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Résumé

Cette these développe la théorie des opérateurs entre les espaces quasi-Banach selon
trois axes. Nous étendons d’abord les théoremes fondamentaux (Banach Steinhaus,
graphe fermé, etc) et nous établissons une théorie de continuité pour les opérateurs
multilinéaires Ensuite, aux relations linéaires multivoques. Enfin, nous étudions les
opérateurs non linéaires dans les espaces p-normés, en particulier les opérateurs de
Lipschitz, et caractérisons les idéaux d’opérateurs deux-Lipschitz quotients a gauche
A~ o AppLip, identifiant des classes importantes comme les opérateurs de Grothendieck
et Rosenthal. Nos résultats relient la théorie linéaire et non linéaire.

Mots-clés : Espaces quasi-Banach, espaces p-normés, relations linéaires multivoques,
opérateurs multilinéaires, opérateurs de Lipschitz, opérateurs deux-Lipschitz, idéaux

d’opérateurs, idéaux quotients, opérateurs de Grothendieck, opérateurs de Rosenthal.

Abstract

This thesis develops operator theory in quasi-Banach spaces, focusing on three areas.
First, we extend fundamental theorems ( Banach Steinhaus, closed graph, etc) and
we develop continuity and boundedness theory for multilinear operators. Second, to
multivalued linear relations. Third, we study nonlinear operators in p-normed spaces,
particularly Lipschitz operators, and characterize two-Lipschitz left-hand quotient
operator ideals A" o Apy,,, identifying important classes such as Grothendieck and
Rosenthal operators. Our work bridges linear and nonlinear operator theory.

Keywords: Quasi-Banach spaces, p-normed spaces, multivalued linear relations,
multilinear operators, Lipschitz operators, two-Lipschitz operators, operator ideals,

quotient ideals, Grothendieck operators, Rosenthal operators.
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Introduction

The extension of fundamental operator theory concepts from classical Banach spaces,
initiated by Kalton’s foundational work [33], to more general topological vector spaces
has been a fertile area of research for decades. Numerous authors have successfully
generalized core properties of linear and multilinear operators to settings such as
asymmetric normed spaces and quasi-normed spaces. Recently foundational work
by Latreche and Dahia [35] established the continuity of multilinear operators on
asymmetric normed spaces. This line of inquiry was advanced by Rano and Bag
[45, 46], who developed the theory of continuity and boundedness for linear operators
in quasi-normed linear spaces.

The concept of quasi-norm has its roots in several independent contributions from
the late 1930s and early 1940s. In 1938-1939, Hyers [28] introduced the notion of
pseudo-norm using an 7 absolute value” function satisfying a weak triangle inequality.
The decisive step was taken by Aoki [8], who in 1942 gave the general definition of
quasi-norm and quasi-Banach space, unifying these earlier ideas into an axiomatic
framework and laying the foundation for all modern work in the field. Bourgin [13], in
work submitted in 1941, also employed this notion.

The present thesis contributes to this expanding field by introducing and systemati-
cally studying the concept of continuity for linear relations (also known as multivalued
linear operators) in the context of quasi-normed linear spaces. We establish several
fundamental theorems analogous to those central to functional analysis in Banach
spaces. Our results include versions of Banach Steinhaus theorem, the closed graph

theorem, and an examination of the minimum modulus and the existence of continuous
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selections for these relations. It is pertinent to note that these theorems have been
extensively studied for linear relations on normed spaces by many authors, see, for
instance, [6, 10, 7, 18, 60] and the references therein.

Linear and nonlinear functions in vector spaces are well-known operators. Specifically,
multivalued linear operators, also called linear relations, multilinear operators, quasi-
operators, Lipschitz, two-Lipschitz, and bi-Lipschitz operators, have been extensively
studied. As applications, we present the quotient bi-Lipschitz operator ideals in normed
spaces. Although our study is in the field of quasi-normed spaces, which generalizes
normed spaces to the constant K > 1 (with K = 1 in the latter case), we focus our
studies on normed spaces and highlight the differences obtained or failed in the direct
case. As most knowledge about multivalued linear relations is given by its graph, as
considered by most authors, while it is also a linear subspace.

The multivalued linear relation is always decomposed into an operator part called
the single-valued part (the operator part) and the multivalued part. For these reasons,
we shall study the operators deeply and give some notions in two cases unless otherwise
stated. For more details, see Cross [18].

This thesis is organized as follows:

In Chapter 1, we present preliminaries and essential concepts, including a recall of
quasi-normed spaces and multivalued linear relations in normed spaces.

In Chapter 2, we develop the theory of multilinear operators in quasi-Banach spaces,
extending the notion of continuity and boundedness to this setting, with completeness
properties and fundamental theorems.

In Chapter 3, we extend the theory of multivalued linear relations to quasi-Banach
spaces, establishing fundamental theorems including the closed graph theorem, Banach
Steinhaus theorem, as well as minimum modulus and continuous selections.

In Chapter 4, we develop a succinct theory of Lipschitz operators in quasi-Banach
spaces, extending classical nonlinear geometric analysis to the non-locally convex setting.
This chapter addresses three fundamental objectives: (i) establishing the foundational

knowledjements of Lipschitz-free p-spaces; (ii) developing an adjoint theory for Lipschitz
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operators; and (iii) introducing and characterizing Compact Lipschitz operators.

We begin by formalizing the category of pointed p-metric spaces and Lipschitz
mappings between quasi-Banach spaces, noting that the classical Mazur-Ulam theorem
extends naturally to this context through Rolewicz’s 1968 generalization. The central
construction is the Arens-FEells p-space &,(X), which serves as the nonlinear analogue
of the free Banach space. This space, originally studied by Kalton in [31] and later
developed in [34], possesses a universal property (Theorem 1.7.1) that establishes a
canonical correspondence between Lipschitz maps f : X — Y and bounded linear
operators fr, : A,(X) =Y.

The adjoint theory developed in this chapter introduces the Lipschitz adjoint Tp#
and establishes its fundamental properties. We prove that the transpose operator
T : E* — Lipy(X) satisfies | T*|| = Lip(7T"), and demonstrate the commutativity of the
fundamental diagram relating the Lipschitz adjoint to the linear adjoint of the canonical
extension ®(7"). These results provide the necessary duality machinery for subsequent
spectral and compactness investigations.

The final section addresses Compactness a distinctive phenomenon in quasi-Banach
spaces where the lack of local convexity precludes classical compactness arguments.
We establish a complete characterization of compactness, showing that a Lipschitz
operator 7' : X — ¢, is Compact if and only if it admits a coordinate representation
T(x) = (an(x)), with Lip(a,) — 0.

In Chapter 5, we present nonlinear operators and quotient structures, including
two-Lipschitz operators in normed spaces and our original contribution on two-Lipschitz
left-hand quotient operator ideals based on [38]. This chapter extends the classical theory
of left-hand quotients of operator ideals, developed by Pietsch [42] and subsequently
studied by various authors including Carl and Defant [14], Johnson et al. [29], and
Gélvez-Rodriguez and Ruiz-Casternado [23], to the setting of two-Lipschitz operators
acting between metric and Banach spaces.

We introduce the notion of two-Lipschitz left-hand quotient A~* o Apy;,, where A is

a Banach operator ideal and Apy;, is a two-Lipschitz operator ideal. A central concept
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in our investigation is the linearization property (LP), which establishes a fundamental
connection between a two-Lipschitz operator ideal and its linear counterpart through
the linearization map A — Ay. Under this assumption, we prove that such quotients
naturally generate new two-Lipschitz operator ideals and establish their isometric
identification with composition ideals of the form (A~* o B) o BLip.

As concrete applications, we characterize two important classes of operators as
left-hand quotients: Grothendieck two-Lipschitz operators, which we identify as
S~ Yo BLipgy, and Rosenthal two-Lipschitz operators, which correspond to V~'o B Lipg.
These results demonstrate the power of the quotient construction in capturing deep
structural properties of two-Lipschitz mappings. We conclude with an open problem
regarding quotients that do not satisfy the linearization property, using the class of
(p; p1, p2)-summing two-Lipschitz operators as a motivating example, thereby highlight-
ing the intrinsic asymmetry of multilinear operator ideals and pointing towards future

research directions.



Chapter 1

Preliminaries

This chapter presents the preliminaries and essential concepts needed throughout

this thesis.

1.1 Quasi-Normed Spaces

Using the classical terminology introduced by Aoki [8], who coined the term quasi-

norm we arrive at the following definition of a quasi-norm.

Definition 1.1.1. Let X be a linear space over the field K. A quasi-norm || - || on X is
a mapping:
-1+ X = [0, 400]
satisfying the following conditions:
(i) ||z|]] =0 if and only if x =0 € X.
(ii) ||azx|| = |a|||z| for all z € X and all « € K.

(iii) There exists a constant K > 1 such that, for all z,y € X, we have

lz +yll < K (lll + vl - (1.1)
We say that the pair (X, -||) is a quasi-normed linear space. The least of value
K such that (1.1) holds is called the index of the quasi-norm || - ||. If K =1, then the
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quasi-norm || - || becomes a norm on X and the pair (X, || - ||) is a normed space.

Remark 1.1.1. Note that in a quasi-normed linear space (X, || - ||) with the corre-

sponding index K,

n
>,
=1

n
< K"yl
=1

for all x; € X and n € N.

1.2 Topological properties

The topology 7, is generated by the quasi-norm || - || when d is a quasi-metric
associated with the quasi norm, defined by d(x,y) = || —y||. The pair (X, d) is referred

to a quasi-metric space . The open balls in this topology are given by,
B(zg,r) ={z € X : |xg — x| <1},

where € > 0. This topology on X has as its basis the sets
U={(z,y) e X xY : ||z —y|| <€}

See [17] for more details on this topology.

Definition 1.2.1. A quasi-metric on a nonempty set X is a function d : X x X — [0, 0c0)
satisfying
(i) d(z,y) =0 = v =y;
(i) d(z,y) = d(y, 2);
(iii) d(z,y) < K [d(z,2) + d(z,y)]
for all z,y,z € X, and for some fixed number K > 1. The pair (X,d) is called a

quasi-metric space. Obviously, for K = 1 one obtains a metric on X.

Definition 1.2.2. Let (X, d) be a quasi-metric space. As in the case of metric spaces,

a topology 7(d) can be defined on X by considering the family V,(z) of neighborhoods
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of a point z € X:

V € V,(x) <= 3r > 0 such that Bx4(x,r) C V.

A set G C X is called 7(d)-open if for all x € G, there exists = r, > 0 such that

Bx 4(x,r) C G.

Thus, if we consider the family F of subsets U of X, empty or not, such that for all
x € U there exists an open ball centered at = which is contained in U, it is clear that
F satisfies the properties of a topology. (X, F) is therefore a topological space. We

denote by 7(d) the topology generated by F on X.

Definition 1.2.3. Let (X, d) be a quasi-metric space, g € X and r > 0. We define

the balls in X by the formulas:

1. The open ball with center zy € X and radius r, denoted Bx 4(x¢,7), is defined by

Bx a(zo,7) = {x € X | d(xo,x) < r}.

2. The closed ball with center zy and radius 7, denoted B 4(wo,7), is defined by

B;Qd(xo,r) ={zx € X |d(xg,z) <71}

3. The sphere with center zy and radius r, denoted Sx q4(x¢,7), is defined by

Sx.a(zo,r) ={r € X | d(xp,x) =1}.

Proposition 1.2.1. Let (X, || - ||) be a quasi-Banach space.

— Any open ball Bx(z,r) ={y € X : ||y — x|| < r} is open for the strong topology
of X.

— Any closed ball Bx(z,7) ={y € X : ||y — x| < r} is closed for the strong topology
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of X.

Example 1.2.1. [45] As an important example, the mapping defined on R? into R* by

x = (11, 22) — <\/@+ |£E2\>27

is quasi norm on R?, for all z = (1, 2).
We obtain the following definitions from [44].
Definition 1.2.4. Let (X, | - ||x) be a quasi-normed linear space and let A and B be

subsets of X.

1. A sequence {z,}n,en C X is said to be convergent to zo € X, denoted by

lim,, oo , = Tg if, lim,, o ||z, — xo|| = 0.
2. {Zn}nen C X is called a Cauchy sequence if for n,m € N, lim,, ;500 ||Tn —Zm|| = 0.
3. B C X is said to be complete if every Cauchy sequence in B converges in B.

4. A C X is said to be bounded if there exists a real number M > 0 such that

|z|| < M, Vz € A.

5. A C X is said to be closed if for any limit of a sequence of points in A is contained

in A, that is, if lim,, o, , = xo with all {x, },en € A, then 9 € A.
6. A C X is said to be compact if any sequence {z,},en € A has a convergent
subsequence which converges to a point in A.
Proposition 1.2.2. [/5] Let (X,||-]|) be a quasi-normed linear spaces. Then the
following holds.
(i) The limit of a sequence {x,}nen in X, if exists, is unique.
(ii) Every subsequence of a convergent sequence converges to the same limit.
(1ii) Every convergent sequence {Ty}nen in X is a Cauchy sequence.
We collect here the basic definitions and results concerning quasi-Banach spaces

and quasi-metric spaces. For a comprehensive background on quasi-Banach spaces, we

refer to [32, 33].
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1.2.1 Quasi-normed and p-normed spaces

A fundamental and important result is the Aoki-Rolewicz theorem [8, 48]. TIts
standard formulation asserts the existence of some p € (0, 1] for which the quasi-norm
becomes p-subadditive up to equivalence. For our purposes, the following explicit

relation between the modulus of concavity K and the exponent p will be useful.

Remark 1.2.1. If a quasi-norm || - || satisfies
21 + o[ < K ([l + [J2]]),

then it is equivalent to a p-subadditive quasi-norm for any p satisfying K = 2'/7=1 (or

equivalently, p = (log 2)/(log(2K))).

Theorem 1.2.1. (Aoki-Rolewicz ). Let (X, |- ||) be a quasi-normed space with modulus
of concavity K. Then there exists a number p € (0, 1], determined by K and a constant

C > 0 such that

n 1/p
<C (2_:1 ijHP) (1.2)

n
Z L
j=1

for every finite sequence {x;}7_,. Consequently, the quasi-norm || - || is equivalent to a

quasi-norm || - || which is p-subadditive, i.e.,

s + oI < ([l + [[|all[7, for all wy, 25 € X.

Without lost of generality we shall write || - || to denote a quasi norm.

Definition 1.2.5. A quasi-normed space X is said to be p-normable if an inequality
of the form (1.2) holds. If the quasi-norm itself is p-subadditive, then (X,| - ||) is
called a p-normed space. In the sequel we assume, without loss of generality, that all

quasi-normed spaces are p-normed for some p € (0, 1].

A p-subadditive quasi-norm induces a metric d(z,y) = ||z — y||?. The topology of

X is the one generated by this metric.
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Definition 1.2.6. A p-normed space (X, ||-||) is called a p-Banach space if it is complete
with respect to the metric d(z,y) = ||z — y||P. More generally, a complete quasi-normed

space is called a quasi-Banach space.

1.2.2 Quasi-metric and p-metric spaces

The geometric structure underlying a quasi-normed space can be described in a

nonlinear setting by quasi-metrics.

Definition 1.2.7. A quasi-metric on a nonempty set X is a symmetric function

d: X x X — [0,00) such that
(i) d(z,y) =0 if and only if z = y;

(ii) there exists a constant K > 1 satisfying

d(z,y) < K (d(x,z) +d(z,y)) forall z,y,z € X.

The pair (X, d) is called a quasi-metric space (see [27], p. 109).

A quasi-metric d on a set X is said to be a p-metric, 0 < p < 1, if dP is a metric, i.e.,

d(xz,y)? < d(z,2)’ +d(z,y)?, x,y,z € X, (1.3)

in which case we call (X, d) a p-metric space.

Remark 1.2.2. 1-We recall that if || - || is a p-subadditive quasi-norm on X, then
d(z,y) = ||z — y|| defines a p-metric. Thus, every p-normed space is naturally a p-metric
space.

2-An analogue of the Aoki-Rolewicz holds in this context (see [27, Proposition 14.5]
): every quasi-metric space can be endowed with an equivalent p-metric 7 for some

0 <p <1, ie., there is a constant C' = C(K) > 1 such that

C7lr(z,y) <d(w,y) < Or(z,y), w,y€X. (1.4)

10



1.3. CONTINUITY OF LINEAR OPERATORS

1.3 Continuity of linear operators

Most of preliminaries are same in [45].

Definition 1.3.1 (Continuity in quasi-normed spaces). Let (X, | - ||x) and (Y, || - [|v)
be quasi-normed linear spaces. An operator T : X — Y is continuous at z € X if for
every sequence (z,) in X with ||z, — z|[x — 0, we have ||T(z,) — T(x)|ly — 0. If T is

continuous at every point of X, it is called continuous on X.

Proposition 1.3.1. Let (X, || - ||x) and (Y, || - |ly) be quasi-normed linear spaces and
T : X =Y alinear operator. If T' is continuous at one point of X, then it is continuous

everywhere on X.

