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Abstract:

The goal of this memory is to introduce the notion between two closed operators on Banach
spaces.

In this memory we present the concept of gap between two closed operators on Banach spaces
introduced by Kato and give its proprieties, He proved that if T' and S are two closed linear
operators from X into Y, the "distance" between T" and S will be measured in terms of the
"gap" between the linear subspaces (graphs of S and T') G(T') and G(S) of the product normed
space X X Y.

Keywords : (Linear operator, Gap, Graph.)

Resumeé:

Le but de ce mémoire est d’introduire la notion entre deux opérateurs fermés sur les espaces
de Banach.

Dans ce mémoire, nous présentons la notion d’écart entre deux opérateurs fermés sur des espaces
de Banach introduite par Kato et donnons ses propriétés. Il a prouvé que si T et .S sont deux
opérateurs linéaires fermés de X dans Y, la "distance" entre T' et S sera mesurée en termes
d’"écart" entre les sous-espaces linéaires (graphes de S et T') G(T') et G(S) du produit normé
de l'espace X x Y.

Mots-clés: (Opérateur linéaire, Ecart, Graph.)
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Introduction

Before starting the analysis, we need to introduce the notion of the Gap between linear sub-
spaces and between linear operators. This notion was introduced by M. G. Kreinet M. A.
Krasnoselski in [9] at 1940 and T.Kato [8] at 1976, they showed that the notion of Gap be-
tween the two closed subspaces of a Banach space is expected to be very useful for a number of
studies concerning the perturbation of closed semifredholm operators, in particular for solving
the spectral stability problem. Let H be a Hilbert space and let T" and S be two closed linear
operators on H. The gap between T and S is a measure of how far apart these two operators
are in terms of their respective domains, ranges, and spectra. The gap between 7" and S is
defined as the infimum of all positive real numbers § such that |Tz|| > §||Sz|| for all z € D(S).
In other words, the gap between T and S is the smallest positive number § such that T is
d-dominated by S on its common domain. Geometrically, the gap between T" and S measures
the size of the largest ball around the origin in H that is entirely contained in the domain of
S and is mapped by T into a ball of radius less than § in the range of T". Intuitively, the gap
between T and S is small when 7" and S are very similar as linear mappings. The gap between
two closed linear operators is an important concept in functional analysis and has many appli-
cations in areas such as operator theory, differential equations, and mathematical physics. It
allows us to compare and analyze different linear operators on a common space and is often
used to establish various types of convergence and stability results in these fields This memory
is divided into three chapters. In the first chapter we give some ingredients which used in this
work. For the second chapter, we introduce in details, the gap between two closed subspaces,
also between two closed and closable operators by using some properties. Finally in the last

chapter, we present some application of the gap in the convergence of operators and spectrum.



Chapter 1

Preliminaries

1.1 Continuity of linear operators

Definition 1.1.1. (Normed space)

Let X be a vector space on Field K , a norm on X 1s a mapping
o] : X — K

verifying the following properties:

1. ||z|| =02 =0,V € X.

2. x| = |Al.]|z||, Yz € X, VA € K.

3z 4yl < ||lz|| + lyll, Yo,y € X. and the pair (X, ||.]]) is said to be a normed vector space.

Definition 1.1.2. (Complete space)
A normed vector space (X, ||.||) is said to be complete or Banach if all Cauchy sequence is

convergent in X for its norm ||.||.
Lemma 1.1.1. Any normed vector space (X, ||.||) of finite dimensional is Banach .
Example 1.1.1. : (C([0,1],R),|| . ||c) is a Banach .

Definition 1.1.3. (Inner product)

Let X be a K-linear space, An inner product or scalar product on X is a mapping, < .,. >:
X x X — C for any pair of vectors x and y in X which (x,y) —< x,y > satisfies the following
conditions:

1) <z,x>>0,VreX.

2)<xx>=0&2=0,VreX.

3) < Ar,y>=A<zx,y>Vr,ye X,V\eC.
4)<zxH4yz>=<uz,2>+<yz>VryzelX.

5) <z, y>=<y,x>Vr,yecX.

Definition 1.1.4. (Hilbert space)
A wector space H over C endowed with an inner product is called a pre-Hilbert space.

If (H,< .,.>) is a pre-Hilbert space, then we define a norm ||.| on H by setting:

2] = V<2, 2>

2



for all x € H In this event, we say that the norm ||.|| is deduced from the inner product < .,. >.

A pre-Hilbert space H which is complete is called a Hilbert space.

Definition 1.1.5. (Operators)
Let X and Y be two normed vector spaces. We say that an application T defined on a subset

Xo C X inY is an operator if Xq is linear subspace of X.

Definition 1.1.6. (Linear operator)

Let (X,|| . |1) and (Y,|| . ||2) be two Banach spaces over the same field K. A mapping T :
X — Y satisfying T(ax + By) = oT(x) + T (y) for all z,y € D(T) and o, B € K, is called a
linear operator or a linear transformation. The set of all linear operators from X into Y will

be denoted by L(X,Y), when X =Y, this is simply denoted by L(X).

Example 1.1.2. :
Let :

Then, T s a linear operator.

1.2 Bounded linear operators

1.2.1 Bounded linear operator

Definition 1.2.1. (Continuous operator)
Let X and Y be two Banach spaces, T a linear operator defined on subset D(T) C X in'Y is
said to be continuous at point xy of D(T) if for any sequence (x,,) of D(T') converges to xg, the

sequence (T'(x,,))n converges to T'(xzo) That is :

lim T(z,) =T( lim z,) = T(xq)

n—aoo n—aoo

Remark 1.2.1. The linear operator T is said to be continuous on X if it is continuous at each

point of the set X.

Proof. Let (x,), — x,this sequence is written as follows:

Ty = [ro+ (v, — )]+ (z — x0)

= Yo+ (T — )
and the sequence y, converge to xzy; and 7' is a linear operator, then

T(wn) = T(lwo+ (20— 2)] + (= = 20))
= T(yn) +T(x = 20)



The operator T' is continuous at point xg; then :

dim T(x,) =l [T([zo + (2 — 2)] + (2 — 20)
= lim T(y) + T(x) — Tlay)
= T(lim y,) +T(2) — T(ax,)
= T(xo) + T(z) — T(wo)

= T(x)

then T is continuous on Xy and lim T'(z,) = T(x). O

n—aoo

Corollary 1.2.1.
Let X,Y,Z be Banach spaces and let T' € L(X,Y) and S € L(Y,Z). Then, SoT € L(X, Z).

Definition 1.2.2. Let X be a normed space. Then, the space of all the continuous linear
functional from X into K is called the dual of X and denoted X* = L(X,K). Hence X* is the

set of linear forms from X into K.

Definition 1.2.3.
A linear operator T : X — Y satisfying the following property:there exists C > 0 such that

[ T(@) < C =] (1.1)

for all x € X , T is called a bounded (or continuous) linear operator. The collection of all
bounded linear operators from X into Y will be denoted by L(X,Y)
with L(X, X) := L(X).

