fu(x) = inf(Fy(x), Fa(z)).

The Table 3.11 shows that the aggregation of a finite family of prime (respec-
tively mazimal) filters is not prime (respectively maximal) filter. Even Fa(x) =
inf(Fy(z), Fa(x)).

Proposition 3.13. Let (X;, R;),., be a family of fuzzy lattices, (F;)icr a family
of fuzzy subsets such that F; : X; — U and A : U™ — U is an aggregation defined
by A1, ..., Tp) = 27 /\ Az, where ay, ..o € R Let Ry and Fu be two

n

n
fuzzy sets defined on (HXl) and [[X; by

Ra((z1, .oy zn), (Y1, s Yn)) = A(R1(x1,91)5 -y R(Tny yn)) and
Falzy,.onxn) = A(F1(21), ..., Fn(zn))

respectively. If F; is a fuzzy filters of (X;, R;) for alli € I, then F4 is a fuzzy filter
Of ( H Xi, éRA)
i=1

Proof. (a) Let (21, ..., %), (Y1, .., Yn) € HX such that Fa(z1,...,2,) > 0 and

Ra((x1,.es2n), (Y1, -y Yn)) > 0. This is equlvalent to A(F1(z1), ..., Fn(zy)) > 0
and A(R1(21,91), e, Rn(@n,yn)) > 0. Hence, F;(x;) > 0 and Rl(xl,yl) > 0, for all
i € I, thus F;(y;) > 0 for all ¢ € I. Consequently A(Fy(y1),..., Fn(yn)) > 0, ie.,
Fayr, .., yn) > 0.

(b) Let (z1, ..., &n), (Y1,---,Yn) € [[ X; such that

i=1

Falxy,..;xy) >0 and Fa(yr, ..., yn) > 0.

This is equivalent to A(Fi(z1),..., Fn(zy)) > 0 and A(Fi(y1),.... Fn(yn)) > 0.
Hence, F;(z;) > 0 and F;(y;) > 0 for all ¢ € I, this imply that F;(z; Ay;) > 0
for all ¢ € I and that A(Fy(z1 Ay1), ..., Fn(@n Aypn)) > 0, this means Fra(xz; A
Y1y ooy Tn A Yn) > 0. Hence, Fa((21, ..., n) A (Y1, .-y Yn)) > 0, which complete the
proof of this proposition. O
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3.5.2. Aggregating of a finite family of fuzzy ideals

In this subsection, we introduce and study some proprieties of the operator (A,7J)
defined on a nonempty set X, where A : U™ — U is an aggregation on U and J is
a finite family of fuzzy subsets of X.

Definition 3.13. [60] Let (X, R) be a fuzzy lattice, 3 ={Z; : X — U,i €I} a
family of fuzzy subsets of X, and A : U™ — U an aggregation on U. The (A,T)
operator defined on X by T4 : X — U, is obtained as the composition given by
Ja(z) = A(Zy(2), ..., In(z)).

Remark 3.9. If (Z;);cs is a family of fuzzy ideals, T4 is not necessary a fuzzy
ideal and the converse as well.

Example 3.2. Let (X, R) be a fuzzy lattice with X = {0,a,b,c,1} and R given by
the Table 3.12.

0 a b c d 1
1.003 |04 |06 |07]0.8
0.0|10]00]| 050007
0.0 00|10]|0009]09
00[00|00]|10|00]03
0.0 00|00]|00]|10]04
0.0[00]00]|00|00]10

oo |oll

Table 3.12:

Define three fuzzy ideals Iy, Is, and I3 as in Table 3.15.

Zi(z) | Zo(z) | Zs(x)
0.5 0.5 0.4
0.2 0.0 0.0
0.0 0.1 0.3
0.4 0.0 0.0
0.0 0.0 0.6
0.0 0.0 0.0

=l |S|e|O8

Table 3.13:

And A(z,y,z) = % Then T 4 is as in Table 3.1/.
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(SR
S

Rl |l |ol8
(=] (=) (=]
ol “\»“\;“\'w“\'

oo
N

"B

Table 3.14:

It is easy to verify that Ja is not a fuzzy ideal. Indeed, Ja(c) = 13—1 > 0 and

Ja(d) =0.2> 0, but Ta(cVd) =T4(1) =0. Conversely, we can define T4 to be a
fuzzy ideal on X as in Table 3.15.

x| Ja(x)
0103
Ak

b | 0.0

c | 0.2

d | 0.0
1100
Table 3.15:

And choose Iy, Io and I3 as in Table 3.16.