Definition 1.3.2 (Bounded Operator in Quasi-normed Spaces). Let (X, - | x) and
(Y,]l - |ly) be quasi-normed linear spaces. A linear operator 7' : X — Y is said to be

bounded if there exists a constant M > 0 such that
IT(x)|ly < M||z|x forallze X.

Example 1.3.1. Let (X, ||-||) be a quasi-normed linear space. The operator T : X — X

defined by T'(x) = 2x is a bounded linear operator.

Theorem 1.3.1 ( Boundedness and Continuity). Let (X, | - ||x) and (Y| - |ly) be
quasi-normed linear spaces and T : X —'Y a linear operator. Then T is bounded if and

only if T is continuous.

Theorem 1.3.2 (Finite Dimensional Case). Let (X, | - ||x) and (Y, - |ly) be quasi-
normed linear spaces and T : X — Y a linear operator. If X is finite dimensional, then

T is bounded (hence continuous).

Definition 1.3.3. Let £ and F' be quasi Banach spaces. An operator T' € L(E, F) is

said to have finite rank if dim(7T'(E)) < oo.

Theorem 1.3.3 ( Space of Bounded Linear Operators). Let (X, || - [|x) and (Y, -|v)
be quasi-normed linear spaces. The set B(X,Y') of all bounded linear operators from X

to'Y forms a linear space.

11



1.4. MULTILINEAR OPERATORS IN NORMED SPACES

Theorem 1.3.4 ( Operator Quasi-norm). Let (X, ||-||x) and (Y, ||-||y) be quasi-normed
linear spaces. For T € B(X,Y) define

||T|| = sup ||T($)||Y
w20 ||7|lx

Then (B(X,Y), || -|) is a quasi-normed linear space.

Theorem 1.3.5 (Continuity of linear operators). Let (X, || - ||x) and (Y, - |ly) be two
quasi-normed linear spaces. A linear operator T : X — 'Y is continuous if and only if

there exists ¢ > 0 such that
IT(x)|ly <cllz|lx, VYzelX.

The next theorem is a quasi-normed version of the Banach-Steinhaus theorem that

introduced by Lv and Feng in [36].

Theorem 1.3.6. Let F be a family of continuous linear operators from quasi-normed
space (X, || - ||x) to quasi-normed space (Y, || - ||y) such that for each x € X there exists

by > 0 with | T(x)||y < b, for all T € F, then there exists b > 0 such that
sup{[[T(2)[ly,  [leflx <1} <9,

forall T € F.

1.4 Multilinear Operators in Normed Spaces

In general, in this section we use standard notations. Let (X, | ||x.) . for
! 7/1<j<m

m € N and (Y, ]| - ||) be linear normed spaces over field K (K = R or C). Following the

standard definition in multilinear analysis, for more details we refer to [21, 40, 54].

Definition 1.4.1. An operator T : X; X --- x X,,, — Y is said multilinear if it is

12



1.4. MULTILINEAR OPERATORS IN NORMED SPACES

linear separately in each coordinate, i.e., the mappings
Ti:X; — Y, 22— T, 27, .. 2™,

are linear for any fixed point 2% € X}, j # k where L(X1, ..., X,,;Y) denote the linear

space of such mappings.

Definition 1.4.2. The multi-linear map 7' is said to be continuous if it is continuous

as a function between two normed spaces.
Theorem 1.4.1. Let Xi,...,X,, and Y be mnormed spaces, and let T €
L(Xy,...,Xm;Y) be an m-linear mapping. The following assertions are equivalent:
1. T is continuous.
2. T is continuous at (0,...,0).

3. There exists a constant K > 0 such that
T, am)| < Kl )

forallad € X;, j=1,...,m.

ITI:= s |TG....2™)] < .

||.’EJ||§1,]:1 ~~~~~ m

We denote by L( X7, ..., X,,;Y) the vector space of all continuous m-linear mappings
from X7 x .-+ x X, into Y. When Y = K, we simply write £(X1,..., Xp).

Moreover, one easily verifies that
IT)) = inf {K >0:||T(z",....a™)| < K[|~ =™ for all 27 € X;} .

This expression defines a norm on £(Xy,...,X,,;Y). Furthermore, if Y is a Banach

space, then £(X,...,X,,;Y) is complete with respect to this norm.

13



1.5. MULTIVALUED LINEAR RELATIONS BETWEEN NORMED SPACES

1.5 Multivalued Linear Relations between normed
spaces

Definition 1.5.1 ([18, 6]). Let X,Y be vector spaces over K = R or C. A linear
relation 7" from X to Y is a mapping from a subspace D(T') of X, called the domain of

T, into the collection of non empty subsets of Y such that

T(cxy + frg) = oT(x1) + BT (x2),

for all nonzero scalars «, f and x1, 25 € D(T). If T maps the point of its domain to

singletons, then 7' is said to be a single-valued or simply an operator. The class of

linear relation from X to Y is denoted by LR(X,Y") and we write LR(X) = LR(X, X).

Definition 1.5.2 (The graph of linear relation). The graph G(7') of linear relation
T € LR(X,Y) defined by

G(T)={(z,y) e X xY :x € D(T) and y € Tz},

where T is uniquely determined by its graph, hence one can identify T" with G(T').

Definition 1.5.3 (The inverse of linear relation). The inverse of T is the linear relation
T-! defined by
G ={(y.x) €Y x X : (z,y) € G(I)}.

For ) # N C Y we have

TY(N)={x e D(T): NNTx # 0}.

If 77! is single valued, then T is called injective. The image of A C X is given by

T(A) = | J{Tz: 2 € AnD(T)}

14



1.5. MULTIVALUED LINEAR RELATIONS BETWEEN NORMED SPACES

In particular, for y € R(T),
T'y={x e D(T):ycTx}.

Remark 1.5.1. Let 7' € LR(X,Y’). The symbols R(T"), N(T') and T'(0) stand for the

range, the null space and the multivalued part of T, which are defined by

R(T) ={y : (z,y) € G(T)},

N(T) = {z € D(T) : (z,0) € G(T)} = T~(0),
and
T(0) ={y:(0,y) € G(T)}.
T is called injective if N(7') = 0 and T is said to be surjective if R(T) =Y.

In the next proposition we adopt the terminology of Cross [18] (see also [6]).

Proposition 1.5.1 ([18], Corollary 1.2.4). Let X,Y be vector spaces, the set T'(0) is a

linear subspace of Y .
According [18, Proposition 1.2.8, Proposition 1.3.1], we have the following proposition.

Proposition 1.5.2. 1. For all x € D(T),
Tx =y+T(0)
2. When B CY with B+# 0 and A C X then
T(T71(B)) = BN R(T) +T(0),

and

T YT(A) = AN D(T)+T*0).

For more details on the theory of multivalued linear operators between normed

linear spaces we refer to the books of [6] and [18].
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1.6. POINTED METRIC SPACES AND LIPSCHITZ MAPS
1.6 Pointed Metric Spaces and Lipschitz Maps

Definition 1.6.1 (Pointed Space; see (Weaver [58], Kalton [34])). A pointed quasi-
metric space (X, d) is a space equipped with a distinguished point called the origin,
denoted by 0. This choice is particularly useful for normalizing Lipschitz functions.
Any p-Banach space X can be viewed as a pointed p-metric space by taking the origin

to be 0 and defining the distance as d(z,y) = ||z — y||?.

Definition 1.6.2. If (X, d) and (Y, p) are quasi-metric spaces we shall say that a map

f X — Y is Lipschitz if there exists a constant C' > 0 so that
p(T(2),T(y)) < Cd(z,y), xyeX. (1.5)

We denote by Lip(7') the smallest constant which can play the role of C' in the last

inequality (1.5), i.e.,

p(T(2), T(y))

i) :x,yeX,x%y} € [0,00). (1.6)

Lip(T) = sup {

Remark 1.6.1. If T is injective, and both 7" and T~! are Lipschitz, then we say that
T is bi-Lipschitz and that X Lipschitz-embeds into Y. If there is a bi-Lipschitz map
from X onto Y, the spaces X and Y are said to be Lipschitz isomorphic. A map T

from a quasi-metric space (X, d) into a quasi-metric space (Y, p) is an isometry if

p(T(2),T(y)) =d(z,y), z,y€X. (1.7)

We shall say that (X, d) is a pointed quasi-metric space (or a pointed p-metric space,
or a pointed metric space), if it has a distinguished point that we call the origin and
denote 0. The assumption of an origin is convenient to normalize Lipschitz functions.

The Lipschitz dual of a quasi-metric space (X, d), denoted Lip,(X), is the (possibly

trivial) vector space of all real-valued Lipschitz functions f defined on X such that

16



1.7. THE LIPSCHITZ FREE p-SPACE

T'(0) = 0 endowed with the Lipschitz norm

[T'(x) = T(y)]

Lip(T) = sup { ey

:x,yGX,x;«éy}. (1.8)

Note that (LipO(X ), Lz’p(.)) is a Banach space. for more details see [4]

The nonlinear geometry of quasi-Banach spaces remains poorly understood. Most
research has focused on their uniform structure rather than their Lipschitz structure.

For instance, Weston [59] (see also [43]) introduced the following proposition.

Proposition 1.6.1 ([59]). The spaces L,(0,1) and £, are not uniformly homeomorphic

when p,q <1 and p # q.

Remark 1.6.2. Moreover, it remains open whether the metric spaces (L,,d,) and
(Lg,dy), where dy,(f, g) = || f —gl[b, are Lipschitz isomorphic for 0 < p < ¢ < 1. However,
it is known that L, and L, are not Lipschitz isomorphic as quasi-Banach spaces in the

sense described above [5].

Remark 1.6.3. A classical theorem by Mazur and Ulam (1932) [37] asserts that any
surjective isometry between real Banach spaces that maps 0 to 0 must be linear. This
result was extended to quasi-Banach spaces by Rolewicz in 1968 see [49], under the

assumption that all quasi-norms are p-norms for some 0 < p < 1.

1.7 The Lipschitz free p-Space

Let (X, p) be a pointed p-metric space with 0 < p < 1 and distinguished point

0 € X. For more details of this section see [4]

Definition 1.7.1 (Evaluation Functionals). Let Ry be the space of all (not necessarily
continuous) maps 7' : X — R with 7'(0) = 0. For x € X, the evaluation functional

§(z) € (RY)# is defined by



1.7. THE LIPSCHITZ FREE p-SPACE

Note that 6(0) = 0.

The construction presented in the following definition, due to Kalton [31] and further
developed by Albiac et al. [4] and Kalton [34], generalizes the classical Arens-Eells

space to the p-metric setting.

Definition 1.7.2 (Lipschitz Free p-Space). Let P(X) be the linear span in (R )# of

the evaluations §(x), where x runs through X. For = YN, a;6(z;) € P(X), define

N
leell 7, 0) = sup |3 a;T ()], (1.9)

j=1
where the supremum is taken over all p-normed spaces (Y, || - ||y) and all 1-Lipschitz

maps T : X — Y with f(0) = 0.
The Lipschitz free p-space over X, denoted F,(X) is the p-Banach space obtained

from the completion of the p-normed space (P(X), | - |7, x))-

Proposition 1.7.1. Let (X, p) be a pointed p-metric space, 0 < p < 1.

Then (P(X), | - ||7,x)) i a p-normed space.

Definition 1.7.3 (Natural Embedding). The natural embedding of X into F,(X) is
the map ox : X — F,(X) given by dx(z) = ().

Remark 1.7.1. The choice of base point in X is not relevant in the definition of F,(X).
If we change the origin, there is a natural linear isometry between the resulting Lipschitz

free p-spaces.
Theorem 1.7.1 (Universal Property ). Let (X, p) be a pointed p-metric space. Then:
1. 6x is an isometric embedding.

2. The linear span of {6x(z) : v € X} is dense in Fp(X).

3. Fp(X) is the unique (up to isometric isomorphism) p-Banach space such that
for every p-Banach space E and every Lipschitz map T : X — E with f(0) =0,
there exists a unique linear map Ty, : F,(X) — E with T, 0 6x = T. Moreover

17| = Lip(T).

18



1.7. THE LIPSCHITZ FREE p-SPACE

Pictorially,

X E

T
| a4

Fp(X)
Remark 1.7.2. If p = 1 (so that p is a metric), it follows from the Hahn-Banach
theorem that F;(X) is the classical Lipschitz free space denoted by F(X), and the

norm of pn =" a;6(x;) € P(X) can be computed as

leell 7 ) = sup

N
Z ajT(xj) )
j=1

the supremum being taken over all 1-Lipschitz maps 7' : X — R with f(0) = 0.
Moreover, F;(X)* = Lipy(X). The corresponding result also holds for p < 1, i.e.,
Fp(X)* = Lipy(X) (see Corollary 1.7.3 below).

Lipschitz free p-spaces provide a canonical linearization process: if we identify
(through 0x) a p-metric space X with a subset of F,(X), then any Lipschitz map
between p-metric spaces extends to a continuous linear map between the corresponding

free spaces.

Proposition 1.7.2. [/, Lemma 4.8] Let X and Y be pointed p-metric spaces (0 < p < 1)
and suppose T : X — Y is a Lipschitz map with T(0) = 0. Then there exists a unique
linear operator Ty, : F,(X) — Fp(Y) such that T, o 6x = dy o T, i.e., the following

diagram commutes:

X T vy
(5)( \LdY
Fo(X) == Fo(Y)

and ||[Tr|| = Lip(T). In particular, if T is a bi-Lipschitz bijection then Ty is an

isomorphism.

Proposition 1.7.3. [4, Corollary 4.23] Let X be a pointed p-metric space, 0 < p < 1.
Then
(Fp(X))" = Lipy(X),
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1.8. ARENS-EELLS p-SPACES AND MOLECULES

i.e., given ¢ € F,(X)* there is a unique T' € Lipy(X) such that ¢(3- a;0(x;)) = > a; T (x;)
for every 3 a;0(z;) € Fp(X), and the map ¢ — T is a linear isometry of F,(X)* onto
Lipy(X). In particular, F,(X)* = {0} if Lipy(X) = {0}.

1.8 Arens-Eells p-Spaces and Molecules
We now give an alternative equivalent definition of Lipschitz free p-spaces using
molecules and atoms, which provides an intrinsic formula for the p-norm.

Definition 1.8.1 (Molecules). Given a set X and = € X, let x, denote the indicator

function of the singleton {z}. For z,y € X, put

Myy = Xz — Xy-

A molecule of X is a function m : X — R that is supported on a finite subset of X and

satisfies Y-, c x m(z) = 0. The vector space of all molecules of X is denoted by M (X).

A simple induction argument shows that every molecule has at least one expression
as a linear combination of molecules of the form m,,, so that M(X) coincides with

the linear span of the family of atoms

A’(X):{p(;’zy/) :x,yGX,x;«éy} C R¥. (1.10)

Definition 1.8.2 (Arens-Eells p-Space). We define the Arens-FEells p-space over X,
denoted &E,(X), as the p-Banach space constructed from the set A’(X) using the

p-convexification method (see Albiac [4]).

This way, if we give M(X) the p-seminorm

N 1/P N m
|m|| &, = inf { (Z |ai|p> tm=>Y a—F—%_ N¢€ N} , (1.11)
i_1

i=1 p(xza yz) 7

we have that /&, (X) is the completion of M(X) (modulo the set of molecules with zero

p-seminorm) with respect to || - ||z, -
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Remark 1.8.1. Formula (1.11) defines in fact a p-norm on M(X), as will follow from

the identification with F,(X) below.

The following result establishes that the Arens-Eells p-space over X can be identified

with the Lipschitz free p-space over X.

Theorem 1.8.1. [/, Theorem 4.10 ] Let 0 < p < 1 and (X, p) be a pointed p-metric
space. Then F,(X) and £,(X) are isometrically isomorphic. In fact, there is a linear

onto isometry F : F,(X) = £&,(X) such that
F(6(x)) =xo — X0 =myo forallz e X.

The following two results are reformulations of Theorem 1.8.1.

Remark 1.8.2 (Canonical Isometries). By Corollary 1.7.3 and Theorem 1.8.1, for any

pointed p-metric space (X, p) with 0 < p < 1, we have the isometric identifications
Fp(X)" = Lipy(X) = £, (X)".
The canonical isometry S : Lipy(X) — F,(X)* is defined by

(S(f), ) = ;@jf(fﬁj)a for o= a;0(z;).

=1

Its inverse R : F,(X)* — Lipy(X) is given by R(y) = ¢ 0 dx, where dx : X — F,(X)

is the isometric embedding = — d(x).
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Chapter 2

Multilinear Operators in

Quasi-Banach Spaces

In this chapter, we extend the notion of continuity of linear operators between quasi-
normed linear spaces; developed by Rano and Bag [45, 46]; to multilinear operators
defined on quasi-normed linear spaces. Our approach generalizes the foundational work
of Rano and Bag [45, Theorem 2.1] on bounded linear operators and their continuity
results [46] to the multilinear setting. After this introduction, in Section (2.1) we study
the concept of continuity and boundedness of multilinear operators in quasi-normed
linear spaces, characterizing these mappings in a manner analogous to that used for
linear operators [45, 46]. In Section (2.2) we prove completeness properties of the space
of such operators. Finally, in the last section we establish versions of the Banach-
Steinhaus and closed graph theorems for multilinear mappings, extending the classical

results [36] to this setting.