Example 1.2.1.
1) Let T a Voltera integral operator defined by:

T: C([0,1]) — C(]0,1])
f —ﬂﬂﬂzlfwﬁ

it is clear that T is lineair and continuous for the norm || fl|e = m[ax]|f(t)\
tefo,1

Moreover

1T F @) < (I f oo 1T = 1

2) Let S a linear operator define from L*(0,1) into L*(0,1) by :

S is continuous and

STz < [[fll2 1511 =1

4



Proposition 1.2.1.
IfT,S € L(X,Y) and o € K, then the following properties are hold:
1)T+SeL(X,)Y);
2)aT € LIX,Y) .
Proof.
1) Using the linearity of both 7" and S it follows that :
(T'+ S)(ax + By) = T(ax+ By)+ S(ax+ By)
= aT(z) + T (y) + aS(x) + BS(y)
= a(T'+5)(x) + B(T + 5)(y)
Then T+ S € L(X,Y) .
Similarly, using the triangle inequality and the continuity of both 7" and S,we obtain
(T +5)(@) || = [ T(x)+ S) |
< [ T() |+ 1S (=) |
Cille [ +C | = |
= Oz

N\

which yields 7"+ S is continuous
2) The proof is obvious and hence is omitted .
by (1) and (2) , £L(X,Y) is a vector space.
3) We will prove it for T'S as the proof for T'S is quite similar. Using the linearity of both T
and S and (2) it follows that
(TS)(az + By) = T[S(az+ Py)]

= TlaS(z) + BS(y)]

= TfaS(@)] +T[BS(y)]

= o(T5)(x) + B(TS)(y)

and hence T'S is linear. Similarly, using the continuity of both T" and S, we obtain that :

I (TS)(x) |l

I TS ()] ]

< TG-S |l
C1.Cy || z ||

C

N

which yields T'S is bounded ( continuous ) and || 7S ||< C' .
Moreover, if T € L(X,Y), then we define :

T(x

1.2
S T (12)

5



Further,by 1.2 it can be shown that :

[KECORIP
1T = sup{———— | = [1# 0}
sex |l @ |l
= sup{|| T'(2) [l2, [ = 1< 1}
reX
= sup{|| T(2) [|o, [ = 1= 1}
reX
also , || T(z) ||2<|| T || . || « ||2 for all z € X
Moreover , if T, S € L(X,Y) :
IS I<i TS

And the proof is ended. O

Proposition 1.2.2. [6/ Let X and Y be two normed vector spaces:
1) |||l is @ norm on L(X;Y).
2) IfY is a Banach space then L(X;Y) is a Banach space.

Theorem 1.2.1. :

If T : X — Y s a linear operator, then the following statements are equivalent:
a) T is continuous .

b) T is continuous at Ox .

¢) There exists a constant C' > 0 such that
I T(2) o< C. || 2 |h
for each v € X .

1.2.2 The inverse operator

Definition 1.2.4.
An operator T € L(X) is called invertible if there exists S € L(X) such that:

TS =ST=1

S is called the inverse of T and is denoted by T, We denote GL(X) the set of L(X) inverse

operators.
Remark 1.2.2. The inverse of a bounded operator is not always bounded.

Proposition 1.2.3. Let S € L(X,Y) and R € L(Y, Z)
If S and R are invertible then the operator T'= RS is invertible and we have :

Tt'=6"1R1!



Definition 1.2.5.
Let X andY be two Banach spaces. If T € L(X,Y), then its kernel N(T') and range R(T) are,

respectively, defined by,
N(T)={z e X :T(x) = 0}.

and
R(T)=A{T(z) : z € X}.

It is clear that N(T') C X while R(T) C Y.

Definition 1.2.6. Let T be a linear operator, we call,

(1) The dimension of the kernel of T is denoted by:
a(T) := dim N(T).
(17) The co-dimension of the image of T' is denoted by:
B(T) = codimR(T) := dim Y/R(T).

Remark 1.2.3. For a linear operator T', we have:
(1) D(T) is linear subspace of X .

(i1) N(T) is linear subspace of X .

(1i1) R(T) is linear subspace of Y.

(1) G(T) is linear subspace of X X Y.

Remark 1.2.4.
IfT € L(X,Y), then

e T is said to be one-to-one, if N(T') = {0}.
o T is said to be onto, if R(T) =Y.

o T is said to be invertible, if it is both one-to-one and onto.

1.3 Unbounded linear operators

Definition 1.3.1.
Let T : D(T) C X — Y be a linear operator, the set D(T') which is called the domain of T

If T is not continuous, then T is called an unbounded operator, the set of all unbounded linear

operators from X into Y will be denoted U(X,Y), with U(X, X) = U(X).



Example 1.3.1. Let X =Y = C([0,1]), an operator T defined from D(T) = C*(]0,1]) into
C([0,1]) by -

7f(r) =

T is linear but not continuous. Indeed, we consider f,(z) =x", n € N, then

nlloo = n = "l=1
| fall zg%ﬁ]lf (z)] mg%%ﬁ]w |
Tf, = ma =n-—=
ITfu(@)ll = max Ina""| =n — = oo

50, | T fo(2)|loo £ C|| fulloo then the operator T' is not bounded.

Definition 1.3.2.

Let T, S be inU(X,Y), then S is said to be an extension of T if T'(x) = S(x) for all x € D(T)
and D(T) C D(S).

Moreover, S is said to be an extension of T if and only if D(T') C D(S).

1.4 Closed and closable operators

Definition 1.4.1.
If T: D(X)C X — Y is a linear operator, then its graph is defined by :

GT)={(z,Tx) e X xY :z € D(T)}.

Definition 1.4.2.

A linear operator T : T(X) C X — Y is said to be closed if its graph G(T') as a subset of
X XY is closed. The collection of closed linear operators from X intoY is denoted by C(X,Y).
When X =Y, this is simply denoted by C(X).

Proposition 1.4.1.
A linear operator T' on Banach space X s closed if for every sequence (x,) in D(T') such that

Tn — x and Tx, — y, we have
reD(T) and Tx=y.

Theorem 1.4.1.
Let X, Y to be Banach spaces, and T is a closed linear operator from X intoY , with D(T) = X,
then T is bounded (T € L(X,Y)).

Remark 1.4.1.
Let X, Y to be Banach spaces, and T is a linear operator from X intoY ,

o [fT is closed. Then N(T) is closed.



o Let T be an unbounded linear operator in Banach space X with domain D(T), if T is

closed, its bounded on D(T) if and only if D(T) is a closed subspace of X .

Proposition 1.4.2. Let X, Y be two Banach spaces and T in L(X,Y), G(T) its graph. If T

1s invertible, then

We denote the graph of T~ by (G(T))™" such that (G(T))™' = G(T1).
Proof. For all x € D(T), we have T'(x) = y such that T-!(y) =x and y € Y, so

G(T™Y = { T 1y), yEY}

Then G(T) = G(T1). O

Theorem 1.4.2. (Closed graph theorem)
Let T a linear operator X from Y into which X,Y are two Banach spaces, It is assumed that

the graph of T', G(T') is closed in X xY Then T is continuous.