Ti(z) | Zo(z) | Zs(x)
0.6 0.3 0.0
0.2 0.0 0.2
0.0 0.0 0.0
0.2 0.2 0.2
0.0 0.0 0.0
0.0 0.0 0.0

=lulo oo

Table 3.16:

Clearly, o and I3 are not fuzzy ideals. As in filters case, we give a sufficient
condition under which an aggregation of a family of fuzzy ideals is a fuzzy ideal.
Proposition 3.14. Let (X, R) be a fuzzy lattice, A: U™ — U an aggregation such
that A has no zero divisors other than 0 and let 3 ={Z; : X — U,i € I} be a family
of fuzzy subsets of X. If J is a family of fuzzy ideals of (X, R), then T4 is a fuzzy
ideal of (X, R).
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Proof. a) Suppose that 3 ={Z; : X — U,i € Z} is a family of fuzzy ideals of (X, R)
and A an aggregation on U such that A has no zero divisors other than 0, i.e.,
A(xyy.y2n) =0& 21 =0 or,..,or ,, = 0. Let 2,y € X such that J4 (z) >0
and R (y,z) > 0. This is equivalent to A (Z; (z),...,Z, (z)) > 0 and R (y,z) > 0,
which implies Z; () > 0 and R (y,x) > 0 for all i € I. Hence Z; (y) > 0 for all
i € I and this implies that A (Zy (y),...,Z, (y)) > 0. Consequently J4 (y) > 0.

b) Let x,y € X such that J4 (z) > 0 and T4 (y) > 0, this means

AT (z), ... Iy (x)) > 0 and A(ZT1 (y),....Zn (y)) > 0, hence, Z; () > 0 and
Z;(y) > 0 for any ¢ € I, then Z;(xVy) > 0 for all i+ € I which implies
ATy (zVy),....Iy(xVy)) > 0. Hence, T4 (zVy) > 0. Thus, J4 is a fuzzy
ideal of (X, R). O

Remark 3.10. The converse of Proposition 3.1/ is not true. Indeed, take R as
in Table 5.17.

0 a b c d 1
1.0 103|104 1]06|07]038
0.0]10|04|03|05]0.7
0.0|00|10|00|04]09
0.0 00|00|10|02]03
0.0 00|00|00|10]0.8
0.0 001]00|0.0/|00]1.0

oo |olD

Table 3.17:

And A(z,y,z) =x Ay A z. Take T4 as in Table 3.18.

x| Ja(x)
0 0.4
a 0.3
b 0.0
c 0.0
d 0.0
1 0.0
Table 3.18:

And choose Iy, Io and I3, for example as in Table 3.19.
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Il (J,‘) IQ(JZ‘) 1-3(.1‘)
0.4 0.5 0.5
0.3 0.5 0.3
0.2 0.3 0.0
0.2 0.3 0.0
0.3 0.0 0.3
0.0 0.0 0.0

=0 | |O|8R

Table 3.19:

It is easy to see that T4 is a ideal, but I, I, Is are not all ideals (Is , T3 are
not ideals).

Remark 3.11. Let R be a fuzzy relation defined on the set X = {0,b,¢,d, e, 1} by
the Table 3.20.

0 a b c d 1
1.003]|04|06]07]0.8
0.0 10]00]|00] 05|07
0.0[00| 10|00/ 04|07
0.0 00]00]|10]0.2]|0.7
0.0 [00]00]|00]|10]0.8
0.0 00]00]|0.0/|00]10

oo |olD

Table 3.20:

Also, let Ty and Iy two ideals, and T4 their aggregation as in Table 3.21.