2.1 Bounded m-linear operators in quasi-normed
linear spaces

In this section we characterize the continuity of the m-linear operators between

quasi-normed linear spaces by studying some properties of these class of such operators.
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2.1. BOUNDED m-LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACES

Our work builds upon the foundational contributions of Rano and Bag [45, 46].

Definition 2.1.1. Let (Xj, | - HXJ.)1<A< with m € N and (Y, || - ||y) be quasi-normed
Sjsm

linear spaces. For each {27 },cn C X converges to xé € X with respect the quasi-norm

1

ni

|- lx,- We shall write @, = (x,,, ..., 2%, ..., 20"), o = (xé,...,xé,...,xg‘) and (z,)n

! xd ..., 2™) converges to the point (33(1), coTh, ,x()”).

nycc ns

converges to xo when (z
Then the m-linear map T is said to be continuous at xzq if for any sequence (z,),

converges to xo implies (T'(x,)), converges to T'(xy) with respect to the quasi-norm
|-y ie.,
lim HT (m}l, x ,:vm) —T(xé,...,xé,...,xé”)”y = 0.

n—oo

Remark 2.1.1. Note that

1 j m 1 J m
HT(:Un,...,a:n,...,:zrn>—T(xo,...,aro,...,x())HY

m

1 Jj=1 3 J g+l m
ZT(mO,...,xO A 7 W A 4
Jj=1

Y

Definition 2.1.2. A m-linear mapping 7' : X; x ... x X,,, — Y is continuous if it is
continuous as a function between quasi-normed linear spaces.

We shall denote by Lx,,. x,..v)(X1,...,X;n;Y) the linear space of all contin-
uous m-linear mappings from X; x ... x X, into Y. If ¥ = K, we write
Lixy, Xmy) (X1, -0, Xon).

We shall prove that (2.2) defines a quasi-norm on Lx, .. x,..v)(X1, ..., Xy Y) which

is a complete norm when (Y| - ||y) is complete.
Asa=(a',...,a™) in the open A C X x ... X X, means that there exists opens
O; C (Xi, || - |lg) such that ' € O;, i =1,...,mand Oy x ... x O, C A.

Let us consider the space X X ... x X,, equipped with the quasi-norm || - ||, as

_ J
e = max fla7]1x,

then || - ||» induced a topology coincides with the product topology.
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2.1. BOUNDED m-LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACES

In the following theorem we prove that the connection between the continuity and
the boundedness of a m-linear operators between quasi-normed linear spaces, for its

proof we use a same technics such in [35] and [45].

Theorem 2.1.1. Let (Xj, || - ||Xj> forme N, (Y,||-|ly) be quasi-normed linear

1<j<m

spaces and Ky denotes the index of quasi norm || - ||x. Let T be in L(Xy,...,Xm;Y).

The following assertions are equivalent
(i) T is continuous.
(ii) T is continuous at (0,...,0).

(iii) There is a constant ¢ > 0 such that
HT(xl, . ,xm)HY <c HxIHXI | (2.1)

for every 27 € X;, 1 <j <m.

(iv) Moreover,

IT | e(xe, Xmiyy == SUp |T@", . am)| < oo,
27l x,; <1,j=1,....m
And
T 2(x1,.... Xmsv) = inf {¢ > 0, werifying the Inequality (2.1)} . (2.2)

Proof. (i) = (i7) Obvious, by definition of continuity.
(17) = (i17) Assume T is continuous at (0, ...,0). Take ¢ = 1. There exists r € (0, 1)
such that
T (Bxo((0,...,0),7)) C By(0,1),

where B, is the unit ball with respect to the product norm

(@1, - @m)lloo = max flallx;.

Let (x1,...,2m,) € Xix---xX,, be arbitrary. If some z; = 0, then T'(z1,...,2,,) =0

by multilinearity and the inequality in (4i¢) holds trivially. Assume therefore that z; # 0
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2.1. BOUNDED m-LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACES

for all j, so that [|z;|x;, > 0 by the definiteness of the quasi-norm. Set

r

2|zy]lx,

Yj x; forj=1,...,m.

Then ||y;||x; = r/2 < r for each j, so

1@ ym)lloe = 7/2 <7

and thus

||T(y1a s 7ym)||Y S 1.

By m-linearity,

T(yi,. .. Ym) = (ﬁ r) T(x1,...,%m),

j=1 2||; ||X,-
which implies

r\™ 1
(D) o TGl < 1

2/ TI7% Mol x,
Hence

2m
TG wmlly < =2 T sl
j=1

Set ¢ = 2" /r™ < 4o00. Then (iii) holds.
(1ii) = (i): Let a = (a1,...,am) € X1 X --- X X, and € > 0 be given. Set

M := maxi<j<m ||a;x; + 1 and choose

€
—mindl, ——— % > 0.
" mm{ ’cmMml}

If (z1,...,2m) satisfies maxi<j<m [|2; — aj||x, <, then ||z; — a;||x, < r for all j, and
|z;]lx, < M since r < 1.

By the telescoping formula (Remark 2.1.1), we have

T(xy,...,¢m) —T(ay, ..., an)

m
= ZT(al,...,aj,l,xj —aj,xj+1,...,xm).
j=1
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By assumption (i), for each j =1,...,m,

HT ((Il, ey @1, T — A5, Ljg1y - - - ,."L"m)HY
< cllaallxy - lajallxg e = asllx el - lemllx,
< eM™ g — a4x,

< eM™ 1y,
Therefore

m
| T(z1, ... @m) = Tlan, ... am)|ly <D eM™ 'r =emM™ 'r <e,
j=1

which shows that T is continuous at a. Since a is arbitrary, T is continuous on the
whole product space.

(17) < (iv): By definition of the operator quasi-norm

1T exy,xmyy = sup || T2y, ..., 20) ||y,
s l1x, <1, Vi

this quantity is exactly the infimum of all constants ¢ > 0 satisfying inequality (iii). O

Example 2.1.1. Let

T U1
‘/I; - ) y - b
X2 Y2
and
T: (R - lg2) x (R%, || - [lg2) — (R, || - [Ir)
(x,y) = 2191 + T2yo
then

2 2
el = (Viead +leal) ke = (Vlon] + viael)

1T (@, y)lle = |2191 + 22ys].
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2.1. BOUNDED m-LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACES

Then
Tyl _ ety +2oge] - Jaaflys] el
lellelivllee — loleelyle = lellelyllz  lelzlyle
Indeed
ol (Il + Vel + 24 lellaal) (Vi + el + 2 lmllel)
2]z yllz> = ESErS
and

wolle] (il + el + 2yimllee]) (Viel +inl + 2/ lnlel)

[l |y llee [E4IEL IS

Hence T is bounded and

”T”L(R?,R?;R) < 1.

We shall show that in the following theorem the set of all bounded m-linear operators

denoted by L(x,,. x,.;v)(X1, ..., Xmm;Y) is quasi-normed linear space under the quasi-

Theorem 2.1.2. Let (X, | -l|x.) . with m € N and constants K,
! i)1<j<m !

(Y|l - |ly) be quasi-normed linear spaces with contant constants Ky, then the pair

-----

Proof. Let T1,Ty € L(X; X ... X X,,,; V). For z = (21, ...,2,) € X1 X ... X X, we
have (1) + Ty)(x) = Ti(z) + To(x) and (AT)(z) = A\T'(x).
It is clear that for 77,7, are bounded implies AM; > 0, My > 0 such that Vz €

X X ...x X,, we have

1Ti (21, zm)|ly < Milzlx, - |2 ]|x,,

and

[To(1, s wm)lly < Mol llx, - fl#m] x.-
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2.1. BOUNDED m-LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACES

For A\, A» € K, we have

[Ty + X To) () ly = [MTh(2) + A Ta(2)ly = [Ta(Az) + Ta(Ae)ly
< Ky [[[Ti(a2)lly + [[Ta(A22) ]
< Ky [My| A ]™ 4+ Mool ]l x, - - lm]l x..

< Ml - lzmllx,,

With M = Ky [Mi|\]™ + Mz|Xe|™]. Hence we have MT) + AT € L(X, ..., X,,;Y)
then £(Xy,...,X,,;Y) is linear space.

Let (5.0 lx,) ..., -
L(Xy,...,Xm;Y), define for z € Xy x -+ x X,

(Y, |l - lly) be quasi-normed linear spaces. For T €

T Ty
1Tl eex1, o Xmyy = sUp s :
O#z;€X; ||‘r1||X1 s me”Xm

Clearly, ||T']|z(x,,....x,;v) = 0, the conditions (i), (ii) of the definition of the quasi-

.....

norm are straightforward.

For third condition of quasi-norm. Let T}, Ty € L( X, ..., X,,;Y), we have

[(7h + T5) (=) [y

HT1+T2||£(X1 Xm;Y) = Sup

7777 my

x;#0 ||$1||X1 T ||$m||Xm
:DjEXj
T; T
o JT@ + @)y
x;#0 ||$1||X1 T ||ImHXm
:L“jEXj
< Ky (|7 () |ly + | T2(2)|ly]
A0 21l x, - 12m | x,
ijXj
Ky ||T Ky ||T
< sup vlITi(2) |y 1 su vl To(2)|ly ’
220 [[T1llx, o emllx, o0 [2allx o 2mllx.,
ijXj ijXj

.....
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Remark 2.1.2. The quasi-norm of T', ||T'||z(x,,...x,.;v) can be calculated by

.....

1T, xmeyy = sup {IT(@)[ly : 2]l <1},

Indeed, while ||z]|s < 1, then

Hlexl 2™, <1, for all ) #0

and

X‘"L)

holds when ||z]/, < 1.

2.2 Completeness properties

We need the next lemma to prove the completeness properties of the space

(ﬁ(Xl, cen 7Xm; Y)a || ' ||£(X1 ,,,,, XmQY))'

Lemma 2.2.1. /45, Lemma 3.1] Let (Y,| - |ly) be a quasi-normed space with con-
stant Ky, a sequence {yn}nen in Y such that lim, . ||y, — ylly = 0 then ||y|y =

such that Ky is the index of quasi norm of Y. The following result is a quasi-normed

version of the Banach-Steinhaus theorem that introduced by J. Lv and Y. Feng in [36].

Theorem 2.2.2 ([36]). Let F be a family of continuous linear operators from quasi-
normed space (X, || - ||x) to quasi-normed space (Y,|| - ||ly) such that for each x € X

there exists b, > 0 with ||T'(x)|ly < by, for all T € F, then there exists b > 0 such that
sup{[[T(2)]ly, [lzllx <1} <.

It is used to prove that each 7j is linear and continuous, so since, if each 7Tj is linear

implies that 7" is m-linear, then we have the next theorem to prove the continuity of 7.
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2.2. COMPLETENESS PROPERTIES

Definition 2.2.1. A multilinear operator 7" : X; x...xX,, — Y between quasi-normed
linear spaces is separately continuous it is continuous separately in each coordinate.
We know that, the continuity implies separate continuity, but the converse is true
if Xy,...,X,, are Banach spaces. In this way, we will prove that this result for the

quasi-normed case.

Theorem 2.2.3. The map T € L(Xy,...,X,,;Y) is continuous with respect to the

norm || - || zxy,.... xmiy) o and only if it is separately continuous.

Proof. Clearly, the first implication is obvious.

Let us prove that the second implication (<) by induction on m, for m = 2,

(X1, || llx,), (Xo, |- llx,) quasi-normed linear spaces, and (Y, | -|y) is a quasi
Banach space, therefore, let 7" in (E(Xl,Xz; Y), |- |’£(X17X2;y)).

Assume that T is separately continuous i.e., for fixed x5 € X5 the partial mappings
T, : X1 — Y such that T,,(x1) = T(z1,22), and T, : X9 — Y such that T}, (x2) =

T(xy1,x5) are continuous, we have

1T (1, w2)lly = [Tes (z)lly = [T, (22) [l

we have Ty, (x9) = T(x1, 23) = Ty, (1), Ty, is continuous ||T'(x1, 22)|ly = [Ty, (z2) ||y <

My, ||z2||x, and for [|za]|x, <1

[T, (x0)lly = ([T (21, 22) [y = [Ty (22) ly

For the converse, let the family F = {7,,,x2 € Bx,} as T}, is defined into quasi-normed
space and the quasi norm || - ||y induces a quasi-metric by Dy (y1,v2) = |ly2 — n1lly
which define a second category Baire space, then the family of continuous mappings
pointwise bounded are actively uniformly bounded over an open set By,, i.e., 3M > 0
such that

| Too |l 201, x05v) < M for all Ty, € F
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2.2. COMPLETENESS PROPERTIES

then for each x' € X, 2? € X, with ||z!||x, <1, ||2?|lx, <1 we have
1T, 2®)lly = [ Toz (@) lly < 1 Tozll ey 0y < M.

Hence

“T(l‘l?‘,EQ)HY < M||x1||X1||x2“X27 \V/(ZL“l,ZL’Q) € X1 x Xs.

Suppose that the assertion is true up to (m — 1), define the following mappings

Tom : Xix ... x Xy —Yand Tn  ym1: X, — Y as above

m=1) we have

gm—1 is continuous by assumption. Therefore, for fixed (x!,... z

.....

| Tpr, a1 (2™)|ly < My gm—1||2™||x,., My1_ . zm-1 constant. Consider the family
F ={T,m : 2™ € By,,}, T, is separately continuous yields the existence of M > 0 for

all T,m € F such that
| Tom |2y, Xmyy < M for all Tpm € F.
Hence we have for all (z',... ™) € Bx,x..xx,,
| Tom (', 2™ Dy = | To,gmr (2™ [y < M.
Then
IT@"s .. 2™y = [ Tom (s 2™ )y < T lleex,exmy) < M,

1T ™)y < M2, - |2,

So by the above quasi-normed version of the Banach-Steinhaus theorem, we have

sup ( sup |]T(x1,...,xm)|]y> < 00.
szE}— ImEBXm
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Then,
ITlerxpry = sup [ T(',. 2™l
a5 <1, =1,
= sup ( sup ||T(a?,... 7x’"")”y)
sze]: JZmEBXm
< 0.
The proof is finished. O
Theorem 2.2.4. Let (Xj, || - ||Xj>1<,< be quasi-normed spaces and (Y, -|ly) be a
<j<m

quasi-Banach space, then the space (E(Xl XX Xy Y - leex, Xm;y)) is a quasi-

Banach space.

.....

orem 2.1.2, (Y, -|ly) is quasi-Banach space. Let (7,), be in £(X; x ... x X,,;;Y)

be a Cauchy sequence converging to y = lim, o Tp(21,...,2,) € Y which de-
pends on the choice (zy,...,x,,), then y = T(xy,...,x,) is clearly an operator,
to prove that T' is m-linear, we know that each lim, oo (T})n(2',...,2™) with each

T; (Xj, || - ”X]) — (Y, ]| - |ly) is linear and bounded (see [46]), hence we obtain that 7'
is multilinear while its linear for each variable (x;). From the continuity of each 7; and

Theorem 2.2.3, we have T' is continuous.

.....

2.3 Some fundamental theorems

2.3.1 The quasi-normed principle for m-linear mappings

We introduce in this section a Banach-Steinhaus theorem for continuous m-linear

operators defined on quasi-normed spaces.

Theorem 2.3.1 (quasi-normed principle). Let (Xj, || - HXJ-> be quasi-Banach

1<j<m

spaces, (Y, || - |ly) quasi-normed linear space, and {T,}aer be a family of mappings in
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2.3. SOME FUNDAMENTAL THEOREMS

L(X1,Xo, ..., X0 Y) if for all (z1,...,2™) € Xy x ... x X, such that
suII)HTa(xl,...,xm)Hy < oo then su;I)HTquleXm;y) < 0.
(1S ac

Proof. Let

F, = {x € Xy X ... x X, isup [|[To(2)|ly < n}
acl

Note that each F), is closed subset of X; x ... x X,,, with X; x ... x X}, = U,>1 F
and from the Baire category theorem there exist ny € N such that F,, has non
empty interior, let (a',...,a™) € F,, then there exist a constant r > 0 so
that Bx,x..xx,, ((a',...,a™),r) is in F,, let a € I we have for all (y!,...,y™) €

BX1><...><Xm((07 e ,0),7“) and Fno

||Ta(y1,y2—|—a2,,.,ym+am)||y
= ||T,l(y1 +at, .yt + a™) — Ta(al,?f +a? ..y + a™)|ly
<Ky |ITa(y' +a's oy + ™)y + | Tula',y* + @,y + 0™y ]

S Ky(2’l’L0)
With the same argument for all (z',...,2™) € Bx,x..xx,,((0,...,0),7)

|Tn (2t 2%, 2% +a®, ..., 2™ +a™)|y
= ITu(z, 2% +a?, ..,y +a™) — To(2h, 0%, 22 +a®, ... 2™ +a™)|y

S Ky[Ky(QTlo) + Ky(2n0)] S K}2/227’L0.