Definition 1.4.3. (Closable operator)
A linear operator T : T(X) C X — Y s said to be closable if the closure G(T') of G(T) is a
graph .

Proposition 1.4.3. An operator T € L(X) is closable if for every sequence (x,) of elements

in D(T)such that x, — 0 and Tz, — y, for some y € X, we have y = 0.

Proposition 1.4.4. [5/
Let T and S be two unbounded linear operators acting from X into 'Y such that D(T') C D(S)
and T'(x) = S(z) for all x € D(T), then S is called an extension of T'.

Definition 1.4.4.
An unbounded linear operator T : D(T) C X — Y s said to be closable, if it has a closed

extension.

Remark 1.4.2.
When T is closable, there is a closed operator T with G(T) = G(T). It follows immediately

that T is the smallest closed extension of T .



Proposition 1.4.5.

Let X and Y be two Banach spaces, we assume that S € L(X,Y) and T : X — Y is an
unbounded linear operator.

1) For S+ T to be closed it is necessary and sufficient that T is closed.

2) For S+ T to be closable it is necessary and sufficient that T is closable

and S+T=S5+T.

Remark 1.4.3. Let X and Y be two Banach spaces and T : X — Y an unbounded operator
then : T 1is closable if and only if :

V(fa)n C D(T), fn — 0 if Tf, converges— Tf, — 0.
n—-aoo

Example 1.4.1. Let T : C([0,1]) — R and D(T) = C'([0,1]) with T f = f'(0)
so T is not closable because, if fo(x) = Ltsinnz € CH[0,1]) then ||z,]lc = + — 0 and
T2y ||o = 1.

Remark 1.4.4.

Any closed operator is closable but the opposite is false.

Remark 1.4.5.

i) If T is one to one and closed then T~ is closed and the closed graph theorem implies that
Tt is bounded.

it) if T is closed, N (T), the null space of T is closed.

iii) If T is bounded on D(T), it is closable, where D(T) is the closure of D(T) in H and T is
bounded in D(T) with ||T|| = ||T].

Example 1.4.2. Let Tyu =u, k = 1,2,3,4 be differential operators in L? ([0, 1]) with domains
D(Th) = {u € C*([0,1]),u(0) = u(1) = 0}

D(Ty) = C2 ([0, 1)
D(Ty) = {u € H2 ([0, 1)), u(0) = u(1) = 0}
D(Ty) = L2 ([0, 1]).

So we have D (Ty,) C L?([0,1]), k = 1,2,3,4 then T}, k = 1,2,3,4 is an unbounded operator
on L?([0,1]), and we have D (T}) C D (Tz) C D (T}), then we note Ty C Ty C Ty (on sense of
extension), and also, Tz C Ty.

In the other hand, we have Tiand Ty are not closed, because we can may choose sequence of
functions u,, € C*([0,1]) such that u,, — u and v’ — v in L*([0,1]), where v is not continuous,

hence u is not C?

10



1.5 The adjoint of linear operator

Definition 1.5.1. Let X, Y be two Banach spaces and let T a linear operator with dense
domain. We call the adjoint of T' the operator T* : D(T*) C Y* — X* where

DT)y={y eY " :Faz* e X*: (Te,y")y = (z,2")x,V 2 € D(T)},
such that T*y* = x*.

Proposition 1.5.1. [§]

Let T :D(T) C X =Y a linear operator such that D(T') dense in X then
1) G(=T)° = (G(T")) "

2) T* is closed operator.

Proof. (1) Let T* : D(T*) C Y* — X* the adjoint of T then for all y* € D(T*) there
exists z* € X* such that (Tz,y*) = (z,2*) = (2, T*y*) then (z,T*y*) + (-Tz,y*) = 0
hence ((x, —Tx),(T*y*,y*)) = 0. this implies that for all (z,—Tz) € G(—T) we have
G(-T)° = (G(T*))".

(2) We have G(—T)° is closed linear subspace, then (G(T*))™! is closed, hence G(T*) is closed

and 7™ is closed operator. O

Theorem 1.5.1. [11, Theorem 3.3| Let T € L(X,Y), then the adjoint of T' verified:

17 = 1177

Proof. We have [T*y"z| = [y*(Tx)| < [ly*|| [[T]| < lly*[| 17| [|=]| then,

IT*y"|| = sup < [ly" [Tl
a0 ||
That implies
Il < IT1]-

In other hand, we have

" (To)] < Ty (=]
< Ay =i

ly* (T')]
[l

Also ||Tz|| = sup < ||lz|| ||| for all z € X, then
y*#0

1T < (|7

11



Now, we give a definition of adjoint of operator defined on Hilbert spaces and some properties.

Definition 1.5.2. Let H; and Hq be two Hilbert spaces and T € L(Hi,Hs), the unique linear
operator T* € L(H1, Ha) such that for all x € Hq; y € Ho we have, (Tx,y) = (x, T*y) is called
the adjoint of T'.

Proposition 1.5.2. Let H, and Hy be two Hilbert spaces and T' € L(Hy, Ha). then there exists
a unique T* € L(Hq, Ha) such that, for all x € Hi; y € Ha, we have ,

(Tx,y) = (x, T"y) .

Moreover, ||T*|| = ||T||, The adjoint of an operator will usually be used for operators in

L(H),rather than L(H,H). There is one notable exception.

Proposition 1.5.3. If T' € L(H1,Hs) then T is an isomorphism if and only if T' is invertible
and T~ =T,

Theorem 1.5.2. Let H be a complex Hilbert space and let T € L(H) be invertible, then T is
wnverter and we have :

(T—l)* . (T*)—l

1.6 Self-adjoint operators

Definition 1.6.1. (Auto-adjoint operator)
An operator T € L(H) is said to be Self-adjoint (or sometimes Hermitian ) operator if, whatever

x and y i H; we have :

(Tz,y) = (z,Ty)

Definition 1.6.2. (Normal operator)
An operator T € L(H) is said to be normal if, T*T = TT*.

Proposition 1.6.1. [3/ if H is a C-Hilbert space and T € L(H), then T is hermitian if and
only if (Txz,y) € R for all x € H.

Proposition 1.6.2. Let H be a C-Hilbert space and T € L(H), if (Tx,x) =0 for all x € H
then T'= 0.

Theorem 1.6.1.
if T € L(H) is Self-adjoint operator then

IT|| = sup [ (Tz,z)|

llz[l=1

12



Chapter 2

Gap between two closed operators

In this chapter, we give the definition of the gap between closed operators.

2.1 Gap between two closed linear subspaces

2.1.1 Gap between two linear subspaces at normed space

Definition 2.1.1.
Let M be a subspace of the Banach space X, let x € X. The distance between x and the subspace
M is denoted by d(y, M) and is defined by

d(z, M) = inf {d(z,y)}.
Such that d is a distance on X.

Definition 2.1.2. Let M and N be two subspaces of the Banach space X. The gap between M
A
and N is denoted by 6(M, N) and is defined by

A

(M, N) = max {§(M, N),§(N, M)} .