T1(z) | Zz(x) | 3a(z)
0.7 0.5 0.5
0.2 0.0 0.0
0.0 0.3 0.0
0.0 0.0 0.0
0.7 0.6 0.6
0.0 0.0 0.0

oo | OoOlR

Table 3.21:

Put Ta(z) = inf(Zy (x), Zo(x)).

Table 3.21 shows that the aggregation of a finite family of prime (resp. maximal)
ideals is not prime (resp. mazimal) ideal. Even J4(x) = inf(Zy(z), Za(x)).
Proposition 3.15. Let (X;, R;),., be a family of fuzzy lattices, (Z;)icr a family
of fuzzy subsets such that Z; : X; — U and A : U™ — U 1is an aggregation defined
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by A(z1, ..y n) = 27 Ao Aaln, where an, ..o € RY. Let Ry and T4 be two

fuzzy sets defined on ([ X;)? and T[] X; by

i=1 i=1
§FEA((:'C17 "'71.7’7,)7 (yl; seey yn)) = A(Rl(xl, y1)7 eeey Rn(xﬂnyn))
and

Ja(xr,.oyxn) = AT (21), oo, Zn(zh))
respectively. If Z; is a fuzzy ideals of (X;, R;) for all i € I, then T4 is a fuzzy ideal
Of( Xi7 §RA)

i=1

Proof. (a) Let (x1,...,2Zn), (Y1, ---syn) € [] X such that T (z1,...,2,) > 0 and
i=1

Ra((y1,--sYn),s (€1, ..., xn)) > 0. This is equivalent to A(Zy(x1),...,Zn(xs)) > 0
and A(R1(y1,21), ., Rn(yn), n) > 0. Hence, Z;(x;) > 0 and R;(y;, x;) > 0, for all
i € I, thus Z;(y;) > 0 for all 4 € I. Consequently A(Z1(y1),...,Zn(yn)) > 0, i.e.,
jA(yl, ;yn) > 0.
(b) Let (21, ey ), (41, s ym) € [] Xs such that

i=1
Ja(z1,...,xpn) >0and Ta(y1, .. yn) > 0.

This is equivalent to A(Zy (1), ..., Zn(z5)) > 0and A(Z1(y1), ..., Zn(yn)) > 0. Hence,
Z;(x;) > 0 and Z;(y;) > 0 for all ¢ € I, this implies that Z;(z; Vy;) > 0 for all i € T
and that A(Zy(z1 Vy1), .-, Zn(Tn V Yn)) > 0, this means

Jalx1 VY1, ooy yVyn) > 0. Hence, Ta((x1, ..., n) V(Y15 .-y Yn)) > 0, which complete
the proof of this proposition. O
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4 General conclusions and future

research

In this thesis, we have established that ®-E-fuzzy partial ordering structures pre-
sented in this work support cutworthy properties.

The connection between the intersection of L-fuzzy sets and their a-cuts are given. In
addition, we have studied the aggregation of some finite families of fuzzy structures,
(Fuzzy binary relations and fuzzy filters).

We have also studied the relation between those families and their aggregations.

It has established that the aggregation of a family of fuzzy ordering relations is
a fuzzy ordering relation. Furthermore, the aggregation of a family of complete
lattices is a complete lattice. In addition, the aggregation of a family of right (left)
traces is a right (left) trace. Finally, the aggregation of a family of fuzzy filters is a
filter.

As open questions:
1. Is it also possible to obtain such results for the intuitionistic fuzzy case?

2. Is it possible to extend this study to the aggregation of L-fuzzy structures,
where L is any lattice?

67






Bibliography

69






Bibliography

[1] N. Ajmal, K. V. Thomas, Fuzzy lattices, Information Sciences, 79 (3-4) (1994)
271-291.
hitps://doi.org/10.1016,/0020-0255(94) 901244

[2] C. Alsina, E. Trillas, L. Valverde, On some logical connectives for fuzzy sets
theory, Journal of Mathematical Analysis and Applications, 93 (1) (1983)
15-26.
https://doi.org/10.1016/0022-2471(83)90216-0

[8] C. Alsina, B. Schweizer, M.J. Frank, Associative functions: Triangular norms
and copulas, World Scientific Publishing Company, (2006).
hitps://doi.org/10.1142/9789812774200