By repeating this argument m times we obtain

T (2!, ... 2™y < K3#2™ng
for all (z!,...,2™) € Bx,x..xx,,((0,...,0),7). Since « is arbitrary we get easily
K{/anno

iléIIJ Tl exr. Xmsy) < m
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2.3. SOME FUNDAMENTAL THEOREMS

The proof is complete. U

2.3.2 Multilinear closed graph theorem

Yl iy)

be quasi-normed spaces, and T € L(X1, Xa, ..., Xm;Y). An m-linear mapping with

Theorem 2.3.2 (Multilinear closed graph theorem). Let <X i |l Xj>

1<i<m’

closed graph, then T is continuous.

Proof. For each 1 < j < m fix ¢/ € X;, and let T7 the partial mappings such that
T/ : 27 € X; r—>T(al,...,aj_l,xj,aj+1,...,am> ey.

By multilinearity, 77 is clearly a linear mapping, moreover the graph G(77) of T7 is

closed since it is the image of closed sets as follows
G(17) = G(T) N ({a'} x ... x {a/ ™} x X; x {a ™'} x ... x {a™} x V).
By the homeomorphism ¥ such that
Uif{a'}x...ox{d " x X;x{d} x...x{d"}xY — X;xY

1 J=1 . j+1 m j
(a,...,a ol d o ad y) e (2 y)

Hence, by classical graph theorem between each (X il XJ.>1 and (Y| - |ly),

<jsm
T7 is continuous, this shows that 7' is separately continuous, therefore by Theorem

2.2.3 we have T is continuous. O
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Chapter 3

Multivalued Linear Relations in

Quasi-Banach Spaces

This chapter extends the theory of multivalued linear relations to quasi-Banach
spaces (developed by Rano and Bag [45, 46]), establishing fundamental theorems
including the closed graph theorem, quasi-normed principle, and open mapping theorem,

as well as minimum modulus and continuous selections.

3.1 The linear relations between quasi-normed lin-
ear spaces

In this section we will present and study the continuous linear relations between quasi-

normed linear spaces, with respect to the induced topology of the quasi metricdx; dy .

Let T € LR(X,Y) and consider the quotient space Y/T'(0) with respect to the

induced topology equipped with the quasi norm

] Fony = inf + klly.
”y||z:(x,y/T(o)) keﬁ”y Iy

It is straightforward to show that:

Proposition 3.1.1. The mapping Q : Y — Y/T(0) is the natural quotient map
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3.1. THE LINEAR RELATIONS BETWEEN QUASI-NORMED LINEAR SPACES

between quasi-normed spaces with domain Y and null space T(0).

Proof. Indeed; The map @ : Y — Y/T(0) defined by Q(y) = y + T'(0) is clearly
linear and surjective. Its kernel consists of all y € Y such that y + 7°(0) = 7'(0), that
is, ker(Q) = T(0). The quotient quasi-norm ||¥| 7)) = infrer(o) ||y + K|y satisfies
the required axioms, and ||Qyl| LX) S |lylly for all y € Y, ensuring continuity.

Hence () is indeed the natural quotient map. O
Remark 3.1.1. In the sequel we shall consider the notations of ()7 and () as the same.

In the following proposition we give the analogue of [18, Proposition I1.1.4] in the
case of linear relations in quasi-normed linear spaces.
We shall prove that as in the following proposition that ()7 is single valued.
Proposition 3.1.2. Let T' € LR(X,Y) and let Q be the natural quotient map, then
(i) QT is single-valued.
(i) |Tx|ly = dy(y,T(0)) for any y € Tx.
(ii1) || Tx|ly = dy(Tz,T(0)) for all x € D(T).
() Tl cr(xy) = supjg <1 1Ty
Proof. For (i), it is enough to prove that QT'(0) = 0, while QT'(0) = 0+ T'(0) C

QT(0) = 0. Indeed, let z € D(T') and y1,y2 € QT (z). Hence yy —ys € QT (x)—QT(z) =
QT(0) C QT(0) = 0, then y; = yo and (i) holds. For (ii) and (iii), let y € T'z then

ITzlly = 1QT2 cxy/re) = 0f) 1y + klly = dy (3, T(0)) = dy (T'z, T(0)).

For (iv) we have by definition

1Tl erixy) = QT [l vy = sup QT oy /7@y = sup [Ty

llz]l x <1 [l x <1

O
Now, we give the definition of quasi norm of a linear relation on quasi normed

spaces.
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Definition 3.1.1. Let 7' € LR(X,Y), we define
[Tz|ly = QT2 s x vy 7@, (z€D(T)). (3.1)

where

T = ||QT Fay = inf + k|| 3.2
1T crixy) = [1Q ||£(X,y/T(o)) kem”y | (32)

|QrT x|y
]l x

ITllencxsr) = 19T g =1 { s <1}

The quasi-metric between U and V' in X is define as follows

dx (U, V) =inf{||jv —u||x :u € U,v e V}. (3.3)
where U and V' are nonempty subsets of the quasi-normed space X and we denote
dx(x,V) the quasi-metric between {z} and V.

A generalization of [18, Proposition II.1.4] is given by the following proposition.

Proposition 3.1.3. Let X, Y be two quasi-normed spaces and T € LR(X,Y’), we have

(i) If y1,y2 € Tx, then dy(y1,T(0)) = dy(y2, T(0)).

(i) We have

inf dy(y,T(0)) = sup dy(y,T(0)) for any x € D(T).

yeTx yeTx

(i) || Tx|ly = dy(y,T(0)) for anyy € Tx.

(i) |Telly = dy(T2,T(0)) for any (x € D(T)).

Proof. (i) Clearly y; — y» € T(0), then we have
v, TO) = _inf 2= ally

< inf ||(z = (g1 — 1)) —
< ot I~ (= )~ elly

< dy (y2, 7(0)).
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We do the same thing for prove that dy (y»,7'(0)) < dy (y1,7(0)).

(ii) For all z € Tx and according (3.1), we have

dy(z,7(0)) = inf dy(y,T(0)) = sup dy(y,T(0)).

yeTx yeTx

(iii) Due to the fact that y € Tz, Tx = y + T(0), then from QT is single valued

map, we have
[Ty = HQTng(Xy/m) = HQ?JHL(XJ//W) = dy(y,T(0)).
(iv) Fix z € Tz and for any y € Tz, y — z € T(0), then

dy(Tz,T(0)) = inf ) Ik +ylly

yETz,kET(0

—  inf —2) +k
seritf o 12+ (W = 2) + Blly

= dy(2,T(0)) = [Ty

The proof is obtained. 0

Proposition 3.1.4. (a) Let T1,T, € LR(X,Y), we have
||T1$ + TQ[EHY S Ky[HTliL‘Hy + ||T2[E||y], fOT’ Ky Z 1,

where x € D(T1 + Ts) and Ky the corresponding quasi constant of Y.

(b) For every a € R, we have
loTiz|ly = ||| Tix||y where x € D(T}).

Proof. (a) Let s € Tix, k € Tox and € D(Ty + 13), we have s + k € (11 + Ty)x =
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Tix + Tox, and Ky >1

HTl.’ﬂ + Tg.ny = dy((S + k), (Tl + TQ)(O))
< Ky[dy (s, T1(0) + 15(0)) + dy (k, T1(0) + 12(0))]
S KY[dY(S7T1<O)) + dY<k7T2(O))]

= Ky[[Tally + [ Tox] ]
(b) Since a # 0, we have aT'(0) = 7'(0). Then

laTzlly = Q(aT2)| o x vy 7w = [NQT 2 x y 7@y = Ty

For oo = 0 it is trivial. O

Proposition 3.1.5. Let X,Y be two quasi-normed spaces and T € LR(X,Y). Let Q

be the natural quotient, then ||T| sr(x,y) is a semi-quasi norm.

ITllercer = 1QT ey may = s [Taly. (3.4
TIX>

Proof. Since QT is single valued mapping form X to Y/T'(0) and by using the Definition

(3.1.1), we have

T = |QT o = sup QTx == = sup ||Tx|y.
| HER(X,Y) I HL(X,Y/T(o)) xGB(X,H-Hx)H HL(X,y/T(o)) HIIIXSIH Iy

Clearly the second and the third condition of the definition of quasi-norm holds; for
the first if 7' = 0 it is trivial, however, if || Tz|ly = 0 = z € T~!(0), hence it is a semi

quasi-norm. [l

Proposition 3.1.6. Let X be a quasi-normed space and T € LR(X,Y). Then
|7 zr(x,vy = 0 if and only if T(Bpry) C T(0).

Proof. If ||T|| zr(x,y) = 0, then by using [Proposition 3.1.2, (ii)], we have ||Tz|y =0

for all z € Bp(r). Hence, for all x € Bp(p) and y € Tz, we have dy (y,7'(0)) = 0. So, for
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all z € Bp(ry and y € Tz, we have dy (y,7'(0)) = 0. This implies that for all x € Bpp),
Tx C T(O). Thus, T(BD(T)) C T(O).

Conversely, let T'(Bpry) C T(0). Then for 0 # « € D(T) we have T( « ) C 7(0),

llzllx

hence T'(x) C ||z||xT(0) = T'(0). O
The following proposition is a geometric characterization of the semi-quasi norm

1Tl cr(xy)-

Proposition 3.1.7. Let T € LR(X,Y), we have

(1) |T||zrex,yy < 0o if and only if there exists a constant X > 0 so that
TBo) x) © ABwe) ) y) + T(0)- (3.5)
(i) If | T || cr(x,y) < 00, then
1Tl erexy) = A TBoe),|1x) © ABgem), vy + T(0)}- (3.6)
Proof. (i) Suppose that ||T']|zz(x,y) < 00, then

T = su inf + klly.
H ||£R(X,Y) fEB(Xﬂ'HX) keT(0),yeTx Hy “Y

Thus if z and y € Tz, then there exists k € T'(0), a given € > 0, such that

ly +Elly < |IT|lcrxy) + €,

SO
y+k € (Tlerexy) + ) Bra)Iv):

y € (1Tl crixy) + €) B,y + 1(0). (3.7)

if and only if there exists a constant A (0 < A = ||T||zr(x,y) + €) for which
TBi)ix) © ABra),iy) +1(0). (3.8)

Conversely, suppose that (3.5) holds. Let x € Bpr),|.x) and y € Tw. Then y+k = Ay,

AIRIPY
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where ||y1|ly <1 and & € T(0) hence ||y + k[|y < A. Consequently dy (y,7(0)) < X and
1T cr(x,y) < A < 00.

(11) We take ”THL’R(X,Y) < 00, then

1Tl erexyy = mEEA : TBoa i) © ABre), vy +T(0)}- (3.9)

If |T||zr(x,y) = 0, then from Proposition 3.1.6 we have T'B(py.x) C T(0), so

(3.6) is hold. Now let ||T'||zr(x,yy > 0, we have

wf{A: TBow)x) © ABr), i) +T(0)}- (3.10)

Suppose that a > 0 satisfying a < ||T'||zr(x,v). Choose x € Bpry,.x) and y € Tx
so that

a < dy(y,T(0)).

Assume that TB(D(T)7||-HX) - AB(R(T),”'HY) + T(O). Then there exists y; € B(R(T)7||'HY)

and k € T'(0) such that y + k = ay;. Then
[y +Elly < a <dy(y,T(0)). (3.11)
contradiction. Fortunately
a < inf{A : TBp),1x) © ABrm))y) + 10}

and the result follows. O

3.1.1 The minimum modulus

In the following definition, we introduce the notion of the minimum modulus of a

linear relation between quasi-normed spaces.

Definition 3.1.2. Let (X, |- ||x) and (Y, || - ||y) be two quasi-normed linear spaces and
let T'e LR(X,Y). The minimum modulus of T" noted by vx y(7") defined as follows
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Yxy(T) =sup{A: || Tz|y > Mdx(x,N(T)) for x € D(T)}.

The proposition presented below provides a characterization of Definition 3.1.2.

Proposition 3.1.8. Let (X, || - ||x) and (Y, | - ||y) be two quasi-normed linear spaces.

For T € LR(X,Y), we have

oo, if D(T) C N(T),

Yxy(T) = 1Ty (3.12)
inf § ————— D(T N(T
in {)\dx(:c,N(T)) forx e D(T),x ¢ N( )}
Proof. We take 7%7)Y(T ) as in the Expression (3.12). Let A verify
ITally > My (z, N(T)) (3.13)

for every x € D(T') For D(T') C N(T'), then A < 7§§)Y(T) is trivial. In the other hand,
we have € D(T) (such that ¢ N(T)) and by (3.13), we have

ITzly
A G NTY)

Then

A < AGH (D).

Taking the supremum over A in (3.13) yields vx y (7)) < 7%7)Y(T).

Now, we take vxy(T) < P&)Y (T"). Then obviously vxy(T") < oo this implies that
x € D(T) and x ¢ N(T'). Moreover, there exists « in D(T") for which, one have

I7ally <5y (T)dx (2, N(T)),
this contradicts (3.12). Therefore; for ' € LR(X,Y)

vy (T) = vy (T).
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U
The following proposition offers a geometric representation of vyxy (7).
Proposition 3.1.9. Let (X, |- ||x) and (Y, | - |ly) be two quasi-normed linear spaces.
For T € LR(X,Y), we have
’)/X7y(T) = sup{)\ : TBD(T) D) /\BR(T)} (314)

Proof. Suppose that yg(l’)y(T) as in the Expression (3.14). We take 7&(1)1/(T) # oo and
fy%)Y(T) > vxy(T). Then there exists (z,y) in G(T') such that

1= lylly < v%5 (T)dx(z, N(T)) - (1+2¢)7". (3.15)

if € is so small, then

AN (T) > vy (T) - (1 + 2e).

The Equality (3.14) yields, y € (v%y) ()T Boer), then z1 € (v¢) " (T)Bper)

can be chosen so that y € Txy. As xy — 2 € N(T), according (3.15), we have
(1+2€) < 3y (T)dix (2, N(T)) = 1) (D) (1, N(T)) < 4y (D)l < 1,
which is a contradiction. Consequently

’Yg(l,)y (T) < vxy(T).

For the reverse inequality, it is enough to take the case vgg’)y(T ) < oo. Here, we put

WQ,)Y(T) < B <yxy(T).

Hence TBpry 7 BBrr) and there is y € R(T) where |ly|ly = 1 for which y ¢
BT Bp(r). Therefore
lz|x < B =y ¢ Ta. (3.16)
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Take y € T'zy. Fix o where § < oo < yxy(T). Then
1= |ylly > [|Txolly > adx(zo, N(T)) (since yxy(T) > ). (3.17)

We choose z1 € N(T) so ||Txzo|ly > ||x1 + xo||x by taking x = x; + xo, we have
Txg =Tz, and y € Tx with 1 = ||y|ly > ||Tz|ly > 5||x||x, this contradict (3.16). Thus

Yy (T) > vxy (7). O

Theorem 3.1.1. For T € LR(X,Y), we have
vy (T) = [T~
Proof. For A\ > 0, we have

T Biaey i Iy) 2 ABwo@).x) = X Bo)1ix) € Baa)y) + T(0)
= T (B iy +T(0) 2 ABoery, ) + T7(0)
= T (B iv)) +T(0) D ABoey, ) +T7(0)

=T (B(R(TLH-IIy)) D AB(),|-x)
Then
T~ (B iv)) O ABo) v (3.18)

if and only if
T (B, 1)) € By + T(0). (3.19)

a) If || T']| crex,y) < 00. By (3.6), we have

ITllerexyy = LA s AT T Biogr),ix) € Bereny vy + T(0)}

—1
= (Sup{A P AT By )ix) © B iy) + T(O)}>

A>0

1
= (supT_1 (B iv) 2 AB(D(T>,||-|x>> = (yxx (T7)) 7"

A>0
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b) If || T'|| zr(x,y) = 0o. we have
T By |1x) € MBr@) |y + T(0) for all X > 0.

Then
/\TB(D(T),H-HX) ,@ B(R(T),H~|IY) + T(O) for all A > 0.

Hence for all A > 0 and By (3.19), we have

(A (B(R(Txn-uy)) 2 AB(), | x)-

Therefore by Proposition 3.1.9 yxy(T7) = 0 and yxy(T71) = ”THZ712(Y,X)' Then

(xy (TN = 1T zrevx) O

3.1.2 Continuous linear relations between quasi-normed spaces

In this section, it is presumed that unless specified otherwise X,Y, Z, ... will con-
sistently represent linear quasinormed spaces. We characterize the continuous linear
relations involving quasi-normed spaces, similar to the characterization used for normed
spaces. The definition of a continuous linear relation is analogous to that provided in
[18, Definition I1.3.1] for topological spaces. We provide the definition for the purpose

of having a comprehensive understanding.

Definition 3.1.3. Let (X, || - [|x) and (Y, || - |[y) be quasi-normed spaces. A linear
relation T € LR(X,Y) is said to be continuous if the inverse image T-}(V) is a
neighbourhood in D(T') for any neighbourhood V' in R(T'). Also T is called open if
whenever U is a neighbourhood in D(7'), the image T'(U) is a neighbourhood in R(T').