The number 6(M, N) is defined by

sup {d(z, N)} ifM # {0},
5(M, N) = zESM
0, otherwise.
While Sy the unit sphere of M, it means that Yz € Sy, ||x|| = 1.

Evidently, 6(M, N) < 1, because there exists C >0, d(x,N) < C || z || for all x € M.

Remark 2.1.1.
It is easy to see that
1) §(M,N)= sup d(z,N).

zeM, |z|<1
2) sup d(z,N)=C 6(M,N), for all C > 0.

zeM, ||z <c

13



Proposition 2.1.1.

We have the following assertions:
1)6(M,0)=1if M # o.

2) 6(M,N) =0 if and only if M C N.
3) S(M,N) =0 if and only if M = N.
4) B(M.N) = 5(N. M) .

N
5)0<d(M,N)<1and0<6(M,N)<1.
6) 5(M,N)=d6(M,N).

Proof. According the definition, we have :

1)IfM7£®,thenE|y€Mandx:ﬁ6Mwhich||x||zlso

§(M,0) = supd(z,0)

TESN

= sup 7|
JJES]V[

— ¥

2) If (M, N) =0, then sup {d(z,N)} =0, sod(z,N) =0, ie,

€Sy

re€N and M C N.

For M C N it is evident to see that 6(M, N) = 0.
3) For §(M, N) = 0 then, max {§(M, N),§(N, M)} = 0, it means that

d(M,N)=0 and O6(N,M)=0.
so that by (2), we get
MCN and N C M.
then M = N.
4) We have,
A
B(M,N) = max {3(M, N), 6(N, M)}
— wmax {(N, M), 6(M, N}

A

= §(N,M).

14



5) a) We have two cases

o If M = {0} then we assume by definition §(M, N) =0 and 0 < §(M,N) < 1.
o If M # {0} and 0 € N, Vx € Sy, then

0<d(z,N) = inf {d(z,y)}

yeN

< d(z,0) = 1.
So that Vx € Sy;: 0 < d(x, N) < 1 and for that

0 < sup {d(z,N)} < 1.

€SN

Then
0<d(M,N)<1

b) Moreover,
0<Oo(M,N)<1 and 0<4o(N,M)<1.
So that
0 < max{d(M,N),0(N, M)} < 1.

N
It means that 0 < 6(M, N) < 1.

6) We have d(z, N) = d(x, N), then

d(M,N) = sup d(z,N)

TESN

= sup d(z, N)

J?ESM

= sup d(z, N)

QIESM

_ (I, ).
]

Remark 2.1.2. . 5(M, N) is defined the Gap maximum, denoted by 6,0 (M, N), with

A

(M, N) = 0pmaz(M, N).
® Spin(M, N) is the Gap minimum defined by
Omin(M, N) = min {0(M, N),6(N, M)} .

A
e The spherical gap between M and N is denoted by 6o(M, N) and is defined by :

A

So(M, N) = max {5o(M, N), 5o(N, M)} .

and

do(M,N) = sup {d(z,Sn)}.

€Sy
Where Sy is the closed unit sphere of subspace N.

15



2.1.2 Gap between two subspaces at Hilbert spaces

Lemma 2.1.1. [7] Let X be a Hilbert space and M, N be closed subspaces of X, then
6(M,N) = [[(1 = Py)Pyll.

where Py and Py are the orthogonal projections on M and N respectively. The orthogonal

projection on M is denoted by Py; defined by :

PM:)::{ xr if wx€ M.

0 otherwise.

Proof. For all x € X d(z,N) = ||z — Pyx|| then:

S(M,N) = sup  d(z,N)

zeM, |z||<1

= sup ||z — Pyz||
zeM, ||z||<1

= sup  ||Pyx — PyPyz|
zeM, ||z||<1

= sup  ||[(1 = Py)Pux||
zeM, |z||<1

— sup  ||(1 — Py)Pyz|]
zeX, |lz|=1
= ||(1 = Pn)Pul|-
Il

Theorem 2.1.1. [7, Theorem 1.2 , p.4] Let H be a Hilbert space and M, N be closed subspaces
of H, then

A

5(M,N) = || Py — Pyll.
Proof. We have 0(M, N) = max [5(M, N); 5(N, M)] then after lemma 2.1.1 we have
S(M;, N) = max [[(1 = Py)Pull; | (1 = Pur) Pyl

Or we have P% = Py o Py = Py and (1 — Py)? = (1 — Py) then

|(Py — P)a||” = ||Puz — PyPuz + PyPyz — Py’

= ||(1 = Py)Puz — Px(1 = Py)z’

(1 = Py)Pagz|® + | Py (1 = Pag)||”
= PPl [P+ [[w2 = Pa) 2~ Pane]*

IA

IN

At other way,
[1Px(1 = Pa)ll = [I(Px(1 = Par))"l
= [[(1 = Pu) Py
(1= Pa) Pyl



It implies that ||(PM — PN)xH2 < CQHPMxH2 + 02H(1 — PM)xH2 = C’2||xH2.
hence

(P — Pr)a” < C?||z||".

then max [H(l — Py)Pyz||; HPN(I - PM)xH] < ||(PM — PN)xH < C’Hm“ forall z e X

hence  sup [max (H(l — Py)Pyzl|;
reX, |lo||<1

Py(l=Py)a|)] < sup [[(Py = Py)a|| that

z€X, |lz)|<1

implies max ||| (1= Py) Pyl f: | Pw(1 = Pan)||] < [[Par = Pl| < C.

On the other hand, we have H(l — PN)PMH =C and HPN(l — PM)H = H(l — PM)PNH =C.
then C' < || Py — Py|| < C hence ||Py — Py|| = C. O

2.2 The gap and the dimension

The following lemma is basic in the study of the gaps between closed linear subspaces.

Lemma 2.2.1. Let M, N be linear subspaces in a Banach space X. If dim M > dim N, there
exists v € M such that
d(z,N) = ||lz| > 0.

Remark 2.2.1. [8/Let M, M be linear subspaces in a Banach space X. If MUM = X and
M N M = ¢ then M is called the quotient space of M and it can be written

1Z]| = ll=]] > 0.
Note that M s closed since dim M < oo by hypothests.

Corollary 2.2.1. Let M, N to be closed linear subspaces. [fS(M, N) <1anddim M < dim N,
then dim M = dim V.

2.3 The gap and duality

There is a simple relationship between the gap function in a Banach space X and that in the

dual space X*.

Definition 2.3.1. For any subset M C X, the annihilator of M which denoted M* is the

closed linear subspace of X* and
M+ ={z* e X*:2*(z) =0,Vz € M}.
Proposition 2.3.1. [8] Let M and N two closed linear sub-spaces then
(M +N):=M-nN*-

Evermore (M + N)* is closed linear subspace but M+ N Nt need not be closed, however, that

it 1s true if and only if M + N is closed.