[4] A. Amroune, A. Bouad, Aggregating fuzzy binary relations and fuzzy filters,
Discussiones Mathematicae General Algebra and Applications,38 (2)(2018)
273-296.
https://doi.10.7151 /dmgaa. 1293

[5] A. Amroune, A. Oumhani, B. Davvaz, Kinds of t-fuzzy Filters of Fuzzy
Lattices, Fuzzy Information and Engineering, 9 (3) (2017) 325-343.
hitps://doi.10.1016/j.fiae.2017.09.005

[6] W. Bandler, L. J. Kohout, Special properties, closures and interiors of crisp
and fuzzy relations, Fuzzy Sets and Systems, 26 (3) (1988) 817-352.
https://doi.org/10.1016/0165-0114(88)90126-1

[7] W. Bandler, L. Kohout, Fuzzy power sets and fuzzy implication operators,
Fuzzy Sets and Systems, 4 (1) (1980) 13-30.
https://doi.org/10.1016/0165-0114(80)90060-3

/8] G. Beliakov, A. Pradera, T. Calvo, Aggregation functions: A guide for Practi-
tioners, Studies in Fuzziness and Soft Computing, Volume 221, Springer-Berlin,
(2007).
https://doi.org/10.1007/978-3-540-73721-6

[9] R. Belohlavek, Concept lattices and order in fuzzy logic, Annals of Pure and
Applied Logic, 128 (1-3) (2004) 277-298.
https://doi.org/10.1016/4.apal. 2003.01.001

[10] G. Birkhoff, Lattice theory, Volume 25, Partie 2, American Mathematical
Society, 25 (1973).

71



CHAPTER 5. BIBLIOGRAPHY

[11] T. S. Blyth, Lattices and ordered algebraic structures, Springer Science and
Business Media, (2006).
https://doi.org/10.1007/b139095

[12] T. S. Blyth, M. F. Janowitz, Residuation theory, Pergamon Press Ozford,
New York, (1972).
https://doi.org/10.1016/c2013-0-02425-5

[13] U. Bodenhofer, M. Demirci, Strict fuzzy orderings with a given context of sim-
tlarity setting, International Journal of Uncertainty, Fuzziness and Knowledge-
Based Systems, 16 (02) (2008)147-178.
https://doi.org/10.1142/s02184885080051 1z

[14] U. Bodenhofer, Representations and constructions of similarity based fuzzy
ordering, Fuzzy Sets and Systems, 137 (2003) 113-136.
https://doi.org/10.1016/50165-0114(02)00436-0

[15] U. Bodenhofer, A similarity-based generalization of fuzzy orderings preserving
the classical axioms, International Journal of Uncertainty, Fuzziness and
Knowledge-Based Systems, 8 (5) (2000) 593-610.
https://doi.org/10.1142/50218488500000411

[16] U. Bodenhofer, A similarity-based generalization of fuzzy orderings, Volume
26, Linz, Austria: Universititsverlag Rudolf Trauner, (1999).

[17] G. Bojadziev, M. Bojadziev, Fuzzy sets, fuzzy logic, applications. Volume 5,
World Scientific, (1995).

[18] T. Calvo, G. Mayor, R. Mesiar, Aggregation operators: New trends and
applications, Volume 7, Physica-Verlag Heidelberg, (2002).
https://doi.org/10.1007/978-3-7908-1787-4

[19] G. Chen, T. T. Pham. Introduction to fuzzy sets, fuzzy logic, and fuzzy control
systems, CRC Press Florida, (2000).

[20] 1. Chon, Some proprieties of fuzzy relations, Korean Journal of Mathematics,
24 (3) (2016) 525-535.
https://doi.org/10.11568 /kjm.2016.24.3.525

[21] I. Chon, Fuzzy lattices and fuzzy relations, Korean Journal of Mathematics,
23 (4) (2015) 557-569.
https://doi.org/10.11568 /kjm.2015.25.4.557

[22] 1. Chon, Fuzzy partial order relations and fuzzy lattices, Korean Journal of
Mathematics, 17 (5) (2009) 361-874.