Theorem 3.1.2. (1) Let T € LR(X,Y). Then T is continuous if and only if
||T||£'R(X,Y) < Q.

(2) Let T € LR(X,Y). Then T is open if and only if vxy(T) > 0.

Proof. 1. Suppose that 7" is continuous. Then there exists an open neighbourhood O
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in D(T') such that O C T 'Ug(r). Hence
O -0 CT 'Ura)— T 'Ur),

an open neighbourhood of {0} in D(T). Also 2T 'Ugey = T~ Ugery — T~ Ugr).

Consequently there exists A > 0 such that
)\UD(T) C 2T_1UR(T)

and

1 .
FABE@Hx) C T B, iy,
1 1
AT By © TT By iy) = By + T(0).

For the converse, assume that |7 zz(x,y) < 0o. Let V' be open ball in R(T") with
centre y. Then

Vb =V — {y} = aU(R(T),H-Hy) for some a > 0.

We have for some \ > 0
TUn)|1x) C AUre),1y) + T(0).

Accordingly
_ _ A
U, ix) +T7H0) C AT Uiy = =T (Vo).
Thus

! _ _
Vo + Ty TV,
which is a neighbourhood in D(T'). Therefore T' is continuous.
2. It is obvious by using Theorem 3.1.1. O
The set of all continuous relations from quasi-normed space X to quasi-normed

space Y denoted by CR(X,Y).

For the proof of the following theorem, we use the definition of kernel of T
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Proposition 3.1.10. Let T € CR(X,Y), then

1Tzl < ([T crox Izl (3.20)

for all v € X, where ||T||zr(x,y) s the least M satisfying || Tz|y < M||x| x.

Proof. From 3.1, we have ||T'[|zr(x,y) = SuPgz|s|x<1 1Ty, where

[Tzlly < sup || Tzlly = [IT]zrxy)-
02 |lollx <1

Timely, || T (L> ly < Tl zr(x,y) yields (3.20). The case ||z[|x = 0 is trivial. O

]l x

Example 3.1.1. Let R? be endowed with the quasi-norm

1@, b) Iz = (/]al +/Io])?,

and let T : (R?, || - [|g2) = (foo, || - |loo) be the linear relation defined by
T(a,b) = {(:Un)n € loo : lim x, = a—{—b}.

Then f‘((), 0) = ¢y, the space of null sequences, confirming that 7" is a multivalued linear
relation.

For any (a,b) € R? we have T'(a,b) = (a+b) - 1+ ¢o, where 1 = (1,1,1,...) € l.
Therefore, for y € T'(a,b),

T2l = inf [ly + ko
= inf ||(a+b) - 1 + 2|/
zZ€co
< |a+ 0| (taking z = 0)

< la] + ||

< (y/lal + /|p])?

= [l(a, b)l[e2,
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Thus T is a bounded linear relation with ||7|| < 1.

The [18, Proposition 1.2.8] and the definition of kernel give us the following proposi-

tion.

Proposition 3.1.11. Let T € LR(X,Y). Then we have

N(T) c N(QT).

In particular if T(0) is relatively closed in R(T), then N(T) = N(QT).

Proposition 3.1.12. Let T' € LR(X,Y). Then we have

Yxy(T) < vxy(QT).

In particular vx vy (T) = vxy (QT) if T(0) is relatively closed in R(T).

Proof. According the Definition 3.1.2 and the Proposition 3.1.11, We have

vxv(T) =sup{\: [|[Tz|ly > Mx(z,N(T)) for x € D(T)}
=sup{\: [|[Tz|y > Adx(z, N(QT)) for x € D(T)}

= 'VX,Y(QT)

For the equality, the Proposition 3.1.11 gives us N(T') = N(QT) if T(0) is relatively
closed in R(T"), then

Yxv(T) = sup{A: || Tx|ly > Mx(x,N(T)) for x € D(T)}
= sup{\: ||Tz|ly > Mdx(z, N(QT)) for x € D(T)}
= sup{A : QT ;(x y 7@y = Mdx(z, N(T)) for x € D(T')}

T(0

= 1xy(QT).
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For proving the following proposition, we use a same techniques which used in [18,

Proposition I1.3.10] by changing distance by quasi-metric.

Proposition 3.1.13. Let M be a non-empty subset of R(T) and let vxy(T) < oo.

Then for N C D(T) we have
dy(TN, M) Z ’YX,y(T)quV, TﬁlM).

Proof. Let A < yxy(T). By definition, ||Tx|y > Adx(x, N(T)) for all x € D(T).

For any y € TN and z € M, choose x € N with y € T'x. Then:
dy (y,z) > dy(Tz, M) = 12& 1Tz — wly.

Since ||Tx|ly = dy(Tx,T(0)) and T(0) C T(T~'M) = M N R(T)+T(0) by Proposition

3.1.2, we have:

dy (Tz, M) = dy(Tx, M N R(T) + T(0)) = dy (T, T(T"*M)).

Using the quotient map @ : Y — Y/T(0):
QT Ny 7y = oy T(0)) 2 Adx(, N(T)) 2 N, T M),

where the last inequality uses N (7)) C T~*M when 0 € M.

Taking infimum over y € T'N and using that QT is single-valued:
dy (TN, M) > Xdx(N,T*M).

Taking supremum over A < yxy(7") yields the result. O

Theorem 3.1.3. Let (X, |- ||lx), (Y, |lv) and (Z,|| - ||z) be quasi-normed spaces. Let
T eLR(X,Y)and S € LR(Y,Z). Then

vx,2(ST) > v,z (S|R(T)) vx,v(T) (0 - 0o excluded).
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Moreover, if S71(0) C R(T) then

Yx.2(ST) = vv,z(S)vxy(T).

Proof. Let Bpiry = {x € D(T) : ||z||x < 1} and Bgrry = {y € R(T) : |lylly =

||Q¥(O)y||£(X,Y/W) < ].}, then
Bsriry = {2z € S(R(T)) : ||2]|z = ||Q§(0)Z”Z <1},
this implies that

T(BD(T)) D) ’YX,YBR(T)
S(T(Bpr)) 2 vx,yS(Br))

ST(Bpr)) 2 vx,yVv,z(Bsrery))-

1x.2(ST) = 1.z (Slae) vx (T).
]

Remark 3.1.2. The inequality vx z(ST) > vy,z(S|rer)) - 7x,v (T) follows directly from
the geometric characterization of the minimum modulus via set inclusions (Proposition
3.1.9) and the exact homogeneity of the quasi-norm (Proposition 3.1.4(b)). Indeed,
by inclusions, the result yields as in the classical normed space setting, without any

additional constant arising from the quasi-norm structure.
The following proposition is quasi-normed version of quasi-normed principle theorem.

Theorem 3.1.4 (quasi-normed theorem). If F is a family of continuous linear relations
from a quasi-normed space (X, || - ||x) to a quasi-normed space (Y, || - ||y) such that for

each x € X there exists b, > 0 with || T(x)|ly < b, for all T € F, then

sup || 7| zr(x,yy < oo for all T.
TeF
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Proof. For each n € N, define
A, ={x € X :sup ||Tz|ly <n}.
TeF
Each A, is closed: if x;, — x with z; € A,,, then for any T € F,
[Tz|ly < K(|T2 — Tailly + [Tzilly) < K([T|erx )l — 2kl x +n).

Taking k — oo gives || Tz|y < Kn. Adjusting constants (using that K is fixed), we get
x € A, for appropriate n'.

By pointwise boundedness, X = |J>°; A,,. By Baire category, some A,, has non-
empty interior. Thus there exist z € X and r > 0 such that B(z,r) C A,,.

For z € B(0,1), we have z+rx € B(z,1) C Ay, s0 [|[T(z+7rzx)||y <mforall T € F.

Then:

1
[Tzlly = ~T(rz)lly

r
1

= MT(+rz) = T(2)ly
K

< (TG +ra)lly +T=]ly)
K 2Km

< —(m+m) = .
r r

Thus sup <1 [[Tz]ly < QKTm

< oo for all T € F, proving supycr [|T|| rex,y) < 0o. O
The following proposition is quasi-normed version of closed graph theorems and for
The proof is a similar of such [53, Theorem 1.5] by taking the quasinorm on X x Y of

the graph I' = G(T') as follows

(@, y)lle = max(llz|x, lylly) for (z,y) € G(T).

Proposition 3.1.14 (Closed graph theorem). Let (X, | - ||x) and (Y, - ||y) be quasi-

Banach spaces and T € LR(X,Y). Then the following statements are equivalent:

1. T and D(T) are closed;
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2. T is bounded, and D(T) and T(0) are closed;

3. T is bounded and closed.

Proof. We prove the implications (1) = (2) = (3) = (1).

(1) = (2): T and D(T) closed = T bounded, D(T") and T'(0) closed.

Step 1: T(0) is closed.

Since T is a linear relation, T'(0) is a linear subspace of Y~ by Proposition 3.1.1. Let
(yn) C T(0) with y,, = y in Y. Since (0,y,) € G(T) for all n and G(T') is closed by
assumption, we have (0,y) € G(T'). This means y € T(0). Thus T'(0) is closed.

Step 2: The quotient space Y/T'(0).

Since T'(0) is closed, the quotient space Y/T'(0) is a quasi-Banach space with the

quasi-norm

M = inf klly .
19l ey 7)) kelITl(O)Her ly

Let @ : Y — Y/T(0) be the natural quotient map. By Proposition 3.1.1, QT is
single-valued.

Step 3: QT has closed graph.

The graph of QT is G(QT) = {(x,y) : x € D(T),y € Tx}. Let (2, yn) — (z,9) in
X xY/T(0) with (z,,y,) € G(QT). Then there exist y, € Tz, and k, € T(0) such
that y, + k, — y in Y for some representative y.

Since (xp,yn) € G(T) and (0,k,) € G(T), by linearity of the relation we have
(Tn, Yn+kn) € G(T). As G(T) is closed and (x,,, yp, +k,) — (x,y), we get (x,y) € G(T).
Thus y = Qy = QT'z, so (z,y) € G(QT). Hence QT has closed graph.

Step 4: QT is bounded.

Since QT : D(T) € X — Y/T(0) is a single-valued linear operator with closed
graph, and X,Y/T(0) are quasi-Banach spaces, we apply the Closed Graph Theorem
for single-valued operators in quasi-Banach spaces (Theorem 2.3.2 with m = 1). Thus
QT is bounded, i.e., [|QT|z(x,y/7(0)) < 00.

Step 5: T is bounded.

By Definition 3.1.1, ||T| zr(x,v) = |QT || z(x,v/r0)) < 00. Therefore T is bounded,

and we have established (2).
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(2) = (3): T bounded, D(T) and T'(0) closed = T bounded and closed.

Boundedness is given. We show T is closed. Let (z,,y,) € G(T) with z,, — x and
Yn — y. Since D(T') is closed, z € D(T).

Since T' is bounded, QT is continuous. We have QTx,, = Qy, — Qy and QT'z,, —
QT'z by continuity. Thus Qy = QT'z, meaning y € Tz + T'(0) = Tx (since 7(0) is the
null space of @ restricted to the range). Hence (z,y) € G(T'), so T is closed.

(3) = (1): T bounded and closed = T and D(T") closed.

T is closed by assumption. We show D(T) is closed. Let z,, € D(T') with z,, — x
in X.

Since T is bounded, for each n there exists y, € Tz, with |y.lly <
2|7 zr(x,v)llzn|lx- The sequence (y,) is bounded in Y.

Consider the projection mx : G(T') — X given by 7x(z,y) = . This is a continuous
linear operator. Since 7" is bounded, for each # € D(T), the fiber 7' (z) = {(z,y) : y €
Tx} satisfies that QT is single-valued and continuous.

The map 7y is surjective onto D(T"). Since G(T') is closed (as T is closed) and X is
complete, and since QT being bounded implies 7y is an open map onto its range, we
conclude that D(T) is closed in X.

More directly: since QT is continuous and Y/7'(0) is complete, the inverse image of
closed sets under QT are closed. The set {z,,} U {x} is compact, and continuity of QT
ensures D(7T') contains its limit points.

Thus all three statements are equivalent. 0]

Corollary 3.1.5. Let (X, ||-||x) and (Y,||-|ly) be quasi-Banach spaces. If T € LR(X,Y)

is a closed linear relation with closed domain, then T is continuous (bounded).
Proof. This follows immediately from Proposition 3.1.14, implication (1) = (2). O

Remark 3.1.3. In the proof above, we use the fact that any quasi-Banach space
admits an equivalent p-subadditive quasi-norm for some p € (0, 1] by the Aoki-Rolewicz
theorem (Theorem 1.2.1). This ensures that the quotient space Y/T'(0) inherits the

quasi-norm structure.
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3.2 Continuous selections of linear relations

3.2.1 Continuous selections of linear relations between quasi-
normed spaces

Recall that a selection is the single valued part of the multivalued linear relations
for more details see [6, 18]. Note that in this section a linear relation 7" is established
between two quasi normed linear spaces X and Y and we shall give conditions to finding
a continuous selections for a given relations in quasi normed linear spaces. Also, note

that .

Proposition 3.2.1. If A is a continuous selection of T, then T is continuous. Further-
more

1T crixyy < N Allcexyy-

Proof. Let A be a continuous selection of T'. Then, we have
Tx=Ax+T(0) for x € D(T),

ITzlly = mf llylly < [Az]ly < Allcaenllellx
O

Proposition 3.2.2. On the product quasi-normed space X XY we shall define the quasi
norm ||(x,y)|lr = ||z||x + ||lylly on the graph G(T') of T denoted by T; € LR(X, X xY)

with D(Te) = D(T) and for all (x,y) € X XY,
Tex ={(z,y) : y € Ta},
for which ||(xz,y)|r = ||z]|x + |Tx|y. As we have seen,

ITzlly = [ITexly-
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Proof. To prove that ||(z,y)||r is quasinorm on T, the first and second conditions are
straightforward since || - ||y and || - ||x are both quasi norms. For the third condition of

quasi norm let (z1,y1), and (z9,y2) € T then for y; € T'zy and y, € Txo, we have

Gz, ylle + [ (22, w2) 0 = [1(21 + 22,91 + y2)[Ir
= [I(z1 + z2)llx + (o1 + 42)lly
< Kxlllzallx + llzallx] + Ky lllgally + lly2lv]
< Krlllzallx + [lezllx + lvally + [lyally]

< Krlll Gy, y0)lle + [1(22, 42) e,

with Kr = max(Kx, Ky). O

Proposition 3.2.3. Let T' be a linear relation having a continuous selection A. If T is
continuous and {0} x T'(0) is topologically complemented in G(T') where G(A) = PG(T)
such that P is any bounded projection defined on G(T') with

ker(P) = {0} x T(0),

then A is continuous.

Proof. Suppose that T" is continuous, we have
ITexllr = inf lellx +llyllyy = llllx + [ T2lly < (1 + ITleraon)llllx-
Since D(T) = D(Tg), we have PTgx is single valued, hence for z € D(T')

PTgx = (z, Az).
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As A is a single valued linear relation, hence

I, Az)l[e = llzllx + [|Az[ly
= [|PTaxr

< [1Pllecen I Tezlle = IPlcaew (llx + T2y ),

and from [zf|x + |Az[ly = [Pllexy)(lzllx + [ T]y), we have

[Az]ly = [[Pllecey) (lzllx +Tzlly) = llzllx,

in on another hand 7T is bounded, then we find the continuity of A

[Az]ly <IPllecey) + [1Pleaxn Tl ereey) — Hllzllx.
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Chapter 4

Compact Lipschitz Operators
between p-metric space and

p-Banach space

In this chapter we extend the concept of Lipschitz operators between metric spaces
and Banach spaces, introduced by Vergas et al. [56] to Lipschitz operators between

p-metric spaces and p-Banach spaces.

4.1 The Lipschitz Adjoint

We now define the adjoint of a Lipschitz operator, following Sawashima [51].

Definition 4.1.1 (Lipschitz Adjoint). Let X and Y be pointed p-metric spaces. For a
Lipschitz operator T' € Lipy(X,Y), define the Lipschitz adjoint T} : Lipy(Y') — Lipy(X)
by

T#(g)=goT, Vge& Lipy(Y). (4.1)

p
By the canonical isometric isomorphism (see Theorem 1.8.1 and Corollary 1.7.3), we

may also view T as an operator F,(Y)* — F,(X)*.

Remark 4.1.1. If Y = F is a p-Banach space, then the restriction Tp#

g+ coincides
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with the usual transpose of the associated linear operator:

T'(e*)(x) = e*(T(x)), e* € E* veX. (4.2)

Theorem 4.1.1 (Properties of the Transpose). Let T' € Lipy(X, E), where E is a
p-Banach space. Then the transpose operator T' : E* — Lipy(X) is linear and bounded
with ||T*|| = Lip(T).

Proof. Linearity of T is clear from its definition. To prove boundedness, for any

e* € F* and z,2’ € X, we have

T (e") () = T'(e")(2)] = le*(T(x)) — e*(T(a"))]

< [l - 1T(z) = T

< |le*|| - Lip(T) - d(z, 2").