17



Lemma 2.3.1. [§] Let M be a closed linear subspace of X, M # 0 and M # X, then
1) d(z*, M*) = sup | (z,2*) |, 2* € X*.

TESN
2)d(x, M) = sup |(z,z*) |,z € X.

TES 1

Theorem 2.3.1. /8] For closed linear subspaces M, N of X, we have:
§(M,N) = §(N+, M+).

and
6(M,N) = §(M*,N*Y).

Proof. 1. For closed linear subspaces M, N of X, we have

S(M,N) = sup {d(z,N)}

TESN

= sup  sup |(z,y")]
zES) y*ESNL

= sup sup|(z,y")]

y*GSNJ_ €S

= sup d(y*, M™")

y*GSNJ_

= §(N*t, M.

The above proof applies to the case where M # @ and N # X. If M = &, then M+ = X*
so that §(M, N) = §(N+, M+) = 0.
If N =X, then N* =0 so that §(M,N) = §(N+, M+) = 0.

2. For closed linear subspaces M, N of X, we have

~

S(M,N) = max{6(M,N),5(N, M)}
= max {§(N*, M), 5(M+, N}
= max {§(M",N"),6(N*", M)}
= §(M*, NY.

18



2.4 Gap between closed operators

2.4.1 Gap between two closed operators

Definition 2.4.1. For T,S € C(X,Y), their graphs G(T), G(S) are closed linear subspaces of
the product space X XY . We set

o(T,S) = o(G(T), G(S))
and
T, S) = (G(T),G(S))
= max{6(T,5),5(S,T)}
and 6(T, S)will be called the gap between T and S.

Remark 2.4.1.

AN
The spherical gap between T and S is denoted by do(T, S) and is defined by
A

50(T, S) = max {(50(T, S), (50(5, T)}
Where Scs) is the closed unit sphere of subspace G(S) and

5o(T,8) = sup {d(M,Sgs))}

MESG(T)

which M € Sgry means M(xz,Tx) € G(T): ||z|* + | Tz|]* = 1.

Theorem 2.4.1. [4, Theorem 2.2| Let X, Y be two Banach spaces and T € L(X,Y) then

||

5(T,0) = VT

Proof. Let x € X such that
l]% + 1Tl = 1. (2.1)

We have

. 1
o(T,0) = 6(G(T),G(0)) = sup inf (||z — yll%x + |T2]|3)2
ceX,||z|%+|Ta|2 =1 LYEX
= sup | Tz||.
eeX,||z| %+ Ta|2 =1

1
Let z € X such that ||z| = 1. We pose z = ¢z with ¢ = . It is evident that x

1
(=% + 117=1*)=

it satisfy to (2.1), hence
ITz]]
sex (|22 + I T2]12)2
B L
X zl=1 (14 | T2]?)2
17
(L+T)2)2

5(T,0) =

19



Theorem 2.4.2. [4, Theorem 2.3| Let X, Y be two Banach spaces T € L(X,Y), Then

: ||
NT,0) = —.
V1T
5 — _ 7
Proof. For show that 6(7,0) = T we must show 0(0,7") < 6(7,0), we have
6(0,T) =6(G(0),G(T)) = sup dist((x,0),G(T))
2€S8(G(0))

= sup inf (H(CE,O) - (?J:Ty)H)

peX, [lol|=1YEX

1
= sup inf (||l —y||® + || Ty|]?) 2.
s ind (e =yl + ITyR)

We pose

F) = (lz =yl + |1 Ty]?)?.

Let x € S(X) and y = ¥ Wehave

(L+ | T|f?)2

7]
(L+ | T]|?)2

dist((x,0),G(T)) < f(z,y) =

Because the function U(t) = is increasing then

6(0,7) = sup  dist((z,0),G(T))

zeX,||z||=1

T 4
| T|| | || __ 5(T.0).
lzl=t (1 + [|Tz||?)z (14 [|T|?)z

Now, we have §(0,7") < 6(7',0), i.e.,

5(T,0) = max{5(0,T),5(T,0)}
= §(T,0).

Then and after the Theorem 2.4.1
1T

VIHITI?

The proof is complete. n

5(T,0) =

Theorem 2.4.3. |7, Theorem 1.5] Let X, Y be two normed spaces and S, T be two linear
operators, and let A in L(X,Y), then

S(T+ A, S+ A) < (2+[|A|A)S(T, S).

And
S(T+A,S+A) <2+ ]||AP(T,S).
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Proof. Wehave A € L(X,Y) then D(A) = X so that, D(S+ A) =D(5) et D(T'+ A) = D(T).
For x € D(T') and
l2ll% + (T + Azl = 1.
Then
[Tzlly < [T+ Azlly + [|Azlly < [(T + A)zlly + [|Aflllz]x,

then after Cauchy-Schwarz inequality we have
1Ty < ()% + (T + A5 ) (1 + [JA]*) = 1+ [ Al
And ||z]|5% < 1 then ||z||% + ||Tz||2 < 2+ ||A]]?. So that
(lzl% +IT=]3)7 < 2+ |A]1%)>2.

also, for all y € D(S) we have

T+ Az —(S+Aylly = [Tz —Sy+Alx —y)ly
< Tz - Syllx + [ Allllz — yllx-
Therefore,
T+ A)z — (S + Aylly < (lz = yllx + 1Tz — Syll3) (1 + 1 A]*)
and

(le = yllx + (T + Az = (S + Ayl})z < 2+ A7) (|l = yllx + |1 Tz = Syll3)2.

Then
S(T+ A, S+ A)
- sp inf_ (o = yl% + (T + Az~ (S + Ayl})}]
2€D(T)||zl|% HI(T+A)e|3=1 LVED(S)
< @2+ AP? sp | inf(le = yli% + T2 — Syli})?]
. 0r 1 i LYED(S)
z€D(T), (|l ll5% +IT=ll5) 2 <(2+[|Afl*)2
= (2+[AIP)a(T, ).
Then
S(T+AS+A) <2+ [|A)(T,S).
And
S(T+AS+A) = max{0(T+AS+A),65+AT+A)}
< {@+AIM(T,S), 2+ [|AIP)a(S, T)}
< 2+ [|AJ?) max {4(T. 5),8(S, T)}
< (24 AT, S).
So, 8(T + A, S + A) < (2+||A|»)(T, ). O

21



Corollary 2.4.1. [§] Let X, Y two Banach spaces and T,S € C(X,Y) and A € B(X,Y).
Then
0(S+AT+A) <201+ [|A|*)(T, S).

Theorem 2.4.4. [10] Let X, Y be two normed spaces and T, S be two invertible linear opera-
tors from X into Y, then

§(T,S)=6(T"1, 8™,

and
6(T,S) = 6(T1, 571,
Proof. 1. We have by proposition 1.4.2 and 6(G(T), G(S)) = §((G(T))~*, (G(S))™") then
NT,S) = oG(T),G(S))
= o((GM) ", (G(9)) )
(G(T),G(S™)
= M S

2. We have also

Sy

(T,5) = max{8(T,S);8(.T)}
= max {6(T"",S7");6(S7, T}
= (T, 87).
And we end the proof. O

Lemma 2.4.1. Let X, Y be two Banach spaces and T € L(X,Y). If S € C(X,Y) and
§(S,T) < (1+||T||?)"Y2, then S € L(X,Y) (so that D(S) is closed).