[28] P. Christopher, A. Chambers, D. Miller, Rules for aggregating information,
Soc Choice Welf, 36 (2011) 75-82.
doi 10.1007/500855-010-0466-5

72



CHAPTER 5. BIBLIOGRAPHY

[24] B. A. Davey and H. A. Priestley, Introduction to lattices and order, Second
edition, Cambridge University Press, Cambridge, (2002).
https://doi.org/10.1017/cbo9780511809088.003

[25] B. Dawvaz, O. Kazanci, A new kind of fuzzy sublattice (ideal, filter) of a
lattice, International Journal of Fuzzy Systems, 13 (1) (2011) 55-63.

[26] B. De Baets, H. Bourmel, L. Zedam, On the compatibility of a crisp relation
with a fuzzy equivalence relation, Iranian Journal of Fuzzy Systems Vol. 13
(7) (2016) 15-31

[27] B. De Baets, R. Mesiar, T-partitions, Fuzzy Sets and Systems, 97 (1998)
211-223.
https://doi.org/10.1016,/S0165-0114(96)00331-/

[28] M. Demirci, A theory of vague lattices based on many-valued equivalence
relations — II: complete lattices, Fuzzy Sets and Systems, 151 (3) (2005)
473-489.
https://doi.org/10.1016/j.fss.2004.06.004

[29] M. Demirci, A theory of vague lattices based on many-valued equivalence
relations — I: general representation results, Fuzzy Sets and Systems, 151 (3)
(2005) 437-472.
https://doi.org/10.1016/7.fss.2004.06.017

[80] J. Drewniak, U. Dudziak, Preservation of properties of fuzzy relations during
aggregation processes, Kybernetika, 43 (2) (2007) 115-152.

[31] D. Dubois, and P. Henri, Fundamentals of fuzzy sets, Springer Science and
Business Media, (2012).

[32] J. C. Fodor, Traces of fuzzy binary relations, Fuzzy Sets and Systems, 50
(1992) 331-341.
https://doi.org/10.1016/0165-0114(92)90229-W

[38] J. C. Fodor, On fuzzy implication operators, Fuzzy Sets and Systems, 42 (3)
(1991) 293-300.
https://doi.org/10.1016/0165-0114(91)90108-3

[34] J. A. Goguen, L-fuzzy sets, Journal of Mathematical Analysis and Applications,
18 (1967) 145-174.
https://doi.org/10.1016/0022-247x(67)90189-8

[35] M. Gorjanac-Ranitovié, A. Tepavievié, General form of lattice-valued fuzzy
sets under the cutworthy approach, Fuzzy Sets and Systems, 158 (11) (2007)
1213-1216.
https://doi.org/10.1016/4.fs5.2006.12.016

73



CHAPTER 5. BIBLIOGRAPHY

[36] P. Hjek, Mathematics of fuzzy logic, Volume 4, Springer Science and Business
Media, (2013).

[37] U. Héhle, N. Blanchard, Partial ordering in L-underdeterminate sets, Infor-
mation Sciences, 35 (1985) 133-144.
https://doi.org/10.1016/0165-0114(92)90229-W

[38] O. Kazanci, B. Davvaz, More on fuzzy lattices, Computers Mathematics with
Applications, 64 (9) (2012) 2917-2925.
https://doi.org/10.1016/4.camwa.2012.05.006

[39] L. Kitainik, For closeable and cutworthy properties, closures always commute
with cuts, [1992 Proceedings] IEEE International Conference on Fuzzy Systems,
IEEE, (1992) 703-705.
https://doi.org/10.1109/fuzzy.1992.258743

[40] E. P. Klement, R. Mesiar, Logical, algebraic, analytic, and probabilistic aspects
of triangular norms, Elsevier, (2005).

[41] E. P. Klement, R. Mesiar and E. Pap, Triangular norms, trends in logic,
Volume 8, Kluwer Academic Publishers, Dordrecht, (2000).