Also, T"(e*)(0) = e*(7°(0)) = 0. Hence T*(e*) € Lip,(X), with

Lip(T"(e")) < |le”|| - Lip(T).

Taking the supremum over ||e*|| < 1, we get ||T"|] < Lip(T).

To prove the reverse inequality, observe:

IT(x)=T(2')| = sup |e(T(x)=T(a")| = sup [T"(e")(x)=T"(e")(z")| < |T"[|-d(,2").

[lex]<1 lle*[I<1
Thus Lip(T') < ||T"]|, and equality follows. O

Theorem 4.1.2 (Diagram Relation). Let T' € Lipy(X, E). Let Sy, Ry and S2, Ry denote
the canonical isometries between Lipy(X), F,(X)* and Lipy(Y), F,(Y)*, respectively

(which exist by the isometric isomorphism established in Corollary 1.7.3). Then the
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following holds:
T# =Ry o ®(T) 0 Sy, or equivalently ®(T)* = S;0T#, (4.3)

In other words, the following diagram commutes:

&(T)*

Fp(Y) Fp(X)”

S 1 T 51

Lipy(Y) -5  Lipy(X)

Proof. The proof follows from the definitions and the universal property. For any
g € Lipy(Y') and p € F,(X), we compute both sides and verify they coincide. The key
identification is that F,(X)* = Lip,(X) via the isometry Si, and similarly for Y, by

Corollary 1.7.3. O

4.2 Compact Lipschitz Operators

In this section, we study compact Lipschitz operators between p-metric spaces,
which play a fundamental role in understanding operator properties in spaces like £,

with 0 <p < 1.

Definition 4.2.1 (Lipschitz Image). Let X be a p-metric space and E a p-Banach

space. The Lipschitz image of a mapping T': X — F is the set

T(x) = T(y)

tousp(T) = { i)

:x,yeX,x#y}. (4.4)

Note that since dx is a p-metric, the condition ||T'(z) —T'(y)|| < C'dx(x,y) is equivalent
to ||T(x) — T(y)| < Cdx(z,y)? where dx(z,y)? defines a metric on X (by the p-
subadditivity of the quasi-norm). Thus Lip,(X) coincides with the space of Lipschitz

functions on (X, d%).
Definition 4.2.2 (Compact Lipschitz Operator). Let X be a pointed p-metric space
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and E a p-Banach space. We say that a base-point preserving map 7' : X — FE
is Lipschitz compact (respectively, Lipschitz weakly compact) if its Lipschitz image
is relatively compact (respectively, relatively weakly compact) in E. We denote by

LipolC (X, E) the set of all Lipschitz compact operators from X to E.

Remark 4.2.1. When Y =/, with 0 < p < 1, a p-Banach space, the compactness of
T'(B) implies that T'(B) is totally bounded under the metric dy (y,y’) = [[y—y'|[5. Unlike
classical Banach spaces (p = 1), the unit ball in ¢, is not compact in infinite dimensions
due to the lack of local convexity. Nevertheless, a Lipschitz operator T' : X — £,
can still be compact if its image exhibits a form of decay or can be approximated by

operators with finite-dimensional range.

Using the same techniques as that used by Vargas et al. in the proof [56, Propostion

2.1] we obtain the following result.

Proposition 4.2.1. Let X be a pointed p-metric space, E a p-Banach space and

T € Lipy(X, E). Then T is Lipschitz compact if and only if Ty is compact.

Theorem 4.2.1 (Characterization of Compact Lipschitz Operators). Let (X,dx) be a
pointed p-metric space with 0 < p < 1, and let T € Lipy(X,¥,). Then T is a compact

Lipschitz operator if and only if there exists a sequence (a,) C Lipy(X) such that

T(x) = (an(z))n and Lip(a,) — 0 asn — oo. (4.5)

Proof.

Since T' € Lipy(X,¥¢,), by the universal property of the free space F,(X) (Theo-
rem 1.7.1), it uniquely extends to a bounded linear operator 77, : F,(X) — ¢, such that
T =T 0dx and ||Ty| = Lip(T).

Sufficiency. Suppose T(x) = (a,(z))n, where a, € Lipy(X) and Lip(a,) — 0. Let
b, = (a,)r be the canonical linear extension to F,(X), so that T (m) = (b,(m)),

defines a bounded linear operator. Then for each z € X,

T(x) = To(0x(x)) = (bn(0x(x)))n = (an(2))n-
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To prove that T"is compact, let B C X be bounded. Then for any ¢ > 0, there exists

N € N such that Lip(a,) < ¢'/? for all n > N. For x,2' € B,
|an () — an(2')| < Lip(ay) - dx(z,2)/? < e, forn > N.

Hence, the tail 02 v |a,(2) —a,(2')|P can be made arbitrarily small uniformly in z, 2.

Thus, T'(B) is totally bounded in ¢, and since ¢, is complete, T'(B) is precompact.

Necessity. Suppose T € Lip,(X,¢,) is compact. Then the extension 17, : F,(X) — ¢,
is a compact linear operator. By the theory of compact operators in p-Banach spaces,
Ty, admits a representation 77 (m) = (b,(m)),, where b, € L(F,(X),K) and ||b,] — 0.

Let a,, € Lipy(X) be the unique Lipschitz functional such that a,, = b, 0 dx. Then

T(x) = TL(0x(x)) = (bn(0x(2)))n = (an(2))n,

with Lip(a,) = ||b,]| — 0, completing the proof. O

Example 4.2.1 (A Compact Lipschitz Operator on ¢,). Define T': ¢, — ¢, by

Ty \
)= (%) fora=(@acb, 0<p<l (4:6)

1. T maps ¢, into itself, since

|

oo n’p oo
1Tl = <D lwal” = 2]l (4.7)
n=1 n=1

n

2. T is Lipschitz, as
@) =Tl = 3 o < S o~ — o=l (49
3. To show compactness, define
Tn

Ty(r) = (nl/P : X{ngN})n, (4.9)
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a finite-rank operator. Then

o) p o0
IT(@) - Ty(@)|E= 3. Jzal” S |zP >0 as N oo (4.10)
n=N+1 " n=N+1

Hence, T' can be approximated by finite-rank operators and is compact.

4. Let an(x) = z,/n"/?, then T(z) = (a,(z)),, and

) 1
Lip(a,) < i 0, (4.11)

so Theorem 4.2.1 applies.

Theorem 4.2.2 (Compactness of Adjoints). Let (X,dx) be a pointed p-metric space
with 0 < p <1, and let E be a p-Banach space. If T' € Lipy(X, E), then T is compact

if and only if T* is a compact linear operator.

Proof. (=) If T is compact, then T}, : F,(X) — E is compact. (Equivalently, via
the isomorphism F,(X) = &,(X), the corresponding operator on is compact). Hence
Ty : B* — F,(X)* is compact. Since T* = T} (under the identification of Remark 1.8.2),
T" is compact.

(<) Suppose T" : E* — Lip,(X) is compact. Let Bg« be the unit ball of E*. Then
T*(Bg-~) is relatively compact in Lipy(X). We show that T%(Bg+) is equicontinuous on
bounded subsets of X. Indeed, since T*(Bg-+) is compact in Lipy(X), for any € > 0 and

bounded B C X, there exist g1, ..., g, € T"(Bg+) such that for any g € T*(Bg~):
sup|g(z) — gi(z)] < e for some i. (4.12)
zeB

Each g; is Lipschitz, hence uniformly continuous on B. The finite family {g1,..., 9.}
is equicontinuous, so by approximation, T%(Bg«) is equicontinuous on B. Now for

x,r’ € B:

1T (z) = T = sup [e"(T(x) =T(2))| = sup [g(x) —g()]. (4.13)

llexll<1 geT* (Bp)
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By equicontinuity, for any € > 0, there exists § > 0 such that d(z,z’) < ¢ implies
lg(z) — g(2')| < € for all g € TY(Bg-). Thus ||T(z) — T(z')|| < ¢, showing T'(B) is

totally bounded. Hence T' is compact. U

4.3 Structure of the Space of Compact Operators

Proposition 4.3.1 (Ideal Property). Let (X,dx), (Y,dy), (Z,dz) and (W,dw) be

pointed p-metric spaces, and let E, F' be p-Banach spaces. Then:
1. For each pair (X, E), the set Lipy (X, E) is a vector subspace of Lipy(X, E).
2. If T € Lipy (X, E), A € Lipy(E, F) and B € Lipy,(W, X), then the composition
AoT o B € Lipg (W, F).

3. The space (Lipy (X, E),Lip) defines a Lipschitz operator ideal.

Proof. (1) Let Ty, T, € Lipy (X, E) and A € K. We show that AT} + T, is compact.
Let B C X be bounded. Since 77 and T3 are compact, the sets T1(B) and Ty(B)

are precompact in E. Hence their closures T7(B) and T3(B) are compact subsets of E,

because F is complete. Consider now the continuous map

. ExE—FE, ®(u,v)=Au+w. (4.14)

The set K :=T1(B) x T»(B) is compact in E x E so ®(K) is compact in E. Clearly,

(\T, + To)(B) € ®(K), (4.15)

whence (AT} + T3)(B) is precompact in E. Therefore XT} + Ty € Lip~ (X, E), and
Lip) (X, E) is a vector subspace of Lip,(X, E).

(2) Let T € LipN(X,E), A € Lip,(E,F) and B € Lip,(W, X). Let C c W be
a bounded subset. Since B is Lipschitz, B(C) is bounded in X. As T is compact,
T(B(C)) is precompact in E, thus its closure T(B(C)) is compact in E.

The map A : E — F is Lipschitz, hence continuous with respect to the p-metrics.
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Therefore A(T(B(C'))) is compact in F', and
(Ao T o B)(C) = A(T(B(C))) ¢ A(T(B(C))), (4.16)

so (Ao T o B)(C) is precompact in F. Since C' was arbitrary, Ao T o B is compact.
Moreover,

Lip(AoT o B) < Lip(A) - Lip(T) - Lip(B) < oo, (4.17)

so AoT o B € Lipy (W, F).

(3) The first part shows that each Lip} (X, F) is a linear subspace, and the second
part shows stability under composition with arbitrary Lipschitz operators acting on the
left and on the right. This is precisely the defining property of a (nonlinear) Lipschitz

operator ideal. O

Proposition 4.3.2 (Closedness). Let (X, dx) be a pointed p-metric space and let E be
a p-Banach space. Then Liply (X, E) is a closed subspace of Lipy(X, E) for the Lipschitz

norm.

Proof. Suppose (T},) C Lipy (X, E) converges to T in Lipy(X, E), i.e., Lip(T,, = T') — 0.
We need to show that T' € Lipy (X, E).
Let B C X be bounded and write

R :=sup{dx(z,y) : z,y € B} < 0. (4.18)
Fix € > 0. Since Lip(T},, — T') — 0, there exists ng such that

Lip(T,, — T) (4.19)

- €
2R’
As T, is compact, T,,,(B) is totally bounded in E. Hence there exist y;,...,ym € E

such that

T,,(B) C 6 Bg (yj, ;) ; (4.20)

Jj=1

where Bg(y,r) denotes the closed ball of radius r in E.
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Let € B. Then there exists j € {1,...,m} such that ||T,,,(x) — y;|| <¢e/2. Using

the Lipschitz estimate for 7' — T;,, on the bounded set B, we obtain

. e &€ €
||T(I)—y]|| < ||T(x)_Tno(I)||+||Tno<x)_yj|| < L1p<T_Tno>'R+§ < §+§ =E. (421>
Hence
T(B) c | Bely;, ), (4.22)
j=1

which shows that T'(B) is totally bounded. Since B C X was arbitrary, T is compact.
Therefore T € Lips (X, E). O

Definition 4.3.1 (Finite-Rank Lipschitz Operator). Let (X, dx) be a pointed p-metric
space and E a p-Banach space. A mapping T' € Lip,(X, F) is said to be of finite rank

if there exists a finite-dimensional subspace F' C E such that T'(X) C F.

Proposition 4.3.3 (Finite-Rank Operators are Compact). Let (X,dx) be a pointed
p-metric space and E a p-Banach space. Every finite-rank operator T € Lipy(X, E) is

Lipschitz compact.

Proof. Let T' € Lip,(X, E) be of finite rank and let /' C E be a finite-dimensional
subspace such that T'(X) C F.

Let B C X be bounded. Then T'(B) C F is a bounded subset of the finite-
dimensional p-Banach space F'. In a finite-dimensional normed (or quasi-normed) space,
all norms are equivalent and bounded sets are relatively compact. Hence T'(B) is

precompact in F'; and thus in E. Since B was arbitrary, T" is compact. 0

Corollary 4.3.1 (Approximation by Finite-Rank Operators). Let (X, dx) be a pointed p-
metric space and E a p-Banach space. Suppose that T' € Lipy(X, E) can be approzimated
in the Lipschitz norm by finite-rank Lipschitz operators, i.e., there exists a sequence

(T,) C Lipy(X, E) such that each T,, has finite rank and

Lip(T,, — T) — 0. (4.23)

Then T is Lipschitz compact, i.e., T € Lipy (X, E).
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Proof. Each T, is finite-rank, hence compact by Proposition 4.3.3. By Proposition 4.3.2,

Lip) (X, E) is closed in Lipy(X, E), so the limit T is also compact. O
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Chapter 5

Nonlinear Operators and Quotient

Structures

This chapter presents nonlinear operators and quotient structures, including two-
Lipschitz operators in normed spaces and our original contribution on two-Lipschitz
left-hand quotient operator ideals. Throughout this chapter, X, Y, Z, W denote pointed
metric spaces with distinguished base point 0 and metric d. The symbols E, F, G stand
for Banach spaces over the same field K (R or C). Every Banach space is regarded as a
pointed metric space with base point 0 and distance induced by its norm. The closed
unit ball of F is denoted by Bpg, its topological dual by E*, and the space of bounded
linear operators from E to F' by L(E, F'), endowed with the operator norm. All results

of this chapter are published in [38].

5.1 The two-Lipschitz operators ideals

According to Hamidi, Dahia, Achour and Tallab [26, Definition 2.1] we have the

following defintion

Definition 5.1.1. The two-Lipschitz space BLipy(X,Y; F) consists of all maps A :

X xY — FE satisfying

A(z,0)=A0,y) =0 (zr€e X,yeY)
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and for which there exists a constant C > 0 such that

[A(z,y) — Az, y) — A, y) + Al )| < Cd(z,2")d(y, o)

for all z,2’ € X, y,v' € Y. The smallest such constant is the two-Lipschitz norm

Az YAy d(:C,:L‘ )d(y,y)

With this norm, BLip,(X,Y’; E) is a Banach space; its elements are called two-Lipschitz
operators.

We recall that for Banach spaces E, F', we denote by E ® F' their algebraic tensor

product and by E®,F the completion with respect to the projective norm

m(u) = inf {Z sl ellyslle s w =z @ yj} :

j=1 j=1

The canonical bilinear map o5 : E x F — E®,F is given by oy(x,y) = v ® y. Further

details can be found in [19, 47].

Theorem 5.1.1 (Bi-linearization; Hamidi et al. [26], Theorem 2.6 and Remark 2.7).
For any two-Lipschitz operator A € BLipy(X,Y; E) there exists a unique continuous

bilinear operator Ag : B(X) x B(Y) — E such that
Ap(Maar, myy) = A(z,y) — Az, y) — A, y) + A2’ o)
forall xz, 2’ € X, y,y € Y. Moreover,
A= Ago(dx,dy),

where 6z : Z — A(Z) is the isometric embedding 07(z) = m.o (see [58]). The bilinear
map Ap is called the bi-linearization of A. As shown in [26, Theorem 2.6 and Remark
2.7], we have

BLip(A) = [|Ag].
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Since every bilinear map admits a linearization, there is a unique bounded linear operator

Ap BX)2.A(Y) — E satisfying Ap = Ap o 09. Consequently,

A = AL O 09 O ((5)(75)/) (I’fld BLlp(A) = ||AB|| = HALH

The concept of a two-Lipschitz operator ideal, introduced in [26], extends the

classical notion of a Banach operator ideal to the two-Lipschitz setting.

Definition 5.1.2. A class Apy,p is called a two-Lipschitz operator ideal if for every

pointed metric spaces X,Y and every Banach space E the component

ABLip(X, Y; E) = BLipO(X, Y; E) N ABLip

satisfies:
(i) ApLip(X,Y; E) is a linear subspace of BLip,(X,Y; E).

(ii) For any f € X#, g€ Y#, e € E, the elementary map f-g-e: (x,y) — f(x)g(y)e
belongs to Appip(X,Y; E).

(iii) (Ideal property) If f € Lipy(Z,X), g € Lip,(W,Y), A € ApLip(X,Y; E) and
B € L(E,F), then Bo Ao (f,g) € ApLip(Z,W; F).

If, in addition, each component carries a norm || - || 45, turning it into a Banach space,

and the following hold:
(iv) BLip(A) < [|Allagy, for every A € Appip(X, Y E);
(v) |1dg( 4y, = 1, where Idg2(a, 8) = af;
(vi) [Bo Ao (f,9)llapwy < IBII[All ase, Lip(f)Lip(g);

then App;, is called a Banach two-Lipschitz operator ideal.