Proof. Let q be an element of the unit sphere of G(S): ¢ = (z, Sz) € G(5) and
[l + 1S [* = [lq||* = 1.

Let C be any number such that §(S,T) < C' < (1+||T||*)~/2, then ¢ has distance smaller than
C from G(T), so that there exists p = {y, Ty} € G(T) such that ||¢ — p|| < C' and

lz = ylI* + 1Sz — Tyl* = lla — plI* < C*.

Set A =S —T, we have

[Az]* = [S(z) = T(y) - T(z - y)|
< (I8@) =T+ TNz = yl)*
< AT
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Since,

1= ) + |Te + Az[]* < @+ | TIP).ll=[* + 27| 2] | Az + || Az
by property of spherical gap, we have
[Az[|* < C*L+(|IT1). [+ NTU)-[1® + 20T || || [| Az ]| + || Az[?].

Solving this inequality for ||Az||, we obtain

C.(1+ [T = €)% + C|IT]]

Az|| <
| Az e are o
carirh o
NN T REE
< Call.

{1 ¢ = COHITDIO-C) 2oy
With ¢ = == G

, note that the denominators are positive.

It is homogeneous in z, it is true for every x € D(S) without any normalization, both A, T €
L(X,Y),s0S =T+ Ais bounded. O

Lemma 2.4.2. Let XY be two normed spaces and T € L(X,Y). IfS € C(X,Y) and (T, 5) <
(14 ||T||?)~Y2, then S is densely defined.

Proof. Let (z,Tx) is an element G(T'), where ||z||? + ||Tx|]* = 1.
Let C' > 0 be such that 6(T,S) < C < (1 + ||T||*)~Y/2. Then there is a (y, Sy) satisfying,

lz — ylI* + ||Sz — Ty* < C*.

Hence ||z —y|| < C, then d(z, D(S)) < C, and because (14 ||T|2)"2||z|| < 1, then d(z, D(S)) <
C(1+||T||*)*?||z||. The last inequality is homogeneous and therefore true for every z € X.
Since C' < (1 + ||T||?)~Y/2, then C(1 + ||T||*)*? < 1, We pose that M # =, it exists zp € X
such that ||zo]| = 1 and d(xq, M) > C(1 + ||T||?)*/?||wo]|, its absurd.

Then D(S) = X, then S is densely defined. O

Theorem 2.4.5. [7] Let X, Y be two normed spaces and T € L(X,Y). If S € C(X,Y) is so
close to T that 5(S,T) < (1+ ||T||?)~/2, then S € L(X,Y) and

L+ [T]*)-0(5,T)
— (L ITI*)172.6(5,T)

Proof. First step: If x € D(S) then for all y € D(T') we have

S—=T| <
IS -7 < -

165 =T)zlly =[Sz —Ty—T(x—y)lly
< Sz =Tylly + 1Tz = yllx-

Then after Cauchy-Schwarz inequality we have
1 1
(S = D)zlly < (lo = ylx + 1Sz = Tyllx)* (1 + | T*)>
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and

1 1
1S =Txlly < inf ([lo—yll%+ 1Sz —Tyl%)2 (1 +1T)?)*
yeD(T)

< §(S.T)(1+ 7))

second step: We assume that
% + ISy = 1 (2.2)
Then
1
% + T2 + (S = T)zfy) >
2
=% + (I zllx + (S = T)zlly)")

D=

IN

Jun

2

=% + 1T 125 + 20T 2l — T)zllx + 11(S — T)w||§/)

Jun

2

A+ 1Tk + 20 + 17192 lz ]l x| Sz — Txllx + [|Sz - TJCH?/) :

IN

IN
/N TN T T

We have also

=

1 2
((1 +ITIH) 2% + 22 + I T1%)2 |zl x| Sz — Tz||x + [|Sz — T:cH%’/) =

il

((1 + TPz |lx)|x + || Sz — Tx||y)2)§ = (1+|T)1%)?||z]|x + ||Sz — Tz|ly. In other hand,
1< (L+|TI%)2 el x + Sz — Tally
or
I(S = D)zlly < o6(S,T) (1 + [IT])>.
Where
I(S = D)zlly < @A+ ITIH)6(S, Dllzllx + (1 + [T17)*0(S, T)[| Sz — Ty
Therefore, for all € D(S) and after (2.2)
I(S = T)ally = X+ 1T1%)*0(8, TSz = Txlly < (L+[|TI*)3(S, T)llx,
then
(1= @+TI)20(S, DS = Dhxlly < 1+ TI*)S(S, Dl x,

where

L+ |7
1— (1+]|T)2)28(S,T)
As this inequality is true for all 2 € D(S) then S — T € L(X,Y).
Therefore, § € £(X,Y) et ||S = Tl < LHITIE s =

1— /14 ||T)26(S,T)

IS =Ty <

(5, T)||xlx-
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Theorem 2.4.6. [8] Let X, Y be two Banach spaces and T € L(X,Y). If S € C(X,Y) is so
close to T that §(S,T) < (1+ ||T||?)~/2, then S € L(X,Y) and

L+ [7T]*).0(5,T)

T < .
15=Tl < T rpvesen

Proof. we have after Lemma 2.4.2 S € £L(X,Y) and
L+ 7]
—V1+|TI?(5,T)

As we have S € C(X,Y) then D(S) is closed, i.e., D(S) = D(S) = X.
Where S € £(X,Y) and

15 = Tlpes) <

5(S,T).

L+ |7

— 1+ |T)%0(S,T)

15 =T < 0(5,T).

Theorem 2.4.7. (The gap between two closable operators) [10]

Let X, Y be two normed spaces and T, S be two closable linear operators from X into Y. If
T,S €C(X,Y), then

And

Proof. (i) We have G(T) is linear subspace of X x Y then after theorem 1.4.2 we have
5(G(T),G(S)) = 6(G(T),G(S)) and T et S are two closable operators then G(T) = G(T)

et G(S) = G(9). there implies that

5(T,S) = 6

(77) We have
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Corollary 2.4.2. Let X andY be two banach spaces. We assume thatT € L(X,Y), S : X —
1

VIFITI?

Y a closable linear operator and 6(T,S) <
Then S € L(X,Y) and

L+ |7
L —/1+|T|%0(T, S)

Proof. we have after lemma 2.4.2 S is a dense-domain linear operator then S* exists. By

replacing in Theorem2.4.5, S by S* and T by 7™ so we obtain S* € L(Y*, X*) and

15 =T <

5(T, S).

L — /14 ||T*|[20(S*, T™)
After Theorem 1.5.1, which [|T*|| = ||T"|| then
1 T|?
1S — 1|l < I 5(S,T).