[42] S. Kundu, Similarity relations, fuzzy linear orders, and fuzzy partial orders,
Fuzzy Sets and Systems, 109 (3) (2000) 419-428.
https://doi.org/10.1016/50165-0114(97)00370-9

[43] G. J. Klir, Fuzzy logic, Developments in Petroleum Science, 51 (2003) 33-49.
https: //doi.org/10.1016/S0376-7361(03)80006-7

[44] G. J. Klir, B. Yuan, Fuzzy sets and fuzzy logic theory and applications, Prentice
Hall, New Jersey, (1995).

[45] A. Kheniche, B. De Baets, L. Zedam, Compatibility of Fuzzy Relations,
International Journal of Intelligent Systems, 31 (2016) 240256.

[46] Y. Liu, K. Qin, Y. Xu, Fuzzy prime filters of lattice implication algebras,
Fuzzy Information and Engineering, 3 (2011) 235-246.
DOI 10.1007/512543-011-0080-y

[47] 1. Mezzomo, B. C. Bedregal and R. H. N. Santiago, On fuzzy ideals of fuzzy
lattice, International Conference on Fuzzy Systems, (2012) 1-5.
doi: 10.1109/FUZZ-IEEE.2012.6251307

[48] M. Baczynski, G. Beliakov, H. B. Sola, A. Pradera, Advances in fuzzy impli-
cation functions, Springer-Verlag Berlin Heidelberg, (2013).

[49] V. Murali, Fuzzy equivalence relations, Fuzzy Sets and systems, 30 (2) (1989)
155-163.
https://doi.org/10.1016,/0165-0114(89)90077-8

74



CHAPTER 5. BIBLIOGRAPHY

[50] J. P. Nation, Notes on lattice theory, Cambridge Studies in Advanced Mathe-
matics, volume 60, Cambridge University Press, Cambridge (1998).

[51] A. Oumhani, A. Amroune, More on fuzzy lattices and their filters, Analele
Universitatii Oradea, fasc. Math, 25 (2) (2018) 143-155.

[52] S. V. Ovchinnikov, Similarity relations, fuzzy partitions, and fuzzy orderings,
Fuzzy Sets and Systems, 40 (1991) 107-126.
https://doi.org/10.1016/0165-0114(91)90048-U

[58] S. V. Ovchinnikov, Representations of transitive fuzzy relations, Aspects of
Vagueness, 39 (1984) 105-118.
https://doi.org/10.1007/978-94-009-6309-27

[54] S. V. Ovchinnikov, Structure of fuzzy binary relations, Fuzzy Sets and Systems,
6 (2) (1981) 169-195.
https://doi.org/10.1016/0165-0114(81)90023-3

[55] J. Pavelka, On fuzzy logic I many-valued rules of inference, Mathematical
Logic Quarterly, 25 (36) (1979) 45-62.
https://doi.org/10.1002/malq. 19790250304

[56] J. Pavelka, On fuzzy logic II. Enriched residuated lattices and semantics of
propositional calculi, Mathematical Logic Quarterly, 26 (1979) 119-134.
https://doi.org/10.1002/malq. 19790250706

[57] J. Pavelka, On fuzzy logic III. Semantical completeness of some many-valued
propositional calculi, Mathematical Logic Quarterly, 25 (25-29) (1979) 447-
464.
https://doi.org/10.1002/malq. 19790252510

[58] D. Pei, Fuzzy logic algebras, on residuated lattices, Southeast Asian Bulletin
of Mathematics, 28 (2004) 519-531.

[59] M. Petrk Dominance on strict triangular norms and Mulholland inequality,
Fuzzy Sets and Systems, 335 (2018) 3-17.
DOI: 10.1016/5.fss.2017.06.001

[60] R. H. S. Reiser, B. Bedregal, M. Baczynski, Aggregating fuzzy implications,
Information Sciences, 253 (2013) 126-146.
https://doi.org/10.1016/4.ins.2013.08.026

[61] S. Roman, Lattices and ordered sets, Springer-Verlag New York, (2008).
https://doi.org/10.1007/978-0-387-78901-9

[62] E. Sanchez, Resolution of composite fuzzy relation equations, Information and
Control, 30 (1) (1976) 38-48.
https://doi.org/10.1016/50019-9958(776)90446-0

[65] B. S. W. Schréder, Ordered sets: An introduction, Boston: Birkhuser, (2003).