The following criterion isolates a key structural property linking a two-Lipschitz
ideal with a linear operator ideal via the linearization map A — Aj.
Let [A, || - ||4] be a normed operator ideal and [ApLip, || - ||4p,,] @ normed two-

Lipschitz operator ideal. We say that Apr;, has the linearization property (LP) with
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respect to A if for every A € BLipy(X,Y; E),
A€ Apip(X, Y E) <= Ap € A(B(X)8,B(Y),E),

and in this case the norm equality ||Al[4,,,, = [[AL]l.4 holds.

5.2 Two-Lipschitz Left-Hand Quotients Operator

Ideals

We begin this section by recalling the quotient of operator ideals.
Let A, B be operator ideals. Following Gonzélez-Kania [25], (Pietsch [42]) a bounded
linear operator B : E — F belongs to the left-hand quotient A~! o B, denoted
Be A 'oB(E,F),if CoB e B(E,Q) for every C' € A(F,G) and every Banach space
G. The right-hand quotient A o B~ is defined analogously. The symbols A%, B~! are
purely notational and do not represent actual inverses. Both A~! o B and Ao B~! are
operator ideals [42, 3.2.2].

If [A, || - ||4] and [B, || - ||5] are Banach operator ideals, then defining
|Blla-ros = sup{[|C o Bl : C € A(F,G), [|C]l.a <1},

where G ranges over all Banach spaces, yields a Banach operator ideal [A™ o B, || || 4-105]
[42].

Motivated by the concept of left-hand quotients in operator theory we introduce the
left-hand quotient of an operator ideal and a two-Lipschitz operator ideal, and study

its fundamental properties.

Definition 5.2.1. Let Agy;, be a two-Lipschitz ideal and let .4 be an operator ideal. An
operator A € BLip,(X,Y; ) belongs to the two-Lipschitz left-hand quotient A~ o Appyp,
written as A € A~ o Apip(X,Y; E), if Bo A € Appip(X,Y; F) for all B € A(E,F),

where F'is any Banach space.
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If A is normed with || - |4 and Aprip With [ - || 4g,,,, We define the corresponding

quotient norm by:
A4 10415, = sUP{[|B 0 Allany,, : B € A(E, F), ||Bl4 < 1}. (5.1)

Our first aim is to justify the existence of the following supremum which appears
in Definition 5.2.1. Our proof is based on [42, 7.2.2], [57, Proposition 2.1], and [30,

Proposition 1].

Proposition 5.2.1. Let [A, | - ||.4] be a Banach operator ideal and let [ApLip, || - || Apy,]

be a normed two-Lipschitz operator ideal. If A € A" o Appip(X,Y; E), then
sup{[|B 0 All gy, : B € A(E, F), || Bl|la < 1} < oc.

Proof. Let us assume that the preceding supremum is not finite. Then, for each n € N,

we are in a position to find a Banach space F), and an operator B,, € A(FE, F,,) satisfying

1
HBnHA < 277 HBH ° AH-ABLip > Mn.

Consider a sequence of Banach spaces (Fj);eny and their ¢;-Cartesian product
01 (N, F}), defined as the space of all sequences (z;) with x; € F; for each i € N
such that (||z;]|) € ¢1(N,R). This space becomes a Banach space when equipped with

the norm

Il = 3l

For each n € N, define the bounded linear operators I,, : F, — ¢1(N, F;) and

Jo: 0(N, F}) — F, by
Li(z)=(\N2)i (reF,),  Ju((w) =2, ((x:)€ (N, E)),

where A!' is the Kronecker delta. Note that ||1,]| =1 and ||J,|| < 1 for all n. Consider

the sequence (I, o B,) in the Banach space (A(E, (1 (N, F})),|| - ||l4). We have the
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estimate:
k+h k+h h h © 1 1
Y. InoB, p < Y woBulla =D ko Bryilla < D I1Brgilla <D Seri = b
n=k+1 n=Fk+1 i=1 i=1 i=1

which holds for all i, k& € N. This shows that the series 3°,, -, I, o B,, converges in the
|| - [| 4-norm to an operator B := Y%, I, 0 B, € A(E,(1(N, F})).

Consequently, we obtain the inequality
n < B o Allapy, = [[Jn 0 B o Allapy, < 1B o Allagy,,

which is a contradiction. 0

Our first objective is to study the relationship between two normed two-Lipschitz left-
hand quotient operator ideals when the corresponding ideals are related. To establish
this, we introduce the following notation: if [A, ||-||.4] and [B, || - ||5] are normed operator

ideals, we write [A, || - ||4] C [B, || - ||5] when A C B and ||Al|z < ||Al|4 for all A € A.

Proposition 5.2.2. Let [Aby |-y, ) ond [Abyps 1 |Lag, ) be mormed two-Lipschit:

operator ideals satisfying

[ApLip: | g, ] € B, | Lz, ]
Then
[A_l © A]13Lip7 || ) ||A*10A]13Lip] - [A_l © AQBLipv || ’ ”A*loA%Lip]v
for any Banach operator ideal [A, || - || 4]-

It is well-known that BLip, is a two-Lipschitz Banach operator ideal with the
two-Lipschitz norm BLip(-). The following result is an immediate consequence of the
previous proposition, showing that A~ o BLip, is the largest two-Lipschitz left-hand

quotient for any Banach operator ideal A in the following sense.

Corollary 5.2.1. Let [ApLip, || - [|4pL,,] be a normed two-Lipschitz operator ideal. Then

(A" o ApLip, || ll4-104p1,,) € [A™H 0 BLipy, || - [l a-10BLip,
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for any Banach operator ideal [A, || - || 4]-

Under suitable assumptions on the two-Lipschitz operator ideal Agy;, and in relation

to Corollary 5.2.1, we obtain the following useful result.

Proposition 5.2.3. Let [A, || - [[4] be a Banach operator ideal and [AgLip, || - || 4p.,] e

a normed two-Lipschitz operator ideal. Then,
[A™ o ApLip, || lla-10451,,] € [BLipg, BLip(-)].
Furthermore, if ApLip Satisfies the linearization property (LP) in A, then
A~ o ApLip, || lla-104p1,,] = [BLipg, BLip(-)].

Proof. Let A € A o Appip(X,Y;E). Then A € BLipy(X,Y;E) and Bo A €
BLipy(X,Y; F) for all B € A(E, F), where F' is a Banach space. For each z € X and
y € Y, choose a functional ¢ € Bg« such that [|A(z,y)|| = |@(A(z,y))|. Since (A, || -].4)
is a Banach operator ideal, the functional ¢ ® 1 : E — K defined by (¢ ® 1)(e) = ¢(e)

for e € F belongs to A(FE,C) with ||¢ ® 1|4 = ||¢]] < 1. We then have the estimate:

[A(z,y) — Alz,y) — A", y) + A"y ) = (e @ 1) 0 Az,y) — (p® 1) 0 A(x,1/)
—(p@1) oAl y) + (¢ @ 1) 0 A(z',y/)]
= BLip((¢ ® 1) 0 A) d(x, 2')d(y,y/)
< [l ®1) 0 Allapy, d(z, 2')d(y, y)

< ||A||A710ABLip d(l’, I’l)d(y7 y/)

Taking the supremum over all z,2’ € X and y,y’ € Y we conclude that BLip(A) <
1ALt

Now assume App,;, has the linearization property (LP) in A. Let A € BLipy(X,Y; E)
and B € A(E,F). Clearly Bo A € BLip,(X,Y;F). By [26, Theorem 2.6 and
Remark 2.7], there exist operators (B o A), € L(E(X)®,E(Y),F) and A, €
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L(E(X)@,E(Y),E) with ||A|| = BLip(A) satisfying

(BoA)pooyo(dx,0y) =BoA=BoApooy0(dx,dy).

The norm-density of oy o (dx,dy) in B(X)®,E(Y) implies (Bo A);, = Bo Ar. The

ideal property of A gives

(BoA)L € A(BX)®-E(Y),F) with |[|(BoA)]la < |B]a.

Since ApLip has LP in A, we conclude Bo A € Agpip(X,Y; F) with [[Bo Al 45, = [[(Bo
A)p||la- The arbitrariness of B shows A € A™" o ApLip(X,Y; E) with [|Al|4-1045,, <
BLip(A). O

Now, we establish that two-Lipschitz left-hand quotients constitute an additional

method for constructing two-Lipschitz operator ideals. This approach complements the

standard techniques of composition and transposition in operator ideal theory.

Theorem 5.2.2. Let [A, || - [|4] be a Banach operator ideal and let [ApLip, || - || 4p.,] be
a normed (Banach) two-Lipschitz operator ideal. Then the left-hand quotient [A™! o
ABLip, || - [ 4-1045,,,] forms a normed (Banach) two-Lipschitz operator ideal.

Proof. Tt is easy to see that A~ o App;,(X,Y; E) is a linear space. We now show that
| [l 4-104py,, defines a norm on Ao Apri, (X, Y F). Let A€ A oApLip(X,Y; E) and
suppose that || Al 4-1045,, = 0. Since BLip(A) < ||Al|4-104p., by Proposition 5.2.3,
it follows that A = 0. Let A € K and Ay, Ay € A™! o App;p(X,Y; E). Then, for all
B € A(E,F) with ||B||a4 < 1, we have

BLip(B o (AA)) = |A|BLip(A), and BLip(Bo (A; + Ay)) < BLip(A;) + BLip(Ay).

Hence,

IAAl 4 10ap0s, = [MIAll 410451,

and

A1 + Aslla-toapry, < 1A1lla10apm, + A2l 410450, -
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Suppose now that the norm || - || 41045, o0 A™! o Appip is complete. Let (A,,) be
a Cauchy sequence in (A" o ApLip, || - [|4-104p.,). For B € A(E, F), where F is a
Banach space, we know from Proposition 5.2.3 that BLip(-) < [| - || 4-104p,,,, SO there
exists A € BLipy(X,Y; F) such that BLip(A4,, — A) — 0 as n — oo, which implies
BLip(Bo A, — Bo A) — 0 as n — 0o. On the other hand,

||B o AP —Bo AQHABLip - ”B © (AP - Aq>||ABLip < ||B||AHAP - AlI“A*lOABLip?

for all p,q € N, so (B o A,) is a Cauchy sequence in [Aprip(X,Y; F), || - ||l4p,,], and
thus converges to some operator D € Agrip(X,Y; F). Since BLip(-) < [ - [|4g,,,, We get
BoA=D, hence A€ A o Appip,(X,Y; E) and

|BoA,—BoAlay,, —0 asn— oo.

To show A, — Ain [A™" o ApLip(X,Y; E), || - la-104s.,,) let € > 0. There exists
m € N such that

€
|4, — AqHA—loABLip < 27 for all p, g > m.

Then,
HB ° AP —Bo A}H-nHABLip <

Y

DN ™

for all p > m, n € N, and B € A(E,F), ||B|la4 < 1. Taking limits as n — oo, it
follows that

15
HBOAP - BOAH-ABLip < 57

for all p > m, and taking the supremum over all such B gives
Ay — Alla-104p., <&, forallp>m.

Let f € X#, g€ Y# and e € E. Since ApLip(X,Y; F) is a normed two-Lipschitz
operator ideal, we have f-g-e € ApLip(X,Y; E) with || f - g || ag.,, = Lip(f) Lip(g)|le||
(see [26, Proposition 3.2]). Let B € A(FE, F') where F' is Banach space. Then B o (f -

5
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g-e)=f-g-B(e) € ApLip(X,Y; F) with norm

[Bo(f-g-e)llap, =Lip(f) Lip(g)[|B(e)]-

Thus, f-g-e € A7 o Appip(X, Y E) such that

1f -9 - ell a-roan, = Lip(f) Lip(g) sup{(|B(e)[| : B € A(E, F), |[Blla < 1}

> Lip(f) Lip(g)|le]l-

Conversely, for such B we also have

[1Bo(f-g-e)llap, <IBllallf-g-ellap,, <Lip(f)Lip(g)lle].

Hence |[f - g - el a-toapy, < Lin(f) Lip(g) ]l

Now, let Z,W, X and Y be pointed metric spaces, F, F' and GG be Banach spaces,
and let A € Ao Apip(X,Y; E), f € Lip(Z,X), g € Lip(W,Y) and D € L(E, F).
For B € A(F,G) with ||B|| < 1, we have Bo D € A(E,G) with ||Bo D||4 < || B] 4] D]|-
Since Bo Do A € Apip(X,Y; G), we get

1B oD o Allagy, < 1B 0 DllallAlla-toans,

The composition Bo Do Ao (f,g) € ApLip(Z, W;G) and

|BoDoAo(f,g)llap, <Lip(f)Lip(g)|[Bo Do Allap,,,

so BoDoAo(f,g) € A o ApLip(Z, W; @) and

1D 0 Ao (f,9)llu 1eamnsy < Lin(f) Lip(g)| DIIAL4 1etnes,

l

The following theorem establishes a fundamental relationship between two-Lipschitz
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quotients and left-hand quotients for operator ideals possessing the linearization prop-

erty.

Theorem 5.2.3. Let [A,|| - ||a] be a Banach operator ideal, [B,|| - ||5] be a normed
operator ideal, and [ApLip, || - ||.4p.,,] be a normed two-Lipschitz operator ideal with the
linearization property (LP) in B. For any two-Lipschitz mapping A € BLipy(X,Y; E),

the following are equivalent:
1. A belongs to A~ o Apri,(X,Y; E),
2. Its linearization Ay lies in A~ o B(E(X)2, £ ), E).

Moreover, the correspondence satisfies the isometric identity:

||A||.A710.ABLip = ||AL||A71087

and the linearization map A — Ay, induces an isometric isomorphism between these

Spaces.

Proof. (1)=(2): Let A € Ao Ap;,(X,Y; E). Then, for all B € A(E, F), where F is
a Banach space, we have Bo A € App;,(X,Y; F). As in the proof of Proposition 5.2.3,
by [26, Theorem 2.6, Remark 2.7], there exist operators Ay € L(E(X)®,AE(Y), E) and
(BoA)p, € LIE(X)®,E(Y), F) such that

(BOA)L:BOAL.

Since Apr;, has the linearization property (LP) in B, it follows that (B o A);, €
B(E(X)®,E(Y), F). By the arbitrariness of B € A(E, F), we conclude that A; €
AL o B(E(X)®,.E(Y), E).

(2)=(1): Assume that A, € A7!o B(E(X)®,E(Y),E). Then Bo A, €
B(E(X)®,E(Y),F) for all B € A(E,F), and since (B o A);, = Bo Ap, we de-
duce that (Bo A);, € B(E(X)®,E(Y), F). By the LP of Ay, in B, it follows that
Bo A€ Appip(X,Y; F), and thus A € A™! o Aprip(X, Y E).

7
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In this case, we also have the norm identity:

1Al 4=r0a5 = sUp{[I1B 0 All gy, : B € A(E, F), | Bl|la < 1}

sup{[[(Bo A)L|ls : B € A(E, F),||Bl|l4 < 1}
= sup{||Bo Arlls: B € A(E, F),||B|a< 1}

= || ALl a-108,

where the second equality follows from the linearization property of App,;, in B.

For the final assertion, it suffices to show that the map A ~—— A from
A7l o ApLip(X,Y; E) into A™! o B(E(X)®,.E(Y), E) is surjective. Let D € A7 o
B(E(X)®,E(Y),E). Then Bo D € B(E(X)®,E(Y), F) for all B € A(E, F), with F
a Banach space. By [26, Theorem 2.6, Remark 2.7], there exists C' € BLip,(X,Y; F)
such that Bo D = Cy. By the LP of App, in B, we obtain C' € App;,(X,Y; F).

Now define A = Dooyo (dx,dy): X XY — E, where 090 (dx,dy) : X XY —
E(X)®,E(Y) is the canonical inclusion. Clearly, A € BLip,(X,Y; E), and for all
B € A(E, F) we have

BOA:BODOU2O<5X>5Y) :CLOUQO((SXa(SY):CEABLip(Xay;F)a

so Ae A o Appp(X,Y; E) and A = D. O

We conclude this section by establishing a fundamental connection between two-
Lipschitz left-hand quotient operator ideals and composition generated two-Lipschitz
operator ideals. Specifically, we demonstrate that when the associated two-Lipschitz
ideal possesses the linearization property (LP), every two-Lipschitz left-hand quotient

ideal can be represented as a composition ideal.

Proposition 5.2.4. Let [A, | - ||.4] be a Banach operator ideal, [B, || - ||5] be a normed
operator ideal, and [ApLip, || - ||.45L,] @ normed two-Lipschitz operator ideal with LP in
B. Then

[A™" o ApLip, || - ll4-104p1,,) = [(A™ 0 B) 0 BLipy, || + | (4-105)0BLip, )
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Proof. For any A € BLip,(X,Y; E), the following equivalences hold from Theorem 5.2.3
and [26, Theorem 3.5]:

A€ (A o B) o BLipy(X,Y; E) <= A, € A o B(B(X)®,E(Y), E)

— Ac .A_l o ABLip(X,Y; E)

where Ay is the linearization of A. Moreover, for all A € A~ o App;,(X,Y; E), we have

the norm equalities

| Allca-108)oBLip, = [[ALll 4108 = [|All4-104py,-

5.3 Examples of two-Lipschitz left-hand quotient
ideals

In this section we present four important examples of two-Lipschitz left-hand quotient
ideals generated by a linear operator ideal and a two-Lipschitz ideal. These correspond
to spaces of two-Lipschitz operators whose images satisfy certain compactness-type

properties.