1= /14 ||T]26(S,T)

]

Proposition 2.4.1. Let T, S € C(X,Y), Similarly we can define the distance CZ(T, S) between
T and S as equal to d(G(T), G(S)). Under this distance function T,, € C(X,Y’) becomes a metric
space. In this space the convergence of a sequence to a T € C(X,Y).

But we have §(T, ) < (§\0(T, S) < 26(T, S), this is true if and only if 6(T,, T) — 0. . In this
case we shall also say that the operator T, converges to T'.

It should be remarked that earlier we defined the convergence of operators only for operators of
the class B(X,Y). Actually we introduced several different notions of convergence: convergence
i norm, strong and weak convergence. We shall show in a moment that the notion of generalized

convergence introduced above for closed operators is a generalization of convergence in norm
for operators of L(X,Y).

Remark 2.4.2. When T wvaries over C(X,Y), G(T) varies over a proper subset of the set of
all closed linear subspaces of X X Y. This subset is not closed and consequently, C(X,Y") is not
a complete metric space (assuming, of course, that dim X > 1, dimY > 1). [t is not trivial
to see this in general, but it is easily seen if Y = X. Consider the sequence nl where I is the
identity operator in X. G(nl) is the subset of X x X consisting of all elements n'xz,z, x € X,
and it is readily seen that lim G(nl) exists and is equal to the set of all elements of the form
0,z,x € X. But this set is not a graph.

Thus nl is a Cauchy sequence in L(X) without a limit.

Theorem 2.4.8. [/] Let X, Y be two Banach spaces and X XY is normed space by the norm
1
1z, )l = (> + |lyl|*)? forallz € X andy €Y. if T, S € L(X,Y) then

IT-sl
(1+]T - S|P

8(T, $) < (2+ min{|TII% |15}
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Proof. We have 6(T,5) =0((T"— 5) + 5,0+ S5) and §(T,S) =6(T'+0,(S —T)+T).
and by theorem 2.4.3 we have

S(T—8)+5,0+5) < 2(1+||S[|?) (TS, 0) and §(0+T, (S—T)+T) < 2(1+||T[?) 6(0, S—T).

and after theorem 2.4.1,

T T-
We get 6(T — S,0) = | ol r and 0(0,5-T) < ! . 2
I+ T = S} (T = S1)°
T_
5(T,S) < (2+15]?) L5 I
(L+T - S[?)2
and
§T,8) < @+ TR —e =5
(1+T - S|?)z
it implies that
T-8
(T, S) < (2+min{||Tll2,llSll2}> | : 21
(14T - S|[?)>

]

Theorem 2.4.9. [8] Let T € C(X,Y) and let A be T-bounded with relative bound less than 1,
so that we have the inequality (1.1) with b <1. Then S =T + A € C(X,Y) and

5(S,T) < (1 —b)"Y(a®+b%)V2.

In Particular if A € L(X,Y), then

~

o(T+A,T) < | Al

Remark 2.4.3. Theorem 2.16 shows that L(X,Y") is an open subset of C(X,Y). by theorem
(2.4.5) and theorem (2.4.9) show that within this open subset L(X,Y), the topology defined
by the distance function B (or, equivalently, by the gap function 5o ) is identical with the norm

topology.

Theorem 2.4.10. |7, Théoréme 1.9] Let X, Y be two normed spaces and T, S € L(X,Y), we
assume that T is invertible such that T™' € L(Y, X).

1 -
(1) If (S, T) < —————== then S is invertible, S™' € L(Y, X) and
L4 {712
R L+ 771
St 7t < 5(S, 7).
|| I < = 7 T)
1
(2) If S est un opérateur a domaine dense et Omax(T,S) < ———m—me=x.
V1T
Then S is invertible, S~' € L(V, X) and
B _ 1_1__ T*l 2
157 =T g < IT” | 5(T, S).

1 — /14 ||T-26(T, S)

And what’s more, R(S) =Y.
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Proposition 2.4.2. Si X etY be two Banach spaces and S € C(X,)) then S™' is closed and
S~ e L(Y, X) then D(S7Y) is closed.

Or we have R(S) =Y where D(S™') =D(S~1) =Y then S~' € L(X,Y) and

L+ (|77
1—/1+ [T-1]?8(T, S)

Theorem 2.4.11. Let T, S € C(X,Y) be densely defined. Then

[ A < 6(T, 5).

5(S,T) = 6(T*, S)

and

0(S,T) = 6(S*,T7)
Proof. We have

5(T*,8%) = &

where G(T) € X x Y is the graph of 7" and G'(T*) C X* x Y* is the inverse graph of
T* € C(Y*, X*), note that G'(T*) = G(—=T)*, and 6(G(S*), G(T*)) = 6(G'(S*),G'(T*)) is due

to the special choice of the norm in the product space. O]
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Chapter 3

Applications

3.1 Resolvent set and spectrum of a linear operator

Definition 3.1.1. Let T be a closable linear operator in a Banach space X. The resolvent set

and the spectrum of T' are, respectively, defined as
p(T) = {X € C such that A — T is injective and (A —T)~ X)} ,o(T)=C\p(T)
and the point spectrum, continuous spectrum, and the residual spectrum are defined as
o, (T) = {\ € C such that T is not injective}

o.(T) = {/\ € C such that T is injective, ROAN=T)=X,R(A—T) # X}

o (T) = {)\ € C such that T is injective, R(A—=T) # X, }

Remark 3.1.1. Note that, if p(T) # 0 then T is closed. In fact, if X € p(T) then (A —T) "is

closed, which is also valid for X\—T then, according to the closed graph theorem we deduce that
p(T) = {X € C sucht hat A — T is bijective }
and hence
o(T)=0,(T)Uo.(T)Uo, (T).
Proposition 3.1.1. Let X be a Banach space. Let T € L(X).
(1) p(T) is open in C.
(i1) o(T) is non empty compact in C, include in B(0,|T)

( where B(0, ||T)): the closed ball B(0, ||T]|).

Proposition 3.1.2. Let X a Banach space and T : D(T) C X — X a linear operator. If
p(T) # O then T is closed.

3.1.1 Essential Spectrum of linear operator
Definition 3.1.2. Let X be a Banach space and T € C(X). We define the essential spectrum
of Weyl of operator T' by:

0u(T) = m o(T + K).

Ke K(X)
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Proposition 3.1.3. |11, Theorem 7.27] Let X a Banach space and T € C(X) then we have
A& o,(T) if and only if \ —T € ®(X) and i(A—T) = 0.
So, we can define the essential spectrum of Weyl of T by

0o(T) = C\{A € C: (A—T) € ®(X) et i(\ — T) = 0}.

Proposition 3.1.4. Let (T, D (T)) be a closed, densely defined, and linear operator with a
nonempty resolvent set .p (T), for each \g € p (T) we have

o (Mo=T)") =M —0a(T)"

3.2 Convergence

Definition 3.2.1. [1, Definition| Let (T},) be a sequence of bounded linear operators and T be
a bounded linear operator in Banach space X.