75



CHAPTER 5. BIBLIOGRAPHY

[64] B. Seselja, D. Stojié, A. Tepavéevié, On existence of P-valued fuzzy sets with
a given collection of cuts, Fuzzy Sets and Systems, 161 (5) (2010) 765-768.
https://doi.org/10.1016/.fs5.2009.09.020

[65] B. Seselja, A. Tepavéevié, H. Vogler, A note on cut-worthiness of recognizable
tree series, Fuzzy Sets and Systems, 159 (22) (2008) 3087-3090.
https://doi.org/10.1016/7.fs5.2008.02.009

[66] A. Tepavéevié, G. Tragkovski, L-fuzzy lattices: an introduction, Fuzzy Sets
and Systems, 123 (2) (2001) 209-216.
https://doi.org/10.1016/s0165-0114(00)00065-8

[67] G. Trajkouvski, An approach toward defining L-fuzzy lattices, Conference of
the North American Fuzzy Information Processing Society-NAFIPS, IEEE,
(1998) 221-225.
doi: 10.1109/NAFIPS.1998.715569

[68] L. A. Zadeh, G, J. Klir, B. Yuan, Fuzzy sets, fuzzy logic, and fuzzy systems,
volume 6, World Scientific, (1996).

[69] L. A. Zadeh, Similarity relations and fuzzy orderings, Information Sciences,
3 (2) (1971) 177-200.
https://doi.org/10.1016/50020-0255(71)80005-1

[70] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (3) (1965) 338-853.
https://doi.org/10.1016/S0019-9958(65)90241-X

[71] Q. Zhang, W. Xie, L. Fan, Fuzzy complete lattices, Fuzzy Sets and Systems,
160 (16) (2009) 2275-2291.
https://doi.org/10.1016/4.fss.2008.12.001

76



	Acknowledgements
	Introduction
	Preliminaries
	Generalities on ordered sets and complete lattices
	Crisp sets
	Sets operations
	Relation between sets
	Binary relations

	Basic concepts of fuzzy sets
	Fuzzy sets operations
	-cuts
	Height and support of a fuzzy set

	Triangular norms and triangular conorms
	Triangular norms
	Triangular conorms

	Fuzzy orders and fuzzy equivalences 
	Fuzzy lattices
	Definitions and properties of fuzzy lattices
	Fuzzy filters and fuzzy ideals in fuzzy lattices
	Fuzzy implications and co-implication
	Fuzzy intersection with respect to a triangular norm
	Fuzzy union with respect to a triangular conorm


	Fuzzy set operations w.r.t. a binary operation and cutworthy property
	Complete residuated lattice
	Similarity based fuzzy ordering

	An introductory example
	-cuts: An overview
	Definitions and properties 
	Example of a fuzzy set and its cuts

	Cut-set properties of an intersection with respect to the binary operation 
	Some results related to the intersection with respect to the binary operation
	Cartesian product of fuzzy sets with respect to the binary operation 

	Similarity-based fuzzy orderings and cutworthy properties
	Fuzzy orders and cutworthy properties
	Fuzzy equivalence and cutworthy properties
	Similarity-based fuzzy orderings with respect to a binary operation and cutworthy properties

	Intersection and Cartesian product of fuzzy relations with respect to a binary operation
	Intersection of fuzzy relations with respect to a binary operation
	Cartesian product of fuzzy relations with respect to a binary operation


	Aggregating some finite families of fuzzy sets
	Aggregation functions
	Aggregating of a finite family of fuzzy binary relations and their traces 
	Aggregating of a finite family of fuzzy binary relations
	Aggregating of a finite family of fuzzy lattices

	Aggregating of a finite family of fuzzy binary relations and their traces
	Traces of fuzzy binary relations
	Aggregating of a finite family of traces of a binary relation

	Aggregating of a finite family of t-orders 
	Aggregating of a finite family of fuzzy filters and fuzzy ideals
	Aggregating of a finite family of fuzzy filters
	Aggregating of a finite family of fuzzy ideals


	General conclusions and future research
	Bibliography