The two-Lipschitz image

Let X,Y be pointed metric spaces, E' a Banach space, and A € BLip,(X,Y; F).

The two-Lipschitz image of A is the set

A(l’, y) B A($/7 y) B A(l‘, yl> + A<xla yl>
d(z, =")d(y, y')

ImBLip<A) - { Y 7é xlay 7& y/} :

It is immediate that if Impy,(A) is bounded, then A is a two-Lipschitz map. The size
of this set leads to several natural classes of two-Lipschitz operators, as introduced in

[26].
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Linear operator ideals

Recall the following classical operator ideals for bounded linear operators B : £ — F':
— K(E, F) - compact operators (the image of the unit ball is relatively compact);
— V(E, F) - completly continous operators.

— W(E, F) - weakly compact operators (the image of the unit ball is relatively

weakly compact);
— S(E, F) - separable operators (the image of the unit ball is separable);
— R(E, F) - Rosenthal operators;
— O(E, F) - Grothendieck operators.

The inclusions

KCWCR, WC®, KCS

hold for the corresponding ideals. A thorough treatment of these ideals can be found in

Pietsch’s monograph [42].

Two-Lipschitz ideals defined by image properties
Analogously, we define two-Lipschitz ideals by imposing the same compactness
properties on the two-Lipschitz image:

— BLipy (X, Y; E) — two-Lipschitz operators with relatively compact two-Lipschitz

image;

— BLipg (X, Y; E) — two-Lipschitz operators with relatively weakly compact two-

Lipschitz image.

In the same spirit one could define the classes BLipg, BLipyz and BLipe corresponding
to separable, Rosenthal and Grothendieck two-Lipschitz images, respectively.

The following structural facts are known:
— BLipyx and BLipy,, are closed two-Lipschitz operator ideals.

— BLipyk has the linearization property (LP) with respect to the compact operator
ideal K [26, Theorem 4.3].
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— BLipgyy, has the linearization property with respect to the weakly compact operator

ideal W [29, Example 3.11].

Thus, these two-Lipschitz ideals are precisely the composition ideals K o BLip, and

W o BLip,, respectively.

5.3.1 Grothendieck and Rosenthal two-Lipschitz left-hand op-

erator ideal
We refer the reader to [25] for a study of the Grothendieck property. According
o [25, p. 298], a set U C E is called Grothendieck if for every operator B € L(E, ¢y),

B(U) is a relatively weakly compact subset of ¢y (the set of all bounded sequences

vanishing at 0). It is known that & is a closed surjective operator ideal.

Definition 5.3.1. We will say that a map A € BLipy(X,Y; F) is Grothendieck if
Imppip(A) is a Grothendieck subset of E. Let &pL(X,Y; E) denote the space of all

Grothendieck two-Lipschitz maps from X x Y into E.
We now show that &gy, has the LP in &.

Theorem 5.3.1 ([38]). For a map A € BLipy(X,Y; E), the following are equivalent:
1. A: X XY — FE is a Grothendieck two-Lipschitz operator.
2. Ap: H(X)2,BY) — E is a Grothendieck operator.

3. There is a Banach space F, a two-Lipschitz operator B € BLipy(X,Y; F), and a
linear operator C € B(F, E) such that A = C o B.

In this case, ||Alleg, = [|ALll = | AlleoBLip,- As a consequence, the map A —— Ayp is an
isometric isomorphism from [&pL(X,Y; E), || - |les] onto [S(E(X)@,EY), E),| -,
and from [& o BLip(X, Y ), || - |lecpLip,] onto [&(£(X)@-B(Y), E), || - |]-

Proof. (i)=-(ii): Let us suppose that A € &g (X,Y; £), then we have that

Imppip (A) = AL(M(X) @ M(Y)) € aco(Impip(A)),
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is Grothendieck in E. It is not difficult to see that the norm-closed absolutely convex
hull of a Grothendieck set is itself Grothendieck since the norm-closed absolutely convex
hull of a relatively w-compact set is relatively w-compact by [14, Theorem 2.8.14]. Thus,

aco(Imprip(A)) is Grothendieck in £. Do not lose sight of the fact that
AL(Brixs, mory) = ALE(M(X) @ M(Y))) € aeo(ALM(X) © M(Y))).

Then, it follows that Aj, (B E(X)D, E(y)) is a Grothendieck subset of £/. Hence, A} €
&(E(X)2.E(Y), E) by [25, Proposition 6.1.1].

(ii)=-(1): Let us assume that A; € S(E(X)R,E(Y), E), then Af (BE(X)@;E(Y))
is a Grothendieck subset of E. Since Impp,(A) C Ap (B BB, E(y)), it follows that
Imppip(A) = AL(M(X) ® M(Y)) is Grothendieck in E by [57, Lemma 1.3].

(ii)<(iii): A direct application of [26, Theorem 3.5] gives us this equivalence. Finally,
the equality of the norms follows easily by using [26, Theorem 2.6 and Remark 2.7] and
(ii)=(i), and the last statement could easily be verified from [26, Theorem 3.5]. O

Let us recall (see [2, Definition 3.1]) that a two-Lipschitz operator ideal App,;, is said
to be closed if every component Appi,(X,Y; E) is a closed subspace of BLip,(X,Y; E)
endowed with the topology of the supremum norm. Since & is a closed operator ideal
(the norm-limit of a convergent sequence of Grothendieck operators is Grothendieck)

and &g, = & o BLip, by Theorem 5.3.1, then [2, Corollary 2.5] yields the following,.
Corollary 5.3.2. [&gy, || - ||es.] s a closed two-Lipschitz operator ideal.

We are now ready to describe the space of all Grothendieck two-Lipschitz in terms

of a two-Lipschitz left-hand quotient ideal.
Theorem 5.3.3. [Gpy, || - ey, ] = [S™" o BLipgyy, || - [ls-10BLipyy -

Proof. Let A € BLipy(X,Y;FE). Taking into account Theorem 5.3.1, [42, 3.2.6],

Definition 5.2.1, and Theorem 5.2.3 together with [26, Remark 4.5], respectively, we
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have

A€ BpL(X,Y;E) <= A € 6(E(X)2,E(Y), E)
<= Bo A, e WEX)®,E(Y),F), VB € S(E, F)
= AL € STToW(E(X)®,E(Y),E)

<= A€ S ' oBLipyy(X,Y; E),

and, in this case,

[Allep, = [[ALlls—10w = [|Alls—1oBLipgy,

O

Let us recall that a subset U of E is said to be conditionally weakly compact (or
Rosenthal) if every sequence in U has a weak Cauchy subsequence. On the other hand,
an operator B € L(E, F) is called completely continuous if every weakly convergent
sequence (r,) is mapped into a norm convergent sequence (B(x,)). Let V(E, F) be the
space of all completely continuous operators from E into F. By [42, 1.6.2 and 4.2.5], V
is a closed operator ideal.

We now establish an analogue of this result for two-Lipschitz mappings whose
images have Rosenthal range. By applying Rosenthal’s factorization theorem, such
mappings can be represented through a Banach space that does not contain any
isomorphic copy of ¢;. We denote by Rpp(X,Y; F) the linear space consisting of all
two-Lipschitz mappings from X x Y into F whose range is Rosenthal. It is clear that

ReL(X,Y; E) C BLipgy (X, Y E).
Theorem 5.3.4 ([38]). Let X andY be pointed metric spaces, let E be a Banach space,
and let A € BLipy(X,Y; E). The following assertions are equivalent:

1. A: X XY — E has Rosenthal range.

2. Ap : B(X)®,A(Y) — E is a Rosenthal operator.

3. There exists a Banach space F which does not contain an isomorphic copy of {1,

a two-Lipschitz operator B € BLipy(X,Y; F), and a linear operator C' € L(F, E)
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such that A= C o B.

Proof. (1)=-(2): The proof follows the same general argument as in [26, Theorem 4.3].
The key point is that the norm-closed absolutely convex hull of a Rosenthal subset of a
Banach space is again Rosenthal; see [26, p. 357].

(2)=(3): By Rosenthal’s factorization theorem (see, for instance, [1]), there exists a

Banach space F' not containing an isomorphic copy of ¢; and operators C' € L(F, E)
and S € L(BE(X)@,E(Y), F) such that A, = C 0 S. Define B := Soa,0 (dx,8y) €
BLipy(X,Y; F). Then we have

A:ALOO—QO((SX,(SY):COSOO—QO(§X,5Y):OOB.

(3)=(1): Since A(X xY)=C(B(X xY)) and C is weak-to-weak continuous [21,
Theorem 2.5.11], the range A(X xY) is Rosenthal in E, because B(X xY') is Rosenthal
in F' by Rosenthal’s ¢;-theorem [50]. O

Next, we describe precisely the class of two-Lipschitz operators with Rosenthal
range. This class turns out to coincide with the two-Lipschitz left-hand quotient ideal
generated by the operator ideal V together with the two-Lipschitz ideal BLipy-.

Theorem 5.3.5. [ReL, || - [[rs] = [V 0 BLipg, || - [[v-10BLip]-

Proof. Given A € BLipy(X,Y’; E), we obtain:

Ae RBL(X, Y; E) ~— A € R(}E(X)@)WPE(Y), E)
<= BoA; € K(E(X)®.E(Y),F), VB€V(E,F)
= AL e VI o K(B(X)®,E(Y),E)

<= A€ V! oBLipy(X,Y; E),

in which case,

[All =g, = [ ALlv-10x = [|Ally-10BLipy»

by using Theorem 5.3.4, [26, Theorem 4.3], [42, 3.2.4], Definition 5.2.1, and Theo-

rem 5.2.3 respectively. 0
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5.3.2 An open problem related to left hand quotient two-

Lipschitz operators Ideal

In the following, we present an open problem. We do not know what happens
with Proposition 5.2.4 for the case in which the ideal of two-Lipschitz maps Agpip
does not have the LP in an operator ideal B. The natural idea is to think that a
two-Lipschitz quotient A~! o ApLip may not coincide with a composition ideal of the
form (A~! o B) o BLip,.

The theory of p-summing operators is based on a crucial criterion due to Pietsch
[42]. Let 1 < p < co. A linear operator B : E — F between Banach spaces is said to

be p-summing if there exists a constant C' > 0 such that

(i) <c s (Ylewr)

pEBEx

for every finite family (z;)?_, in E. The infimum of all such constants C' is denoted by
m,(B). The set of all p-summing operators between £ and F is denoted by IL,(E, F).
We mention that (II,,7,(-)) is a Banach operator ideal (see [20]).

Similarly to [26], for 1 < p, p1,pe < oo with % < p% + p%, amapping A: X xY — F
is said to be two-Lipschitz (p, p1, p2)-summing if there exists a constant C' > 0 such
that for any (z;), (z})", in X and (y;)", (y))", in Y, we have

(A (i, yi) = Al yi) — Al i) + Al 0))imall

< C sup [|(f(z:) = f(2i)isallp sup [[(9(y:) — 9(9i))izillp.-
f€Byy 9EBy

We denote this class of two-Lipschitz operators as BLgs, (pip, ) (X, Y5 E), and it becomes
a Banach space endowed with the norm |A|[gr,, ., .., as the infimum of all constants

C ftulfilling the above inequality.

Let 1 < p,p1,p2 < 0o with % < p% + p%. Consider the mapping A defined by

A:RxR—= ER)®,E(R), A(x,y) = mzo®myp.
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By [26, Example 4.17], A is two-Lipschitz (p, p1, p2)-summing and its linearization Ay,
is the identity map on the infinite-dimensional space BE(R)®,&E(R). Consequently,
Ap ¢ 11, (see [20, Page 50]). Thus, we have shown that BLgg (;p, p,) does not have the

lifting property in II,,. Moreover, by [26, Theorem 3.5], it follows that

BL“&(P;PLPQ) 7é Hp o BLipO .

Apparently, for any operator ideal A, the composition A~ o BLyg (pipy ) Cannot be a

composition ideal generated by the operator ideal II,, that is,

Ao BLas,(pip1,02) # (-’4_1 © Hp) o BLipy .

Nevertheless, A7 o BLas,(pip1,p2) 18 @ two-Lipschitz left-hand quotient operator ideal,

since BLgs (pipy ps) 18 @ two-Lipschitz operator ideal by [26, Proposition 4.16].
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Conclusion and Perspectives

This thesis has presented a systematic study of linear relations and nonlinear
operators in the context of quasi-normed spaces, extending fundamental operator-
theoretic results from classical Banach spaces to this more general setting. Our work
contributes to the expanding field of functional analysis in non-locally convex spaces,
following the foundational research by , E. Dahia, F. Latreche, G. Rano, T. Bag and
A. Mazouz et al. on linear and multilinear operators in quasi-normed and asymmetric

normed spaces.

Most important Contributions

We have successfully extended most usual theorems of functional analysis to the

multivalued linear operators in quasi-Banach spaces framework:

a) Established new versions of the uniform boundedness principle, closed graph

theorem, and open mapping theorem for linear relations.

b) Developed a comprehensive theory of multilinear operators in quasi-Banach spaces,
extending continuity and boundedness notions while preserving completeness

properties.

c) Investigated the minimum modulus and continuous selections for linear relations,

showing succinct tools for the analysis of these multivalued operators.

d) Constructed the theory of Lipschitz operators in quasi-Banach spaces, including
the Arens-Eells p-space formalism, adjoint theory, and the new concept of compact

Lipschitz operators.
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e) Extended the theory of two-Lipschitz left-hand quotient operator ideals to met-

ric and Banach spaces, identifying Grothendieck and Rosenthal two-Lipschitz

operators as concrete examples and introducing the structural operator ideals.

Perspectives and Future Research

Several promising directions are posed related to this work:

1.

Spectral Theory: The adjoint theory for Lipschitz operators developed in
Chapter 4 provides the foundation for a spectral theory of Lipschitz operators in
quasi-Banach spaces. Future work could investigate the essential spectrum and

Fredholm properties in this setting.

. Approximation Properties: The characterization of compact Lipschitz opera-

tors suggests a deeper investigation into approximation properties of quasi-Banach
spaces, potentially extending the work of Kalton on the bounded approximation

property to the Lipschitz setting.

. Multilinear Relations: While we have focused on linear relations and multilinear

operators, the natural next step is the study of multilinear relations in quasi-

normed spaces, extending the recent work from normed to quasi-normed spaces.

Quotient Ideals without LP: As noted in Chapter 5, the open problem
regarding quotients that do not satisfy the linearization property—exemplified
by (p; p1, p2)-summing two-Lipschitz operators-represents a significant challenge.
Resolving this would require new techniques for handling the intrinsic asymmetry

of multilinear operator ideals.

. Two-Lipschitz operators between quasi-metric spaces: We extend the

theory of two-Lipschitz operators to the p-metric setting by establishing a theory

of two-Lipschitz operator ideals.
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Résumé

Cette thése développe la théorie des opérateurs entre les espaces quasi-Banach selon
trois axes. Nous étendons d’abord les théorémes fondamentaux (théoréme de Banach
Steinhaust, graphe fermé ) aux relations linéaires multivoques. Ensuite, nous établis-
sons une théorie de continuité pour les opérateurs multilinéaires. Enfin, nous étudions
les opérateurs non linéaires dans les espaces p-normés, en particulier les opérateurs de
Lipschitz, et caractérisons les idéaux d’opérateurs deux-Lipschitz quotients a gauche
A~'o App;,, identifiant des classes importantes comme les opérateurs de Grothendieck
et Rosenthal. Nos résultats relient la théorie linéaire et non linéaire .

Mots-clés : Espaces quasi-Banach, espaces p-normés, relations linéaires multi-
voques, opérateurs multilinéaires, opérateurs de Lipschitz, opérateurs deux-Lipschitz,
idéaux d’opérateurs, idéaux quotients, opérateurs de Grothendieck, opérateurs de Rosen-
thal.
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Abstract

This thesis develops operator theory in quasi-Banach spaces along three axes. First,
we extend fundamental theorems (Banach Steinhaus theorem, closed graph, open map-
ping) to multivalued linear relations. Second, we establish continuity theory for multi-
linear operators. Finally, we study nonlinear operators in p-normed spaces, particularly
Lipschitz operators, and characterize two-Lipschitz left-hand quotient operator ideals
A~V o Aprip, identifying important classes such as Grothendieck and Rosenthal opera-
tors. Our results bridge linear and nonlinear theory.

Keywords: Quasi-Banach spaces, p-normed spaces, multivalued linear relations,
multilinear operators, Lipschitz operators, two-Lipschitz operators, operator ideals,
quotient ideals, Grothendieck operators, Rosenthal operators.
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