(1) We call convergence by norm and we note it by T,, — T if
T —T|| — 0 when n — oco.
(1) We call pointwise convergence par point et on le note T, PO if
|Thx — Tz|| - 0 when n— oo, forall ze€ X.

(iii) We call convergence collectively compact and note it T, == T if
T, 2 T and for a certain ny € N we have
U {(Tn Tz zeX, ||z < 1}
n>ng

18 a relatively compact set in X.

Proposition 3.2.1. [10, Remark 4.0.1] (i) Let T is compact linear operator, then we say
T, =5 T, if T, 25 T and for a certain ng € N we have U {Tnx cre X, |z|| < 1} is a

n>ng
relatively compact set in X.

(i) Si T, =T ou T, =% T, then T, == T.
(1ii) the reverse of (it) isn’t true. In fact, we have the following example
Let X =1’ 1<p<oo. Forn=1,2,... let

I X — X
r

+o0 n
such that x = Zaz(k)ek and T,x = Zx(k)ek. This implies that T,, is bounded operator with
k=1 k=1

finite range X et T, 2> 1, but T, /= I because | T, — I|| = 1 for all n, and T, 7L> I because

for all ng € N we have

e {(I-T)e: z€X, Jall 1} for k=no+1ng+2,...
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but (er) admits no convergent sub-sequence. Means that if T, L5 I, then T, /— I and

T, /5 1.

Definition 3.2.2. |?, Definition 1.5] Let (T,) a sequence of closable linear operators of X into
Y and T :D(T) C X — Y a closable linear operator. We say that (T,,) converge au generally

sens toward T if Omax(Th, T) — 0 when n — +oo.

Theorem 3.2.1. Let T € L(X). T, - T if, and only if, T,, € L(X) for sufficiently larger n

and T,, converges to T.

Proof. Let us assume that 7T}, converges in the generalized sense to 7" and that 7' € £(X). Let
no € N such that S\(T, T,) < 1+1||T||2 holds for all n > ng. Suppose that 2 € D(T,) where

n > ng is fixed. First, we show that

IT ~ Tl < (T, T) (1L+ 177])2 (3.1)
Indeed,
(T = Tzl < Ty — Toz|| + IT[lz - yll. ¥y € X.
By using the Cauchy-Schwarz inequality, we deduce that
I(T =Tl < (le —yll? + 1Ty — Toz|?)? (1+|TI)* .
So, we have

e . o2 T2 3 2 2
|@ -T2 < Lg(nx yl* + 1Ty - Toal?) }(HHTH) . (3.2)

Hence, the inequality (3.1) follows immediately by using (3.2). Now, let x € D(T,,), such that
|z]|? + || Tz]|? = 1. So, it is easy to prove that

1
1g<yuwwyww+WT—ﬁm” (3.3)
Let 2 € D(T,,) such that ||z|| < 1. Then we have

L+ |7
1—+/1+||T|26(T,,T)
Since this inequality is homogeneous in z, then (3.4) is also true for any = € D(T,,). The fact
that §(T,,,T) = 6(T,,,T) = 6(T,,, T) and D(T,,) C D(T,), allows us to conclude that

-l (i ) I

By virtue of (3.5), the operator T,, is bounded on D(T,,). This implies that D(T,,) is closed.

Hence, D(T,) =D(T,) = X, T,, € L(X,Y), and

Jor 7o) < ( i) [ o

Vz € D(T,,). (3.5)

1— /1 +[[T|25(T,,T)
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The relation (3.6) enables us to conclude that 7T;, converges to T'. Conversely, we suppose that
T,, converges to T'. So, T" is bounded. Now, we can write S(Tn, T) = 3<(Tn —-T)+T,0+ T).
This implies that

3T, T) < 2(1+ [al ) (T, — T,0). (3.7)

Theorem 2.4.2 leads to the following inequality S\(Tn, T) < 2(1 + ||T||2> NG ”ﬂ”j:T” i As a
+ n -

result, T), converges in the generalized sense to T'.

Theorem 3.2.2. |2, Theorem 2.3| Let (T,,)nen be a sequence of closable linear operators on X

and let T' be a closable linear operator on X.

T, L T, if, and only if, T,+ S =T+ S, for all S € L(X).

Proof. Let S € L(X,Y), then

T, +S,T+S) = T,

By using Theorem 2.4.3, we have 6(T,, + S, T +S) < 2 (1 + ||S||2) (T, T)). Hence,

3(T + S, T + S) < 2(1+ ||S|12)3(T, T). (3.8)

In other terms, S(Tn, R S(Tn +5—-8,T+5-25), hence,

8(T,,T) < 2(1+ ||S|2)0(T,, + S, T + S). (3.9)

If T,, converges in the generalized sense to 7" then g(Tn,T) — 0. So, by using (3.8) we have,
/5\(Tn + 8, T+ S) — 0. Then, T,, + S converges in the generalized sense to 7'+ S. Conversely,
if T,, + S converges in the generalized sense to T+ S and according to (3.9) we have, g(Tn +

S, T+ S)— 0asn — oo. Hence, T,, converges in the generalized sense to 7' O

Theorem 3.2.3. Let T, < T. Then, T~ exists and T € L(Y), if, and only if, T ' ezists

n

and T4 € L(X) for sufficiently large n and T, converges to T,

Proof. Now, let us argue by contradiction. We assume that there exists x € D(T,,) such that

|z|| = 1 and T,z = 0, for all n € N. In other words, T, converges in the generalized sense to
i 5 1l vn>
T then there exists N € N such that §(7,,,7T) < m, Vn > N. Then there exists § > 0
such that
~ 1
T, T) < < —/—mm.
L (|72

Since (x,0) € G(T,,), then there exists y € D(T) such that
lz = ylI* + | T — Tyl* < 6°.
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Hence, we have
2 2 -1 2
1=z < (Il =yl + Igll)” < (lle = ol + 17 0ITy) ) (3.10)
and, by using both the Schwarz inequality and (3.10) we infer that
1< 52(1 + HT*HP) <1

is a contradiction. So, T, ! exists for sufficiently larger n and by virtue of (3.6), we deduce that

T.' e L(Y,X), and

1 Tfl 2
1T~ =T < +HIT| ST T, (3.11)
1— /1 + [T Y2e(TL, T

By using Theorem 2.4.4 | and also the estimation (3.11) we infer that

B N 1+ ||T7Y?
T T < 5T, T). 3.12
| il < (1 — 1+ T-Y2(T,, T) &) (3.12)

According to (3.12), we also emphasize that T, ! converges to 7. Conversely, for the reasoning

of the proof of theorem 2.4.2, it is sufficient to just replace T'and T, by T~ and T, ! respectively.
]
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Conclusion

In this memory, we have study some results on gap between two closed operators
e some properties of closed and closable linear operators between two Banach spaces.

e Gap between two subspaces, its properties and gap between two subspaces at Hilbert
space, gap between two bounded linear operators and the gap between two closed linear

operators, we introduce some theorems and properties.

e If X and Y are two Banach spaces, T" a linear operator from X into Y, then we can study

the convergence of (7},) in several cases.

e investigated for future research (open problem).
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